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Abstract. Quantum entanglement has become a resource for the fascinating developments in quantum
information and quantum communication during the last decades. It quantifies a certain nonclassical cor-
relation property of a density matrix representing the quantum state of a composite system. We discuss
the concept of how entanglement changes with respect to different factorizations of the algebra which
describes the total quantum system. Depending on the considered factorization a quantum state appears
either entangled or separable. For pure states we always can switch unitarily between separability and
entanglement, however, for mixed states a minimal amount of mixedness is needed. We discuss our general
statements in detail for the familiar case of qubits, the GHZ states, Werner states and Gisin states, empha-
sizing their geometric features. As theorists we use and play with this free choice of factorization, which for
an experimentalist is often naturally fixed. For theorists it offers an extension of the interpretations and is
adequate to generalizations, as we point out in the examples of quantum teleportation and entanglement
swapping.

1 Introduction

The surprising features of entanglement in the measure-
ment correlations of two subsystems were highlighted al-
ready in 1935 by Einstein et al. (EPR) [1]. They observed
that for a suitably chosen global quantum state of the sys-
tem the possible outcome of a measurement in laboratory
A (called Alice nowadays) depends on the definite – but
free-choice – measurement in laboratory B (called Bob),
no matter how far B is located. Since Einstein rejected a
“spooky action at a distance” he was forced to conclude
that quantum mechanics is an incomplete theory.

In the same year Erwin Schrödinger in his trilogy “On
the present situation in quantum mechanics” [2] consid-
ered an EPR-like situation and argued that in quantum
mechanics “the best possible knowledge of a whole does
not include the best possible knowledge of all its parts”. He
named such a situation entanglement, “Verschränkung” in
his original Austrian phrasing. This description already
comes closest to our modern concept of entanglement “the
whole is in a definite (i.e. pure) state, the parts taken in-
dividually not”.

This discussion about quantum mechanics was dor-
mant for several decades until in 1964 Bell stirred it up
again in his celebrated paper “On the Einstein-Podolsky-
Rosen paradox” [3], which caused a dramatic change in
the quantum mechanical dispute. Bell was able to show
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that under a strict locality assumption quantum me-
chanics cannot be completed in the sense of EPR. More
precisely, all local realistic theories must satisfy a so-
called Bell inequality, a certain combination of expecta-
tion values of combined measurements of Alice and Bob,
whereas quantum mechanics violates it. Numerous experi-
mental tests in the years that followed, notably by Clauser
and Freedman [4,5], Aspect and collaborators [6,7] and
Zeilinger and collaborators [8], show clearly the violation
of a Bell inequality and the confirmation of the quantum
mechanical prediction (see, e.g. Ref. [9]).

In the nineties the interests shifted towards quantum
information, quantum communication and quantum com-
putation (see, e.g. Ref. [10]). There the basic ingredient
for the quantum states is entanglement, it acts as a re-
source to allow for certain operations which are otherwise
classically impossible to do. One of the most fascinating
example is quantum teleportation [11], where the prop-
erties of an (even unknown) incoming quantum state at
Alice’s laboratory can be transferred to an outgoing state
in Bob’s laboratory with help of an EPR pair [12,13].

This brings us already to the subject of our Article,
the free choice of how to factorize the algebra of a density
matrix implying either entanglement or separability of the
quantum state. Only with respect to such a factorization
it makes sense to talk about entanglement or separability.
Quantum teleportation precisely relies on this fact that
we can think of different factorizations in which entangle-
ment is localized respectively measurements take place,
as we shall discuss in detail in Section 4. Thus we have to
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focus more closely on entanglement, the magic ingredient
of quantum information theory [9]. But entanglement with
respect to what? The entanglement of quantum states,
which are represented by density matrices, is defined with
respect to a tensor product structure in Hilbert-Schmidt
space. These are tensor products of an algebra of operators
or observables.

However, for a given quantum state, it is our freedom
of how to factorize the algebra to which a density matrix
refers. Thus we may choose! Via global unitary transfor-
mations we can switch from one factorization to the other,
where in one factorization the quantum state appears en-
tangled, however, in the other not. Consequently, entan-
glement or separability of a quantum state depends on
our choice of factorizing the algebra of the corresponding
density matrix, where this choice is suggested either by
the set-up of the experiment or by the convenience for the
theoretical discussion. This is our basic message.

Considering equivalently to the algebra of the density
matrix the tensor product structure of quantum states we
find a close connection to the work of Zanardi et al. [14]
who found the same “democracy between the different ten-
sor product structures, . . . , without further physical as-
sumptions no partition has an ontologically superior sta-
tus with respect to any other” [15]. Thus it’s only the
interaction, which we consider to determine the density
matrix, or the measurement set-up, which fixes the fac-
torization.

For pure states the status is quite clear. Any state can
be factorized such that it appears separable up to being
maximally entangled depending on the factorization. This
fact has been demonstrated already in reference [16]. For
mixed states, however, the situation is much more complex
(see, e.g., Ref. [17]). The reason is that the maximal mixed
state, the tracial state 1

D�D, is separable for any factor-
ization and therefore a sufficiently small neighborhood of
it is separable too. Thus the question is how mixed can
a quantum state be in order to find a factorization that
makes the state as entangled as possible. For a generally
mixed state we don’t know a precise answer, however, in
special cases we do.

In this article we investigate such special cases for
mixed density matrices subjected to certain constraints.
In Section 2 we present our general statements on mixed
density matrices and the constraints that make it possi-
ble to choose a factorization such that a quantum state
appears entangled. In Section 3 we illustrate our general
theorems within the most familiar case of qubits, empha-
sizing the nice geometric features. We discuss the GHZ
states, the Werner states and the Gisin states. The latter
ones we particularly present in detail to stress the differ-
ence between the local filtering operations, which increase
the nonlocal structure of a quantum state and are experi-
mentally feasible, and our unitary transformations which
switch between separability and entanglement of a state.

The physical implication of the free choice of factor-
izing the algebra of a density matrix we discuss in phys-
ical examples such as quantum teleportation and entan-
glement swapping, shedding more light on these amazing

quantum phenomena (Sect. 4). Finally some further con-
clusions and possible further applications are drawn in
Section 5.

2 Factorization algebra

We work in a Hilbert-Schmidt space ˜H1 ⊗ ˜H2 of oper-
ators on the finite dimensional bipartite Hilbert space
H1 ⊗ H2, with dimension D = d1 × d2. The quantum
states ρ (i.e. density matrices) are elements of ˜H1 ⊗ ˜H2

with the properties ρ† = ρ, Tr ρ = 1 and ρ ≥ 0. A scalar
product on ˜H1 ⊗ ˜H2 is defined by 〈A|B〉 = TrA†B with
A,B ∈ ˜H1 ⊗ ˜H2 and the corresponding squared norm is
‖A‖2 = TrA†A.

We consider states over MD corresponding to a den-
sity matrix ρ. Such a state is called separable with re-
spect to the factorization Md1 ⊗Md2 , if ρ =

∑

i ρi1⊗ ρi2,
otherwise it is entangled. Choosing another factorization
U(Md1 ⊗�)U † and U(�⊗Md2)U †, where U represents a
unitary transformation on the total space, a former sepa-
rable state can appear entangled and vice versa. Instead
we can consider for a separable ρ the effect of U on ρ, i.e.
ρU = UρU †, and ρU can become entangled forMd1⊗Md2 .
This corresponds to the equivalence whether we work in
the Schrödinger picture or in the Heisenberg picture in the
characterization of the quantum states.

Let us first concentrate on pure states, i.e. ρ =
|ψ 〉 〈ψ |, here we prove the following theorem.

Theorem 1 (factorization algebra). For any pure
state ρ one can find a factorization MD = A1 ⊗A2 such
that ρ is separable with respect to this factorization and
another factorization MD = B1 ⊗ B2 where ρ appears to
be maximally entangled.

Proof. For each pair of vectors of the same length there
are unitary transformations which transform one vector
into the other. The vector |ψ〉 defining the density ma-
trix ρ = |ψ 〉 〈ψ | for a pure state can be transformed
into any product vector |ψ1〉 ⊗ |ψ2〉 by a unitary operator
U ∈MD, i.e. U |ψ〉 = |ψ1〉⊗ |ψ2〉, or on the other hand we
may choose U such that the state is maximally entangled
U |ψ〉 = 1√

d

∑

i |ψ1,i〉 ⊗ |ψ2,i〉, where d = min(d1, d2). For
the density matrix it means the following. Assuming the
density matrix ρent is entangled within the factorization
algebra Md1 ⊗Md2 then ∃U : UρentU

† = ρsep, i.e. after a
unitary transformation the density matrix becomes sepa-
rable within this factorization. However, transforming also
the factorization algebraMD = U(Md1⊗Md2)U † we may
consider ρsep within this unitarily transformed factoriza-
tion, there it is entangled. Of course, we may choose ei-
ther factorization MD = U(Md1⊗Md2)U † or Md1⊗Md2

(since U preserves all algebraic relations used in the defi-
nitions). q.e.d.

The extension to mixed states requires some restric-
tions, as seen from the tracial state 1

D�D which is separa-
ble for any factorization.
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Theorem 2 (factorization in mixed states). For any
mixed state ρ one can find a factorization MD = A1⊗A2

such that ρ is separable with respect to this factoriza-
tion. An other factorization MD = B1 ⊗ B2 where ρ ap-
pears to be entangled exists only beyond a certain bound
of mixedness.

Proof. Starting with a factorizationMD = A1⊗A2 we can
find an orthonormal basis (ONB) of separable pure states,
namely |ϕi〉 ⊗ |ψj〉 with i = 1, . . . , d1, j = 1, . . . , d2 and
the set {ϕi} denotes an ONB in H1 and {ψj} an ONB in
H2. Then every density matrix

ρ =
D
∑

α=1

ρα |χα 〉 〈χα | , (1)

where we identify the indices {α, α = 1, . . . , D} with the
set {(i, j), i = 1, . . . , d1, j = 1, . . . , d2}, can be unitarily
transformed into a separable state by U |χα 〉 = |ϕi,α〉 ⊗
|ψj,α〉, i.e.

UρU † =
D
∑

α=1

ρα |ϕi,α 〉 〈ϕi,α | ⊗ |ψj,α 〉 〈ψj,α | (2)

is definitely separable.
On the other hand, we can also find an ONB (see

Refs. [18–21]) of maximally entangled states, where we
have chosen d1 = d2 = d for simplicity,

|χkl 〉 =
∑

j

e
2πi
d jl |ϕj〉 ⊗ |ψj+k〉, (3)

and a map U : U |χα 〉 = |χkl 〉, where we again identify
the indices α↔ (k, l).

With this unitary transformation our initial density
matrix ρ can be turned into a so-called Weyl state

UρU † = ρWeyl, (4)

which is expanded into the ONB of maximally entangled
states (3). However, since the set of entangled states is
not convex ρWeyl is not automatically entangled. Note,
that state (4) is an analogous construction of a Wigner
function as demonstrated in reference [20].

For Weyl states a fairly good characterization of the
regions of separable states (where the Wigner function
remains positive), entangled and bound entangled states
exists (see e.g., Refs. [21–28]). q.e.d.

In 2 × 2 dimensions the constraints of the set {ρα}
in order to characterize the regions of separability and
entanglement are also well-known [29]. Especially for the
Werner states, see Section 3.5, one immediately sees that
the choice (3) need not be optimal. In fact, it can be quite
unfavorable as we show in the example below, see Sec-
tion 3.2, here a decomposition into one separable state
and remaining entangled states is optimal.

Remark. For d1 = d2 = 2 the set of separable states
among the Weyl states is known due to the Peres-

Horodecki criterion [30,31], a criterion that is necessary
for separability in any dimensions d1 × d2 and sufficient
for 2×2 and 2×3 dimensional Hilbert spaces. Accordingly,
a separable state has to stay positive semidefinite under
partial transposition (PT), it is called a PPT state. Thus,
if a density matrix becomes indefinite under PT, i.e. one
or more eigenvalues are negative, it has to be entangled
and we call it a NPT state.

Clearly, we also want to formulate Theorem 2 more
precisely. Let us consider a generalized Werner state in
d× d dimensions (thus we choose d1 = d2 = d)

ρ = αP +
1− α
d2

�d2 with 0 ≤ α ≤ 1, (5)

where P is a projector (P 2 = P ) to a maximally entangled
state. The maximal eigenvalue of ρ (5) is α+ 1

d2 . Then we
find the following lemma.

Lemma 1 (bound for splitted states). Assume a
state can be split into a maximally entangled state, cor-
responding to a projector P , and an orthogonal state σ

ρ = βP + (1− β)σ with 〈P |σ〉 = 0
and 0 ≤ β ≤ 1. (6)

Then the following statement holds: If β > 1
d the state (6)

is entangled.

Note, for d = 2 it implies the well-known bound α > 1
3

for the Werner states, see Section 3.5, and in matrix form
decomposition (6) can be written as

ρ =

⎛

⎜

⎜

⎜

⎝

α+ 1−α
d2 0 . . 0

0 1−α
d2

. .

. .
0 1−α

d2

⎞

⎟

⎟

⎟

⎠

. (7)

Proof. We prove Lemma 1 by using the following opti-
mal entanglement witness (explained more explicitly in
Sect. 3.3)

A = �d2 − dP (8)

to find a bound of separability or entanglement. The in-
ner product of a witness with all separable states remains
positive semidefinite

〈ρsep|A〉 = Tr ρsepA ≥ 0. (9)

Thus we have to show that the expectation value of the
entanglement witness is positive semidefinite for all sepa-
rable states, i.e. for all product states

〈ϕ⊗ ψ|�d2 − dP |ϕ⊗ ψ〉 = 1− d 〈ϕ⊗ ψ|P |ϕ⊗ ψ〉

= 1− d
d
∑

i,j=1

1
d
ϕ∗

iψ
∗
i ϕjψj

= 1− 〈ϕ∗|ψ〉 〈ψ|ϕ∗〉
= 1− | 〈ϕ∗|ψ〉 |2≥ 0, (10)
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since | 〈ϕ∗|ψ〉 |≤ 1, and 〈ϕ⊗ ψ|�d2 − dP |ϕ⊗ ψ〉 = 0
iff |ψ〉 = |ϕ∗〉, which makes the witness optimal.

Applying now the entanglement witness (8) to the
state (6) we get for entanglement

0 > 〈βP + (1 − β)σ |�d2 − dP 〉 = 1− β d
⇒ β >

1
d
. q.e.d. (11)

Note, the bound is optimal for Werner states (see
Sect. 3.5) and the states of the Gisin line (see Sect. 3.6).
However, if not all eigenvalues of σ are equal then the wit-
ness A = �d2 − dP is not optimal with respect to ρ (6),
but in this case the decomposition (6) does not represent
any more a Werner state.

Concluding, each state with maximal eigenvalue
ρmax > 1

d can be factorized like in equation (6) and is
entangled with respect to this factorization. However, gen-
erally this factorization is not optimal. Under certain con-
straints we now find a factorization which is indeed opti-
mal.

Let ρ be any mixed state with an ordered spectrum
{ρ1 ≥ ρ2 ≥ . . . ≥ ρd2−2 ≥ ρd2−1 ≥ ρd2}, thus we have the
decomposition (again we have chosen d1 = d2 = d without
loss of generality)

ρ = ρ1P1 + ρ2P2 + . . .+ ρd2Pd2 , (12)

where P1, P2, . . . , Pd2 are the projectors to the correspond-
ing eigenstates. Furthermore we consider maximal entan-
glement in a two-dimensional subspace, specifically we
choose

P1 → Q1 =
ρ1

2
| 11 + 22 〉 〈 11 + 22 |

Pd2−2 → Q2 = ρd2−2 | 12 〉 〈 12 |
Pd2 → Q3 = ρd2 | 21 〉 〈 21 |

Pd2−1 → Q4 =
ρd2−1

2
| 11− 22 〉 〈 11− 22 | . (13)

Then we find the following theorem.

Theorem 3 (factorization under constraints). If
ρ1 > 3

d2 , i.e. the largest eigenvalue ρ1 is bounded below
by 3

d2 then there is always a choice of factorization possi-
ble such that the partial algebras are entangled.

Proof. To find entanglement we consider the partially
transposed of matrix ρ (12) with choice (13), it contains
the following structure

ρPT =

⎛

⎜

⎝

. . . .

. ρd2−2
1
2 (ρ1 − ρd2−1) .

. 1
2 (ρ1 − ρd2−1) ρd2 .

. . . .

⎞

⎟

⎠
. (14)

Due to the Peres-Horodecki criterion [30,31] it is entan-
gled, i.e. a NPT state, if it contains a negative eigenvalue.
This is the case if ρd2−2ρd2 − 1

4 (ρ1− ρd2−1)2 < 0, which is
a geometric mean

√
ρd2−2ρd2 <

1
2
(ρ1 − ρd2−1). (15)

We relax the estimate by replacing the geometric mean by
the arithmetic mean

ρd2−2 + ρd2

2
<

1
2
(ρ1 − ρd2−1)

⇒ ρd2−2 + ρd2−1 + ρd2 < ρ1. (16)

On the other hand we have

ρd2−2 + ρd2−1 + ρd2 <
1− ρ1

d2 − 3
, (17)

leading to

3
1− ρ1

d2 − 3
< ρ1 or ρ1 >

3
d2
. q.e.d. (18)

Note, these arguments are similar to those leading to
Lemma 2.

Thus, under the constraints of Theorem 3 a mixed state is
separable with respect to some factorization and entangled
with respect to another.

It is interesting now to search for those states which
are separable with respect to all possible factorizations of
the composite system into subsystems A1 ⊗ A2. This is
the case if ρU = UρU † remains separable for any uni-
tary transformation U . Such states are called absolutely
separable states [32–34], the tracial state being the proto-
type. In this connection the maximal ball of states around
the tracial state 1

d2 �d2 with a general radius r = 1
d2−1 of

constant mixedness is considered, which can be inscribed
into the separable states (see Refs. [32,35]). This radius is
given in terms of the Hilbert-Schmidt distance

d (ρ,�d2) =
∥

∥

∥

∥

ρ− 1
d2

�d2

∥

∥

∥

∥

=

√

Tr
(

ρ− 1
d2

�d2

)2
. (19)

Notice that in the different topologies the relevant param-
eters scale in the same way with the dimension d.

Theorem 4 (absolute separability of the Kuś-
Życzkowski ball [32]). All states belonging to the maxi-
mal ball which can be inscribed into the set of mixed states
for a bipartite system are not only separable but also ab-
solutely separable.

Note that geometrically in case of Theorem 3 the set
of absolutely separable states is not as symmetric as in
case of Theorem 4, the set is even a bit larger containing
the maximal ball and corresponds rather to a “Laberl”1

than to a ball.
Furthermore, we already know that in the two-qubit

case the set of absolutely separable states is larger than
the maximal ball of Kuś and Życzkowski. As conjectured
in reference [36] and proved in reference [29] the set of
absolutely separable states contains any mixed state with
certain constraints on the spectrum.

1 “Laberl” or more precise “Fetzenlaberl” is the Viennese
expression for a self-made football out of shreds, which in the
old times the Viennese boys liked to play with on the streets.



W. Thirring et al.: Entanglement or separability: the choice of how to factorize the algebra of a density matrix 185

Lemma 2 (absolute separability in 2 × 2 dimen-
sions [29]). Let ρ be any mixed state in 2× 2 dimensions
with an ordered spectrum {ρ1 ≥ ρ2 ≥ ρ3 ≥ ρ4}. If the spec-
trum is constrained by the inequality ρ1−ρ3−2

√
ρ2ρ4 ≤ 0,

then ρ is absolutely separable.

As an example we want to quote the state with spec-
trum {0.47, 0.30, 0.13, 0.10} (see Ref. [32]) that does not
belong to the maximal ball but satisfies the constraints of
Lemma 2 and is, for this reason, absolutely separable.

3 Illustration with qubits

3.1 Geometry of physical states

Geometrically all Weyl states in 2×2 dimensions, the cel-
ebrated case of Alice and Bob in quantum information, lie
within a tetrahedron (three-dimensional simplex) spanned
by the four maximally entangled Bell states |ψ± 〉 , |φ± 〉,
it is the domain of the physical states, see Figure 1.
The separable states (convex set) form a double pyramid
(shaded in blue) within the tetrahedron. The entangled
states are located in the tetrahedron cones outside of the
double pyramid and in the middle (at the origin) rests the
maximal mixed, the tracial state 1

4�4 (see Refs. [37–39]).
The set of local states, satisfying a Bell inequality

à la CHSH, defines a domain (shaded by the dark-yellow
surfaces) that is, interestingly, much larger than the area
of separable states (see also Ref. [40]).

Within the double pyramid the Kuś-Życzkowski ball of
absolutely separable states [32] (shaded in green) is placed,
whose radius of constant mixedness is determined by the
nearest separable state to a Bell state. All states within
this maximal ball remain separable for any unitary trans-
formation (Thm. 4).

3.2 Illustration of Theorem 4

To illustrate Theorem 4 the following example is quite
instructive. Let us choose a separable state outside of the
maximal ball, say at a corner of the double pyramid, see
Figure 1. It is given by the matrix

ρN = |ψN 〉 〈ψN | = 1
2

(ρ+ + ω+) =
1
4

⎛

⎜

⎝

1 0 0 1
0 1 1 0
0 1 1 0
1 0 0 1

⎞

⎟

⎠
, (20)

or in Bloch decomposition

ρN =
1
4

(�⊗ �+ σx ⊗ σx) , (21)

and this separable state has the smallest possible mixed-
ness or largest purity. It is the purity P (ρ) = Tr ρ2 that is
a way to quantify the degree of mixedness, especially ad-
justed for the geometry of a state ρ and it ranges between
1
d ≤ P (ρ) ≤ 1.

Fig. 1. (Color online) Tetrahedron of physical states in 2 × 2
dimensions spanned by the four Bell states ψ+, ψ−, φ+, φ−:
the separable states form the blue double pyramid and the en-
tangled states are located in the remaining tetrahedron cones.
The unitary invariant Kuś-Życzkowski ball (shaded in green)
is placed within the double pyramid and the maximal mix-
ture 1

4
�4 is at the origin. Outside the ball at the corner of the

double pyramid is the state ψN (20), the separable state with
maximal purity. The local states according to a Bell inequality
lie within the dark-yellow surfaces containing all separable but
also some entangled states.

The following unitary transformation

U =
1√
2

⎛

⎜

⎜

⎜

⎜

⎝

1 0 0 1

0
√

2 0 0

0 0
√

2 0

−1 0 0 1

⎞

⎟

⎟

⎟

⎟

⎠

=
1
4
(

(2 +
√

2)�⊗ �+ i
√

2 (σx ⊗ σy + σy ⊗ σx )

− (2−
√

2)σz ⊗ σz

)

(22)

transforms the state ρN = |ψN 〉 〈ψN | into

ρU = UρNU
† =

1
4

⎛

⎜

⎜

⎜

⎜

⎝

2 0 0 0

0 1 1 0

0 1 1 0

0 0 0 0

⎞

⎟

⎟

⎟

⎟

⎠

=
1
4
(

�⊗ �+
1
2

(σz ⊗ �+ �⊗ σz )

+
1
2

(σx ⊗ σx + σy ⊗ σy)
)

. (23)

However, due to the occurrence of the term (σz⊗�+�⊗σz)
the transformation U (22) leads to a quantum state
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Fig. 2. (Color online) Terms like (σz ⊗ � + � ⊗ σz) in
the density matrix affect the region of physical states, the
entangled, local and separable areas shrink. In particular,
the former tetrahedron of Weyl states becomes parabolic in
z-direction such that the unitarily transformed state UψN U

†

(23) slips into the entangled domain (yellow part), being a
maximally entangled mixed state (MEMS). At origin the state
1
4

(

�⊗ �+ 1
2

(σz ⊗ �+ �⊗ σz )
)

is located.

outside of the set of Weyl states. This new state ρU

(23) is not positive any more under partial transposition,
ρPT
U �≥ 0, where ρPT

U = (�⊗ TB) ρU and TB means partial
transposition on Bob’s subspace. Therefore, due to the
Peres-Horodecki criterion the state ρU (23) is entangled
with the concurrence C = 1

2 . Transformation U (22) is al-
ready optimal, i.e. it entangles ρN maximally. Thus ρU be-
longs to the so-called MEMS class, the class of maximally
entangled mixed states for a given value of purity [36,41].

In order to illustrate states of type ρU, i.e. states with
additional terms (σz ⊗ � + �⊗ σz) we see that these ad-
ditional degrees of freedom affect the region of physical
states (where ρ > 0), see Figure 2. The areas of entan-
gled, local and separable states shrink, in particular, the
former tetrahedron of Weyl states becomes parabolic in
the lower z-direction such that the unitarily transformed
state ρU = UρNU

† (23) slips into the entangled domain
(yellow part in Fig. 2), and is maximally entangled. At
origin the state 1

4

(

�⊗�+ 1
2 (σz ⊗�+�⊗σz )

)

is located.

3.3 Alice and Bob

Let us begin with the example of two qubits, the case
of Alice and Bob. Here the dimensions of the subma-
trices are d1 = d2 = 2 and we span the two M2 fac-
tors with aid of two sets of Pauli matrices σA and σB,
the subalgebras of Alice and Bob. The standard prod-
uct basis is | ↑〉 ⊗ | ↑〉, | ↑〉 ⊗ | ↓〉, | ↓〉 ⊗ | ↑〉, | ↓
〉⊗ | ↓〉 and the four maximally entangled Bell vectors are
given by |ψ± 〉 = 1√

2
( | ↑ 〉 | ↓ 〉 ± | ↓ 〉 | ↑ 〉 ) and |φ± 〉 =

1√
2

( | ↑ 〉 | ↑ 〉 ± | ↓ 〉 | ↓ 〉 ). Considering the corresponding

density matrices we have for the separable product states
explicitly

ρ↑↑ =

⎛

⎜

⎝

1 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0

⎞

⎟

⎠
, ρ↑↓ =

⎛

⎜

⎝

0 0 0 0
0 1 0 0
0 0 0 0
0 0 0 0

⎞

⎟

⎠

ρ↓↑ =

⎛

⎜

⎝

0 0 0 0
0 0 0 0
0 0 1 0
0 0 0 0

⎞

⎟

⎠
, ρ↓↓ =

⎛

⎜

⎝

0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 1

⎞

⎟

⎠
, (24)

and for the entangled Bell states

ρ∓ =
∣

∣ψ∓ 〉 〈ψ∓ ∣
∣ =

1
2

⎛

⎜

⎝

0 0 0 0
0 1 ∓1 0
0 ∓1 1 0
0 0 0 0

⎞

⎟

⎠

ω∓ =
∣

∣φ∓
〉 〈

φ∓
∣

∣ =
1
2

⎛

⎜

⎝

1 0 0 ∓1
0 0 0 0
0 0 0 0
∓1 0 0 1

⎞

⎟

⎠
. (25)

The unitary matrix U which transforms the entangled ba-
sis into the separable one is following (we suppress from
now on the labels A and B for the subspaces)

U =
1√
2

(�⊗ �+ i σx ⊗ σy) =
1√
2

⎛

⎜

⎝

1 0 0 1
0 1 −1 0
0 1 1 0
−1 0 0 1

⎞

⎟

⎠
. (26)

It is more illustrative to work with the Bloch decom-
positions of the states to show the subalgebras explic-
itly. A general state ρ can be decomposed into (see, e.g.
Refs. [25,37])

ρ =
1
4

(�⊗ �+ ri σi ⊗ �+ ui �⊗ σi + tij σi ⊗ σj) , (27)

and for separable states we have

ρsep =
1
4

(�⊗ �+ riσi ⊗ �+ ui�⊗ σi + riujσi ⊗ σj) ,

(28)
with r 2 = u 2 = 1. In particular we find [37]

ρ− =
1
4

(�⊗ �− σ ⊗ σ) (29)

ρ↑↓ =
1
4

(�⊗ �+ σz ⊗ �− �⊗ σz − σz ⊗ σz) . (30)

Then U transforms the two sets of algebras of Alice and
Bob as follows:

σx ⊗ � U−→ σx ⊗ � �⊗ σx
U−→ σx ⊗ σz (31)

σy ⊗ �→ −σz ⊗ σy �⊗ σy → �⊗ σy (32)
σz ⊗ �→ σy ⊗ σy �⊗ σz → −σx ⊗ σx, (33)

and implies a change in the Alice-Bob tensor products as

σx ⊗ σx
U−→ �⊗ σz (34)

σy ⊗ σy → −σz ⊗ � (35)
σz ⊗ σz → σz ⊗ σz . (36)
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Now, let’s consider entanglement. Quite generally, entan-
glement can be “detected” by an Hermitian operator, the
so-called entanglement witness A, that detects the entan-
glement of a state ρent via the entanglement witness in-
equalities (EWI) [31,37,42,43]

〈ρent|A〉 = Tr ρentA < 0,
〈ρ|A〉 = Tr ρA ≥ 0 ∀ρ ∈ S, (37)

where S denotes the set of all separable states. An entan-
glement witness is “optimal”, denoted by Aopt, if apart
from equation (37) there exists a separable state ρ0 ∈ S
such that

〈ρ0|Aopt〉 = 0. (38)

The operator Aopt defines a tangent plane to the convex
set of separable states S and can be constructed in the
following way [37]:

Aopt =
ρ0 − ρent − 〈ρ0, ρ0 − ρent〉�

‖ρ0 − ρent‖ , (39)

where ρ0 represents the nearest separable state.
In particular, for the optimal entanglement witness of

the Bell state ρ− we get

Aρ−
opt =

1
2
√

3
(�⊗ �+ σ ⊗ σ) , (40)

leading to the EWI
〈

ρ−|Aρ−
opt

〉

= Tr ρ−Aρ−
opt = − 1√

3
< 0,

〈

ρsep|Aρ−
opt

〉

= Tr ρsepA
ρ−
opt

=
1

2
√

3
(1 + cos δ) ≥ 0 ∀ρ ∈ S, (41)

where δ represents the angle between the unit vectors r
and u.

Transforming now the entangled Bell state ρ− accord-
ing to equation (26) we find

U ρ− U † =
1
4

(�⊗ �+ σz ⊗ �− �⊗ σz

− σz ⊗ σz) ≡ ρ↑↓,
〈

U ρ− U †|Aρ−
opt

〉

= Tr U ρ− U †Aρ−
opt = 0, (42)

i.e. separability with respect to the algebra {σi⊗σj}. Thus
the transformed state U ρ− U † represents a separable pure
state as claimed in Theorem 1 and geometrically it has the
Hilbert-Schmidt (HS) distance

d (ρ−) =
∥

∥U ρ− U † − ρ−∥∥ = 1, (43)

to the state ρ−. This distance represents the amount of en-
tanglement, more precise, it is the Hilbert-Schmidt mea-
sure that can be considered as a measure of entanglement
and it is defined by [21,37]

D(ρent) := min
ρ∈S
‖ρ− ρent‖ = ‖ρ0 − ρent‖ , (44)

where ρ0 denotes the nearest separable state, the mini-
mum of the HS distance. In our case of the maximal en-
tangled Bell state ρ− the nearest separable state is mixed
and will be considered in the section Werner states.

It is interesting that the maximal violation of the EWI
(37) for an entangled state is equal to its HS measure (44),
the measure of entanglement (Thm. of Ref. [37]).

Transforming on the other hand also the entanglement
witness, i.e. choosing a different algebra,

UAρ−
optU

† =
1
4

(�⊗ �− σz ⊗ �+ �⊗ σz + σz ⊗ σz) ,

(45)
we then get

〈

Uρ−U †|UAρ−
optU

†
〉

=
〈

ρ−|Aρ−
opt

〉

= − 1√
3
< 0, (46)

and the transformed state is entangled again with respect
to the other algebra factorization {σi⊗�,�⊗σj, σi⊗σj}.
It demonstrates nicely the content of Theorem 1 and the
analogy of choosing either the Schrödinger picture or the
Heisenberg picture in the characterization of the quantum
states.

Next we study non-maximal entangled states like
|ψ θ 〉 = sin θ | ↑ 〉 | ↓ 〉−cos θ | ↓ 〉 | ↑ 〉 with the correspond-
ing density matrix

ρ θ = |ψ θ 〉 〈ψ θ | =

⎛

⎜

⎝

0 0 0 0
0 sin2 θ − 1

2 sin(2θ) 0
0 − 1

2 sin(2θ) cos2 θ 0
0 0 0 0

⎞

⎟

⎠
, (47)

and the Bloch decomposition

ρθ =
1
4
(

�⊗ �− cos(2θ)(σz ⊗ �− �⊗ σz)

− sin(2θ)(σx ⊗ σx + σy ⊗ σy)− σz ⊗ σz

)

. (48)

Transforming the state ρθ by the unitary transformation
(26) we obtain

Uρ θ U
† =

1
2

⎛

⎜

⎝

0 0 0 0
0 1 + sin(2θ) − cos(2θ) 0
0 − cos(2θ) 1− sin(2θ) 0
0 0 0 0

⎞

⎟

⎠
, (49)

and in Bloch form

UρθU
† =

1
4
(

�⊗ �+ sin(2θ)(σz ⊗ �− �⊗ σz)

− cos(2θ)(σx ⊗ σx + σy ⊗ σy)− σz ⊗ σz

)

. (50)

This transformed state still contains some entanglement
(except for θ = π

4 , the Bell state ρ−), which we determine
via the concurrence of Wootters [44–46] as a measure of
entanglement. For the concurrence we first consider the
flipped state ρ̃ of ρ

ρ̃ = (σy ⊗ σy) ρ∗ (σy ⊗ σy), (51)
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Fig. 3. (Color online) The concurrence of the ρθ state, equa-
tion (48) (blue line), and the transformed Uρ θ U

† state, equa-
tion (50) (red line), is plotted versus θ.

where ρ∗ is the complex conjugate and is taken in the
standard product basis and then calculate the concurrence
C by the formula

C(ρ) = max{0, λ1 − λ2 − λ3 − λ4}. (52)

The λi’s are the square roots of the eigenvalue, in decreas-
ing order, of the matrix ρρ̃. As results we find for the state
ρ θ and its U transformation the following concurrences

C(ρ θ) = sin(2θ) C(Uρ θ U
†) = cos(2θ), (53)

which we have plotted in Figure 3. We see, only for the
values θ = 0, π

4 the unitary transformation U is the op-
timal choice to switch between entanglement and sepa-
rability. For other values of θ the transformation Uθ can
be adjusted according to Uθ |ψ θ 〉 = |ψ+ 〉, providing the
following unitary matrix, where f±(θ) = cos θ ± sin θ,

Uθ =
1√
2

( f−(θ)�⊗ �− i f+(θ)σx ⊗ σy )

=
1√
2

⎛

⎜

⎝

f−(θ) 0 0 −f+(θ)
0 f−(θ) f+(θ) 0
0 −f+(θ) f−(θ) 0

f+(θ) 0 0 f−(θ)

⎞

⎟

⎠
. (54)

Then the such transformed ρ θ state is maximal entangled
and represents the Bell state ρ+

Uθ ρ θ U
†
θ = ρ+ ∀θ. (55)

Both unitary transformation in succession

˜Uθ = U Uθ = cos θ �⊗ �− i sin θ σx ⊗ σy

=

⎛

⎜

⎝

cos θ 0 0 − sin θ
0 cos θ sin θ 0
0 − sin θ cos θ 0

sin θ 0 0 cos θ

⎞

⎟

⎠
(56)

clearly make ρ θ separable for all θ

˜Uθ ρ θ
˜Uθ

†
= ρ↓↑ ∀θ, (57)

which demonstrates the content of Theorem 1.

3.4 GHZ states

What we have illustrated in the case of Alice & Bob we
also find in a system of three qubits when tracing over one
subspace. This leads us to the popular GHZ states [47,48]
which play an important role in the fundamentals and
techniques of quantum information (see, e.g. Ref. [9]).

The usual three-photon GHZ state is defined by

∣

∣ψGHZ
〉

=
1√
2

( |V 〉 |V 〉 |V 〉+ |H 〉 |H 〉 |H 〉 ), (58)

where V and H denote vertical and horizontal polariza-
tions, respectively. We slightly generalize the state, as we
did before, to non-maximal entanglement and use now the
bit notation |0〉 and |1〉 of quantum information, then we
get
∣

∣ψGHZ
θ

〉

= sin θ | 0 〉 | 0 〉 | 0 〉+ cos θ | 1 〉 | 1 〉 | 1 〉 , (59)

yielding the density matrix

ρGHZ
θ =

∣

∣ψGHZ
θ

〉 〈

ψGHZ
θ

∣

∣ . (60)

Next we trace over one subsystem – we don’t count the
outcome of this subsystem – and are left with the state of
a bipartite system

ρ̃ GHZ
θ = Trsubsystem ρ

GHZ
θ =

⎛

⎜

⎝

sin2 θ 0 0 0
0 0 0 0
0 0 0 0
0 0 0 cos2 θ

⎞

⎟

⎠
, (61)

or in the Bloch decomposition this state is expressed by

ρ̃ GHZ
θ =

1
4
(

�⊗ �− cos(2θ) (σz ⊗ �+ �⊗ σz)

+ σz ⊗ σz

)

. (62)

State (61), (62) is a mixed state and separable ∀ θ. Note,
due to the tracing over one subsystem we bring back GHZ
to a special case of Alice & Bob.

Now we find unitary transformations such that they
entangle the separable state maximally. In the interval
0 ≤ θ ≤ π

4 the unitary transformation

U1 =
1√
2

⎛

⎜

⎜

⎝

√
2 0 0 0

0 1 0 −1
0 −1 0 −1
0 0

√
2 0

⎞

⎟

⎟

⎠

(63)

is best. For the remaining part of the interval π
4 ≤ θ ≤ π

2
we use the transformation

U2 =
1√
2

⎛

⎜

⎜

⎝

0 0 0
√

2
1 0 −1 0
1 0 1 0
0
√

2 0 0

⎞

⎟

⎟

⎠

. (64)

The Bloch decompositions of both transformation matri-
ces (63) and (64) are quite elaborate and will be skipped.
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Fig. 4. (Color online) The concurrence of the transformed
U1 ρ

GHZ
θ U†

1 GHZ state, equation (67), for the interval 0 ≤
θ ≤ π

4
and U2 ρ

GHZ
θ U†

2 , equation (68), for π
4
≤ θ ≤ π

2
(blue

line), is plotted versus θ. For comparison the effect of the U
transformation (26) on the GHZ state is shown (red line) and
its mixedness (yellow line).

Transformations U1 and U2 are already optimal, i.e. lead
to maximally entangled states (for a definition of optimal
transformations, see Ref. [29]).

For the such transformed GHZ state we find the fol-
lowing matrix expressions

U1 ρ
GHZ
θ U †

1 =
1
2

⎛

⎜

⎝

2 sin2 θ 0 0 0
0 cos2 θ cos2 θ 0
0 cos2 θ cos2 θ 0
0 0 0 0

⎞

⎟

⎠
, (65)

U2 ρ
GHZ
θ U †

2 =
1
2

⎛

⎜

⎜

⎝

2 cos2 θ 0 0 0
0 sin2 θ sin2 θ 0
0 sin2 θ sin2 θ 0
0 0 0 0

⎞

⎟

⎟

⎠

, (66)

or in Bloch decompositions we have

U1ρ
GHZ
θ U †

1 =
1
4
(

�⊗ �+ sin2 θ(σz ⊗ �+ �⊗ σz)

+ cos2 θ(σx ⊗ σx + σy ⊗ σy)

− cos(2θ)σz ⊗ σz

)

, (67)

U2ρ
GHZ
θ U †

2 =
1
4
(

�⊗ �+ cos2 θ(σz ⊗ �+ �⊗ σz)

+ sin2 θ(σx ⊗ σx + σy ⊗ σy)

+ cos(2θ)σz ⊗ σz

)

. (68)

These transformed states are symmetric in the exchange
of cos θ ←→ sin θ.

The amount of entanglement we calculate via the con-
currence of the state as we did before in the case of Alice
& Bob and for comparison we also compute the mixedness
defined by

δ = 1− Tr
(

ρ̃ GHZ
θ

)2
. (69)

The results we have plotted in Figure 4. Whereas the
transformation U (26), working for Alice & Bob, does

not entangle the separable GHZ state (61) at the value
θ = π

4 , the unitary transformations (63) and (64) do. Since
the transformations (63) and (64) entangle the separable
ρ̃ GHZ

θ maximally, i.e. the transformed states belong to the
MEMS class, all possible entangling unitary transforma-
tions lie in between the two (blue and red) curves. The
maximal value of the concurrence C = 1

2 at θ = π
4 co-

incides with the one of the mixedness δ = 1
2 , which is

specific for our considered state (61) but does not hold in
general.

These observations on the GHZ state we can generalize
by the following lemma.

Lemma 3 (entanglement for traced GHZ states).
Let |Ω〉 be a pure state on the tensor product of the alge-
bras A1 ⊗ A2 ⊗ A3 with dimensions d1, d2, d3 = d1 = d.
Let furthermore

( |Ω 〉 〈Ω | )A3
= ρA3 =

⎛

⎜

⎝

ρ1 0 · ·
0 ·
· ·
· ρd

⎞

⎟

⎠
(70)

be the reduced density matrix on A3: ρA3 =
TrA1⊗A2 |Ω 〉 〈Ω |. Then there exists a unitary transfor-
mation U in A1 ⊗ A2 such that the amount of entangle-
ment E(Ai,A3) between the subalgebras Ai (i = 1, 2) and
A3 is given by

E(U A1 ⊗ �U †,A3) = S(ρA3), (71)

E(U �⊗A2 U
†,A3) = 0, (72)

where S(ρ) = −Trρ ln ρ denotes the von Neumann en-
tropy of the reduced density matrix ρ→ ρA3 .

This means that the maximal possible entanglement
with A3 can be obtained by a subalgebra in A1⊗A2 of the
same dimension as A3 whereas the rest is not entangled
at all.

Proof. We can write

|Ω 〉123 =
d
∑

i=1

√
ρi |ϕi 〉12 ⊗ |ψi 〉3, (73)

where the vector subindices refer to the subalgebras, and
|ψi 〉3 represents an ONB for A3 and |ϕi 〉12 is belonging
to a basis for A1 ⊗A2.

With |ψi 〉1 a basis for A1 and |ψα 〉2 an arbitrary vec-
tor for A2 we define with help of a unitary transformation

Uα|ψi 〉1 ⊗ |ψα 〉2 = |ϕi 〉12 (74)

and extend it to a unitary in A1 ⊗ A2. This serves the
purpose. q.e.d.

It means, as shown before, we can find a unitary trans-
formation such that the states in A3 are entangled with
the states in A1 in a maximal possible way and separable
(product states) with the states in A2. Lemma 3 is nicely
illustrated by Figure 4 where we can generate entangle-
ment of the traced GHZ state by a unitary transformation
up to a maximal concurrence of C = 1

2 .
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3.5 Werner states

Next we want to study the Werner states [49] as a typical
example of mixed states

ρWerner = α ρ− +
1− α

4
�4

=
1
4

⎛

⎜

⎝

1− α 0 0 0
0 1 + α −2α 0
0 −2α 1 + α 0
0 0 0 1− α

⎞

⎟

⎠
, (75)

or in terms of the Bloch decomposition we have

ρWerner =
1
4

(�⊗ �− ασ ⊗ σ) , (76)

with the parameter values α ∈ [0, 1]. They have the in-
teresting feature that they are separable within a cer-
tain bound of mixedness, α ≤ 1/3, and within a much
larger bound, α ≤ 1/

√
2, they satisfy a Bell inequality (of

CHSH-type) although they contain some amount of en-
tanglement, recall Figure 1 for an illustration. Thus the
interval 1

3 < α ≤ 1√
2

defines the region of local states that
are not separable.

Transforming the state ρWerner according to equa-
tion (26) we obtain

UρWernerU
† =

1
4

(�⊗ �+ α(σz ⊗ �− �⊗ σz)− σz ⊗ σz)

=
1
4

⎛

⎜

⎝

1− α 0 0 0
0 1 + 3α 0 0
0 0 1− α 0
0 0 0 1− α

⎞

⎟

⎠
, (77)

which is separable with respect to the algebra {σi ⊗ σj}
for all values of α ∈ [0, 1] since the EWI (37) gives (recall
the entanglement witness A ρ Werner

opt ≡ Aρ−
opt)

〈

UρWernerU
†|Aρ−

opt

〉

= Tr UρWerner U
†Aρ−

opt

=
1

2
√

3
(1− α) ≥ 0. (78)

This we clearly could expect since the U transformation
of the maximal entangled part ρWerner(α = 1) = ρ− is
already separable.

However, transforming also the entanglement witness
U Aρ−

opt U
†, equation (45), i.e. choosing a different factor-

ization, we then get
〈

UρWernerU
†|UAρ−

opt U
†
〉

=
〈

ρWerner|Aρ−
opt

〉

=
1

2
√

3
(1− 3α) < 0, (79)

for α > 1/3, i.e. the transformed Werner state is entan-
gled again with respect to the other algebra factorization
{σi ⊗ �,� ⊗ σj , σi ⊗ σj}. But as claimed in Theorem 2
the entanglement occurs only beyond a certain bound of
mixedness, here for the Werner state the bound is α > 1/3.

3.6 Gisin states

Whereas Werner [49] demonstrated that a mixed entan-
gled state may satisfy a Bell inequality – thus showing that
a Bell inequality is not a complete measure for entangle-
ment – it was Gisin [50] who showed that some quantum
states initially satisfying a Bell inequality lead to a viola-
tion after certain local selective measurements, i.e. local
filtering operations. In this way the nonlocal character of
the quantum system is revealed (see also Ref. [51] in this
connection). Of course, we can also consider in this case
entanglement and separability with respect to the factor-
ization algebra of the density matrix.

Let us begin by introducing the Gisin states [50], they
are a mixture of the entangled state ρ θ (47), discussed
before in Section 3.3, and the separable states ρ↑↑ and ρ↓↓

ρGisin(λ, θ) = λρ θ +
1
2
(1− λ)(ρ↑↑ + ρ↓↓),

with 0 ≤ λ ≤ 1, (80)

and in Bloch form they can be written as

ρGisin(λ, θ) =
1
4
(

�⊗ �− λ cos(2θ)(σz ⊗ �− �⊗ σz)

− λ sin(2θ)(σx ⊗ σx + σy ⊗ σy) + (1− 2λ)σz ⊗ σz

)

. (81)

Due to a theorem of the Horodeckis [52] about the maxi-
mal violation of a Bell inequality (à la CHSH [53,54]) we
know:

Theorem 5 (maximal violation of a Bell inequal-
ity [52]). Given a general 2 × 2 dimen-
sional density matrix in Bloch form ρ =
1
4 (�⊗ �+ ri σi ⊗ �+ ui �⊗ σi + tij σi ⊗ σj) and the
Bell operator

BCHSH =
1
2
(

a ·σ⊗(b+b′)·σ + a′ ·σ⊗(b−b′)·σ), (82)

then the maximal violation of the Bell inequality
Bmax = maxB Tr ρBCHSH is given by

Bmax =
√

t21 + t22 > 1, (83)

where t21, t22 denote the two larger eigenvalues of the ma-
trices product (tij)T (tij).

Thus there is a violation if and only if the following pa-
rameter condition holds

T (ρ(λ, θ)) = max { (2λ− 1)2 + λ2 sin2(2θ),
2λ2 sin2(2θ)} > 1. (84)

Therefore we do not get any violation of the Bell inequality
B = Tr ρGisin BCHSH ≤ 1 for the parameter range

λ ≤ 1√
2 sin(2θ)

, (85)

assuming λ ≤ 1
2−sin(2θ) .
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Gisin’s filtering procedure: next Gisin proposes
another type of measurement for the quantum states, a lo-
cal filtering operation described by the following matrices

Fleft = Tleft ⊗ � with Tleft =
(√

cot θ 0
0 1

)

Fright = �⊗ Tright with Tright =
(

1 0
0
√

cot θ

)

, (86)

which means that on the left hand side the spin-up compo-
nent is damped and on the right hand side the spin-down
component such that the passing state of the pair becomes
the maximally entangled Bell state ρ−. Thus the filtering
corresponds to the following map

ρ −→ Fleft ρFright

TrFleft ρFright
= ρfiltered

Gisin ,

ρfiltered
Gisin (λ, θ) =

1
N

(

λ sin(2θ)ρ−

+
1
2
(1 − λ)(ρ↑↑ + ρ↓↓)

)

, (87)

with normalizationN = λ sin(2θ)+(1−λ). The separable
states ρ↑↑ + ρ↓↓ pass the filtering with probability cot θ
without being absorbed. In Bloch form we have

ρfiltered
Gisin (λ, θ) =

1
4

(

�⊗�− λ sin(2θ)
1 + λ sin(2θ)

(σx⊗σx+σy⊗σy)

− 1− λ− λ sin(2θ)
1− λ+ λ sin(2θ)

σz ⊗ σz

)

. (88)

Then Horodecki’s Theorem 5 implies that there is a vio-
lation of the Bell inequality for the parameter values

λ >
1

1 + sin(2θ)(
√

2− 1)
. (89)

The local filtering increases the amount of entanglement
such that the Bell inequality is violated, see Figure 5.
We have plotted the concurrence of the Gisin state with
θ = 0.35 (green line) in dependence of the parameter λ
and the concurrence of the filtered Gisin state (lila line) to-
gether with their Bell inequality bounds, the correspond-
ing vertical lines. The violation of the Bell inequality oc-
curs on the right hand side of the vertical line. We see
that for λ ≤ 0.9 the Gisin state satisfies the Bell inequal-
ity (green lines) whereas the filtered state violates the in-
equality already for λ > 0.78 (lila lines).

Thus for Gisin states there are values of the parame-
ters λ and θ such that the state ρGisin(λ, θ) is local (in the
sense of satisfying a Bell inequality) but the correspond-
ing filtered state ρfiltered

Gisin (λ, θ) is not (i.e. violates a Bell
inequality).

The above described procedure is certainly different to
our view of the free choice of factorizing the algebra of a
density matrix. Gisin uses nonunitary but local filtering
operations which increase the nonlocal quantum correla-
tions of a system. In contrast we work with unitary but

Fig. 5. (Color online) The concurrence of the Gisin state with
θ = 0.35 (green line) is plotted in dependence of the parameter
λ and the concurrence of the filtered Gisin state (lila line)
together with their Bell inequality bounds, the corresponding
vertical lines. Violation of the Bell inequality occurs on the
right hand side of the vertical line.

Fig. 6. (Color online) The concurrence is plotted versus the
purity P (ρ) = Tr ρ2 of the quantum states, for the Gisin states
(green dots), the filtered Gisin states (blue dots) and the uni-
tary transformed Gisin states (red dots). The lines connect the
states of the same value of the parameter λ.

nonlocal operations to switch between the different factor-
izations of the Hilbert-Schmidt space where a given state
appears either separable or entangled, depending on our
free choice. The mixedness of the quantum states changes
in Gisin’s filtering procedure, in our operations not.

When we transform the Gisin state ρGisin(λ, θ) with
our unitary transformation Uθ (54)

ρunitary
Gisin (λ) = Uθ ρGisin(λ, θ)U †

θ

= λρ+ +
1
2
(1 − λ)(ρ↑↑ + ρ↓↓), (90)

we achieve a constant amount of entanglement for all θ
values depending only on the parameter λ. We have com-
pared the two procedures by calculation the concurrence
versus the purity P (ρ) = Tr ρ2. The results we have plot-
ted in Figure 6. Whereas Gisin’s filtering procedure (blue
dots) increases the concurrence and decreases the purity
of the origin Gisin states (green dots) such that the Bell
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Fig. 7. (Color online) The Bell violation B together with the
Bell bound B = 1 is plotted versus the concurrence C for the
several types of quantum states. The black curves constitute
the Verstraete-Wolf bounds, on the green line the filtered and
unitarily transformed Gisin states are located. The blue and
lila lines represent the Gisin and Werner states.

inequality is violated, our unitary operations (red dots)
just increase the concurrence keeping the purity fixed lead-
ing to a higher value of the violation of the Bell inequality.
The lines connect the states of the same value of the pa-
rameter λ. For example, for θ = 0.35 and λ = 0.8 the
values of the concurrence are: C = 0.4 for ρGisin, C = 0.62
for the filtered state ρfiltered

Gisin and C = 0.75 for the unitarily
transformed state ρunitary

Gisin .
For a given concurrence the amount of the violation

of the Bell inequality is bounded from above Bupper =√
1 + C2 and below Blower = max(1,

√
2C) for all quan-

tum states due to the Verstraete-Wolf Theorems [55], see
Figure 7. The black curves constitute the Verstraete-Wolf
bounds, on the green line the filtered and unitarily trans-
formed Gisin states are located. For example, for λ = 0.86
and θ = 0.4 the filtered state corresponds to the red dot
and the unitarily transformed one to the green dot. The
blue and lila lines represent the Gisin and Werner states,
the Gisin state for above parameter values is well below
the Bell bound B = 1 located, the Werner state lies above.

However, if we also transform the Bell operator then,
of course, the Bell bound remains invariant for the trans-
formed and untransformed case

B = Tr ρunitary
Gisin Uθ BCHSH U

†
θ = Tr ρGisin BCHSH. (91)

Geometry of the quantum states: it’s illustrative to
demonstrate the geometry of the above described quan-
tum states. The occurrence of the term (σz ⊗ �− �⊗ σz)
in the density matrix of the Gisin states (80) implies a
shrinkage from above of the former tetrahedron of Weyl
states, which becomes parabolic in z-direction, see Fig-
ure 8. The Gisin states constitute a curve which lies on
the surface of the shrunk tetrahedron connecting the bot-
tom with the top. The bound of the Bell operator is given
by the dark-yellow surfaces and the separable states con-
stitute the shrunk double pyramid (shaded in blue). We
see that the Gisin state (80), for example, for θ = 0.35

Fig. 8. (Color online) Shrunk tetrahedron with Gisin state.
Due to the occurrence of the term (σz ⊗ � − � ⊗ σz) in the
density matrix the former tetrahedron of Weyl states shrinks
from above becoming parabolic in z-direction. The Gisin state
ψG (80) with parameter values θ = 0.35 and λ = 0.8 is located
well within the Bell bound (dark-yellow surface).

and λ = 0.8 is, although entangled, well within the Bell
bound, the region of local states.

On the other hand, all unitarily transformed (90) and
filtered (87) Gisin states lie on a line – the Gisin line (in
red) – between the maximal entangled Bell state ρ− on
the bottom and the separable mixture ρ↑↑ + ρ↓↓ on top of
the double pyramid, see Figure 9. We see that both kind of
states for the parameter value λ = 0.8 , lie outside the Bell
bound, i.e. they violate the Bell inequality. The filtered
state (87) violates the Bell inequality less, is nearer to
the tracial state at origin, since the filtering increases its
mixedness, whereas the unitarily transformed state (90)
keeps the mixedness constant and therefore violates the
Bell inequality more.

The Gisin line composed of the maximal entangled
state ρ− and the orthogonal separable state ρ↑↑ + ρ↓↓, see
Figure 9, is a nice example for Lemma 1, where the bound
β > 1

2 for entanglement is indeed optimal and corresponds
to the red line part in the yellow region.

4 Factorization in physical examples

4.1 Quantum teleportation

Quantum teleportation [11] and its experimental verifica-
tion [12,13] became in the recent years a popular subject
in quantum information. It is an amazing quantum fea-
ture which lives from the fact that several qubits can be
entangled in different ways. Usually three qubits are con-
sidered together with the associated Bell states. We don’t
want to repeat here the usual treatment but wish to ex-
plore the essential features of maximally entangled states,
which lead to quantum teleportation.
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Fig. 9. (Color online) Tetrahedron of physical states. The
Gisin line (in red) reaches from the maximal entangled Bell
state ρ− on the bottom to the top separable state of double
pyramid, represented by the mixture ρ↑↑ + ρ↓↓. The filtered
FψGF

† and the unitarily transformed UψGU
† Gisin states are

plotted for λ = 0.8 and lie outside the Bell bound (dark-yellow
surface).

We study the tensor product of three matrix algebras
A1 ⊗ A2 ⊗ A3 of equal dimensions, A1,A2 belonging to
Alice and A3 to Bob. The situation is that Alice gets on
her first line A1 an incoming message given by a vector |φ〉
which she wants to transfer to Bob without direct contact
between the algebras A1 and A3, though she knows what
the corresponding vectors are. To achieve this goal she
uses the fact that the three algebras can be entangled in
different ways. Alice also knows that her second line A2

is entangled with Bob via an EPR source, such that the
total state restricted to A2 ⊗A3 is maximally entangled.
A maximally entangled state |ψ〉23 ∈ A2 ⊗A3 defines an
isometry I23 (a bijective map that preserves the distances)
between the vectors of one factor to the other.

The possibility to transfer the incoming state of A1 at
Alice into a state of A3 at Bob uses the fact that an isom-
etry I13 between this two algebras was taken for granted.
Now Alice chooses an isometry I12, which correspond to
choosing a maximally entangled state |ψ〉12 ∈ A1 ⊗ A2,
such that the following isometry relation holds

I12 · I23 = I13. (92)

Expressed in an ONB {ϕi} of one factor the state vector
can be written as

|ψ 〉12 =
1√
d

d
∑

i=1

|ϕi 〉1 ⊗ | I12 ϕi 〉2. (93)

A measurement by Alice in A1 ⊗ A2 with the outcome
of this entangled state produces the desired state vector

in A3. The outcome of other maximally entangled states,
orthogonal to the first one, corresponds to a unitary trans-
formation U12 in A1 ⊗A2, which produces a unique uni-
tary transformation U3 in A3 that Bob can perform to
obtain the desired state. Thus Alice just has to tell Bob
her measurement outcome via some classical channel. The
measurements of Alice produce the following results for
Bob:

( |ψ〉 〈ψ| )
12
⊗ �3|φ〉1 ⊗ |ψ〉23 =

1
d2
|ψ〉12 ⊗ |φ〉3,

(94)

U12

( |ψ〉 〈ψ| )
12
U †

12 ⊗ �3|φ〉1 ⊗ |ψ〉23 =
1
d2
U12|ψ〉12

⊗ U3|φ〉3, (95)

where the state vectors can be expressed in an ONB for a
fixed isometry, e.g. for I12 = �, by

|ψ 〉23 =
1√
d

d
∑

i=1

|ϕi 〉2 ⊗ |ϕi 〉3, (96)

|φ 〉1 or 3 =
d
∑

i=1

αi |ϕi 〉1 or 3. (97)

Summarizing, if Alice measures the same entanglement
between A1 and A2 as there was between A2 and A3,
which was given by the EPR source, she knows that her
measurement left Bob’s A3 in Alice’s incoming state |φ〉3.
If Alice finds, on the other hand, a different Bell state,
which is given by U12|ψ〉12 since all other Bell states are
connected by unitary transformations, then Bob will have
the state vector U3|φ〉3, where the unitary transformation
U3 is determined by U12.

Note, our view of interpreting the maximal entangled
states as isometries between the vectors of one algebra
to the other has the merit of being quite general. It is
independent of the special choice of coordinates or vectors
and it works in any dimension. Loosely speaking, quantum
teleportation relies on the fact that we may cut a cake in
different ways (factors).

4.2 Entanglement swapping

Closely related to the teleportation of single quantum
states is another striking quantum phenomenon called en-
tanglement swapping [56], it is the teleportation of en-
tanglement. Experimentally entanglement swapping has
been demonstrated in reference [57] and is nowadays a
standard tool in quantum information processing [9]. It
illustrates the different slicing of a 4-fold tensor product
into (1, 2)⊗(3, 4) or (1, 4)⊗(2, 3), where e.g. (1, 2) denotes
entanglement between the subsystems A1 and A2.

The same way of reasoning as in Section 4.1 can be
applied to entanglement swapping, i.e. we consider a max-
imally entangled state as an isometry between the vectors
of one factor to the other. In case of entanglement swap-
ping the starting point are two maximally entangled pure
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states combined in a tensor product |ψ 〉12 ⊗ |ψ 〉34. Ex-
pressed in an ONB of one factor the entangled states are
given by equation (93). They describe usually two pairs
of EPR photons. These propagate into different directions
and at the interaction point of two of them, say photon
2 and 3, a so-called Bell state measurement is performed,
i.e. a measurement with respect to an orthogonal set of
maximally entangled states. In the familiar case they are
given by the Bell states |ψ± 〉23 , |φ± 〉23. But our results
are more general, the four factors just have to be of the
same dimension d which is arbitrary.

In complete analogy to the case of teleportation, dis-
cussed before, the effect of the projection corresponding
to the measurement on the state is

( |ψ〉 〈ψ| )
23
⊗ �14|ψ〉12 ⊗ |ψ〉34 =

1
d2
|ψ〉23 ⊗ |ψ〉14, (98)

where |ψ〉14 is a maximally entangled state corresponding
to the isometry I14 which satisfies the relation

I14 = I12 · I23 · I34. (99)

The other isometries I12, I23, I34 correspond to the other
maximally entangled states.

Thus after the Bell state measurement of photon 2
and 3 into a definite entangled state the photons 1 and
4 become instantaneously entangled into the same state,
remarkably, the two photons originate from different non-
interacting sources.

This effect of entanglement swapping can also be in-
terpreted as teleportation of an unknown state of photon
2 onto photon 4. Thus the teleported photon has no well
defined polarization. The reason is that a unitary transfor-
mation of the Bell state measurement expressed by U2 ·I23
creates a unitary transformation U1|ψ〉14 on the remaining
state with the same unitary matrix.

5 Discussion and conclusion

First of all, we want to emphasize that the different fac-
torization algebras of a density matrix, corresponding to
a quantum state, are not at all unique. They can, how-
ever, be chosen in order to illustrate in a natural way the
physical interpretation. Clearly, for an experimentalist the
factorization normally considered is fixed by the set-up,
however, for an absent-minded theorist an arbitrary fac-
torization of the algebra seems to be natural to play with
and leads to different results of entanglement. We have
investigated how different these results can be. For pure
states the situation is quite clear, we can always switch be-
tween separability and maximal entanglement. However,
for mixed states a minimal mixedness is required because
the tracial state and a sufficiently small neighborhood is
separable for any factorization.

We should point out that the question how to factor-
ize a given algebra appears in many considerations re-
lated to concrete physical situations. Let us mention some
examples.

Think of the Hanbury Brown Twiss effect [58], where
photons are produced so far apart that most certainly
they are not entangled. Nevertheless, they are able to
produce non-local correlations in joint measurement ex-
periments. Taking into account that every mixed state
can be considered to be pure on a large algebra non-
local correlations correspond to entanglement for appro-
priate subalgebras that, e.g., reflect Bose or Fermi statis-
tics, bunching or antibunching effects in the corresponding
experiments [59,60].

In particle physics, as another example, the neutral
K-mesons can be considered as kaonic qubits [61]. They
can also be analyzed with respect to entanglement, where
the subalgebras are determined by the fact that we con-
centrate either on the production of the kaons, i.e. on the
strangeness states K0K̄0, or on their decays, i.e. on their
short- and long-lived states KSKL.

Especially in relativistic quantum field theory it is im-
portant to be precise, what are the chosen subalgebras if
one talks about entanglement. Local subalgebras (i.e. dou-
ble cones) are always entangled due to the Reeh-Schlieder
Theorem [62,63]. It implies that the vacuum state is not
positive under partial transposition and cannot be separa-
ble [64]. However, the local algebras are so large that corre-
lations corresponding to the entanglement may be hidden
for the observer and therefore cannot be used as source for
observable effects. We have to choose smaller algebras cor-
responding to some modes. But here we have to be careful
that these subalgebras can be controlled by the experi-
mentalist. In particular, acceleration of the observer can
change the amount of observable entanglement [65–69].
On the other hand, it can be important to restrict to sep-
arable states that are not influenced by the environment.
Here we are concerned with the problem, how far it is
possible to find localized algebras with vanishing entan-
glement [70,71].

Another example is provided by particles in a constant
magnetic field reduced to two dimensions. It relates to the
Quantum Hall Effect [72], where it is essential to com-
bine gauge independence and Fermi statistics, that always
asks for a kind of entanglement. Here the groundstate and
eigenstates of the Hamiltonian are known but gauge de-
pendent. Subalgebras should be constructed in a way that
they are gauge invariant so that the notion of entangle-
ment remains physically meaningful [73].

As a last problem, that appears quite naturally, we
want to mention a generalization of Theorem 3. Let us
consider a state with some uncertainty, that means we do
not vary over all unitary transformations of the state but
just over a subclass that, e.g., reflects the coupling to an
environment. What can we say about the possible purity,
and even more, about the possible entanglement under
this restriction?

In this article we analyzed our results in detail for
qubits, the familiar case of Alice & Bob in quantum infor-
mation, and demonstrated explicitly how we can switch
between separability and entanglement. We discussed our
general statements in particular for the GHZ states, the
Werner states and the Gisin states by showing concretely
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the effect of the unitary switch, which in the later case
differs from experimental local filtering operations.

From the many phenomena, where this unitary switch
between separability and entanglement is crucial, we just
picked out two of them, namely quantum teleportation
and entanglement swapping. We pointed out that the ex-
perimental result is based on entanglement of different
factorizations. Therefore, speaking of entanglement with-
out specifying the factorization of the total algebra corre-
sponding to the quantum state does not make sense. In our
argumentation we concentrated on the fact that entangle-
ment of pure states defines a natural isometry between the
partners and therefore can easily be extended to several
partners without any restrictions to dimensions.

Finally, our goal has been to find the right frame of
mind to digest the richness of the familiar physical results.

One of the authors (W.T.) is grateful to Peter Zoller for the
inspiring Lecture [74] which made him realize that the entan-
glement of a state without further ado does not make sense.
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