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Abstract: We give a systematic treatment of relativistic corrections to a Coulomb system of heavy 
quarks in a colour background field with a finite correlation time. The relativistic corrections turn out 
to be significant. Comparison with experiment favors a correlation time of 0.2-0.5 fm. We predict the 
' S ,  - 'So and 3P,  - 'PI hyperfine splitting. 

1. Introduction 

VOLOSHIN [l] and independently LEUTWYLER [2] proposed to investigate the influence of 
the gluon condensate on levels of heavy quarkonia as second order Stark-corrections to 
the Coulomb binding of the systems. 

Due to the fast increase of the Bohr radius with the principal quantum number n of the 
Coulomb system, the contribution of the second-order Stark effect increases like n6. 

Since the method applied is only consistent if the displacements evaluated in perturbation 
theory are small as compared to the level splittings due to the Coulomb interaction, the 
model can only be reliable for the lowest-lying bound states of a very heavy quarkonium. 

Whereas Leutwyler and Voloshin assume the external colour field to be static (L. V. 
model), it is more realistic to consider the gluonic background fluctuations in Euclidean 
space time with a finite correlation time and length TG [3, 4, 51. For the systems considered 
here, namely heavy quarkonia, the quark correlation time, i.e. a typical period of the quarks 
inside the hadron, is of order T,' = maaf whereas the typical extension of the system in 
the L oundstate is of the order Le' = maas, i.e. TQ % LQ, which justifies a dipole 
approximation, but not a static approximation of the gluonic background. We therefore 
take into account only the finite correlation time, and not the finite correlation length of 
the gluonic background fluctuations. The finite correlation time reduses drastically the steep 
increase in n. The corrections are small for the first s-wave of the bb-system, however, they 
become very large for the first p-wave even with very short correlation times. Nevertheless 
the contact with experiment appears surprisingly well (for details we refer to our discussion 
of the: results, ch. IV). Excited states would be only reliable for very heavy quarkonia. 

* Permanent address: Institut fur Theoretische Physik, Universitat Wien, Boltzmanng. 5 ,  A-1090 Wien. 
**  Laboratoire Associe au CNRS. 
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94 A. KRAMER, H.  G. DOSCH, R. A. BERTLMANN. Quarkonia 

Furthermore, the wave function shift at the origin due to the gluon condensate is also 
strongly reduced by a finite correlation time TG. For this reason we can apply the model 
to the groundstate of bottonium and we estimate TG from the leptonic width of Y (9.46). 

Since also for heavy quarkonia the relativistic effects play an  important role, we find it 
necessary to account for relativistic corrections of the relative order u," as compared to the 
leading terms in the Hamiltonian: 

Schrodinger terms: mQu; 

Breit - Fermi corrections: mQu; 

second - prder Stark effect: mQa: . K 2  

second - order Zeeman effect: mQu,4. K 2  

relativistic correction to Stark effect: mQu: . K 2  

with 

mQ = quark mass.  ((Ez))'iz K =  
(E2 ' 

C o d  

The symbol ((. . ,)) denotes the average over the external electric colour field, ((E*)) is 
proportional to the gluon condensate (see equation 2.57). The denominator (EiouJ stands 
for the quantum mechanical expectation value of the root mean squared electric Coulomb 
field of the quarkonium. 

In section I1 we give a complete treatment for the S- and P-wave displacement and 
discuss the applicability of the method. In sect. I11 we compare with other models and 
discuss the result in sect. IV. 

11. The Leutwyler-Voloshin Model with Relativistic Corrections 
and Finite Correlation Time for S- and P-Wave 

2.0. The Method of Computation 

In the approach of VOLOSHIN and LEUTWYLER [1,2] we treat the eigenvalue problem 
for the following Hamiltonian: 

where n is the principal quantum number, 1, s and J the angular momentum, spin and 
total angular momentum, respectively; ( i )  denotes the colour of the state, i.e. i = 1 is 
the singlet, i = 8 an octet state of the two quarks. H&oul is the Coulomb Hamiltonian 
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Fortschr. Phys. 40 (1992) 2 

with p1 = p = 4 a,, p8 = -p/S and Hi, the relativistic Breit-Fermi-correction: 

95 

Here Sj are the spin operators acting on quark J,  x is the relative distance, my the quark 
mass. 

Finally, HI is the interaction Hamiltonian of the quarkonium with the external field, 
in our approximation: 

H I -  
- H D i p o l e  + HZeeman + HDipo le , re l .  

(2.3 b) 

Where E" and B" are the euclidean colour fields and 5" = (1/4)(27 - A$),Aq being the 
(;ell-Mann matrices acting on quark number j .  HDipo le , re l .  is a relativistic correction to 
the leading Stark-interaction. 

The 1" order corrections to energy from the Breit-Fermi Hamiltonian are well-known, 
we just repeat them here for convenience and later reference: 
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96 A. KRAMER, H. G. DOSCH, R. A. BERTLMANN, Quarkonia 

with ( L  . S )  = 1/2(5(J + 1) - 1(1 + 1) - s(s + 1)) and E, the nth eigenvalue of the unper- 
turbed system. 

The effect of H,, the interaction with the external field, is given by second order 
perturbation theory 

We take into account a finite correlation time of the external field 

(2.6a) 

For the correlation function 4(t - t') we usually make the ansatz: 

4( t )  = e - l w c  (2.6b) 

but we also test the function 

(see appendix). 
Performing the average using the correlation function (2.6b) we arrive at  

1 1 
I(nlsJ1 xi + ( p  x qi lm)8~' - ( (nlsJ(  - Zi lrn)81' 

(2.7) 1 ((E2>> 1 2mQ mQ 
1 AE"1S.J  = ___ 

x 1  18 Im>, i  
'rn - %lsJ + ~ 

TG 
with 

s= s, + s,; z = s, - s, 
the summation runs over all states of the color set-sector and the Cartesian components 
i = 1, ... 3. 

Recall that H ,  transforms colour-le'-states into ~olour-8~'-states. Note also that color 
degrees of freedom have been removed from operators and wave functions in (2.7) by 
summation over complete sets of intermediate color states using the identity 

( l y  r"p 11"') = + ; dab 

Instead of doing the summation over the 8e'-~ector states in (2.7) we evaluate the following 
matrix elements: 

with 

1 1 
= xi + - - - ( p x q i ,  Iq =-xi 

2 m i  mQ 

 15213979, 1992, 2, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1002/prop.2190400202 by U

niversität W
ien, W

iley O
nline L

ibrary on [20/02/2023]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense



Fortschr. Phys. 40 (1992) 2 97 

and lZi), lKi) are regular solutions of the differential equations according to DALGARNO- 
LEWIS [6] 

We split the solutions into a ‘‘large’’ and a “small” term 

l l i )  = I1i)o + ISli) > 

IKi) = IKi)o + 16Ki). 

JnlSJ) = InlSJ), + IGnlSJ) 

Similarly we have 

(2.9) 

where JnlSJ), is the nonrelativistic Coulomb wave function, 16nlSJ) its first-order relativistic 
correction. Leading contributions in the above equations are of the order Do, whereas 
6-terms are of order b2. Collecting terms of the same order of magnitude in (2.8) we find 

K i ) O  = 0 ,  

pi ) ,  = xi InlSJ), , (2.10a) 

(2.10 b) 

1 + xi JGnlSJ) + 7 ( p  x s ) i  InlSJ), 
2mQ 

(2.10 c) 

(Je,!ISJ is the first-order relativistic correction to Coulomb energy levels.) The result for 
((E2>> dc,’,,, is finally to order ___ 
n@’ 

((E2)i 1 
A&J = __ { ,(nlSJI xi Ili),  - ,(nISJI - x i  16Ki) 

18 m 

+ o(nlSJI xi 161i) + (GnlSJI xi Ili), 

2.1. 1s-Wave 

We start with the leading Stark effect and solve eq. (2.10a): 

(2.11) 

HCoul - e:, + - 1l3), = x3 / n  = 1, I = 0, S J ) ,  
( 8  T G  7 
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98 A. KRAMER, H. G. DOSCH, R. A. BERTLMANN, Quarkonia 

The wave functions l13)o and I lOSJ), must have the same spin parts and with the ansatz 

(x I 13)o - I (r) .  cos B (2.12) 

for the space-wave function this equation reduces to 

9,(l = 1) I(r) = rR,, 

with 

(2.13) 

(2.14) 

r denotes the dimensionless radial coordinate in units of the Bohr radius a, := ~ 

and R,, is the normalized 1s-radial hydrogen wavefunction. In the limit TG + 00 a 
regular solution of (2.12) with boundary conditions 

I(0) = I ( c 0 )  = 0 

can be obtained analytically, e.g. by power series expansion, and we refer to LEUTWYLER’S 
[2] compact formula for the Stark-effect contribution to (2.11) in this case. For finite 
values of T, eq. (2.12) is solved numerically using a simple multiple shooting algorithm 
with a Runge-Kutta differential equation solver. The Stark contribution to the level 
shift can be expressed as follows: 

(2.1 5 a) 

(2.15 b) 

and I(T,) the (numerical) solution of eq. (2.13). We use for the radial scalar product the 
convenient notation 

(2.16) 

The displacement (2.15b) is plotted in Fig. 1. It vanishes for TG + 0, whereas the large 
TG limit yields the well-known LEUTWYLER’S [2] result. 

dE4tark (co) N 1.468. 

Turning to the Zeeman contribution to (second term in (2.11)), we have to 
solve eq. (2.10b): We observe that 

IdKispin) = ( S ,  - S 2 ) i  l1OSJspin)o 
hence 

1 1 

mQ lOSJ mQ 
o(1OsJI - Ci IdKi) = (C?) O(1OsJspaceI - IdKispace) 

and again we are left with the space-dependent part of (2.10b). 
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Fortschr. Phys. 40 (1992) 2 99 

1 

Fig. 1. The leading (Stark) reduced displacement of the Coulomb 1s and 1P levels as a 
function of T,. 

modified LV-model, this paper (eqs. (2.15) and (2.34), respectively. 
ref. [4]. _ _ -  

- - - - - - - - Potential model of ref. [lo] (see sect. 111, eq. 3.3). 
For the standard set of parameters (2.62) the dimensionless correlation time PT,/al = 1 
corresponds approximately to T, = 0.52 fm 

With the ansatz 

we have 

with the same notation as above. 
The result for the Zeeman effect is 

(2.17) 

(2.18 a) 

(2.1 8 b) 

The reduced Zeeman displacement (2.18b) is given in Table 1. The full displacement 
(2.18b) reaches at most 5% of the leading Stark displacement (2.15b). The two remaining 

 15213979, 1992, 2, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1002/prop.2190400202 by U

niversität W
ien, W

iley O
nline L

ibrary on [20/02/2023]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense



100 A. KRAMER, H. G. DOSCH, R. A. BERTLMANN, Quarkonia 

Table 1 
Reduced displacement of Coulomb levels for 1 s  and 1P-states of heavy quarkonium. Columns 1 
and 5 are in units ((E2))/m;P4 = 45.92 MeV for the standard set 2.62, columns 2 to 4 in units 
((E2))/m~/32 = 7.35 MeV for the standard set. For each set ofquantum numbers the level displacements 
are evaluated for T, . P/a, = a, 2, 1 and 0.4 corresponding to T, - CD, 1,0.5 and 0.2 fm in the standard 
set 2.62. For further details see sect. 2.0, especially eq. (2.1 1). 

nlSJ df (Stark) AE(Zeeman) &(Re1 I )  df(Rel2) AF (total) 

1000 1.4682 
0.923 
0.678 
0.381 

101 1 1.4682 
0.923 
0.678 
0.381 

2101 63.897 
18.39 
10.85 
4.88 

2110 63.897 
18.39 
10.85 
4.88 

2111 63.897 
18.39 
10.85 
4.88 

2112 63.897 
18.39 
10.85 
4.88 

-0.3747 
-0.232 
-0.170 
- 0.095 

-0.125 
- 0.077 
- 0.057 
- 0.032 

- 1.390 
- 0.438 
- 0.263 
-0.120 

- 0.463 
-0.146 
-0.088 
- 0.040 

- 0.463 
-0.146 
-0.088 
- 0.040 

- 0.463 
-0.146 
- 0.088 
- 0.040 

- 1.147 
- 0.427 
- 0.234 
-0.073 

0.045 
0.021 
0.004 
0.00 I 

- 6.459 
- 0.48 
-0.18 
- 0.04 

- 20.373 
- 1.54 
-0.55 
-0.1 1 

- 9.937 
- 0.74 
-0.27 
- 0.06 

- 1.589 
-0.10 
-0.05 
-0.01 

- 5.062 
-2.98 
-2.11 
- 1.12 

- 0.4063 
- 0.242 
-0.173 
- 0.093 

- 32.80 
- 8.30 
- 4.74 
- 2.07 

-91.95 
-23.31 
- 13.32 
- 5.82 

-47.59 
- 12.06 
- 6.89 
- 3.01 

- 12.10 
- 3.05 
- 1.74 
-0.76 

0.415 
0.341 
0.276 
0.175 

1.390 
0.875 
0.642 
0.361 

57.39 
16.91 
10.02 
4.52 

45.85 
14.39 
8.62 
3.92 

54.62 
16.32 
9.69 
4.38 

6 1.63 
17.86 
10.55 
4.75 

matrix elements in (2.1 1) describe contributions to the level displacement which arise 
from the interference between the Breit-Fermi and the dipole part of the Hamiltonian. 
Formally, they seem to be of the same order of magnitude as the Zeeman term; however, 
they turn out to be considerably more important. 

In order to solve eq. (2.10~) for 161,) it is convenient to divide the solution 161,) into 
three parts: 

161,) = prq> + ISZ:) + 161;) 
with 

lOSJ), 

(2.19a) 

(2.19 b) 

(2.19 c) 
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Fortschr. Phys. 40 (1992) 2 101 

The contribution of I6Z:) vanishes because of 1 = 0. A further simplification is due to 

(2.20) 

which is just the 4th term of (2.11). Hence we only need to solve the first partial equation 
(2.19a) for { S l y ) .  Note that 

IPS1 = $ P  < P2 
which implies that within the accuracy of our approximation terms proportional to fli 
or f ls j  may be neglected and H!F can be approximated by keeping only the momentum 
correcition term (see (2.3a)) which is not proportional to PS. Hence the first term of the 
r.h.s. of eq. (2.19a) reduces to the momentum correction 

(2.21) 

which has been evaluated using the numerical solution of (2.10a). 

evaluated according to the formula (2.4) given above: 
Finally, first order relativistic energy shifts &iOSJ in the inhomogeneity of (2.19a) are 

(2.22) 

Trying the same ansatz as for the Stark effect (2.13), we find the radial differential equation 

~g1(l = 1) 6Z,(r) = G ( r )  + 6FlOSJ Z(r) 

with 

(2.23) 

A 2  
4rn; 

and G ( r )  is the radial part of (XI - ~ IZi)o. The corresponding matrix element in 

(2.1 1) is 

(2.24a) 

(2.24b) 

It turns out that a complete omission of relativistic corrections in the colour 8-sector 
corresponding to G ( r )  = 0 in (2.23) gives a deviation in the result of less than 1% of the 
Stark effect, hence we neglect this contribution in the following and put 

HiF N 0 .  
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102 A. KRAMER, H. G. DOSCH, R. A. BERTLMANN, Quarkonia 

We are left with the last term in (2.11) and the term (2.20), which give a total contribution 
to the level displacement of 

(2.25) 

The usual formula for the perturbative correction to the wave function yields 

(2.26) 

where P , ,  is the orthogonal projector to IlOSJ), and )6&,lOSJ) is the second-order dipole 
correction to the Coulomb wavefunction. This function may be obtained by iterating the 
Dalgarno-Lewis procedure on the solution 1Z3), of eq. (2.10a) (Stark effect): 16&,lOSJ) is 
proportional to the solution 16J3)  of 

(E :o  - H ~ O U I )  16J3) = x 3  113)o - I1oSJ)o (1oSJl X 3  113)o. (2.27) 

Turning to the dimensionless quantities and restricting ourselves to the 1 = 0-part of the 
solution 16J3) 

(x I nr=,  h J , )  - h J ( r )  

n denotes the projection on 1 = 0-subspace we obtain the following equation for 6 J ( r ) :  1 
(2.28) 

and the function Z(r)  is known from the solution of the dipole equation: The second-order 
dipole correction to the wavefunction is then given by 

with 
P,,GJ(r) := 6 J ( r )  - Rlo(r)  ( R l o  1 6 J )  

and the level displacement is finally 

A E R e l  lo,,-J 2 = 2 o( 1OSJJ H &  16&,lOSJ) 

(2.29) 

(2.30a) 
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Fortschr. Phys. 40 (1992) 2 103 

(2.30b) 

Collecting together the different terms (2.15), (2.18), (2.24), and (2.30) discussed above, we 
obtain for the condensatedependent displacement of the IS-energy level: 

(2.3 1) 

Table 1 summarizes the 1s-wave result for T, = co, 1, 0.5, and 0.2 fm. 

2.2. 1 P-Wave 

'The evaluation of for the P-wave proceeds along the same lines as the S-wave 
calculation and our subsequent presentation merely points out the few additional complica- 
tions. 

The Stark effect A&?:$ is independent of spin-quantum numbers, so we only consider 
the singlet case 

(n = 2 , 1 =  1,s = 0 , J  = 1 ) .  

The inhomogeneity 

xi 12105) 

in eq. (2.10a) contains an 1 = 0- and an I = 2-part, hence we make the modified ansatz 

(x I Iispace)O - I['+-) Y / O ) ( O ,  4) + I ( 2 ) ( r )  Yi2)(8,  4) . (2.32) 

The spherical functions E 0 s 2 )  are defined by 

Xi 
- Y(l,o, = p + Y!2' 
r 

where Y(l,,,l are the usual spherical harmonics. One obtains easily 

yio, = yco, = 0 .  Yso) = (1/3)1'2 Y(o,o, 

Y\2) = (1/10)1'2 { Y(2.  - 11 - Y ( 2 ,  l J  ; yi" = i(1/10)1'2 { Y ( 2 ,  - 1l + lJ  

v) = (4/15)"2 Y,,.,, . 
The functions I(')(r) solve the differential equations 

g2(l) Z(')(r) = rR21(r),  1 = 0 , 2 .  

The Stark effect is then 

(2.33) 

(2.34) 
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104 A. KRAMER, H. G. Doscti, R. A. BERTLMANN, Quarkonia 

Equation (2.10b) for the Zeeman term is reduced to only one radial equation 

32(1 = 1) 6 K ( r )  = Rzl(r)  

and yields in complete analogy to the S-wave case 

(2.35) 

The matrix element 0(21SJI xi 161,) is subdivided as discussed above. The solution Ili)o 
contains two angular components giving rise to two radial equations 

g2(1) SZ$?(r) = P ( r )  + 6 g l s J 1 ( q r ) ,  I = 0, 2 .  (2.36) 

F") accounts for Breit-Fermi corrections in the colour-8 sector and may be neglected as in 
the S-wave case. 1st-order relativistic energy corrections according to (2.4) for the 1P-wave 
are the following: 

The result for the Re1 1-contribution to the level displacement is 

(2.37) 

(2.38) 

In the triplet case S = 1 there is also a nonvanishing contribution from ISIf) (compare 
with discussion of AeRell for S-wave), the third partial solution of equation (2.19). Its 
calculation appears to be rather tedious and we just mention that the result is negligible 
(less than 10% of the Zeeman effect). 

Again the final term in (2.11) is the dominant one. It is calculated by the iterated 
Dalgarno-Lewis procedure for the 2nd order dipole correction to the P-wave. We have 

(2.39) 

In the singlet case S = 0 we have simply 

I6kip21, S = 0, Jspin) = 12, 1, S = 0, Jspin) . 

As to the space part, we define U ( r )  to solve the equation 

(2.41) 

(2.42) 
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(1'') is the solution of the Stark effect equation (2.33)) and obtain 

105 

( X I  II,, 1~5&~21, S = 0, Jspace) = ((E2)) ~ ( ~ -i2) YlO(O, q) P2,6J(r) (2.43) 
m"e6 

with P,,6J = 6 J  - (R,, I 6 J )  R2 ,  . 
We assume in this formula a magnetic quantum number m, = 0 and keep only the 

contribution to 1~3&~21, S,  Jspace) with the same angular momentum quantum numbers as 
the unjperturbated state. Again we find a representation of in terms of radial matrix 
elements between R,, and P 2 , 6 J  (valid also in the triplet case S = 1) 

(2.44) 

we end up with a similar formula as in section 2.1 for the total displacement: 

(2.45) 

For gluon correlation time T, + co, TG = 1.0,0.5, and 0.2 fm, we summarize the 1P-results 
in Table 1. 

-Re12 ((Ez>> A E ~ ~ ~ ~ ( T , )  = { A g Y k  + P2(Ai?;E!" + AEReI1 21SJ + Ac21SJ)} ~ 

m;p4 ' 

2.3. lS-Wave Function at the Origin 

In this section we investigate the shift of the wave function at  the origin due to the interaction 
of the Coulomb system with the external colour fields. 

Our starting point is the total euclidean Green function of the quarkonium system 

in the fluctuating gluonic background with "1" denoting the colour singlet sector. For large 
lime separations in a potential picture this quantity is dominated by the ground state 
contrilbution 

and hence contains the relevant information on the ground-state energy and wave function 
at the origin. 

In the lowest nontrivial order we approximate G,& by 

x x'G&,,(x', x; z', 5) xG&,,,(w, 0; z, 0) (2.48) 
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where GA;;, denotes the colour singlet or octet Coulomb Green function. Then the 
logarithmic ratio 

A. KRAMER, H. G. DOSCH, R. A. BERTLMANN, Quarkonia 

yields the ground state properties of the coupled system in our approximation: 

.$;o,tot(o) = lh;o(o) + 6$:0(0) 1 

E:O,Iot = E i O  + 6 E : 0  

where $io(0), &iO are the pure Coulomb quantities. 
Thus we have 

(2.49) 

(2.50) 

where 6G' is the second order perturbation of the Green function given above. We introduce 
complete sets of eigenstates of the Coulomb-Hamiltonian and obtain 

6G'(0, 0; T ,  0) 
T r  

0 0  

+ C $:o(O) ' ( I I  xi 11)' '(11 xi Im>' '(m 10)' 
I 

m >  1 

+ O(e-.') , (a > O ) ,  (2.5 1) 1 1 
1 

TG 
E l 0  - E ;  - -) (cia - &A) 

In the above formula it is understood, that n, rn run over colour-singlet S-wave-states 
whereas 1 runs over colour-octet P-wave states and especially 

'(0 I 1)' = l+b:o(o). 
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Fortschr. Phys. 40 (1992) 2 107 

The result for the logarithmic ratio of Green functions is 

(2.52) 

From this formula we recover the second order Stark-effect-contribution to the energy level 
displacement as discussed in Sect. 2.0, eq. 2.11, and furtheron we get for the wave function 
shift 

(2.53) 

with 

and 

16 
3 

= ~ Plo6J(O; TG). 

The result is expressible in terms of the dimensionless functions I ( r ;  T,) and PloGJ(r; T,) 
which were defined in equation (2.13) and (2.28), respectively, and which are proportional 
to the first resp. second order dipole correction of the ground state wave function. Occurence 
of the two terms dL and dR in the above result reflects the fact that first order dipole 
corrections of the wave function must be included in the normalization condition, when 
the problem is treated in the framework of standard (time independent) quantum mechanical 
perturbation theory. 

For TG = rx) 

d(TG = CO) = dR(m) + d,(m) = 1.787 + 6.984 = 8.771 (2.54) 

The numerical results for finite T, are plotted in Fig. 2. 
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108 A. KRAMER, H. G. DOSCH, R. A. BERTLMANN, Quarkonia 

8 

6 

h 

I-* 
- 4  
3 

2 

I I I I I 1 I I I I  I I I l l l l l ,  I I , , 1 1 1 1 1  

c I I I I I I I I I  I I I I I , , , I  I I I 1 1 1 1 1 1  

l o - '  100 1 0 '  102 

P L/ a, 

Fig. 2. The change of the 1s Coulomb wave function due to the condensate as function of 
TG (see sect. 2.3, eq. (2.53)) 

2.4. Applications 

In order to have consistency with quantum mechanical perturbation theory, the level 
displacement due to the background field (condensate) has to be small as 
compared to the level splitting in the Coulomb potential A&?'.: 

I A c Y d . l  6 IA&Y1.I . 

In Table 2 we collect the ratios 

(2.5 5 a) 

(2.5513) 

for different values of the quark mass rnQ and effective coupling p. The results are based 
on TG = co values 

Acxondensatc 10 - - 1.4; Apondcnsatc  2 1  N 50. (2.56) 

The average of the gluon background field is related to the gluon condensate of SVZ via 

(2.57) 
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Fortschr. Phys. 40 (1992) 2 109 

which provides the standard value 

((E2)) = 0.13 GeV4 (2.58) 

when the standard SVZ-value [7] is inserted. Obviously, the static (TG = co) LV-model is 
applicable for both IS and 1P-wave only when dealing with a very heavy quarkonium 
system (mQ > 30 GeV). For the b6-system the consistency condition is only fulfilled for the 
IS-wave when /? is larger than 0.4 (see Table 2). The 1P b6displacement turns out to be 
very large even for small correlation times! We take the small-TG-approximation for the 
1P-level displacement to be 

L@’’:;’~(T~) = - - BTG + 0 ((4)’) 
3 a1 

(2.59) 

and calculate an upper limit for TG from the condition 

r , <  1 .  

For our standard set of parameters defined below in (2.62) one obtains the bound 

T G f U l  5 0.1. 

This upper limit for the ratio of the gluon correlation time to the Bohr radius of the system 
is too small to be compatible with the dipole approximation in our model. 

As an immediate consequence of the S-wave calculation we obtain the following prediction 
for the hyperfine splitting of the ground state: 

d@Fnd(TG) is plotted in Fig. 3. 

Table 2 
Ratio of the displacements due to the condensate to the Coulomb splitting for dimerent 
quark masses mo and QCD-parameters A. 

r(S) = d&(S-wave)/(E, - E , )  
r (P)  = h(P-wave)/@, - E2) 
The condensate is “standard” (2.62), fl  = 4/3a, is taken at the IS Bohr momentum with the 
I-loop r.g. improvement (see sect. 2.4, esp. 2.55). 

A/GeV mdGeV B r(S) r (P)  

0.1 4.8 0.408 0.396 76.5 
30 0.26 0.0043 0.834 
80 0.2 1 0.0002 0.053 

30 0.27 0.0032 0.622 
80 0.22 0.0002 0.04 1 

30 0.28 0.0025 0.485 
80 0.23 0.0001 0.034 

0.125 4.8 0.437 0.261 50.3 

0.15 4.8 0.464 0.183 35.2 

R Fortschr. Phys. 40 (1992) 2 
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110 A. KRAMER, H. G. DOSCH, R. A. BERTLMANN, Quarkonid 

o ' l l  I I I 1 I I I I I  I , I 1 1 1 1 1 1  I I I I 1 , 1 1 1  

l o - '  100 1 0 '  102 

Fig. 3. The reduced ground state 3S,  - 'So splitting due to the condensate 
modified LV model (this paper, eq. 2.60) 
ref. [4] ~~~~ 

For T, --+ a, one obtains the well-known result of Leutwyler and Voloshin: 

A.~?''(MI) = 6.10 
with 

((E2>> = 0.13 GeV4, 

L I F ~ , ( ~ S ,  - IS,) = (41 + 45) MeV 

mb = 4.8 GeV , p = 0.40 
one gets 

(2.61) 

(2.62) 

(2.64) 

The first number is the Coulomb splitting and the second number is due to the influence 
of the condensate. However, the hyperfine splitting of the b6 groundstate is not known 
experimentally and we have to resort to another quantity to make direct contact with 
experiment. 

= (1.34 & 0.05) KeV of the Y (9.46) 
which fixes the wave function at the origin: 

To this end, we consider the leptonic width 

(2.65) 

Qb = -113' is the electric charge of the b-quark, cc,(M+) z 0.18 is the strong running coupling 
constant taken at  the &mass 

(for AQcD z 100 - 150 MeV) 
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Fortschr. Phys. 40 (1992) 2 111 

The strong coupling p which enters the wave function at  the origin is taken at the Bohr 
momentum and 

rR = (1.279 0.05) KeV 

is a slightly reduced value of the leptonic width which accounts for the fact that we are 
dealing with a QED-tree-level formula (see ref. 8)). We insert our second-order approxima- 
tion to 1$yh(0)12 in the modified LV-model from sect. 2.3 and obtain 

(2.66) 

The quark mass mQ = 4.79 - 4.88 GeV is adjusted to the groundstate mass M, = 9.46 GeV 
via 

(2.67) 

Using the numerical results for the function d(TG) equation (2.66) may be solved for TG. 
We insert AQcD z 150 MeV and obtain a wave-function shift in the range: 

(2.68) 

which is acceptable as a small correction. In Table 3 we present the results for several values 
of the gluon condensate (for preliminary results see ref. [9]). For the “standard value” 
((E’)) = .13 GeV4 the experimental value for the width is compatible with a large range 
of values for the correlation time 0.5 < TG < 4.1 [fm]. For ((E2)) = 0.26 GeV4 we obtain 
0.19 < TG < 0.53 [fm]. For larger values the correlation time decreases further, but then 
the dipole approximation becomes less justified, because the correlation length becomes 
comparable with the Bohr radius. 

Table 3 
Chon correlation time T, derived from the analysis of the leptonic width of Y‘ (9460) for 
different values of the gluon condensate parameter (see sect. 2.4, eq. (2.66)). For comparison 
we present in column 3 T,-values obtained via potential approach of ref. 10) and in column 4 
the quark-correlation time TQ, for the ground state as defined in ref. 5).  Column 5 displays 
the reduced dipole shift of the wavefunction at the origin (see sect. 2.4, eq. (2.66) and sect. 
2.3, eq. (2.54)), recall d(m) = 8.771 

0.01 3 0.51 -4.1 0.52 0.6 3.88 - 7.46 

0.026 0.1 9 - 0.53 0.37 0.7 1.94 - 3.73 

0.039 0.11 -0.29 0.30 0.8-1.3 1.29 - 2.49 

 15213979, 1992, 2, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1002/prop.2190400202 by U

niversität W
ien, W

iley O
nline L

ibrary on [20/02/2023]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense



112 A. KRAMER, H. G. DOSCH, R. A. BERTLMANN, Quarkonia 

Finally we also compare with the potential approach [lo] (column 3 in Table 3) which 
provides similar results for the larger values of the gluon condensate. In conclusion the 
bottonium data are consistent with a finite gluon correlation time TG = 0.1 -0.6 fm if the 

'standard' value of the gluon condensate = 0.013 GeV4 is increased by a factor 

of two or three [ l l ,  12, 131. This TG-range is in accordance with values quoted in the 
literature [14, 1.51. 

5 GG 
( n  ) 

111. Comparison with Other Models 

Campostrini, Di Giacomo, and Olejnik studied the Leutwyler-Voloshin model with a finite 
correlation time and finite correlation length of the background field: 

including relativistic corrections but neglecting any interaction between the quarks in the 
octet sector. They obtain results which are very similar to ours (see figs. 1 and 3 for the 1 s  
Stark shift and condensate dependent HF-splitting) except for the small-A region, where 
the finite correlation length reduces background field effects further as compared with the 
dipole approximation: for b6 with mb = 4.8 GeV, PI N 0.40 the effect of a finite correlation 
length in the 1s-Stark shift will exceed 10% only at T, < 0.5fm, for the 1P-wave the 
reduction is, however, much more effective since the 1P-state probes the background field 
over a much bigger region of space. These authors advocate, however, another model, in 
which the function probing the background field is an eigenfunction of a phenomenological 
Hamiltonian. The potential consists of a Coulomb part, dominating at short distances and 
a longe-range part which is confining. Though we agree that this potential is for 
phenomenological purposes much more realistic, we want to point out that in that case 
one might face serious problems of double counting. The success of the SVZ sum rule 
approach [7] and stochastic models of the vacuum [lo, 16, 17, 181 indicate that binding of 
quarks in heavy quarkonia is mostly a consequence of the Coulomb potential and of the 
gluon condensate. Hence by using an eigenfunction of a confining potential, a great part 
of the effect has already been taken into account by the choice of the wave function, so 
only little is left for the direct displacement. The conclusion reached in ref. [4] that the 
influence of the gluon condensate on the spectra of heavy quarkonia (bottonium e.g.) is 
negligible is only tenable if the binding mechanism would be completely independent of 
the gluon condensate. 

If the background correlation time T, is small as compared to a typical period TQ of the 
quarks inside the hadrons, the condensate effects may be consistently described by a suitable 
local potential acting between the quark and antiquark [5, 101. If we make for a non-local 
gluon condensate the ansatz [16, 17, 181 

((E;(x, t )  E;(x't'))) = D ( z Z )  + D , ( z ~ )  + 2's) + ziz, $1 
a Z 2  
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Fortschr. Phys. 40 (1992) 2 113 

with z = (x - x’), z2 = z2  + ( t  - t ’ ) ,  and G ,  = (: G l v G a p v )  one obtains an asymptoti- 
cally linear local potential 

+ p v dv J d+2D(v2 + T 2 )  + D , ( d  + T 2 )  . (3.3) 
0 0 I 

- 

For the simple ansatz D ( z 2 )  = e-vz2iTc and D, = 0 we obtain the following relation between 
the asymptotic slope 0 of the potential and the vacuum parameters 

(3.4) 

using for G ,  the values 0.013 -0.04 we obtain for T, N 0.53 - 0.30 fm. 

Coulomb potential by solving numerically the Schrodinger equation 
If we evaluate the displacement due to the potential (3.3) as compared to the pure 

we obtain for os = 0.3 and mp = 4.8 GeV the quantity A E  = E,,(TG) - E$) displayed in 
Fig. 1. The agreement with the modified Voloshin-Leutwyler result is satisfactory, especially 
at the lower end of ranges for TG. 

Though a large gluon correlation time T, causes a non-local interaction, it is nevertheless 
possible to find a local static potential - the equivalent potential [19], which reproduces 
the displacements as evaluated by Leutwyler. It is: 

V ( r )  = ~ - G G  r3  - _-  
4712 8 1B (: ) ( 81 m/l 

(3.6) 

When perturbing the soulomb system to first order in the potential (3.6) the shifts of both 
the energy levels and the wave functions at origin agree excellently (within 8 per mille) with 
the corresponding Leutwyler-Voloshin results [20]. 

Finally we may test the (modified) Voloshin-Leutwyler treatment in an exactly soluble 
model [21,16, 171. For that purpose we consider a charged harmonic oscillator in an electric 
field fluctuating in time, i.e. the stochastical potential (in Euclidean space-time) 

with a centered Gaussian stochastic Abelian field 

(3.7a) 

((Ei(t) Ej(0))) = 4(t) . c . 6ij  ; 4(0) = 1 . (3.7b) 
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114 A. KRAMER, H. G. DOSCH, R. A. BERTLMANN, Quarkonia 

The groundstate energy of this system can be solved exactly, yielding: 

- m  

&p) = ] e - i w ‘ d ( t )  d t  

For the exponential correlation $(t) = eCtITG the integral can be performed yielding: 

(3.8) 

(3.9) 

The same model can be evaluated a la Voloshin-Leutwyler, yielding the energy displacement 
of the ground state 

(3.10) 
3c 1 

A E ,  = ~ 

2mmn (WO + (1/&)) 

(i.e. 1/T, = 0 for the original VL model). This result can be obtained from (3.8) resp. (3.9) 
under the conditions 

(3.11) 

i.e. the (modified) VL result is obtained, irrespective of the strength of the condensate (“c) 
in the limit T, + 0, but for TG -+ co we de not obtain the static result from the exact 
formula. This result is interesting in itself, but of little practical interest, since first the 
correlation time is finite, and secondly, for large correlation times higher cumulants (i.e. 
deviations from the Gaussian process) and specific effects of non-Abelian fields are expected 
to become important [16]. 

IV. Discussion of the Results 

In the preceding chapters we presented a consistent treatment of the relativistic corrections 
to a modified LV-model - the modification being a stochastically fluctuating gluon 
background field with a correlation time TG as considered in ref. 5). In particular we calculated 
the shifts of the energy levels and of the wavefunction at the origin. We compared our 
results with other models and with experiment as far as possible. 

As expected, the relativistic corrections are important in detail, but do not change the 
overall picture. We have collected the results of all corrections in Table, 1. For instance the 
Zeeman effect is for the scalar state about 4% of the leading Stark effect, for the vector 
state about 1% and for the p-states 0.1%. Therefore its contribution to the energy shift 
(second term in eqs. (2.1 l), (2.31) and (2.45) is small. The relativistic Breit-Fermi corrections 
we have split into two parts, Re1 1 and Re1 2, according to eqs. (2.31) and (2.45). The part 
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Fortschr. Phys. 40 (1992) 2 115 

Re1 1 originates from the correction in the 'dipole' wavefunction Idly) defined by eqs. 
(2.19 a, b, c) and the part Re1 2 comes from the correction in the Coulomb wavefunction 
ItinlsJ) as defined in eq. (2.26). This part turns out to be the dominant one. For the vector 
state ('SS,) the correction Re1 2 amounts to about 4%, for the axial vectors ('PI, 3P1) to 
about lo%, and for the tensor state ( 3 P z )  about 3%, whereas the correction Re1 1 is roughly 
an order of magnitude less. We also observe large relativistic corrections in the scalars IS, 
(about 50-70% of the leading Stark effect) and 3 P ,  (about 20-30%) which effect very 
much the hyperfine splitting. 

We found that the effect of a finite gluon correlation time T, is of great importance. 
Finite values of TG reduce drastically the energy- and wavefunction shifts of a Coulombic 
quarkonium as depicted in Figs. 1 and 2 and in Table 1. Whereas the original version of 
VOLOSHIN [l] and LEUTWYLER [2] with T, - co cannot be applied to a 'medium-heavy' 
quarkonium like the b6-system, the modified version [5] with a finite T, can be applied to 
it - at least to the low-lying states. The excited states, however, also escape our model 
description and we believe that potential models work well in this region. The reason for 
it is the dramatic increase in the quantum number n 

which cannot reliably be compensated by a decrease in TG. Only a very heavy quarkonium 
with a quark mass of mQ 2 50 GeV could serve as a probe. But unfortunately there is no 
hope for a sharp toponium spectroscopy since the ti-system we are waiting for will decay 
dominantly weak due to the very large expected top quark mass m, = 130 f 40 GeV [22]. 

To  estimate now the size of the gluon correlation time TG we found it convenient to 
work with the wavefunction at origin (eq. (2.53)) since it is related to the leptonic width of 
the quarkonium system (see formula (2.65)). Applying it to the upsilon l" (9.46) we obtain 

0.2 < T G  < 0.5 fm (4.1) 

for an increased value of the gluon condensate (twice the 'standard value'). In this T,-range 
the results emerge very stable (for details see table 3) and the condensate effects diminish 
a factor 3 -4 for the S-waves and a factor 8 - 13 for the P-waves as compared to the original 
LV-model. In just the same &range we also observe a kind of smooth 'transition zone' 
between the modified LV-model and the potential models (see the discussion in sect. 111). 
Furthermore exact solvable models [21, 16, 171 of the QCD-vacuum support the overall 
picture of the model described here. Comparing finally the gluon correlation time TG with 
the definitions of other authors we find accordance with ref. [14]. It is hard to compare 
with ref. [15], since these authors work on a lattice, obtaining very small values. For all 
these reasons we have confidence in a finite gluon correlation time with the range quoted 
in eq. (4.1). 

Knowing now the range of T,, we can predict the hyperfine splitting of the states. Recalling 
eqs. (2.60) and (2.64) for the S-wave splittings, we observe that the condensate contribution 
reduces to approximately 20 MeV as compared to 45 MeV of the pure LV-model. Therefore 
we predict 

A c , , ( ~ S ,  - 'So) = 60 MeV. (4.2) 
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116 A. KRAMER, H. G. DOSCH, R. A. BERTLMANN, Quarkonia 

This value is rather stable against variations of the parameter values (((E,)), mQ, p) as long 
as they are also adjusted to the experimental mass M y  and width ree(My). The result agrees 
with the one obtained by QCD sum rules [23]. 

We also investigated the P-wave splittings. As already discussed in ch. 2.4, the P-wave 
condensate contribution for a bb-system turns out to be large even for small correlation 
times like eq. (4.1). But to our surprise the energy differences come out very close to 
experiment. For instance when we choose TG = 0.3 fm we obtain the following splitting: 

A E ~ ~ ( ~ P ,  - 3P0) = 32.76 MeV, (4.3a) 

A c , , ( ~ P ,  - 3P, )  = 23.87 MeV (4.3b) 

for the parameter values of eq. (2.62). The corresponding experimental numbers are 

M,, - M,, = 32.1 & 1.5 MeV, (4.4a) 

M,, - M,, = 21.4 1.0 MeV. (4.4 b) 

This is a remarkable agreement! Although one cannot trust perturbation theory in this 
region - the condensate term emerges about a factor 5 larger than the Coulomb term - 
the results agree excellently with experiment. 

Even the absolute values of the p-states are not far from experiment. For instance for 
the 3Po-mass we get 

M ( 3 P 0 )  = 9.82 GeV (4.5) 

as compared to the experimental mass 

(4.6) M,, = 9.86 GeV . 

This gives us some confidence in predicting the hyperfine splitting of the P-states, which is 
given by the model to be 

M('P,) - M ( 3 P 1 )  = 0.18{M(3P,) - M(3P0)) = 10 MeV. 

The model furthermore predicts that the 'PI state practically ( 5  1 MeV) coincides with the 
center of gravity of the 3P-states. This is in agreement with the result of PANTALEONE and 
TYE [24]. A larger splitting between the 'PI and the center of gravity of the 3P states would 
indicate vector-like non-pertubative effects [25]. 
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Appendix 

On the choice of the correlation function 

If the stochastic process E,(t) is supposed to have Markov properties, the correlation function 
has to be the Fourier transform of an inverse polynomial, even in w [26]. 

In that case, the Greens function for a pair of particles with opposite charge in such a 
fluctuating field can be evaluated explicitly and we obtain 

+ *  
dw a 

G(O, 0, T )  = exp S - - 
2n P ( w 2 )  

- m  

d 
dT 

,4n expansion of - -In G(0, 0, T ,  E )  in a power series in T is just the non-relativistic 

version [ 111 of the exponential sum rule analysis a la SVZ. Depending on the degree of the 
polynomial P(w) the coefficients at the expansion in T have UV divergencies above a certain 
power in T .  These divergencies are a reflection of the non-analyticity of G(0, 0, T )  around 
T = 0. They should be regularized. The powers in the integrand even in T vanish upon 
symmetric integration over w, the odd powers can be regularized by a finite part prescription. 
This amounts then to the following asymptotic expansion. 

d 
dT 

R ( T )  = - -1nG 

( P I ( & )  + ( P I ( - & )  T 3  T 3  1 c p ” ( ~ )  + ( P I ‘ ( - 6 )  T4 -1 72 
- - -  + L! !???[q(O) T 2 / 8  + - + -  

2 T  p 6 2 30 2 2 

i.e. we take the average of the right-hand side and left-hand side derivative of q ( t )  at t = 0. 

is smooth at the origin, like a Gaussian 
Another way out is to give up the Markov property and use a correlation function which 

q(t)  = e-+& . 64.4) 

We have checked numerically that such a change influences the 1s Stark displacement by 
at most 12%, hence no serious deviations enter through such a modification at the 
correlation. 
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