Tutorials for the course “Einfiihrung in die Relativititstheorie”

We will write x for (x', x%, x%).

[Reminder: The Galilean transformations read

r =t (1)
X = R(x—vt)+c; 2)
where v is the velocity vector, R an orthogonal Matrix, and c is a translation vector. (In
components: ¢’ = t, x'’ = R /.(xj — Vi) +cl]

1. (a) Show by a direct calculation that Newton’s law,
X(1) =0, 3)

is invariant under Galilean transformations.

(b)  Show that the Galilean transformations form a group.

2. The harmonic oscillator equation,
mi(t) = —kx(¢) (k>0), “4)

describes the motion of an object of mass m attached to a spring.

Is this equation Galilei-invariant? If not, how come? After all, (4) is the second New-
ton’s law (ma = F'), and therefore should be invariant under Galileo transformations?

Write down a system of equations for two objects connected by a spring satisfying
Hook’s law. Is this system invariant under Galileo transformations?

3. Recall that, in dimension three, a vector field X is a triplet of functions X = (X', X2, X?).
Show that for any vector field X we have

V X (V x X) = grad(divX) - AX ,

where grad is the gradient of a function: gradf := (0, f, 0.f, 05 f); div is the diver-
gence of a vector field divX := 9, X' + 0,X* + 0;X°; and A := 87 + 0 + 95 is the
Laplace operator. Here 0; := % Finally V x X is the curl of a vector field X:
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where the €;’s are the canonical basis vectors.
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Tutorials for the course “Einfiihrung in die Relativititstheorie”

4. A matrix A = (A’ ;) 1s called orthogonal if for all vectors z = (z') we have
DA =@y
(the summation convention is used on the j-index). Show that the following state-

ments are equivalent:

(a) Ais orthogonal,
(b) ATA =1, where A" is the transpose of A, and / is the identity matrix,

() X;A";A"% = 6, where 6 vanishes for j distinct from k, and equals one other-

wise,

(d AAT =1,

(e) ;AJ;A% = 6% where 6/% vanishes for j distinct from k, and equals one other-
wise.

5. [Remark: Difficult; this is for self-study, and is unlikely to be discussed in class] Die
Schrodinger-Gleichung lautet

Mo = -1 |(2m)AY .

Als nichtrelativistische Gleichung miisste die Schrodinger-Gleichung Galilei-invariant
sein. Zeige, dass dies tatsdchlich der Fall ist, aber nur wenn man voraussetzt, dass
Y(t, x) nicht wie ein Skalar transformiert, sondern gemaf

wl(lj, xl) — e—imvx/h+imv2t/(2h)w(t’ )C) ,

wobei wir hier der Einfachheit halber nur eine Raumdimension betrachten. (Also:
t" =t,x' = x—vt, wo x und v eindimensional sind.) Hinweis: Man zeigt dann, dass

(ind, + 12 /(2m)32) w(t, x) = (ihd, + B>/ 2m)3Z) (™" Dy (¢ (1, x), ¥ (£, x))) = 0,

wenn ¢’ (', x") die “gestrichene” Schrodinger-Gleichung erfiillt. Was wird geschehen
wenn man noch dazu eine Translation addiert?

6. [Summation convention] For each of the following, either write out the equation
with the summation signs included explicitly or explain why the equation is ambi-
guous or does not make sense. Provide a possible correct version, or versions, of the
wrong or incoherent equations. (Recall that 67 = 1 if a = b and is zero otherwise.)

() X* = LY M*X.  (v) X* = L X" + M*X"
(i) X* = LM<, X4 (vi) X = L° X* + M°.X*
(iii) 69 = 595, (vii) X = L° X + M".X*
(iv) 64 = 645¢ (vii) X* = L°X¢ + ¥, M“X°
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(ix) Given two matrices A = (A¥,), B = (B*,), verify that the product matrix
A-B=((A-B)))

has entries
(A- B)Mv =A".B7,.

Instead of writing (A*,) for the matrix A, one often simply writes A¥,.

(x) Verify that A, x, corresponds to the matrix operation A'x, where AT denotes the
transpose of A.

Hence, if one considers 1 = (17,,) to be a matrix, then n,, corresponds to the transpose
of n.

(xi) What matrix operations are associated with A*,n,, A*,n,,,, A¥,B" and A*, B™"?

Let V = R*, = (1, 0 ), where @ " denotes the transpose of a vector d. Let h*” be of
the form B
w00
0 1

where 1 is the 3 X 3 identity matrix. Moreover, let

1 0T
AR = .

Show that
(a)
ARAY P = B, (5)
(b)
At =1,

Explain how the matrix A*” describes Galilean boosts, and why (5) corresponds to
the limit ¢ — oo in the equation defining Lorentz boosts.

Write the Lorentz transformation

lj
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where

as 2 X 2-matrix L(v):
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10.

(2)est)

Verify that L(v) satisfies the defining relation for Lorentz matrices. Show that

Vi + V)
L(v1) L(v) = L(11+ _)
Compute the relativistic addition of n equal velocities. How many times does one
need to add ¢/2 to end up with a velocity of 0.99¢ and 0.999c¢, respectively?
[Hint: Show that (1,¢)" is an eigenvector of L. What is the associated eigenvalue?)

Let u#, v¥ be two vectors of the Minkowski space satisfying v* u, = V' v, = —1 and
u" v, < 0. We remind the convention u, = n,,u”, and v, = n,,v". Consider the linear

mapping:
=6 = 20" uy, + (1= uve) ™ (" + V) (1, +vy). (6)

Prove that:

@ Lu" =,
(b) L L =1,

[Hint: calculations are simpler if you introduce w" := u* + v, ¢ := 1 — u®v,, rewrite
L¥, in terms of those, calculate wu,, w"v,,, deduce w'w,, and continue from there.]

What is the interpretation of L*,? [Hint: Show that each map (25) is an identity on
the space orthogonal to Span{u, v}.]

Do the matrices (25) form a group?

[Reminder: Given two vectors X = (X%) and Y = (Y#), their scalar product is calcu-
lated as

nX,Y) =, X7 = -XY' + X'Y' + X*Y? + X°7°.
A vector X # 0 is called timelike if n(X, X) < 0, spacelike if n(X, X) > 0, null or
lightlike if n(X, X) = 0. ]

Let {eg, €1, €5, €3} be a (pseudo)-orhonormal basis of Minkowski spacetime. Consider
the vectors:

1 0 0
Vo = -1/2 b = 0 by = 0
0o |’ 1|’ 2
0 1 1

Which of these vectors is space/time/lightlike? Find a fourth vector v, othogonal to
these three vectors. Is v3 space/time/lightlike?
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11.

12.

13.

14.

15.

16.

A clock C is at rest at the spatial origin of an inertial frame S. A second clock C’
is at rest at the spatial origin of an inertial frame S’ moving with constant speed v
relative to §. The clocks read ¢ = ¥ = 0 when the two spatial origins coincide. When
C’ reads 1) it receives a radio signal from C sent out when C reads ;. Draw a space-
time diagram describing this process. Determine the space-time coordinates (ct;, X;)
in S of the point (event) at which C’ receives the radio signal. Hence show that

f oy 1-v/c
TR\ v/

Is there a relationship with the Doppler effect?

Find four linearly independent: (a) spacelike vectors, (b) timelike vectors, and (c)
null vectors.

Let v and w be two timelike and linearly independent vectors. Prove that the line
{v + Aw| A € R} intersects the light cone at the origin in exactly two points.

[For self-study, unlikely to be covered in class.] Prove explicitly that the property of
the Lorentz transformations
L'yL =7

forms a system of ten independant equations in the coefficients of L (from which it
should follow that the group of Lorentz transformation is a 6-parameter group?).

We say that a vector & is null, or lightlike, if n(k, k) = O but & # 0.

Let k be null. Show that the space k* of vectors orthogonal to k does not contain any
timelike vectors, and that all null vectors in k* are multiples of k.

The coordinates (ct, x,y, z) and (ct’, x’,y’, Z") in two inertial frames S and S’ respec-
tively are related by

~

(cosh )t — (sinh )¢~ x
" = —(sinhA)ct+ (coshA)x
y

= Z,

-~
I

N =
Il

for a real number A.

(a)  Show that this defines a Lorentz transformation. If the origin in S’ has speed V
in S, what is V in terms of A4?

(b) A particle has 3-velocity (a, b,0) as measured in S and (a’, b’,0) as measured
in S’. Find the relation between these 3-velocities in terms of A.
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17.

18.

19.

20.

(c) Alightray yin S lies in the plane z = 0 and makes an angle @ with the positive
x-axis. Show that y lies in 7 = 0 in S’. Show that, if ¥ makes an angle o’ with
the positive x’-axis then tan(a’)/ tan(@) is a function of V and cos @, which
should be found.

Let p be the explosion of the Supernova 1987A, and consider the following events:

e g, = birth of Albert Einstein in Ulm

e ¢, = death of Jacques Albrespic in Tours

e g3 = death of Richard Feynman in Los Angeles
e g4 = birth of Lucy (Australopithecus afarensis)

Can p have caused ¢;? or the other way round?

[Hint: dates can be found on Wikipedia.]

A beam of neutrinos is sent from CERN to the Gran Sasso National Laboratory
for detection. The neutrinos travel with superluminal velocity w > ¢ measured at
the rest frame of the Earth’s crust, which we assume to be inertial. Another inertial
observer travels in the same direction with subluminal velocity v < ¢. Assuming that
the speed of light is ¢ for all inertial observers, how fast does the moving observer
have to travel in order to observe the detection in Gran Sasso happening before the
beam is produced in CERN, i.e. to observe the neutrinos propagating backwards
from Italy to Switzerland? Derive the general formula. What speed do you obtain if
w = (1 +2x 107%)c? How does this value of w relate to the speed v of protons in the
SPS and LHC in Geneva?

Consider two particles moving in an inertial frame in perpendicular directions with
the same velocity v. Evaluate the relative velocity between these particles, both in
Newtonian physics and in special relativity.

The cousins Yksi und Kaksi, two Emperor Pinguins, hatched at the exact same mo-
ment. While Yksi lived peacefuly in Antarctica, Kaksi was captured and taken to a
zoo in Signapore. After 30 years Kaksi was allowed to retire from his zoo and return
to Antractica. To his surprise, he discovered that Yksi was older than he was. By
how much? You can ignore the travel time to Singapore and back. Should you take
the motion of the Earth around the Sun into account?

[Reminder: Recall that the proper-time parameterisation of a worldline 7 +— x*(1)
is defined by the condition

T](.x, .X') =-1 >
where x = dx/dt = (dx*/dr). The four-acceleration is then defined as a = (a") :=

d*x"
(W) g
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21.

22.

23.

[Time dilation] Let X be an inertial observer with four-velocity u, and let X’ be
an inertial observer with four-velocity w. Calculate the intersection of the surface of
simultaneity # = const of X’ with the time-axis of X; call the corresponding time
coordinate ¢. Show that t = y~!¢'.

Calculate, next, the intersection of the surface of simultaneity t = const of X with
the time-axis of X’; call the corresponding time coordinate #'. Show that ' = y~'z.

Conclude that every observer “sees” the time of the other as flowing slower than his
(since y! < 1).

(a) Relative to an observer X (with coordinates {z, X}) the worldline of a particle is
described by
V54

1+ A%sinA
A%cos A
0

-1, 3 X)) =

Compute the three-velocity /() of the particle. What is its four-velocity. (Why
has the assumption A € (-1, 1) been imposed rather than e.g. 1 € R?)

(b) A particle moves on a circular path with radius r; let w be its angular frequency.
(Some care is needed here. Why?) Determine the worldline of the particle.
Parameterize the worldline by the proper time. Compute the four-velocity as
well as the four-acceleration of the particle.

[Reminder: The wave vector k of a photon]

The wave vector k of a photon is defined as k* = (w,l?), where w = |l?| # 0 is
the frequency of the photon, and k its direction of propagation. Given an inertial
observer O moving with four-velocity u, the frequency seen by O equals —n(u, k).

[Doppler effect I]

(a) Consider an inertial frame attached to Earth. Check that the worldline

(¢(7), x(1)) = (¢7" sinh(gr), g™ (cosh(gr) - 1)) ,

describes a spaceship with constant acceleration g passing through the origin
at 7 = 0 with zero initial velocity, where 7 is the proper time of the spaceship.
What is the asymptotic behaviour of the proper time 7 — oo as a function of
the time coordinate #(7) of the spaceship?

(b)  Express the four velocity of the spaceship in the inertial frame of Earth. Deduce
the four velocity of the Earth in an instantaneous inertial frame attached to the
spacecraft.
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24.

25.

26.

(c)  Consider a photon emitted from Earth towards the spaceship. Express the wave
vector of the photon both in the instantaneous inertial frame of the spaceship
and in the inertial frame of the earth. Deduce that the frequencies of the photon
such as measured on the spaceship wg and on Earth wg are related by

1 +v(7)
1 -v(r)’

WE = Wg

where v(7) is the velocity of the spacecraft in the earth frame.

(d)  When, in Earth’s time, and the astronaut’s time, will the astronaut start seeing
the blue oceans of the Earth (1, = 450 nm) as red (4, = 700 nm) if a equals the
earth acceleration? How far will then the spaceship be?

()  Same question with g = 5g (high-gg rollercoaster)? g = 9g (military pilot
training)? g = 100ng (brief exposure in a crash)?

[Doppler effect II] Let X be an observer and Y a source of photons. Let a be the
angle between the direction of motion of the observer X and the photons (as observed
from Y, the source of the photons.) Prove that there exists a unique angle a,,p of the
relative velocity vyy of X and Y, so the Doppler effect disappears (that is to say that
wyx = wy). Prove finally that, for small velocities, the following relation is true:

T
QnoD = 5~ % + O(viy) .

[Doppler effect IIT] A rigid ring of radius R = 1 m spins with constant angular fre-
quency w = 2.1 - 108 Hz around its axis of symmetry. Every infinitesimal element of
the ring emits electromagnetic radiation of wavelength 450 nm (i.e. monochromatic
blue light) as measured in the comoving frame of that element. What is the color of
the ring perceived by (a) an observer at the center of symmetry the ring, stationary
with respect to that center, (b) by an observer situated somewhere on the ring, mo-
ving together with the ring? [Hint: calculate the emitted and observed frequencies
in the rest frame of the center of the ring.]

[Alice through the moving mirror—Doppler effect IV] A plane mirror moves
in the direction of its normal with uniform velocity v, towards Alice, in Alice’s rest
frame S, and facing her (so in Alice’s rest frame the three-velocity of the mirror is
(=v,0,0)" with v > 0). A ray of light of frequency w;, which we will call ingoing,
strikes the mirror at an angle of incidence 6, and is reflected with frequency w, at an
angle of reflection ¢. The purpose is to prove that

0 .
tany  c+v w; sinf ccos@+v c+vcosé

= (7)

c—-v’ w; sing ccosp—-v c—-vcosy

¢
2

tan

Because of the geometry of the problem, we can assume that we are in three-dimensional

Minkowski space-time.
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(a) Assuming that the wave vector of the incoming light ray with respect to the
frame S is
ki = wi(1,cos6,sin6)",

find the wave vector k| in the frame of the mirror. Using the standard law of
reflection in the mirror’s frame, deduce the wave vector k), of the outgoing light
ray in the frame S’. Find the outgoing light ray in the frame S, say k,, by
transforming back &’ into the frame §'.

(b)  Introducing ¢ by k» = w, (1, — cos ¢, sin )", deduce that

w, sinf 2v +1v>cosf +cosfh . sin 6

, sing = )
¥ v2(1 4+ v2 + 2vcos 6)

w; sing 1 +1v2+2vcosf

(¢)  Use the identity

@ sin ¢
tan= = ——— |
2 l+cosg

to derive the first equation in (7).

27. [Fizeau experiment] Consider the Fizeau experiment as presented in the lecture.
Use both the non-relativistic and the relativistic laws of addition of velocities, derive
the respective formulae for the difference of time of arrival of the photons at the
interference point. Determine the associated phase shift.

28.  Consider the two worldlines

1 T 3 T
xx(t) = (t, ) sint, 0, O) ,  xy(®) = (t, 7 arctant, O, O) , (8)

given in some inertial coordinate system {z, X}.

(a) Compute the relative velocity || = |[Vxy| between the particles at time ¢ = 0.
(b)  Using the formula for the relative y factor show that

_ A 13+2(1 + %) cost]
781 +)+3cost

IVl

©)

Can this be interpreted as a relative velocity of the observers for ¢ # 0? Are
there ambiguities here? For instance, for r ~ 1.90172, the formula yields [V| = 0
which suggests that we can conclude that the particles X and Y represented
by the worldlines are at rest with respect to each other at that time. Is this
unambiguous?

29.  Derive the conditions on the constant vectors EO, §0 and k* so that the fields
E = E)oeik“xﬂ and E = B)()eik”xu

satisfy the source-free Maxwell equations.
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30.

31.

32.

33.

34.

35.

An astronomer observes four stars S, ...54 and makes a note of their angular di-
stances 6;; between S; und S ; for all i, j. Show that the quantity

(1 —cosBy2)(1 —cosbsy)
(1 —cos83)(1 — cosbyy)

is independent of the state of motion of the astronomer.

(a)  Show that a photon cannot spontaneously disintegrate into an electron-positron

pair.

(b)  Recall that the Zero Momentum (ZM) frame is defined as the inertial frame in

which the space-momentum vector of the system vanishes. Find the velocity of
the ZM frame of two photons of frequencies v, and v, that travel in the positive
and negative x-directions respectively.

Recall, from the lectures, the special relativistic formula for the aberration of light:

_ _ (I +wv)(cos(®) - 1)
cos(d)— 1= = veos®) , (10

where 6 is the angle, in the frame of O, between the velocity of the moving observer
O and the direction of the photon. Show that

- cos(6) — v

cos(6) TGOS@) , (11)
0 1+v 6

tan (5) = T _vtan (5) (12)

Which sign is correct? At what velocity will a moving observer 19} looking at an
angle /4 away from his direction of motion see an object which lies behind him at
an angle 37/4 in the frame of O.

Radiation energy from the Sun is received on Earth on the equator at the rate of 1.94
calories per minute per square centimeter. Assuming the distance of the Sun to be
150 000 000 km, find the total mass lost by the Sun per second, and the force exerted
by solar radiation on a black disk of the same diameter as the Earth (use 12 800 km),
at the location of the Earth.

How fast must a particle move before its kinetic energy, defined as the difference
between the total energy and the rest energy, equals the rest energy?

Consider the photoproduction of pions 7°
y+p—-n+p,

with the target proton p at rest. What is the minimal energy of the photon vy for this
process to take place? (Assume that the mass of the proton is 0.94 GeV, and the
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36.

37.

38.

mass of the pion 140 MeV.) Compare the resulting frequency to that of hard X rays
(1x = 1072 nm). What will the result be if the target proton is moving in the same
direction as the photon?

[Energy efficiency of the production of particles] We consider the production
of pions by collision of protons in a particle accelerator. The effective energy E,
of the production of particles is the sum of the energies of the particles };;m; (up
to a ¢*>-factor in International Units) produced by the collision. The minimal kinetic
energy, in the rest frame of the accelerator, necessary to produce the new particles
from the collision of the original particles is denoted by E;,. The coefficient of energy
efficiency of the particle generation is defined as k = E,/Ei,. Compute « for

p+p—op+p+a°,
where p is a proton and #° is a pion when

(a) one proton is at rest in the rest frame of the accelerator;

(b)  both protons are colliding with opposite velocities as measured in the rest frame
of the accelerator.

Does « depend on the frame in which it is computed?

The energy-density p and the Poynting vector p for the Maxwell field are defined as
1

ExB.
Ar

p= Siﬂ (B +BY). p=

Calculate (p, p) for a plane wave:
E = cos(wt—l?)?)é‘, B=uw" cos(wt—l?i’)l?x é,
with constant vectors & and k # 0, such that & L k, and with w = |I?|.

[Changes of coordinates] Let x" =, x' = x, x> = y, x* = z be inertial coordinates
on flat space-time, so the Minkowski metric has components

-1 0 0O
0 100
(gah) - 0 O 1 0
0 0 01

Let X be the vector field which in the above coordinate system equals (1, 1,0,0)T,
and let @ be a one-form which in the above coordinate system equals (1, 1,0, 0).

Find the metric coefficients g,,, and the components of X and a, in each of the
following coordinate systems.

(a) XO:t—Z, 5‘31:’: X.Zze, XSZZ’
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39.

40.

b) F=1 =9 ¥=y P=z
:r,

c) =t & P2=6, ¥ =9,

where, in the first case, (r,6) are plane polar coordinates in the (x,y) plane: x =
rcosf, y = rsin@; in the second, (7, ¢) are ‘Rindler coordinates’, defined by ¢ =
7cosh¢, x = 7sinh¢; and, in the third, (7, 8, ¢) are spherical polar coordinates. In
each case, state which region of Minkowski space the coordinate system covers.
[Hint: A quick method for the metric is to write it as ds*> = —df* + dx* + dy? + dz?
and substitute, for example,

dx = d(rcosf) = cos@dr — rsin6dé,

and so on. Here we have used the definition df = 0,fdx* of the differential df of a
function f. Of course you should convince yourself that this is legitimate.)

[Raising and lowering of indices] Let g,, be a symmetric tensor field with non-
zero determinant, and let g*# denote a tensor field such that g% gg, = 6y, where 67
equals 1 if both indices are equal, and zero otherwise. (When thinking in terms of
matrices, then the matrix (g*?) is inverse to the matrix (g,s).) Define

B, = gupA’, C":=g"B,. (13)
Show that
C"=A". (14)

The first operation in (13) is called “lowering an index with the metric”; the second
“raising an index with the metric”. What does (14) say about these operations?

From now on we shall simply write
Ay = gpA’, B :=g"B, .

Show that
A,B* = A“B, .

The alternating tensor €,s,s in four space-time dimensions is defined by the require-
ment that it changes sign under the permutation of any two indices (such tensors are
called totally antisymmetric), and

€3 =1.

Does this indeed define €,4,5 uniquely? [Hint: What is the value of €,5,s when some
indices coincide?]

Define € by raising the indices using some symmetric two-contravariant tensor
7", with inverse tensor 7,,, possibly, but not necessarily, equal to the Minkowski
metric:

afyd _ au Bv. yp. 00
€ =n 7767777 epvpo--
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41.

42.

Show that €7 is totally antisymmetic. Explain why
€912 = ot .

[Hint: how would the corresponding equation look like in two-dimensions? and in
three? If in doubt, look up the definition of the determinant on e.g. Wikipedia.] Simi-
larly show that

A AP G N N s€0pys = det Aéapys -

How can this be generalised to other dimensions? or to the Euclidean metric? How
many totally antisymmetric tensors with five indices are there in dimension n, 1 <
n<7?

[A word of caution: we will see in the remainder of this course that € is not quite a
tensor, but a tensor density. It is, however, consistent to consider it as a tensor when
considering only orthochronous orientation preserving Lorentz transformations. )

Let a bracket over indices denote complete antisymmetrisation, and a parenthesis
over indices denote complete symmetrisation: for example,

1 1 1
A[yv] = E(A;w - Avy) 5 A(yv) = E(Ayv + Av,u) s 6',[1(162;] = 5(6252 - 6/};63) s

1
A[wp] = E(Auvp + AVP/J + Ap/Jv - Avup - Aupv - Apvy) >

and similarly for four or more indices (with combinatorial prefactors 1/n!). Show
that

@ Aw) = Ao A = —Apps
(b) Ayv = A[yv] + A(yv)’

(c) if Cap is symmetric, i.e. Cop = Cgy, and if D* is antisymmetric, i.e. D% =
—DP* then C,zD* = 0,
(d) AWIB,, = AWB,, = AWIB,,
(e) A(’“')BW = A" B, = A('“V)B(W),
® Awp]Bﬂvp = A" Biyyp),
eyl _ ca v _ slacyl
(©) O 0p = 6[/16p] - 5[#5/3]’
le Byl _ sa By _ sladB syl
(h)  oiau6) = 07,887 = 606,67,
(1) eaﬁy‘seaﬁw = —662,

: 5 _ )
() €Pr Eaprp = —46[V(5p].

Assuming the tensorial transformation law of F*” (this means that, under Lorentz
transformations x* — A, x", we have F* — A, A”gF @) | derive the explicit for-
mulae for the transformation laws of the electric and magnetic fields under a boost
along the first coordinate axis.
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43.

44.

45.

46.

47.

LetE-B = 0, and suppose that IE | # |§|2. Show that there exists a Lorentz frame in
which either E or B vanishes. [Hint: apply a boost with V proportional to E X B.]

Let #F,5 1= 1€,5,5F"°. Show that the contraction F,sF is invariant (more precisely,
behaves as a scalar) under Lorentz transformations, while F®(«F ) either remains
invariant, or changes sign. Express those contractions in terms of E and B.

[For self-study, unlikely to be covered in class.]

(a)  Assuming that A% is a Lorentz matrix, show that the matrix A%, := NP AH U

is inverse to A“%.

(b)  Recall that we required that F*” transforms as a two-contravariant tensor under

Lorentz transformations: if X* = “ﬁxﬁ + a%, then
F(%) = A" A sFP(x)
and that F,, has been defined as

Fyv = nuanvﬂFaﬁ .

Use (a) to show that F,z transforms as
Fip(®) = (AT (AT Fop(x)
(this is called the transformation law of a two-covariant tensor).

Define a x-operation on anti-symmetric tensors as

1 1
*Fa = EEQ,BY(SF)/(S s *Faﬁ = 5601575F76 ,

where
5 . 5
Gaﬁy = naunﬁveﬂw .

(a)  Show that

O(FF) =0 &  0,Fp, +0pF 0 +0,Fg=0 & 0Fp,=0.

(b)  Show that the double star of an anti-symmetric tensor is the negative of this

tensor.

(c)  Show that if F,, and G, are anti-symmetric, then *F**G,3 = F® %G 5. Con-

clude that *F* «F,; = —F®F 5. Can you think of a simpler proof of the last
equality?

Consider a charged particle which moves along a straight line in Minkowski space-
. . . . . = =

time in an electromagnetic field. Show that its velocity V satisfies £ + vV X B = 0 and

—

E -V = 0. Find all possible solutions for ¥ in terms of E and B. What can you say
about F**F 5 and « F¥F,5?
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48.

49.
50.

51.

52.

The tensor field

1 1
Ty = g FuF," - ZFaﬁFaﬁnW (15)

is called the energy-momentum tensor of the electromagnetic field. Express T, To;,
and T;; in terms of E and B'.

Describe the gauge transformations which preserve the Lorenz gauge condition.
[For self-study, unlikely to be covered in class.] Let T, be given by (15). Show that

1 (o7
T,T°, = ZT(,/;T P -

[Hint: An efficient proof uses the Cayley-Hamilton theorem.]
Let A,, be an invertible matrix, with inverse B*”. Show that

O(detA,,)

= (detA,,)B?".
o (et

Deduce that

dy—detg, 1

0+/—detg,, 1
— /- detg,,g”, INT ™8 2 - detgngus s

[Hint: You can find 0g.p/0g"" by differentiating the defining identity g g,, = 05.].

. 04fldetg,yl
What is " 29

Further show that

1
0y ,/detAW = R /detApr‘TaaA(,p,

1
VX = ———3,(/—det g, X"). (16)

\/—detg,,

Write-down the Euler-Lagrange equations, the canonical energy-momentum tensor

as well as

oL
#, = Ay - LS,
0¢A’#¢ 5 v

and the symmetric energy-momentum tensor

oL

for the following Lagrageans:

@) L=1(3%0,00p0+m*¢?) \J—detg,,

(massive scalar field);
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53.

54.

55.

56.

(0) L= (878" FouFpy) = detg,,

where F,,, = ,A, — 0,A, (Maxwell field); and

() L= = (e“‘"’g“ﬁg’”F o Fpy + g"ﬁaaqﬁﬁﬁqﬁ) \J—detg,,,
where as before F, = 0,A, —0d,A, and a € R (dilaton-Maxwell system). (Here
¢ is not Ay, the fields ¢ and A, are independent.)

In the calculation of the Euler-Lagrange equations and of the canonical energy-
momentum tensor you can assume that g, = 7,,, the Minkowski metric.

Can you write the field equations in an explicitly tensorial form for a general metric?
[Hint: Use (16).]

[Reminder: The Christoffel symbols of the Levi-Civita connection are defined by the
formula

1
e =15, = Egad(abgcd + 0c8ba — 0a8ic) -

A vector with components (X!, ..., X") will often be written as X'8, + ... + X"9, =
X?0,. Thus, 0, is the same as the vector with components (1,0, ...0), etc. Similarly,
a covector (a1, . .., a,) will be written as a;dx' + ... + @,dx" = a,dx". ]

[Christoffel symbols] Calculate the Christoffel symbols for (a) the Euclidean me-
tric on R? in polar coordinates: g = dp? + p*d¢?, and (b) the unit round metric on S 2
h = d6? + sin® 6d¢?.

[Hint: Calculate first the Christoffel symbols for a metric of the form dx*+e*®dy?.]

Using the results of the previous exercise, calculate the Riemann tensor, the Ricci
tensor and the Ricci scalar of the unit round metric on S2, namely g = d6*+sin” 6d¢?>.

[Christoffel symbols] Establish the transformation law

[ pu OX 0ROV oxt 5P
be = Tef gxd Hxb dxc T OFd AxbOxe

by direct calculation. Explain why this implies that the Christoffel symbols do not
define a tensor.

[Euler-Lagrange equations for geodesics]

(a) We consider curves s — x(s), set X := dx/ds, Show that the Euler-Lagrange
equations

(7)

(L) _o
ds\oxe|  Oxe

v. 2.VIIL.2022; 16



Tutorials for the course “Einfiihrung in die Relativititstheorie”

57.

38.

59.

associated with the Lagrange function
c C 1 ca b
L(x, x%) = Egabx X (18)
can be written as
4T =0, (19)
(b)  Show that if the metric does not explicitly depend upon a coordinate, say x!,
then g(x, 0;) is constant along every geodesic.
(c)  Use equation (17) to calculate again the associated Christoffel symbols for the

two-dimensional metrics g and 4 of Problem 51.

Write down the geodesic equation for proper-time parameterised timelike geodesics
in the “post-Newtonian metric’:

2GM 2GM
8002—(1—7), 8i=0, gij:(l'i'T)dij’ (20)

with i, j € {1,2,3}. (This is the Newtonian approximation, for GM/r <« 1, of the
metric tensor of a spherically symmetric body of mass M.) In your calculations
neglect all terms quadratic in GM.

Write down the geodesic equation for affinely parameteried geodesics in the Schwarz-
schild metric:

2
g = —Vd + V'dr? + rA(d6 + sin2@)de?), V=1-",
;

where m is a constant. Use the result to determine the Christoffel symbols. Can you
solve some of the equations? Can you think of some obvious solutions of the whole
system?

[Lie bracket] Recall that vector fields can be identified with homogeneous linear
first order partial differential operators X = X“0, acting on functions as X(f) =
X0,f.
The Lie-bracket [X, Y] of two vector fields X and Y is defined as

[X, Y1(f) = X(Y(f)) = Y(X())

Show that [X, Y] also is a vector field, i.e. a homogeneous linear first order differen-
tial operator, with components

[X,Y]* = X°0,Y* — Y*9,X° . (21)

Check, by a direct coordinate calculation, that the right-hand-side of (21) transforms
as a vector field under changes of coordinates.

[For self-study, unlikely to be covered in class] Prove the Jacobi identity:

(X, [V, Z]] + [V, [Z, X]] + [Z,[X, Y]] = 0.
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60.

61.

[Schwarzschild: Orders of magnitude] Recall that the Schwarzschild metric g
takes the form

2
g=- (1 - %)czdﬂ +o f’;ﬂ + 1 (d6” + sindg?) . (22)
where M is the total mass of the gravitating object, G is Newton’s constant and c is
the speed of light. Calculate the deviation of goy/c? from minus one, where x° = 1,
as well as the deviation of 8;gy/c* from zero, a) at the surface of the sun when M is
the mass of the sun, b) at the orbit of the earth when M is the mass of the sun, c) at
the surface of the earth when M is the mass of the earth, d) at the orbit of the moon
when M is the mass of the earth, and e) at the surface of the moon when M is the

mass of the moon.

Clearly, something wrong is happening with (22) at r = 2MG/c?; this is called the
Schwarzschild radius. Calculate the Schwarzschild radius of a) the sun, b) the earth,
and c¢) the moon. Calculate the corresponding mass densities, compare the result to
the density of a neutron.

[An exact gravitational wave] Let 17,, and 7* be the covariant and contravariant
metric tensors on Minkowski space M, with standard Lorentzian coordinates x“ so
that

-1 0 0 O
0O 1 00O
0 0 01

ab

Let n, be a constant covector on M satisfying n*’n,n;, = 0. Define a new metric on

M by
8ab = Nab + fnanb s

where f is a function on M such that n%n,0,f = 0, where 9, = 9/0x".
(a)  Show that the Christoffel symbols of g, are given by

[ = 30 (anp0ecf + nancdy f — npndaf) .

[Hint: Look for g*° of the form n® + hn®n®, where n® = n°n;,.]
(b)  The Ricci tensor is defined as
—R, = adrdac - aarddc + I_‘ddel—‘eac - 1—‘dael_‘edc . (24)
Show that
R 1s proportional to nap 004 f (25)

[Hint: Check that %, vanishes. Show, next, that any contraction of n® with the
Christoffel symbols vanishes, and conclude that the last term in (24) gives no
contribution either.]
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(c)

Show that Einstein’s vacuum field equations,
Ry =0,

have solutions as above with f = asin(k,x“), with @ € R, and with k, having
constant components in the coordinate system where 7,, takes the form (23),
provided that k, satisfies n%k,k;, = n“k,n, = 0. Deduce that such a k, is
proportional to n,.

62. [Symmetries of the curvature tensor]

(a)

(b)

What does it mean for a connection V on a space-time with metric g, to be (a)
a metric connection, (b) torsion free’!

Assume henceforth that V is torsion free.

In what follows, it is often useful to use the preceding results to do the next
ones.

(c) Given an arbitrary smooth covector field A,, and a smooth antisymmetric
tensor field F,,, show that

H, = VaAb -V,A, and Vanc + Vwa + VcFab

are both independent of the choice of the connection.
(d) Hence or otherwise show that

VaHbc + Vwa + VcHab =0.
Recall that the curvature tensor is defined as
V. V,V¢ =V, V, V¢ = R, VO .

(e) Show that
V.ViAc =V, VAL = _RdcabAd .

(f) Hence show that R?;,. + R%p.u + R%.a» = 0 for a torsion-free connection.
(g) Show further that, for a tensor 7,
VaVchd - VhVaTcd = _RecahTed - Redathe .

(h) Hence show that R,,.; = —Ry4.q 1f V 1s metric and torsion-free.

Show that the symmetry R,y = Reaqr fOllows from Ruped = Riapiea = Ruabiea
and Ra[bcd] =0.

63. [Counting components]

(a)

In four dimensions, a tensor satisfies Tppege = Tapede- Show that Typeq. = 0.
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(b) A tensor Ty, is symmetric if T, = T(up). In n-dimensional space, it has n?
components, but only %n(n + 1) of these can be specified independently—for
example the components 7, for a < b. How many independent components
do the following tensors have (in n dimensions)?

1. Fab with Fab = F[ab]-

ii. A tensor of type (0, k) such that T, . = Ta. ) (distinguish the cases k < n
and k > n, bearing in mind the result of question (1)).

. Rupeq With Rupea = Riapiea = Rabiea)-
iv. Rabed with Rabea = R[ab]cd = Rab[cd] = Redap-

Show that, in four dimensions, a tensor with the symmetries of the Riemann
tensor has 20 independent components.
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