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1 Introduction

The phenomena of flavor mixing and particle oscillations have been a basis for new
discoveries for the last 50 years, e.g. the discovery of CP violation in the studies of
neutral kaons or the fact that, in contrast to the Standard Model of particle physics,
neutrinos must have mass, to name but two. It is an interesting topic to combine these
phenomena with two other fundamental principles of quantum mechanics: entanglement
and decoherence. Precise measurements of correlations of flavor entangled particles can
be used for testing different models of decoherence, that can be applied to implement
the loss of coherence in a system due to interactions with the environment.

In Section 2, a short introduction to particle oscillations is given using the example
of neutrino oscillations. In that section, two different approaches with plane waves and
wave packets and the problems with them are discussed. (A more appropriate but more
complex treatment in the language of quantum field theory is omitted in this thesis.) In
Sections 3 and 4, a different ansatz for unstable particles with density matrices is shown,
with the focus not so much on the oscillation itself, but more on the special case of a
system of two entangled oscillating mesons and a model to describe decoherence in this
system.

2 Neutrino Oscillations

2.1 Flavor and Mass Eigenstates

To understand particle oscillations it is necessary to understand the concepts of flavor
eigenstates and mass eigenstates. Flavor oscillations can occur if these do not coincide,
which is known as flavor mixing. In the formalism of quantum mechanics this can be
described as follows [1]: the Hamiltonian H can be split into H = Hprop + Hint, where
Hprop describes the propagation of the particles and Hint the interactions producing
them. If Hint conserves flavor, whereas Hprop does not, there are two different bases that
can be used, each diagonalizing one of the Hamiltonians: the flavor basis is made up of
eigenstates of both Hint and the flavor operator, the mass basis is made up of eigenstates
of Hprop. So each flavor eigenstate can be written as a linear combination of mass
eigenstates (see (2.1)) et vice versa. A particle is always produced and detected in a flavor
eigenstate (since the production is described by Hint), which is a superposition of two or
more mass eigenstates that propagate in space. The interference of these propagating
mass eigenstates eventually gives rise to the phenomenon of flavor oscillations.

2.2 Plane Wave Treatment

The illustration of particle oscillations with plane waves is, even though suffering from
some serious problems (see Section 2.2.1), the “standard” treatment for neutrino oscilla-
tions and can be found in any textbook or review article on this topic (see for example
[1] or [2] (chapter 12)). It provides a good overview on what is going on and leads to
the correct oscillation length in the ultra-relativistic limit.
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Let states with indices with Greek letters denote flavor eigenstates |να〉, α = e, µ, τ ,
and states with indices with Latin letters mass eigenstates |νi〉, i = 1, 2, 3. The relation
between flavor and mass eigenstates is then given by:

|να(t = 0)〉 =
∑
i

Uαi |νi(0)〉 (2.1)

The mixing matrix U (corresponding to the CKM-matrix in the case of quarks) is unitary
if we restrict ourselves to stable particles such as neutrinos. The pure flavor states are
orthogonal

〈να(0)|νβ(0)〉 = δαβ (2.2)

whereas the the same relation for the mass eigenstates can be found from (2.1) to be

〈νi(0)|νj(0)〉 =
∑
α

U−1
jα U

−1†
αi =

(
U †U

)−1

ji
= δji (2.3)

where the last step is only true for U † = U−1, i.e. for stable particles. If we start with
a neutrino in a flavor eigenstate να at time t = 0 and position x = 0, the transition
amplitude for finding a state νβ at t and x is 1

Mα→β = 〈νβ(0)|e−iĤpropt+iP̂·x|να(0)〉 (2.4)

To solve this, we have to write |να〉 in the basis of mass eigenstates, because those are
the eigenstates of the energy and momentum operator, i.e. Ĥprop |νi〉 = Ei |νi〉 and

P̂ |νi〉 = pi |νi〉.

Mα→β = 〈νβ(0)|
∑
i

Uαi e−iEit+ipi·x|νi(0)〉 (2.5)

Transforming back to flavor states with the inverse of (2.1)

|νi(0)〉 =
∑
γ

U−1
iγ |νγ(0)〉 (2.6)

and using the orthogonality relation (2.2) yields:

Mα→β =
∑
i

UαiU
−1
iβ e−iφi (2.7)

1~ = c = 1
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with φi = Eit− pi · x. The final probability of finding a νβ is

Pα→β(t,x) = |Mα→β|2 =
∑
i,j

UαiU
−1
iβ U

∗
αj

(
U∗jβ
)−1

e−i(φi−φj) (2.8)

The phase φi = Eit− pi · x can be simplified by using relativistic kinematics and some
approximations. The mass eigenstates represent on-shell particles, so Ei =

√
p2
i +m2

i .
If we assume that all the differences in the masses and in the momenta are very small,
we can expand this term around average mass squared m2 and momentum p, so that
m2
i = m2 + δm2

i and pi = p + δpi. The phase φi then reads

φi ≈ Et− p · x + (vt− x︸ ︷︷ ︸
=0

) · δpi +
δm2

i

2E
t (2.9)

with E =
√
p2 +m2 and v = p

E
. So the phase difference is just (φi − φj) =

∆m2
ij

2E
t with

∆m2
ij = m2

i −m2
j . Because in oscillation experiments one can only measure the distance

|x| and never the time t, we should also take that into account and use t = |x|
v

= |x|E
p

.
Because it is known that neutrino masses have to be extremely small, they are always
ultra-relativistic and we can therefore approximate E ≈ p (which is the same as setting
v = 1 and t = |x|). So finally we can write

φi − φj ≈
∆m2

ij

2E
|x| = 2π

|x|
Losc
ij

(2.10)

with oscillation length Losc
ij

Losc
ij =

4πE

∆m2
ij

(2.11)

That this really results in some “oscillation” effects is most easily seen if we restrict
ourselves to only two kinds of neutrinos, let’s say α, β = e, µ and i, j = 1, 2. Then the
2 × 2 unitary matrix U can be made real by using the invariance of (2.8) under the
transformation Uαi → eiψαUαi e

iψi with arbitrary ψα, ψi [3], which just leaves the normal
two dimensional rotation matrix with a mixing angle θ.

U2×2 =

(
cos θ sin θ
− sin θ cos θ

)
(2.12)

Using (2.8), the probability of a conversion of a νe at (t = 0,x = 0) to a νµ at (t,x) is

Pνe→νµ(x) =
1

2
sin2(2θ)

(
1− cos

(
2π
|x|
Losc

12

))
(2.13)
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with Losc
12 = 4πE

m2
1−m2

2
. The probability of finding a νµ, even though we know a νe was

initially produced, oscillates in space between 0 and sin2(2θ). So the probability can
only reach 1 in the case of maximal mixing θ = π

4
.

2.2.1 Problems with the plane wave treatment

Although the plane wave ansatz yields a formula for flavor oscillations and the oscillation
length, it is quite obvious that there are some problems and inconsistencies (see Refs.
[1][4]). It is not clear how it can be consistent with energy and momentum conservation if
a flavor state is written as a superposition of three mass eigenstates with three different,
but definite, momenta and energies. For example, if we assume that a νµ is produced
in the decay of a pion, π+ → µ+νµ, that would imply that the pion and the myon have
three different possible configurations for their energies and momenta as well. Apart from
that, we should be able (at least in principle) to find out which of the mass eigenstates is
propagating, just by measuring energy and momentum of the neutrino accurate enough
(which can be done either at the detector or by measuring the energies and momenta of
the pion and the myon). But then we would have a single mass eigenstate and no longer
a superposition of two or more of them, and a mass eigenstate cannot oscillate, since it is
an eigenstate of Hprop, only the superposition can lead to flavor oscillations. But this is
not taken into account in (2.13). Furthermore, a plane wave is infinitely spread in space
and therefore it seems quite meaningless to speak of an oscillation ”length”, because the
distance that the particle has travelled is not determined at all.

2.3 Wave Packet Approach

To solve the issues mentioned in Section 2.2.1, it is necessary to give up the plane wave
treatment and take a new approach with wave packets instead, see for example [5][6][7].
The idea is to write the i-th mass eigenstate as a Gaussian wave packet centered around
the momentum pi (for convenience this will be done only in one dimension), so that the
flavor eigenstate at (t, x) is given by

|να(t, x)〉 =
∑
i

Uαi

∫
dp√
2π

(
1√

2πσp

)1/2

e
−(p−pi)

2

4σ2p e−iEi(p)t+ipx |νi〉 (2.14)

where σp denotes the momentum uncertainty and E(p) =
√
p2 +m2

i . By the same
arguments that were used in Section 2.2, this term can be simplified to Ei(p) ≈ Ei +
vi(p− pi), with Ei := Ei(pi). Then the integral in (2.14) becomes

(√
2π

σp

)1/2

e−iEit+ipix
∫

dp exp

[
−(p− pi)2

4σ2
p

− i(vit− x)(p− pi)
]

(2.15)

Completing the square yields a Gaussian integral and eventually the whole integral is
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(
1√

2πσx

)1/2

exp

[
−iEit+ ipix−

(vit− x)2

4σ2
x

]
(2.16)

where σx = 1
2σp

is the width of the wave packet in position space. The probability of

finding a νβ at (t,x), if a να was produced at (0, 0), is

Pα→β(t, x) =
∑
i,j

UαiU
−1
iβ U

∗
αj

(
U∗jβ
)−1 1√

2πσx

× exp

[
−i(Ei − Ej)t+ i(pi − pj)x−

1

4σ2
x

(
(vit− x)2 + (vjt− x)2

)]
(2.17)

The first line is only a normalization factor and the mixing matrices, but the new features
of the wave packet approach are all in the exponential factors in the second line, so we

will only concentrate on them and write the matrices just as Aαβij := UαiU
−1
iβ U

∗
αj

(
U∗jβ
)−1

from now on. As mentioned above, in real oscillation experiments one can only measure
the length x but never the time t, so we should get rid of the time to get the probability
Pα→β(x), depending only on the point x where the particle is detected. One way of
doing this is shown in [5]: If we assume that the time is completely unknown in the
experiment, we can integrate over it, which is again done by completing the squares in
the exponent:

Pα→β(x) =

∫
dt Pα→β(t, x) =

∑
ij

Aαβij

√
2

v2
i + v2

j

× exp

[
i

(
vi + vj
v2
i + v2

j

(Ei − Ej)− (pi − pj)
)
x

]
(a)

× exp

[
− x2(vi − vj)2

4σ2
x(v

2
i + v2

j )

]
(b)

× exp

[
− (Ei − Ej)2

4σ2
p(v

2
i + v2

j )

]
(c)

(2.18)

The normalization factor
√

2
v2i+v2j

is almost exactly 1 for extremely relativistic particles

and will therefore be neglected from now on. The first exponential factor (a) is just
an oscillating phase and will lead to the same term as the plane wave treatment in the

ultra-relativistic limit [5]: (a) → exp
[
−i2π x

Losc
ij

]
with Losc

ij = 4πE
∆m2

ij
. The factors (b) and

(c) in (2.18) are new and only due to the wave packet ansatz for the mass eigenstates
and will give rise to two different sources of decoherence in neutrino oscillations.
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(a) Decoherence due to the non-overlapping of the different mass
eigenstates wave packets.

(b) Decoherence due to a wave packet
width σx larger than the oscillation length.

Figure 1: Possible reasons for decoherence in neutrino oscillations [1]

How can they be interpreted? First we take a look at the factor (b): exp
[
− x2(vi−vj)2

4σ2
x(v2i+v2j )

]
.

If we define the coherence length Lcoh
ij as

Lcoh
ij =

2σx
√
v2
i + v2

j

|vi − vj|
(2.19)

this factor can be written as exp

[
−
(

x
Lcoh
ij

)2
]
. So the oscillation is exponentially damped

if x & Lcoh. This is due to the fact that we described the mass eigenstates as wave
packets localized in space, but because these different wave packets can have different
group velocities, they will not overlap anymore if they can propagate too far, see Fig.
1(a). If they do not overlap, coherence is lost and no oscillation can be observed. Of
course, Lcoh then should be smaller if the difference in velocity is greater or the wave
packets are narrower - and indeed Lcoh

ij ∝ σx
|vi−vj | .

The factor (c): exp
[
− (Ei−Ej)2

4σ2
p(v2i+v2j )

]
is directly related to the problems mentioned in

Section 2.2.1 and brings Heisenberg’s uncertainty principle into play. It can be written

as exp

[
−c
(

∆pij
σp

)2
]
, with ∆pij = pi − pj under the assumption that Ei ≈ pi (the

factor c = 1
4(v2i+v2j )

does not really change the physical interpretation of this term). So

oscillations will be destroyed if ∆pij & σp, that is if momentum uncertainty is of order
or smaller than the difference in the momenta, which means we could resolve which
mass eigenstate really propagates (because ∆pij is of the same order as ∆m2

ij). In this
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case it is clear that no oscillation can take place, as was discussed in Section 2.2.1,
but one can also look at this from a different angle: the term can also be rewritten

as exp

[
−c̃
(

σx
Losc
ij

)2
]
, so oscillations are suppressed if σx & Losc

ij , which is again quite

clear because if the uncertainty on the position of the neutrino is of the same order as
the oscillation length, any oscillation will be completely washed out, see Fig. 1(b). In
principle, nothing forbids to make energy and momentum measurements as accurate as
necessary to determine which single mass eigenstate propagates in space, but this can
only be done at the prize of a greater uncertainty on the position, which will eventually
destroy any observable oscillation effects. So the knowledge of which mass eigenstate
contributes and the observation of neutrino oscillations exclude each other. This is
analogous to other well known quantum mechanical interference phenomena, e.g. the
famous double slit experiment: as long as two possible ways are accessible for the particle,
an interference pattern can be observed at a screen behind the slits, but if it is determined
which way a particle really goes, coherence is lost and no interference pattern will be
seen. Interference effects in quantum mechanics can only occur if two or more amplitudes
coherently contribute to the total probability of finding the system in a given final state,
i.e. it is indistinguishable which “way” (literally in the case of the double slit experiment,
but also in a more abstract sense) is chosen. The same is true for particle oscillations
(which are in fact nothing but interference effects): the total amplitude for a (flavor
eigenstate) neutrino to propagate from one point in space to another, is the sum of
the amplitudes of the different mass eigenstates, that are kinematically allowed in this
process. If one reduces this to only one single mass eigenstate (for example by measuring
energy and momentum accurate enough), there are no two amplitudes that could add
up and so no oscillation can take place.

In the case of only two neutrinos, considering only νe, νµ and ν1, ν2, with the real
2× 2 mixing matrix U2×2, the probability of flavor changing from νe to νµ with the wave
packet ansatz (compare with (2.13) for plane waves) is

Pνe→νµ(x) =
1

2
sin2(2θ)

(
1− e

−
(

x

Lcoh
12

)2

e
−
(

σx
Losc
12

)2

cos

(
2π

x

Losc
12

))
(2.20)

So if either the distance x is of order or greater than the coherence length Lcoh
12 or the

wave packet width σx is of order or greater than the oscillation length Losc
12 , the oscillating

term cos
(

2π x
Losc
12

)
is damped and (2.20) reduces to a constant term

P̃νe→νµ =
1

2
sin2(2θ) (2.21)

From (2.21) one can directly see that the suppression of oscillation effects does not mean
that flavor changing cannot occur. The probability of finding a νµ if a νe was produced,
is then simply the probability that the inital νe propagates as a ν1 (Pνe→ν1) times the
probability that a ν1 is measured as a νµ (Pν1→νµ), plus the probability of the same with
a ν2 as the intermediate state instead. Because coherence is lost, these probabilities can
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be simply summed up in the classic way: P̃νe→νµ = Pνe→ν1 × Pν1→νµ + Pνe→ν2 × Pν2→νµ .
So (2.21) can also be obtained that way:

P̃νe→νµ = |Ue1|2|U−1
1µ |2 + |Ue2|2|U−1

2µ |2 = 2 cos2 θ sin2 θ =
1

2
sin2(2θ) (2.22)

So the decohrence terms in (2.20) lead to a more “classical” behavior of the particles, in
the sense that the probabilities (and not the amplitudes) of ending up in the same final
state via two different intermediate states are simply added and no interference takes
place.

2.4 Experimental Bounds on the Parameters

For three different mass and flavor eigenstates, the 3× 3 mixing matrix can be parame-
terized in the following way [8]:

U = U23U13U12

=

1 0 0
0 cos θ23 sin θ23

0 − sin θ23 cos θ23

 cos θ13 0 sin θ13

0 1 0
− sin θ13 0 cos θ13

 cos θ12 sin θ12 0
− sin θ12 cos θ12 0

0 0 1

 (2.23)

where a possible CP violating phase is neglected. So there are 5 independent parameters
altogether, that can be determined from neutrino oscillations: 3 mixing angles θij and 2
mass squared differences ∆m2

ij. There are different types of neutrino oscillation exper-
iments: at reactors, at accelerators or with atmospheric or solar neutrinos, all varying
very much in their typical energy E and distance from the source to the detector L. This
is very import, since the sensitivity for ∆m2

ij is depending on the ratio E
L

[8]. Because

the oscillating term in (2.20) has the form cos
(

∆m2
ijL

2E

)
, it is not possible to determine

∆m2
ij if either

∆m2
ijL

2E
� 1 (2.24)

because the oscillations will be too fast and only an average is measurable, or

∆m2
ijL

2E
� 1 (2.25)

because the oscillations will be too slow and no flavor changing can be observed. So
different experiments are sensitive to different values of ∆m2

ij, such that

∆m2
ij ∼

E

L
(2.26)
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The sensitivity for ∆m2
ij can reach from ∼ 102 eV2 in some short-baseline accelerator

experiments to ∼ 10−12 eV2 for solar neutrinos [8].
The best fits for the parameters up to now are [9]:

sin2(2θ12) = 0.857+0.023
−0.025

sin2(2θ23) > 0.95

sin2(2θ13) = 0.098+0.013
−0.013

∆m2
21 = 7.50+0.19

−0.20 10−5 eV2

∆m2
32 = 2.32+0.12

−0.08 10−3 eV2

3 Neutral Kaons

Apart from neutrinos, some mesons (namely the neutral K- and B-mesons) are very
often used to study oscillation effects. In Section 3.1 a short introduction of oscillations
of K-mesons will be given, in Section 3.2 two additional phenomena occurring in particle
oscillations will be discussed: entanglement and decoherence in entangled systems.

3.1 Kaon Oscillations

K-mesons (or kaons) are mesons consisting of one s-quark and one light u- or d-quark
(and the corresponding anti-quarks). Oscillations can only be observed with neutral
kaons, which are K0 with a quark content ds̄ and its anti-particle K̄0 with d̄s. These are
the flavor eigenstates corresponding to (νe, νµ, ντ ) in the case of neutrinos. A transition
between K0 and K̄0 can happen via two exchanges of a W-boson (see Fig. 2).

Figure 2: K0-K̄0 oscillation

The mass eigenstates (corresponding to (ν1, ν2, ν3)) are constructed as eigenstates of
CP transformations, a charge conjugation C (switch between particle and anti-particle)
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plus a parity transformation P . Because K0 and K̄0 are particle and anti-particle, we
can write:

C |K0〉 = |K̄0〉
C |K̄0〉 = |K0〉 (3.1)

Kaons belong to the pseudoscalar meson-octet, so they have odd parity:

P |K0〉 = − |K0〉
P |K̄0〉 = − |K̄0〉 (3.2)

From (3.1) and (3.2) one can see that neither |K0〉 nor |K̄0〉 are CP eigenstates, but
they can be constructed from linear combinations of the flavor eigenstates 2.

|KS〉 =
1√
2

(|K0〉 − |K̄0〉)

|KL〉 =
1√
2

(|K0〉+ |K̄0〉) (3.3)

CP |KS〉 = + |KS〉
CP |KL〉 = − |KL〉 (3.4)

The subscripts “S” and “L” are used because they are called “K-short” and “K-long”,
indicating that they differ very much in their mean lifetimes (τKS = 8.59 × 10−11s and
τKL = 5.11× 10−8s [9]). Because the kaons are not stable, they cannot be treated in the
same way as the neutrinos, but we have to introduce an ”effective mass” Hamiltonian to
describe the decay properly. (A detailed derivation of this so called Wigner-Weisskopf-
Approximation is given in Ref. [10], appendix I.) |KS〉 and |KL〉 are then eigenstates of
this Hamiltonian:

H |KS,L〉 =

(
mS,L −

i

2
ΓS,L

)
|KS,L〉 (3.5)

2Due to CP violation, the mass eigenstates |KS〉 and |KL〉 are in fact not the CP eigenstates, but

|KS〉 =
1√

2
√

1 + |ε|2
(
(1 + ε) |K0〉 − (1− ε) |K̄0〉

)
|KL〉 =

1√
2
√

1 + |ε|2
(
(1 + ε) |K0〉+ (1− ε) |K̄0〉

)
But all effects of CP violation are negligible small in this context, so we can assume perfect CP
symmetry and set ε = 0 from now on.
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with mS,L and ΓS,L being the masses and decay widths of the states. Because of the term
i
2
ΓS,L, the probability of finding the system in the state |KS,L〉 decreases exponentially

in time, just as it should.

〈KS,L(t)|KS,L(t)〉 = e−ΓS,Lt (3.6)

(if the state was normalized at time t = 0)
Because this effective mass Hamiltonian is not hermetian, the energy in this system

would not be conserved. To resolve this problem one would have to look at the whole
system, i.e. the initial state and the final states, (an open-quantum-system formulation
is given in Ref. [11]). The Hilbert space of this system can be written as Htot = Hs⊕Hf ,
where Hs is the space of the system we are looking at and Hf the space of the decay
products. The Hamiltonian of the total Hilbert space Htot would be hermitian, but
because we are not interested in the decay products in our considerations about particle
oscillations, we can stay in the space Hs of the kaons and work with the non-hermitian
Hamiltonian as in (3.5). Because of this, one cannot use the von Neumann equation

∂

∂t
ρ = i[ρ,H] (3.7)

in its usual form with the commutator [ρ,H] for the time evolution of a density matrix
ρ, but of course

∂

∂t
ρ = i(ρH† −Hρ) (3.8)

instead. With the definitions in (3.3),(3.5) and (3.8), we can now tackle the K0K̄0-
strangeness-oscillations ([12][13]).
|K0〉 and |K̄0〉 are states with well-defined strangeness, so they are eigenstates of the

strangeness operator S:

S |K0〉 = + |K0〉
S |K̄0〉 = − |K̄0〉 (3.9)

In the basis {K0, K̄0}, S can be written as

S = |K0〉 〈K0| − |K̄0〉 〈K̄0| (3.10)

But it will be more useful to write S in the basis {KS, KL}, so with (3.3) one finds:

S = |KS〉 〈KL|+ |KL〉 〈KS| (3.11)
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Let’s say we start with a state with strangeness +1, i.e. |K0〉, at t = 0 and we want to
know the strangeness expectation value 〈S〉 at a given time t. First, one has to transform
this in the basis of {KS, KL}, because only for them we know the time evolution. Doing
so we get the density matrix at t = 0.

ρ(0) = |K0〉 〈K0| = 1

2
(|KS〉 〈KS|+ |KL〉 〈KL|+ |KS〉 〈KL|+ |KL〉 〈KS|) (3.12)

Applying (3.8) we get

ρ(t) =
1

2

(
|KS〉 〈KS| e−ΓSt + |KL〉 〈KL| e−ΓLt + |KS〉 〈KL| ei∆mt−Γt + |KL〉 〈KS| e−i∆mt−Γt

)
(3.13)

∆m = mL −mS Γ =
ΓS + ΓL

2
(3.14)

We were interested in the strangeness 〈S〉 = Tr(Sρ), so letting S act on ρ yields:

Sρ(t) =
1

2

(
|KL〉 〈KS| e−ΓSt + |KS〉 〈KL| e−ΓLt + |KL〉 〈KL| ei∆mt−Γt + |KS〉 〈KS| e−i∆mt−Γt

)
(3.15)

Finally, after taking the trace, the desired result is (note: 〈KS|KL〉 = 0 is only true
because of the assumption of CP symmetry):

〈S〉 =
1

2

(
ei∆mt−Γt + e−i∆mt−Γt

)
= cos(∆mt)e−Γt (3.16)

The strangeness expectation value oscillates with angular frequency ∆m, which means
that the probability of finding either K0 or K̄0 oscillates just as was found for the
neutrino flavor states. The damping factor e−Γt accounts for the fact that the kaons are
not stable. From these oscillation effects it is possible to determine the mass difference
∆m with great accuracy: ∆m = (3.483± 0.006)× 10−12 MeV [9]

3.2 Entanglement and Decoherence

After studying the“normal”kaon oscillation, we can now take a look at the more interest-
ing case of two kaons entangled in their strangeness. The entanglement in strangeness
can be treated analogous to two spin-1

2
particles entangled in their spin. The states

|K0〉 and |K̄0〉 correspond to |↑〉 and |↓〉 respectively, the strangeness operator S is just
the Pauli matrix σz. One can define a singlet state |ψ−〉 with zero total strangeness
(notation: |·〉 |·〉 := |·〉 ⊗ |·〉)
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|ψ−〉 =
1√
2

(|K0〉 |K̄0〉 − |K̄0〉 |K0〉) (3.17)

A transformation to the basis {KS, KL} yields

|ψ−〉 =
1√
2

(|KS〉 |KL〉 − |KL〉 |KS〉) (3.18)

With a short notation for the 2-particle states |e1〉 = |KS〉 |KL〉 and |e2〉 = |KL〉 |KS〉,
|ψ−〉 has the simple form:

|ψ−〉 =
1√
2

(|e1〉 − |e2〉) (3.19)

In order to destroy the coherence in the system and study the effects of that, (3.8) can
be modified by adding a so called dissipator D[ρ]

∂

∂t
ρ = iρH† − iHρ−D[ρ] (3.20)

The dissipator encodes the effects of interactions of the system with the environment
and will eventually lead to decoherence. One choice of D[ρ] to describe decoherence in
a system of two entangled particles is given in Ref. [14]:

D[ρ] = λ(P1ρP2 + P2ρP1) (3.21)

where Pi = |ei〉 〈ei| is the projector on the 2-particle state |ei〉 and λ is the decoherence
parameter (λ ≥ 0). With this choice, (3.20) is a special case of the Lindblad equation
with

DLindblad[ρ] =
1

2

∑
i

(
A†iAiρ+ ρA†iAi − 2AiρA

†
i

)
(3.22)

(set Ai =
√
λPi), which is the most general ansatz for a master equation of the type

(3.20) to describe the time evolutoin of a density matrix ρ.
We can now investigate how the new term D[ρ] changes the time evolution of the

density matrix of entangled kaons [13]. If we start with the singlet state |ψ−〉 at t = 0,
the density matrix is:

ρ(0) =
1

2
(|e1〉 〈e1|+ |e2〉 〈e2| − |e1〉 〈e2| − |e2〉 〈e1|)

=
∑
i,j=1,2

ρij(0) |ei〉 〈ej| (3.23)
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From (3.21) we get the dissipator (〈ei|ej〉 = δij):

D[ρ] = −λ (|e1〉 〈e2|+ |e2〉 〈e1|) (3.24)

For the 2-particle case (3.5) now reads

H=̂H ⊗ 1 + 1⊗H ⇒ H |ei〉 =
(
mS +mL −

i

2
(ΓS + ΓL)

)
|ei〉 (3.25)

The four components of the density matrix decouple and from (3.20) we get:

∂

∂t
ρ11(t) = (−2Γ)ρ11(0)

∂

∂t
ρ22(t) = (−2Γ)ρ22(0)

∂

∂t
ρ12(t) = (−2Γ− λ)ρ12(0)

∂

∂t
ρ21(t) = (−2Γ− λ)ρ21(0) (3.26)

with Γ = ΓS+ΓL
2

. Solving this yields the exponential factors for the density matrix:

ρ(t) =
1

2
e−2Γt

(
|e1〉 〈e1|+ |e2〉 〈e2| − e−λt

(
|e1〉 〈e2|+ |e2〉 〈e1|

))
(3.27)

So the dissipator suppresses the off-diagonal elements of ρ, whereas the diagonal elements
are not affected at all, while the whole state is decaying with decay width 2Γ.

For two particles in a spin singlet state we expect, that if one is measured with spin
up, the other will be measured with spin down et vice versa. In the above case of the
two neutral kaons in a strangeness singlet state and the von Neumann equation modified
with a dissipator given in (3.21), there are two new issues to be considered:

• each of the two kaons will individually oscillate, as was discussed in Section 3.1

• due to the suppression of the off-diagonal elements of the density matrix, the
system will not be in a pure state for t > 0 if λ 6= 0 (see Ref. [13])

The next few pages will again follow Ref. [13], with some calculations shown more
explicitly.

To investigate the effects of the two issues mentioned above, imagine the following
situation: the two kaons are produced in the state |ψ−〉 at t = 0 and freely propagate
to the left and the right, where their strangeness can be measured, i.e. we can test the
kaons for either being a K0 or a K̄0. If the right moving particle is tested for being a
K0 at time tr, i.e. having strangeness +1, we can write the operator for doing so as
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S+
r = 1 ⊗ |K0〉 〈K0| and then take the partial trace over the space of the right moving

particle, and thereby get the single particle density matrix now only for the left moving
particle.

ρl(t = tr; tr) := Trr
(
S+
r ρ(tr)

)
(3.28)

This remaining one-particle state ρl(t > tr; tr) then freely propagates, but because there
is no decoherence assumed for a single particle (we want to test the entanglement of
the two particle state), this time the time evolution in (3.8) without the dissipator is
used. At t = tl > tr this particle is tested for being a K̄0, so we use the operator
S− = |K̄0〉 〈K̄0|. So the expectation value for finding a K0 at the right at t = tr and a
K̄0 at the left at t = tl is:

Pλ(K̄
0, tl;K

0, tr) := Tr(S−ρl(tl; tr)) (3.29)

Now we can do these calculations explicitly. From (3.27) we know the density matrix at
t = tr. First we write this in the basis {KS, KL}

ρ(tr) =
1

2
e−2Γtr

(
|KS〉 〈KS| ⊗ |KL〉 〈KL|+ |KL〉 〈KL| ⊗ |KS〉 〈KS|

− e−λtr
(
|KS〉 〈KL| ⊗ |KL〉 〈KS|+ |KL〉 〈KS| ⊗ |KS〉 〈KL|

))
(3.30)

We do the same with the operator S+
r and then follow the steps described above to get

ρl(t = tr; tr):

S+
r = 1⊗ 1

2

(
|KS〉 〈KS|+ |KL〉 〈KL|+ |KS〉 〈KL|+ |KL〉 〈KS|

)
(3.31)

S+
r ρ(tr) =

1

4
e−2Γtr

(
|KS〉 〈KS| ⊗ (|KL〉 〈KL|+ |KS〉 〈KL|)

+ |KL〉 〈KL| ⊗ (|KS〉 〈KS|+ |KL〉 〈KL|)

− e−λtr
(
|KS〉 〈KL| ⊗ (|KL〉 〈KS|+ |KS〉 〈KS|)

+ |KL〉 〈KS| ⊗ (|KS〉 〈KL|+ |KL〉 〈KL|)
))

(3.32)

Trr(S
+
r ρ(tr)) =

1

4
e−2Γtr

(
|KS〉 〈KS|+ |KL〉 〈KL| − e−λtr

(
|KS〉 〈KL|+ |KL〉 〈KS|

))
=: ρl(t = tr; tr) (3.33)
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We have already calculated the time evolution for a single particle density matrix ρl(t; tr)
in (3.13) and so we get

ρl(tl; tr) =
1

4
e−2Γtr

(
|KS〉 〈KS| e−ΓS∆t + |KL〉 〈KL| e−ΓL∆t

− e−λtr−Γ∆t
(
|KS〉 〈KL| ei∆m∆t + |KL〉 〈KS| e−i∆m∆t

))
(3.34)

Doing the analogous calculations to (3.32) and (3.33) but this time with

S− =
1

2

(
|KS〉 〈KS|+ |KL〉 〈KL| − |KS〉 〈KL| − |KL〉 〈KS|

)
(3.35)

eventually yields:

Tr(S−ρl(tl; tr)) =
1

8
e−2Γtr

(
e−ΓS∆t + e−ΓL∆t + 2e−Γ∆t cos(∆m∆t)e−λtr

)
=: Pλ(K̄

0, tl;K
0, tr) (3.36)

If we do analogous calculations for arbitrary combinations of K0 and K̄0 on the left and
the right side, we find the expectation values for finding like or unlike strangeness on
both sides. If we do not restrict ourselves to do the measurement on the right first, we
must replace tr in the exponent in (3.36) by min(tr, tl), because decoherence only occurs
in the two particle system, so the dissipator only acts until the first measurement is
made.

Pλ,unlike(tl, tr) =
1

4
e−2Γtr

(
e−ΓS∆t + e−ΓL∆t + 2e−Γ∆t cos(∆m∆t)e−λ min(tr,tl)

)
Pλ,like(tl, tr) =

1

4
e−2Γtr

(
e−ΓS∆t + e−ΓL∆t − 2e−Γ∆t cos(∆m∆t)e−λ min(tr,tl)

)
(3.37)

The asymmetry is defined as

Aλ(tl, tr) =
Pλ,unlike(tl, tr)− Pλ,like(tl, tr)
Pλ,unlike(tl, tr) + Pλ,like(tl, tr)

(3.38)

Using the results from (3.37) yields

Aλ(tl, tr) =
cos(∆m∆t)

cosh(1
2
∆Γ∆t)

e−λ min(tr,tl) (3.39)

How can this result be interpreted? For non-oscillating, stable particles without any
decoherence, one would expect Aλ=0(tl, tr) = 1 for all times tl and tr if the two particles
were initially in a singlet state, because only unlike strangeness will be measured for
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the two particles. This result is indeed found in (3.39) and (3.37) if we set λ = 0 (no
decoherence), ∆m = 0 (no oscillations) and ΓS,L = 0⇒ ∆Γ = 0 (stable particles). If we
allow oscillations (∆m 6= 0), the probabilities of like and unlike strangeness and there-
fore the asymmetry oscillate with cos(∆m∆t). Both kaons oscillate individually, but as
long as both are measured at the same time, one will still find only unlike strangeness.
But because of the oscillations this will not be true anymore if there is a time difference
between the two measurements. If ∆t is exactly half of the oscillation period T = 2π

∆m
,

the asymmetry will be −1 (which means finding only like strangeness), after a whole
oscillation period it will be +1 again. Because of the different lifetimes of the mass-
eigenstates, an additional factor occurs in (3.39) that damps the asymmetry for greater
time differences ∆t. The probability of finding like and unlike strangeness for two en-
tangled kaons (without decoherence) is shown in Fig. 3. If we now allow λ > 0, there
is the additional factor of e−λ min(tr,tl). So the asymmetry is exponentially damped, the
stronger the later the first measurement is made, which means that the two measure-
ments are getting independent of each other - the correlation due to entanglement is
lost, decoherence has taken place.

Figure 3: like and unlike strangeness without decoherence [15]

3.3 Experimental Data

The predicted asymmetry calculated above can be directly tested in experiments at
accelerators, for example at the CPLEAR detector at CERN [15] or the KLOE exper-
iment at DAΦNE [16]. At DAΦNE, e+e− are collided with a center of mass energy of√
s = 1019 MeV to produce Φ mesons. The Φ is a neutral meson with strangeness S = 0

and JPC = 1−−, and decays via the strong interaction into K0K̄0 with a branching ratio
of 34.2%. Because both P and C are symmetries in strong interactions, the two kaons
have to be in a 1−− state as well, which is just the singlet state |ψ−〉 defined in Section
3.2. At CPLEAR the kaons were produced in proton-antiproton collisions. To determine
the strangeness of a kaon at a given position, an absorber can be placed at that position
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and the strangeness of the outgoing particles, produced via the strong interaction of the
kaons with the nuclei of the material, can be measured. With this method it is possible
to test a neutral kaon for being a K0 or K̄0 by looking for either K+, or K− and Λ
particles [15]:

K0 + nucleus→ K+ +X (3.40)

K̄0 + nucleus→ K− +X (3.41)

K̄0 + nucleus→ Λ +X

At the experiment at the CPLEAR detector at CERN it was possible to measure the
asymmetry for two different experimental configurations (see Fig. 4). The detector

Figure 4: CPLEAR detector [15]

consists of two cylindrical absorbers, one with radius 2cm (copper) and one with radius
7cm (carbon). Depending on the direction of the kaons, they either both hit the absorber
made of copper, so the difference of their propagation length is ∆l = 0, or one hits the
copper and one the outer absorber made of carbon, giving a difference of ∆l = 5cm.
Knowing the energy of the kaons, it is easy to get ∆t from ∆l and so (3.39) can be
tested directly in this experiment. Fig. 5 shows the result of the measured asymmetry
at CPLEAR: The solid line is the expected asymmetry without any decoherence, the
crosses show the actually measured asymmetry for ∆l = 0cm and ∆l = 5cm. In Ref.
[13], a fit was made with the data from CPLEAR, to obtain the experimental bounds
for the decoherence parameter λ:

λ =
(
1.84+2.50

−2.17

)
× 10−12 MeV (3.42)
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Figure 5: asymmetry for the two experimental configurations [15]

This is clearly compatible with λ = 0, but an upper bound λ < 4.34 × 10−12 MeV is
found.

More recent data and more accurate bounds on the decoherence parameter λ and
parameters of other possible models of decoherence were determined at the KLOE and
KLOE-2 experiments at DAΦNE, given in Refs. [16][17]. In any case, up to now no clear
deviation from the predictions of quantum mechanics without any decoherence could be
found in these experiments. In [17] the KLOE-2 collaboration announces, that they
expect to decrease the experimental uncertainties by one order of magnitude within the
next years.

4 B-Mesons

4.1 Entangled B-Mesons and Semileptonic Decays

B-mesons are very similar to kaons, but with a bottom quark instead of a strange quark,
so B0 and B̄0 have quark content db̄ and d̄b respectively (there also exists a strange
B-meson with the down quark replaced by a strange quark, i.e. B0

s has quark content
sb̄). The formalism to describe oscillations and entanglement of B-mesons is the same
as that used for the kaons in Section 3. So again, assuming CP symmetry, the mass
eigenstates BH (corresponding to KL) and BL (corresponding to KS), “H” and “L” for
“heavy” and “light”, can be constructed as CP eigensates .

|BL〉 =
1√
2

(|B0〉 − |B̄0〉)

|BH〉 =
1√
2

(|B0〉+ |B̄0〉) (4.1)
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They are eigenstates of the effective mass Hamiltonian analogous to (3.5) with masses
mH,L and decay widths ΓH,L, and 〈BH |BL〉 = 0 (again only true for CP symmetry).
Furthermore, the description of oscillating entangled two-particle states and the model
for decoherence with the dissipator (3.21) can be applied just in the same way.

But there is a different way of measuring the flavor in experiments with B-mesons, on
which we will concentrate in this section: The flavor of the meson can be determined
from semileptonic decays, i.e. the decay of the meson by the weak interaction in a hadron
and a charged lepton (plus the corresponding neutrino, see Fig. 6). So B0 and B̄0 can

Figure 6: decay of a B0 into a π−, a positive charged lepton and a neutrino

be identified by

B0 → X `+ ν

B̄0 → X `− ν̄ (4.2)

where X denotes a hadron and ` = e, µ. If PλB(B̄0, tl;B
0, tr) denotes the expression

corresponding to (3.36) for the case of B-mesons, i.e. the probability of finding a B̄0 at
time tl on the left side and a B0 at time tr at the right side, the probability of measuring
a dilepton event with a negative charged lepton (from a semileptonic decay of a B̄0) on
the left side and a positve charged lepton (from a semileptonic decay of a B0) at the
right side, can be obtained by integrating over the time [14]:

P−+ = Γ2
`

∞∫
0

dtl

∞∫
0

dtr PλB(B̄0, tl;B
0, tr) (4.3)

where Γ` is the inclusive semileptonic decay rate. The other three possibilities are then
of course given by
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P++ = Γ2
`

∞∫
0

dtl

∞∫
0

dtr PλB(B0, tl;B
0, tr)

P−− = Γ2
`

∞∫
0

dtl

∞∫
0

dtr PλB(B̄0, tl; B̄
0, tr) (4.4)

P+− = Γ2
`

∞∫
0

dtl

∞∫
0

dtr PλB(B0, tl; B̄
0, tr)

The integrals can be solved and yield [14]

P++ = P−− =
Γ2
`

4Γ2

(
1

1− y2
− 1

1 + x2
(1− ζ)

)
P+− = P−+ =

Γ2
`

4Γ2

(
1

1− y2
+

1

1 + x2
(1− ζ)

)
(4.5)

with

x =
∆m

Γ
y =

∆Γ

2Γ
ζ =

λB
2Γ + λB

(4.6)

So the method of flavor tagging with semileptonic decays provides us with a measurable
quantity, which we can use to try to determine the decoherence parameter λB from
experiment, as will be shown in the next section.

4.2 Experimental Data

The correlated B0B̄0-pairs can be produced in a similar way to the kaons, but with a
heavier Υ-meson instead of the Φ-meson. Usually the B-mesons are produced in e+e−

collisions at the energy of the Υ(4S) resonance (m = 10.58 GeV), which decays into
B0B̄0 with a branching ratio of 49% [9].

The parameter ζ is linked to the ratio of like-sign dilepton events to opposite-sign
dilepton events R, that can be measured directly in experiments

R =
P++ + P−−
P+− + P−+

(4.7)

With the results in (4.5) and the approximation y = 0, solving (4.7) for ζ yields

ζ = 1− 1−R
1 +R

(x2 + 1) (4.8)
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In Ref. [14], results from ARGUS and CLEO were combined to obtain the value Rexp =
0.189± 0.044, data from LEP experiments were used fo find xexp = 0.740± 0.031. With
these experimental values the numerical estimate ζ = −0.06± 0.10 was obtained. More
recent data were combined in Ref. [18], yielding xexp = 0.771 ± 0.007 and Rexp =
0.222 ± 0.022 (R is related to the mixing parameter χd, R = χd

1−χd
). With these results

we find ζ = −0.015 ± 0.047, and with Γ = (4.3360± 0.0020) × 10−10 MeV [18] the
decoherence parameter λB is

λB = (−1.3± 4.0)× 10−11 MeV (4.9)

So again no clear deviation from λB = 0 can be found.

5 Conclusion

The aim of this thesis was to give a brief introduction to flavor oscillations and then
combine this with the concept of decoherence. First we have demonstrated how particle
oscillations can occur if flavor eigenstates do not coincide with mass eigenstates and how
the oscillation length can be derived when we assume that the states can be written as
plane waves. To resolve the problems that come along with this assumption, another
approach with wave packets was illustrated. Just from this simple ansatz we found
two new decoherence terms that damp the oscillations if either the wave packets do not
overlap or the momentum resolution becomes of order of the mass differences. Finally a
third ansatz for dealing with particle oscillations with density matrices was shown. This
formalism easily allows for describing oscillations of unstable particles and entangled
two-particle systems, and can be modified to include a model of decoherence by adding
a dissipator term in the von Neumann equation. We have seen that flavor oscillations
of K- and B-mesons can be used for testing this model of decoherence by comparing
the flavor asymmetry in an entangled state with the predictions of quantum mechanics.
Upper bounds on the decoherence parameters λ and λB can be found - up to now all
experimental results are compatible with λ(B) = 0.

Both, flavor oscillations and a theory of decoherence, are very active fields of research
both theoretically and experimentally. We have seen that particle oscillation, besides
being a highly interesting topic on its own, provides us with an accurate method for
determining mass differences of elementary particles. In the case of neutrinos, this very
phenomenon even led to the discovery that they have mass at all, while it is still not
possible today to determine the absolute values of their masses from other experiments.
How to properly include neutrino masses in the Standard Model is still not entirely clear.
Also CP violation and Bell inequalities can be studied using the effects of flavor mixing.

Decoherence is a key point for understanding the transition from quantum mechanics
to our macroscopic “classical” world. We have seen that even a system of quite heavy
particles (B-mesons are more than five times havier than protons) can form an entangled
state over a clearly macroscopic distance (7cm for kaons in the CPLEAR experiment
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discussed in Section 3.3), in perfect agreement with the predictions of quantum mechan-
ics. Maybe new experiments and more precise measurements can give more accurate
bounds on the effects of inevitable interactions with the environment in such systems.
A better understanding of quantum decoherence is essential for a better understanding
of quantum mechanics as a whole, as well as for possible future technical applications
such as quantum computing.
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