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We review the field of QCD sum rules with emphasis of some recent developments. 
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1 Duality 
Duality [1-3] is the basis for QCD sum rules. A given hadronic spectral function is equal 
to the asymptotic freedom part only when averaged over some broad energy range. This 
corresponds to a concentration on small values of the conjugate variable time; small time 
phenomena are well understood in the asymptotically free QCD perturbation theory. 

How broad should be this averaging procedure? It must be at least over one complete 
resonance region (see Fig. 1). 

hadronic 
spectral function 

mass 

Fig. 1 Duality resonance by resonance 

Therefore one can predict the leptonic width which is proportional to the area of 
the resonance by the knowledge of QCD perturbation theory. Pushing however duality 
further for predicting the position of a resonance then you need information about the 
long distance behaviour of the theory, information about confinement. This leads to the 
work of Shifman, Vainshtein and Zakharov [4] (SVZ hereafter) who present new ideas to 
incorporate confinement effects. 

2 Vacuum Condensates and Sum Rules 
SVZ parametrize the nonperturbative aspects of QCD, the QCD-vacuum, by so-called 
vacuum condensates: the quark- and gluon condensates. The mathematical procedure is 
an operator product expansion for the polarization tensor which is related to experiment 
via some kind of dispersion relations - the sum rules (for more comprehensive reviews 
see Ref. [5]). 
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Now we present the several types of sum rules (SR in abbreviation) restricting our-
selves to the meson sector; for baryons consult the reviews [6]. For the alternative methods 
to QCD sum rules- the methods of analytic continuation- we refer to the literature [7]. 

2.1 Hilbert SR or Power Moments 
They follow from differentiating N -times the dispersion relation for the polarization func-
tion II(Q2 ) 

( I) 

The polarization function for the light quark sector is parametrized as 

(2) 

where Co contains all perturbative corrections to a given order c., and c2n(02n) represents 
a linear combination of SOil)e condensates of mass dimension 2n. 

The result for the heavy quark sector can be written as 

(3) 

where the functions AN( Q2), aN( Q2) and bN( Q2) can be found explicitly in Ref. [5d]. 
Actually one is working with ratios of such moments since they provide the mass of 

the ground state 

2 2)/ (Q2) N-oo I r N ( Q ) = M N ( Q M N -l -----+ -=-M-::;;2:-----
ground .t1:Clte 

( 4) 

In their original work on charmonium SVZ [4] apply the power moments at Q2 = 0 
and extract a value for the gluon condensate 

t· GG) = 0.0124 GeV4 

7r 
(5) 

to which we refer as the 'standard value'. 
Later on another group, Reinders, Rubinstein and Yazaki [8] (RRY hereafter) has 

investigated charmonium. They arnphasize the importance of taking Q2 :f. 0, and handling 
the ratios in their own special way they reproduce the charmonium spectrum. 

2.2 Laplace SR, Borel SR or Exponential Moments 
Now the weight function for the energy average is an exponential 

!o
oo 1 

M(a)= dse-"'-Imii(s). 
0 7r 

(6) 
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In order to get the ground state mass one works with the ratio 

(7) = l = fo"" ds s e-u• lm !1(s) 2 
R( d(7 ogM((7) fo""dse Mgrouna•••••· (7) 

It can occur a remarkable balance in ratio (7) such that the variable (7 is large enough 
for a ground state domination and also small enough for the validity of QCD. 

This kind of SR has been applied to light quark- and heavy quark systems. Their 
QCD expressions are 

(8) 

for the light quark case and 

41r2 ("'• GG) 
M((7) = e-4m'u A((7)[1 + a,a((7) +- · ( 2) 2 b((7)] 

9 4m 
(9) 

for the heavy quark case where the functions A((7), a((7) and b((7) are explicitly calculated 
in Refs. [9,10]. In the next chapters we will describe some aspects of these SR. 

However, there is an important point we want to draw attention to. On the experi-
mental side usually many authors approximate the broad resonating cross-section by a 
sharp a-function. Then the above ratio certainly always projects the ground state. But 
for instance in the p-channel there also exists a continuum for 7T7r production far below 
the p-resonance. For such a case Bowcock, Ciulli and Geniet [11] found that the moment 
method fails to give the desired information about the p-meson mass. We show the be-
haviour of ratio R((7), Equ. (7), for the p-channel data in Fig. 2 - there is no sign of a 
p-resonance! 

2.3 Gaussian SR 
Gaussian SR have been introduced within the framework of QCD by Bertlmann, Launer 
and de Rafael [13] (BLR hereafter). Here the spectral function is convoluted with a 
Gaussian centered at the point s 

1 Jo"" (s- -W 1 G(s,r) = r.o= dsexp[- ]-Iml1(s). 
y47Tr o 4r 7T 

(10) 

Equ. (10) has the nice interpretation as a 'heat' distribution on a semiinfinite rod 0 :S 
s < oo. When the 'time' r passes the 'heat' distribution evolves according to the 'heat' 
equation. 

The QCD-expression for a p-meson-like system can be written in the following form 
[13] 

( II) 
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Fig. 2 Broken curve: ratio (7) for a 6-function plus step parametrization. 
Solid curve: ratio (7) for the p-channel data which falls off stabilizing only 
at 11"11" threshold. 
The figure is taken from Ref. [12] 
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An important practical application of Gaussian SR is the so-called 'heat evolution 
test' [13], examining the compatibility of a given set of theoretical parameters (vacuum 
condensates) with the experimental parameters (mass, width, threshold). Certainly one 
cannot confront QCD with the physical spectral function at the 'time' T = 0, but we can 
do it after evolution in the region T = 0.5- 1 GeV4 . 

3 Magic Moments - Nonrelativistic Approxima-
tions 

In order to gain some insight into the moment procedure, Bell and Bertlmann [14,15,9] 
(BB hereafter) investigated several types of moments in a framework where both can 
be calculated, the perturbative part and the exact SR. This occurs in nonrelativistic 
potential theory. 

For a nonrelativistic limit of moment (6) we transform the variable s into E, the 
nonrelativistic energy, and we obtain 

.!!..._ M(u)--+ jdEe-ET Imn(E) = M(r), 
4m 

where here T = 4mu. 
Then the QCD-moment (9) gets the following nonrelativistic form [9,10] 

3 m 3/2 4 = 1/2 41!"2 (a' ) 3] M(r) = -41!"(-) [1 + -a,yl!"mT --- -GG T . 
8m2 47rT 3 288m ,. 

Working again with the ratio of moments 

we can calculate the ground state energy. 
It is remarkable that the very simple formula 

3 2 = 1/2 4,.2 a, ) 2 R(r)=---a,yl!"mT- +--(-GG T 
2r 3 96m ,. 

(12) 

( 13) 

( 14) 

(15) 

is numerically already a very good approximation to the full relativistic case [10,15]. 

3.1 'Equivalent' Potential of BB 
It is possible to reproduce the QCD-moments by a potential- the 'equivalent' potential 
of BB [9]. For this we recall the spectral function within potential theory [2] 

3 " 2 lm il(E) = -
8 2 L 4,.1-rl>n(O)I 8(E- En)· 
m n 

( 16) 
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Then the moment is nothing but the time-dependent Green function 

M(r) = s!2 47r (ile-H'Ii}lx=D• ( 17) 

where 
2 

H=?_+V (IS) 
m 

is the total Hamiltonian of the system. 
Calculating now Green function (17) perturbatively with respect to the imaginary 

time r and comparmg it with the QCD-result (13) we can infer on the 'equivalent' 
potential 

( 4 a, 11"2 (a, G) 4 Vssr)=---+- -G mr. 
3 r 144 1r 

( 19) 

This potential is in contrast to the effective potential models which describe the quarko-
nium systems so well. The extension of (19) to higher dimensional condensates can be 
found in Ref. [16]. 

3.2 Features of Magic Moments 
Numerical calculations with the 'equivalent' potential (19) as well as with a variety of 
other potentials exhibit a systematic tendency [9,14-17]. 

i) Good approximation for the ground state energy 
The ground state energy is always approximated from above which is a theorem 
holding for all potentials [17] 

Eapprox Eeract 
ground . .tate > ground .state· (20) 

The approximation is within 15 - 20% for all 'reasonable' potentials. 
It is remarkable in the moment procedure that the time r on one hand is large 
enough to be sensitive to the ground state but on the other hand the time still 
remains small to ensure the perturbation expansion. 

ii) Bad approximation for the strength of the potential 
For instance for the 'equivalent' potential of BB, Equ. (19), the strength is propor-
tional to the gluon condensate and it is underestimated 

(a' < (• GG)ezact 
'If' 'If' 

(21) 

about a factor of 3! For this reason BB conjecture [9,14,15] that the gluon con-
densate is underestimated by the moment method. Similar features also occur in 
2-dimensional QCD [18,19]. 

There is still some controversy on the value of the gluon condensate which is connected 
with the 'convergence' of the sum rules what we will discuss next. 
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4 'Convergence' of SR 
Under 'convergence' of SR we understand that the size of the higher dimensional con-
densate contributions is diminishing. The next higher dimensional condensates are 

dim6 
dim8 

c.; (06) (lGGG), ({;r.p.J;r.p), ... 
ca (08 ) (g4GGGG), ... 

and can be estimated within some model conceptions. 

(22) 

It turns out that the 'convergence' is different for different types of SR and abo for 
different states. 

4.1 Heavy Quark Systems 
i) Nikolaev and Radyushkin [20] have calculated all condensate contributions up to 

mass dimension 8 for the 3S1 charmonium state. In computing the ratio rN(Q2), 
Equ. (4), at the SVZ-point Q2 = 0 they observe a very bad convergence; the higher 
dimensional terms emerge too large. 

ii) Subsequently RRY investigated the same problem with the same moments but at 
their favorite point Q2 =4m2 and observe a good 'convergence' [21]. 

iii) Finally the analysis of Bertlmann and Neufeld [22] provides a very good 'conver-
gence' in the exponential ratio "R.(u), Equ. (7). 

iv) Recently Marrow, Parker and Shaw [23] have reanalyzed the charmonium spectrum 
also with the exponential ratio "R.( u ). 
They impose two conditions: 

a) The excited states are respected in the spirit of duality. 
b) The analysis is restricted to a compatibility region O"c < u < O"m where both 

the higher dimensional condensate corrections and the continuum corrections 
are small. 

Then their result is the following: 

a) For the 3S1 , 1 S0 states: There exists such a compatibility region; therefore one 
can extract a value for the gluon condensate. But then this value is a factor 3 
- 5 larger than the 'standard' one, Equ. 5. 

b) For the 3 Pt. 1 P1 states: No such compatibility region exists; higher dimensional 
contributions emerge too large and therefore one cannot extract a value for 
the gluon condensate. 

What about bottonium? This system has been analyzed by Voloahin [24] and Bertl-
mann [10]. Here the QCD sum rules do not provide the correct results although the 
methods look internally consistent. Bottonium still remains a problem for sum rules 
which also can't be solved by the Leutwyler-Voloshin model (next chapter). 
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4.2 Light Quark Systems 
For light quark systems like the p-meson channel the condensate contributions up to 
dimension 8 ha.ve been calculated by two groups: Broadhurst, Generalis [25] a.nd Grozin, 
Pinelis [26}. Numerically the higher order contributions a.re already sensible [26b}. 

5 Leutwyler-Voloshin (LV) Model 
The LV-model [27,28} describes the features of a. very heavy qua.rkonium system. Such a 
system will be small sized a.nd therefore dominantly in a Coulombic state. This Coulombic 
qua.rkonium is now like a.n external object placed into a. medium - the QCD vacuum -
consisting of soft gluon fluctuations which shift the energy levels a.nd the wa.ve functions. 
Actually LV ta.ke a. constant external colour electric field. 

The quarks are assumed to be so heavy that a. nonrela.tivistic treatment is justified. 
Then the Hamiltonian ca.n be written a.s 

with 

-2 
i p Hcoul =-+ V;, m 

H = + Hr 

i = 1: 
for 

i = 8: Va= 

4 a, ---3 r 

1 a. 
6 r 

(23) 

(24) 

The interaction H1 is treated a.s a. perturbation to the Coulomb system a.nd is taken in 
the dipole approximation 

H = _!!.(.x•-I 2 q q ' (25) 

where £• is the colour electric field a.nd is related to the gluon condensate via. 

(26) 

Then the energy ( ma.ss) levels are determined by the quadratic Stark-effect of the chro-
moelectric field 

6Ent - (1j(fl!HrE1 Hrlfl)j1) 

- 7r
2

(a'GG)(11- 1 x-11) 
18 -;- X £1 - ... l (27) 

which yields the following result [27 ,28] 

(28) 



,,, 

and 
m{J2 LV 

Mn.t =2m - --2 + 6En.t . 4n 
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(29) 

Here (3 = and the quantity £!:t is a function of the quantum numbers n and R for 
which Leutwyler [27] has found a very compact form; practically £!/ is of order unity. 

5.1 Validity Range 
Now let us investigate the validity range of the LV-model. The energy shifts behave like 

2 
( ::._ )3 ; ( 30) 

m 
they explode with n6 , an unpleasant feature when calculating excited states. 

Since the perturbation shift must be smaller than the Coulomb level we get a limit 
for the quark mass 

m > 5GeV (31) 

(for taking 'standard' values for (3 and (a. GG) and for n = 1 ). Therefore the LV -model 
1r 

does not work anymore for the bottonium system. 

5.2 Another 'Equivalent' Potential of BB 
It is also possible to reproduce the LV-spectrum by a potential - another 'equivalent' 
potential of BB [29]. Recalling that a distance in a Coulombic state must be proportional 
to 

we conclude that the potential must be cubic 

8V r 3 

in the limit n --+ oo, the static limit. 

(32) 

(33) 

Next we have to respect the kinetic term p2 fm in Equ. (27). This produces in addition 
1/m terms and we arrive at the following 'equivalent' potential [29] 

4-rr 2 a, 3 304 r 2 53 r 113 1 
CVss(r) = 81(3 (-; GG)[r -81 m(3 + 10 (m(3)2 - 100 (mf3)3 ]. ( 34 ) 

It is again in contrast to effective potential models. 

6 Relativistic Corrections to the LV-Model and 
Time-Fluctuations of the Gluonic Background 

An important question is how do relativistic corrections change the LV-spectrum and how 
does a fluctuating gluonic background influence the LV-resu!ts. Such an investigation has 
been carried out recently by Dosch, Kramer and Bertlmann [30] and we want to report 
on it. 
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6.1 Relativistic Corrections 
In order to calculate the relativistic corrections in the energy spectrum up to order (P 
we add to Hamiltonian (23) the Breit-Fermi term 

(35) 

where we have listed all familiar subterms. 
The time fluctuating gluonic background will have effectively some mean energy which 

we handle as a parameter 
1 

Hcluon -+ Ea = Ta (36) 

and Ta is a correlation time of the gluons. For Ea -+ 0, Tc -+ oo, we approach the 
LV-case. 

Then the total Hamiltonian has the following form 

(37) 

We extend Equ. (27), take Ta as a parameter and treat besides H1 also HBF as a per-
turbation to the Coulomb part This leads to the relativistically and Ta corrected 
mass spectrum. Actually one should consider stochastically fluctuating fields a Ia Dosch-
Marquard. 

6.2 Dosch-Marquard (DM) Model 
Dosch and Marquard [31] assume that the quarks and the gluonic background are fluctu-
ating stochastically according to a Markov process. Then the basic quantity is the Green 
function with fluctuating quarks and gluons 

G(i1 ,i;,t) = j[dx]exp[- fo' L(i,E)dr]J"(E)[dE] 

92 r' r - -
G(O,O,t) = exp[-2 Jo Jo ((i(rt) · Eh)i(r2 ) • E(r2 )))z,Edr1dr2]. 

Next a correlation time is introduced in the following way: 

a) for quarks 

b) for gluons 

T. . (E"( )Eb( )) _ 8;; c•b (E-2) [ h- r2\] 
G. ; Tt ; r2 E- 3 S exp- Ta . 

(38) 

(39) 

( 40) 

In such a model DM are able to clarify the question: potential or sum rule approach 
for a quarkonium system (for a discussion of this problem consult Ref. [32]). They find 2 
distinctive cases: 
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i) Ta Tq: 
No instantaneous local potential exists which absorbes the gluon fluctuations- the 
sum rule approach is appropriate together with the 'equivalent' potentials of BB. 

ii) Tq Ta: 
There exists a local potential [31,33] for the rapidly fluctuating gluon field- no sum 
rules can be applied. 

For calculating the energy levels OM begin with static quarks, Tq = 0, and calculate 
the Green function (38) with fluctuating gluon fields, Ta f 0, then the levels are given 
by the Feynman-Kac formula 

Mnt(Ta) =-lim 
e-oo t 

(41) 

This procedure leads to the same results as before where the Hamiltonian is perturbed 
in a time-independent way. 

6.3 Results 
Here we just quote the results when relativistic corrections and time fluctuations are 
included. For details we refer to Ref. [30] (for a different point of view see Ref. [34]). 

mfJ2 mfJ• ,.2t• GG) 
M,.t,J(Ta) =2m- 4n 2 + 4n3 Bt,J + mn6 [£,.t(Ta) + (32 A,.t,J(T0 )), (42) 

where Bt.;, Ent(Ta), Ant,J(Ta) are some calculable functions. 
The bottonium system shows the following features: 

i) For Ta -+ oo, the LV-case, the perturbations are too large; also the relativistic 
corrections do not help. 

ii) For Ta < oo, the OM-case, the perturbations diminish but then Ta emerges so 
small (Ta 0.1 fermi) that the dipole interaction ansatz cannot be justified. 

Therefore bottonium remains a true problem for the sum rule approach. 

7 Finite Energy Sum Rules (FESR) 
There is a Russian group of physicists- the 'Academicians' [35]- who advocate FESR 
already since some time. FESR can be derived with Cauchy's theorem, within the 'heat' 
picture of BLR for Gaussian SR [13] and also from Laplace SR [13,36]. Let us quote the 
result 

( 43) 



12 

where F2n( s0 ) contains the perturbative corrections 

and 

a,(so) 2 = ---.-So' -{31 log -11.2 

( 44) 

F3 = 1.986- 0.115n1. 

( 45) 
The parameter s0 is the onset of the continuum and n 1 is the number of quark flavours. 
Other authors [37] work with somewhat modified FESR. 

7.1 Features of FESR 
In order to understand the sum rule procedure it is necessary to recall the main features 
of FESR compared to the usual SR like Laplace- or Hilbert SR. 

i) FESR hold only for the first few condensates - similar to SR- and we do not know 
when they get worse. 

ii) FESR weigh the high-energy region in contrast to usual SR which do just the 
opposite. Therefore FESR require a very accurate parametrization of the hadronic 
spectral function. We will illustrate this point in the applications. 

iii) FESR have the advantage to project the condensates of one given mass dimension 
2n. Whereas in SR the condensates of different mass dimension are present and 
strongly correlated. 

iv) FESR fix s0 the onset of the continuum. Whereas for SR various authors choose 
their convenient s0 just by hand! 

v) Only those FESR solutions should be accepted which stabilize in s0 - the principle 
of Pich and de Rafael [38]. For comparison the criterion in SR is some stability in 
the short distance expansion parameters ( n f Q2 , (7, or r). 

In listening these features it gets quite clear that FESR and the usual SR are operating 
in a rather complementary way. 

7.2 Applications 
In the past FESR have been applied extensively in order to predict the masses and 
widths of mesons [39-41], baryons [41] and gluonium [39,42]; the masses of light quarks 
[43-45] and form factors [46,47]. Overall the agreement with experiment is rather good. 
For details we refer to the original literature; here we just want to discuss some recent 
developments. 
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i) Determination of the B-parameter 
The B-parameter is an important quantity in the electroweak interactions. It is 
defined by the matrix element of the K 0 - K0 system 

( 46) 

with the 4-quark operator 

( 4 7) 

In the vacuum insertion for matrix element ( 46) - method of Gaillard and Lee [48] 
- the value of B is 

B=l. (48) 

Thus different B-values characterize the deviations from the simple vacuum satu-
ration. There exist now several calculations on B within a QCD sum rule approach 
which we summarize in Table 1. Unfortunately the B-values still range from 0.24 
to 1.3. 

B-parameter 
0.33 ± 0.09 
0.5 ± 0.1 ± 0.2 
1.2 ± 0.1 
0.55 ± 0.15 
0.84 ± 0.08 

Authors 
Pich, de Rafael [38] (FESR plus effective Lagrangians) 
Bilic, Dominguez, Guberina [49] (FESR) 
Chetyrkin, Kataev, Krasulin, Pivovarov [50] (FESR) 
Decker [51] (Borel SR) 
Reinders, Yazaki [52] (Borel SR) 

Table 1 

The B-parameter has been also determined for the B0 - B0 system by Pich [53]. 
What he actually calculates is the quantity 

liB I JiBi = 0.13 ± 0.05 GeV. ( 49) 

Inserting now Narison's value for !B [54] (see also Ref. [55]) 

fB = 129 ± 13 MeV (50) 

which he calculates with help of QCD duality sum rules one obtains practically 
vacuum saturation 

(51) 

Quite similar results have been reported by Pivovarov and Ovchinnikov [56] at this 
conference. 
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ii) Determination of Vacuum Condensates 
In the p-meson channel the mass dimension 4 and 6 condensates are 

(52) 

and 
C;J(06) =linear combination (o,{>f¢{>r¢), 

where r stands for Dirac and colour matrices. In calculating Equ. (53) SVZ ['1] 
apply the vacuum dominance which yields 

'1l(Oa) - - 8;16 1r3o, ({>¢)2 

- -0.06GeVS 

to which we refer as 'standard value'. 

(54) 

(55) 

Recently a 'multinational group' [36] has determined the condensates (52) and (53) 
within FESR and their 'multinational results' we list in Table 2. 

c4(04) C;J(06} 
'standard values' 0.034 GeV4 -0.06 GeVS 

model A 0.65 -1.55 
model B 0.39 -0.89 
model C 0.30 -0.69 

data fit 0.14 +0.05 -0 45 +0.12 
-0.07 . -0.06 

Table 2 Models: The spectral function is approximated 
A) by a D·function and a pure step; 
B) by a Breit-Wigner function and a pure step; 
C) by a Breit-Wigner function and a step and radiative corrections 

We observe a strong model dependence and the absolute need of an accurate data 
fit. Furthermore the radiative corrections also influence the results and the next order 
corrections 0( will turn out rather large as emphasized by Larin [57] at this conference. 

The final data fit produces a condensate c4 (04 ) which is a factor 2- 5 larger than the 
'standard' one in agreement with Refs. [9,14-19,23,58]. The condensate i£1l(06 )1 increases 
a factor 5-8 compared to the 'standard' one in accordance with Refs. [6a,59-61] what 
casts doubt on the validity of the vacuum dominance hypothesis (54). 
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