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The accuracy of the Shifman-Vainshtein-Zakharov use of QCD sum rules for charmonium, to determine the value of 
their gluon condensate parameter, is further examined. The method does not work well for a potential which gives very 
similar "moments". 

1. Introduction. In an a t tempt  to gain insight into 
the methods of  Shifman, Vainshtein, and Zakharov 
[1 ], for relating hadron masses to QCD parameters,  
we have applied similar methods to potential  models 
[2,3].  Our work has been welcomed only with some 
reserve by those who inspired it [4]. We think that 
an att i tude of  reserve is indeed well justified in a gen- 
eral way. However, we do not agree that the particu- 
lar reservations made by Novikov et al. [4] dispose of  
the questions that we raised. Here we say why. 

What we have found was a systematic tendency 
for the method,  in our version, to give too high an 
energy for the ground state of  a given potential .  A 
similar tendency has shown up in a two-dimensional 
field theory [ 5 - 7 ] .  In the potential case the effect 
has been understood by relating the method to a 
Rayle igh-Ri tz  bound [ 7 - 9 ] .  When the ground state 
energy is given, rather than some parameter in the 
potential ,  the method can be used to estimate the 
latter. Then there is a tendency to underestimate the 
strength of  a repulsive "confining" potential .  We con- 
jectured that the method applied by SVZ to charmo- 
nium underestimated in the same way the strength 
of  their "gluon condensate" This was of  course only 
a conjecture, for potential theory is not  quantum 
field theory.  

In dismissing our suggestion, Novikov et al. [4] re- 
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mark that,  as compared with the original method [1], 
our version [2,3] goes wrong in two ways: 

(a) It completely neglects contributions, to a cer- 
tain "moment" ,  from other than the ground state. 

(b) It neglects clear signals, in the excessive magni- 
tudes of  the perturbations, that the approximate theo- 
retical formulae are used beyond their range of  validity. 

Criticism (a) is perfectly just.  What struck us most 
in the SVZ work was the idea that certain dispersion 
"integrals are dominated by a single resonance, on the 
one hand, and are calculable in a reliable way on the 
other"  from QCD. Were such a possibility fully real- 
ized, there would be a direct route from QCD param- 
eters to,  for example, the J /~  mass. In attempting to 
understand this remarkable possibility we interpreted 
"dominated by a single resonance" to mean that con- 
tributions from other resonances are negligible. How- 
ever, when the procedure is put  into reverse, to ex- 
tract QCD parameters from experimental data, allow- 
ance for experimental data on resonances other than 
the dominant one is clearly possible and desirable. 
The importance of  this for SVZ is illustrated in table 
1. The second column gives the theoretical "power 
moments"  of  SVZ for charmonium, calculated from 
their formulae [1 ], p. 457, eq. (2.9) with their chosen 
parameter values 
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Table 1 
Numerical values of moment ratios, in GeV -2 . The SVZ 
values axe from the formulae of ref. [1], p. 457. The poten- 
tial model values are from eqs. (7) and (12). In both cases 
the parameters are given in eqs. (1), (2), (3). 

n r n (SVZ) r n (potential) 

2 0.0662 0.0689 
3 0.0872 0.0880 
4 0.0965 0.0972 
5 0.1006 0.1014 
6 0.1017 0.1029 
7 0.1009 0.1024 
8 0.0986 0.1004 
9 0.0952 0.0972 

10 0.0906 0.0929 
11 0.0852 0.0877 
12 0.0789 0.0817 

c% = 0.2,  (1) 

m c = 1.26 GeV,  (2) 

2. Po ten t ia l  m o d e l  m o m e n t s .  Consider the poten- 
tial model defined by the hamiltonian 

H = 2m c + p 2 / ( 2 m c )  + V ,  (6) 

4 1 5 4 V = (4fir)(ln 2) asm c - ~ as/r  +-~ q~rn c r . (7) 

This potential is chosen because the perturbed mo- 
ments to be defined below are closely similar to the 
corresponding SVZ field theory moments for char- 
monium. As compared with previous papers [2,3], we 
include here a constant mass renormalization term in 
the potential because, following ref. [1 ] as closely as 
possible, we use the SVZ off-sheU mass m c. The on- 
shell quark mass is then 

m c = m c + (2/rr)(ln 2) Ctsm c = 1.371 GeV.  (8) 

Note that the trivial rest mass term 2m c is also in- 
cluded in the hamiltonian (6), again to stay as close 
as possible to the field theory. 

We define inverse power moments,  in analogy with 
SVZ, by 

= 0 .00135.  (3) 

If such a moment  were completely dominated by the 
J/qJ, it would have the value 

(3.095) -2  = 0.1044 GeV -2 . (4) 

It is seen that even the largest moment,  r6, falls some- 
what below this - because of SVZ having included 
small contributions from other states in the experi- 
mental moments which they fitted. If we do not make 
such allowance, requiring r 6 to have the value (4), 
then (for the same a s and mc) we find 

= 0.00102 (5) 

instead of (3). (Actually r 7 then becomes a little 
larger than r 6 ; but  fitting r 7 rather than r 6 just in- 
creases ¢ by about 2%.).The difference between (3) 
and (5) is substantial, some 25%, and Novikov et al. 
are right to insist on it. But we will see that the dis- 
crepancy with which we are concerned is a much 
larger one. 

As for criticism (b), we will argue that the signals 
in question are ambiguous, and that only on resolving 
the ambiguity in two different ways, in two similar 
cases, do the danger signals seem less ominous in the 
original field theory than in the potential model. 

M n = ~ 4n lqJm(O)12(E2)  - n - 1  , (9) 
m 

where ~m (0) is the wavefunction of the ruth level at 
r = 0. We consider especially the ratios 

r n = M n / M n _  1 . (10) 

[Actually the definition (9) differs by one power of 
E m from that used previously [2]. This improves nu- 
merical agreement with the relativistic moments.  There 
is anyway an ambiguity because nonrelativistically E m 

2mc. ] 
The potential (7) is a particular case of the general 

superposition of powers 

V = ~ X s r S .  (11) 
$ 

Treating this as a perturbation gives the first order 
theoretical formulae [2] 

r n = (2me) -2 ( l  - 6 I N  + 3 5 / 4 / 2 )  

× (1 - 3 I N  + 2 / N 2 ) - I F n  , 

S = 2 ( n + l ) ,  F n = 1 +  ~ X s H s n ,  (12) 
S 
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Hsn = - 2 - s / Z m e l - S  F(2  + s/2) F ( N  + (s - 1)/2) 

X [ N F ( N -  } ) ] -1  

1 + [s(s - 8) - 201 [4N(s + 2 ) ] -1  X 
1 + (s - 4 ) N  -1 + (s - 3)(s - 5)(4N2) -1 

(12 cont 'd)  

For the particular case (7), with the particular param- 
eter values (1), (2), (3), the numerical values o f r  n ac- 
cording to (12) are tabulated in the third column of  
table 1. They are quite close to the corresponding SVZ 
field theory values of  the second column. The poten- 
tial in fact is chosen to reproduce the field theory val- 
ues accurately in the limit of  large n. 

If  we adjust q~ to give r 6 the J/ff value (4), neglect- 
ing completely other levels, we find 

¢ = 0 .00114.  (13) 

This, for the potential model, replaces (5) for the field 
theory. We will come back later to what replaces (3), 
i.e. allowing for higher levels. 

3. SchrSdinger equation. Numerical solution of  the 
Schr6dinger equation, with c~ s and m c given by (1) 
and (2), but with q~ adjusted to locate the ground state 
at the J/~k value 

3.095 GeV (14) 

gives 

¢ = 0 .00496.  (15) 

The discrepancy between (13) and (15)is our problem. 

Table 2 
Energy levels (in GeV) and squared wavefunctions at origin 
(in GeV 3) for hamiltonian (6), with parameters given in eqs. 
(1), (2), (15). 

m E m 4~rl qJm (0)12 

1 3.095 0.469 
2 4.159 0.931 
3 5.463 1.361 
4 6.938 1.780 
5 8.551 2.194 
6 10.281 2.603 
7 12.114 3.011 
8 14.039 3.416 
9 1,6.049 3.8 t 9 
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Consider first the possibility that higher level con- 
tributions to r 6 are much more important in the poten- 
tial model than in the experimental charmonium data. 
In table 2 are tabulated the first few levels and squared 
wavefunctions from the Schr6dinger equation. From 
these (checking by a duality estimate that higher levels 
are negligible) we find 

r 6 = 0.1016 (16) 

instead of  (4). The readjusted value o f  ¢ is 

¢ = 0 . 0 0 1 5 2 ,  (17) 

substantially bigger than (13), but still much smaller 
than (15). 

We have to admit therefore that the main error is in 
using formulae (12) for perturbations which are too large 
Should this have been evident from the numerical val- 
ues? Separating the various contributions to r6, with 
parameters (1), (2), (17), we find for the potential 
model (in GeV 2) 

r6(pot  ) --- 0.1219 - 0.0215 + 0.0122 - 0 .0109.  (18) 

The first number corresponds to the unperturbed 
hamiltonian (6), they then come in the same order as 
in (7) the perturbations from the three terms in the 
potential V. The corresponding breakdown of  the 
original SVZ field theory moment is 

r6 (SVZ) = 0.1225 - 0.0216 + 0.0118 - 0 .0109.  (19) 

Note, by theway ,  that the biggest perturbation, the 
second term in (18) and (19), is the mass renorrnaliza- 
tion term. It would have been absent if we had worked 
with the on-shell mass. 

It is difficult to see that the perturbations (second, 
third, and fourth terms) are more ominously large in 
(18) than in (19). How then did Novikov et al. find 
that the perturbations were manifestly too large in 
the potential case? We do not think it essential that 
they used exponential rather than inverse power mo- 
ments, although the former are less relevant to the 
original work [1]. Nor do we think it essential that 
they studied the harmonic oscillator potential rather 
than the "equivalent" potential. It seems to us that 
the essential point can be brought out as follows. 
Rewrite (18) in the form 

r 6 = 0.1004 + 0.0122 - 0 .0109 ,  (20) 

absorbing the mass renormalization into the leading 
term. Equivalently 
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r 6 = ( 2 ~ c ) - 2  (0.755 -I- 0.092 - 0 .082) .  (21) 

To first order in small quantities 

r~ 1/2 = 2ffZc(1.122 - 0.046 + 0 .041) .  (22) 

The corrections here look reassuringly even smaller 
than in (21). But this last quantity is an energy, and 
indeed the ground state energy in so far as the ground 
state dominates the moment.  The quark rest mass 
term 2ffz c is an entirely trivial contribution to that 
energy, and it is customary to omit it in nonrelativis- 
tic problems. This suggests rewriting (22) as 

rff 1/2 - 2fit c = 2ffZc(0.122 - 0.046 + 0.041) 

= 0.335 - 0.126 + 0 .112.  (23) 

It is to results like (23) rather than (21) that Novikov 
et al. come directly in the exponential moment  ap- 
proach, and to a result like (23) rather than (22) in 
omitting the quark rest mass term in the energy. In 
(23) as compared with (21) the perturbations are 
very much bigger relative to what remains of the lead- 
ing term. But we know of reason against rewriting 
the field theoretic (19) in the same way, if one wants 
to see the perturbations as dangerously big rather than 
safely small. 

4. Concluding remarks. We have made this discus- 
sion in terms of inverse power moments,  following 
the original SVZ work [1 ] as closely as possible. Our 
experience with potentials [2] suggests that the ex- 
ponential moment  version works a little better. We 
do not go into that here, so as not to divert attention 
from our main point. For the same reason we do not 
discuss the consequences of taking different values 
for m c and as, and using intermediate moments [10]. 
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