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Chapter 1

An introduction to black holes

Black holes belong to the most fascinating objects predicted by Einstein's theory
of gravitation. Although they have been studied for years,1 they still attract
tremendous attention in the physics and astrophysics literature. It turns out
that several �eld theories are known to possess solutions which exhibit black
hole properties:

� The \standard" gravitational ones which, according to our current pos-
tulates, are black holes for all classical �elds.

� The \dumb holes", which are the sonic counterparts of black holes, �rst
discussed by Unruh [272].

� The \optical" ones { the black-hole counterparts arising in the theory of
moving dielectric media, or in non-linear electrodynamics[190, 225].

� The \numerical black holes" { objects constructed by numerical general
relativists.

(An even longer list of models and submodels can be found in [15].) In this
work we shall discuss various aspects of the above. The reader is referred
to [37, 105, 158, 165, 235, 275] and references therein for a review of quantum
aspects of black holes.

Insightful animations of journeys in a black hole space-time can be found
at http://jilawww.colorado.edu/ ~ajsh/insidebh/schw.html .

We start with a short review of the observational status of black holes in
astrophysics.

1.1 Black holes as astrophysical objects

When a star runs out of nuclear fuel, it must �nd ways to �ght gr avity. Current
physics predicts that dead stars with masses up to the Chandrasekhar limit,
M mcH = 1 :4M � , become white dwarfs, where electron degeneracy supplies the

1The reader is referred to the introduction to [50] for an exce llent concise review of the
history of the concept of a black hole, and to [49, 163] for more detailed ones.

3



4 CHAPTER 1. AN INTRODUCTION TO BLACK HOLES

necessary pressure. Above the Chandrasekhar limit 1:4M � , and up to a second
mass limit, M NS;max � 2 � 3M � , dead stars are expected to become neutron
stars, where neutron degeneracy pressure holds them up. If adead star has a
massM > M NS;max , there is no known force that can hold the star up. What
we have then is a black hole.

While there is growing evidence that black holes do indeed exist in astro-
physical objects, and that alternative explanations for the observations dis-
cussed below seem less convincing, it should be borne in mindthat no undis-
puted evidence of occurrence of black holes has been presented so far. The

agship black hole candidate used to be Cygnus X-1, known andstudied for
years (cf., e.g., [50]), and it still remains a strong one. Table 1.12 lists a series of
further strong black hole candidates inX -ray binary systems;M c is mass of the
compact object andM � is that of its optical companion; some other candidates,
as well as references, can be found in [207, 219]; a very readable overview of the
observations can be found in [216]. The binaries have been divided into two
families: the High Mass X-ray Binaries (HMXB), where the companion star is
of (relatively) high mass, and the Low Mass X-ray Binaries (LMXB), where the
companion is typically below a solar mass. The LMXB's include the "X-ray
transients", so-called because of 
aring-up behaviour. This particularity allows
to make detailed studies of their optical properties duringthe quiescent periods,
which would be impossible during the periods of intenseX -ray activity. The
stellar systems listed haveX -ray spectra which are neither periodic (that would
correspond to a rotating neutron star), nor recurrent (which is interpreted as
thermonuclear explosions on a neutron star's hard surface). The �nal selection
criterion is that of the mass M c exceeding the Chandrasekhar limitM C � 3
solar massesM � .3 According to the authors of [50], the strongest stellar-mass
black hole candidate in 1999 was V404 Cygni, which belongs tothe LMXB
class. Table 1.1 should be put into perspective by realizingthat, by some esti-
mates [197], a typical galaxy { such as ours { should harbour 107 � 108 stellar
black mass holes. We note an interesting proposal, put forward in [51], to carry
out observations by gravitational microlensing of some 20 000 stellar-mass black
holes that are predicted [210] to cluster within 0.7 pc of SgrA � (the centre of
our galaxy).

It is now widely accepted that quasars and active galactic nuclei are powered
by accretion onto massive black holes [118, 199, 284]. Further, over the last few
years there has been increasing evidence that massive dark objects may reside
at the centres of most, if not all, galaxies [198, 245]. In several cases the best
explanation for the nature of those objects is that they are \heavyweight" black
holes, with masses ranging from 106 to 1010 solar masses. Table 1.24 lists some
supermassive black hole candidates; some other candidates, as well as precise
references, can be found in [177, 207, 208, 244]. The main criterion for �nding
candidates for such black holes is the presence of a large mass within a small

2The review [205] lists forty binaries containing a black hol e candidate.
3See [207] for a discussion and references concerning the value of M C .
4The table lists those galaxies which are listed both in [208] and [177]; we note that

some candidates from earlier lists [244] do not occur any more in [177, 208]. Nineteen of the
observations listed have been published in 2000 or 2001.
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Table 1.1: Stellar mass black hole candidates (from [197])

Type Binary system M c=M� M � =M�

HMXB: Cygnus X-1 11{21 24{42

LMC X-3 5.6 {7.8 20

LMC X-1 � 4 4{8

LMXB: V 404 Cyg 10{15 � 0.6

A 0620-00 5{17 0.2{0.7

GS 1124-68 (Nova Musc) 4.2{6.5 0.5{0.8

GS 2000+25 (Nova Vul 88) 6-14 � 0.7

GRO J 1655-40 4.5 { 6.5 � 1.2

H 1705-25 (Nova Oph 77) 5{9 � 0.4

J 04224+32 6{14 � 0.3 { 0.6

region; this is determined by maser line spectroscopy, gas spectroscopy, or by
measuring the motion of stars orbiting around the galactic nucleus.

There seems to be consensus [177, 208, 220, 245] that the two most convinc-
ing supermassive black hole candidates are the galactic nuclei of NGC 4258 and
of our own Milky Way [137, 141]. The determination of mass of the galactic
nuclei via direct measurements of star motions has been madepossible both
by the unprecedentedly high angular resolution and sensitivity of the Hubble
Space Telescope (HST), see also Figure 1.1.1, and by the adaptive-optics Keck
Telescopes [283].

The reader is referred to [215] for a discussion of the maser emission lines
and their analysis for the supermassive black hole candidate NGC 4258. An
example of measurements via gas spectrography is given by the analysis of
the HST observations of the radio galaxy M 87 [271] (compare [199]): A
spectral analysis shows the presence of a disk-like structure of ionized gas in
the innermost few arc seconds in the vicinity of the nucleus of M 87. The
velocity of the gas measured by spectroscopy (cf. Figure 1.1.2) at a distance
from the nucleus of the order of 6� 1017 m, shows that the gas recedes from us
on one side, and approaches us on the other, with a velocity di�erence of about
920 km s� 1 . This leads to a mass of the central object of� 3� 109 M � , and no
known form of matter with this mass is likely to occupy such a (relatively) small
region except for a black hole. Figure 1.1.3 shows another image, reconstructed
out of HST observations, of a recent candidate for a supermassive black hole {
the (active) galactic nucleus of NGC 4438 [172].

There have been suggestions for existence for an intermediate-mass black
hole orbiting three light-years from Sagittarius A*. This b lack hole of 1,300 solar
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Table 1.2: Twenty-nine supermassive black hole candidates(from [177, 208])

dynamics of host galaxy M h=M� host galaxy M h=M�

water maser discs: NGC 4258 4� 107

gas discs: IC 1459 2� 108 M 87 3 � 109

NGC 2787 4� 107 NGC 3245 2� 108

NGC 4261 5� 108 NGC 4374 4� 108

NGC 5128 2� 108 NGC 6251 6� 108

NGC 7052 3� 108

stars: NGC 821 4� 107 NGC 1023 4� 107

NGC 2778 1� 107 NGC 3115 1� 109

NGC 3377 1� 108 NGC 3379 1� 108

NGC 3384 1� 107 NGC 3608 1� 108

NGC 4291 2� 108 NGC 4342 3� 108

NGC 4473 1� 108 NGC 4486B 5� 108

NGC 4564 6� 107 NGC 4649 2� 109

NGC 4697 2� 108 NGC 4742 1� 107

NGC 5845 3� 108 NGC 7457 4� 106

Milky Way 3 :7 � 106
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Figure 1.1.1: The orbits of stars within the central 1:0 � 1:0 arcseconds of
our Galaxy. In the background, the central portion of a di�rac tion-limited
image taken in 2006 is displayed. While every star in this image has been
seen to move over the past 12 years, estimates of orbital parameters are only
possible for the seven stars that have had signi�cant curvature detected. The
annual average positions for these seven stars are plotted as colored dots, which
have increasing color saturation with time. Also plotted are the best �tting
simultaneous orbital solutions. These orbits provide the best evidence yet for a
supermassive black hole, which has a mass of 3.7 million times the mass of the
Sun. The image was created by Andrea Ghez and her research team at UCLA,
from data sets obtained with the W. M. Keck Telescopes, and isavailable at
http://www.astro.ucla.edu/ ~ghezgroup/gc/pictures/ .

masses is within a cluster of seven stars, possibly the remnant of a massive star
cluster that has been stripped down by the Galactic Centre [200]. See [146] for
a list of further intermediate-mass candidates.

A new twist to the observations of black holes has been added by the �rst
direct detection of a gravitational wave in September 2015 [3], with a second
wave observation in December 2015 [2] and a third one in January 2017 [4].

While there is widespread consensus that the waves have beendetected
by now, some scienti�c scepticism is in order. The observation requires the
extraction of an absurdly small signal from overwhelmingly noisy data using
sophisticated data analysis techniques. While the scientistists working on the
problem have made many e�orts to ensure the validity of the claim, there always
remains the possibility of instrumental, interpretationa l, or data analysis errors;
see e.g. [97]. There is a strong case for a direct observationof gravitational waves
now, and we can only hope that evidence will keep growing stronger. One needs
also to keep in mind that the interpretation of the waves, as originating from
black hole mergers, might be 
awed.

In any case the �rst event, christened GW150914 (for \Gravitation Wave
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Figure 1.1.2: Hubble Space Telescope observations of spectra of gas in
the vicinity of the nucleus of the radio galaxy M 87, NASA and H. Ford
(STScI/JHU) [261].

observed on September 14, 2015"), is thought to have been created by two
black-holes with respective masses 36+5

� 4M � and 29+4
� 4M � , merging into a �nal

black hole with mass 62+4
� 4M � . An astounding 3+ :5

� :5M � c2 amount of energy has
been released within a fraction of a second into gravitational waves. The signal
observed can be seen in Figure 1.1.4, p. 10.

The second event GW151226, illustrated by Figure 1.1.5, p. 11, is inter-
preted as representing the merger of two black holes of respective masses 14+8 :3

� 3:7M �

and 7:5+2 :3
� 2:3M � , leading to a �nal black holes of mass 21+5 :9

� 1:9M � . Inspection of
Figures 1.1.4 and 1.1.5 reveals that the GW151226 signal is nowhere as strik-
ing as GW150914, with a maximal amplitude smaller than the residual noise.
Nevertheless, the estimated probability of a false detection for GW151226 is
smaller than the convincingly small number 10� 7.

The third event GW170104, with wave forms displayed in Figure 1.1.6,
p. 12, is thought to be created by the merger of two black holesof respective
masses 31+8 :6

� 6 M � and 20+5
� 6M � . The signal is somewhat reminiscent of that of

GW150914, compare Figure 1.1.4.
The LIGO events give thus the �rst evidence of existence of black hole

binaries, and of black holes with masses in the 10M � � 100M � range. The
spectrum of lightweight-to-middleweight black holes, as known in early 2018, is
illustrated in Figure 1.1.7

A compilation of black hole candidates as of 2004, some very tentative,
can be found athttp://www.johnstonsarchive.net/relativity/bhctable .
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Active Galaxy NGC 4438
Hubble Space Telescope • WFPC2

NASA and J. Kenney (Yale University) • STScI-PRC00-21

Figure 1.1.3: Hubble Space Telescope observations [172] ofthe nucleus of the
galaxy NGC 4438, from the STScI Public Archive [261].

html . A maintained list can be found on Wikipedia, https://en.wikipedia.
org/wiki/List_of_black_holes , it needs to be interpreted with the usual
care.

We close this section by pointing out the review paper [43] which discusses
both theoretical and experimental issues concerningprimordial black holes.

1.2 The Schwarzschild solution and its extensions

Stationary solutions are of interest for a variety of reasons. As models for com-
pact objects at rest, or in steady rotation, they play a key role in astrophysics.
They are easier to study than non-stationary systems because stationary solu-
tions are governed by elliptic rather than hyperbolic equations. Further, like in
any �eld theory, one expects that large classes of dynamicalsolutions approach
a stationary state in the �nal stages of their evolution. Last but not least,
explicit stationary solutions are easier to come by than dynamical ones. The

agship example is the Schwarzschild metric:

g = � (1 � 2m
r )dt2 + dr 2

1� 2m
r

+ r 2d
 2 ; (1.2.1)

t 2 R ; r 6= 2m; 0: (1.2.2)

Here d
 2 denotes the metric of the round unit 2-sphere,

d
 2 = d� 2 + sin 2 �d' 2 :

In Section 4.6.5 below we verify that the metric (1.2.2) satis�es the vacuum
Einstein equations, see (4.6.38)- (4.6.40), p. 157 (compare Besse [27] for a very
di�erent calculation).
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Figure 1.1.4: GW150914 as observed in the Hanford and Livingston detectors,
from [3]. The top row is the signal observed, after �ltering out the low-frequency
and high-frequency noise. In the �gure in the top right-corner, the Hanford
signal has been inverted when superposing with the Livingston signal because
of an opposite orientation of the detector arms. The bottom row shows the
evolution of frequency of the signal in time.

Generators of isometries are calledKilling vectors, we will return to the no-
tion later. A theorem due to Jebsen [167], but usually attributed to Birkho� [30],
shows that:

Theorem 1.2.1 Any spherically symmetric vacuum metric has a further local
Killing vector, say X , orthogonal to the orbits of spherical symmetry. Near
any point at which X is not null the metric can be locally written in the
Schwarzschild form (1.2.1), for some mass parameterm.

Incidentally: One can �nd in the literature several results referred to as \Birkho�
theorems", see [256] for an overview. Theorem?? is a special case of the classi�ca-
tion of \warped product spacetimes" in [9], carried-out for various Einstein-matter
systems. In fact, in [9] one does not even need the full Einstein equations to be sat-
is�ed. Further, existence of isometries is not assumed, instead one considers metrics
of a block-diagonal form which would follow in the presence of a suitable group of
isometries.

Specializing [9, Theorem 3.2] to the case of vacuum space-times with acosmo-
logical constant one has:

Theorem 1.2.3 Consider a spacetime

(M = Q � F; �g = g + r 2h)

satisfying the vacuum Einstein equations with cosmological constant � , where (Q; g)
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Figure 1.1.5: GW151226 as observed in the Hanford and Livingston detectors,
from [2]. The top row is the signal observed, after �ltering out the low-frequency
and high-frequency noise, superposed with the black curvescorresponding to the
best-�t general-relativistic template. The second row shows the accumulated-in-
time signal-to-noise ratio. The third row shows the Signal-to-noise ratio (SNR)
time series produced by time shifting the best-match template waveform and
computing the integrated SNR at each point in time. The bottom row show
the evolution of frequency of the signal in time.

is a 2-dimensional manifold, (F; h) an n � 2 dimensional one andr is a function
on Q. Then

1. either �g takes the standard Eddington-Finkelstein form

�g = �
�

R[h ]

n(n � 1)
�

2m
r n � 1 �

2�
n(n + 1)

r 2
�

du2 � 2dudr + r 2h ;

where R[h ] = const is the scalar curvature ofh,

2. or � = 0 , the Ricci tensor of h vanishes, and

�g = � dt2 + dr2 + ( t � r )2h ;

3. or r is constant, (Q; g) is maximally symmetric, (F; h) is Einstein, R[h ] =
2r 2� , and R[g] = 4� =n.

When (F; h) is Sn with the round metric this reduces to the classic Birkho�
theorem. In that case (2) does not apply, and (3) gives the Nariaimetrics, cf. Ex-
ample 4.3.5, p. 145 (see also [255, Section 4]). 2

Remark 1.2.4 Note that a locally de�ned Killing vector does not necessarily extend
to a global one. A simple example of this is provided by a 
at torus: thecollection of
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Figure 1.1.6: GW170104 as observed in the Hanford and Livingston detectors,
from [4]. The top two rows show the evolution in time of the frequency spectrum
of the signal, after �ltering out the low- and high-frequency noise. The third
row is a superposition of the �ltered signals together with the black curve
corresponding to the best-�t general-relativistic template. The last row shows
residuals from the best �t.

Killing vector �elds on su�ciently small balls contains all the generator s of rotations
and translations, but only the translational Killing vectors extend t o globally de�ned
ones. Example 1.4.1, p. 56, is also instructive in this context. 2

We conclude that the hypothesis of spherical symmetry implies in vacuum,
at least locally, the existence of two further symmetries: translations in t and
t{re
ections t ! � t . More precisely, we obtain time translations and time-
re
ections in the region where 1� 2m=r > 0 (a metric with those two properties
is called static). However, in the region wherer < 2m the notation \ t" for the
coordinate appearing in (1.2.1) is misleading, ast is then a space-coordinate,
and r is a time one. So in this regiont{translations are actually translations in
space.

The above requires some comments and de�nitions, which willbe useful for
our further analysis (see also Appendix A.24): First, we need to de�ne the
notion of time orientation . This is a decision about which timelike vectors are
future-pointing, and which ones are past-pointing. In special relativity this is
taken for granted: in coordinates where the Minkowski metric � takes the form

� = � dt2 + dx2 + dy2 + dz2 ; (1.2.3)

a timelike vector X � @� is said to be future pointing if X 0 > 0. But, it should
be realized that this is a question of conventions: we could very well agree that
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Figure 1.1.7: Neutron stars and black holes with masses up to100 M. , as
known in early 2018, from the Caltech LIGO website.

future-pointing vectors are those with negative X 0. We will shortly meet a
situation where such a decision will have to be made.

Next, a function f will be called a time function if r f is everywhere timelike
past pointing. A coordinate, say y0 will be said to be a time coordinate if y0 is
a time function.

So, for example,f = t on Minkowski space-time is a time function: indeed,
in canonical coordinates as in (1.2.3)

r t = � �� @� t @� = � 0� @� = � @t ; (1.2.4)

and so
� (r t; r t) = � (@t ; @t ) = � 1:

(The minus sign in (1.2.4) is at the origin of the requirement that r f be past
pointing, rather than future pointing.)

On the other hand, considerf = t in the Schwarzschild metric: the inverse
metric now reads

g�� @� @� = �
1

1 � 2m
r

@2
t + (1 �

2m
r

)@2
r + r � 2(@2

� + sin � 2 �@2
' ) ; (1.2.5)

and so

r t = g�� @� t @� = g0� @� = �
1

1 � 2m
r

@t :

The length-squared ofr t is thus

g(r t; r t) =
g(@t ; @t )

(1 � 2m
r )2 = �

1
1 � 2m

r

�
< 0; r > 2m;
> 0; r < 2m.
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We conclude that t is a time function in the region f r > 2mg when the usual
time orientation is chosen there, but isnot on the manifold f r < 2mg.

A similar calculation for r r gives

r r = (1 � 2m
r )@r ;

g(r r; r r ) = (1 � 2m
r )2g(@r ; @r ) = (1 � 2m

r )
�

> 0; r > 2m;
< 0; r < 2m.

Sor is a time function in the region f r < 2mg if the time orientation is chosen
so that @r is future pointing. On the other hand, the alternative choice of time-
orientation implies that minus r is a time function in this region. We return to
the implications of this shortly.

1.2.1 The singularity r = 0

Unless explicitly indicated otherwise, we will assume

m > 0;

becausem < 0 leads to metrics which contain \naked singularities", in the
following sense: form < 0, on each spacelike surfacef t = constg the set f r = 0g
can be reached along curves of �nite length. But we have (see,e.g., http://
grtensor.phy.queensu.ca/NewDemo ; compare (4.6.22)-(4.6.25), p. 155 below)

R��
� R��
� =
48m2

r 6 ; (1.2.6)

which shows that the geometry is singular atr = 0, whatever m 2 R� .
The advantage of m > 0 is the occurrence, as will be seen shortly, of the

event horizon f r = 2mg: the singular set f r = 0g is then \hidden" behind an
event horizon, which is considered to be less unpleasant than the situation with
m < 0, where no such horizon occurs.

1.2.2 Eddington-Finkelstein extension

The metric (1.2.1) is singular as r = 2m is approached. It turns out that
this singularity is related to a poor choice of coordinates (one talks about \a
coordinate singularity"); the simplest way to see it is to replace t by a new
coordinate v, which will be chosen to cancel out the singularity ingrr : if we set

v = t + f (r ) ;

we �nd dv = dt + f 0dr , so that

(1 �
2m
r

)dt2 = (1 �
2m
r

)(dv � f 0dr)2

= (1 �
2m
r

)(dv2 � 2f 0dv dr + ( f 0)2dr2) :

Substituting in (1.2.1), the o�ending grr terms will go away if we choosef to
satisfy

(1 �
2m
r

)( f 0)2 =
1

1 � 2m
r

:



1.2. THE SCHWARZSCHILD SOLUTION AND ITS EXTENSIONS 15

There are two possibilities for the sign; we choose

f 0 =
1

1 � 2m
r

=
r

r � 2m
=

r � 2m + 2m
r � 2m

= 1 +
2m

r � 2m
; (1.2.7)

leading to

v = t + r + 2m ln
� r � 2m

2m

�
: (1.2.8)

The alternative choice amounts to introducing another coordinate

u = t � f (r ) ; (1.2.9)

with f still as in (1.2.7).
The choice (1.2.8) bringsg to the form

g = �
�

1 �
2m
r

�
dv2 + 2dv dr + r 2d
 2 ; (1.2.10)

and note that the choice (1.2.9) would lead to a non-diagonalterm � 2du dr
instead in the metric above. Now, all coe�cients of g in the new coordinate
system are smooth. Further,

det g = � r 4 sin2 � ;

which is non-zero forr > 0 except at the north and south pole, where we have
the usual spherical-coordinates singularity. Sinceg has signature (� ; + ; + ; +)
for r > 2m, the signature cannot change acrossr = 2m, as for this the deter-
minant would have had to vanish there. We conclude thatg is a well de�ned
smooth Lorentzian metric on the set

f v 2 R ; r 2 (0; 1 )g � S2 : (1.2.11)

More precisely, (1.2.10)-(1.2.11) de�nes an analytic extension of the original
space-time (1.2.1).

The coordinates (v; r; �; ' ) are called \retarded Eddington-Finkelstein coor-
dinates".

We claim:

Theorem 1.2.5 The region f r � 2mg for the metric (1.2.10) is a black hole
region, in the sense that

observers, or signals, can enter this region, but can never leave it. (1.2.12)

Proof: We have already seen that eitherr or minus r is a time function on
the region f r < 2mg. Now, recall that observers in general relativity always
move on future directed timelike curves, that is, curves with timelike future
directed tangent vector. But time functions are strictly mo notonous along
future directed causal curves: indeed, let
 (s) be such a curve, and letf be a
time function, then

d(f � 
 )
ds

= _
 � @� f = _
 � g�� g�� @� f = g�� _
 � r � f :
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Since _
 is causal future directed andr f is timelike past directed, their scalar
product is positive, as desired.

It follows that, along a future directed causal curve, either r or � r is strictly
increasing in the regionf r < 2mg.

Suppose that there exists at least one future directed causal curve 
 0 which
enters from r > 2m to r < 2m. Then r must have been decreasing somewhere
along 
 0 in the region f r < 2mg. This implies that the time orientation has to
be chosen so that� r is a time function. But then r is decreasing along every
causal future directed 
 . So no such curve passing throughf r < 2mg can cross
f r = 2mg again, when followed to the future.

To �nish the proof, it remains to exhibit one future directed causal
 0 which
enters f r < 2mg from the region f r > 2mg. For this, consider the radial curves


 0(s) = ( v(s); r (s); � (s); ' (s)) = ( v0; � s; � 0; ' 0) :

Then _
 0 = � @r , hence
g( _
 0; _
 0) = grr = 0

in the (v; r; �; ' ) coordinates, see (1.2.10). We see that
 0 lies in the region
f r > 2mg for s < � 2m, is null (hence causal), and crossesf r = 2mg at
s = � 2m. Finally, we have

t(s) = v(s) � f (r (s)) = v0 � f (r (s)) ;

hence
dt(s)

ds
= � f 0(r (s))

dr
ds

= f 0(r (s)) > 0 for r (s) > 2m,

which shows that t is increasing along
 0 in the region f r > 2mg, hence
 0 is
future directed there, which concludes the proof. 2

Incidentally: An alternative shorter, but perhaps less transparent, argument pro-
ceeds as follows: Let
 (s) = ( v(s); r (s); � (s); ' (s)) be a future directed timelike
curve; for the metric (1.2.10) the condition g( _
; _
 ) < 0 reads

� (1 �
2m
r

) _v2 + 2 _v _r + r 2( _� 2 + sin 2 � _' 2) < 0 :

This implies

_v
�

� (1 �
2m
r

) _v + 2 _r
�

< 0 :

It follows that _v does not change sign on a timelike curve. As already pointed out,
the standard choice of time orientation in the exterior region corresponds to _v > 0
on future directed curves, so _v has to be positive everywhere, which leads to

� (1 �
2m
r

) _v + 2 _r < 0:

For r � 2m the �rst term is non-negative, which enforces _r < 0 on all future directed
timelike curves in that region. Thus, r is a strictly decreasing function along such
curves, which implies that future directed timelike curves can crossthe hypersurface
f r = 2 mg only if coming from the region f r > 2mg. The same conclusion applies
for future directed causal curves: it su�ces to approximate a causal curve by a
sequence of future directed timelike ones. 2
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The last theorem motivates the name black hole event horizonfor f r =
2m; v 2 Rg � S2.

Incidentally: The analogous construction using the coordinateu instead of v
leads to awhite hole space-time, with f r = 2 mg being a white hole event horizon.
The latter can only be crossed by those future directed causal curves which originate
in the region f r < 2mg. In either case, f r = 2 mg is a causal membrane which
prevents future directed causal curves to goback and forth. This will become clearer
in Section 1.2.3. 2

From (1.2.10) one easily �nds the inverse metric:

g�� @� @� = 2@v@r + (1 �
2m
r

)@2
r + r � 2@2

� + r � 2 sin� 2 �@2
' : (1.2.13)

In particular
0 = gvv = g(r v; r v) ;

which implies that the integral curves of

r v = @r

are null, a�nely parameterised geodesics: Indeed, letX = r v, then

X � r � X � = r � vr � r � v = r � vr � r � v =
1
2

r � (r � vr � v) = 0 : (1.2.14)

So if 
 is an integral curve of X (by de�nition, this means that

_
 � = X � ) ; (1.2.15)

we obtain the geodesic equation:

X � r � X � = _
 � r � _
 � = 0 : (1.2.16)

We also have

g(r r; r r ) = grr =
�

1 �
2m
r

�
; (1.2.17)

and since this vanishes atr = 2m we say that the hypersurfacer = 2m is null.
It is reached by all the radial null geodesicsv = const, � = const0, ' = const00,
in �nite a�ne time.

The calculation leading to (1.2.16) generalizes to functions f such that r f
satis�es an equation of the form

g(r f; r f ) =  (f ) ; (1.2.18)

for some function  ; note that f = r satis�es this, in view of (1.2.17); see
Proposition A.13.2. Thus the integral curves ofr r are geodesics as well. Now,
in the (v; r; �; ' ) coordinates one �nds from (1.2.13)

r r = @v + (1 �
2m
r

)@r ;

which equals@v at r = 2m. So the curves (v = s; r = 2m; � = � 0; ' = ' 0) are
null geodesics. They are calledgenerators of the event horizon.



18 CHAPTER 1. AN INTRODUCTION TO BLACK HOLES

r = constant > 2M
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Figure 1.2.1: The Kruskal-Szekeres extension of the Schwarzschild solution.

1.2.3 The Kruskal-Szekeres extension

The transition from (1.2.1) to (1.2.10) is not the end of the story, as further
extensions are possible, which will be clear from the calculations that we will
do shortly. For the metric (1.2.1) a maximal analytic extension has been found
independently by Kruskal [180], Szekeres [264], and Fronsdal [126]; for some ob-
scure reason Fronsdal is almost never mentioned in this context. This extension
is visualised5 in Figure 1.2.1. The regionI there corresponds to the space-time
(1.2.1), while the extension just constructed correspondsto the regions I and
II .

The general construction for spherically symmetric metrics proceeds as fol-
lows: Let us write the metric in the form

g = � V 2dt2 + V � 2dr2 + r 2d
 2 ; (1.2.19)

whereV 2 is a smooth function which depends only uponr and which we allow
to be negative. We introduce another coordinateu, de�ned by changing a sign
in (1.2.7)

u = t � f (r ) ; f 0 =
1

V 2 ; (1.2.20)

leading to

u = t � r � 2m ln
�

r � 2m
2m

�
:

We could now replace (t; r ) by (u; r ), obtaining an extension of the exterior
region I of Figure 1.2.1 into the \white hole" region IV . We leave that extension
as an exercise for the reader, and we pass to the complete extension, which
proceeds in two steps. First, we replace (t; r ) by (u; v). We note that

V du = V dt �
1
V

dr ; V dv = V dt +
1
V

dr ;

5 I am grateful to J.-P. Nicolas for allowing me to use his elect ronic �gures from [223].
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which gives

V dt =
V
2

(du + dv) ;
1
V

dr =
V
2

(dv � du) :

Inserting this into (1.2.1) brings g to the form

g = � V 2dt2 + V � 2dr2 + r 2d
 2

=
V 2

4

�
� (du + dv)2 + ( du � dv)2

�
+ r 2d
 2

= � V 2du dv + r 2d
 2 : (1.2.21)

The metric so obtained is still degenerate atf V = 0g. The desingularisation is
now obtained by setting

û = � exp(� cu) ; v̂ = exp( cv) ; (1.2.22)

with an appropriately chosen c: since

dû = cexp(� cu) du ; dv̂ = cexp(cv)dv ;

we obtain

V 2du dv =
V 2

c2 exp(� c(� u + v))dû dv̂

=
V 2

c2 exp(� 2cf (r ))dû dv̂ :

In the Schwarzschild case this reads

V 2

c2 exp(� 2cf (r )) =
r � 2m

c2r
exp

�
� 2c

�
r + 2m ln

�
r � 2m

2m

���

=
exp(� 2cr)

c2r
(r � 2m) exp

�
� 4mc ln

�
r � 2m

2m

��
;

and with the choice
4mc = 1

the term r � 2m cancels out, leading to a factor in front ofdû dv̂ which has no
zeros forr 6= 0 near. Thus, the desired coordinate transformation is

û = � exp(� cu) = � exp( r � t
4m )

q
r � 2m

2m ; (1.2.23)

v̂ = exp( cv) = exp( r + t
4m )

q
r � 2m

2m ; (1.2.24)

with g taking the form

g = � V 2du dv + r 2d
 2

= �
32m3 exp(� r

2m )
r

dû dv̂ + r 2d
 2 : (1.2.25)

Here r should be viewed as a function of ^u and v̂ de�ned implicitly by the
equation

� ûv̂ = exp
� r

2m

� (r � 2m)
2m| {z }

=: G(r )

: (1.2.26)
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Indeed, we have
�

exp(
r

2m
)(r � 2m)

� 0
=

r
2m

exp(
r

2m
) > 0;

which shows that the function G de�ned at the right-hand side of (1.2.26) is
a smooth strictly increasing function of r > 0. We have G(0) = � 1, and G
tends to in�nity as r does, soG de�nes a bijection of (0; 1 ) with ( � 1; 1 ). The
implicit function theorem guarantees smoothness of the inverseG� 1, and hence
the existence of a smooth functionr = G� 1(� ûv̂) solving (1.2.26) on the set
ûv̂ 2 (�1 ; 1).

Note that so far we had r > 2m, but there are a priori no reasons for the
function r (u; v) de�ned above to satisfy this constraint. In fact, we already know
from our experience with the (v; r; �; ' ) coordinate system that a restriction
r > 2m would lead to a space-time with poor global properties.

We have detg = � (32m3)2exp(� r
m )r 2 sin2 � , with all coe�cients of g smooth,

which shows that (1.2.25) de�nes a smooth Lorentzian metricon the set

f û; v̂ 2 R such that r > 0g: (1.2.27)

This is the Kruszkal-Szekeresextension of the original space-time (1.2.1). Fig-
ure 1.2.1 gives a representation of the extended space-timein coordinates

X = ( v̂ � û)=2; T = ( v̂ + û)=2: (1.2.28)

Since (1.2.6) shows that the so-calledKretschmann scalar R��
� R��
� diverges
asr � 6 when r approaches zero, we conclude that the metric cannot be extended
across the setr = 0, at least in the class of C2 metrics.

Let us discuss some features of Figure 1.2.1:

1. The singular set r = 0 corresponds to the spacelike hyperboloids

(T2 � X 2)jr =0 = ûv̂jr =0 = 1 > 0:

2. More generally, the setsr = const are hyperboloids X 2 � T2 = const0,
which are timelike in the regions I and III (since X 2 � T2 < 0 there),
and which are spacelike in the regionsII and IV .

3. The vector �eld r T satis�es

g(r T; r T) = g] (dT; dT) =
1
4

g] (dû + dv̂; dû + dv̂) =
1
2

g] (dû; dv̂) < 0;

which shows thatT is a time coordinate. Similarly X is a space-coordinate,
so that Figure 1.2.1 respects our implicit convention of representing time
along the vertical axis and space along the horizontal one.

4. The map
(û; v̂) ! (� û; � v̂)

is clearly an isometry, so that the regionI is isometric to region III , and
region II is isometric to region IV . In particular the extended manifold
has two asymptotically 
at regions, the original region I , and region III
which is an identical copy I .
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5. The hypersurfacet = 0 from the region I corresponds tov̂ = � û > 0,
equivalently it is the subset X > 0 of the hypersurfaceT = 0. This can be
smoothly continued to negative X , which corresponds to a second copy
of this hypersurface. The resulting geometry is often referred to as the
Einstein-Rosen bridge. It is instructive to do the continuation directly
using the Riemannian metric 
 induced by g on t = 0:


 =
dr2

1 � 2m
r

+ r 2d
 2 ; r > 2m :

A convenient coordinate � is given by

� =
p

r 2 � 4m2 () r =
p

� 2 + 4m2 :

This brings 
 to the form


 =
�

1 +
2m

p
� 2 + 4m2

�
d� 2 + ( � 2 + 4m2)d
 2 ; (1.2.29)

which can be smoothly continued from the original range� > 0 to � 2 R.
Equation (1.2.29) further exhibits explicitly asymptotic 
atness of both
asymptotic regions � ! 1 and � ! �1 . Indeed,


 � d� 2 + � 2d
 2

to leading order, for largej� j, which is the 
at metric in radial coordinates
with radius j� j.

6. In order to understand how the Eddington-Finkelstein extension using
the v coordinate �ts into Figure 1.2.1, we need to express ^u in terms of v
and r . For this we have

u = t � f (r ) = v � 2f (r ) = v � 2r � 4m ln (
r

2m
� 1) ;

hence
û = � e� u

4m = � e� v � 2r
4m (

r
2m

� 1) ; v̂ = e
v

4m :

So v̂ remains positive but û is allowed to become negative asr crosses
r = 2m from above. This corresponds to the region above the diagonal
T = � X in the coordinates (X; T ) of Figure 1.2.1.

A similar calculation shows that the Eddington-Finkelstein extension us-
ing the coordinate u corresponds to the region ^u < 0 within the Kruszkal-
Szekeres extension, which is the region below the diagonalT = X in the
coordinates of Figure 1.2.1.

7. Vector �elds generating isometries are calledKilling vector �elds . Since
time-translations are isometries in our case,K = @t is a Killing vector
�eld. In the Kruskal-Szekeres coordinate system the Killing vector �eld
K = @t takes the form

K = @t =
@̂u
@t

@̂u +
@̂v
@t

@̂v

=
1

4m
(� û@̂u + v̂@̂v) : (1.2.30)
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More precisely, the Killing vector �eld @t de�ned on the original Schwarzschild
region extends to a Killing vector �eld X de�ned throughout the Kruskal-
Szekeres manifold by the second line of (1.2.30).

We note that K is tangent to the level sets of û or v̂ at ûv̂ = 0, and
therefore is null there. Moreover, it vanishes at the spherêu = v̂ = 0,
which is called the bifurcation surface of a bifurcate Killing horizon. The
justi�cation of this last terminology should be clear from F igure 1.2.1.

A hypersurfaceH is called null if the pull-back of the space-time metric
to H is degenerate, see Appendix A.23, p. 317. Quite generally, an
embedded null hypersurface to which a Killing vector is tangent, and null
there, is called aKilling horizon .6 Therefore the union f ûv̂ = 0g of the
black hole horizon f û = 0g and the white hole event horizonf v̂ = 0g can
be written as the union of four Killing horizons and of their bifurcation
surface.

The bifurcate horizon structure, as well as the formula (1.2.30), are rather
reminiscent of what happens when considering the Killing vector t@x + x@t

in Minkowski space-time; this is left as an exercice to the reader.

The Kruskal-Szekeres extension isinextendiblewithin the class of C2-extensions
(compare Theorem 1.2.10 below), which can be proved as follows: First, (1.2.6)
shows that the Kretschmann scalar R��
� R��
� diverges asr approaches zero.
As already pointed out, this implies that no C2 extension of the metric is pos-
sible across the setf r = 0g. Next, an analysis of the geodesics of the Kruskal-
Szekeres metric shows that all (maximally extended) geodesics which do not
approach f r = 0g are complete. This, Theorem 1.4.2 and Proposition 1.4.3
below implies inextendibility. Together with Corollary 1. 4.7 we thus obtain:

Theorem 1.2.8 The Kruskal-Szekeres space-time is the unique extension, within
the class of simply connected analytic extensions of the Schwarzschild region
r > 2m, with the property that all maximally extended causal geodesics on
which R��
� R��
� is bounded are complete. 2

Remark 1.2.9 Nevertheless, it should be realised that the exteriorSchwarzschild
space-time (1.2.1) admits many non-isometric vacuum extensions, even in the
class of maximal, analytic, simply connected ones: indeed, let S be any two-
dimensional closed submanifold entirely included in, say,the black-hole region
of the Kruskal-Szekeres manifold (M ; g), such that M n S is not simply con-
nected. (A natural example is obtained by removing the \bifurcation sphere"
f û = v̂ = 0g.) Then, for any such S the universal covering manifold (M S ; ĝ)
of (M n S; gjM nS) has the claimed properties. While maximal, these exten-
sions will contain inextendible geodesics on which the geometry is bounded,
consistently with Theorem 1.2.8. We return to such issues inSection 1.4 below.

Yet another particulary interesting extension of the region f r > 2mg is
provided by the \ RP3 geon" of [120], see Example 1.4.1. 2

6More precisely, let X be a Killing vector �eld. A Killing horizon is a connected component
of the set f g(X; X ) = 0 ; X 6= 0 g which forms an embedded hypersurface.
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A beautiful theorem of Sbierski [252] asserts that:

Theorem 1.2.10 The Kruskal-Szekeres space-time is inextendible within the
class ofLorentzian space-times with continuous metrics.

1.2.4 Other coordinate systems, higher dimensions

A convenient coordinate system for the Schwarzschild metric is given by the so-
called isotropic coordinates: introducing a new radial coordinate ~r , implicitly
de�ned by the formula

r = ~r
�

1 +
m
2~r

� 2
; (1.2.31)

with a little work one obtains

gm =
�

1 +
m

2jxj

� 4
 

3X

1=1

(dxi )2

!

�
�

1 � m=2jxj
1 + m=2jxj

� 2

dt2 ; (1.2.32)

wherex i are coordinates onR3 with jxj = ~r . Those coordinates show explicitly
that the space-part of the metric is conformally 
at (as foll ows from spherical
symmetry).

The Schwarzschild space-time has the curious property of possessing
at
spacelike hypersurfaces. They appear miraculously when introducing the Painlev�e{
Gullstrand coordinates [147, 188, 230]: Starting from the standard coordinate
system of (1.2.1) one introduces a new time� via the equation

t = � � 2r

r
2m
r

+ 4m arctanh

 r
2m
r

!

; (1.2.33)

so that

dt = d� �

p
2m=r

1 � 2m=r
dr :

This leads to

g = �
�
1 �

2m
r

�
d� 2 + 2

r
2m
r

dr d� + dr2 + r 2 �
d� 2 + sin 2 �d� 2�

;

or, passing from spherical to standard coordinates,

g = �
�
1 �

2m
r

�
d� 2 + 2

r
2m
r

dr d� + dx2 + dy2 + dz2 : (1.2.34)

(Note that each such slice has zero ADM mass.)
A useful tool for the PDE analysis of space-times is providedby wave co-

ordinates. In spherical coordinates associated to wave coordinates (t; x̂; ŷ; ẑ),
with radius function r̂ =

p
x̂2 + ŷ2 + ẑ2, the Schwarzschild metric takes the

form [192, 262]

g = �
r̂ � m
r̂ + m

dt2 +
r̂ + m
r̂ � m

dr̂ 2 + ( r̂ + m)2d
 2 : (1.2.35)

This is clearly obtained by replacing r with r̂ = r � m in (1.2.1).
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Incidentally: In order to verify the harmonic character of the coordinates asso-
ciated with (1.2.35), consider a general spherically symmetric staticmetric of the
form

g = � e2� dt2 + e2� dr2 + e2
 r 2d
 2

= � e2� dt2 + e2� dr2 + e2
 (� ij dxi dxj � dr2)

= � e2� dt2 +
�

e2
 � ij + ( e2� � e2
 )
x i x j

r 2

�
dxi dxj ; (1.2.36)

where � , � and 
 depend only uponr . We need to calculate

2 gx � =
1

p
j det gj

@� (
p

j det gjg�� @� x � ) =
1

p
j det gj

@� (
p

j det gjg�� ) :

Clearly g0i = 0, which makes the calculation for x0 = t straightforward:

2 gt =
1

p
j det gj

@� (
p

j det gjg� 0) =
1

p
j det gj

@t (
p

j det gjg00) = 0 ;

as nothing depends upont. For 2 gx i we have to calculate
p

j det gj and g�� . For
the latter, it is clear that g00 = � e� 2� , while by symmetry considerations we must
have

gij = e� 2

�

� ij + �
x i x j

r 2

�
;

for a function � to be determined. The equation

� j
i = gj� g�i = gjk gki = e� 2


�
� jk + �

x j xk

r 2

��
e2
 � ki + ( e2� � e2
 )

xk x i

r 2

�

= � j
i + e� 2


�
�e 2
 + e2� � e2
 + � (e2� � e2
 )

� x i x j

r 2

= � j
i + e� 2


�
e2� � e2
 + �e 2�

� x i x j

r 2

gives � = e2( 
 � � ) � 1, and �nally

gij = e� 2
 � ij + ( e� 2� � e� 2
 )
x i x j

r 2 :

Next,
p

j det gj is best calculated in a coordinate system in which the vector (x; y; z)
is aligned along thex axis, (x; y; z) = ( r; 0; 0). Then (1.2.36) reads, in space-time
dimension n + 1,

g =

0

B
B
B
B
B
@

� e2� 0 0 � � � 0
0 e2� 0 � � � 0
0 0 e2
 � � � 0

0 0
...

. . . 0
0 0 0 � � � e2


1

C
C
C
C
C
A

which implies
det g = � e2( � + � )+2( n � 1) 
 ;

still at ( x; y; z) = ( r; 0; 0). Spherical symmetry implies that this equality holds
everywhere.

In order to continue, it is convenient to set

� = e� + � +( n � 3) 
  = e� + � +( n � 1) 
 (e� 2� � e� 2
 ) :
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We then have
p

j det gj2 gx i = @� (
p

j det gjg�i ) = @j (
p

j det gjgji )

= @j

�
e� + � +( n � 3) 

| {z }

�

� ij + e� + � +( n � 1) 
 (e� 2� � e� 2
 )
| {z }

 

x i x j

r 2 )
�

= ( � 0+  0)
x i

r
+  @j

� x i x j

r 2

�
=

�
� 0+  0+

(n � 1)
r

 
� x i

r
:

(1.2.37)

For the metric (1.2.35) we have

e2� =
r̂ � m
r̂ + m

; � = � � ; e 2
 r̂ 2 = ( r̂ + m)2 ;

so that

� = 1 ;  = e2
 � e2� � 1 =
(r̂ + m)2

r̂ 2 �
r̂ � m
r̂ + m

� 1 = �
m2

r̂ 2 ;

and if n = 3 we obtain 2 gx � = 0, as desired.
More generally, consider the Schwarzschild metric in any dimensionn � 3,

gm = �
�

1 �
2m

r n � 2

�
dt2 +

dr2

1 � 2m
r n � 2

+ r 2d
 2 ; (1.2.38)

where, as usual,d
 2 is the round unit metric on Sn � 1. In order to avoid confusion
we keep the symbolr for the coordinate appearing in (1.2.38), and rewrite (1.2.36)
as

g = � e2� dt2 + e2� dr̂ 2 + e2
 r̂ 2d
 2 ; (1.2.39)

It follows from (1.2.37) that the harmonicity condition reads

0 =
d(� +  )

dr̂
+

(n � 1)
r̂

 =
d(� +  )

dr̂
+

(n � 1)
r̂

( + � ) �
(n � 1)

r̂
� : (1.2.40)

Equivalently,
d[r̂ n � 1(� +  )]

dr̂
= ( n � 1)r̂ n � 2� : (1.2.41)

Transforming r to r̂ in (1.2.68) and comparing with (1.2.39) we �nd

e� =

r

1 �
2m

r n � 2 ; e� = e� � dr
dr̂

; e
 =
r
r̂

:

Note that � +  = e� � � +( n � 1) 
 ; chasing through the de�nitions one obtains � =
dr
dr̂

�
r
r̂

� n � 3
, leading eventually to the following form of (1.2.41)

d
dr

h
r n � 1

�
1 �

2m
r n � 2

� dr̂
dr

i
= ( n � 1)r n � 3 r̂ :

Introducing x = 1 =r, one obtains an equation with a Fuchsian singularity atx = 0:

d
dx

h
x3� n

�
1 � 2mxn � 2

� dr̂
dx

i
= ( n � 1)x1� n r̂ :
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The characteristic exponents are� 1 and n � 1 so that, after matching a few lead-
ing coe�cients, the standard theory of such equations provides solutions with the
behavior

r̂ = r �
m

(n � 2)r n � 3 +
�

m 2

4 r � 3 ln r + O(r � 5 ln r ); n = 4;
O(r 5� 2n ); n � 5:

:

Somewhat surprisingly, we �nd logarithms of r in an asymptotic expansion of ^r in
dimension n = 4. However, for n � 5 there is a complete expansion of ^r in terms of
inverse powers ofr , without any logarithmic terms in those dimensions. 2

As already hinted to in (1.2.38), higher dimensional counterparts of metrics
(1.2.1) have been found by Tangherlini [266]. In space-timedimension n + 1,
the metrics take the form (1.2.1) with

V 2 = 1 �
2m

r n� 2 ; (1.2.42)

and with d
 2 | the unit round metric on Sn� 1. The parameter m is the
Arnowitt-Deser-Misner mass in space-time dimension four, and is proportional
to that mass in higher dimensions. Assuming againm > 0, a maximal analytic
extension can be constructed by a simple modi�cation of the calculations above,
leading to a space-time with global structure identical to that of Figure 1.2.7
except for the replacement 2M ! (2M )1=(n� 2) there.

Remark 1.2.12 For further reference we present a general constructionof Walker [277].
We summarise the calculations already done: the starting point is a metric of the
form

g = � F dt2 + F � 1dr2 + hAB dxA dxB
| {z }

=: h

; (1.2.43)

with F = F (r ), where h := hAB (t; r; x C )dxA dxB is a family of Riemannian metrics
on an (n� 2)-dimensional manifold which possibly depend ont and r . It is convenient
to write F for V 2, as the sign ofF did not play any role; similarly the metric h was
irrelevant for the calculations we did above. We assume thatF is de�ned for r in a
neighborhood ofr = r0, at which F vanishes, with a simple zero there. Equivalently,

F (r0) = 0 ; F 0(r0) 6= 0 :

De�ning

u = t � f (r ) ; v = t + f (r ) ; f 0 =
1
F

; (1.2.44)

û = � exp(� cu) ; v̂ = exp( cv) ; (1.2.45)

one is led to the following form of the metric

g = �
F
c2 exp(� 2cf (r ))dû dv̂ + h : (1.2.46)

SinceF has a simple zero, it factorizes as

F (r ) = ( r � r0)H (r ) ; H (r0) = F 0(r0) ;
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for a function H which has no zeros in a neighborhood ofr0. This follows immedi-
ately from the formula

F (r )� F (r0) =
Z 1

0

dF(t(r � r0) + r0)
dt

dt = ( r � r0)
Z 1

0
F 0(t(r � r0)+ r0) dt : (1.2.47)

Now,

1
F (r )

=
1

H (r0)( r � r0)
+

1
F (r )

�
1

H (r0)( r � r0)
=

1
H (r0)( r � r0)

+
H (r0) � H (r )

H (r )H (r0)( r � r0)
:

An analysis of H (r ) � H (r0) as in (1.2.47) allows us to integrate the equation
f 0 = 1 =F in the form

f (r ) =
1

F 0(r0)
ln jr � r0j + f̂ (r ) ;

for some function f̂ which is smooth nearr0. Inserting all this into (1.2.46) with

c =
F 0(r0)

2

gives

g = �
4H (r )

(F 0(r0))2 exp(� f̂ (r )F 0(r0))dû dv̂ + h ; (1.2.48)

with a negative sign if we started in the regionr > r 0, and positive otherwise.
The function r is again implicitly de�ned by the equation

ûv̂ = � (r � r0) exp(f̂ (r )F 0(r0)) :

The right-hand side has a derivative which equals� exp(f̂ (r0)=F0(r0)) 6= 0 at r0,
and therefore this equation de�nes a smooth functionr = r (ûv̂) for r near r0 by
the implicit function theorem.

The above discussion applies toF which are of Ck di�erentiability class, with
some losses of di�erentiability. Indeed, (1.2.48) provides an extension of Ck � 2 di�er-
entiability class, which leads to the restriction k � 2. However, the implicit function
argument just given requiresh to be di�erentiable, so we need in fact k � 3 for a
coherent analysis. Note that for real analytic F 's the extension so constructed is
real analytic; this follows from the analytic version of the implicit func tion theorem.

Supposing we start with a region wherer > r 0, with F positive there. Then we
are in a situation reminiscent of that we encountered with the Schwarzschild metric,
where a single region of the typeI in Figure 1.2.1 leads to the attachment ofthree
new regions to the initial manifold, through \a lower left horizon, and an upper left
horizon, meeting at a corner". On the other hand, if we start with r < r 0 and F is
negative there, we are in the situation of Figure 1.2.1 where a region of type II is
extended through \an upper left horizon, and an upper right horizon, meeting at a
corner". The reader should have no di�culties examining all remaining possibilities.
We return to this in Chapter 4. 2

The function f of (1.2.44) for a (4+1){dimensional Schwarzschild-Tangherlini
solution can be calculated to be

f = r +
p

2m ln
� r �

p
2m

r +
p

2m

�
:
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A direct calculation leads to

g = �
32m(r +

p
2m)2

r 2 exp(� r=2m) dû dv̂ + d
 2 : (1.2.49)

One can similarly obtain (non-very-enlightening) explicit expressions in dimen-
sion (5 + 1).

The isotropic coordinates in higher dimensions lead to the following form of
the Schwarzschild-Tangherlini metric [234]:

gm =
�

1 +
m

2jxjn� 2

� 4
n � 2

 
nX

1=1

(dxi )2

!

�
�

1 � m=2jxjn� 2

1 + m=2jxjn� 2

� 2

dt2 : (1.2.50)

The radial coordinate jxj in (1.2.50) is related to the radial coordinate r of
(1.2.42) by the formula

r =
�

1 +
m

2jxjn� 2

� 2
n � 2

jxj :

It may be considered unsatisfactory that the function r appearing in the
globally regular form of the metric (1.2.25) is not given by an explicit elemen-
tary function of the coordinates. Here is a an explicit form of the extended
Schwarzschild metric due to Israel [162]7

g = � 8m
�
dxdy +

y2

xy + 2m
dx2

�
� (xy + 2m)2d
 2 : (1.2.51)

The coordinates (x; y) are related to the standard Schwarzschild coordinates
(t; r ) as follows:

r = xy + 2m ; (1.2.52)

t = xy + 2m(1 + ln jy=xj) ; (1.2.53)

jxj =
p

jr � 2mj exp
�

r � t
4m

�
; (1.2.54)

jyj =
p

jr � 2mj exp
�

t � r
4m

�
: (1.2.55)

In higher dimensions one also has an explicit, though again not very en-
lightening, manifestly globally regular form of the metric [186], in space-time
dimension n + 1:

ds2 = � 2
w2(� (r )� n+2 2n+1 mn+1 + 4m2((n + 1)(2 m � r ) + 3 r � 4m)

m(2 m � r )2 dU2

+8mdUdw + r 2d
 2
n� 1 ; (1.2.56)

where r � 0 is the function

r (U; w) � 2m + ( n � 2)Uw; (1.2.57)

while d
 2
n� 1 is the metric of a unit round n � 1 sphere.

7The Israel coordinates have been found independently in [231], see also [175].
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1.2.5 Some geodesics

The geodesics in the Schwarzschild metric have been studiedextensively in the
literature (cf., e.g., [53]), so we will only make a few general comments about
those.

First, we already encountered a family of outgoing and incoming radial null
geodesicst � (r + 2m ln(r � 2m)) = const.

Next, we have seen that the horizonf r = 2mg is threaded by a family of
null geodesics, its generators.

We continue by noting that each Killing vector X produces a constant of
motion g(X; _
 ) along an a�nely parameterised geodesic. So we have a conserved
energy-per-unit-mass

E := g(@t ; _
 ) = � (1 �
2m
r

) _t ;

and a conserved angular-momentum-per-unit-massJ

J := g(@' ; _
 ) = r 2 _' :

Yet another constant of motion arises from the length of _
 ,

g( _
; _
 ) = � (1 �
2m
r

) _t2 +
_r 2

1 � 2m
r

+ r 2( _� 2 + sin 2 � _' 2) = " 2 f� 1; 0; 1g: (1.2.58)

Incidentally: To simplify things somewhat, let us show that all motions arepla-
nar. One way of doing this is to write the equations explicitly. The Lagrangian for
geodesics reads:

L =
1
2

 

� V 2
�

dt
ds

� 2

+ V � 2
�

dr
ds

� 2

+ r 2
�

d�
ds

� 2

+ r 2 sin2 �
�

d'
ds

� 2
!

:

Those Euler-Lagrange equations which are not already covered bythe conservation
laws read:

d
ds

�
V � 2 dr

ds

�
= � @r V

 

V
�

dt
ds

� 2

+ V � 3
�

dr
ds

� 2
!

+ r

" �
d�
ds

� 2

+ sin 2 �
�

d'
ds

� 2
#

; (1.2.59)

d
ds

�
r 2 d�

ds

�
= r 2 sin � cos�

�
d'
ds

� 2

: (1.2.60)

Consider any geodesic, and think of the coordinates (r; �; ' ) as spherical coordinates
on R3. Then the initial position vector (which is, for obvious reasons, assumed not
to be the origin) and the initial velocity vector, which is assumed not to be radial
(otherwise the geodesic will be radial, and the claim follows) de�ne a unique plane
in R3. We can then choose the spherical coordinates so that this plane isthe plane
� = �= 2. We then have� (0) = �= 2 and _� (0) = 0, and then � (s) � �= 2 is a solution
of (1.2.60) satisfying the initial values. By uniqueness this isthe solution. 2
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So, without loss of generality we can assume sin� = 1 throughout the mo-
tion, from (1.2.58) we then obtain the following ODE for r (s):

_r 2 = E2 + (1 �
2m
r

)(" �
J 2

r 2 ) : (1.2.61)

The radial part of the geodesic equation can be obtained by calculating di-
rectly the Christo�el symbols of the metric. A more e�cient wa y is to use the
variational principle for geodesics, with the Lagrangian L = g( _
; _
 ) | this
can be read o� from the middle term in (1.2.58). But the reader should easily
convince herself that, at this stage, the desired equation can be obtained by
di�erentiating (1.2.61) with respect to s, obtaining

2
d2r
ds2 =

d
dr

�
E2 + (1 �

2m
r

)(" �
J 2

r 2 )
�

: (1.2.62)

We wish to point out the existence of a striking class ofnull geodesics for
which r (s) = const. It follows from (1.2.62), and from uniqueness of solutions
of the Cauchy problem for ODE's, that such a curve will be a null geodesic
provided that the right-hand sides of (1.2.61) and of (1.2.62) (with " = 0)
vanish:

E2 � (1 �
2m
r

)
J 2

r 2 = 0 =
2J 2

r 3 (� r + 3m) : (1.2.63)

Simple algebra shows now that the curves

s 7! 
 � (s) = ( t = s; r = 3m; � = �= 2; ' = � 33=2m� 1s) ; (1.2.64)

are null geodesics spiraling on the timelike cylinderf r = 3mg.

Exercice 1.2.14 Let 
 be a timelike geodesic for the Schwarzschild metric param-
eterized by proper time and lying in the equatorial plane� = �= 2. Show that

E 2 � _r 2

1 � 2m
r

�
J 2

r 2 = 1 :

Deduce that if E = 1 and J = 4 m then
p

r � 2
p

m
p

r + 2
p

m
= Ae�'=

p
2 ;

where � = � 1 and A is a constant. Describe the orbit that starts at ' = 0 in each
of the cases (i)A = 0, (ii) A = 1, � = � 1, (iii) r (0) = 3 m, � = � 1. 2

Exercice 1.2.15 Let u = m=r. Show that there exist constantsE , J and � such
that along non-radial geodesics we have

�
du
d'

� 2

=
m2E 2

J 2 �
�
u2 +

�m 2

J 2

�
(1 � 2u) : (1.2.65)

Show that for every r > 3m there exist timelike geodesics for which _r = 0.
Consider a geodesic which is a small perturbation of a �xed-radius geodesic.

Writing u = u0 + �u , where du0=d' = 0, and where �u is assumed to be small,
derive a linear second order di�erential equation approximatively satis�ed by �u .
Solving this equation, conclude that for 3m < r < 6m the constant-radius geodesics
are unstable at a linearized level, while they are linearization-stable for r > 6m. 2
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Exercice 1.2.16 Consider (1.2.65) with� = 0 and J = 3
p

3mE . Check that we
have then �

du
d'

� 2

= 2
�

u +
1
6

� �
u �

1
3

� 2

; (1.2.66)

and that for any ' 0 2 R the function

u(' ) = �
1
6

+
1
2

tanh2
�

1
2

(' � ' 0)
�

(1.2.67)

solves (1.2.66). Study the asymptotic behaviour of these solutions. What can you
infer from (1.2.67) about stability of the spiraling geodesics (1.2.64)? 2

Insightful animations of ray tracing in the Schwarzchild space-time can be
found at http://jilawww.colorado.edu/ ~ajsh/insidebh/schw.html .

1.2.6 The Flamm paraboloid

We write again the Schwarzschild metric in dimensionn + 1,

gm = �
�

1 �
2m

r n� 2

�
dt2 +

dr2

1 � 2m
r n � 2

+ r 2d
 2 ; (1.2.68)

where, as usual,d
 2 is the round unit metric on Sn� 1. Because of spherical
symmetry, the geometry of thet = const slices can be realised by an embedding
into ( n + 1){dimensional Euclidean space. If we set

�g = dz2 + ( dx1)2 + : : : + ( dxn )2 = dz2 + dr2 + r 2d
 2 ;

the metric h induced by �g on the the surfacez = z(r ) reads

h =
�� dz

dr

� 2
+ 1

�
dr2 + r 2d
 2 : (1.2.69)

This will coincide with the space part of (1.2.68) if we require that

dz
dr

= �

r
2m

r n� 2 � 2m
:

The equation can be explicitly integrated in dimensionsn = 3 and 4 in terms
of elementary functions, leading to

z = z0 �
p

2m �
�

2
p

r � 2m; r > 2m, n = 3,
ln(r +

p
r 2 � 2m); r >

p
2m, n = 4.

The positive sign corresponds to the usual black hole exterior, while the negative
sign corresponds to the second asymptotically 
at region, on the \other side"
of the Einstein-Rosen bridge. Solving for r (z), a convenient choice ofz0 leads
to

r =
�

2m + z2=8m; n = 3,p
2m cosh(z=

p
2m); n = 4.

In dimension n = 3 one obtains a paraboloid, as �rst noted by Flamm. The
embeddings are visualized in Figures 1.2.2 and 1.2.3.

The qualitative behavior in dimensionsn � 5 is somewhat di�erent, as then
z(r ) asymptotes to a �nite value as r tends to in�nity. The embeddings in n = 5
are visualized in Figure 1.2.4; in that dimensionz(r ) can be expressed in terms
of elliptic functions, but the �nal formula is not very illum inating.
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Figure 1.2.2: Isometric embedding of the space-geometry ofan n = 3 dimen-
sional Schwarzschild black hole into four-dimensional Euclidean space, near the
throat of the Einstein-Rosen bridge r = 2m, with 2m = 1 (left) and 2 m = 6
(right).

±10000

0

10000

±10000
±5000

0
5000

10000

±10

±5

0

5

10

±50

0

50
±60 ±40 ±20 0 20 40 60

±10

±5

0

5

10

Figure 1.2.3: Isometric embedding of the space-geometry ofan n = 4 dimen-
sional Schwarzschild black hole into �ve-dimensional Euclidean space, near the
throat of the Einstein-Rosen bridger = (2 m)1=2, with 2m = 1 (left) and 2 m = 6
(right). The extents of the vertical axes are the same as those in Figure 1.2.2.
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Figure 1.2.4: Isometric embedding of the space-geometry of a (5 + 1){
dimensional Schwarzschild black hole into six-dimensional Euclidean space, near
the throat of the Einstein-Rosen bridger = (2 m)1=3, with 2m = 2. The variable
along the vertical axis asymptotes to� � 3:06 asr tends to in�nity. The right
picture is a zoom to the centre of the throat.

1.2.7 Fronsdal's embedding

An embedding of the full Schwarzschild geometry into six dimensional Minkowski
space-time has been constructed by Fronsdal [126] (compare[107{109]). For
this, let us write the 
at metric � on R6 as

� = � (dz0)2 + ( dz1)2 + ( dz2)2 + ( dz3)2 + ( dz4)2 + ( dz5)2 :

For r > 2m the required embedding is obtained by setting

z0 = 4m
p

1 � 2m=r sinh(t=4m) ; z1 = 4m
p

1 � 2m=r cosh(t=4m) ;

z2 =
Z p

2m(r 2 + 2mr + 4m2)=r3dr ; (1.2.70)

z3 = r sin � sin � ; z 4 = r sin � cos� ; z 5 = r cos� :

(The function z2, plotted in Figure 1.2.5, can be found explicitly in terms of
elliptic integrals, but the �nal formula is not very enlight ening.) The embedding

1 2 3 4 5

- 5

5

Figure 1.2.5: The function z2=m of (1.2.70) in terms of r=m.

is visualised in Figure 1.2.6. Note thatz2 is de�ned and analytic for all r > 0,
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Figure 1.2.6: Fronsdal's embedding (t; r ) 7! (x = z1; � = z0; y = z2), with
target metric � d� 2 + dx2 + dy2, of the region r > 2m (left �gure) and of the
whole Kruskal-Szekeres manifold (right �gure) with m = 1.

which allows one to extend the map (1.2.70) analytically to the whole Kruskal-
Szekeres manifold. This led Fronsdal to his own discovery ofthe Kruskal-
Szekeres extension of the Schwarzschild metric, but somehow his name is rarely
mentioned in this context.

Exercice 1.2.17 Show that the formulae

z0 = 4 m
p

1 � 2m=rn � 2 sinh(t=4m) ; z1 = 4 m
p

1 � 2m=rn � 2 cosh(t=4m) ;

z2 =
p

2

r
mr 2� n (r n � 8m3(n � 2)2)

r n � 2mr 2 (1.2.71)

can be used to construct an embedding of (n + 1)-dimensional Schwarzschild metric
with n � 3 into R1;n +2 . 2

Exercice 1.2.18 Prove that no embedding of (n + 1)-dimensional Schwarzschild
metric with n � 3 into R1;n +1 exists. 2

Exercice 1.2.19 Find an embedding of the Schwarzschild metric intoR6 with met-
ric � = � (dz0)2 � (dz1)2 +( dz2)2 +( dz3)2 +( dz4)2 +( dz5)2. You may wish to assume
z0 = f (r ) cos(t=4m), z1 = f (r ) sin(t=4m), z2 = h(r ), with the remaining functions
as in (1.2.70). 2

1.2.8 Conformal Carter-Penrose diagrams

Consider a metric with the following product structure:

g = grr (t; r )dr2 + 2grt (t; r )dtdr + gtt (t; r )dt2

| {z }
=: 2g

+ hAB (t; r; x A )dxA dxB

| {z }
=: h

; (1.2.72)

whereh is a Riemannian metric in dimensionn � 1. Then any causal vector for
g is also a causal vector for2g, and drawing light-cones for2g gives a good idea
of the causal structure of (M ; g). We have already done that in Figure 1.2.1 to
depict the black hole character of the Kruskal-Szekeres space-time.
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Now, it is not too di�cult to prove that any two-dimensional L orentzian
metric can be locally written in the form

2g = 2guv (u; v)dudv = 2guv (� dt2 + dr2) (1.2.73)

in which the light-cones have slopes one, just as in Minkowski space-time. When
using such coordinates, it is su�cient to draw their domain o f de�nition to
visualise the global causal structure of the space-time.

Exercice 1.2.20 Prove (1.2.73).[Hint: introduce coordinates associated with right-
going and left-going null geodesics.] 2

The above are the �rst two-ingredients behind the idea of conformal Carter-
Penrose diagrams. The last thing to do is to bring any in�nite domain of
de�nition of the ( u; v) coordinates to a �nite one. We will discuss this how to
do quite generally in Chapter 4, but it is of interest to do it explicitly for the
Kruskal-Szekeres space-time. For this, let �u and �v be de�ned by the equations

tan �u = û ; tan �v = v̂ ;

where v̂ and û have been de�ned in (1.2.23)-(1.2.24). Using

dû =
1

cos2 �u
d�u ; dv̂ =

1
cos2 �v

d�v ;

the Schwarzschild metric (1.2.25) takes the form

g = �
32m exp(� r

2m )
r

dû dv̂ + r 2d
 2

= �
32m exp(� r

2m )
r cos2 �u cos2 �v

d�u d�v + r 2d
 2 : (1.2.74)

Introducing new time- and space-coordinates�t = (�u + �v)=2, �x = (�v � �u)=2, so
that

�u = �t � �x ; �v = �t + �x ;

one obtains a more familiar-looking form

g =
32m exp(� r

2m )
r cos2 �u cos2 �v

(� d�t2 + d�x2) + r 2d
 2 :

This is regular except at cos �u = 0, or cos �v = 0, or r = 0. The �rst set
corresponds to the straight lines �u = �t � �x 2 f� �= 2g, while the second is the
union of the lines �v = �t + �x 2 f� �= 2g.

The analysis of f r = 0g requires some work: recall thatr ! 0 corresponds
to ûv̂ ! 1, which is equivalent to

tan(�u) tan(�v) ! 1:

Using the formula

tan(�u + �v) =
tan �u + tan �v

1 � tan �u tan �v
we obtain tan(�u + �v) ! r ! 0 �1 unless perhaps the numerator tends to zero.
Except for the last borderline cases, this is equivalent to

�u + �v = 2 �t ! � �= 2:

So the Kruskal-Szekeres metric is conformal to a smooth Lorentzian metric on
C � S2, where C is the set of Figure 1.2.7.



36 CHAPTER 1. AN INTRODUCTION TO BLACK HOLES

-i-i

 

Singularity (r = 0)
r = 2M

t = constant

i

 r = constant > 2M

r = 2M

r = constant < 2M

t = constant

 r = 2M

+i

i0

+i

 r = constant > 2M

t = constant

r = 2M

r = constant < 2M

Singularity (r = 0)

I

II

III

IV

0

r = infinity

r = infinity

r = infinity

r = infinity

Figure 1.2.7: The Carter-Penrose diagram5 for the Kruskal-Szekeres space-time
with mass M . There are actually two asymptotically 
at regions, with co rre-
sponding event horizons de�ned with respect to the second region. Each point
in this diagram represents a two-dimensional sphere, and coordinates are cho-
sen so that light-cones have slopes plus minus one. Regions are numbered as in
Figure 1.2.1.

1.2.9 Weyl coordinates

A set of coordinates well suited to study static axisymmetric metrics has been
introduced by Weyl. In those coordinates the Schwarzschildmetric takes the
form (cf., e.g., [262, Equation (20.12)])

g = � e2USchw dt2 + e� 2USchw � 2d' 2 + e2� Schw (d� 2 + dz2) ; (1.2.75)

where

USchw = ln � � ln
�

m sin ~� +
q

� 2 + m2 sin2 ~�
�

(1.2.76)

=
1
2

ln

" p
(z � m)2 + � 2 +

p
(z + m)2 + � 2 � 2m

p
(z � m)2 + � 2 +

p
(z + m)2 + � 2 + 2m

#

; (1.2.77)

� Schw = �
1
2

ln

"
(rSchw � m)2 � m2 cos2 ~�

r 2
Schw

#

(1.2.78)

= �
1
2

ln

2

6
4

4
p

(z � m)2 + � 2
p

(z + m)2 + � 2

h
2m +

p
(z � m)2 + � 2 +

p
(z + m)2 + � 2

i 2

3

7
5 :(1.2.79)

In (1.2.76) the angle ~� is a Schwarzschild angular variable, with the relations

2m cos~� =
p

(z + m)2 + � 2 �
p

(z � m)2 + � 2 ;

2(rSchw � m) =
p

(z + m)2 + � 2 +
p

(z � m)2 + � 2 ;

� 2 = rSchw(rSchw � 2m) sin2 ~� ; z = ( rSchw � m) cos~� ;



1.3. SOME GENERAL NOTIONS 37

where rSchw is the usual Schwarzschild radial variable such thate2USchw = 1 �
2m=rSchw. As is well known, and in any case easily seen,USchw is smooth on
R3 except on the setf � = 0 ; � m � z � mg. From (1.2.76) we �nd, at �xed z
in the interval � m < z < m and for small � ,

USchw(�; z ) = ln � � ln(2
p

(m + z)(m � z)) + O(� 2) (1.2.80)

(with the error term not uniform in z).
The value �� of � on the rod equals

�� (z) = �
1
2

ln
�

(m � z)(z + m)
(2m)2

�
:

1.3 Some general notions

1.3.1 Isometries

Before continuing some general notions are in order. AKilling �eld , by de�ni-
tion, is a vector �eld the local 
ow of which preserves the metric. Equivalently,
X satis�es the Killing equation,

0 = L X g�� = r � X � + r � X � : (1.3.1)

The set of solutions of this equation forms a Lie algebra, where the bracket
operation is the bracket of vector �elds (see Section A.21, p. 307).

One of the features of the Schwarzschild metric (1.2.1) is its stationarity ,
with Killing vector �eld X = @t : A space-time is calledstationary if there
exists a Killing vector �eld X which approaches@t in the asymptotically 
at
region (wherer goes to1 , see Section 1.3.6 below for precise de�nitions)and
generates a one parameter groups of isometries. A space-time is calledstatic if it
is stationary and if the stationary Killing vector X is hypersurface-orthogonal,
i.e.

X [ ^ dX [ = 0 ; (1.3.2)

where
X [ = X � dx� = g�� X � dx� :

Incidentally: Exercice 1.3.2 Show that the Schwarzschild metric, as well as
the Reissner-Nordstr•om metrics of Section 1.5, are static but the Kerr metrics with
a 6= 0, presented in Section 1.6 below, are not.

2

Any metric with a Killing vector �eld X can be locally written, away from
the zeros ofX , in the form

g = � V (dt + � i dxi
| {z }

=: �

)2 + hij dxi dxj ; (1.3.3)
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with X = @t and hence@t g�� = 0. Then

X [ = � V (dt + � ) ; X [ = � dV ^ (dt + � ) � V d� ; X [ ^ dX [ = V 2(dt + � ) ^ d� :
(1.3.4)

It follows that g is static if and only if d� = 0. Therefore, for static metrics, on
any simply connected subset ofM there exists a function f = f (x i ) such that
� = df . Introducing a new time coordinate � := t + f , we conclude that any
static metric g can locally be written as

g = � V d� 2 + hij dxi dxj : (1.3.5)

We also see that staticity leads to, and is equivalent to, theexistence of
a supplementary local discrete isometry ofg obtained by mapping � to its
negative, � 7! � � .

On a simply connected space-timeM the representation (1.3.5) is global,
with a function V without zeros, provided that there exists in M a hypersurface
S which is transverse to a globally timelike Killing vector X , with every orbit
of X meeting S precisely once.

A space-time is calledaxisymmetric if there exists a Killing vector �eld Y ,
which generates a one parameter group of isometries, and which behaves like a
rotation : this property is captured by requiring that all orbits 2 � periodic, and
that the set f Y = 0g, called the axis of rotation, is non-empty. Killing vector
�elds which are a non-trivial linear combination of a time tr anslation and of
a rotation in the asymptotically 
at region are called stationary-rotating , or
helical. Note that those de�nitions require completeness of orbitsof all Killing
vector �elds (this means that the equation _x = X has a global solution for all
initial values), see [60] and [132] for some results concerning this question.

In the extended Schwarzschild space-time the setf r = 2mg is a null hy-
persurfaceE, the Schwarzschild event horizon. The stationary Killing vector
X = @t extends to a Killing vector X̂ in the extended space-time which becomes
tangent to and null on E, except at the "bifurcation sphere" right in the middle
of Figure 1.2.7, whereX̂ vanishes.

1.3.2 Killing horizons

A null hypersurface which coincideswith a connected component of the set

N X := f g(X; X ) = 0 ; X 6= 0g; (1.3.6)

where X is a Killing vector, with X tangent to N , is called aKilling horizon
associated toX . Here it is implicitly assumed that the hypersurface isembedded.

We will sometimes write N (X ) instead of N X .

Example 1.3.3 The simplest example is provided by the \boost Killing vector
�eld"

X = z@t + t@z (1.3.7)

in Minkowski space-time: The Killing horizon N X of X has four connected
components

N (X )�� := f t = �z ; �t > 0g; �; � 2 f� 1g; (1.3.8)
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Figure 1.3.1: The four branches of a bifurcate horizon and the bifurcation
surface for the boost Killing vector x@t + t@x in three-dimensional Minkowski
space-time.

indeed, we have
f g(X; X ) = 0 g = f t = � zg; (1.3.9)

but from this we need to remove the set of pointsf z = t = 0g, where X
vanishes. The closureN X of N X is the set fj t j = jzjg, as in (1.3.9), which is
not a manifold, because of the crossing of the null hyperplanesf t = � zg at t =
z = 0; see Figure 1.3.1. Horizons of this type are referred to asbifurcate Killing
horizons. More precisely, a set will be called abifurcate Killing horizon if it is
the union of a smooth submanifoldS of co-dimension two, called thebifurcation
surface, and of four Killing horizons obtained by shooting null geodesics in the
four distinct null directions orthogonal to S. So, the Killing vector z@t + t@z

in Minkowski space-time has a bifurcate Killing horizon, with the bifurcation
surfacef t = z = 0g.

Example 1.3.4 Figure 1.2.1 on p. 18 makes it clear that the setf r = 2mg in
the Kruskal-Szekeres space-time is the union of four Killing horizons and of the
bifurcation surface, with respect to the Killing vector �el d which equals@t in
the asymptotically 
at region.

It turns out that the above examples are typical. Indeed, consider a spacelike
submanifold S of co-dimension two in a space-time (M ; g), and suppose that
there exists a (non-trivial) Killing vector �eld X which vanishes onS. Then the
one-parameter group of isometries� t [X ] generated byX leavesS invariant and,
along S, the tangent maps � t [X ]� induce isometries ofTM to itself. At every
p 2 S there exist precisely two null directions Vectf n� g � TpM , where n� are
two distinct null future directed vectors normal to S. Since every geodesic is
uniquely determined by its initial point and its initial dir ection, we conclude
that the null geodesics through p are mapped to themselves by the 
ow of
X . Thus X is tangent to those geodesics. There exist two null hypersurfaces
N � threaded by those null geodesics, intersecting atS. We de�ne N � + to
be the connected components ofN � n f X = 0g lying to the future of S and
accumulating at S. Similarly we de�ne N �� to be the connected components
of N � n f X = 0g lying to the past of S and accumulating at S. Then the N ��
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are Killing horizons which, together with S, form a bifurcate Killing horizon
with bifurcation surface S.

Example 1.3.5 One more noteworthy example, in Minkowski space-time, is
provided by the Killing vector

X = y@t + t@y + x@y � y@x = y@t + ( t + x)@y � y@x : (1.3.10)

Thus, X is the sum of a boosty@t + t@y and a rotation x@y � y@x . Note that
X vanishes if and only if

y = t + x = 0 ;

which is a two-dimensional isotropic (null) submanifold of Minkowski space-
time R1;3. Further,

g(X; X ) = ( t + x)2 = 0

which is an isotropic hyperplane inR1;3.

Remark 1.3.6 When attempting to prove uniqueness of black holes, one is natu-
rally led to the following notion: Let X be a Killing vector, then every connected,
not necessarily embedded, null hypersurfaceN 0 � N X , with N X as in (1.3.6), with
the property that X is tangent to N 0, is called aKilling prehorizon .

One of the fundamental di�erences between prehorizons and horizons is that
the latter are necessary embedded, while the former are allowed not to be. Thus,
a Killing horizon is also a Killing prehorizon, but the reverse implication is not
true. As an example, considerR � T2 with the 
at product metric, and let Y be
any covariantly constant unit vector on T2 the orbits of which are dense onT2.
Let � � T2 be such an orbit, then R � � provides an example of non-embedded
prehorizon associated with the null Killing vector X := @t + Y .

Prehorizons are a major headache to handle in analytic arguments,and one of
the key steps of the uniqueness theory of stationary black holes isto prove that
they do not exist within the domain of outer commmunications of well behaved
black-hole space-times [71, 75, 202]. 2

1.3.3 Surface gravity

The surface gravity � of a Killing horizon N (X ) is de�ned by the formula

(X � X � );�

�
�
�
N (X )

= � 2�X � : (1.3.11)

A word of justi�cation is in order here: since g(X; X ) = 0 on N (X ) the di�er-
ential of g(X; X ) is conormal to N (X ). (A form � is said to beconormal to S
if for every vector Y 2 T S we have� (Y ) = 0.) Recalling (cf. Appendix A.23,
p. 317) that on a null hypersurface the conormal is proportional to g(`; �), where
` is any null vector tangent to N (those are de�ned uniquely up to a propor-
tionality factor), we obtain that d(g(X; X )) is proportional to X [ = X � dx� ;
whence (1.3.11). We will show shortly that � is a constant under fairly general
conditions.

The surface gravity of black holes plays an important role in black hole
thermodynamics, cf. e.g., [37] and references therein.



1.3. SOME GENERAL NOTIONS 41

Remark 1.3.7 The surface gravity measures the accelerationa of the integral curves
of the Killing vector X , in the following sense: Let� 7! x � (� ) be an integral curve
of X , thus x � (� ) solves the equation

_x � (� ) �
dx�

d�
(� ) = X � (x � (� )) :

The accelerationa = a� @� of the curve x � (� ) is de�ned as D _x � =d� . On the Killing
horizon N X we have

a� =
D _x �

d�
= _x � r � X � = X � r � X � = � X � r � X � = �

1
2

r � (X � X � )

= � _x � = �X � :

Thus
a = �X (1.3.12)

on the Killing horizon. 2

As an example of calculation of surface gravity, consider the Killing vector
X of (1.3.7). We have

d(g(X; X )) = d(� z2 + t2) = 2( � zdz + tdt ) :

On N (X )�� we havet = �z , and

X [ = � zdt + tdz = z(� dt + �dz ) = �
1
2

�d(g(X; X )) jN (X ) ��
;

and so
� = � 2 f� 1g: (1.3.13)

As another example, for the Killing vector X of (1.3.10) we have

d(g(X; X )) = 2( t + x)(dt + dx) ;

which vanishes on each of the Killing horizonsf t = � x ; y 6= 0g. We conclude
that � = 0 on both horizons.

A Killing horizon N X is said to be degenerate, or extreme, if � vanishes
throughout N X ; it is called non-degenerateif � has no zeros onN X . Thus,
the Killing horizons N (X )�� of (1.3.8) are non-degenerate, while both Killing
horizons of X given by (1.3.10) are degenerate.

Incidentally: Example 1.3.9 Consider the Schwarzschild metric. as extended
in (1.2.10),

g = � (1 �
2m
r

)dv2 + 2 dvdr + r 2d
 2 : (1.3.14)

We have
d
�

g(X; X )
�

= d
�

g(@v ; @v )
�

= �
2m
r 2 dr :

Now, X [ = g(@v ; �) = � (1� 2m
r )dv+ dr, which equalsdr at the hypersurfacer = 2 m.

Comparing with (1.3.11) gives

� � � m :=
1

4m
:
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We see that the black-hole event horizon in the above extension of the Schwarzschild
metric is a non-degenerate Killing horizon, with surface gravity (4m)� 1.

The same calculation for the extension based on the retarded time coordinate
u of (1.2.9) proceeds identically except for various sign changes, resulting in � =
� 1=4m for the white-hole event horizon.

Note that there are no black holes with degenerate Killing horizons within the
Schwarzschild family. In fact [90], there are no suitably regular, degenerate, static
vacuum black holes at all.

2

In Kerr space-times (see Section 1.6 below) we have� = 0 if and only if
m = a. On the other hand, all horizons in the multi-black hole Majumdar-
Papapetrou solutions of Section 1.7 are degenerate.

In what follows we will prove that � is constant on Killing horizons under
various circumstances; this is used when assigning a temperature to Killing
horizons. In the proofs we will need to di�erentiate the de�ni ng equation

X 
 r � X 
 jN = � �X � : (1.3.15)

For this some preliminary work is needed:
Let t � 1 :::� ` be any tensor �eld vanishing on N . Then

k� r � t � 1 :::� ` jN = 0 (1.3.16)

for any vector �eld k� tangent to N . Since X � spans the space of covectors
annihilating N , (1.3.16) holds if and only if r � t � 1 :::� ` jN equalsX � s� 1 :::� ` for
some tensor �eld s� 1 :::� ` . Equivalently,

X [
 r � ]t � 1 :::� ` jN = 0 : (1.3.17)

This is our desired di�erential consequence of the vanishingof t � 1 :::� ` jN .
We have the following:

Theorem 1.3.10 � 2 is a non-zero constant on bifurcate Killing horizons.

Remark 1.3.11 Both (1.3.13) and the Example 1.3.9 show that� , as de�ned in
(1.3.11) is not constant on a bifurcate Killing horizon, with a sign which might
change when passing from Killing horizon component to another. The reader
will note that one can �ddle with the sign in (1.3.11) to obtai n a constant value
of � throughout a bifurcate Killing horizon, but we will not proc eed in this
manner.

Proof: We follow the argument in [171, p. 59]. Consider, quite generally, a
smooth hypersurfaceN with de�ning function f ; by de�nition, this means
that f vanishes precisely onN , with df di�erent from zero on N . Thus, on
each connected componentN of our bifurcate Killing horizon we have such a
function f . Next, we claim that there exists a function h such that on N we
have

X [ := g�� X � dx� = h df (1.3.18)
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(This property is called hypersurface orthogonality.) Indeed, if Y is any vector
tangent to N , then Y � @� f = 0 on N , sincef is constant on N . On the other
hand, Y � X � = 0, because a null vector tangent to a null hypersurfaceN is
orthogonal to all vectors tangent to N . It follows that X [ is proportional to
df , which justi�es the existence the function h in (1.3.18). We emphasise that
we do not assume (1.3.18) everywhere, but only onN .

We start by showing that (1.3.18) implies the identity

X [� r � X � ] jN = 0 : (1.3.19)

Indeed, di�erentiating (1.3.18) we �nd

r � X � jN = r � hr � f + hr � r � f + X � Z � ; (1.3.20)

for some vector �eld Z . Here, as already explained above,Z accounts for the
fact that the equality (1.3.18) only holds on N , and therefore di�erentiation
might introduce non-zero terms in directions transverse toN . The �rst term
in (1.3.20) drops out under antisymmetrisation as in (1.3.19) sinceX is propor-
tional to r f ; similarly for the last one. The second term is symmetric in� and
� , and also gives zero under antisymmetrisation. This establishes (1.3.19). (In
fact, (1.3.19) is a special case of theFrobenius theorem, keeping in mind that
X � is hypersurface-orthogonal.)

We continue with the identity

r � X � r � X � jN = � 2� 2 : (1.3.21)

To see this, we multiply (1.3.19) by r � X � and expand: using the symbol \=N "
to denote equality on N , we �nd

0 =N r � X � X � r � X � + r � X � X �| {z }
�X �

r � X � + r � X � X �| {z }
� �X �

r � X �

= N r � X � X � r � X � + � X � r � X �| {z }
�X �

� � X � r � X �| {z }
� �X �

= N (r � X � r � X � + 2 � 2)X � :

This proves (1.3.21) away from the set whereX vanishes.
Now, recall that a bifurcate horizon is the union of four Kill ing horizons,

which are smooth hypersurfaces on whichX has no zeros, and of the bifurcation
surfaceS, whereX vanishes. So the setf X 6= 0g is dense on a bifurcate horizon.
Recall also that � has not been de�ned onS so far, as the de�nition needs the
condition X 6= 0. But we can view (1.3.21) as the de�nition of � , up to sign,
at points at which X vanishes. Then the calculation just given shows that
the function � 2, so-extended toS, is a smooth function on a bifurcate Killing
horizon N , with (1.3.21) holding throughout N .

Recall (cf. (A.21.8), p. 310 below) that a Killing vector �el d satis�es the set
of equations

r � r � X 
 = R���
 X � : (1.3.22)
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Di�erentiating (1.3.21) we obtain, using (1.3.22),

r � X � r � r � X �| {z }
R ���� X �

jN = �r � (� 2) : (1.3.23)

So the left-hand side vanishes onS. It follows that r � 2 vanishes onS. We
conclude that � 2 is constant on any connected component ofS.

Contracting (1.3.23) with X � we further �nd

� L X � 2 jN = � X � r � (� 2) jN = r � X � R���� X � X �

| {z }
=0

= 0 : (1.3.24)

Hence � 2 is constant along any the null Killing orbits threading each of the
Killing horizons issued fromS. Continuity implies that on each orbit the surface
gravity � 2 takes the same value as at its accumulation point atS. But we
have already seen that� 2 is constant on S. We conclude that � 2 is constant
throughout the bifurcate Killing horizon emanating from S.

It remains to show that � 2 cannot vanish onS: This is a consequence of the
fact that X jS = 0, � jS = 0 and (1.3.21) imply r X jS = 0. Proposition A.21.7,
p. 310 givesX � 0, contradicting the de�nition of a bifurcate Killing horiz on.
2

Yet another class of space-times with constant� (see [152], Theorem 7.1
or [274], Section 12.5) is provided by space-times satisfying the dominant energy
condition : this means that T�� X � Y � � 0 for all causal future directed vector
�elds X and Y . Our aim now is to prove this.

SinceX � is hypersurface-orthogonal onN , from the \Frobenius identity"
(1.3.19) we have

0 =N 3X [� r � X 
 ] = N X � r � X 
 + X � r 
 X � + X 
 r � X �

= N 2X [� r � ]X 
 + X 
 r � X � : (1.3.25)

Equivalently,

X [� r � ]X 
 jN =
1
2

X 
 r � X � : (1.3.26)

Thus, applying the di�erential operator X [� r � ] to the left-hand side of (1.3.15),
we �nd

X [� r � ](X

 r � X 
 ) = ( X [� r � ]X




| {z }
1
2 X 
 r � X �

)r � X 
 + X 
 X [� r � ]r � X 

| {z }
� R � ] ��
 X �

= �
�
2

X � r � X � � X [� R� ]��
 X 
 X �

= � X [� r � ]X � � X [� R� ]��
 X 
 X � : (1.3.27)

Comparing with the corresponding derivatives of the right-hand side of (1.3.15),
we conclude that

X [� R� ]��
 X 
 X � jN = X � X [� r � ]� : (1.3.28)
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The next step is to show that

X [� R� ]��
 X 
 X � jN = X � X [� R� ]
 X 
 : (1.3.29)

For this, we apply X [� r � ] to (1.3.19): Letting S��
 denote a cyclic sum over
��
 , and using (1.3.26) we obtain:

0 =N X [� r � ](S��
 X � r � X 
 )

= N S��
 ((X [� r � ]X �
| {z }

1
2 X � r � X �

)r � X 
 + X � X [� r � ]r � X 

| {z }
R � ] �
� X �

)

= N S��
 X � X � X [� R� ]�
� : (1.3.30)

Writing out this sum, and contracting with g�� , after a renaming of indices one
obtains (1.3.29).

Comparing (1.3.28) and (1.3.29), sinceX does not vanish anywhere on a
Killing horizon,

X [� r � ]� = � X [� R� ]
 X 
 : (1.3.31)

We have therefore proved:

Proposition 1.3.12 Let N be a Killing horizon associated with a Killing vec-
tor X . If

X [� R� ]� X � = 0 on N ; (1.3.32)

then � is constant on N .

Let us relate (1.3.32) to the dominant energy condition, alluded to above. In
vacuum the Ricci tensor vanishes, so clearly (1.3.32) is satis�ed. More generally,
using the Einstein equation, (1.3.32) is equivalent to

X [� T� ]� X � = 0 on N : (1.3.33)

Now, multiplying (1.3.31) by X � and using X � r � � = 0 one �nds

R�� X � X � jN = 0 ; (1.3.34)

and therefore also
T�� X � X � jN = 0 : (1.3.35)

Assuming the dominant energy condition, this is possible ifand only if (1.3.33)
holds. Indeed, the condition that T�� X � Y � is positive for all causal future
directed vectors implies that � T �

� X � is causal future directed. But then
T�� X � X � vanishes onN if and only if T �

� X � is proportional to X � , which
implies (1.3.33). We conclude that Proposition 1.3.12 applies, leading to:

Theorem 1.3.13 Let N be a Killing horizon and suppose that the energy-
momentum tensor satis�es the dominant energy condition,

T�� Z � Y � = 0 for all causal future directed Z and Y . (1.3.36)

Then � is constant on N .
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We conclude this section with the following result, originally proved by R�acz
and Wald [242] in space-time dimensionn + 1 = 4:

Theorem 1.3.14 Let N be a Killing horizon associated with a Killing vector
�eld X in an (n + 1) -dimensional space-time. Then the surface gravity� is
constant on N if and only if the exterior derivative of the twist form �eld ! is
zero on the horizon, i.e.

r [� 0 ! � 1 :::� n � 2 ] jN = 0 ;

where ! is de�ned as ! � 1 :::� n � 2 = � � 1 :::� n � 2 �
� X � r 
 X � :

Proof: Recall (1.3.31):

X [� r � ]� jN = � X [� R� ]
 X 
 : (1.3.37)

On the other hand, letting � ��

� = � �

[
 � �
� ] we have

� ��
� 1 :::� n � 2 r 
 ! � 1 :::� n � 2

= � ��
� 1 :::� n � 2 r 
 (� � 1 :::� n � 2 ��� X � r � X � )

= ( � 1)n� 2� � 1 :::� n � 2 ��
 � � 1 :::� n � 2 ��� r 
 (X � r � X � )

= 2( � 1)n� 1(n � 2)!
| {z }

=: cn

(� �
� � �


�� + � �
� � 
�

�� + � 

� � ��

�� )r 
 (X � r � X � )

= cn

�
r 
 (X � r � X 
 ) + r 
 (X � r 
 X � ) + r 
 (X 
 r � X � )

�

= cn ( r 
 X � r � X 


| {z }
=:( � )

+ X � r 
 r � X 


| {z }
= R �
 �
 X �

+ r 
 X � r 
 X �

| {z }
= �r 
 X � r � X 
 ; cancels out (� )

+ X � r 
 r 
 X �

| {z }
= R �
 
� X �

+ r 
 X 


| {z }
=0

r � X � + X 
 r 
 r � X �

| {z }
= X 
 R �
 �� X � =0

)

= 2cn X [� R� ]
� X � : (1.3.38)

Comparing with (1.3.37), we �nd

X [� r � ]� jN = �
1

2cn
� ��


� 1 :::� n � 2 r 
 ! � 1 :::� n � 2 ; (1.3.39)

from which the theorem follows. 2

A vector �eld X is said to behypersurface orthogonal, if ! vanishes, compare
(1.3.2). Recall that X is static if it is timelike (at least at large distances) and
hypersurface orthogonal. It thus follows from Theorem 1.3.14 that the surface
gravity is always constant on Killing horizons associated with static Killing
vectors, regardless of �eld equations.

It is known that the twist-form vanishes for stationary and a xisymmetric
electro-vacuum space-times [181, 233]; we again infer that� is constant for such
space-times; of course this follows also from Theorem 1.3.13.
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Figure 1.3.2: A spacelike hypersurfaceS intersecting a Killing horizon N 0(X )
in a compact cross-sectionS.

1.3.4 The orbit-space geometry near Killing horizons

Consider a space-time (M ; g) with a Killing vector �eld X . On any set U on
which X is timelike we can introduce coordinates in whichX = @t , and the
metric may be written as

g = � V 2(dt + � i dxi )2 + gij dxi dxj ; @t V = @t � i = @tgij = 0 : (1.3.40)

where g = gij dxi dxj has Riemannian signature. The metricg is often referred
to as the orbit-space metric.

Let S be a spacelike hypersurface inM ; then (1.3.40) de�nes a Riemannian
metric g on S \ U . Assume that X is timelike on a one-sided neighborhood
U of a Killing horizon N 0(X ), and suppose that S \ U has a boundary
component S which forms a compact cross-section ofN 0(X ), see Figure 1.3.2.
The vanishing, or not, of the surface gravity has a deep impact on the geometry
of g near N 0(X ) [64]:

1. Every di�erentiable such S, included in a C2 degenerateKilling horizon
N 0(X ), corresponds to acomplete asymptotic end of (S \ U ; g). See
Figure 1.3.3.8

This remains valid for stationary and axi-symmetric four-dimensional con-
�gurations without the hypothesis that X is timelike near the horizon [86].

2. Every suchS included in a smooth Killing horizon N 0(X ) on which

� > 0;

corresponds to a totally geodesic boundary of (S \ U ; g), with g being
smooth up{to{boundary at S. Moreover

(a) a doubling of (S \ U ; g) acrossS leads to a smooth metric on the
doubled manifold,

8We are grateful to C. Williams for providing the �gure.
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(� 6= 0)
totally geodesic boundary

(� = 0)
In�nite cylinder

Figure 1.3.3: The general features of the geometry of the orbit-space metric
on a spacelike hypersurface intersecting a non-degenerate(left) and degenerate
(right) Killing horizon, near the intersection, visualize d by a co-dimension one
embedding in Euclidean space.

(b) with
p

� g(X; X ) extending smoothly to �
p

� g(X; X ) acrossS.

In the Majumdar-Papapetrou solutions of Section 1.7, the orbit-space metric
g as in (1.3.40) asymptotes to the usual metric on a round cylinder as the event
horizon is approached. One is therefore tempted to think of degenerate event
horizons as corresponding toasymptotically cylindrical ends of (S ; g).

1.3.5 Near-horizon geometry

A key feature of black-hole geometries is the existence of event horizons, which
are null hypersurfaces. By standard causality theory, any null achronal hyper-
surfacesH is the union of Lipschitz topological hypersurfaces. Furthermore
(cf. Appendix A.23, p. 317), through every point p 2 H there is a future inex-
tendible null geodesic entirely contained inH (though it may leave H when
followed to the past of p). Such geodesics are calledgenerators.

A useful tool to study geometry nearsmooth null hypersurfaces, is provided
by the null Gaussian coordinatesof Isenberg and Moncrief [214]. (It should be
kept in mind that there exist null hypersurfaces which are not smooth, in fact
examples exist with horizons which are nowhereC1 [?].)

Proposition 1.3.15 ([214]) Near a smooth null hypersurfaceH one can in-
troduce Gaussian null coordinates, in which the space-time metric g takes the
form

g = x'dv 2 + 2dvdx + 2xhadxadv + habdxadxb ; (1.3.41)

with H given by the equationf x = 0g.

Proof: Let S � H be any (n � 1){dimensional submanifold of H , transverse
to the null generators of H . Let xa be any local coordinate system onS, and
let `jS be any �eld of null vectors, de�ned on S, tangent to the generators of
H . Solving the equation r ` ` = 0, with initial values `jS on S, one obtains a
null vector �eld ` de�ned on a H {neighborhood V � H of S, tangent to the
generators ofH . One can extendxa to V by solving the equation `(xa) = 0.
The function vjH is de�ned by solving the equation `(v) = 1 with initial value
vjS = 0. Passing to a subset ofV if necessary, this de�nes a global coordinate
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system (v; xa) on V . By construction we have` = @v on V , in particular gvv = 0
on V . Further, ` is normal to H becauseH is a null surface, which implies
gva = 0 on V .

Let, next, �̀ jV be a �eld of null vectors on V de�ned uniquely by the con-
ditions

g( �̀ jV ; `) = 1 ; g( �̀ jV ; @A ) = 0 : (1.3.42)

The �rst equation implies that �̀ jV is everywhere transverse toV . Then we
de�ne �̀ in a space-time neighborhoodU � M of V by solving the geodesic
equation r �̀ �̀ = 0 with initial value �̀ jV at V . The coordinates (v; xa) are
extended to U by solving the equations �̀ (v) = �̀(xa) = 0, and the coordinate
x is de�ned by solving the equation �̀ (x) = 1, with initial value x = 0 at V .
Passing to a subset ofU if necessary, this de�nes a global coordinate system
(v; x; x a) on U .

By construction we have
�̀ = @x ; (1.3.43)

hence@x is a null, geodesic, vector �eld onU . In particular

gxx � g(@x ; @x ) = 0 :

Let (zA ) = ( x; x a), and note that

�̀
�

g( �̀; @A )
�

= g( �̀; r �̀ @A ) = g( �̀; r @x @A ) = g( �̀; r @A @x )

= g( �̀; r @A
�̀ ) =

1
2

@A

�
g( �̀; �̀ )

�
= 0 :

This shows that the componentsgxA of the metric are x{independent. On S
we havegxv = 1 and gxa = 0 by (1.3.42), which �nishes the proof. 2

Incidentally: Example 1.3.17 An example of the coordinate system above is
obtained by taking H to be the light-cone of the origin in (n + 1){dimensional
Minkowski space-time, with x = r � t, y = ( t + r )=2, then the Minkowski metric �
takes the form

� = � dt2 + dr2 + r 2d
 2 = 2 dx dy +
(x + 2 y)2

4
d
 2 :

2

Example 1.3.18 The Eddington-Finkelstein coordinates, which bring the Schwarzschild
metric to the form (1.2.10),

g = �
�

1 �
2m
r

�
dv2 + 2 dv dr + r 2d
 2 : (1.3.44)

provide an example of null Gauss coordinates around the null hypersurface f r =
2mg.

Quite generally, metrics of the form

g = � F (r )dt2 + dr 2

F (r ) + hAB dxA dxB
| {z }

=: h

; (1.3.45)
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where F vanishes atr = r0, can be extended across the null-hypersurfacef r = r0g
by introducing a new coordinate

v = t + f (r ) ; where f 0 =
1
F

: (1.3.46)

This leads to

g = � F dv2 + 2 dv dr + h ; (1.3.47)

which is directly in the null-Gaussian-form (1.3.41). 2

Average surface gravity

A topological submanifold S of a null achronal hypersurfaceH will be called
a local section, or simply section, if S meets the generators ofH transversally;
it will be called a cross-section if it meets all the generators precisely once.

Let S be any smooth compact cross-section ofH , the average surface gravity
h� i S is de�ned as

h� i S = �
1

2jSj

Z

S
'd� h ; (1.3.48)

where ' is as in (1.3.41),d� h is the measure induced by the metrich on S, and
jSj is the volume of S.

We emphasise that while the notion of surface gravitywas de�ned for Killing
horizons, that of average surface gravityis de�ned for any su�ciently di�eren-
tiable null hypersurface with compact cross-sections. Note that the requirement
of compactness is crucial to guarantee �niteness of the de�ning integral.

Suppose, however, thatX := @v is a Killing vector, and that H is an
associated Killing horizon. Then ' is directly related to the surface gravity of
H : Indeed, from (1.3.41) we have

g(X; X ) � gvv = x' ; d (g(X; X )) jx=0 = 'dx ; r (g(X; X )) jx=0 = '@v ;

and the de�nition (1.3.11), p. 40, of surface gravity � gives

� = �
1
2

' :

So if � is constant on H which, as discussed in Section 1.3.3. holds in many
situations of interest, we obtain

h� i S = � :

The near-horizon geometry equations

When H is a degenerate Killing horizon, the surface gravity vanishes by de�-
nition. This implies that the function ' can itself be written as xA , for some
smooth function A. The vacuum Einstein equations imply (see [214, eq. (2.9)]
in dimension four and [191, eq. (5.9)] in higher dimensions)

�Rab =
1
2
�ha�hb � �D (a

�hb) (1.3.49)
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where, using the notation of (1.3.41), �Rab is the Ricci tensor of�hab := habjx=0 ,
and �D is the covariant derivative thereof, while �ha := hajx=0 . The Einstein
equations also determine�A := Ajx=0 uniquely in terms of �ha and �hab:

�A =
1
2
�hab

�
�ha�hb � �Da�hb

�
(1.3.50)

(this equation follows again e.g. from [214, eq. (2.9)] in dimension four, and
can be checked by a calculation in all higher dimensions).

The triple ( S;�hab;�ha) is called the near-horizon geometry. In view of the
Taylor expansions

ha = �ha + O(x) ; hab = �hab + O(x) ;

the pair (�hab;�ha) together with (1.3.50) describes the leading-order behaviour
of the metric near f x = 0g, which justi�es the name.

Suppose that g satis�es the vacuum Einstein equations, possibly with a
cosmological constant. If@v is a Killing vector (equivalently, @vA = 0 = @vha =
@vhab), then the near-horizon metric

�g = x2 �Adv2 + 2dvdx + 2x�hadxadv + �habdxadxb (1.3.51)

is also a solution of the vacuum Einstein equations. To see this, let � > 0 and
in the metric (1.3.41) replace the coordinates (v; x) by ( � � 1v; �x );

g� := gj(v;x )! (� � 1 v;�x )

= � 2x2A(�x; x a)d(� � 1v)2 + 2d(� � 1v)d(�x ) + 2 �xh a(�x; x a)dxad(� � 1v)

+ hab(�x; x a)dxadxb

= x2A(�x; x a)dv2 + 2dvdx + 2xha(�x; x a)dxadv + hab(�x; x a)dxadxb

! � ! 0 �g : (1.3.52)

Now, for every � > 0 the metric g� is in fact g written in a di�erent coordinate
system. Hence the before-last line of (1.3.52) provides a family g� of solutions of
the vacuum Einstein equations depending smoothly on a parameter � . Passing
to the limit � ! 0, the conclusion readily follows.

The classi�cation of near-horizon geometries turns out to be a key step
towards a classi�cation of degenerate black holes. We have9 the following partial
results, where either staticity is assumed without restriction on dimensions, or
axial-symmetry is required in space-time dimension four [191]:

Theorem 1.3.19 ( [90]) Let the space-time dimension ben + 1 , n � 3, suppose
that a degenerate Killing horizon N has a compact cross-section, and that
�ha = @a� for some function � (which is necessarily the case in vacuum static
space-times). Then (1.3.49) implies�ha � 0, so that �hab is Ricci-
at.

Theorem 1.3.20 ( [191]) In space-time dimension four and in vacuum, sup-
pose that a degenerate Killing horizonN has a spherical cross-section, and
that (M ; g) admits a second Killing vector �eld with periodic orbits. For every
connected componentN 0 of N there exists an embedding ofN 0 into a Kerr
space-time which preserves�ha, �hab and �A.

9Some partial results with a non-zero cosmological constant have also been proved in [90].
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In the four-dimensional static case, Theorem 1.3.19 enforces toroidal topol-
ogy of cross-sections ofN , with a 
at �hab. This, together with the sphericity
theorem [96], shows non-existence of static, degenerate, asymptotically 
at,
suitably regular vacuum black holes.

On the other hand, in the four-dimensional axi-symmetric case, Theorem 1.3.20
guarantees that the geometry tends to a Kerr one, up to secondorder errors,
when the horizon is approached. This is one of the key ingredients of the proof
of the uniqueness theorem for axi-symmetric, degenerate, connected, vacuum,
asymptotically 
at, suitably regular black holes [86].

It would be of signi�cant interest to obtain more informatio n about solutions
of (1.3.49), in all dimensions, without any restrictive conditions. For instance,
it is expected that the hypothesis of the existence of a second vector �eld is not
necessary for Theorem 1.3.20, and it would of interest to prove, or disprove,
this.

Incidentally: A partial result towards the existence of a second Killing vector has
been obtained in [93], where small perturbations of the Kerr near-horizon geometry
are studied. For such perturbations the problem can be reduced to a study of the
linearised equations. Using a formalism introduced by Jezierski and Kaminski [168]
and spherical harmonic decompositions one reduces the problem tothe proof that
each of the spherical harmonic modes has no kernel. This is done there analytically
except for the seven lowest modes, for which numerical evidence isprovided. A key
step of the analysis, established in [93] without any smallness assumptions, is the
proof that �h always has precisely two zeros of index one.

Some further results concerning the problem can be found in [168, 226].
As just seen, in the degenerate case the vacuum equations impose strong

restrictions on the near-horizon geometry. It turns out that no such restrictions
exist for non-degenerate horizons, at least in the analyticsetting: Indeed, for
any triple ( N; �ha;�hab), where N is a two-dimensional analytic manifold (com-
pact or not), �ha is an analytic one-form onN , and�hab is an analytic Riemannian
metric on N , there exists a vacuum space-time (M ; g) with a bifurcate (and thus
non-degenerate) Killing horizon, so that the metric g takes the form (1.3.41)
near each Killing horizon branching out of the bifurcation surface S � N , with
�hab = habjr =0 and �ha = hajr =0 ; in fact �hab is the metric induced by g on S.
When N is the two-dimensional torus T2 this can be inferred from [213] as fol-
lows: using [213, Theorem (2)] with (�; � a; gab)jt=0 = (0 ; 2�ha;�hab) one obtains a
vacuum space-time (M 0 = S1 � T2 � (� �; � ); g0) with a compact Cauchy horizon
S1 � T2 and Killing vector X tangent to the S1 factor of M 0. One can then
pass to a covering space whereS1 is replaced byR, and use a construction of
R�acz and Wald (cf. Theorem 1.7.3 below) to obtain the desired M containing
the bifurcate horizon.

This argument generalises to any analytic (N; �ha;�hab) without di�culties.

1.3.6 Asymptotically 
at stationary metrics

There exists several ways of de�ning asymptotic 
atness, all of them roughly
equivalent in vacuum. We will adapt a Cauchy data point of view, as it ap-
pears to be the least restrictive. So, a space-time (M ; g) will be said to possess
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an asymptotically 
at end if M contains a spacelike hypersurfaceS ext di�eo-
morphic to Rn n B (R), where B (R) is a coordinate ball of radius R, with the
following properties: there exists a constant� > 0 such that, in local coordi-
nates on S ext obtained from Rn n B (R), the metric g induced by g on S ext ,
and the extrinsic curvature tensor K of S ext , satisfy the fall-o� conditions, for
somek > 1,

gij � � ij = Ok (r � � ) ; K ij = Ok� 1(r � 1� � ) ; (1.3.53)

where we write f = Ok (r � ) if f satis�es

@k1 : : : @k` f = O(r � � ` ) ; 0 � ` � k : (1.3.54)

For simplicity we assume that the space-time is vacuum, though similar results
hold in general under appropriate conditions on matter �elds, see [22, 82] and
references therein. Along any spacelike hypersurfaceS , a Killing vector �eld
X of (M ; g) can be decomposed as

X = Nn + Y ;

whereY is tangent to S , and n is the unit future-directed normal to S ext . The
�elds N and Y are called \Killing initial data", or KID for short. The vacuum
�eld equations, together with the Killing equations imply t he following set of
equations onS :

D i Yj + D j Yi = 2NK ij ; (1.3.55)

Rij (g) + K k
kK ij � 2K ik K k

j � N � 1(L Y K ij + D i D j N ) = 0 ; (1.3.56)

whereRij (g) is the Ricci tensor ofg. Equations (1.3.55)-(1.3.56) will be referred
to as the vacuum KID equations.

Under the boundary conditions (1.3.53), an analysis of these equations pro-
vides detailed information about the asymptotic behavior of (N; Y ). In par-
ticular one can prove that if the asymptotic region S ext is part of initial data
set (S ; g; K ) satisfying the requirements of the positive energy theorem, and
if X is timelike along S ext , then (N; Y i ) ! r !1 (A0; A i ), where the A � 's are
constants satisfying (A0)2 >

P
i (A

i )2 [20, 82]. One can then choose adapted
coordinates so that the metric can be, locally, written as

g = � V 2(dt + � i dxi
| {z }

= �

)2 + gij dxi dxj

| {z }
= g

; (1.3.57)

with

@t V = @t � = @t g = 0 (1.3.58)

gij � � ij = Ok (r � � ) ; � i = Ok (r � � ) ; V � 1 = Ok (r � � ) : (1.3.59)

As discussed in more detail in [23], ing-harmonic coordinates, and in e.g.
a maximal time-slicing, the vacuum equations forg form a quasi-linear elliptic
system with diagonal principal part, with principal symbol identical to that
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of the scalar Laplace operator. Methods known in principle show that, in
this \gauge", all metric functions have a full asymptotic expansion in terms of
powers of lnr and inverse powers ofr . In the new coordinates we can in fact
take

� = n � 2: (1.3.60)

By inspection of the equations one can further infer that the leading order
corrections in the metric can be written in the Schwarzschild form (1.2.50).

Solutions without ln r terms are of special interest, because the associated
space-times have smooth conformal completion at in�nity. In even space-
time dimension initial data sets containing such asymptotic regions, when close
enough to Minkowskian data, lead to asymptotically simple space-times [10, 54,
122]. It has been shown by Beig and Simon that logarithmic terms can always
be gotten rid of by a change of coordinates in space dimensionthree when the
mass is non-zero [24, 259]. This has been generalised in [23]to all stationary
metrics in even space-dimensionn � 6, and to static metrics with non-vanishing
mass inn = 5.

1.3.7 Domains of outer communications, event horizons

A key notion in the theory of stationary asymptotically 
at b lack holes is that of
the domain of outer communications, de�ned as follows: For t 2 R let � t [X ] :
M ! M denote the one-parameter group of di�eomorphisms generatedby
a Killing vector �eld X ; we will write � t for � t [X ] whenever ambiguities are
unlikely to occur. Let S ext be as in Section 1.3.6. The exterior regionM ext

and the domain of outer communications hhM ii are then de�ned as10

M ext := [ t � t (S ext ) ; hhM ii = I + (M ext ) \ I � (M ext ) : (1.3.61)

The black hole regionB and the black hole event horizonH + are de�ned as

B = M n I � (M ext ) ; H + = @B :

The white hole region W and the white hole event horizonH � are de�ned as
above after changing time orientation:

W = M n I + (M ext ) ; H � = @W :

It follows that the boundaries of hhM ii are included in the event horizons. We
set

E � = @hhM ii \ I � (M ext ) ; E = E+ [ E � : (1.3.62)

There is considerable freedom in choosing the asymptotic region S ext . How-
ever, it is not too di�cult to show that I � (M ext ), and hencehhM ii , H � and
E � , are independent of the choice ofS ext as long as the associatedM ext 's
overlap.

10 Recall that I � (
), respectively J � (
), is the set covered by past-directed timelike, re-
spectively causal, curves originating from 
, while _I � denotes the boundary of I � , etc. The
sets I + , etc., are de�ned as I � , etc., after changing time-orientation.
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Our de�nitions of domain of outer communications, black hole region, etc.,
have been tailored to asymptotically 
at stationary space-times. The de�nitions
carry over verbatim to space-times with di�erent asymptotics when a preferred
region M ext is present, as e.g. for asymptotically anti-de Sitter space-times. As
such, an approach based on conformal completions, and presented in Section 5.1,
p. 201, is often used in the literature. It is applicable to more general space-
times, as it does not require stationarity. In the stationary case the de�nitions
just given are equivalent to the \conformal ones" in all standard examples,
and avoid the various and irrelevant problems introduced by the conformal
completions and discussed in Section 5.1.

In many examples presented in this work,Killing horizons coincide with
event horizonsand, in fact, there exist general statements to this e�ect in the
literature.

1.4 Extensions

Before continuing our studies of various aspects of black-hole space-times, it
is convenient to discuss systematically the notion of extensions of Lorentzian
manifolds, and of their properties. Our presentation follows closely that of [71].

Let k 2 R[f1g[f ! g. The (n+1){dimensional space-time ( eM ; eg) is said to
be a Ck{extension of an (n + 1){dimensional space-time (M ; g) if there exists
a Ck{immersion  : M ! eM such that  � eg = g, and such that  (M ) 6= eM .
A space-time (M ; g) is said to be Ck-maximal, or Ck-inextendible, if no Ck {
extensions of (M ; g) exist.

1.4.1 Distinct extensions

We start by noting that maximal analytic extensions of manifolds are not
unique. The simplest examples have already been discussed in Remark 1.2.9:
remove a subset 
 from a maximally extended manifold M so that M n 
 is
not simply connected, and pass to the universal cover; extend maximally the
space-time so obtained, if further needed. This provides many distinct maximal
extensions. One is tempted to believe that such constructions can be used to
classify all maximal analytic extensions, but this remainsto be seen.

One can likewise ask the question, whether uniqueness holdsin the class of
globally hyperbolic extensions. The following variation of the last construction
gives a negative answer, when \inextendible" is meant as \inextendible within
the class of globally hyperbolic manifolds": Let (M ; g) be a simply connected,
analytic, globally hyperbolic space-time and let ( bM ; bg) be an inextendible, sim-
ply connected, analytic, globally hyperbolic extension of(M ; g). Let S be a
Cauchy surface in bM , and remove fromS nM a closed subset 
 so that S n

is not simply connected. Let eS be a maximal analytic extension of the univer-
sal covering space ofS n 
, with the obvious Cauchy data inherited from S ,
and let ( eM ; eg) be the maximal globally hyperbolic development thereof. Then
( eM ; eg) is a globally hyperbolic analytic extension of (M ; g) which is maximal
in the class of globally hyperbolic manifolds, and distinct from ( bM ; bg).
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The examples just discussed exhibit the following undesirable feature: exis-
tence of maximally extended geodesics of a�ne length near which the space-time
is locally extendible in the sense of [241]. Thislocal extendibility pathology can
be avoided by exploiting certain symmetries of the extensions, as follows:

Consider any space-time ( bM ; bg), and let M be a proper open subset of
bM with the metric g obtained by restriction. Thus ( bM ; bg) is an extension of

(M ; g). Suppose that there exists a non-trivial isometry 	 of ( bM ; bg) satisfying:
a) 	 has no �xed points; b) 	( M ) \ M = ; ; and c) 	 2 is the identity map.
Then, by a) and c), bM =	 equipped with the obvious metric (still denoted by
g) is a Lorentzian manifold. Furthermore, by b), M embeds di�eomorphically
into bM =	 in the obvious way, and therefore bM =	 also is an extension of M ,
distinct from ( bM ; bg).

It follows from the results in [224] that ( bM =	 ; g) is analytic if ( M ; g) was
(compare [62, Appendix A]).

Keeping in mind that a space-time must be time-oriented by de�nition,
bM =	 will be a space-time if and only if 	 preserves time-orienta tion. If bM is

simply connected, then� 1( bM =	) = Z2.

Example 1.4.1 As a de�nite example of this construction, denote by ( bM ; bg)
the Kruskal-Szekeres extension of the Schwarzschild space-time (M ; g); by the
latter we mean a connected component of the setf r > 2mg within bM . Let
(T; X ) be the global coordinates on bM as de�ned in (1.2.28). Let �	 : S2 ! S2

be the antipodal map. For p 2 S2 consider the four isometries 	 �� of the
Kruskal-Szekeres space-time de�ned as

	 �� (T; X; p) = ( � T; � X; �	( p)) :

Set M �� := bM =	 �� . Since 	 ++ is the identity, M ++ = bM is the Kruskal-
Szekeres manifold, so nothing of interest here. Next, both manifolds M �� are
smooth maximal analytic Lorentzian extensions of (M ; g), but are not space-
times because the maps 	�� do not preserve time-orientation. However,M + �

provides a maximal globally hyperbolic analytic extensionof the Schwarzschild
manifold distinct from bM . This is the \ RP3 geon" discussed in [120]. 2

1.4.2 Inextendibility

A scalar invariant is a function which can be calculated using the geometric
objects at hand and which is invariant under coordinate transformations.

For instance, a function � g which can be calculated in local coordinates
from the metric g and its derivatives will be a scalar invariant if, for any local
di�eomorphism  we have

� g(p) = �  � g( � 1(p)) : (1.4.1)

In the case of the scalar invariantg(X; X ) calculated using a metric g and
a Killing vector X , the invariance property (1.4.1) is replaced by

� g;X (p) = �  � g;( � 1 ) � X ( � 1(p)) : (1.4.2)
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A scalar invariant f on (M ; g) will be called a Ck{compatibility scalar if f
satis�es the following property: For every Ck{extension ( eM ; eg) of (M ; g) and
for any bounded timelike geodesic segment
 in M such that  (
 ) accumulates
at the boundary @( (M )) (where  is the immersion map  : M ! eM ), the
function f is bounded along
 .

Any constant function is a compatibility scalar in this term inology, albeit
not very useful in practice. An example of a usefulC2{compatibility scalar is
the Kretschmann scalarR��
� R��
� . Another example is provided by the norm
g(X; X ) of a Killing vector X of g:11

Theorem 1.4.2 Let X be a Killing vector �eld on (M ; g) and suppose that
there exists a curve
 on which g(X; X ) is unbounded. Then there exists no
extension ( bM ; ĝ) of (M ; g), with a C2 metric ĝ, in which the curve 
 acquires
an end point.

Proof: Suppose that 
 , when viewed as a curve in bM , acquires an end point
p 2 bM . The linear system of equations (A.21.11), p. 311 below, satis�ed by the
Killing vector and its derivatives along 
 , shows that X � 
 extends by continuity
to p. This implies that g(X; X ) remains bounded along
 , contradicting our
hypothesis. 2

The next inextendibility criterion from [71] is often useful:

Proposition 1.4.3 Suppose that every timelike geodesic
 in (M ; g) is either
complete, or someCk{compatibility scalar is unbounded on 
 . Then (M ; g) is
Ck-inextendible.

Proof: Suppose that there exists aCk{extension ( eM ; eg) of (M ; g), with im-
mersion  : M ! eM . We identify M with its image  (M ) in eM .

Let p 2 @M and let O be a globally hyperbolic neighborhood ofp. Let
qn 2 M be a sequence of points approachingp, thus qn 2 O for n large enough.
Suppose, �rst, that there exists n such that qn 2 I + (p) [ I � (p). By global
hyperbolicity of O there exists a timelike geodesic segment
 from qn to p.
Then the part of 
 which lies within M is inextendible and has �nite a�ne
length. Furthermore every Ck{compatibility scalar is bounded on 
 . But there
are no such geodesics throughqn by hypothesis. We conclude that

(I + (p) [ I � (p)) \ M = ; : (1.4.3)

Let q 2 (I + (p) [ I � (p)) \ O, thus q 62M by (1.4.3). SinceI + (q) [ I � (q) is
open, andp 2 I + (q) [ I � (q), we have qn 2 I + (q) [ I � (q) for all n su�ciently
large, sayn � n0. Let 
 be a timelike geodesic segment fromqn0 to q. Sinceq
is not in M , the part of 
 that lies within M is inextendible within M and has
�nite a�ne length, with all Ck{compatibility scalars bounded. This is again
incompatible with our hypotheses, and the result is established. 2

11 This inextendibility criterion has been introduced in [26] (see the second part of Proposi-
tion 5, p. 139 there).
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1.4.3 Uniqueness of a class of extensions

In this section we address the question of uniqueness of analytic extensions.
We start with some terminology. A maximally extended geodesic ray 
 :

[0; s+ ) ! M will be called s{complete if s+ = 1 unless there exists some
polynomial scalar invariant � such that

lim sup
s! s+

j� (
 (s)) j = 1 :

A similar de�nition applies to maximally extended geodesics 
 : (s� ; s+ ) ! M ,
with some polynomial scalar invariant (not necessarily thesame) unbounded
in the incomplete direction, if any. Here, by a polynomial scalar invariant we
mean a scalar function which is a polynomial in the metric, its inverse, the
Riemann tensor and its derivatives. It should be clear how toinclude in this
notion some other objects of interest, such as the normg(X; X ) of a Killing
vector X , or of a Yano-Killing tensor, etc. But care should be taken not to take
scalars such as ln(Rijkl Rijkl ) which could blow up even though the geometry
remains regular; this is why we restrict attention to polynomials.

A Lorentzian manifold ( M ; g) will be said to be s{complete if every maxi-
mally extended geodesic iss{complete. The notions of timelike s{completeness,
or causal s{completenessare de�ned similarly, by specifying the causal type of
the geodesics in the de�nition above.

We have the following version of [176, Theorem 6.3, p. 255] (compare also the
Remark on p. 256 there), where geodesic completeness is weakened totimelike
s{completeness:

Theorem 1.4.4 Let (M ; g), (M 0; g0) be analytic Lorentzian manifolds of di-
mension n + 1 , n � 1, with M connected and simply connected, andM 0

timelike s{complete. Then every isometric immersion f U : U � M ,! M 0,
where U is an open subset ofM , extends uniquely to an isometric immersion
f : M ,! M 0.

We start by noting two preliminary lemmas, which are proved as in [176]
by replacing \a�ne mappings " there by \ isometric immersions":

Lemma 1.4.5 ( [176, Lemma 1, p. 252])Let M , M 0 be analytic manifolds, with
M connected. Letf , g be analytic mappingsM ! M 0. If f and g coincide on
a nonempty open subset ofM , then they coincide everywhere. 2

Lemma 1.4.6 ( [176, Lemma 4, p. 254])Let (M ; g) and (M 0; g0) be pseudo-
Riemannian manifolds of same dimension, withM connected, and letf and g
be isometric immersions ofM into M 0. If there exists some pointx 2 M such
that f (x) = g(x) and f � (X ) = g� (X ) for every vector X of TxM , then f = g
on M . 2

Before passing to the proof Theorem 1.4.4, we note a simple Corollary:

Corollary 1.4.7 Let (M ; g), (M 0; g0) be two connected, simply connected,s-
complete analytic Lorentzian extensions of(U;�g). Then there exists an isomet-
ric di�eomorphism f : M ! M 0.
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Proof of Corollary 1.4.7: Viewing U as a subset ofM , Theorem 1.4.4
provides an isometric immersionf : M ,! M 0 such that f jU = id U . Viewing U
as a subset ofM 0, Theorem 1.4.4 provides an isometric immersionf 0 : M 0 ,!
M such that f jU = id. Then f � f 0 is an isometry of (M 0; g0) satisfying (f �
f 0)jU = id U , hencef � f 0 = id M 0 by Lemma 1.4.6. Similarly f 0 � f = id M , as
desired. 2

We can turn our attention now to the proof of Theorem 1.4.4:

Proof of Theorem 1.4.4: Similarly to the proof of Theorem 6.1 in [176], we
de�ne an analytic continuation of f U along a continuous pathc : [0; 1] ! M to
be a set of mappingsf s, 0 � s � 1, together with a family of open subsetsUs,
0 � s � 1, satisfying the properties:

� f 0 = f U on U0 = U;

� for every s 2 [0; 1], Us is a neighborhood of the pointc(s) of the path c,
and f s is an isometric immersionf s : Us � M ,! M 0;

� for every s 2 [0; 1], there exists a number� s > 0 such that for all s0 2 [0; 1],
(js0 � sj < � s) ) (c(s0) 2 Us and f s0 = f s in a neighborhood ofc(s0)).

We need to prove that, under the hypothesis ofs{completeness, such an analytic
continuation does exist along any curvec. The argument is simplest for timelike
curves, so let us �rst assume thatc is timelike. To do so, we consider the set:

A := f s 2 [0; 1] j an analytic continuation exists along c on [0; s]g (1.4.4)

A is nonempty, as it contains a neighborhood of 0. Hence �s := sup A exists and
is positive. We need to show that in fact, �s = 1 and can be reached. Assume
that this is not the case. Let W be a normal convex neighborhood ofc(�s) such
that every point x in W has a normal neighborhood containingW . (Such a W
exists from Theorem 8.7, chapter III of [176].) We can chooses1 < �s such that
c(s1) 2 W , and we letV be a normal neighborhood ofc(s1) containing W . Since
s1 2 A, f s1 is well de�ned, and is an isometric immersion of a neighborhood
of c(s1) into M 0; we will extend it to V \ I � (c(s1)). To do so, we know that
exp : V � ! V is a di�eomorphism, where V � is a neighborhood of 0 inTc(s1)M ,
hence, in particular, for y 2 V \ I � (c(s1)), there exists a uniqueX 2 V � such
that y = exp X . De�ne X 0 := f s1 � X . Then X 0 is a vector tangent to M 0 at the
point f s1 (c(s1)). Since y is in the timelike cone of c(�s), X is timelike, and so is
X 0, as f s1 is isometric. We now need to prove the following:

Lemma 1.4.8 The geodesics 7! exp(sX 0) of M 0 is well de�ned for 0 � s � 1.

Proof: Let

s� := supf s 2 [0; 1] j exp(s0X 0) exists 8s0 2 [0; s]g: (1.4.5)

First, such a s� exists, is positive, and we notice that if s� < 1, then it is
not reached. We wish to show that s� = 1 and is reached. Hence, it su�ces
to show that \ s� is not reached" leads to a contradiction. Indeed, in such a
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case the timelike geodesics 7! exp(sX 0) ends at �nite a�ne parameter, thus,
there exists a scalar invariant' such that ' (exp(sX 0)) is unbounded ass ! s� .
Now, for all s < s � , we can de�ne h(exp(sX )) := exp( sX 0), and this gives an
extension h of f s1 which is analytic (since it commutes with the exponential
maps, which are analytic). By Lemma 1.4.6,h is in fact an isometric immersion.
By de�nition of scalar invariants we have

' (exp(sX 0)) = ~' (exp(sX )) ;

where ~' is the invariant in ( M ; g) corresponding to ' . But this is not possible
since ~' (exp(sX )) has a �nite limit when s ! s� , and provides the desired
contradiction. 2

From the last lemma we deduce that there exists a unique element, say h(y),
in a normal neighborhood off s1 (c(s1)) in M 0such that h(y) = exp( X 0). Hence,
we have extendedf s1 to a map h de�ned on V \ I � (c(s1)). In fact, h is also an
isometric immersion, by the same argument as above, since itcommutes with
the exponential maps ofM and M 0. Then, since the curvec is timelike, this
is su�cient to conclude that we can do the analytic continuat ion beyond c(�s),
sinceV \ I � (c(s1)) is an open set, and thus contains a segment of the geodesic
c(s), for s in a neighborhood of �s.

Let us consider now a general, not necessarily timelike, continuous curve
c(s); 0 � s � 1, with c(0) 2 U. As before, we consider the set:

f s 2 [0; 1] j there exists an analytic continuation of f U along c(s0); 0 � s0 � sg;
(1.4.6)

and its supremum ~s. Assume that ~s is not reached. Let againW be a normal
neighborhood ofc(~s) such that every point of W contains a normal neighbor-
hood which contains W . Then, let z be an element of the setI + (c(~s)) \ W .
I � (z) \ W is therefore an open set inW containing c(~s). Hence we can choose
s1 < ~s such that the curve segmentc([s1; ~s]) is included in I � (z) \ W , see
Figure 1.4.1. In particular, z 2 I + (c(s1)) \ W . Since there exists an analytic

W

c(1)

c(s1)
c(~s)

I + (c(~s))

I � (z)

z

Figure 1.4.1: The analytic continuation at c(~s).

continuation up to c(s1), we have an isometric immersionf s1 de�ned on a neigh-
borhood Us1 of c(s1), which can be assumed to be included inW . Hence, from
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what has been seen previously,f s1 can be extended as an isometric immersion,
 1, on Uz := Us1 [ (I + (c(s1)) \ W ), which contains z. We now do the same op-
eration for  1 on Uz: we can extend it by analytic continuation to an isometric
immersion  2 de�ned on Uz [ (I � (z) \ W ), which is an open set containing the
entire segment of the curvex betweenc(s1) and c(~s). In particular,  1 and  2

coincide on Uz, i.e. on their common domain of de�nition; thus we obtain an
analytic continuation of f s1 along the curvec(s), for s1 � s � ~s; this continua-
tion also coincides with the continuation f s; s 2 [s1; ~s[ . This is in contradiction
with the assumption that ~s is not reached by any analytic continuation from
f U along x. Hence ~s = 1 and is reached, that is to say we have proved the
existence of an analytic continuation off U along all the curve x.

The remaining arguments are as in [176]. 2

1.5 The Reissner-Nordstr•om metrics

The Reissner-Nordstr•om metrics are the unique spherically symmetric solutions
of the Einstein-Maxwell equations with vanishing cosmological constant. They
turn out to be static, asymptotically 
at, and describe blac k hole space-times
with interesting global properties for a certain range of parameters. The metric
takes the form

4g = �
�

1 �
2m
r

+
Q2

r 2

�
dt2 +

dr2

1 �
2m
r

+
Q2

r 2

+ r 2d
 2 ; (1.5.1)

where m is, as usual, the ADM mass ofg and Q is the total electric charge.
The electromagnetic potential takes the form

A =
Q
r

dt : (1.5.2)

The equation g(@t ; @t ) = 0 has solutions r = r � provided that jQj � m:

r � = m �
p

m2 � Q2 :

These hypersurfaces become Killing horizons, or bifurcateKilling horizons, in
suitable extensions of the Reissner-Nordstr•om metric.

Calculating as in Example 1.3.9, p. 41, one �nds that the surface gravities
of the Killing horizons r = r � of the Reissner-Nordstr•om metric equal

� � = �
1
2

@r gtt jr = r � =
1
2

@r

�
1 �

2m
r

+
Q2

r 2

� �
�
�
r = r �

=
mr � � Q2

r 3
�

= �

p
m2 � Q2

r 2
�

:

For r = r+ this is strictly positive unless jQj = m; so we see that Reissner-
Nordstr•om black holes are non-degenerate forjQj < m , and degenerate when
jQj = m.

The global structure of a class of maximal extensions of non-degenerate
Reissner-Nordstr•om space-times is presented in Example 4.3.1, p. 141, while
that of degenerate solutions can be found in Example 4.3.6, p. 147.
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Incidentally: Suppose that the metric (1.5.1) models an electron, for which

me � 9:11� 10� 31kg ; Qe � � 1:60� 10� 19C :

Our form of the metric requires units in which G=c2 = 1 and G=(4�� 0c4) = 1. Using

1
4�� 0

� ke � 8:99� 109 N � m2 � C
� 2

; G � 6:67� 10� 11 N � m2 � kg
� 2

we �nd

me � 6:75� 10� 58m �
c2

G
; Qe � � 1:38� 10� 36m �

r
4�� 0c4

G
;

leading to
jQej
me

� 2:04� 1021 :

We see that a point electron is then described by a naked singularity.
For a proton we have instead

mp � 1:67� 10� 27kg ;

with the charge Qp = � Qe, which gives

Qp

mp
� 1:11� 1018 :

The di�erence is, however, that the proton is not a point particle, so the Reissner-
Nordstr•om metric applies, at best, only outside the charge radiusof the proton
rp � 0:85 fm. 2

In dimensions n + 1 � 5 one has [218] the following counterpart of (1.5.1)-
(1.5.2):

n+1 g = �
�

1 �
2m

r n� 2 +
Q2

r 2(n� 2)

�
dt2 +

dr2

1 �
2m

r n� 2 +
Q2

r 2(n� 2)

+ r 2d
 2 ; (1.5.3)

A =
Q

r n� 2 dr ; (1.5.4)

where m is related to the ADM mass, and Q to the total charge.

Incidentally: The RN metrics have the interesting property of being timelike
geodesically complete, but not null geodesically complete. To see that, consider a
timelike geodesic
 parameterised by proper time, thus we have

� 1 = �
�

1 �
2m

r n � 2 +
Q2

r 2(n � 2)

�
_t2 +

_r 2

1 �
2m

r n � 2 +
Q2

r 2(n � 2)

+ r 2( _� 2 + sin 2 � _' 2) :

Conservation of \energy", g( _
; @t ) = � E , implies that

�
1 �

2m
r n � 2 +

Q2

r 2(n � 2)

�
_t = E ;

hence

� 1 =
_r 2 � E 2

1 �
2m

r n � 2 +
Q2

r 2(n � 2)

+ r 2( _� 2 + sin 2 � _' 2) : (1.5.5)
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Equivalently,

_r 2 = E 2 �
�

1 �
2m

r n � 2 +
Q2

r 2(n � 2)

� �
1 + r 2( _� 2 + sin 2 � _' 2)

�

| {z }
� 1

� E 2 �
�

1 �
2m

r n � 2 +
Q2

r 2(n � 2)

�
: (1.5.6)

As r approaches zero the right-hand side becomes negative, which is not possible. It
follows that timelike geodesics cannot approachr = 0. It is then not too di�cult to
prove that maximally extended timelike geodesics are complete in the extensions of
Figures 4.3.1, p. 142 and 4.3.6, p. 148, and timelike geodesic completeness follows.

Obvious modi�cations of the above calculation similarly show that null geodesics
with non-zero angular momentum,g( _
; @' ) 6= 0, cannot reach the singular boundary
f r = 0 g and are complete.

On the other hand, radial null geodesics reachr = 0 in �nite a�ne parameter:
For then we have zero at the left-hand side of (1.5.5), without an angular-momentum
contribution, giving

_r = � E =) r (s) � r0 = � E(s � s0) :

Hence null radial geodesics reachr = 0 in �nite a�ne time either to the future or
to the past, showing null geodesic incompleteness. 2

1.6 The Kerr metric

The Kerr family of metrics provide a \rotating generalisati on" of the Schwarzschild
metric. Its importance stems from the black hole uniqueness theorems, which
establish uniqueness of Kerr black holes under suitable global conditions (cf.,
e.g., [72] and references therein). It should, however, be kept in mind that the
Schwarzchild metric describes not only spherically symmetric black holes, but
also thevacuum exterior region of any spherically symmetricmatter con�gura-
tion. There is no such universality property for stationary axi-symmetric con-
�gurations. Indeed, the construction of axisymmetric stat ionary stellar models
is a rather complicated undertaking, we refer the reader to [206] for more in-
formation about the subject.

As such, the two parameter family of Kerr metrics in Boyer-Lindquist co-
ordinates take the form

g = � dt2 +
2mr

�
(dt � asin2(� )d' )2

+ ( r 2 + a2) sin2 �d' 2 +
�
�

dr2 + � d� 2 : (1.6.1)

Here

� = r 2 + a2 cos2(� ) ; � = r 2 + a2 � 2mr = ( r � r+ )( r � r � ) ; (1.6.2)

and r+ < r < 1 , where

r � = m � (m2 � a2)
1
2 :
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The metric satis�es the vacuum Einstein equations for any values of the
parametersa and m, but we will mainly consider parameters in the range

0 < jaj � m :

The case jaj = m will sometimes require separate consideration, as then �
acquires one double root atr = m, instead of two simple ones. Whena = 0,
the Kerr metric reduces to the Schwarzschild metric, and therefore does not
need to be discussed any further. The casea < 0 can be reduced toa > 0 by
changing ' to � ' ; this corresponds to a change of the direction of rotation.
There is therefore no loss of generality to assume thata > 0, which will be done
whenever the sign ofa matters for the discussion at hand. The Kerr metrics
with jaj > m can be shown to be \nakedly singular" (compare (1.6.5) below),
whence our lack of interest in those solutions.

It is straightforward to check that the metric (1.6.1) reduc es to the Schwarzschild
one whena = 0. It turns out that the case m = 0 leads to Minkowski space-
time: For a = 0 this is obvious; for a 6= 0 the coordinate transformation (cf.,
e.g., [47, p. 102])

R2 = r 2 + a2 sin2(� ) ; R cos(�) = r cos(� ) ; (1.6.3)

brings g to the Minkowski metric � in spherical coordinates:

� = � dt2 + dR2 + R2 �
d� 2 + sin 2(�) d' 2�

: (1.6.4)

As m = 0 turns out to be Minkowski, and a = 0 Schwarzschild, it is cus-
tomary to interpret m as a parameter related to mass, anda as a parameter
related to rotation. This can be made precise by calculatingthe total mass and
angular momentum of the solution using e.g. Hamiltonian methods. One then
�nds that m is indeed the total mass, while

J = ma

is the component of the total angular momentum in the direction of the axis of
rotation sin( � ) = 0.

Incidentally: It might be of interest to put some numbers in. Consider, for
instance the sun. As such, there are several ways of calculating the total angular
momentum J � of our nearest stellar neighbour, see [161] for a discussion of the
various estimates and their discrepancies. If we choose the averaged value [161]

J � � 1:92� 1041 kg m2 s� 1

for the angular momentum of the sun, and keep in mind the estimateM � �
1:99 � 1030kg for the mass of the sun (cf., e.g.,http://nssdc.gsfc.nasa.gov/
planetary/factsheet/sunfact.html ), we �nd

a� =
J �

M �
� 0:96� 1010m2s� 1 � 322 m� c ;

M � G
c2 � 1:48 km;

a�

M �
� 0:22

G
c

:
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Keeping in mind that the units used in (1.6.1) are such that G = c = 1, we see that
jaj < m for the sun, with both values of a and m being of the same order.

If we consider the earth to be a rigidly rotating uniform sphere, thecorrespond-
ing numbers are

J& � 7:10� 1033 kg m2 s� 1, M & � 5:98� 1024kg, a& � 3:96 m� c,

M &G

c2 � 0:44 cm;
a&c

M &G
� 890:

We conclude that if the earth collapsed to a Kerr metric without shedding angular-
momentum, a naked singularity would result. 2

The metric (1.6.1) is not de�ned at points where � vanishes:

� = 0 () r = 0 ; cos� = 0 :

There is a \real singularity on �", in the sense that the metri c cannot be
extended across this set in aC2 manner. The standard argument for this in
the literature invokes the Kretschmann scalar (cf., e.g., [185])

R��
� R��
� =
48m2(r 2 � a2 cos2 � )(� 2 � 16a2r 2 cos2(� ))

� 6 ; (1.6.5)

which is unbounded when the setf � = 0 g is approached from most directions.
Now, this does not quite settle the issue becauseR��
� R��
� = 0 e.g. on all

curves approachingf � = 0 g with r 2 = a2 cos2 � . Similarly, R��
� R��
� remains
bounded on curves on which eitherr 2 � a2 cos2(� ) or � 2 � 16a2r 2 cos2(� ) go to
zero su�ciently fast. So, one can imagine that space-time could nevertheless be
extended along some clever family of curves approaching � ina speci�c way.

This problem is unfortunately not cured by considering the length of the
Killing vector @t ,

g(@t ; @t ) = � 1 +
2mr

�
;

which again tends to in�nity as � is approached from most dire ctions. This only
implies inextendibility \along most directions" at f � = 0 g by Theorem 1.4.2,
p. 57.

It turns out that the issue can be resolved by a result of Carter [45, p. 1570]
(compare [229, Proposition 4.5.1]), which we quote here without proof:

Proposition 1.6.2 Causal geodesics accumulating atf � = 0 g lie entirely in
the equatorial planef cos� = 0g. 2

Now, on the equatorial plane we have

g(@t ; @t )jcos� =0 = � 1 +
2m
r

;

which is unbounded on any curve approachingf � = 0 g. We can therefore
invoke Proposition 1.4.3, p. 57, to conclude that, indeed, no extensions are
possible throughf � = 0 g.



66 CHAPTER 1. AN INTRODUCTION TO BLACK HOLES

Equation (1.6.3) suggests that the topology of the singularset has something
to do with a ring, though it is not clear how to make a precise statement to
this e�ect.

The Kerr metric is stationary with the Killing vector �eld X = @t generating
asymptotic time translations, as well as axisymmetric with the Killing vector
�eld Y = @' generating rotations.

The metric components g�� can be read-o� from the expanded version of
(1.6.1):

g = �
� � a2 sin2(� )

�
dt2 �

4amr sin2 �
�

dtd' +

+
(r 2 + a2)2 � � a2 sin2 �

�
sin2 �d' 2 +

�
�

dr2 + � d� 2 : (1.6.6)

Remark 1.6.3 An elegant way of associating global invariants to Killing vectorsX
is provided by Komar integrals, which are integrals of the form

Z

r = R;t = T
r � X � dS�� ; (1.6.7)

where R and T are constants, anddS�� form a basis of the space of two-forms
de�ned as

dS�� =
1
2

� ��
� dx
 ^ dx� : (1.6.8)

A key property of (1.6.7) is that in vacuum, and with zero cosmological constant,
the integrals are independent ofr and t. This follows from the divergence theorem
together with the identity (compare (A.21.8), p. 310)

r � r � X � = R�
� X � :

In Kerr space-time it is of interest to calculate (1.6.7) for both Killing v ectors
X = @t and X = @' . In order to do the calculation for both vectors at once let us
denote either @t or @' by @� , henceX � = g�� . For the calculations we need the
inverse metric, the components of which are

gtt = � 1 �
4mr

�
a2 + r 2

�

(a2 + r (r � 2m)) (cos(2� )a2 + a2 + 2 r 2)
;

grr =
a2 � 2mr + r 2

a2 cos2(� ) + r 2 ; g�� =
1

a2 cos2(� ) + r 2 ;

g'' =
csc2(� )

�
a2 cos(2� ) + a2 + 2 r (r � 2m)

�

(a2 + r (r � 2m)) ( a2 cos(2� ) + a2 + 2 r 2)
;

gt' = �
4amr

(a2 + r (r � 2m)) ( a2 cos(2� ) + a2 + 2 r 2)
: (1.6.9)

Then
Z

r = R;t = T
r � X � dS�� =

Z

r = R;t = T
r [� X � ]dS�� =

Z

r = R;t = T
r [� X � ]g

�� g�� dS��

=
Z

r = R;t = T
@[� X � ]g

�� g�� dS�� = 2
Z

r = R;t = T
@[� X � ]g

�t g�r dStr

= 2
Z

r = R;t = T
@[� g� ]� g�t g�r dStr =

Z

r = R;t = T
(@r g�� � @� gr� )g�t grr dStr

=
Z

r = R;t = T
@r g�� g�t grr dStr =

Z

r = R;t = T
(@r gt� gtt + @r g'� g't )grr dStr :
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As a by-product of T- and R-independence of (1.6.7), one can calculate the integrals
by passing to the limit R ! 1 , which simpli�es the calculations considerably. Thus

Z

r = R;t = T
r � X � dS�� = lim

R!1

Z

r = R;t = T
(@r gt� gtt + @r g'� g't )grr r 2 sin(� )d� d'

| {z }
=: d2 �

:

(1.6.10)
To �nish the calculation we need the asymptotic behaviour of the metric functions
for large r . We �nd:

g = �
�

1 �
2m
r

+ O(r � 2)
�

dt2 �
�

4am
r

+ O(r � 2)
�

sin2 � dt d'

+
�
r 2 + O(1)

�
sin2 �d' 2 +

�
1 +

2m
r

+ O(r � 2)
�

dr2

+
�
r 2 + O(1)

�
d� 2 : (1.6.11)

This shows explicitly asymptotic 
atness of the metric. For the inver se metric, one
obtains

gtt = � 1 �
2m
r

+ O(r � 2) ; grr = 1 �
2m
r

+ O(r � 2) ; g�� =
1
r 2 + O(r � 3) ;

g'' =
1

sin2(� )r 2
+ O(r � 3) ; gt' = �

2am
r 3 + O(r � 4) : (1.6.12)

We are ready to return to (1.6.10):
Z

r = R;t = T
r � X � dS�� = lim

R!1

Z

r = R;t = T
(@r gt� gtt + @r g'� g't )r 2d2� : (1.6.13)

When X = @t this becomes
Z

r = R;t = T
r � X � dS�� = lim

R!1

Z

r = R;t = T
(� @r gtt + @r g't g't )r 2d2�

= � lim
R!1

Z

r = R;t = T
@r gtt r 2d2� = 8 �m : (1.6.14)

When X = @' we obtain instead
Z

r = R;t = T
r � X � dS�� = lim

R!1

Z

r = R;t = T
(� @r gt' + @r g'' g't )r 2d2�

= lim
R!1

Z

r = R;t = T
(� @r gt' + @r g'' g't )r 2d2�

= � 12�am
Z �

0
sin3(� ) d� = � 16�am : (1.6.15)

2

Because of the occurrence of the function � in the denominator of grr , the
metric (1.6.6) is singular at r = r � . Similarly to the Schwarzschild case, it
turns out that the metric can be smoothly extended both across r = r+ and
r = r � , with the sets

H � := f r = r � g

being smooth null hypersurfaces in the extension.



68 CHAPTER 1. AN INTRODUCTION TO BLACK HOLES

Incidentally: Higher dimensional generalisations of the Kerr metric have been
constructed by Myers and Perry [218].

We will give an extended discussion of a family of maximal analytic exten-
sions of the Kerr metric, and their global structure, in Section 4.7.3, p. 167. As
a �rst step towards this we consider the extension obtained by replacing t with
a new coordinate

v = t +
Z

r 2 + a2

�
dr ; (1.6.16)

with a further replacement of ' by

� = ' +
Z

a
�

dr : (1.6.17)

It is convenient to use the symbol ĝ for the metric g in the new coordinate
system, obtaining

ĝ = �
�

1 �
2mr

�

�
dv2 + 2drdv + � d� 2 � 2asin2(� )d�dr

+
(r 2 + a2)2 � a2 sin2(� )�

�
sin2(� )d� 2 �

4amr sin2(� )
�

d�dv :(1.6.18)

In order to see that (1.6.18) provides a smooth Lorentzian metric for v 2 R and
r 2 (0; 1 ), note �rst that the coordinate transformation (1.6.16)-( 1.6.17) has
been tailored to remove the 1=� singularity in (1.6.6), so that all coe�cients
are now analytic functions on R � (0; 1 ) � S2. A direct calculation of the
determinant of ĝ is somewhat painful, a simpler way is to proceed as follows:
�rst, the calculation of the determinant of the metric (1.6. 6) reduces to that of
a two-by-two determinant in the ( t;  ) variables, leading to

det g = � sin2(� )� 2 : (1.6.19)

Next, it is very easy to check that the determinant of the Jacobi matrix

@(v; r; �; � )=@(t; r; �; ' )

equals one. It follows that detĝ = � sin2(� )� 2 for r > r + . Analyticity implies
that this equation holds globally, which (since � has no zeros) establishes the
Lorentzian signature of ĝ for all positive r .

Let us show that the region r < r + is a black hole region, in the sense
of (1.2.12). We start by noting that r r is a causal vector forr � � r � r+ .
A direct calculation using (1.6.18) is again somewhat lengthy, instead we use
(1.6.6) in the region r > r + to obtain there

ĝ(r r; r r ) = g(r r; r r ) = grr =
1

grr
=

�
�

=
(r � r+ )( r � r � )

r 2 + a2 cos2 �
: (1.6.20)

But the left-hand side of this equation is an analytic function throughout the
extended manifoldR� (0; 1 )� S2, and uniqueness of analytic extensions implies
that ĝ(r r; r r ) equals the expression at the extreme right of (1.6.20) throughout.
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(The intermediate equalities have only been assumed to be valid for r > r + in
the calculation above, sinceg has only been de�ned for r > r + .) Thus r r
is spacelike if r < r � or r > r + , null on the hypersurfacesf r = r � g (called
\Killing horizons" , see Section 1.3.2), and timelike in the regionf r � < r < r + g;
note that this last region is empty when jaj = m.

We choose a time orientation so thatr t is past pointing in the region r > r + .
Keeping in mind our signature of the metric, this means that t increases on
future directed causal curves in the regionr > r + .

Suppose, now, thata2 < m 2, and consider a future directed timelike curve

 (s) that starts in the region r > r + and enters the regionr < r + . Since _

is timelike it meets the null hypersurface f r = r+ g transversally, and thus r is
decreasing along
 at least near the intersection point. As long as
 stays in
the region f r � < r < r + g the scalar product g( _
; r r ) has constant sign, since
both _
 and r r are timelike there. But

dr
ds

= _
 i r i r = gij _
 i r j r = g( _
; r r ) ; (1.6.21)

and dr=ds is negative near the entrance point. We conclude thatdr=ds is
negative along such
 's on f r � < r < r + g. This implies that r is strictly
decreasing along future directed causal curves in the region f r � < r < r + g, so
that such curves can only leave this region through the setf r = r � g. In other
words, no causal communication is possible from the regionf r < r + g to the
\exterior world" f r > r + g in the extension that we constructed so far.

The Schwarzschild metric has the property that the setg(X; X ) = 0, where
X is the \static Killing vector" @t , coincides with the event horizon r = 2m.
This is not the case any more for the Kerr metric, where we have

g(@t ; @t ) = ĝ(@v ; @v) = ĝvv = �
�

1 �
2mr

r 2 + a2 cos2 �

�
:

The equation ĝ(@v ; @v) = 0 de�nes instead a set called theergosphere:

ĝ(@v ; @v) = 0 () �r � = m �
p

m2 � a2 cos2 � ;

see Figures 1.6.1 and 1.6.2. The ergosphere touches the horizons at the axes of
symmetry cos� = � 1. Note that @�r � =@�6= 0 at those axes, so the ergosphere
has a cusp there. The region bounded by the outermost horizonr = r+ and
the outermost ergospherer = �r+ is called the ergoregion, with X spacelike in
its interior.

It is important to realise that the ergospheres

E� := f r = �r � g

are not Killing horizons for the Killing vector @t . Recall that part of the de�ni-
tion of a Killing horizon H is the requirement that H is a null hypersurface.
But this is not the case for E� : Indeed, note that the Killing vectors @' and @t

are both tangent to E� , and thus are all their linear combinations. Now, the
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Figure 1.6.1: A coordinate representation [236] of the outer ergospherer = �r+ ,
the event horizon r = r+ , the Cauchy horizon r = r � , and the inner ergosphere
r = �r � with the singular ring in Kerr space-time. Computer graphics by Kayll
Lake [185].

character of the principal orbits of the isometry group R � U(1) is determined
by the sign of the determinant

det
�

gtt gt'

gt' g''

�
= � � sin 2(� ) : (1.6.22)

Therefore, when sin� = 0 the orbits are either null or one-dimensional, while for
� 6= 0 the orbits are timelike in the regions where � > 0, spacelike where � < 0
and null where � r = 0. Thus, at every point of E� except at the intersection
with the axis of rotation there exist linear combinations of @t and @' which are
timelike. This implies that these hypersurfaces arenot null, as claimed.

We refer the reader to Refs. [45] and [229] for an exhaustive analysis of the
geometry of the Kerr space-time.

Incidentally: One of the most useful methods for analysing solutions of wave
equations is theenergy method. As an illustration, consider the wave equation

2 u = 0 : (1.6.23)

Let S t is a foliation of M by spacelike hypersurfaces, the energyE t of u on S t

associated to a vector �eld X is de�ned as

E(t) =
Z

S t

T �
� X � � � ;

where T�� is the usual energy-momentum tensor of a scalar �eld,

T�� = r � ur � u �
1
2

r � ur � u g�� :

The energy functional E has two important properties: 1): E � 0 if X is causal,
and 2): E (t) is conserved if X is a Killing vector �eld and, say, u has compact
support on each of theS t .
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Figure 1.6.2: Isometric embedding in Euclidean three spaceof the ergosphere
(the outer hull), and part of the event horizon, for a rapidly rotating Kerr solu-
tion. The hole in the event horizon arises because there is noglobal isometric
embedding for the event horizon whena=m >

p
3=2 [236]. Somewhat surpris-

ingly, the embedding fails to represent accurately the factthat the cusps at the
rotation axis are pointing inwards, and not outwards. Computer graphics by
Kayll Lake [185].

Now, the existence of ergoregions where the Killing vectorX becomes spacelike
leads to anE(t) which is not necessarily positive any more, and the energy stops be-
ing a useful tool in controlling the behavior of the �eld. This is one of the obstactles
to our understanding of both linear and non-linear, solutions of wave equations on a
Kerr background12, not to mention the wide open question of non-linear stability of
the Kerr black holes within the class of globally hyperbolic solutions of the vacuum
Einstein equations. 2

The hypersurfaces
H � := f r = r � g

provide examples ofnull acausal boundaries. Becauseg(r r; r r ) vanishes at
H � , the usual calculation (see Proposition A.13.2, p. 271) shows that the inte-
gral curves of r r with r = r � are null geodesics. Such geodesics, tangent to a
null hypersurface, are calledgenerators of this hypersurface. A direct calcula-
tion of r r from (1.6.18) requires work which can be avoided as follows:in the
coordinate system (t; r; �; ' ) of (1.6.6) one obtains immediately

r r = g�� @� r@� =
�
�

@r :

Now, under (1.6.16)-(1.6.17) the vector@r transforms as

@r ! @r +
a
�

@� +
r 2 + a2

�
@v :

More precisely, if we use the symbol ^r for the coordinate r in the coordinate
system (v; r; �; � ), and retain the symbol r for the coordinate r in the coordinates

12 See [28, 101] and refs. therein for further information on th at subject.
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(t; r; �; ' ), we have

@r =
@̂r
@r

@̂r +
@�
@r

@� +
@v
@r

@v = @̂r +
a
�

@� +
r 2 + a2

�
@v :

Forgetting the hat over r , we see that in the coordinates (v; r; �; � ) we have

r r =
1
�

(� @r + a@� + ( r 2 + a2)@v) :

Since � vanishes at r = r � , and r 2 + a2 equals 2mr � there, we conclude that
the \stationary-rotating" Killing �eld X + 
 + Y, where

X := @t � @v ; Y := @� � @' ; 
 + :=
a

2mr +
�

a
a2 + r 2

+
; (1.6.24)

is proportional to r r on f r > r + g:

X + 
 + Y = @v +
a

2mr +
@� =

�
a2 + r 2

+
r r on H + :

It follows that @t + 
 + @' is null and tangent to the generators of the horizon
H + . In other words, the generators ofH + are rotating with respect to the
frame de�ned by the stationary Killing vector �eld X . This property is at the
origin of the de�nition of 
 + as the angular velocity of the event horizon.

1.6.1 Non-degenerate solutions ( a2 < m 2): Bifurcate horizons

The study of the global structure of Kerr is somewhat more involved than those
already encountered. An obvious second extension of the coordinate system of
(1.6.6) is obtained whent is replaced by a new coordinate13

u = t �
Z r

r +

r 2 + a2

�
dr ; (1.6.25)

with a further replacement of ' by

 = ' �
Z r

r +

a
�

dr : (1.6.26)

If we use the symbol ~g for the metric g in the new coordinate system, we obtain

~g = �
�

1 �
2mr

�

�
du2 � 2drdu + � d� 2 + 2asin2(� )d dr

+
(r 2 + a2)2 � a2 sin2(� )�

�
sin2(� )d 2 �

4amr sin2(� )
�

d du : (1.6.27)

In Schwarzschild one replaces (t; r ) by (u; v), and with a little further work a
well behaved extension is obtained. It should be clear that this shouldn't be
that simple for the Kerr metric, because the two extensions constructed so far

13 The discussion here is based on [35, 45]. I am grateful to Julien Cortier for useful discus-
sions concerning this section.
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involve incompatible rede�nitions of the angular variable ' , compare (1.6.17)
and (1.6.26).

The calculations that follow are essentially a special caseof the general
construction of R�acz and Wald [242], presented in Theorem 1.7.3, p. 89 below,
where the argument is traced back to the fact that the surfacegravity is constant
on the horizonsf r = r � g.

Now, recall that we have seen in Remark 1.2.12, p. 26, how to regularise
two-dimensional Lorentzian metrics with a singularity str ucture as in (1.2.43).
The �rst step of the calculation there gets rid of the zero in the denominator of
grr provided that there is a �rst order zero in gtt at that point ; then it is easy to
remove the multiplicative �rst order zero in guv by a logarithmic transformation
to the variables û and v̂ as in (1.2.45). Note that a �rst-order zero requires

a2 < m 2 ;

which we are going to assume in the remainder of this section;this is not an
ad-hoc restriction, as the geometry of the space-time is essentially di�erent in
the extreme casea2 = m2, see the last sentence of Section 1.6.6.

So, under the current conditions the Kerr metric has a �rst order pole in
grr at r = r � , but there is no zero in gtt at those values ofr . The trick is to
change' , near r = r � , to a new angular variable

' � = ' �
a

2m� �
t ; (1.6.28)

choosing the free constants� � 6= 0 so that the new gtt vanishes atr � . Indeed,
after tedious but otherwise straightforward algebra, in the coordinate system
(t; r; �; ' � ) the metric (1.6.6) takes the form

g =
�
�

dr2 + gtt dt2 + 2g' � t d' � dt +
�

r 2 + a2 +
2mar

�

�
sin2(� )d' 2

� + � d� 2 ;

(1.6.29)
with

gtt =
�

a2 sin2(� )

(2m� � )2 �
1
�

+
a2r sin2(� )

2m� 2
� �

�
� +

a2 sin2(� )
� 2

� �
(r � � � )2 ;

g' � t =
asin2(� )
2m� � �

�
(� + 2 mr )� + (2 m)2r (r � � � )

�
;

to avoid ambiguities, we emphasise thatg' � t = g(@' � ; @t ). Recalling that
� = ( r � r+ )( r � r � ), one sees that the choice

� � = r � (1.6.30)

leads indeed to a zero of order one ingtt , as desired. As a bonus one obtains a
zero of order one ing' � t , which will shortly be seen to be useful as well.

Remark 1.6.6 It is of interest to check smoothness of the transition formulae from
the coordinates (u; v; �; ' � ) to the coordinates (v; r; �; � ) of (1.6.16)-(1.6.17), or to
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(u; r; �;  ) of (1.6.25)-(1.6.26). For example, nearr = r+ we have

' + = ' �
a

2mr +
t =  +

Z r

r +

a
�

dr �
a

2mr +

 

u +
Z r

r +

r 2 + a2

�
dr

!

=  �
au

2mr +
+

a
2mr +

Z r

r +

2mr + � (r 2 + a2)
�

dr : (1.6.31)

Now,
2mr + � (r 2 + a2) = 2 m(r+ � r ) � � ;

which vanishes atr = r+ . This shows that the integrand in (1.6.31) can be rewritten
as a smooth function ofr near r = r+ , and so the new angular coordinates' + are
smooth functions of (u; r;  ) near r = r+ .

Similar calculations apply for ' � near r = r � , and for the coordinates (v; r; �; � ).
2

Keeping in mind (1.6.24), we see that (1.6.28) together with(1.6.30) is
precisely what is needed for the Killing vectors@t + a(2mr � )� 1@' , tangent to
the generators of the horizonsf r = r � g, to annihilate ' � :

(@t +
a

2mr �
@' )' � = 0 :

Thus (' � ; � ) provide natural coordinates on the space of generators.
We can now get rid of the singularity in grr by introducing

u = t � f (r ) ; v = t + f (r ) ; f 0 =
r 2 + a2

�
; (1.6.32)

so that, keeping in mind that �( r � ) = 0 () r 2
� + a2 = 2mr � ,

f (r ) =
2mr �

r � � r �
ln jr � r � j + h� (r ) ;

where the h� 's are smooth nearr = r � . This is somewhat similar to (1.2.44),
but the function f has been chosen more carefully because of the� {dependence
of grr . One then has

dt =
1
2

(du + dv) ; dr =
�

2(r 2 + a2)
(dv � du) ;

so that

g =
��

4(r 2 + a2)2 (du � dv)2 +
gtt

4
(du + dv)2 + g' � t d' � (du + dv)

+
�

r 2 + a2 +
2mar

�

�
sin2(� )d' 2

� + � d� 2 :

There are no more unbounded terms in the metric, but one needsyet to get
rid of a vanishing determinant: Indeed, as seen in (1.6.19),the determinant of
the metric in the ( r; t; �; ' ) variables equals� sin2(� )�. Since the Jacobian of
the map (t; r; ' ) 7! (t; r; ' � ) is one, and that of the map (t; r; ' � ) 7! (u; v; ' � )
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is � 2f 0 = � 2(r 2 + a2)=�, we �nd that the determinant of the metric in the
(u; v; �; ' � ) coordinates equals

�
�� 2 sin2(� )
4(r 2 + a2)2 : (1.6.33)

To get rid of this problem we set, as in (1.2.45),

û = � exp(� cu) ; v̂ = exp( cv) : (1.6.34)

Now,

du = �
dû
cû

; dv =
dv̂
cv̂

;

ûv̂ = � exp(c(v � u)) = �j r � r � j4cmr � =(r � � r � ) exp(2ch� (r )) :

As before, one chooses

c =
r � � r �

4mr �
;

so that, for r > r � ,

ûv̂ = � exp(c(v � u)) = � (r � r � ) exp
�

(r � � r � )h� (r )
2mr �

�
:

The functions

r 7! w := ( r � r � ) exp
�

(r � � r � )h� (r )
2mr �

�
(1.6.35)

have a non-vanishing derivative at r = r � . Hence, by the analytic implicit
function theorem, there exist near w = 0 analytic functions r � (w) inverting
(1.6.35). So, nearr = r � we can write

r � r � = � ûv̂H � (� ûv̂) ;

where the H � 's are analytic near ûv̂ = 0, non-vanishing there, with a similar
resulting formulae for �. Since gtt and g' � t both contain a multiplicative factor
r � r � � ûv̂, we conclude that the coe�cients g' � û , g' � v̂, as well as

gûv̂ = �
1

c2ûv̂
guv

can be analytically extended acrossr = r � . This is somewhat less obvious for

gûû =
1

(cû)2 guu ; gv̂v̂ =
1

(cv̂)2 gvv :

However, with some work one obtains

guu = gvv =
� sin 2(� )
(4mr � )2�

(
a4 sin2(� )
(r 2 + a2)

h
� (� + 4 mr )� + ( r 2

� � r 2)
i

+(� + 6 mr )� + 2 a2(r 2 � r 2
� )

)

:
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This shows that both guu and gvv have a zero of order two atr = r � , which is
precisely what is needed to cancel the singularities arising from û� 2 in gûû and
from v̂� 2 in gv̂v̂ .

The Jacobian of the map (u; v) 7! (û; v̂) equals c2ûv̂, and it follows from
(1.6.33) that the metric has Lorentzian signature in the coordinates (û; v̂; �; ' � ).

The metric induced on the Boyer-Lindquist sections of the event horizons
of the Kerr metric, as well as on the bifurcate Killing horizon, reads

ds2 = ( R2 + a2 cos2(� )) d� 2 +
(R2 + a2)2 sin2(� )
R2 + a2 cos2(� )

d' 2 ; (1.6.36)

where R = m �
p

m2 � a2. We note that its Ricci scalar, which we denote by
K , is [185]

K =
(R2 + a2)(3a2 cos2(� ) � R2)

(R2 + a2 cos2(� ))3 :

1.6.2 Surface gravity, thermodynamical identities

Recall that the surface gravity � � of a Killing horizon H � is de�ned through
the formula

@� (X � X � )jH � = � 2� � X � : (1.6.37)

The following provides a convenient procedure to calculate� � : Let b be any
one-form which extends smoothly across the horizon and suchthat b(X ) = 1.
Then � � can be obtained from the equation

� 2� � = � 2� � b(X ) = b(r (X � X � )) jH � :

Note that the leftermost side of the last equation is independent of the choice
of b, and so is therefore the right-hand side.

In order to implement this for the Kerr metric, recall that th e Killing vector

X � := @t +
a

2mr �
@' � @t +

a
a2 + r 2

�
@' =: @t + 
 � @' (1.6.38)

is null on the Killing horizon H � = f r = r � g, where r � 2 f r � ; r+ g is one of
the roots of �. As already pointed out, the parameter 
 � is called the angular
velocity of the horizon. The equationg(X � ; X � )jr = r � = 0 is most easily checked
using the following rewriting of the metric:

g = �
�

1
�

dr2 + d� 2
�

+
sin2(� )

�

�
adt � (r 2 + a2)d'

� 2

�
�
�

�
dt � asin2(� ) d'

� 2
: (1.6.39)

Let us use the coordinates (1.6.16)-(1.6.17), so that

dv = dt +
r 2 + a2

�
dr ; (1.6.40)

d� = d' �
a
�

dr : (1.6.41)
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Setting

b = dt +
r 2 + a2

�
dr = dv ;

we see that b extends smoothly across the Killing horizon H � and satis�es
b(X � ) = 1. Thus, using

grr =
�

r 2 + a2 cos2 �

g(X � ; X � ) = �
�

�
r 2

� + a2 cos2 �
�

(a2 + r 2
� )2 + O((r � r � )2) (1.6.42)

(the last equation easily follows from the fact that the last term in the �rst line
of (1.6.39) is +O((r � r � )2)) we �nd

� � = �
1
2

b(r (g(X � ; X � ))) = �
1
2

(dt +
r 2 + a2

�
dr )(g�� @� (g(X � ; X � )@� )

= � lim
r ! r �

(r 2 + a2)
2�

grr @r (g(X � ; X � ))

=
@r �

2(r 2 + a2)

�
�
�
�
r = r �

=
r � � m
2mr �

= �

p
m2 � a2

2m(m �
p

m2 � a2)
; (1.6.43)

where the plus sign applies to theevent horizon f r = r+ g, and the minus sign
should be used for theCauchy horizon f r = r � g.

In the extreme casesm = � a only the plus sign is relevant. We see that�
vanishes then, and is not zero otherwise.

Let J = ma be the \z-axis component" of the angular momentum vector,
and let A � be the area of the cross-sections of the event horizon: Denoting by
(xA ) = ( �; ' ) we have, using the fact that the metric is t-independent,

A � =
Z

r = r � ; v=const

p
det gAB d� d'

= lim
r ! r �

Z

r =const 0; v=const

p
det gAB d� d'

= lim
r ! r �

Z

r =const 0; t=const+ F (r )

p
det gAB d� d'

= lim
r ! r �

Z

r =const 0; t=const

p
det gAB d� d'

= 2 � (r 2
� + a2)

Z �

0
sin(� ) d� = 4 � (r 2

� + a2) : (1.6.44)

By a direct calculation, or by general considerations [17, 98, 164, 275], one has
the \thermodynamical identity"

�M H =
� �

8�
�A � + 
 � �J : (1.6.45)

(Some care must be taken with the overall sign in (1.6.43) when the identity
(1.6.45) is considered, as that sign is related to various orientations involved.
The positive sign for the horizon r � = r+ is clearly consistent in this context.)
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1.6.3 Carter's time machine

An intriguing feature of the Kerr metric in the region f r < 0g is the existence
of points at which

g'' = g('; ' ) < 0: (1.6.46)

In other words, there exists a non-empty region where the Killing vector @' is
timelike. Indeed, we have

g'' =
(r 2 + a2)2 � � a2 sin2(� )

�
sin2(� )

= sin 2(� )
�

2a2mr sin2(� )
a2 cos2(� ) + r 2 + a2 + r 2

�

=
sin2(� )

�
a4 + a2 cos(2� )� + a2r (2m + 3r ) + 2 r 4

�

a2 cos(2� ) + a2 + 2r 2 : (1.6.47)

We are interested in the set whereg'' < 0. The second line above clearly shows
that this never happens for r � 0, or for jr j very large. Nevertheless, for all
m > 0 the set

V := f g'' < 0g

= f r < 0; cos(2� ) < �
a4 + 2a2mr + 3a2r 2 + 2r 4

a2�| {z }
=: G(r )

;

� 6= 0 ; sin(� ) 6= 0g (1.6.48)

is not empty. In order to see this, note that G(0) = � 1, and G0(0) = � 4m=a2 <
0. This implies that for small negative r we haveG(r ) > � 1, and hence there
exists a range of� near � = �= 2 for which the inequality de�ning V is satis�ed.
This is illustrated in Figure 1.6.3.

- 1.0 - 0.8 - 0.6 - 0.4 - 0.2

- 1.5

- 1.0

- 0.5

0.5

Figure 1.6.3: The function G(ax) of (1.6.48) with m=a 2 f 0:5; 1; 2; 3; 4; 5g.

It turns out that any two points within V can be connected by a future
directed causal curve. We show this in detail for points p := ( t; r; �; ' ) and
p0 := ( t + T; r; �; ' ) for any T 2 R: Indeed, for n large consider the curve

[0; 2n� ] 3 s 7! 
 (s) = ( t +
T

2n�
s; r; �; ' � s) ;

where the plus sign is chosen if@' is future-directed in V , while the negative
sign is chosen otherwise. Then _
 = � @' + T

2n� @t , which is timelike future
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directed for all n large enough. As the' coordinate is 2� -periodic, the curve 

starts at p and ends atp0.

A similar argument applies for general pairs of points within V .
In particular the choice T = 0 and n = 1 gives a closed timelike curve.
Interestingly enough, the non-empty regionV can be used toconnect any

two points p1 and p2 lying in the region r < r � by a future-directed timelike
curve. To see this, choose some future-directed timelike curve
 1 from p1 to
some point p 2 V , and some future-directed timelike curve from some point
p0 2 V to p2. The existence of such curves
 1 and 
 2 is easy to check, and follows
e.g. by inspection of the projection diagram for the Kerr metric of Figure 4.7.3,
p. 171 below. We can then connectp1 with p2 by a future-directed causal curve
by �rst following 
 1 from p1 to p, then a future-directed causal curve
 from p
to p0 lying in V , and then following 
 2 from p0 to p2.

So, in fact, the region V provides a time-machine for the region r < r � , a
property which seems to have been �rst observed by Carter [44, 45].

We have been assuming thatm > 0 in our discussion of the time-machine.
It should, however, be clear from the arguments given that the time-travel
mechanism for Kerr metrics just described exists in the region r > 0 if and only
if m < 0.

1.6.4 Extreme case a2 = m2: horizon, near-horizon geometry,
cylindrical ends

The coordinate transformation leading to (1.6.18) can be used for a = m as
well, leading to

ĝ = �
�

1 �
2mr

�

�
dv2 + 2drdv + � d� 2 � 2m sin2(� )d�dr

+
(r 2 + m2)2 � m2 sin2(� )�

�
sin2(� )d� 2 �

4m2r sin2(� )
�

d�dv :(1.6.49)

As before it holds that
det g = � sin2(� )� 2 ; (1.6.50)

which shows that the metric is smooth and Lorentzian away from the set � = 0.

Near-horizon geometry

The near-horizon geometry gNHK of the extreme Kerr solution can be ob-
tained [16] by replacing the coordinates (t; r; ' ) of (1.6.1), p. 63, by new co-
ordinates (t̂; r̂; �̂ ) de�ned as

r = m + � r̂ ; t = � � 1t̂ ; ' = �̂ +
t̂

2m�
; (1.6.51)

and passing to the limit � ! 0 compare Section 1.3.5. Some algebra leads to

gNHK =
1 + cos2(� )

2

h
�

r̂ 2

r 2
0

dt̂2 +
r 2

0

r̂ 2 dr̂ 2 + r 2
0 d� 2

i
+

2r 2
0 sin2(� )

1 + cos2(� )

�
d�̂ +

r̂
r 2

0
dt̂

� 2
;

(1.6.52)
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where r0 =
p

2m. This metric is singular at r̂ = 0, but a second change of
coordinates

v = t̂ �
r 2

0

r̂
; ~' = �̂ � log

�
r̂
r0

�
; (1.6.53)

leads to a manifestly-regular form of thenear-horizon Kerr metric :

gNHK =
1 + cos2(� )

2

h
�

r̂ 2

r 2
0

dv2 + 2 dv dr̂ + r 2
0 d� 2

i
+

2r 2
0 sin2(� )

1 + cos2(� )

�
d~' +

r̂
r 2

0
dv

� 2
:

(1.6.54)
This is again a vacuum solution of the Einstein equations with a degenerate
horizon located at r̂ = 0, but with rather a di�erent asymptotic behaviour as
the radial variable r̂ tends to in�nity.

Cylindrical ends

It turns out that the degenerate Kerr space-times contain CMC slices with
asymptotically conformally cylindrical ends, in a sense which will be made pre-
cise: In Boyer-Lindquist coordinates theextreme Kerr metrics, with a2 = m2,
take the form, changing ' to its negative if necessary,

g = � dt2 +
2mr

r 2 + m2 cos2(� )
(dt � m sin2(� )d' )2 + ( r 2 + m2) sin2(� )d' 2

+
r 2 + m2 cos2(� )

(r � m)2 dr2 + ( r 2 + m2 cos2(� ))d� 2 ; (1.6.55)

The metric 
 induced on the slicest = const reads, keeping in mind that r > m ,


 =
r 2 + m2 cos2(� )

(r � m)2 dr2 + ( r 2 + m2 cos2(� ))d� 2

+
(r 2 + m2)2 � (r � m)2m2 sin2(� )

r 2 + m2 cos2(� )
sin2(� )d' 2 : (1.6.56)

Introducing a new variable x 2 (�1 ; 1 ) de�ned as

dx = �
dr

r � m
=) x = � ln (r � m) ;

so that x tends to in�nity as r approachesm from above, the metric (1.6.56)
exponentially approaches


 ! x!1 m2(1 + cos2(� ))dx2 + �g

= m2(1 + cos2(� ))
�

dx2 + d� 2 +
4 sin2(� )

(1 + cos2(� ))2 d' 2

| {z }
=: �h

�
:(1.6.57)

We see that the space-metric
 is, asymptotically, conformal to the product
metric dx2 + �h on the cylinder R � S2.

Let us mention that the limiting metric, as one recedes to in�nity along
the cylindrical end of the extreme Kerr metric, can also be obtained from the
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metric (1.6.36) on the bifurcation surface of the event horizon by setting a = m
there:

�g = m2
�

(1 + cos2(� ))d� 2 +
4 sin2(� )

1 + cos2(� )
d' 2

�
: (1.6.58)

We note that the slices t = const are maximal. This follows from the fact
that the unit normal n to these slices takes the formn = nt@t + n ' @' , so that

tr 
 K =
1

p
j det gj

@� (
p

j det gjn� )

=
1

p
j det gj

�
@t (

p
j det gjnt ) + @' (

p
j det gjn ' )

�
= 0 :

It then follows from the scalar constraint equation shows that R � 0.
When studying the Lichnerowicz equation for metrics of cylindrical type it

is of interest to study the sign of the scalar curvature of thevarious metrics
occurring in the problem at hand. Recall that the scalar curvature, say � , of a
metric of the form d� 2 + e2f (� )d' 2 equals

� = � 2(f 00+ ( f 0)2) :

Hence the sphere part�h of the limiting conformal metric appearing in (1.6.57)
has scalar curvature equal to

�
4 cos(2� )

(cos2 � + 1) 2 ;

which is negative on the northern hemisphere and positive onthe southern one.
Finally, the metric �g has scalar curvature

� =
2(3 cos2(� ) � 1)

m2(1 + cos2(� ))3 :

and the reader will note that � changes sign as well.

1.6.5 The Ernst map for the Kerr metric

A key role for proving uniqueness of the Kerr black holes is aharmonic map
representation of the �eld equations: here, to every stationary axisymmetric
solution of the vacuum Einstein �eld equations (M ; g) one associates a pair of
functions (f; ! ), where f is norm of the axisymmetric Killing vector, say � :

f = g(�; � ) ;

while the function ! , called the twist potential, is de�ned as follows: One intro-
duces, �rst, the twist form ! � dx� via the equation

! � = � ���
 � � r � � 
 :

It follows from the vacuum �eld equations that ! is closed, see (1.3.38), p. 46.
So if, e.g.,M is simply connected, there exists a function! such that

! � = @� ! :
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The complex valued function f + i ! is called the Ernst potential.
In Boyer-Lindquist coordinates of (1.6.6) the twist potent ial ! reads [103]

! = ma(cos3 � � 3 cos� ) �
ma3 cos� sin4 �

�
: (1.6.59)

It is important for the study of such metrics that the leading order term in ! is
uniquely determined by ma. The Ernst potential f + i ! can now be obtained
by reading f = g'' from (1.6.6).

1.6.6 The orbit space metric

Let M denote the space of orbits of the isometry group in the domainof outer
communications:

M := hhM ii =(R � U(1)) :

Note that M can be viewed as the submanifoldf t = 0 = ' g of hhM ii , coordi-
natized by ~� 2 [0; � ] and ~r , with r+ < ~r < 1 .

Let X 1 = @t , X 2 = � = @' , and let

A := f � = 0g = f ~� = 0g [ f ~� = � g

be the axis of rotation. We will use the same symbolA for the axis of rotation
in M , as well as for the corresponding set inM . . The orbit space metric h on
M n A is de�ned as follows: for Y; Z 2 T(M n A ),

h(Y; Z) = g(Y; Z) � gabg(X a; Y )g(X b; Z ) ; (1.6.60)

where gab is the matrix inverse to g(X a; X b). Note that det g(X a; X b) < 0 on
hhM ii n A , which shows that h is well de�ned there.

Sinceg~�t = g~�' = g~rt = g~r' = 0, h is obtained by simply forgetting the part
of the metric involving dt and d' :

h = (~r 2 + a2 cos2 ~� )
� d~r 2

(~r � r+ )(~r � r � )
+ d~� 2

�
: (1.6.61)

So, f ~� = 0g and f ~� = � g are clearly smooth boundaries at �nite distance forh,
with h extending smoothly by continuity there. On the other hand, the nature
of f ~r = r+ g depends upon whether or notr+ = r � . In the subextreme case,
where r � and r+ are distinct, the set f ~r = r+ g is seen to be a totally geodesic
boundary at �nite distance by introducing a new coordinate x by the formula

dx
d~r

=
1

p
(~r � r+ )(~r � r � )

: (1.6.62)

We then have
x+ := lim

r ! r +
x > �1 ;

as the right-hand side of (1.6.62) is integrable in ~r near f ~r = r+ g. The same
formula in the extreme case ~r � = ~r+ gives an x-variable which diverges log-
arithmically as r approachesr � , leading to a cylindrical end for the metric
h.
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1.6.7 Kerr-Schild coordinates

The explicit, original, Kerr-Schild form of the Kerr metric (cf., e.g., [53]) reads

g�� = � �� +
2m~r 3

~r 4 + a2z2 � � � � ;

where

� � dx� = dx0 �
1

~r 2 + a2 [~r (xdx + ydy) + a(xdy � ydx)] �
z
~r

dz ;

and where ~r is de�ned implicitly as the solution of the equation

~r 4 � ~r 2(x2 + y2 + z2 � a2) � a2z2 = 0 :

This form of the metric makes manifest the asymptotic 
atness of the metric,
and turns out to be useful for performing gluing constructions, see [70].

1.6.8 Dain coordinates

Dain [103] has invented a system of coordinates which nicelyexhibits the
\Einstein-Rosen bridges" of the Kerr metric. One wants to write the space-
part of the Kerr metric in the form

g = e� 2 ~U+2 � �
d� 2 + dz2�

+ � 2e� 2 ~U (d' + �B � d� + Azdz)2 : (1.6.63)

If jaj � m let r+ = m +
p

m2 � a2 be the largest root of �, and let r+ = 0
otherwise. For

r > r + ;

so that � > 0, de�ne a new radial coordinate ~r by

~r =
1
2

�
r � m +

p
�

�
; (1.6.64)

After setting
� = ~r sin ~� ; z = ~r cos~� ; (1.6.65)

one obtains (1.6.63). We have

r = ~r + m +
m2 � a2

4~r
: (1.6.66)

We emphasize that while those coordinates bring the metric to the form (1.6.63),
familiar in the context of the reduction of the stationary ax i-symmetric vacuum
Einstein equations to a harmonic map problem, the coordinate � in (1.6.65) is
not the area coordinate needed for that reduction14 except when m = a.

14 The correct ( �; z ) coordinates for the harmonic map reduction are � =
p

� sin( � ), z =
(~r � m) cos� . In the last coordinates the horizon lies on the axis � = 0, which is not the case
for Dain's coordinates except if a = m.
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To analyze the behavior nearr = 0 we have to distinguish between the
extreme and non-extreme cases. Let us �rst assume thatm2 6= a2. We can
calculate e~U from (1.6.6), and using (1.6.64) we then have

~U = 2 ln
� 2~r

m

�
� ln

�
�
�1 �

a2

m2

�
�
� + O(~r ): (1.6.67)

With a little work it can now be seen that that r = 0 corresponds to another
asymptotically 
at region for the metric (1.6.63).

On the other hand, in the extreme casem2 = a2 one similarly �nds

~U = ln
� ~r

2m

�
+

1
2

ln
�
1 + cos2(� )

�
+ O(~r ): (1.6.68)

This implies that the space geometry near ~r = 0 approaches is that of an
\asymptotically cylindrical end", as discussed in generalin Section 1.3.4.

1.7 Majumdar-Papapetrou multi black holes

In all examples discussed so far the black hole event horizonis a connected
hypersurface in space-time. In fact [40, 64, 75], there are no regular, static,
vacuum solutions with several black holes, consistently with the intuition that
gravity is an attractive force. However, static multi black holes become possible
in presence of an electric �eld. Well-behaved examples are exhausted [94] by
the Majumdar-Papapetrou black holes, in which the metric 4g and the electro-
magnetic potential A take the form [201, 232]

4g = � u� 2dt2 + u2(dx2 + dy2 + dz2) ; (1.7.1)

A = u� 1dt ; (1.7.2)

with some nowhere vanishing functionu. Einstein{Maxwell equations read then

@u
@t

= 0 ;
@2u
@x2

+
@2u
@y2

+
@2u
@z2

= 0 : (1.7.3)

The solutions will be called standard MP black holesif the coordinates x � of
(1.7.1){(1.7.2) cover the rangeR � (R3 n f~ai g) for a �nite set of points ~ai 2 R3,
i = 1 ; : : : ; I , and if the function u has the form

u = 1 +
IX

i =1

� i

j~x � ~ai j
; (1.7.4)

for some positive constants� i .

Incidentally: The property that these are the only regular black holes within the
MP class has been proved in [84], see also [89, 148]; the fact that all multi-component
regular static black holes are in the MP class has been established in [94], building
upon the work in [204, 251, 258]; a gap in [94] related to analyticity of the metric
has been removed in [75].

When I = 1 , it is a standard fact in potential theory that if the series (1.7.4)
converges at some point, it converges to a smooth function everywhere away from the
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punctures. This case has been analysed in [61, Appendix B], where it was pointed
out that the scalar F�� F �� is unbounded whenever the~ai 's have accumulation
points. It follows from [84] that the case whereI = 1 and the ~ai 's do not have
accumulation points cannot lead to regular asymptotically 
at space-times.

Calculating the 
ux of the electric �eld on spheres j~x � ~ai j = � ! 0, one
�nds that � i is the electric charge carried by the puncture~x = ~ai : Indeed, let
F = dA be the Maxwell tensor, we have

F = � u� 2du ^ dt = � u� 2@̀u dx` ^ dt :

The 
ux of F through a two-dimensional hypersurfaceS is de�ned as
Z

S
?F ;

where ? is the Hodge dual, see Appendix A.15, p. 274. A convenient orthonor-
mal basis ofT � M is given by the co-frame

� 0 = u� 1dt ; � ` = u dx` ;

in terms of which we have

F = � u� 2@̀u � ` ^ � 0 :

This gives

?F = � u� 2@̀u ? (� ` ^ � 0) =
1
2

X

`jk

u� 2@̀u � `jk � j ^ � k

=
1
2

X

ijk

@̀u� `jk dxj ^ dxk :

Consider a sphereS(~ai ; � ) of radius � centred at ~ai , shifting the coordinates by
~ai we can assume that~ai = ~0, then @̀u approaches

� � i ~x=j~xj3

on S(~ai ; � ) as � tends to zero. Therefore

lim
� ! 0

Z

S(~ai ;� )
?F = � 4�� i :

In the current conventions the right-hand side is � 4� times the charge, which
establishes the claim.

We will see shortly that punctures correspond to connected components of
the event horizon, so� i can be thought of as the negative of the electric charge
of the i 'th black hole.

Higher-dimensional generalisations of the MP solutions have been derived
by Myers [217]. The metric and the electromagnetic potential take the form

n+1 g = � u� 2dt2 + u
2

n � 2

�
(dx1)2 + : : : + ( dxn )2

�
; (1.7.5)

A = u� 1dt ; (1.7.6)
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with u being time independent, and harmonic with respect to the 
at metric
(dx1)2 + : : : + ( dxn )2. Then, a natural candidate potential u for solutions with
black holes takes the form

u = 1 +
NX

i =1

� i

j~x � ~ai jn� 2 ; (1.7.7)

for some~ai 2 Rn . Here con�gurations with N = 1 and which are periodic
in some variables are also of interest, as they could lead to Kaluza-Klein type
four-dimensional solutions.

Let us point out some features of the geometries (1.7.5) withN < 1 . First,
for large j~xj we have

u = 1 +
P N

i =1 � i

j~xjn� 2 + O(j~xj� (n� 1)) ;

so that the metric is asymptotically 
at, with total ADM mass equal to
P N

i =1 � i .
Next, choose anyi and denote by r := j~x � ~ai j a radial coordinate centred

at ~ai . Then the space-partg of the metric (1.7.5) takes the form

g = u
2

n � 2

�
(dx1)2 + : : : + ( dxn )2

�
= r 2u

2
n � 2

� dr2

r 2 + h
�

= ( r
1

n � 2 u)
2

n � 2 (d( ln r|{z}
=: x

)2 + h)

= ( r
1

n � 2 u)
2

n � 2 (dx2 + h) ; (1.7.8)

where h is the unit round metric on Sn� 1. Now, the metric dx2 + h is the
canonical, complete, product metric on the cylinderR � Sn� 1. Further

r
1

n � 2 u ! ~x! ~ai � i > 0:

Therefore the space-part of the Majumdar-Papapetrou metric approaches a
multiple of the canonical metric on the cylinder R � Sn� 1 as ~x approaches~ai .
Hence, the space geometry is described by a complete metric which has one
asymptotically 
at region j~xj ! 1 and N asymptotically cylindrical regions
~x ! ~ai .

It has been shown by Hartle and Hawking [148] that, in dimension n = 3, ev-
ery standard MP space-time can be analytically extended to an electro{vacuum
space-time with I black hole regions. The calculation, which also provides some
information in higher dimensionsn > 3 but runs into di�culties there, proceeds
as follows: Let, as before,r = j~x � ~ai j; for r small we replacet by a new coor-
dinate v de�ned as

v = t + f (r ) =) dt = dv � f 0(r )dr ;

with a function f to be determined shortly. We obtain

n+1 g = � u� 2(dv � f 0dr)2 + u
2

n � 2 (dr2 + r 2h)

= � u� 2dv2 + 2u� 2f 0dv dr +
�

u
2

n � 2 � u� 2(f 0)2
�

dr2 + u
2

n � 2 r 2h :

(1.7.9)
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We have already seen that the last termu
2

n � 2 r 2h is well behaved forr small.
Let us show that in some cases we can choosef to get rid of the singularity in
grr . For this we Taylor expand the non-singular part of u near ~ai as follows:

u =
� i

r n� 2 + 1 +
X

j 6= i

� j

j~aj � ~ai jn� 2

| {z }
=:�u

+ r û = �u
�

1 + O(r n� 1)
�

; (1.7.10)

with û | an analytic function of r and of the angular variables, at least for
small r . We choosef so that �u

2
n � 2 � �u� 2(f 0)2 vanishes:

f 0 = �u
n � 1
n � 2 :

This shows that the function

n+1 grr = u
2

n � 2 � u� 2(f 0)2 = �u
2

n � 2| {z }
� r � 2

h� u
�u|{z}

1+ O(r n � 1 )

� 2
n � 2

�
� �u

u|{z}
1+ O(r n � 1 )

� 2i
= O(r n� 3)

is an analytic function of r and angular variables for smallr .
The above works well whenn = 3, in which case (1.7.9) reads

3+1 g = � u� 2
|{z}
� r 2

dv2 + 2
� �u

u|{z}
=1+ O(r 2)

� 2
dv dr + grr|{z}

= O(1)

dr2 + u2r 2
| {z }

= � 2
i + O(r )

h :

At r = 0 the determinant of 3+1 g equals � � 4
i det h 6= 0, which implies that

3+1 g�� can be analytically extended across the null hypersurfaceH i := f r =
0g to a real-analytic Lorentzian metric de�ned in a neighborhood of H i . By
analyticity the extended metric is vacuum. Obviously H i is a Killing horizon
for the Killing vector @t = @v , since3+1 gvv vanishes atH i .

We note that the di�erential of g(@v ; @v) vanishes at r = 0 as well, which
shows that all horizons have vanishing surface gravity.

Let us return to general dimensionsn � 4. The problem is that the deter-
minant of the metric vanishes now at r = 0. One could hope that this can be
repaired by a change of coordinates. For this, considern+1 grv :

n+1 grv dr dv = u� 2f 0dr dv =
� �u

u

� 2
�u

3� n
n � 2 dr dv =

�
1 + O(r n� 2)

�
�

3� n
n � 2
i r n� 3dr dv

=
�

1 + O(r n� 2)
� �

3� n
n � 2
i

n � 2
d(r n� 2

| {z }
=: �

) dv

We see that this term will give a non-vanishing contribution to the determinant
if we introduce a new radial variable � = r n� 2. This, however, will wreak havoc
in n+1 grr dr2, as well as in various other terms because thenr = �

1
n � 2 , which

introduces fractional powers of the new coordinate� in the metric, leading to
a continuous but non-manifestly-di�erentiable extension.
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Now, none of these problems occur ifN = 1, in which case u = �u, hence
n+1 grr � 0; furthermore,

n+1 gvv = �u� 2 =
�

1 + � i
�

� � 2
= � 2

(� i + � )2 ; (1.7.11)

u
2

n � 2 r 2 = (�u� )
2

n � 2 = ( � i + � )
2

n � 2 ; (1.7.12)

n+1 grv dr dv = �u
3� n
n � 2

(n� 2)r n � 3 d�dv = (�ur n � 2)
3� n
n � 2

(n� 2) d�dv = (� i + � )
3� n
n � 2

(n� 2) d�dv ; (1.7.13)

which proves that the metric can be extended analytically across a Killing
horizon f � = 0g, as desired. (The caseN = 1 is of course spherically symmetric,
so this calculation is actually a special case of that in Remark 1.2.12, p. 26.)

Equation (1.7.11) shows that the Killing vector @t = @v is spacelike every-
where except at the horizon� = 0: g(@v ; @v) � 0. In particular g(@v ; @v) � 0
attains a minimum on the horizon, hence its derivative vanishes there. As before
we conclude that the black hole is degenerate,� = 0.

For n � 4 and N > 1 the above construction (or some slight variation
thereof, with f not necessarily radial, chosen to obtainn+1 grr = 0) produces
a metric which can at best be extended by continuity across a Killing horizon
\located at ~x = ~ai ", but the extensions so obtained do not appear to be dif-
ferentiable. The optimal degree of di�erentiability that on e can obtain does
not seem to be known in general. As such, it has been shown in [279] that the
metric cannot be extended smoothly whenn � 4 and N = 2 or 3.

More can be said for axi-symmetric solutions [42]: In dimension n = 5,
C2 extensions for multi-component axi-symmetric con�gurations can be con-
structed, and it is argued that generic such solutions do notpossessC3 ex-
tensions. Examples are constructed where smooth extensions are possible for
one central component, or for an in�nity string of components. In dimension
n � 5, C1 extensions for multi-component axi-symmetric con�gurations can
be constructed, and it is argued that generic such solutionsdo not possessC2

extensions.

Problem 1.7.2 Study, for n � 4, whether (1.7.7) can be corrected by a harmonic
function to give a smooth event horizon. Alternatively, show that t here are no
regular static multi-component electro-vacuum black holes in higherdimensions. 2

1.7.1 Adding bifurcation surfaces

When trying to prove results about space-times containing non{degenerate
Killing horizon, it is extremely convenient to have a compact bifurcation sur-
face at hand. For example, this hypothesis is made throughout the classi�ca-
tion theory of static (non{degenerate) black holes (cf. [71, 72] and references
therein). The problem is, that while we have good control of the geometry
of the domain of outer communications, various unpleasant things can happen
at its boundary. In particular, in [242] it has been shown that there might be
an obstruction for the extendability of a domain of outer communications in
such a way that the extension comprises a compact bifuraction surface. Nev-
ertheless, as far as applications are concerned, it su�ces to have the following:
Given a space{time (M; g) with a domain of outer communications hhM ext ii
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and a non{degenerate Killing horizon, there exists a space{time (M 0; g0), with
a domain of outer communicationshhM 0

ext ii which is isometrically di�eomorphic
to hhM ext ii , such that all non{degenerate Killing horizons in (M 0; g0) contain
their bifurcation surfaces. R�acz and Wald have shown [242], under appropriate
conditions, that this is indeed the case:

Theorem 1.7.3 (I. R�acz & R. Wald, 96) Let (M; gab) be a stationary, or stationary{
rotating space{time with Killing vector �eld X and with an asymptotically 
at
region M ext . Suppose thatJ + (M ext ) is globally hyperbolic with asymptotically

at Cauchy surface � which intersects the event horizonN = @hhM ext ii \
J + (M ext ) in a compact cross{section. Suppose thatX is tangent to the genera-
tors of N and that the surface gravity of every connected component ofN is a
non{zero constant. Then there exists a space{time(M 0; g0

ab) and an isometric
embedding

	 : hhM ext ii ! hh M 0
ext ii � M 0 ;

where hhM 0
ext ii is a domain of outer communications in M 0, such that:

1. There exists a one{parameter group of isometries of(M 0; g0
ab), such that

the associated Killing vector �eld X 0 coincides with 	 � X on hhM 0
ext ii .

2. Every connected component of@hhM 0
ext ii is a Killing horizon which com-

prises a compact bifurcation surface.

3. There exists a local \wedge{re
ection" isometry about every connected
component of the bifurcation surface.

It should be emphasized that neither �eld equations, nor energy inequalities,
nor analyticity have been assumed above. However, constancy of surface gravity
has been imposed; compare Section 1.3.3.

1.8 The Kerr-de Sitter/Kerr-anti-de Sitter metric

The Kerr-de Sitter (KdS) and the Kerr-anti de Sitter (KAdS) m etrics are solu-
tions of the vacuum Einstein equations with a cosmological constant [46]. They
describe an axi-symmetric stationary black hole solving the vacuum Einstein
equations with a positive (KdS) or negative (KAdS) cosmological constant. A
description of some of their global properties can be found in [5, 47, 87]. Our
presentation follows [227].

In Boyer-Lindquist coordinates the metric takes the form [46]15,

g = � 2
�

1
� r

dr2 +
1

� �
d� 2

�
+

sin2(� )
� 2� 2 � �

�
adt � (r 2 + a2)d'

� 2

15 The transformation between the coordinates used in [46] and the Boyer-Lindquist coordi-
nates above is [47, p. 102]

� = r ; � = a cos(� ) ;  = 1
a � ' ; � + a2  = 1

� t ;

p = a2 ; h = 1 � a2 �
3 ; e = 0 ; q = 0 :

Note that the papers [46, 47] use the convention that de Sitter corresponds to � < 0; in other
words, Carter's � is the negative of ours.
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� � r
1

� 2� 2

�
dt � asin2(� ) d'

� 2
; (1.8.1)

where

� 2 = r 2 + a2 cos2(� ) ; (1.8.2)

� r = ( r 2 + a2)
�

1 �
�
3

r 2
�

� 2mr ; (1.8.3)

� � = 1 +
a2�

3
cos2(� ) ; (1.8.4)

� = 1 +
a2�

3
; (1.8.5)

with t 2 R, r 2 R, and � , ' being the standard coordinates parameterizing the
sphere. Note that the metric functions are only well-de�ned away from zeros
of � and � r , and the determinant vanishes at sin(� ) = 0.

When m = 0, g is the de Sitter (� > 0; \dS") or the anti-de Sitter (� < 0;
\AdS") metric: Indeed, for a = 0, and after obvious renaming of coordinates,
one obtains directly the standard form of the (A)dS metric in manifestly static
coordinates (T; R; � ; �):

g(A)dS = � (1 �
� R2

3
)dT2 +

1

1 � � R2

3

dR2 + R2 �
d� 2 + sin 2(�) d� 2�

: (1.8.6)

For a 6= 0 an explicit coordinate transformation which brings the metric to the
form (1.8.6) has been given in [47, p. 102], see also [5, 151]:

T =
t
�

;

R2 =
1
�

�
r 2� � + a2 sin2(� )

�
;

R cos(�) = r cos(� ) ;

� = ' � a
�
3�

t : (1.8.7)

If a = 0 = � and m 6= 0 one obtains the Schwarzschild metric. In what
follows we will assume that � 6= 0.

When m 6= 0 but a = 0 one obtains the Schwarzschild-de Sitter or the
Schwarzschild-anti de Sitter metric:

gS(A)dS = � (1 �
� R2

3
�

2m
R

)dT2 +
1

1 � � R2

3 � 2m
R

dR2 + R2 �
d� 2 + sin 2(� )d' 2�

:

(1.8.8)
The parameter m determines its mass

From now on we assumema 6= 0. When a < 0, we can replace' by � ' to
obtain a positive value of a, and therefore, to reduce the number of cases to be
considered, we will assume

a > 0: (1.8.9)
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With the same reasoning we require

m > 0 ;

for m < 0 a new positive value form is obtained by replacing r by � r .
The determinant of (1.8.1) is

det(g) = �
� 4

� 4 sin2(� ) (1.8.10)

and the metric is manifestly Lorentzian at r = 0, which shows that (1.8.1) de-
�nes a Lorentzian metric on any connected set on which the metric components
remain bounded, i.e., away from zeros of �r , the \ring singularity" at � = 0,
and the trivial spherical coordinates singularity at � 2 f 0; � g.

The inverse metric reads

g�� @� @� = �
� 2

� r � � � 2

� �
a2 + r 2� 2

� � � a2 sin2(� )� r

�
@2

t

� 2
� 2

� r � � � 2 a
��

a2 + r 2�
� � � � r

�
@t @' +

� r

� 2 @2
r

+
� 2

� r � � � 2 sin2(� )

�
� r � a2 sin2(� )� �

�
@2

' +
� �

� 2 @2
� : (1.8.11)

Note that

gtt =
grr g�� g''

det(g)
= �

� 4

� �
�

1
� r

�
g''

sin2(� )

and

sgn(grr ) = sgn(� r ) ;

so either r or � r is a time-function when � r < 0, and t or � t is a time-function
when � r > 0 and g'' > 0. In the region where@' is timelike,

f (a2 + r 2)� � � a2� r sin2(� ) < 0g;

which is nonempty for sin(� ) 6= 0, the orbits of the Killing vector @' are closed
timelike curves.

The character of the principal orbits of the isometry group R � U(1) is
determined by the sign of the determinant

det
�

gtt gt'

gt' g''

�
= �

� r � �

� 4 sin2(� ) : (1.8.12)

Therefore, for � = 0 the orbits are either null or one-dimensional, while for � 6= 0
the orbits are timelike in the regions where � r > 0, spacelike where �r < 0
and null where � r = 0; the last case is only well-de�ned after the space-time
has been extended across the zeros of �r , which then become Killing horizons.
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Existence of well-behaved spacelike hypersurfaces requires

a2� > � 3; (1.8.13)

which will be assumed in what follows.
The following identities are useful when studying the metrics (1.8.1):

g'' + asin2(� )gt' =
� �

�
a2 + r 2

�
sin2(� )

� 2 ;

gt' + asin2(� )gtt = �
a� � sin2(� )

� 2 ;

a g'' +
�
r 2 + a2�

gt' =
a� r sin2(� )

� 2 ;

a gt' +
�
r 2 + a2�

gtt = �
� r

� 2 ;

as well as

gtt g'' � g2
t' = �

� r � � sin2(� )
� 4 :

1.8.1 Asymptotic behavior

The K(A)dS metrics possess a boundary at in�nity �a la Penrose: Recall that
a space-time (M; g) admits a conformal boundary at in�nity I if there exists
a space-time with non-empty boundary ( ~M; ~g) such that

1. M is the interior of ~M and I = @~M , thus ~M = M [ I ;

2. there exists 
 2 C1 ( ~M ) such that (a) ~g = 
 2g on M , (b) 
 > 0 on M ,
and (c) 
 = 0 and d
 6= 0 on I .

This applies to K(A)dS by choosing


 =
p

y2 ; where y :=
1
r

:

Then

~g = 
 2g = y2g = � 3
1 + a2y2 cos2(� )

� 3a2y4 + y2 (a2� � 3) + � + 6 my3 dy2

+
3a2� � y4 sin2(� ) � 3a2y4 + y2

�
a2� � 3

�
+ � + 6 my3

3 � 2 (1 + a2y2 cos2(� ))
dt2

� 2asin2(� )
a2� y2

�
a2y2 + 1

�
cos2(� ) + a2� y2 + � + 6 my3

3 � 2 (1 + a2y2 cos2(� ))
dtd'

+ sin 2(� )

 
a4� y2 + a2y2 cos2(� )

�
3 �

�
a2y2 + 1

�
� 6my

�

3 � 2 (1 + a2y2 cos2(� ))

+
a2

�
� + 6 my3 + 3y2

�
+ 3

3 � 2 (1 + a2y2 cos2(� ))

!

d' 2 +
1 + a2y2 cos2(� )

� �
d� 2 : (1.8.14)
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All the metric coe�cients can now be analytically extended across, and to a
neighborhood of, the setI := f y = 0g. At y = 0 we have

lim
y! 0

y2g = �
3
�

dy2

+
� � sin2(� )

� 2 d' 2 +
�

3� 2

�
dt � asin2(� )d'

� 2
+

1
� �

d� 2 ; (1.8.15)

which is manifestly Lorentzian there, and hence in neighborhood of f y = 0g.

As ~g on @~M is
�

Riemannian; for � > 0;
Lorentzian; for � < 0,

the conformal boundary I is
�

spacelike; if � > 0;
timelike; if � < 0.
In [47, p.102] it is emphasized that the K(A)dS metrics areasymptotically

(A)dS, in the sense that the metrics approach the (A)dS metric asr goes to
in�nity. This can be immediately inferred from (1.8.15), wh ere it is seen that
the metric at y = 0 does not depend uponm, and hence coincides there with the
corresponding conformal rescaling of the (A)dS metric. An explicit construction
proceeds through the Kerr-Schild coordinates: Following [5, 138], we use the
transformation

d� =
1
�

dt +
2mr

�
1 � r 2 �

3

�
� r

dr ;

d� = d' �
a�
3�

dt +
2mr a

(r 2 + a2)� r
dr (1.8.16)

to obtain

gK(A)dS = g(A)dS +
2mr
� 2 (k� dx� )2 ; (1.8.17)

with

g(A)dS = �

�
1 � r 2 �

3

�
� �

�
d� 2 +

� 2
�

1 � r 2 �
3

�
(r 2 + a2)

dr2 +
� 2

� �
d� 2

+
(r 2 + a2) sin2(� )

�
d� 2 ; (1.8.18)

k� dx� =
� �

�
d� +

� 2
�

1 � r 2 �
3

�
(r 2 + a2)

dr �
asin2(� )

�
d� :

The metric g(A)dS is the (A)dS metric in unusual coordinates, which can be
veri�ed by using the coordinate transformation [47, 138]

R2 =
r 2� � + a2 sin2(� )

�
; (1.8.19)

R2 sin2(�) =
r 2 + a2

�
sin2(� ) ; (1.8.20)

T = � ; (1.8.21)

� = � (1.8.22)
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between (1.8.18) and the (A)dS metric in static coordinates(1.8.6). The vector
�eld k� is null for both g and g(A)dS , as seen by a direct calculation, and tangent
to a null geodesic congruence, as noted in [138].



Chapter 2

Emparan-Reall \black rings"

An interesting class of black hole solutions of the 4 + 1 dimensional stationary
vacuum Einstein equations has been found by Emparan and Reall [113] (see also
[68, 112, 114] and references therein for further studies ofthe Emparan-Reall
metrics). The metrics are asymptotically Minkowskian in spacelike directions,
with an ergosurface and an event horizon havingS1 � S2 cross-sections. (The
\ring" terminology refers to the S1 factor in S1 � S2.) Our presentation is an
expanded version of [113], with a somewhat di�erent labelingof the contants
appearing in the metric; furthermore, the gravitational coupling constant G
from that reference has been set to one here.1

While the mathematical interest of the black ring solutions is clear, their
physical relevance is much less so, because of numerical evidence for their in-
stability [110, 111, 119, 154].

The starting point of the analysis is the following metric:

g = �
F (x)
F (y)

�
dt +

r
�
� F

� 1 � y
A

d 
� 2

+
F (y)

A2(x � y)2

"

� F (x)
�

dy2

G(y)
+

G(y)
F (y)

d 2
�

+ F (y)
�

dx2

G(x)
+

G(x)
F (x)

d' 2
� #

; (2.0.1)

where A > 0, � , and � F are constants, and

F (� ) = 1 �
�

� F
; (2.0.2)

G(� ) = �� 3 � � 2 + 1 = � (� � � 1)( � � � 2)( � � � 3): (2.0.3)

One can check, e.g. using theMathematica packagexAct [203], that (2.0.1)
solves the vacuum Einstein equations.2 The constant � is chosen to satisfy
0 < � < � � = 2=3

p
3. The upper bound is determined by the requirement that

1 I am grateful to R. Emparan and H. Reall for allowing me to repr oduce their �gures.
2 I wish to thank Alfonso Garci�a-Parrado and Jos�e Maria Mart ��n-Garc��a for carrying out

the xAct calculation.
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Figure 2.0.1: Representative plots ofF and G.

the three roots � 1 < � 2 < � 3 of G are distinct and real. Note that G(0) = 1 so
that � 1 < 0. Further G0 = 3 �� 2 � 2� > 0 for � < 0, which implies that � 2 > 0.
Hence,

� 1 < 0 < � 2 < � 3 :

We will assume that3

� 2 < � F < � 3 :

a de�nite choice of � F consistent with this hypothesis will be made shortly. See
Figure 2.0.1 for representative plots.

Requiring that
� 1 � x � � 2 (2.0.4)

guaranteesG(x) � 0 and F (x) > 0. On the other hand, both G(y) and F (y)
will be allowed to change sign, as we will be working in the ranges

y 2 (�1 ; � 1] [ (� F ; 1 ) : (2.0.5)

Incidentally: Explicit formulae for the roots of G can be found, which are not
particularly enlightening. For example, for � � � � one of the roots reads

�
6�

+
2

3��
+

1
3�

; where � =
3

q
� 108� 2 + 8 + 12

p
3
p

27� 2 � 4� ;

and a proper understanding of the various roots appearing in this equation also
gives all solutions for 0� � < � � . Alternatively, in this last range of � the roots
belong to the setf (zk + 1

2 ) 2
3� g2

k=0 , with

zk = cos
� 1

3

h
arccos

�
1 �

27� 2

2

�
+ 2 k�

i�
:

2

Performing a�ne transformations of the coordinates, one can always achieve

� 1 = � 1; � 2 = 1 ;

but we will not impose these conditions in the calculations that follow.

3According to [113], the choice � F = � 2 corresponds to the �ve-dimensional rotating black
hole of [218], with one angular momentum parameter set to zero.
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2.1 x 2 f � 1; � 2g

There is a potential singularity of the G� 1(x)dx2 + G(x)F � 1(x)d' 2 terms in
the metric at x = � 1, which can be handled as follows: consider, �rst, a metric
of the form

h =
dx2

x � x0
+ ( x � x0)f (x)d' 2 ; f (x0) > 0: (2.1.1)

Introducing
~� = 2

p
x � x0 ; ' = � ~' ; (2.1.2)

one obtains

h = d~� 2 +
� 2f

�
x0 + ~� 2

4

�

4
~� 2d~' 2 : (2.1.3)

This de�nes a metric which smoothly extends through ~� = 0 (when f is smooth)
if and only if ~' is periodically identi�ed with period, say, 2 � , and

� =
2

p
f (x0)

: (2.1.4)

Remark 2.1.1 In order to show that (2.1.4) implies regularity, set x1 = ~� cos ~' ,
x2 = ~� sin ~' , we then have

h = d~� 2 + ~� 2d~' 2

| {z }
� ab dx a dx b

+
� 2

�
f

�
x0 + ~� 2

4

�
� f (x0)

�

4
~� 2d~' 2

| {z }
� ab dx a dx b � d ~� 2

= � abdxadxb +
� 2

�
f

�
x0 + ~� 2

4

�
� f (x0)

�

4

�
� abdxadxb � ~� � 2xaxbdxadxb

�
:

As f is smooth, there exists a smooth functions such that

� 2
�

f
�

x0 + ~� 2

4

�
� f (x0)

�

4
= ~� 2s(~� 2) ;

so that
h =

h�
1 + s(~� 2)~� 2

�
� ab � s(~� 2)xaxb

i
dxadxb ; (2.1.5)

which is manifestly smooth. This shows su�ciency of (2.1.4).
To show that (2.1.4) is necessary, note that from (2.1.3) we havejD ~� j2h = 1.

This implies that the integral curves of D ~� are geodesics starting atf ~� = 0 g. When
f ~� = 0 g is a regular center one can run backwards a calculation in the spirit ofthe
one that led to (2.1.5), using normal coordinates centered at ~� = 0 as a starting
point, to conclude that the unit vectors orthogonal to the vector @~� take the form
� � (~� )@~' , where � (~� )2 ~� 2 ! � ! 0 1, and with @~' having periodic orbits with period
2� . Comparing with (2.1.3), (2.1.4) readily follows. 2

In order to apply the above analysis to the last line of (2.0.1) at x0 = � 1 we
have

dx2

G(x)
+

G(x)
F (x)

d' 2 =

=
1

� (x � � 2)(x � � 3)

�
dx2

x � � 1
+

� 2� F (x � � 1)(x � � 2)2(x � � 3)2

� F � x
d' 2

�

=
1

� (x � � 2)(x � � 3)

�
d~� 2 +

� 2� 2� F (x � � 2)2(x � � 3)2

4(� F � x)
~� 2d~' 2

�
; (2.1.6)
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so that (2.1.4) becomes

� =
2
p

� F � � 1

�
p

� F (� 2 � � 1)( � 3 � � 1)
: (2.1.7)

For further purposes it is convenient to rewrite (2.1.6) as

dx2

G(x)
+

G(x)
F (x)

d' 2 =
1

H (x)

�
d~� 2 +

�
1 + s(~� 2)~� 2

�
~� 2d~' 2

�
; (2.1.8)

for a smooth function s with, of course,

H (� ) = � (� � � 2)( � � � 3) : (2.1.9)

When � F > � 2 one can repeat this analysis atx = � 2, obtaining instead

� =
2
p

� F � � 2

�
p

� F (� 2 � � 1)( � 3 � � 2)
: (2.1.10)

Since the left-hand sides of (2.1.7) and (2.1.10) are equal,so must be the right-
hand sides; their equality determines� F :

� F =
� 1� 2 � � 3

2

� 1 � 2� 3 + � 2
(2.1.11)

(Elementary algebra shows that � 2 < � F < � 3, as desired.) It should be clear
that with this choice of � F , for y 6= � 1, the (x; ' ){part of the metric (2.0.1)
is a smooth (in fact, analytic) metric on S2, with the coordinate x being the
equivalent of the usual polar coordinate� on S2, except possibly at those points
where the overall conformal factor vanishes or acquires zeros, which will be
analysed shortly. Anticipating, the set obtained by varying x and ' and keeping
y = � 1 will be viewed asS2 with the north pole x = � 1 removed.

2.2 Signature

The calculation of the determinant of (2.0.1) reduces to that of a two-by-two
determinant in the ( t;  ) variables, which equals

F 2(x)G(y)
A2(x � y)2F (y)

; (2.2.1)

leading to

det g = �
F 2(x)F 4(y)
A8(x � y)8 ; (2.2.2)

so the signature is either (� + + + +) or ( � � � + +), except perhaps at the
singular points x = y, or F (x) = 0 (which does not happen when � F > � 2,
compare (2.0.4)), orF (y) = 0.

Now, F (x) > 0, G(x) > 0 (away from the axes x 2 f � 1; � 2g) thus, by
inspection of (2.0.1), the signature is

�
sign(� F (y)) ; sign(� G(y)) ; sign(� F (y)G(y)) ; + ; +

�
: (2.2.3)
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An examination of the four possible cases shows that a Lorentzian signature is
obtained except if F (y) > 0 and G(y) > 0, which occurs fory 2 (� 1; � 2). So y's
in this last range will not be of interest to us.

We start by considering
y � � 1 ; (2.2.4)

which leads to F (y) > 0 and G(y) � 0.

2.3 y = � 1

Note that G(� 1) vanishes; however, it should be clear from what has been said
that � ( dy2

G(y) + G(y)
F (y) d 2) is a smooth Riemannian metric if (� 1;  ) are related to

a new radial variable ^� and a new angular variable ^' by

�̂ = 2
p

� 1 � y 2 R+ ;  = � ^' ;

with � given by (2.1.10) and ^' being 2� -periodic. Analogously to (2.1.8), we
thus have

�
�

dy2

G(y)
+

G(y)
F (y)

d 2
�

=
1

H (y)

�
d�̂ 2 +

�
1 + s(�̂ 2)�̂ 2

�
�̂ 2d^' 2

�
: (2.3.1)

Note that the remaining terms in (2.0.1) involving d are also well behaved:
indeed, if we setx̂1 = �̂ cos ^' , x̂2 = �̂ sin ^' , then

(� 1 � y)d =
� �̂ 2

4
d^' =

�
4

(x̂1dx̂2 � x̂2dx̂1) ;

which is again manifestly smooth.

2.4 Asymptotic 
atness

We turn our attention now to the singularity x = y. Given our ranges of
coordinates, this only occurs forx = y = � 1. So, at this stage, the coordinate
t parameterisesR, the coordinates (y;  ) are (related to polar) coordinates on
R2, the coordinates (x; ' ) are coordinates onS2. If we think of x = � 1 as being
the north pole of S2, and we denote it by N , then g is an analytic metric on

R|{z}
t

�
�

( R2
|{z}

y; , �̂; '̂

� S2
|{z}

x;' , ~�; ~'

) n (f 0g � f N g)
�

:

Before passing to a detailed analysis of the metric forx and y close to � 1,
it is encouraging to examine the leading order behavior of the last two lines in
(2.0.1). Recall that (2.1.2) with x0 = � 1 gives x = � 1 + ~� 2=4, and using (2.1.8)
we rewrite the last line of (2.0.1), for small ~� ,

F (y)2

A2(x � y)2

�
dx2

G(x)
+

G(x)
F (x)

d' 2
�

�
F (� 1)2

A2H (� 1)(x � y)2

�
d~� 2 + ~� 2d~' 2�

:
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Similarly, with y = � 1 � �̂ 2=4, and with �̂ small, the second line of (2.0.1) reads,
keeping in mind (2.3.1),

�
F (x)F (y)
A2(x � y)2

�
dy2

G(y)
+

G(y)
F (y)

d 2
�

�
F (� 1)2

A2H (� 1)(x � y)2

�
d�̂ 2 + �̂ 2d^' 2�

:

Sincex � y = (~� 2 + �̂ 2)=4, adding one obtains

16F (� 1)2

A2H (� 1)
�

1
(~� 2 + �̂ 2)2

�
d~� 2 + ~� 2d~' 2 + d�̂ 2 + �̂ 2d^' 2�

:

Up to an overall constant factor, this is a 
at metric on R4, to which a Kelvin
inversion ~x 7! ~x=j~xj2 has been applied, rewritten using polar coordinates in
two orthogonal planes.

We pass now to a complete analysis. Near the singular setR � f 0g � f N g,
Emparan and Reall replace (~�; �̂ ) by new radial variables (~r; r̂ ) de�ned as

~r =
~�

B (~� 2 + �̂ 2)
; r̂ =

�̂
B (~� 2 + �̂ 2)

; (2.4.1)

where B is a constant which will be determined shortly. This is inverted as

~� =
~r

B (~r 2 + r̂ 2)
; �̂ =

r̂
B (~r 2 + r̂ 2)

: (2.4.2)

It is convenient to set
r =

p
~r 2 + r̂ 2 :

We note

x = � 1 +
~� 2

4
= � 1 +

~r 2

4B 2r 4 ; y = � 1 �
�̂ 2

4
= � 1 �

r̂ 2

4B 2r 4 ;

x � y =
1

4B 2r 2 :

This last equation shows that x � y ! 0 corresponds tor ! 1 .
Inserting (2.1.8) and (2.3.1) into (2.0.1) we obtain

g = �
F (x)
F (y)

�
dt +

r
�
� F

� 1 � y
A

d 
� 2

+
F (y)

A2(x � y)2H (x)H (y)

"

F (x)H (x)
�

d�̂ 2 + (1 + s(�̂ 2)�̂ 2)�̂ 2d^' 2
�

+ F (y)H (y)
�

d~� 2 + (1 + s(~� 2)~� 2)~� 2d~' 2
� #

: (2.4.3)

The simplest terms arise from the �rst line above:

�
� F � � 1 � ~r 2

4B 2 r 4

� F � � 1 + r̂ 2

4B 2 r 4

�
dt + �

r
�
� F

1
4AB 2r 4 r̂ 2d^'

� 2

= �
�

1 �
1

4(� F � � 1)B 2r 2 + O(r � 4)
� �

dt + O(r � 4)r̂ 2d^'
� 2

: (2.4.4)
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In order to analyse the remaining terms, one needs to carefully keep track of all
potentially singular terms in the metric: in particular, on e needs to verify that
the decay of the metric to the 
at one is uniform with respect t o directions,
making sure that no problems arise near the rotation axes ^r = 0 and ~r = 0. So
we write the ^' 2 and the ~' 2 terms from the last two lines of (2.4.3) as

g^' ^' d^' 2 + g~' ~' d~' 2 =
F (y)

A2(x � y)2H (x)H (y)

"

F (x)H (x)
�

1 + s(�̂ 2)�̂ 2
�

�̂ 2d^' 2

+ F (y)H (y)
�

1 + s(~� 2)~� 2
�

~� 2d~' 2

#

=
16B 2F (y)

A2H (x)H (y)

"

F (x)H (x)
�

1 + O(r � 4)r̂ 2
�

r̂ 2d^' 2

+ F (y)H (y)
�

1 + O(r � 4)~r 2
�

~r 2d~' 2

#

: (2.4.5)

From

d~� =
1

Br 4

�
(r̂ 2 � ~r 2)d~r � 2~r r̂dr̂

�
; d�̂ =

1
Br 4

�
(~r 2 � r̂ 2)dr̂ � 2~r r̂d~r

�
;

one �nds

gr̂ r̂ =
(4B )2F (y)

A2H (x)H (y)r 4

�
F (x)H (x)( r̂ 2 � ~r 2)2 + 4F (y)H (y)r̂ 2~r 2

�

=
(4B )2F (y)

A2H (x)H (y)

�
F (x)H (x) + 4( F (y)H (y) � F (x)H (x))

r̂ 2~r 2

r 4

�

=
(4B )2F (y)

A2H (x)H (y)

�
F (x)H (x) + O(r � 4)r̂ 2

�
; (2.4.6)

g~r ~r =
(4B )2F (y)

A2H (x)H (y)r 4

�
F (y)H (y)( r̂ 2 � ~r 2)2 + 4F (x)H (x)r̂ 2~r 2

�

=
(4B )2F (y)

A2H (x)H (y)

�
F (y)H (y) + O(r � 4)~r 2

�
; (2.4.7)

g~r r̂ =
2(4B )2F (y)

A2H (x)H (y)r 4 r̂ ~r (~r 2 � r̂ 2)(F (y)H (y) � F (x)H (x))

= O(r � 4)r̂ ~r : (2.4.8)

It is clearly convenient to chooseB so that

(4B )2F 2(� 1)
A2H (� 1)

= 1 ;

and with this choice (2.4.4)-(2.4.8) give

g = �
�

1 + O(r � 2)
��

dt + O(r � 4)r̂ 2d^'
� 2

+ O(r � 4) ~rd~r r̂dr̂

+
�

1 + O(r � 2)
��

dr̂ 2 + r̂ 2d^' 2
�

+ O(r � 4)r̂ 4d^' 2

+
�

1 + O(r � 2)
��

d~r 2 + ~r 2d~' 2
�

+ O(r � 4)~r 4d~' 2 : (2.4.9)
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To obtain a manifestly asymptotically 
at form one sets

ŷ1 = r̂ cos ^' ; ŷ2 = r̂ sin ^' ; ~y1 = ~r cos ~' ; ~y2 = ~r sin ~' ;

then

r̂dr̂ = ŷ1dŷ1 + ŷ2dŷ2 ; r̂ 2d^' = ŷ1dŷ2 � ŷ2dŷ1 ;

~rd~r = ~y1d~y1 + ~y2d~y2 ; ~r 2d~' = ~y1d~y2 � ~y2d~y1 ;

Introducing ( x � ) = ( t; ŷ1; ŷ2; ~y1; ~y2), (2.4.9) gives indeed an asymptotically 
at
metric:

g =
�

� �� + O(r � 2)
�

dx� dx� :

2.5 y ! �1

In order to understand the geometry wheny ! �1 , one replacesy by

Y = � 1=y :

Surprisingly, the metric can be analytically extended acrossf Y = 0g to negative
Y : indeed, we have

g = � F (x)
�

dt2

F (y)
+ 2

r
�
� F

� 1 � y
AF (y)

dtd 

+
1

A2

� � (� 1 � y)2

� F � y
+

G(y)
(x � y)2

�
d 2 +

F (y)y4

A2(x � y)2G(y)
dY2

�

+
F 2(y)

A2(x � y)2

�
dx2

G(x)
+

G(x)
F (x)

d' 2
�

�! y!�1

� F (x)
�
2

p
�� F

A
dtd �

2�� 1 + 2 �x � 1 � �� F

A2 d 2 +
1

A2�� F
dY2

�

+
1

A2� 2
F

�
dx2

G(x)
+

G(x)
F (x)

d' 2
� #

: (2.5.1)

Calculating directly, or using (2.2.2) and the transformation law for det g, one
has

det g = �
F 2(x)F 4(y)y4

A8(x � y)8 �! y!�1 �
F 2(x)
A8� 4

F
; (2.5.2)

which shows that the metric remains non-degenerate up tof Y = 0g. Further,
one checks that all functions in (2.5.1) extend analytically to small negative Y ;
e.g.,

g(@t ; @t ) = gtt = �
F (x)
F (y)

= �
� F � x
� F � y

= �
(� F � x)Y
Y �F + 1

; (2.5.3)

etc.
To take advantage of the work done so far, in the regionY < 0 we replace

Y by a new coordinate
z = � Y � 1 > 0;
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obtaining a metric which has the same form as (2.0.1):

g = �
F (x)
F (z)

�
dt +

r
�
� F

� 1 � z
A

d 
� 2

+
F (z)

A2(x � z)2

"

� F (x)
�

dz2

G(z)
+

G(z)
F (z)

d 2
�

+ F (z)
�

dx2

G(x)
+

G(x)
F (x)

d' 2
� #

: (2.5.4)

By continuity, or by (2.2.3), the signature remains Lorentzian, and (taking into
account our previous analysis of the zeros ofG(x)) the metric is manifestly
regular in the range

� 3 < z < 1 : (2.5.5)

2.6 Ergoregion

Note that the \stationary" Killing vector

X := @t ;

which was timelike in the region Y > 0, is now spacelike in view of (2.5.3).
In analogy with the Kerr solution, the part of the region where X is spacelike
which lies outside of the black hole is called anergoregion. (The fact that
f � x < z < � F g lies outside of the black hole region will be justi�ed shortly.)

Since g(X; X ) = 0 on the hypersurface f Y = 0g, this hypersurface is part
of the boundary of the ergoregion, and the question arises whether or not this
is a Killing horizon. Recall that, by de�nition, a Killing ve ctor X is normal to
its Killing horizon; in other words, it is orthogonal to ever y vector tangent to
the Killing horizon (compare Appendix A.22). But, from (2.5 .4) we �nd

g(@t ; @ ) = �
r

�
� F

F (x)( � 1 � z)
AF (z)

= �
r

�
� F

F (x)( � 1 � z)� F

A(� F � z)

= �
r

�
� F

F (x)( � 1 + Y � 1)� F

A(� F + Y � 1)

= �
r

�
� F

F (x)( � 1Y + 1) � F

A(� F Y + 1)
! Y ! 0 �

r
�
� F

F (x)� F

A
:

Since@ is tangent to f Y = 0g, and since this last expression is not identically
zero, we conclude that@t is not normal to f Y = 0g. Hence f Y = 0g is not
a Killing horizons. Now, the part of the boundary of an ergoregion which lies
outside the black hole is calledan ergosurface. In the current case its topology
is S1 � S2: the factor S1 corresponds to the rotations generated by , and the
factor S2 corresponding to the spheres coordinatized byx and ' . Note that
in the Kerr solution the ergosurface \touches" the event horizon at the axis of
rotation, while here the event horizon and the ergosurface are separated by an
open set.
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2.7 Black ring

The metric (2.5.4) has a problem atz = � 3 becauseG(� 3) = 0. We have already
shown how to solve that in regions whereF was positive, but now F (z) < 0 so
the previous analysis does not apply. Instead we replace by a new (periodic)
coordinate � de�ned as

d� = d +
p

� F (z)
G(z) dz : (2.7.1)

However, this coordinate transformation wreaks havoc in the �rst line of (2.7.5).
This is �xed if we replace t with a new coordinate v:

dv = dt +
q

�
� F

(z � � 1)
p

� F (z)
AG (z) dz : (2.7.2)

Incidentally: The integrals above can be evaluated explicitly; for example, in
(2.7.2) we have

Z p
z � � F

(z � � 2)(z � � 3)
dz =

p
� 3 � � F

� 3 � � 2
ln(z � � 3) + H (z); (2.7.3)

where H is an analytic function de�ned in ( � F ; 1 ):

H (z) =
2

� 3 � � 2

"
p

� F � � 2 arctan

 s
z � � F

� F � � 2

!

�
p

� 3 � � F ln
� p

z � � F +
p

� 3 � � F

�
#

:

(2.7.4)
2

In the (v; x; z; �; � ){coordinates the metric takes the form

ds2 = �
F (x)
F (z)

�
dv �

r
�
� F

z � � 1

A
d�

� 2

+
1

A2(x � z)2

"

F (x)
�

� G(z)d� 2 + 2
p

� F (z)d�dz
�

+ F (z)2
�

dx2

G(x)
+

G(x)
F (x)

d' 2
� #

: (2.7.5)

This is regular at
E := f z = � 3g;

and the metric can be analytically continued into the region � F < z � � 3. One
can check directly from (2.7.5) that g(r z; r z) vanishes at E. However, it is
simplest to use (2.5.4) to obtain

g(r z; r z) = gzz = �
A2(x � z)2G(z)

F (x)F (z)
(2.7.6)

in the region f z > � 3g, and to invoke analyticity to conclude that this equation
remains valid onf z > � F g. Equation (2.7.6) shows thatE is a null hypersurface,
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with z being a time function on f z < � 3g, which is contained in a black hole
region by the usual arguments (compare the paragraph around(1.6.21)).

We wish to show that f z = � 3g is the event horizon: this will follow if
we show that there is no event horizon enclosing the regionz < � 3. For this,
consider the \area function", de�ned as the determinant, say W , of the matrix

g(K i ; K j ) ;

where theK i 's, i = 1 ; 2; 3, are the Killing vectors equal to @t , @ , and @' in the
asymptotically 
at region. In the original coordinates of ( 2.0.1) this equals

F (x)G(x)F (y)G(y)
A4(x � y)4 ; (2.7.7)

with an identical expression wherez replacesy in the coordinates of (2.5.4).
By analyticity, or a direct calculation, this formula is not a�ected by the intro-
duction of the coordinates of (2.7.5). Now,

F (y)G(y) =
�
� F

(� F � y)(y � � 1)(y � � 2)(y � � 3) ;

and, in view of the range (2.0.4) of the variablex, the sign of (2.7.7) depends
only upon the values of y and z. Since F (y)G(y) behaves as� �y 4 for large
y, W is negative both for y < � 1 and for z > � 3. Hence, at each pointp of
those two regions the set of vectors inTpM spanned by the Killing vectors is
timelike. So, suppose for contradiction, that the event horizon H intersects the
region f y 2 [�1 ; � 1) [ z 2 (� 3; 1 ]g. SinceH is a null hypersurface invariant
under isometries, every Killing vector is tangent to H . However, at each point
at which W is negative there exists a linear combination of the Killingvectors
which is timelike. This gives a contradiction because no timelike vector can be
tangent to a null hypersurface.

We conclude that f z = � 3g forms indeed the event horizon, with topology
R � S1 � S2: this is a \black ring".

2.8 Some further properties

It follows from (2.7.5) that the Killing vector �eld

� =
@
@v

+
A

p
� Fp

� (� 3 � � 1)
@

@�
=

@
@t

+
A

p
� Fp

� (� 3 � � 1)
@

@ 
(2.8.1)

is light-like at E, which is therefore aKilling horizon . Equation (2.8.1) shows
that the horizon is \rotating", with angular velocity


 E =
A

p
� F

� (� 3 � � 1)
p

�
=

A
p

�� F (� 2 � � 1)
2
p

� F � � 1
; (2.8.2)

recall that � has been de�ned in (2.1.10). More precisely, in the coordinate
system (v; �; z; x; ' ) the generators of the horizon are the curves

s 7! (v + s; � + � 
 E s; � 3; x; ' ) :
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We wish, next, to calculate the surface gravity of the Killing horizon E. For
this we start by noting that

� [ = g�� � � dx� = gv� dx� + � 
 E g�� dx�

= �
F (x)
F (z)

�
1 � � 
 E

r
�
� F

z � � 1

A

� �
dv �

r
�
� F

z � � 1

A
d�

�

+
1

A2(x � z)2 � 
 E F (x)
�

� G(z)d� +
p

� F (z)dz
�

= �
F (x)( � 3 � z)
F (z)( � 3 � � 1)

�
dv �

r
�
� F

z � � 1

A
d�

�

+
1

A2(x � z)2 � 
 E F (x)
�

� G(z)d� +
p

� F (z)dz
�

= jz= � 3

� 
 E F (x)
p

� F (� 3)
A2(x � � 3)2 dz ; (2.8.3)

g(�; � ) = �
F (x)
F (z)

�
1 � � 
 E

r
�
� F

z � � 1

A

� 2

�
� 2
 2

E F (x)G(z)
A2(x � z)2

= �
F (x)( � 3 � z)2

F (z)( � 3 � � 1)2 �
� 2
 2

E F (x)G(z)
A2(x � z)2 ;

d(g(�; � )) jz= � 3 = �
� 2
 2

E F (x)
A2(x � � 3)2 G0(� 3)dz = � 2�� [ : (2.8.4)

Comparing (2.8.3) with (2.8.4) we conclude that

� =
� 
 E G0(� 3)

2
p

� F (� 3)
=

A
p

�
2

� F (� 3 � � 2)
p

� 3 � � F
: (2.8.5)

Since � 6= 0, one can further extend the space-time obtained so far to one
which contains a bifurcate Killing horizon, and a white hole region; we present
the construction in Section 2.9 below. The global structureof the resulting
space-time resembles somewhat that of the Kruskal-Szekeres extension of the
Schwarzschild solution.

The plot of 
 H and � (as well as some other quantities of geometric interest)
in terms of � can be found in Figure 2.8.1.

It is essential to understand the nature of the orbits of the isometry group,
e.g. to make sure that the domain of outer communications does notcontain
any closed timelike curves. We have:

� The Killing vector @t is timelike i�

F (y) > 0 () y < � F ;

� The Killing vector @' is always spacelike;

� From (2.0.1) we have

g(@ ; @ ) =
�F (x)( � 1 � y)

A2(x � y)2(� F � y)
�

�
�

(� F � y)( � 2 � y)( � 3 � y) � (� 1 � y)(x � y)2
�

| {z }
(� )

: (2.8.6)
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0 � �

A

Ro

Ri

0 � �

� 
 H

Figure 2.8.1: Plots, as functions of� at �xed total mass m, of the radius of
curvature Ri at x = � 2 of the S1 factor of the horizon, the curvature radius Ro

at x = � 1, total area A of the ring, surface gravity � , and angular velocity at
the horizon 
 H . All quantities are rendered dimensionless by dividing by an
appropriate power of m. Figure from [113].

For y < � 1 we can write

(� F � y)
| {z }

� (x � y)

(� 2 � y)
| {z }
> (� 1 � y)

(� 3 � y)
| {z }
> (x� y)

> (� 1 � y)(x � y)2 ;

which leads to g  � 0. Similarly, for y > � 3,

(y � � F )
| {z }

� (y� x)

(y � � 2)
| {z }
< (y� � 1 )

(y � � 3)
| {z }
< (y� x)

< � (� 1 � y)(x � y)2 ;

so that @ is spacelike or vanishing throughout the domain of outer com-
munications.

� The metric induced on the level sets oft has the form

gyydy2 + g  d 2 + gxx dx2 + g'' d' 2 : (2.8.7)

We have just seen thatg  is non-negative, andgxx and g'' also are for
x in the range (2.0.4). Further

gyy = �
F (x)F (y)

A2(x � y)2G(y)
=

F (x)
A2(x � y)2� F �

�
(y � � F )

(y � � 1)(y � � 2)(y � � 3)
;

an expression which is again non-negative in the ranges of interest. It
follows that the hypersurfacesf t = constg are spacelike.

� The main topological features of the manifoldM constructed so far are
summarised in Figure 2.8.3, see also Figure 2.8.2. One thus �nds

M = R �
h�

R2 � S2
�

n (~0; N )
| {z }
=: i o

i
;

where~0 is the origin of R2, and N is the north pole of S2, with the �rst R
factor corresponding to time. The point io which has been removed from
the R2 � S2 factor can be thought of as representing \spatial in�nity".
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x = � 1 x = +1

x

 y

y = � 1=�

y = � 1

x = const

Figure 2.8.2: Coordinate system for black ring metrics, from [112]. The diagram
sketches a section at constantt and ' . Surfaces of constanty are ring-shaped, whilex
is a polar coordinate onS2. In�nity lies at x = y = � 1.

Incidentally: The metric h induced on the sections of the horizonf v = const ; z =
� 3g can be obtained from (2.8.7) by �rst neglecting the dy2 terms, and then passing
to the limit y ! � 3. (By general arguments, or by a direct calculation from (2.7.5),
this coincides with the metric of the sectionsf v = constg of the event horizon E.)
One �nds

h =
� 2� (� F � x)( � 3 � � 1)2

� F A2(� 3 � � F )
d'̂ 2 +

F 2(� 3)
A2(x � � 3)2

�
dx2

G(x)
+

� 2G(x)
F (x)

d~' 2
�

;

so that (recall (2.1.10))

p
det h =

� 2� 1=2(� 3 � � F )3=2(� 3 � � 1)
� 2

F A3(x � � 3)2 =
4(� 3 � � F )3=2(� F � � 1)

A3� 3=2� 3
F (� 3 � � 1)2(� 2 � � 1)2

�
1

(x � � 3)2 :

By integration in x 2 (� 1; � 2) and in the angular variables ~'; '̂ 2 (0; 2� ) one obtains
the area of the sections of the event horizon:

A =
16� 2

A3� 3=2

(� 3 � � F )3=2(� F � � 1)
� 3

F (� 3 � � 2)( � 2 � � 1)( � 3 � � 1)2 : (2.8.8)

2

If � = � � then the black ring and the black hole degenerate to the same
solution with � 2 = � F = � 3. This is the � = a2 limit of the �ve-dimensional
rotating black hole, for which the horizon disappears, and is replaced by a naked
singularity.

The massm and the angular momentum J can be calculated using Komar
integrals:

m =
3�

2A2

� F � � 1

�� 2
1(� 2 � � 1)( � 3 � � 1)

; (2.8.9)
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Figure 2.8.3: Space sections of the Emparan-Reall black holes, with the angular
variables ' and  suppressed. Thex variable runs along the vertical axis, they
variable runs along the horizontal axis to the right of the ergosurface, while the
z coordinate is used horizontally to the left of the ergosurface. io is the point
at in�nity.

J =
2�
A3

(� F � � 1)5=2

� 3=2� 3
F (� 2 � � 1)2(� 3 � � 1)2

: (2.8.10)

Thus, m and J are rather complicated functions of the independent parameters
A and � in view of (2.1.11).

Recall that the spin of the Myers-Perry �ve-dimensional black holes is
bounded from above [218]:

J 2

m3 <
32

27�
: (2.8.11)

The corresponding ratio for the solutions here is

J 2

m3 =
32

27�
(� 3 � � 1)3

(2� 3 � � 1 � � 2)2(� 2 � � 1)
: (2.8.12)

These ratios are plotted as a function of� in Figure 2.8.4. Rather surprisingly,
this ratio is bounded from below:

J 2

m3 > 0:8437
32

27�
: (2.8.13)
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0:2164 � �

1
0:8437

0

Figure 2.8.4: (27�= 32)J 2=m3 as a function of � . The solid line corresponds to
the Emparan-Reall solutions, the dashed line to the Myers-Perry black holes.
The two dotted lines delimit the values for which both solutions with the same
mass and spin exist. From [113].

For 0:2164 < � < � � , there are two black ring solutions with the same
values ofm and J (but di�erent A ). Moreover, these satisfy the bound (2.8.11)
so there is also a black hole with the same values ofm and J . This implies
that the uniqueness theorems valid in four dimensions do nothave a simple
generalisation to �ve dimensions, compare [156].

Some algebra shows that the quantitiesm; J; 
 H ; � and A satisfy a Smarr
relation

m =
3
2

�
� A
8�

+ 
 H J
�

: (2.8.14)

2.9 A Kruskal-Szekeres type extension

So far we have seen how to construct an Eddington-Finkelstein type extension
of the ER metric (2.0.1) across a Killing horizon. We will denote by (M I [ II ; g)
that extension. We will denote by (M I ; g) the subset of (M I [ II ; g) exterior to
the Killing horizon, see Figure 2.9.1, p. 114.

To construct a Kruskal-Szekeres type extension we follow [71] and consider,
�rst, the form of the metric (2.5.4) with the coordinate z in the range z 2
(� 3; 1 ). There we de�ne new coordinatesw; v by the formulae

dv = dt +
bdz

(z � � 3)(z � � 0)
; dw = dt �

bdz
(z � � 3)(z � � 0)

; (2.9.1)

whereb and � 0 are constants to be chosen shortly. Similarly to the construction
of the extension of the Kerr metric in [35, 45], we de�ne a new angular coordinate
 ̂ by:

d ̂ = d � adt ; (2.9.2)



2.9. A KRUSKAL-SZEKERES TYPE EXTENSION 111

where a is a constant to be chosen later. Let

� :=
1
A

r
�
� F

: (2.9.3)

Using (2.9.1){(2.9.2), we obtain

dt = 1
2(dv + dw) ; (2.9.4)

dz =
(z � � 3)(z � � 0)

2b| {z }
=: H (z)=2

(dv � dw) ; d = d ̂ + a
2(dv + dw) ; (2.9.5)

which leads to

gvv = gww = �
F (x)
4F (z)

�
1 + a� (� 1 � z)

� 2
�

F (x)F (z)
4A2(x � z)2

�
a2G(z)
F (z)

+
H 2(z)
G(z)

�
;

(2.9.6)

gvw = �
F (x)
4F (z)

�
1 + a� (� 1 � z)

� 2
�

F (x)F (z)
4A2(x � z)2

�
a2G(z)
F (z)

�
H 2(z)
G(z)

�
; (2.9.7)

gv ^ = gw ̂ = �
F (x)
2F (z)

� (� 1 � z)
�

1 + a� (� 1 � z)
�

�
F (x)G(z)a
2A2(x � z)2 ; (2.9.8)

g ̂  ̂ = �
F (x)
F (z)

� 2(� 1 � z)2 �
F (x)G(z)
A2(x � z)2 : (2.9.9)

The Jacobian of the coordinate transformation is

@(w; v;  ̂; x; ' )
@(t; z;  ; x; ' )

= 2
@v
@z

=
2b

(z � � 2)(z � � 3)
:

In the original coordinates (t; z;  ; x; ' ) the determinant of g was

det(g(t;z; ;x;' ) ) = �
F 2(x)F 4(z)
A8(x � z)8 ; (2.9.10)

so that in the new coordinates it reads

det(g(w;v;  ̂;x;' )) = �
F 2(x)F 4(z)(z � � 2)2(z � � 3)2

4A8b2(x � z)8 : (2.9.11)

This last expression is negative on (� F ; 1 ) n f � 3g, and has a second order zero
at z = � 3. In order to remove this degeneracy one introduces

v̂ = exp( cv) ; ŵ = � exp(� cw) ; (2.9.12)

where c is some constant to be chosen. Hence we have

dv̂ = cv̂dv ; dŵ = � cŵdw ; (2.9.13)

and the determinant in the coordinates (ŵ; v̂;  ̂; x; ' ) reads

det(g(ŵ;v̂; ̂;x;' )) = �
F 2(x)F 4(z)(z � � 2)2(z � � 3)2

4A8b2(x � z)8c4v̂2ŵ2 : (2.9.14)
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But one has v̂2ŵ2 = exp(2c(v � w)), so that

v̂2ŵ2 = exp
�

4cb
Z

1
(z � � 2)(z � � 3)

dz
�

= exp
�

4cb
(� 3 � � 2)

(ln( z � � 3) � ln(z � � 2))
�

: (2.9.15)

Taking into account (2.9.15), and the determinant (2.9.14), we choose the con-
stant c to satisfy:

2cb
(� 3 � � 2)

= 1 : (2.9.16)

We obtain

v̂ŵ = �
z � � 3

z � � 2
; (2.9.17)

and

det(g(ŵ;v̂; ̂;x;' )) = �
F 2(x)F 4(z)(z � � 2)4

4A8b2(x � z)8c4 : (2.9.18)

With this choice, the determinant of g in the (ŵ; v̂;  ̂; x; ' ) coordinates extends
to a strictly negative analytic function on f z 2 (� F ; 1 )g. In fact, z is an analytic
function of v̂ŵ on f v̂ŵ 6= � 1g (that last set corresponds to z = 1 , Y = 0,
we will return to this shortly):

z =
� 3 + � 2v̂ŵ

1 + v̂ŵ
: (2.9.19)

In the ( ŵ; v̂;  ̂; x; ' ) coordinates, one obtains the coe�cients of the metric from
(2.9.13) using

gv̂v̂ = 1
c2 v̂2 gvv ; gŵŵ = 1

c2 ŵ2 gww ;

gv̂ŵ = � 1
c2 v̂ŵ gvw ; gv̂ ̂ = 1

cv̂ gv ̂ ; gŵ  ̂ = � 1
cŵ gw ̂ : (2.9.20)

In order to show that the coe�cients of the metric are analyti c on the set
n

ŵ; v̂ j z(v̂ŵ) > � F

o
=

n
ŵ; v̂ j � 1 < v̂ŵ <

� 3 � � F

� F � � 2

o
(2.9.21)

it is convenient to write

gv̂v̂ =
1

c2v̂2ŵ2 ŵ2gvv ; gŵŵ =
1

c2v̂2ŵ2 v̂2gww ;

gv̂ŵ = �
1

c2v̂ŵ
gvw ; gv̂ ̂ =

1
cv̂ŵ

ŵgv ^ ; gŵ  ̂ = �
1

cv̂ŵ
v̂gw ̂ : (2.9.22)

Hence, to make sure that all the coe�cients of metric are well behaved at
f ŵ; v̂ 2 R j z = � 3g (i.e. v̂ = 0 or ŵ = 0), it su�ces to check that there is a
multiplicative factor ( z � � 3)2 in gvv = gww , as well as a multiplicative factor
(z � � 3) in gvw and in gv ^ = gw ̂ . In view of (2.9.6){(2.9.9), one can see that
this will be the case if , �rst, a is chosen so that 1 +a� (� 1 � z) = a� (� 3 � z),
that is

a =
1

� (� 3 � � 1)
; (2.9.23)
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and then, if � 0 and b and chosen such that

0 = �
a2�� F (� 3 � � 1)( � 3 � � 2)

� 3 � � F
+

(� 3 � � 0)2

�b2(� 3 � � 1)( � 3 � � 2)
: (2.9.24)

With the choice � 0 = � 2, (2.9.24) will hold if we set

b2 =
(� 3 � � F )

� 2a2� F (� 3 � � 1)2 : (2.9.25)

So far we have been focussing on the regionz 2 (� F ; 1 ), which overlaps
only with part of the manifold \ f z 2 (� 3; 1 ] [ [�1 ; � 1]g". A well behaved
coordinate on that last region is Y = � 1=z. This allows one to go smoothly
through Y = 0 in (2.9.17):

v̂ŵ = �
1 + � 3Y
1 + � 2Y

() Y = �
1 + v̂ŵ

� 3 + � 2v̂ŵ
: (2.9.26)

In other words, v̂ŵ extends analytically to the region of interest, 0� Y � � 1=�1

(and in fact beyond, but this is irrelevant to us). Similarly , the determinant
det(g(ŵ;v̂; ̂;x;' )) extends analytically acrossY = 0, being the ratio of two poly-
nomials of order eight in z (equivalently, in Y ), with limit

det(g(ŵ;v̂; ̂;x;' )) ! z!1 �
F 2(x)

4A8b2c4� 4
F

: (2.9.27)

We conclude that the construction so far produces an analytic Lorentzian metric
on the set


̂ :=
n

ŵ; v̂ j �
� 3 � � 1

� 2 � � 1
� v̂ŵ <

� 3 � � F

� F � � 2

o
� S1

 ̂
� S2

(x;' ) ; (2.9.28)

Here a subscript onSk points to the names of the corresponding local variables.

The map
(ŵ; v̂;  ̂; x; ' ) 7! (� ŵ; � v̂; �  ̂; x; � ' ) (2.9.29)

is an orientation-preserving analytic isometry of the analytically extended met-
ric on 
̂. It follows that the manifold

bM

obtained by gluing together 
̂ and two isometric copies of ( M I ; g) can be
equipped with the obvious Lorentzian metric, denoted bybg, which is further-
more analytic. The second copy of (M I ; g) will be denoted by (M III ; g); com-
pare Figure 2.9.1. The reader should keep in mind the polar character of the
coordinates around the relevant axes of rotation, and the special character of
the \point at in�nity" z = � 1 = x.

2.10 Global structure

Our discussion of the global structure of ( bM ; bg) follows closely [71].
The reader is referred to [71] for a rather involved proof of global hyperbol-

icity of bM .
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z = � F

z = � F

z = � 3

M I

M II

M III

M IV

I +
I

I �
I

I +
III

I �
III

Figure 2.9.1: bM with its various subsets. For example,M I [ II is the union of
M I and of M II and of that part of f z = � 3g which lies in the intersection of their
closures; this is the manifold constructed in [113]. Very roughly speaking, the
various I 's correspond tox = z = � 1. It should be stressed that this is neither
a conformal diagram, nor is the space-time a product of the �gure timesS2 � S1:
M I cannot be the product of the depicted diamond withS2� S1, as this product
is not simply connected, whileM I is. But the diagram represents accurately
the causal relations between the variousM N 's, as well as the geometry near the
bifurcate horizon z = � F , as the manifold does havea product structure there.

2.10.1 The event horizon has S2 � S1 � R topology

The analysis in Section 2.9 shows that the set

E := f z = � 3g

is a bifurcate Killing horizon. In this section we wish to show that a subset of
E is actually a black-hole event horizon, with S2 � S1 � R topology.

Now,

g(r z; r z) = gzz = �
A2(x � z)2G(z)

F (x)F (z)
(2.10.1)

in the region f z > � 3g, and by analyticity this equation remains valid on f z >
� F g. Equation (2.10.1) shows that E is a null hypersurface, with z being a
time function on f � F < z < � 3g. The usual choice of time orientation implies
that z is strictly decreasing along future directed causal curvesin the region
f v̂ > 0; ŵ > 0g, and strictly increasing along such curves in the regionf v̂ <
0; ŵ < 0g. In particular no causal future directed curve can leave theregion
f v̂ > 0; ŵ > 0g. Hence the space-time contains a black hole region.

However, it is not clear that E is the event horizonwithin the Emparan-Reall
space-time (M I [ II ; g), because the actual event horizon could be enclosing the
region z < � 3. To show that this is not the case, consider the \area function",
de�ned as the determinant, say W , of the matrix

g(K i ; K j ) ;

where theK i 's, i = 1 ; 2; 3, are the Killing vectors equal to @t , @ , and @' in the
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asymptotically 
at region. In the coordinates of (2.5.4) th is equals

F (x)G(x)F (z)G(z)
A4(x � z)4 : (2.10.2)

Analyticity implies that this formula is valid throughout M I [ II , as well as bM .
Now,

F (z)G(z) =
�
� F

(� F � z)(z � � 1)(z � � 2)(z � � 3) ;

and, in view of the range of the variablex, the sign of (2.10.2) depends only
upon the values of z. Since F (z)G(z) behaves as� �z 4=�F for large z, W is
negative both for z < � 1 and for z > � 3. Hence, at each pointp of those two
regions the set of vectors inTpM spanned by the Killing vectors is timelike.
So, suppose for contradiction, that the event horizonH intersects the region
f z 2 (� 3; 1 ]g[ f z 2 [�1 ; � 1)g; here \z = �1 " should be understood asY = 0,
as already mentioned in the introduction. Since H is a null hypersurface
invariant under isometries, every Killing vector is tangent to H . However,
at each point at which W is negative there exists a linear combination of the
Killing vectors which is timelike. This gives a contradicti on because no timelike
vectors are tangent to a null hypersurface.

We conclude that f z = � 3g forms indeed the event horizon in the space-time
(M I [ II ; g), with topology R � S1 � S2.

The argument just given also shows that the domain of outer communica-
tions within ( M I ; g) coincides with (M I ; g).

Similarly, one �nds that the domain of outer communications within ( bM ; bg),
or that within ( M I [ II ; g), associated with an asymptotic region lying in (M I ; g),
is (M I ; g). The boundary of the d.o.c. in ( bM ; bg) is a subset of the setf z = � 3g,
which can be found by inspection of Figure 2.9.1.

2.10.2 Inextendibility at z = � F , maximality

The obvious place where ( bM ; bg) could be enlarged is atz = � F . To show that
no extension is possible there, note that the Lorentzian length of the Killing
vector @t satis�es

g(@t ; @t ) = �
F (x)
F (z)

! � F <z ! � F 1 (recall that F (x) � 1 � � 2
� F

> 0). (2.10.3)

Inextendibility of the space-time across the boundaryf z = � F g follows from
this and from Theorem 1.4.2, p. 57.

An alternative way, demanding somewhat more work, of proving that the
Emparan-Reall metric is C2{inextendible across f z = � F g, is to notice that
R��
� R��
� is unbounded along any curve along whichz approaches� F . This
has been pointed out to us by Harvey Reall (private communication), and has
been further veri�ed by Alfonso Garcia-Parrado and Jos�e Mar��a Mart��n Garc��a
using the symbolic algebra packagexAct [203]:

R��
� R��
� =
12A4� 4

F G(� F )2(x � z)4 (1 + O(z � � F ))
(� F � x)2(z � � F )6 : (2.10.4)
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(Note that the factor ( x � z)4 is strictly bounded away from zero for z ! � F .)
The following result is established in [71]:

Theorem 2.10.1 All maximally extended causal geodesics in( bM ; bg) are either
complete, or reach a singular boundaryf z = � F g in �nite a�ne time.

This, together with Proposition 1.4.3 gives:

Theorem 2.10.2 ( bM ; bg) is maximal within the class of C2 Lorentzian mani-
folds.

2.10.3 Conformal in�nity I

In this section we address the question of existence of conformal completions
at null in�nity �a la Penrose, for a class of higher dimensional stationary space-
times that includes the Emparan-Reall metrics; see the Appendix of [104]
and [102] for the 3 + 1 dimensional case.

We start by noting that any stationary asymptotically 
at sp ace-time which
is vacuum, or electro-vacuum, outside of a spatially compact set is necessarily
asymptotically Schwarzschildian, in the sense that there exists a coordinate
system in which the leading order terms of the metric have theSchwarzschild
form, with the error terms falling-o� one power of r faster:

g = gm + O(r � (n� 1)) (2.10.5)

in space-time dimensionn + 1, where gm is the Schwarzschild metric of mass
m, and the size of the decay of the error terms in (2.10.5) is measured in a
manifestly asymptotically Minkowskian coordinate system. The proof of this
fact is outlined brie
y in [23, Section 2]. In that last refer ence it is also shown
that the remainder term has a full asymptotic expansion in terms of inverse
powers ofr in dimension 2k + 1, k � 3, or in dimension 4 + 1 for static metrics.
Otherwise, the remainder is known to have an asymptotic expansion in terms
of inverse powers ofr and of ln r , and whether or not there will be non-trivial
logarithmic terms in the expansion is not known in general.

In higher dimensions, the question of existence of a conformal completion
at null in�nity is straightforward: We start by writing the ( n + 1){dimensional
Minkowski metric as

� = � dt2 + dr2 + r 2h ; (2.10.6)

where h is the round unit metric on an (n � 2)-dimensional sphere. Replacing
t by the standard retarded time u = t � r , one is led to the following form of
the metric g:

g = � du2 � 2du dr + r 2h + O(r � (n� 2))dx� dx� ; (2.10.7)

where the dx� 's are the manifestly Minkowskian coordinates (t; x 1; : : : ; xn ) co-
ordinates for � . Setting x = 1=r in (2.10.7) one obtains

g =
1
x2

�
� x2du2 + 2du dx + h + O(xn� 4)dy� dy�

�
; (2.10.8)
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with correction terms in (2.10.8) which will extend smoothly to x = 0 in the
coordinate system (y� ) = ( u; x; vA ), where the vA 's are local coordinates on
Sn� 2. For example, a term O(r � 2)dxi dxj in g will contribute a term

O(r � 2)dr2 = O(r � 2)x � 4dx2 = x � 2(O(1)dx2) ;

which is bounded up to x = 0 after a rescaling by x2. The remaining terms in
(2.10.8) are analyzed similarly.

In dimension 4 + 1, care has to be taken to make sure that the correction
terms do not a�ect the signature of the metric so extended; in higher dimension
this is already apparent from (2.10.8).

So, to construct a conformal completion at null in�nity for t he Emparan
Reall metric it su�ces to verify that the determinant of the c onformally rescaled
metric, when expressed in the coordinates described above,does not vanish at
x = 0. This is indeed the case, and can be seen by calculating theJacobian of
the map

(t; z;  ; x; ' ) 7! (u; x; vA ) ;

the result can then be used to calculate the determinant of the metric in the
new coordinates, making use of the formula for the determinant of the metric
in the original coordinates.

For a general stationary vacuum 4 + 1 dimensional metric one can always
transform to the coordinates, alluded to above, in which themetric is manifestly
Schwarzschildian in leading order. Instead of using (u = t � r; x = 1=r) one can
use coordinates (um ; x = 1=r), where um is the corresponding null coordinateu
for the 4 + 1 dimensional Schwarzschild metric. This will lead to a conformally
rescaled metric with the correct signature on the conformalboundary. Note,
however, that this transformation might introduce log term s in the metric, even
if there were none to start with; this is why we did not use this above.

In summary, whenever a stationary, vacuum, asymptotically 
at, ( n + 1){
dimensional metric, 46= n � 3, has an asymptotic expansion in terms of inverse
powers ofr , one is led to a smoothI . This is the case for any such metric in
dimensions 3 + 1 or 2k + 1, k � 3. In the remaining dimensions one always has
a polyhomogeneous conformal completion at null in�nity, with a conformally
rescaled metric which isCn� 4 up-to-boundary. For the Emparan-Reall metric
there exists a completion which has no logarithmic terms, and is thus C1 up-
to-boundary.

2.10.4 Uniqueness and non-uniqueness of extensions

In Section 1.4.1 we have seen several examples of non-uniqueness of maximal
analytic extensions of an analytic space-time, which all apply here.

It turns out that a further example of non-uniqueness, analogous to the
RP3 geon of Example 1.4.1, can be constructed for the black ring solution.
Indeed, let ( bM ; bg) be our extension, as constructed above, of the domain of
outer communication (M I ; g) within the Emparan-Reall space-time (M I [ II ; g),
and let 	 : bM ! bM be de�ned as

	(^v; ŵ;  ̂; x; ' ) = ( ŵ; v̂;  ̂ + �; x; � ' ) : (2.10.9)
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By inspection of (2.9.6)-(2.9.8) and (2.9.20), the map 	 is an isometry, and
clearly satis�es the three conditions a), b) and c) spelled out on p. 56. Then
bM =	 is a maximal, orientable, time-orientable, analytic exte nsion ofM I distinct
from bM .

Further similar examples can be constructed using isometries which do not
preserve orientation, and/or time-orientation.

On the positive side, we have the following uniqueness result for our exten-
sion ( bM ; bg) of the Emparan-Reall space-time (M I ; g), which follows immedi-
ately from Corollary 1.4.7 and from the properties of causalgeodesics of ( bM ; bg)
spelled-out in Theorem 2.10.1:

Theorem 2.10.3 ( bM ; bg) is unique within the class of simply connected analytic
extensions of(M I ; g) which have the property that all maximally extended causal
geodesics on whichR��
� R��
� is bounded are complete.

As usual, uniqueness here is understood up to isometry.
The examples presented in Section 1.4.1 show that the hypotheses of The-

orem 2.10.3 are optimal.
It is natural to raise another uniqueness question, namely of the singling-

out features of the Emparan-Reall metric amongst all �ve-dimensional vacuum
stationary black-hole space-times? Partial answers to this can be found in the
work of Hollands and Yazadjiev [155, 157].

2.10.5 Other coordinate systems

An alternative convenient form of the Emparan-Reall metric has been given in
[114]:

g =
R2F (x)
(x � y)2

�
dx2

G(x)
�

dy2

G(y)
+

G(x)
F (x)

d' 2 �
G(y)
F (y)

d 2
�

�
F (y)
F (x)

�
dt �

CR(1 + y)
F (y)

d 
� 2

; (2.10.10)

where

F (z) = 1 + �z; G (z) = (1 � z2)(1 + �z ); C =

r
� (1 + � )( � � � )

1 � �
;

with
� =

2�
1 + � 2 ; 0 < � < 1:

If we denote by f t̂; x̂; ŷ;  ̂; ^' g the original coordinates of (2.0.1), then we
have the relation

t = t̂; x =
�̂ � x̂

� 1 + �̂ x̂
; y =

�̂ � ŷ

� 1 + �̂ ŷ
; ' =

1 � �̂ �̂
p

1 � �̂ 2
'̂;  =

1 � �̂ �̂
p

1 � �̂ 2
 ̂;

(2.10.11)
where

�̂ =
� � �
�� � 1

; �̂ = �; � =
�̂ � �̂

�̂ �̂ � 1
:
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The transformation (2.10.11) brings the metric (2.10.10) into the form

g = �
F̂ (x̂)

F̂ (ŷ)
(dt̂ + Â

p
�̂ �̂ (1 + ŷ)d ̂ )2 +

Â2

(x̂ � ŷ)2 �

"

F̂ (ŷ)2

 
dx̂2

Ĝ(x̂)
+

Ĝ(x̂)

F̂ (x̂)
d^' 2

!

� F̂ (x̂)

 
F̂ (ŷ)

Ĝ(ŷ)
dŷ2 + Ĝ(ŷ)d ̂ 2

!#

; (2.10.12)

where

F̂ (z) = 1 � �̂z; Ĝ(z) = (1 � z2)(1 � �̂z ); Â = � R

s
(1 � �̂ �̂ )

1 � �̂ 2
:

Simple rescalings and rede�nitions of constants bring (2.10.12) to the form
(2.0.1).





Chapter 3

Rasheed's Kaluza-Klein black
holes

Kaluza-Klein solutions have attracted a lot of attention as interesting models in
theoretical physics. In vacuum, and with vanishing cosmological constant, the
simplest such solutions are obtained by taking the product of a known vacuum
solution with a 
at torus. A more sophisticated class of black-hole solutions
of this kind has been discovered by Rasheed in [243]. The aim of this short
chapter is to discuss their geometry.

3.1 Rasheed's metrics

In [243] D. Rasheed constructed a family of stationary axi-symmetric solutions
of the �ve-dimensional vacuum Einstein equations. The globlal structure of
those solutions has been analysed in [17], we follow the presentation there.

The Rasheed metrics take the form

ds2
(5) =

B
A

�
dx4 + 2A � dx� � 2

+

r
A
B

ds2
(4) ; (3.1.1)

where a, M , P, Q and � are real numbers satisfying

Q2

�+ M
p

3
+ P 2

� � M
p

3
= 2�

3 ; (3.1.2)

M 2 + � 2 � P2 � Q2 6= 0 ;
�
M + � =

p
3
� 2

� Q2 6= 0 ;
�
M � � =

p
3
� 2

� P2 6= 0 ;(3.1.3)

M � �p
3

6= 0 ; F 2 :=

h
(M +� =

p
3)2

� Q2
ih

(M � � =
p

3)2
� P 2

i

M 2+� 2 � P 2 � Q2 > 0; (3.1.4)

and where

ds2
(4) = �

G
p

AB

�
dt + ! 0

� d�
� 2

+

p
AB
�

dr2 +
p

ABd� 2 +
�

p
AB

G
sin2(� )d� 2 ;

(3.1.5)
with

A =
�

r � � =
p

3
� 2

�
2P2�

� � M
p

3
+ a2 cos2(� ) +

2JPQ cos(� )
�
M + � =

p
3
� 2

� Q2
;
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B =
�

r + � =
p

3
� 2

�
2Q2�

� + M
p

3
+ a2 cos2(� ) �

2JPQ cos(� )
�
M � � =

p
3
� 2

� P2
;

G = r 2 � 2Mr + P2 + Q2 � � 2 + a2 cos2(� ) ;

� = r 2 � 2Mr + P2 + Q2 � � 2 + a2 ;

! 0
� =

2J sin2(� )
G

[r + E] ;

J 2 = a2F 2 ; (3.1.6)

whereasE is given by

E = � M +

�
M 2 + � 2 � P2 � Q2

� �
M + � =

p
3
�

�
M + � =

p
3
� 2

� Q2
: (3.1.7)

In Kaluza-Klein theories, vacuum metrics on the Kaluza-Klein bundle lead
to solutions of the Einstein-Maxwell-dilaton �eld equatio ns. In the Rasheed
case the physical-space Maxwell potential is given by

2A � dx� =
C
B

dt +
�

! 5
� +

C
B

! 0
�

�
d� ; (3.1.8)

where

C = 2Q
�

r � � =
p

3
�

�
2PJ cos(� )

�
M + � =

p
3
�

�
M � � =

p
3
� 2

� P2
; (3.1.9)

! 5
� =

H
G

; (3.1.10)

and

H := 2P� cos( � ) �
2QJ sin2(� )

�
r

�
M � � =

p
3
�

+ M � =
p

3 + � 2 � P2 � Q2
�

h�
M + � =

p
3
� 2

� Q2
i :

(3.1.11)
The Rasheed metrics (3.1.1) have been obtained by applying asolution-

generating technique ([243], compare [133]) to the Kerr metrics. This guaran-
tees that these metrics solve the �ve-dimensional vacuum Einstein equations
when the constraint (3.1.3) is satis�ed.

Let us address the question of the global structure of the metrics above. We
have

det g = � A2 sin2(� ) ;

which shows that the metrics are smooth and Lorentzian except possibly at the
zeros ofA, B , G, �, and sin( � ).
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After a suitable periodicity of � as in Section 3.4 below has been imposed,
regularity at the axes of rotation away from the zeros of denominators follows
from the factorisations

�
�
G

� 1
�

=
a2 sin2(� )

a2 cos2(� ) � 2Mr + P2 + Q2 + r 2 � � 2 ;(3.1.12)

2A � � 2P
�
G

cos(� ) =
sin2(� )

G

�
H +

2JC
B

[r + E]
�

; (3.1.13)

where

H := �
2QJ

�
r

�
M � � =

p
3
�

+ M � =
p

3 + � 2 � P2 � Q2
�

h�
M + � =

p
3
� 2

� Q2
i : (3.1.14)

It will be seen below that, after restricting the parameter ranges as in (3.2.4)
and (3.2.6), the location of Killing horizons is determinedby the zeros of

�
�
�
�
�

gtt gt� gt4

g�t g�� g� 4

g4t g4� g44

�
�
�
�
�

= � � sin 2(� ) ; (3.1.15)

and thus by the real roots r+ � r � of �, if any:

r � = M �
p

M 2 + � 2 � P2 � Q2 � a2 : (3.1.16)

3.2 Zeros of the denominators

The norms

gtt =
W
AB

and g44 =
B
A

;

of the Killing vectors @t and @4 are geometric invariants, whereW = � GA + C2.
So zeros ofA and of AB correspond to singularities in the �ve-dimensional
geometry except if

1. a zero ofA is a joint zero of A, B and W , or if

2. a zero ofB which is not a zero ofA is also a zero ofW .

Setting

A :=
2JPQ

a2
� �

M + � =
p

3
� 2

� Q2
� ; (3.2.1)

one checks that if
(

2P 2 �
� � M

p
3

� a2(1 � jAj ) = 0 ; when jAj > 2 or
2P 2 �

� � M
p

3
+ a2 A 2

4 = 0 ; when jAj � 2;
(3.2.2)

then A vanishes exactly at one point. Otherwise the set of zeros ofA forms a
curve in the (r; � ) plane. Let � 7! r +

A (� ) denote the curve, say
 , corresponding
to the set of largest zeros ofA.
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Note that W and A are polynomials in r , with A of second order. IfW=A is
smooth, the remainder of the polynomial division ofW by r � r +

A must vanish on
the part of 
 that lies outside the horizon. One can calculate this remainder with
Mathematica , obtaining a function of � which vanishes at most at isolated
points, if at all. It follows that the division of W by A is singular on the closure
of the domain of outer communications (d.o.c.), i.e. the region f r � r+ g, if A
has zeros there, except perhaps when (3.2.2) holds.

One can likewise exclude a joint zero ofW and B in the closure of the d.o.c.
without a zero of A, except possibly for the case where this zero is isolated for
B as well, which happens if

(
2Q2 �

�+ M
p

3
� a2(1 � jBj ) = 0 ; if jBj > 2 or

2Q2 �
�+ M

p
3

+ a2B2

4 = 0 ; if jBj � 2:
(3.2.3)

See [160] for a more detailed analysis of the borderline cases.
Summarising: a necessary condition for a black hole withoutobvious singu-

larities in the closure of the domain of outer communications is that all zeros
of A lie under the outermost Killing horizon r = r+ . One �nds that this will
be the case if and only if

jAj > 2 and

8
<

:

2P 2 �
� � M

p
3

� a2(1 � jAj ) < 0; or

M +
p

M 2 + � 2 � P2 � Q2 � a2 > �
3 +

q
2P 2 �

� � M
p

3
� a2(1 � jAj );

or

jAj � 2 and

8
<

:

2P 2 �
� � M

p
3

+ a2A 2

4 < 0; or

M +
p

M 2 + � 2 � P2 � Q2 � a2 > �
3 +

q
2P 2 �

� � M
p

3
+ a2A 2

4 ;
(3.2.4)

except perhaps when (3.2.2) holds.
An identical argument applies to the zeros ofB , with the zeros of B lying

on a curve unless (3.2.3) holds. Ignoring this last case, thezeros of B need
similarly be hidden behind the outermost Killing horizon. Setting

B := �
2JPQ

a2
� �

M � � =
p

3
� 2

� P2
� ; (3.2.5)

one �nds that this will be the case if and only if

jBj > 2 and

8
<

:

2Q2 �
�+ M

p
3

� a2(1 � jBj ) < 0; or

M +
p

M 2 + � 2 � P2 � Q2 � a2 > � �
3 +

q
2Q2 �

�+ M
p

3
� a2(1 � jBj );

or

jBj � 2 and

8
<

:

2Q2 �
�+ M

p
3

+ a2B2

4 < 0; or

M +
p

M 2 + � 2 � P2 � Q2 � a2 > � �
3 +

q
2Q2 �

�+ M
p

3
+ a2B2

4 ;
(3.2.6)

except perhaps when (3.2.3) holds.
While the above guarantees lack of obvious singularities inthe domain of

outer communications f r > r + g (d.o.c.), there could still be causality violations
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there. Ideally the d.o.c. should be globally hyperbolic, a question which we have
not attempted to address. Barring global hyperbolicity, a decent d.o.c. should
at least admit a time function, and the function t provides an obvious candidate.
In order to study the issue we note the identity

g00 =
4J 2[r + E]2 sin2(� ) � AB �

A� G
: (3.2.7)

A Mathematica calculation shows that the numerator factorises throughG,
so that g00 extends smoothly through the ergosphere. WhenP = 0 one can
verify that g00 is negative on the d.o.c. ForP 6= 0 one can �nd open sets of
parameters which guarantee thatg00 is strictly negative for r > r + when A and
B have no zeros there. An example is given by the condition

r+ �
EM + q
M + E

; (3.2.8)

which is su�cient but not necessary, where q := P2 + Q2 � � 2 + a2. We hope
to return to the question of causality violations in the futu re.

In Figure 3.2.1 we show the locations of the zeros ofA and B for some
speci�c sets of parameters satisfying, or violating, the conditions above.

- 10 - 5 5 10

- 10

5

5

10

inner Killing horizon

outer Killing horizon

ergosurface

zero set of A

zero set of B

- 4 - 2 2 4

4

- 2

2

4

Figure 3.2.1: Two sample plots for the location of the ergosurface (zeros ofG),
the outer and inner Killing horizons (zeros of �), and the zer os of A ; B . Left

plot: M = 8 ; a = 33
10; Q = 8

5 ; � = � 23
5 ; P = � 1

5

q
2(4105960

p
3+2770943)

12813 � � 7:86,
with zeros ofA and B under both horizons, consistently with (3.2.4) and (3.2.6).
Right plot: M = 1 ; a = 1 ; Q = 0 ; � =

p
6; P =

p
4 � 2

p
2 � 1:08; here (3.2.4)

is violated, while the zeros ofB occur at negative r .

Another potential source of singularities of the metric (3.1.1) could be the
zeros ofG. It turns out that there are irrelevant, which can be seen as follows:
The relevant metric coe�cient is g�� , which reads

g�� =
B
A

�
! 5

� +
C
B

! 0
�

� 2

+

r
A
B

 

�
G

p
AB

�
! 0

�
� 2

+
�

p
AB

G
sin2 �

!

:(3.2.9)

Taking into account a G� 1 factor in ! 0
� , it follows that g�� can be written as

a fraction (: : :)=ABG2. A Mathematica calculation shows that the denomi-



126 CHAPTER 3. RASHEED'S KALUZA-KLEIN BLACK HOLES

nator ( : : :) factorises through AG2, which shows indeed that the zeros ofG are
innocuous for the problem at hand.

Let us write ds2
(4) as (4) gabdxadxb. The factorisation just described works

for g�� but does not work for (4) g�� . From what has been said we see that the
quotient metric (4) gabdxadxb is always singular in the d.o.c., a fact which seems
to have been ignored, and unnoticed, in the literature so far.

3.3 Regularity at the outer Killing horizon H +

The location of the outer Killing horizon H + of the Killing �eld

k = @t + 
 � @� + 
 4@x4 ; (3.3.1)

is given by the larger root r+ of �, cf. (3.1.16). The condition that H + is
a Killing horizon for k is that the pullback of g�� k� to H + vanishes. This,
together with

� jH + = 0 ; GjH + = � a2 sin2(� ) ; (3.3.2)

yields


 � = �
1

! 0
�

�
�
�
H +

=
a2

2J
(r+ + E)� 1 ;


 4 = �
2(A t ! 0

� � A � )
! 0

�

�
�
�
H +

=
Q

�
� 3Mr + �

p
3M � + 3 P2 + 3Q2 +

p
3r � � 3� 2

�

(E + r+ )
�
3M 2 + 2

p
3M � � 3Q2 + � 2

� : (3.3.3)

After the coordinate transformation

�� = � � 
 � dt ; �x4 = x4 � 
 4 dt ; (3.3.4)

the metric (3.1.1) becomes

g = gS +
dr2

�
+ � Udt2 ; (3.3.5)

where gS is a smooth (0; 2)-tensor, with U := gtt =� extending smoothly across
� = 0. Introducing a new time coordinate by

� = t � � ln( r � r+ ) ) d� = dt �
�

r � r+
dr ; (3.3.6)

where � is a constant to be determined, (3.3.5) takes the form

g = gS + � U
�

d� +
�

r � r+
dr

� 2

+
dr2

�

= gS + � Ud� 2 +
2� U�
r � r+

d�dr +
�

1
�

+
� U� 2

(r � r+ )2

�
dr2

= gS + � Ud� 2 +
2� U�
r � r+

d�dr +
(r � r+ )2 + � 2� 2U

�( r � r+ )2
| {z }

V

dr2 : (3.3.7)



3.4. ASYMPTOTIC BEHAVIOUR 127

In order to obtain a smooth metric in the domain of outer communication the
constant � has to be chosen so that the numerator ofV has a triple-zero at
r = r+ . A Mathematica computation gives an explicit formula for the desired
constant � , which is too lengthy to be explicitly presented here. This establishes
smooth extendibility of the metric in suitable coordinates acrossr = r+ .

3.4 Asymptotic behaviour

When P = 0 the Rasheed metrics satisfy the KK-asymptotic 
atness condi-
tions. This can be seen by introducing manifestly-asymptotically-
at coordi-
nates (t; x; y; z ) in the usual way. With some work one �nds that the metric
takes the form
0

B
B
B
B
B
B
B
@

2M
r + 2�p

3r
� 1 0 0 0 2Q

r

0 2Mx 2

r 3 � 2�p
3r

+ 1 2Mxy
r 3

2Mxz
r 3 0

0 2Mxy
r 3

2My 2

r 3 � 2�p
3r

+ 1 2Myz
r 3 0

0 2Mxz
r 3

2Myz
r 3

2Mz 2

r 3 � 2�p
3r

+ 1 0
2Q
r 0 0 0 4�p

3r
+ 1

1

C
C
C
C
C
C
C
A

+ O(r � 2) :

(3.4.1)
However, whenP 6= 0, the Rasheed metrics donot satisfy the KK-asymptotic


atness requirements anymore: Instead, the space of Rasheed metrics decom-
poses into sectors, labelled byP 2 R, in which the metrics g asymptote to the
background metric

b :=
�
dx4 + 2P cos(� )d'

� 2
� dt2 + dr2 + r 2d� 2 + r 2 sin2(� )d' 2 : (3.4.2)

The metrics (3.1.1) and (3.4.2) are singular at sin(� ) = 0. This can be resolved
by replacing x4 by x4, respectively by ~x4, on the following coordinate patches:

�
x4 := x4 + 2P ' ; � 2 [0; � ) ;
~x4 := x4 � 2P ' ; � 2 (0; � ] :

(3.4.3)

Indeed, the one-form

dx4 + 2P cos(� )d' = dx4 + 2P(cos(� ) � 1)d' = dx4 �
2P

r (r + z)
(xdy � ydx)

is smooth for r > 0 on f � 2 [0; � )g. Similarly the one-form

dx4 + 2P cos(� )d' = d~x4 + 2P(cos(� ) + 1) d' = d~x4 +
2P

r (r � z)
(xdy � ydx)

is smooth on f � 2 (0; � ] ; r > 0g. Smoothness of bothg and b outside of the
event horizons readily follows.

We note the relation
x4 = ~x4 + 4P ' ; (3.4.4)

which implies a smooth geometry with periodic coordinatesx4 and ~x4 if and
only if

both x4 and ~x4 are periodic with period 8P � . (3.4.5)
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From this perspective x4 is not a coordinate anymore: instead the basic coor-
dinates are x4 for � 2 [0; � ) and ~x4 for � 2 (0; � ], with dx4 (but not x4) well
de�ned away from the axes of rotation f sin(� ) = 0 g as

dx4 =
�

dx4 � 2Pd' ; � 2 [0; � ) ;
d~x4 + 2Pd' ; � 2 (0; � ] :

(3.4.6)

Curvature of the asymptotic background

We continue with a calculation of the curvature tensor of the asymptotic back-
ground. It is convenient to work in the coframe

�
0̂

= dt ; �
1̂

= dx ; �
2̂

= dy ; �
3̂

= dz ; �
4̂

= dx4+2P cos(� )d' ;
(3.4.7)

which is manifestly smooth after replacingdx4 as in (3.4.6). Using

d�
4̂

= � 2P sin(� ) d� ^ d' = � 2P
x i

r 3 @i c(dx ^ dy ^ dz) = �
P
r 3�� î ĵ k̂x î dx ĵ ^ dxk̂ ;

(3.4.8)
where �� î ĵ k̂ 2 f 0; � 1g denotes the usual epsilon symbol, one �nds the following
non-vanishing connection coe�cients

! 4̂
î =

P
r 3�� î ĵ k̂x ĵ �

k̂
; ! î

ĵ =
P
r 3�� î ĵ k̂x k̂ �

4̂
; (3.4.9)

where x î � x i . This leads to the following curvature forms


 î
ĵ =

P
r 3�� î ĵ k̂

�
�

3
r 2 x k̂x

^̀
+ � k̂

^̀

�
�

^̀
^ �

4̂
�

2P2

r 6 �� î m̂ (k̂ � ĵ )n̂ ^̀x
m̂x n̂ �

k̂
^ �

^̀
;



4̂
î =

P
r 3�� î ĵ k̂

�
�

3
r 2 x ĵ x

^̀
+ � ĵ

^̀

�
�

^̀
^ �

k̂
+

P2

r 6 �� k̂m̂ ĵ �� k̂ î ^̀x
m̂ x

^̀
�

ĵ
^ �

4̂
;(3.4.10)

hence the following non-vanishing curvature tensor components

R î
ĵ k̂ 4̂

=
P
r 3�� î ĵ ^̀

�
�

3
r 2 x

^̀
x k̂ + �

^̀

k̂

�
;

R 4̂
î ĵ 4̂ =

P2

r 6 �� k̂m̂ ĵ �� k̂ î ^̀x
m̂x

^̀
; R

î ĵ k̂ ^̀ = �
2P2

r 6 (�� î ĵ n̂�� k̂ ^̀m̂ +�� î m̂ [k̂�� ^̀]ĵ n̂ )xm̂x n̂ :(3.4.11)

The non-vanishing components of the Ricci tensor read

R î ĵ = �
2P2

r 6 �� k̂m̂ î�� k̂ n̂ ĵ xm̂x n̂ ; R 4̂4̂ = �
P2

r 6 �� k̂m̂ î�� k̂ î ^̀x
m̂x

^̀
: (3.4.12)

Subsequently the Ricci scalar isR = � 2P2=r4.



Chapter 4

Diagrams, extensions

The aim of this chapter is to present a systematic approach toextensions of
a class of space-times. We further introduce the conformal and projection
diagrams, which are a useful tool to visualise the geometry of the extensions.

4.1 Causality for a class of bloc-diagonal metrics

We start with a construction of extensions for metrics of the form

g = � Fdt2 + F � 1dr2 + hAB dxA dxB
| {z }

=: h

; F = F (r ) ; (4.1.1)

whereh := hAB (t; r; x C )dxA dxB is a family of Riemannian metrics on an (n� 1)-
dimensional manifold N n� 1, possibly depending upont and r . Our analysis is
based upon that of Walker [277].

There is a long list of important examples:

1. F = 1 � 2m
r , h = r 2d
 2; this is the usual (3+1)-dimensional Schwarzschild

solution. For m > 0 the function F has a simple zero atr = 2m.

2. F = 1 � 2m
r n � 1 , h = r 2d�h, where�h is the unit round metric on an (n � 1){

dimensional sphereSn� 1; this is the (n + 1)=dimensional Schwarzschild-
Tangherlini solution. Here F has again one simple positive zero form > 0.

3. F = 1 � 2m
r + Q2

r 2 , h = r 2d
 2; this is the (3 + 1)-dimensional Reissner-
Nordstr•om metric, solution of the Einstein-Maxwell equat ions, with total
electric chargeQ, and with associated Maxwell potential A = Q=r (com-
pare Section 1.5. If we assume thatjQj < m . then F has two distinct
positive zeros

r � = m �
p

m2 � j Qj2 ;

and a single zero whenjQj = m. This last case is referred to asextreme,
or degenerate;

4. F = 1 � 2m
r n � 2 + Q2

r 2( n � 2) , h = r 2d
 2; this is an (n+1)-dimensional generaliza-
tion of the Reissner-Nordstr•om metric, solution of the Einstein-Maxwell
equations, with total electric charge Q, and with associated Maxwell po-
tential A = Q=r;

129
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5. F = � �
3 r 2 + � � 2m

r , where � is the cosmological constant, andh = r 2�h� ,
with �h having constant Gauss curvature� :

�h� =

8
<

:

d� 2 + sin 2 �d' 2; � > 0;
d� 2 + d' 2; � = 0;
d� 2 + sinh 2 �d' 2; � < 0.

These are the (3 + 1)-dimensional Kottler metrics, also known as the
Schwarzschild-(anti de)Sitter metrics;

6. F (r ) = 1 � 2m
r n � 2 � r 2

`2 , where ` > 0 is related to the cosmological constant
� by the formula 2� = n(n � 1)=`2. These are solutions of the vacuum
Einstein equations if h = r 2�h, provided that �h is an Einstein metric
on an (n � 1){dimensional manifold N n� 1 with scalar curvature equal to
(n � 1)(n � 2) [31]. We will refer to such metrics asgeneralised Kottler
metrics or Birmingham metrics. Note that m = 0 requires (N n� 1;�h)
to be the unit round metric if one wants to avoid a singularity at �nite
distance, at r = 0, along the level sets oft.

7. We note �nally the metrics

g = � (� � � r 2)dt2 + ( � � � r 2)� 1dr2 + j� j� 1�hk ; (4.1.2)

with k = � 1, k� > 0, � 2 R. The casek = 1 has been discovered by
Nariai [221].

Remark 4.1.1 It is worth pointing out that the study of the conformal struc-
ture for more general metrics of the form

(2)
g = � F (r )H1(r )dt2 + F � 1(r )H2(r )dr2 ; (4.1.3)

where H1 and H2 are strictly positive in the range of r of interest, can be
reduced to the one for the metric (4.1.1) by writing

(2)
g =

p
H1H2

�
� F̂ dt2 + F̂ � 1dr2

�
; where F̂ =

q
H 1
H 2

F : (4.1.4)

4.1.1 Riemannian aspects

We will be mainly interested in functions F which change sign: thus, we assume
that there exists a real number r0 such that

F (r0) = 0 :

Not unexpectedly, the global properties ofg will depend upon the nature of the
zero of F . For example, for the Schwarzschild metric with m > 0 we have a
�rst-order zero of F at 2m. This implies that the distance of radial curves to the
set f r = 2mg is �nite: indeed, letting 
 denote any of the curvesr 7! (r; �; ' ),
the length of 
 in the region f r > 2mg is

Z p
g( _
; _
 )dr =

Z
dr

q
1 � 2m

r

=
p

r 2 � 2mr + m ln
�

r � m +
p

r 2 � 2mr
�

+ C ;
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whereC depends upon the starting point. This has a �nite limit as r approaches
2m. More generally, if F has a �rst order zero, then F behaves as some constant
C1 times (r � r0) near r0, giving a radial distance

Z p
g( _
; _
 )dr =

Z
1

p
F (r )

�
Z

1
p

C1(r � r0)
< 1 ;

sincex � 1=2 is integrable nearx = 0.
On the other hand, for the extreme Reissner-Nordstr•om metric we have, by

de�nition,

F (r ) =
�

1 �
m
r

� 2
;

leading to a radial distance
Z p

g( _
; _
 )dr =
Z

1
1 � m

r
dr =

Z
r

r � m
dr =

Z
r � m + m

r � m
dr

= r + ln( r � m) ; (4.1.5)

which diverges asr ! m. Quite generally, if F has a zero of orderk � 2 at
r0, then F behaves as some constantC2 times (r � r0)k near r0, giving a radial
distance

Z p
g( _
; _
 )dr =

Z
1

p
F (r )

�
Z

1
(C2(r � r0))k=2

! r ! r 0 1 ;

since the integral of x � k=2 near x = 0 diverges for k � 2.
The above considerations are closely related to the embedding diagrams,

already seen in Section 1.2.6 for the Schwarzschild metric.In the Schwarzschild
case those led to a hypersurface in EuclideanRn+1 which could be smoothly
continued across its boundary. It is not too di�cult to verif y that this will be
the case for any functionF which has a �rst order zero at r0 > 0.

One can likewise attempt to embed in four-dimensional Euclidean space the
t = const slice of the extreme Reissner-Norsdstr•om metric. The embedding
equation arising from (1.2.69) now reads

� dz
dr

� 2
+ 1 =

1
F (r )

; (4.1.6)

For r close to and larger thanm we obtain

dz
dr

�
1

1 � m
r

:

Integrating as in (4.1.5), one obtains a logarithmic divergence of the graphing
function z near r = m:

z(r ) � m ln(r � m) :

This behaviour can also be inferred from the exact formula:

z = 2
p

m (2 r � m) + m ln

 p
m (2 r � m) + m

p
m (2 r � m) � m

!

:
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Figure 4.1.1: An isometric embedding in four-dimensional Euclidean space (one
dimension suppressed) of a slice of constant time in extremeReissner-Nordstr•om
space-time nearr = m.

The embedding, nearr = m, is depicted in Figure 4.1.1
Quite generally, the behaviour nearr0 of the embedding functionz, solution

of (4.1.6), depends only upon the order of the zero ofF at r0. For r0 > 0, and
for all orders of that zero larger than or equal to two, if the \ angular part" h
of the metric (4.1.1) is of the form h = r 2�h, where�h does not depend uponr ,
then the geometry of the slicest = const resembles more and more that of a
\cylinder" dx2 + r 2

0
�h as r0 is approached.

4.1.2 Causality

To understand causality for metrics of the form (4.1.1), the guiding principles
for the analysis that follows will be:

1. the t � r part of g plays a key role;

2. multiplying the metric by a nowhere vanishing function does not matter;

3. the geometry of bounded sets is easier to visualize than that of unbounded
ones.

Concerning point 1, consider a timelike curve
 (s) := ( t(s); r (s); xA (s)) for
the metric (4.1.1). We have

0 > g ( _
; _
 ) = � F
�

dt
ds

� 2

+
1
F

�
dt
ds

� 2

+ hAB

�
dxA

ds

� 2 �
dxB

ds

� 2

=) 0 > g ( _
; _
 ) = � F
�

dt
ds

� 2

+
1
F

�
dt
ds

� 2

: (4.1.7)

Thus, curves which are timelike for g project to curves (t(s); r (s)) which are
timelike for the metric

(2)
g := � Fdt2 +

1
F

dr2 : (4.1.8)
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Similarly, (4.1.7) shows that, for any set of constantsxA
0 , a curve (t(s); r (s))

which is timelike for the metric
(2)
g lifts to a curve ( t(s); r (s); xA

0 ) which is time-
like for g.

Identical statements hold for causal curves.
Concerning point 2 we note that, for any positive function 
, the sign of

g( _
; _
 ) is the same as that of 
 2g( _
; _
 ). Hence, causality for a metric g is, in
many respects, identical to that of the \conformally rescaled" metric 
 2g.

Concerning point 3, it is best to proceed via examples, presented in the next
section.

4.2 The building blocs

We proceed to gather a collection of building blocs that will be used to depict
the global structure of space-times of interest. We start with:

4.2.1 Two-dimensional Minkowski space-time

Let
(2)
g be the two-dimensional Minkowski metric:

(2)
g = � dt2 + dx2 ; (t; x ) 2 R2 :

In order to map conformally R2 to a bounded set, we �rst introduce two null
coordinatesu and v:

u = t � x ; v = t + x () t =
u + v

2
; x =

v � u
2

: (4.2.1)

with
(2)
g taking the form

(2)
g = � du dv :

We have (t; x ) 2 R2 if and only if ( u; v) 2 R2. We bring the last R2 to a bounded
set by introducing

U = arctan( u) ; V = arctan( v) ; (4.2.2)

thus
(U; V) 2

�
�

�
2

;
�
2

�
�

�
�

�
2

;
�
2

�
:

Using
du
dU

=
1

cos2 U
;

dv
dV

=
1

cos2 V
;

the metric becomes
(2)
g = �

1
cos2 U cos2 V

dUdV : (4.2.3)

This looks somewhat more familiar if we make one last change of coordinates
similar to that in (4.2.1):

U = T � X ; V = T + X () T =
U + V

2
; X =

V � U
2

; (4.2.4)
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V
=

�=
2U

=
�=

2

V
=

• �=
2 U

=
• �=

2

i +

i •

i 0
Ri 0

L

Figure 4.2.1: The conformal diagram for (1 + 1)-dimensionalMinkowski space-
time; see also Remark 4.2.1. I am very grateful to Christa•Olz (see [228]) and
Micha l Eckstein for providing the �gures in this section.

leading to
(2)
g =

1
cos2(T � X ) cos2(T + X )

(� dT2 + dX 2) :

We conclude that the Minkowski metric on R2 is conformal to the Minkowski
metric on a diamond

f� �= 2 < T � X < �= 2; � �= 2 < T + X < �= 2g;

see Figure 4.2.1.

Remark 4.2.1 Equation (4.2.3) shows that guu = gvv = 0. This implies (see
Proposition A.13.2, p. 271) that the curvess 7! (u; v = s) are future directed null
geodesics along whichV approaches�= 2 to the future, and � �= 2 to the past. A
similar observation applies to the null geodesicss 7! (u = s; v). Thus the union of
the boundary intervals

I � := f U 2 (� �= 2; �= 2) ; V = � �= 2g [ f V 2 (� �= 2; �= 2) ; U = � �= 2g

can be thought of as describing initial points of null future directed geodesics; this
set is usually denoted byI � , and is calledpast null in�nity . Similarly, the set I + ,
called future null in�nity , de�ned as

I + := f U 2 (� �= 2; �= 2) ; V = �= 2g [ f V 2 (� �= 2; �= 2) ; U = �= 2g;

is the set of end points of future directed null geodesics.
Next, every timelike future directed geodesic acquires an end point at

i + := ( V = �= 2; U = �= 2) ;

called future timelike in�nity , and an initial point at

i � := ( V = � �= 2; U = � �= 2) ;

called past timelike in�nity . Finally, all spacelike geodesics accumulate at bothi 0
R

and i 0
L . 2
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I + I +

I � I �

i � i �

(a) (b)

i0 i0

i+ i+

Figure 4.2.2: Conformal structure of (1+n){dimensional Minkowski space-time,
n � 2 (n = 2 in Figure (b)); see also Figure 4.2.3.

4.2.2 Higher dimensional Minkowski space-time

We write the (n +1)-dimensional Minkowski metric using spherical coordinates,

� = � dt2 + dr2 + r 2d
 2 ;

where the symbold
 2 denotes the unit round metric on an (n � 1)-dimensional
sphere. In view of our principle that \for causality only the t � r part of the
metric matters", to understand global causality it su�ces t o consider the two-
dimensional metric

(2)
g = � dt2 + dr2 :

But this is the two-dimensional Minkowski metric, so the calculations done in
two dimensions apply, with x in (4.2.1) replaced byr . However, one has to keep
in mind the following:

1. First, r � x � 0, as opposed tox 2 R previously. In the notation of
(4.2.1)-(4.2.4) this leads to

x � 0 () v � u

() tan V � tan U

() V � U

() X � 0:

So instead of Figure 4.2.1 one obtains Figure 4.2.2(a).

2. Next, Figure 4.2.2(a) suggests thatr = 0 is a boundary of the space-time,
which is not the case; instead it is an axis of rotation where the spheres
t = const, r = const degenerate to points. A more faithful representation
in dimension 2+1 is provided by Figure 4.2.2(b). This last �g ure also gives
an idea how the left �gure should be understood in higher dimensions.
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3. Finally, the conformal nature of the point i0 of Figure 4.2.2 needs a more
careful investigation: For this, let us write R � 0 for X , and return to
the equations

� = � dt2 + dr2 + r 2d
 2 = 1
cos2(T � R) cos2(T + R) (� dT2 + dR2) + r 2d
 2 ;

T + R = arctan( t + r ) ; T � R = arctan( t � r ) :

Now,

r = 1
2(tan( R � T) + tan( R + T)) = sin(2R)

cos(2R)+cos(2 T ) ;

cos(T � R) cos(R + T) = 1
2(cos(2R) + cos(2T)) ;

leading to

� =
1

(cos(2R) + cos(2T))2 ( 4(� dT2 + dR2) + sin 2(2R)d
 2

| {z }
=:�gE

) : (4.2.5)

(We hope that the reader will not confuse the unit round metric on S2,
usually denoted byd
 2 in the relavistic literature, with the di�erential of
the conformal factor 
.) The metric

�gS3 := 4dR2 + sin 2(2R)d
 2 = d 2 + sin 2( )d
 2 ; where  := 2R ;

is readily recognized to be the unit round metric onSn , with R = 0 being
the north pole, and 2R = � being the south pole. Hence

�gE = � d� 2 + �gS3 ; where � := 2T ;

is the product metric on the Einstein cylinder R � Sn . Now, for � 2
(� �; � ) and  2 (0; � ) the condition of positivity of the conformal factor,

cos(� ) + cos( ) > 0;

is equivalent to
� � +  < � < � �  : (4.2.6)

Thus:

Proposition 4.2.2 For n � 2 the Minkowski metric is conformal to the
metric on the open subset (4.2.6) of the Einstein cylinderR � Sn , cf. Fig-
ure 4.2.3. 2

From what has been said, it should be clear thati0 is actually a single
point in the conformally rescaled space-time. Future null in�nity I + is
the future light-cone of i0 in the Einstein cylinder, and reconverges ati+

to the past light-cone of i+ . Similarly I � is the past light-cone of i0, and
reconverges ati � to the future light-cone of i � .
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- 2
- 1

0
1

2

- 2

- 1

0

1

2

- 2

0

2

- 2
- 1

0
1

2

- 2

- 1

0

1

2

- 2

0

2

Figure 4.2.3: The embedding of Minkowski space-time into the Einstein cylinder
R � S3 (two space-dimensions suppressed).

4.2.3
R

F � 1 diverging at both ends

We return now to a
(2)
g of the form (4.1.8) with non-constant F , and consider

an open interval I = ( r1; r2), with r1 2 R [ f�1g , r2 2 R [ f1g , such that F
has constant sign onI . We choose somer � 2 I , and we assume that

lim
r ! r 1

Z r �

r

ds
jF (s)j

= 1 ; lim
r ! r 2

Z r

r �

ds
jF (s)j

= 1 : (4.2.7)

Equation (4.2.7) will hold in the following cases of interest:

1. At the event horizons of all classical black holes: Schwarzschild with or
without cosmological constant, Kerr-Newman with or without cosmolog-
ical constant, etc. More generally, (4.2.7) will hold if r1 2 R and if F
extends di�erentiably across r1, with F (r1) = 0; note that the left inte-
gral will then diverge regardless of the order of the zero ofF at r1. A
similar statement holds for r2.

2. In the asymptotically 
at regions of asymptotically 
at s pace-times. Quite
generally, (4.2.7) will hold if r2 = 1 and if F is bounded away from zero
near r2, as is the case for asymptotically 
at regions whereF (r ) ! 1 as
r ! 1 .

Note that the sign of F determines the causal character of the Killing vector
X := @t : X will be timelike if F > 0 and spacelike otherwise. Alternatively, t
or � t will be a time-function if F > 0, while r or � r will be a time-function in
regions whereF is negative.

We introduce a new coordinatex de�ned as

x(r ) =
Z r

r �

ds
F (s)

=) dx =
dr

F (r )
: (4.2.8)
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Figure 4.2.4: The conformal structure for F > 0 according to whether the
Killing vector X = @t is future pointing (left) or past pointing (right). Note
that in some casesr might have a wrong orientation (this occurs e.g. in the
region III in the Kruskal-Szekeres space-time of Figure 1.2.7), in which case one
also needs to consider the mirror re
ections of the above diagrams with respect
to the vertical axis, compare Figures 4.2.6.

time

x
=

�1
x

=
+

1

x
=

�1
x

=
+

1

Figure 4.2.5: The conformal structure for F < 0.

This gives

(2)
g = � Fdt2 +

1
F

( dr|{z}
F dx

)2 = F (� dt2 + dx2) : (4.2.9)

In view of (4.2.7) the coordinate x ranges overR. So, if F > 0, then
(2)
g is

conformal to the two-dimensional Minkowski metric, and thus the causal struc-
ture is that in Figure 4.2.4. Otherwise, for negative F , we obtain a Minkowski
metric in which x corresponds to time andt corresponds to space, leading to a
causal structure as in Figure 4.2.5. Rotating Figure 4.2.5 so that time 
ows to
the future along the vertical positively oriented axis we obtain the four possible
diagrams of Figure 4.2.6.
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Figure 4.2.6: Figure 4.2.5 rotated so that time 
ows in the positive vertical
direction. Four di�erent diagrams are possible, according to whether the Killing
vector X = @t is pointing left or right, and whether r r is future- or past-
pointing.

4.2.4
R

F � 1 diverging at one end only

We consider again a general
(2)
g of the form (4.1.8), with F de�ned on an open

interval I = ( r1; r2), with r1 2 R [ f�1g , r2 2 R [ f1g , such that F has
constant sign on I . We choose somer � 2 I and, instead of (4.2.7), we assume
that

lim
r ! r 1

Z r �

r

ds
jF (s)j

< 1 ; lim
r ! r 2

Z r

r �

ds
jF (s)j

= 1 : (4.2.10)

The case ofr1 interchanged with r2 in (4.2.10) is analysed by replacingr by
� r in what follows. Note that this introduces the need of applying a mirror
symmetry to the diagrams below.

The conditions in (4.2.10) arise in the following cases of interest:

1. We have r1 2 R, with the set f r = r1g corresponding either to a sin-
gularity, or to an axis of rotation. We encountered the latter possibility
when analyzing (n + 1){dimensional Minkowki space-time. The former
situation occurs e.g. in Schwarzschild space-time under the horizons, with
r1 = 0 and r2 = 2m.

2. An example with r1 = �1 is provided by anti-de Sitter space-time, where
F behaves asr 2 for large r . The variable r here should bethe negative of
the usual radial coordinate in anti-de Sitter. Yet another example of this
kind occurs in the de Sitter metric, whereF behaves as� r 2 for large jr j,
so that r is a time function there.
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Figure 4.2.7: Some possible diagrams for (4.2.10). Time always 
ows forwards
along the vertical axis. In (a)-(d) the set f r = 0g corresponds to an axis of
rotation; in (e)-(h) it is a singularity. There should be fou r more such �gures
where f r = 0g should be replaced byf r = 1g , corresponding to an asymptotic
region. Similarly there should be four more �gures similar to (i)-(l), where a
singularity f r = 0g is replaced by an asymptotic regionf r = 1g .

Instead of (4.2.8) we introduce a new coordinatex de�ned as

x(r ) =
Z r

r 1

ds
F (s)

: (4.2.11)

Equation (4.2.9) remains unchanged, but now the coordinatex ranges over
[0; 1 ). This has already been analyzed in the context higher-dimensional
Minkowski space-time, resulting in the conformal diagramsof Figure 4.2.7.

4.2.5 Generalised Kottler metrics with � < 0 and m = 0

We consider a positive functionF : [0; 1 ) ! R which has no zeros, with

x1 :=
Z 1

0

dr
F (r )

< 1 : (4.2.12)

This will be e.g. the case for the generalised Kottler metrics (as described on
p. 129, in the introduction to this chapter), with negative � , with � = 1, and
with vanishing mass m = 0, for which

F (r ) =
r 2

`2 + 1 :

In this case, we use (4.2.8) withr � = 0, then x 2 [0; x1 ); we obtain that
(2)
g is

conformal to a Minkowski metric on a strip Rtime � [0; x1 ), as in Figure 4.2.8(a).
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(a) (b)
r

=
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1

Figure 4.2.8: The conformal structure of anti-de Siter space-time. The two-
dimensional projection is the shaded strip 0� r < 1 of �gure (a). Since
f r = 0g is a center of rotation, a more faithful representation is provided by
the solid cylinder of �gure (b).

If the \internal space" N n� 1 is a sphereSn� 1, then f r = 0g � f x = 0g is a
rotation axis, so a more adequate representation of the resulting space-time is
provided by Figure 4.2.8(b).

4.3 Putting things together

We have now at our disposal a variety of building blocs and a natural question
arises, whether or not more interesting space-times can be constructed using
those. We start by noting that no C2-extensions are possible across a boundary
near which jF j approaches in�nity: Indeed, F = � g(X; X ), where X = @t is
a Killing vector. Now, it is readily seen that for any Killing vector the scalar
function g(X; X ) is bounded on compact sets, which justi�es the claim. It
follows that boundaries at which F becomes unbounded correspond either to a
space-time singularity, as is the case in the Schwarzschildmetric at r = 0, or
to a \boundary at in�nity" representing \points lying in�ni tely far away".

So it remains to consider boundaries at whichF tends to a �nite value.

4.3.1 Four-blocs gluing

We have seen in Remark 1.2.12, p. 26, how to glue four blocs together, assuming
a �rst-order zero of F . This allows us to reproduce immediately the Penrose
diagram of the Schwarzschild space-time, by gluing together across r1 = 2m
two copies of bloc (a) from Figure 4.2.4 (one for whichr increases from left to
right, corresponding to the usual r > 2m Schwarzschild region, with a mirror
image thereof wherer decreases from left to right), as well as blocs (i) and (j)
from Figure 4.2.7.

Some further signi�cant examples are as follows:
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Figure 4.3.1: A maximal analytic extension for the Reissner-Nordstr•om metric
with jQj < m .

Example 4.3.1 [The conformal structure of non-extreme Reissner-
Nordstr •om black holes. ] Let us consider aCk function

F : [0; 1 ) ! R ;

for somek � 1, such that F has precisely two �rst-order zeros at 0< r 1 < r 2 <
1 , and assume that

lim
r !1

F (r ) = 1 ;
Z r 1

2

0

dr
F (r )

< 1 :

We further assume that the set f r = 0g corresponds to a space-time singular-
ity. This is the behaviour exhibited by the electro-vacuum Reissner-Norsdtr•om
black holes with jQj < m , compare Section 1.5.

One possible construction of a (maximal, analytic) extension of the region
f r > r 2g proceeds as follows: We start by noting that this region corresponds
to the bloc of Figure 4.2.4(a); this is block I in Figure 4.3.1. We can perform
a four-block gluing by joining together the left-right mirr or image of bloc (a)
from Figure 4.2.4, corresponding to the regionf r > r 2g where nowr decreases
from left to right (this is block III in Figure 4.3.1), as well as blocs (b) and (d)
from Figure 4.2.6, corresponding to two regionsf r1 < r < r 2g. This results in
the space-time consisting of the union of blocsI to IV in Figure 4.3.1. This
space-time can be further extended to the future, via a four-blocs gluing, by
adding two triangles (c) and (g) from Figure 4.2.7, and yet another region
f r1 < r < r 2g from Figure 4.2.6. This leads to a space-time consisting of the
union of blocs I to VII in Figure 4.3.1. One can now continue periodically in
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Figure 4.3.2: The function F when (from left to right) a) m is positive but
smaller than the threshold of (4.3.2), b) m is positive and larger than the
threshold, and c) m is negative.

time, both to the future and to the past, obtaining the in�nit e sequence of blocs
of Figure 4.3.1.

Note that identifying periodically in time, with distinct p eriods, provides a
countable in�nity of distinct alternative extensions. The resulting space-times
contain closed timelike curves, and no black hole region.

Further maximal analytic distinct extensions can be obtained by removing
a certain number of bifurcation spheres from the space-timedepicted in Fig-
ure 4.3.1, and passing to the universal cover of the resulting space-time. There
are then no causality violations, as opposed to the examplesof the previous
paragraph. On the other hand the current construction leadsto space-times
containing incomplete geodesics on which e.g. the norm of the Killing vector
@t remains bounded, while no such geodesics exist in the space-times of the
previous paragraph.

Example 4.3.2 (\Schwarzchild-de Sitter" metrics.) We consider a func-
tion F 2 Ck([0; 1 )), k � 1, which has precisely two �rst-order zeros at
0 < r 1 < r 2 < 1 , which is negative for larger , and which satis�es

Z 1

2r 2

dr
jF (r )j

< 1 :

We again assume that the setf r = 0g corresponds to a space-time singularity.
This is the behaviour of the \generalized Kottler [178] metrics", also known
as \Birmingham [31] metrics" in n + 1 dimensions (cf. Section 4.6, p. 150),
with cosmological constant � > 0, under suitable restrictions onm: The metric
takes the form

ds2 = � F (r )dt2 +
dr2

F (r )
dr2 + r 2�h; where F (r ) = 1 �

2m
r n� 2 �

r 2

`2 ; (4.3.1)

where ` > 0 is related to the cosmological constant � by the formula 2� =
n(n � 1)=`2, while �h denotes an Einstein metric with constant scalar curvature
(n � 1)(n � 2) on a manifold N n� 1. Representative graphs of the functionF
are shown in Figure 4.3.2. We will only consider the casem > 0 and

�
2

(n � 1)(n � 2)

� n� 2

� n� 2m2n2 < 1; (4.3.2)
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Figure 4.3.3: A maximal extension of the class (4.3.2) of generalized Kottler
(Schwarzchild { de Sitter) metrics with positive cosmological constant and mass.

which are su�cient and necessary conditions for exactly two distinct positive
�rst-order zeros of F . The remaining cases are discussed in Section 4.6 below.
When n = 3, the condition (4.3.2) reads 9m2� < 1, and the case of equality
is referred to as the extreme Kottler{Schwarzschild{de Sitter space-time. In
the limit where � tends to zero with m held constant, the space-time metric
approaches the Schwarzschild metric with massm, and in the limit where m
goes to zero with � held constant the metric tends to that of th e de Sitter
space-time with cosmological constant �.

To obtain a maximal extension, asF (r ) is positive for r 2 (r1; r2) we can
choose, say, bloc (a) of Figure 4.2.4 as the starting point ofthe construction;
this is bloc I of Figure 4.3.3. A four-bloc gluing can then be done using fur-
ther the mirror re
ection of bloc (b) of Figure 4.2.4 as well as blocs (j) and
(k) of Figure 4.2.7 to extend I to the space-time consisting of blocsI -IV of
Figure 4.3.3. Continuing similarly acrossr = r2, etc., one obtains the in�nite
sequence of blocs of Figure 4.3.3.

Let us denote by (M ; g) the space-time constructed as in Figure 4.3.3, then
M is di�eomorphic to Rtime � Rspace � N n� 1. Note that Figure 4.3.3 remains
unchanged when shifted by two blocs to the left or right. Thisleads to a discrete
isometry of the associated space-time (M ; g), let's call it  . Given k 2 N, one
can then consider the quotient manifoldM = k , with the obvious metric. This
is the same as introducing periodic identi�cations in Figure 4.3.3, identifying
a bloc with its image obtained by shifting by a multiple of 2k blocs to the left
or to the right. The resulting space-time will have topology R � S1 � N n� 1,
in particular it will contain compact spacelike hypersurfaces, with topology
S1 � N n� 1. For distinct k's the resulting space-times will be di�eomorphic, but
not isometric.

Example 4.3.3 [Kottler/de Sitter metrics with positive cosmologi-
cal constant, and vanishing mass parameter m.] We consider the met-
rics (4.3.1) with m = 0, thus F (r ) = 1 � r 2=`2. Then F has one simple zero
for positive r . By arguments already given above one is led to the conformal
diagram of Figure 4.3.4.

Example 4.3.4 [Kottler/anti de Sitter metrics with negative cos-
mological constant. ] The reader should have no di�culties to show that
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Figure 4.3.4: The generalized Kottler (de Sitter) metrics with positive cosmo-
logical constant and vanishing mass parameterm. Left �gure: a conformal
diagram; the lines f r = 0g are centers of rotation. The right �gure makes it
clearer that the Cauchy surfacef t = 0g, as well asI + and I � , have spherical
topology.

the metrics (4.3.1) with � < 0 and m 6= 0 can be extended to a space-time as in
Figure 4.7.12, p. 187 below, without however the shaded region there as there
are no time-machines in the solution when the angular-momentum parameter
a vanishes.

Example 4.3.5 [Nariai metrics with � � > 0.] The Nariai metrics can be
written in the form

g = � (� � � r 2)dt2 + ( � � � r 2)� 1dr2 + j� j� 1�hk ; (4.3.3)

with constants satisfying k = � 1, k� > 0, � 2 R. The metric g will satisfy the
Lorentzian (n + 1)-dimensional vacuum Einstein equations with cosmological
constant proportional to � (equal to � in space-time dimensi on four) if and
only if �hk is a Riemannian Einstein metric on a (n � 1)-dimensional manifold,
sayN , with scalar curvature equal to a suitable, dimension dependent constant,
whose sign coincides with that ofk.

The lapse function gtt has two �rst order zeros r � < r + if and only if
� � > 0, with the Killing vector @t timelike between r � and r+ ; in all remaining
cases� � � 0 we obtain directly an inextendible space-time, without Killing
horizons, and thus a somewhat dull product structure. Whenr ! �1 we have
jgtt j ! 1 , and since the norm of a Killing vector is a geometric invariant, no
extension is possible there. One can then obtain a global extension shown in
Figure 4.3.5.

The case� � > 0 but � < 0 leads to a global structure described by rotating
Figure 4.3.5 by 90 degrees.

For further reference we note alternative forms ofg. When � > 0 and � > 0,
a constant rescaling oft and r leads to

g = � � 1
�

� (1 � r 2)dt2 +
dr2

1 � r 2 + �hk

�
: (4.3.4)

In the region r 2 < 1 (regions I and III in Figure 4.3.5) we can setr = cos(x),
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Figure 4.3.5: A maximal extension of Nariai metrics with � > 0 and � > 0.

so that

g = � � 1
�

� sin2(x)dt2 + dx2 + �hk

�
: (4.3.5)

In the region r 2 > 1 (regions II , IV , V and V I in Figure 4.3.5) we can set
r = cosh(� ) and y = t in (4.3.4), which results in

g = � � 1
�

� d� 2 + sinh 2(� )dy2 + �hk

�
: (4.3.6)

In either case, the space-part of the metric has cylindricalstructure, with a
product metric on R � N .

Amusingly, the metric (4.3.6) can be obtained from (4.3.5) by replacing x 7!
i� and t 7! y. Further complex substitutions in (4.3.6), namely � 7! � + i�= 2
and y 7! iy , lead to the metric

g = � � 1
�

� d� 2 + cosh2(� )dy2 + �hk

�
; (4.3.7)

with cylindrical spatial slices and boring global structure.
When � and � are both negative, a constant rescaling of t and r leads

instead to

g = j� j� 1
�

� (r 2 � 1)dt2 +
dr2

r 2 � 1
+ �hk

�
; (4.3.8)

subsequently leading to obvious sign changes in (4.3.5)-(4.3.7).

4.3.2 Two-blocs gluing

The four-blocs gluing construction requires a �rst order zero of F ; but there
exist metrics of interest whereF has zeros of order two. Examples are provided
by the extreme Reissner-Nordstr•om metrics, with jQj = m, or by the extreme
generalized Kottler metrics, for which the inequality in (4.3.2) is an equality.
In such cases a two-bloc gluing applies, which works regardless of the order of
the zero ofF , and which proceeds as follows: Consider a functionF de�ned on
an interval I , which might or might not change sign on I , with one single zero
there. As in (1.2.44) of Remark 1.2.12, p. 26, we introduce functions u and v
de�ned as

u = t � f (r ) ; v = t + f (r ) ; f 0 =
1
F

: (4.3.9)
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But now one doesnot useu and v simultaneously; instead one considers, �rst,
a coordinate system (u; r ), so that

(2)
g = � F ( dt|{z}

du+ 1
F dr

)2 +
1
F

dr2 = � Fdu2 � 2du dr :

Since det
(2)
g = � 1, the resulting metric extends smoothly as a Lorentzian metric

to the whole interval of de�nition, say I , of F . If we further replace u by a
coordinate U = arctan u, as in (4.2.2), each level set ofU is extended from
its initial range r 2 (r1; r2) to the whole range I . In terms of the blocs of,
say, Figure 4.2.4, this provides a way of extending across the lower-left interval
r = r1 and/or across the upper-right interval r = r2; similarly for the remaining
blocs. Equivalently, the (u; r )-coordinates allow one to attach another bloc from
our collection at the boundariesV = � �= 2 and V = �= 2, with V = arctan v as
in (4.2.2).

Next, using (v; r ) as coordinates one obtains

(2)
g = � F ( dt|{z}

dv� 1
F dr

)2 +
1
F

dr2 = � Fdv2 + 2dv dr :

The (V; r)-coordinates provide a way of extending across the boundary inter-
vals U = � �= 2; in Figure 4.2.4 these are the (open) lower-right or upper-left
boundary intervals.

Example 4.3.6 [The global structure of extreme Reissner-Nordstr •om
black holes jQj = m.] For extreme Reissner-Nordstr•om metrics the function
F equals

F (r ) =
�

1 �
m
r

� 2
:

Although this is not needed for our purposes here, we note theexplicit form of
the function f in (4.3.9):

f (r ) = r �
m2

r � m
+ 2 m ln jr � mj :

To construct a maximal extension of the exterior regionr 2 (m; 1 ), we start
with a bloc (a) from Figure 4.2.4 with r 2 (m; 1 ); this is region I in Fig-
ure 4.3.6. This can be extended across the upper-left interval with a bloc (e)
from Figure 4.2.7, providing region II in Figure 4.3.6. That last bloc can be
extended by another bloc identical to I . Continuing in this way leads to the
in�nite sequence of blocs of Figure 4.3.6.

4.4 General rules

For de�niteness we will assume in this section that the full space-time metric
takes the form

� F (r )dt2 +
dr2

F (r )
+ r 2�hAB (xC )dxA dxB

| {z }
=: h

; (4.4.1)
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Figure 4.3.6: A maximally extended extreme Reissner-Nordstr•om space-time.

which holds for many metrics of interest. The reader should have no di�culties
adapting the discussion here to more general metrics, e.g. such as in Section 4.7
below. The function r in (4.4.1) will be referred to as the radius function.

Our constructions so far lead to the following picture: Consider any two
blocs from the collection provided so far, with corresponding functions F1 and
F2, and Killing vectors X 1 and X 2 generating translations in the coordinate t
of (4.4.1). Then we have the following rules:

1. Before any gluing all two-dimensional coordinate-domains should be viewed
as open subsets of the plane, without their boundaries.

2. Two such blocs can be attached together across anopen boundary interval
to obtain a metric of class Ck if the corresponding radius functions take
the same �nite value at the boundary, and if the function F2 extends F1

in a Ck way across the boundary. One might sometimes have to change
the space-orientation x ! � x of one of the blocs to achieve this, and
perhaps also the time orientation so that the (extended) Killing vector
X 1 matchesX 2 at the relevant boundary interval.

3. The calculation in Example 1.3.9, p. 41, shows that the surface gravity of
a horizon r = r � , where F (r � ) = 0, for metrics of the form (4.4.1) equals
F 0(r � )=2. Hence, in view of what has just been said, a necessary and
su�cient condition for a C1 gluing of the metric across an open boundary
interval is equality of the radius functions r together with equality of the
surface gravities of the Killing vectors @t at the boundary in question.

4. Two-bloc gluings only attach the commonopen boundary interval to the
existing structure, so that the result is again an open subset of R2. In
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particular two-bloc gluings never attach the corners of theblocs to the
space-time.

5. Four-bloc gluings can only be done across a �rst-order zero of F at which
F is di�erentiable. A function F which is of Ck-di�erentiability class
leads then to a metric which is ofCk� 1-di�erentiability class.

6. A four-bloc gluing attaches to the space-time the common corner of the
four-blocs, as well as the four open intervals accumulatingat the corner.
(The result is of course again an open subset ofR2.)

4.5 Black holes / white holes

One of the points of the conformal diagrams above is, that onecan by visual
inspection decide whether or not a space-time, constructed by the prescription
just given, contains a black hole region. The key observation is, that each
boundary which is represented by a line of 45-degrees slope corresponds to a
null hypersurface in space-time. If the space-time is faithfully represented by a
collection of blocks on the plane, the corresponding hypersurfaces are two-sided
in space-time, and can therefore

only be crossed by future directed causal curves from one side to the other.

So consider a space-time which contains a block with a boundary which has
a slope of either 45 or� 45 degrees. Let � denote a straight line in the plane
which contains that boundary. Assuming the usual time orientation, it should
be clear that no future directed causal curve with initial point in that part of
the plane which lies above � will ever reach that part of the plane which lies
under �. In other words, the region above � is inaccessible to any observer that
remains entirely under �.

We conclude that if a physically preferred bloc lies under �, then anything
above � will belong to a black-hole region, as de�ned relatively to that block.

One can similarly talk about white hole regions, by reversing time-orientation.
As an example consider blocI of Figure 4.3.1, p. 142, describing one con-

nected component of the in�nitely many \exterior", r > r + , regions of a maxi-
mally extended non-degenerate Reissner-Nordstr•om solution. Everything lying
above the line of 45-degrees slope bounding this bloc belongs to a black hole
region, as de�ned with respect to this block. Everything lying below the line
of minus 45-degrees slope bounding this bloc belongs to a white hole region, as
de�ned with respect to block I .

Note that this argument might fail if the space-time is not faithfully rep-
resented by a subset of the plane, for example if some identi�cations between
various blocks are made, as already mentioned at the end of Example 4.3.1,
p. 141.
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4.6 Birmingham metrics

Further examples of interesting causal diagrams can be constructed for the
Birmingham metrics [31], which are higher-dimensional generalisations of the
Schwarzschild metric, including a non-vanishing cosmological constant. The
object of what follows is to discuss those metrics, with particular emphasis on
the global structure of extensions and their causal diagrams.

Consider an (n + 1)-dimensional metric, n � 3, of the form

g = � f (r )dt2 +
dr2

f (r )
+ r 2 �hAB (xC )dxA dxB

| {z }
=: �h

; (4.6.1)

where �h is a Riemannian Einstein metric on a compact manifoldN , and where
we denote byxA the local coordinates on an (n � 1)-dimensional manifold N .
As �rst pointed out by Birmingham in [31], for any m 2 R and

` 2 R� [
p

� 1R�

the function

f =
�R

(n � 1)(n � 2)
�

2m
r n� 2 �

r 2

`2 ; (4.6.2)

where �R is the (constant) scalar curvature of �h, leads to a vacuum metric,

R�� =
n
`2 g�� ; (4.6.3)

where ` is a constant related to the cosmological constant � 2 R as

1
`2 =

2�
n(n � 1)

: (4.6.4)

A comment about negative �, and thus purely complex `'s, is in order.
In this section we will be mostly interested in a positive cosmological constant,
which corresponds to real̀ . When considering a negative cosmological constant
(4.6.4) requires` 2

p
� 1R, which is awkward to work with. So when � < 0 it

is convenient to changer 2=`2 in f to � r 2=`2, change the sign in (4.6.4), and
use a real`. We will often do this without further ado.

Clearly, n cannot be equal to two in (4.6.2), and we therefore exclude this
dimension in what follows.

The multiplicative factor two in front of m is convenient in dimension three
when �h is a unit round metric on S2, and we will keep this form regardless of
topology and dimension ofN .

There is a rescaling of the coordinater = b�r , with b 2 R� , which leaves
(4.6.1)-(4.6.2) unchanged if moreover

�h = b2�h ; �m = b� nm ; �t = bt : (4.6.5)

We can use this to achieve

� :=
�R

(n � 1)(n � 2)
2 f 0; � 1g: (4.6.6)
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r = 1

r = 0

Figure 4.6.1: The (t; r )-causal diagram whenm < 0 and f has no zeros.

This will be assumed from now on. The setf r = 0g corresponds to a singularity
when m 6= 0. Except in the case m = 0 and � = � 1, by an appropriate choice
of the sign of b we can always achiever > 0 in the regions of interest. This will
also be assumed from now on.

For reasons which should be clear from the main text, we are seeking func-
tions f which, after a suitable extension of the space-time manifold and metric,
lead to spatially periodic solutions.

4.6.1 Cylindrical solutions

Consider, �rst, the case wheref has no zeros. Sincef is negative for largejr j,
f is negative everywhere. It therefore makes sense to renamer to � > 0, t to
x, and � f to F > 0, leading to the metric

g = �
d� 2

F (� )
+ F (� )dx2 + � 2�h : (4.6.7)

The non-zero level-sets of the time coordinate� are in�nite cylinders with
topology R � �M , with a product metric. Note that the extrinsic curvature of
those level sets is never zero because of ther 2 term in front of �h, except possibly
for the f r = 0g-slice in the case� = � 1 and m = 0.

Assuming that m 6= 0, the region r � � 2 (0; 1 ) is a \big-bang { big
freeze" space-time with cylindrical spatial sections. Thecorresponding Penrose
diagram is an in�nite horizontal strip with a singular space like boundary at
� = 0, and a smooth conformal spacelike boundary at� = 1 , see Figure 4.6.1.

In the casem = 0 and � = 0 the spatial sections are again cylindrical, with
the boundary f � = 0g being now at in�nite temporal distance: Indeed, setting
T = ln � , in this case we can write

g = � `2 d� 2

� 2 +
� 2

`2 dx2 + � 2�h

= � `2dT2 + e2T
�

dx2

`2 + �h
�

:

When �h is a 
at torus, this is one of the forms of the de Sitter metric [149,
p. 125].

The next case which we consider isf � 0, with f vanishing precisely at one
positive value r = r0. This occurs if and only if � = 1 and

r0 =
r

n
n � 2

` ; m =
r n

0

(n � 2)`2 : (4.6.8)
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Figure 4.6.2: The causal diagram for the Birmingham metricswith positive
cosmological constant andf � 0, vanishing precisely atr0.
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Figure 4.6.3: The causal diagram for the Birmingham metricswith positive
cosmological constant andm < 0, � 2 R, or m = 0 and � = 1, with r0 de�ned
by the condition f (r0) = 0. The set f r = 0g is a singularity unless the metric is
the de Sitter metric ( �M = Sn� 1 and m = 0), or a suitable quotient thereof so
that f r = 0g corresponds to a center of (possibly local) rotational symmetry.

A ( r = �; t = x)-causal diagram can be found in Figure 4.6.2.
No non-trivial, periodic, time-symmetric ( K ij = 0) spacelike hypersurfaces

occur in all space-times above. Periodic spacelike hypersurfaces with K ij 6� 0
arise, but a Hamiltonian analysis of initial data asymptoti c to such hypersur-
faces goes beyond the scope of this work.

From now on we assume thatf has positive zeros.

4.6.2 Naked singularities

Assuming that m = 0 but � 6= 0, we must have � = 1 in view of our hypothesis
that f has positive zeros. Forr � 0 the function f has exactly one zero,r = `.
The boundariesf r = 0g and f r = `g of the set f r 2 [0; `]g correspond either to
regular centers of symmetry, in which case the level sets oft are Sn 's or their
quotients, or to conical singularities. See Figure 4.6.3.

If m < 0 the function f : (0; 1 ) ! R is monotonously decreasing, tending
to minus in�nity as r tends to zero, where a naked singularity occurs, and to
minus in�nity when r tends to 1 , hencef has then precisely one zero. The
causal diagram can be seen in Figure 4.6.3.

No spatially periodic time-symmetric spacelike hypersurfaces occur in the
space-times above.
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r =
r
(2

)

0

r =
r
(2

)

0

r =
r (2)0

r =
r (2)0

r =
r (1)0

r =
r
(1

)

0

Figure 4.6.4: The causal diagram for Birmingham metrics with � > 0 and
exactly two �rst-order zeros of f .

4.6.3 Spatially periodic time-symmetric initial data

We continue with the remaining cases, that is,f having zeros andm > 0. The
function f : (0; 1 ) ! R is then concave and thus has precisely two �rst order
zeros, except for the case already discussed in (4.6.8). A causal diagram for
a maximal extension of the space-time, for the two-�rst-order-zeros cases, is
provided by Figure 4.6.4. The level sets oft within each of the diamonds in
that �gure can be smoothly continued across the bifurcation surfaces of the
Killing horizons to smooth spatially-periodic Cauchy surfaces.

4.6.4 Killing horizons

The locations of Killing horizons of the Birmingham metrics are de�ned, in
space-dimensionn, by the condition

f (r0) = � �
2m

r n� 1
0

�
r 2

0

`2 = 0 :

Thus, variations of the metric on the horizons satisfy

0 = �f jr = r 0 =
�
(@r f )�r �

2
r n� 2 �m

� �
�
�
�
r = r 0

; (4.6.9)

equivalently

�m =
1

2(n � 1)
(@r f )� (r n� 1) =

1
(n � 1)� n� 1

(@r f )
2

�
�
�
r = r 0

�A ; (4.6.10)

where r n� 1� n� 1 is the \area" of the cross-section of the horizon.

Let us check that � := (@r f )
2

�
�
�
r = r 0

coincides with the surface gravity of the

horizon, de�ned through the usual formula

r K K = � �K ; (4.6.11)

where K is the Killing vector �eld which is null on the horizon. For th is, we
rewrite the space-time metric (4.6.1) as usual as:

g = � f du 2 � 2du dr + r 2�h ;
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where du = dt � 1
f dr . The Killing �eld K = @u = @t is indeed tangent to the

horizon and null on it. Formula (4.6.11) implies that

� = � � u
uu = �

1
2

gu� (2g�u;u � guu;� ) : (4.6.12)

The inverse metric equals

g] = � 2
@

@u
@
@r

+ f
�

@
@r

� 2

+ r � 2�h] ;

whencegu� = � � �
r , and

� = �
1
2

guu;r =
(@r f )

2

�
�
�
r = r 0

;

as claimed. We conclude that on Killing horizons it holds that

�m =
1

(n � 1)� n� 1
�

�
�
�
r = r 0

�A : (4.6.13)

Equation (4.6.13) if often referred to as the�rst law of black hole dynamics.

4.6.5 Curvature

In this section we study the geometry of metrics of the form

g = � f (r )dt2 +
dr2

f (r )
+ r 2�hAB (xC )dxA dxB

| {z }
=: �h

(4.6.14)

in the region where f < 0. For visual clarity it is convenient to make the
following replacements and rede�nitions:

r ! � ; t ! x ; f ! � e2� ; (4.6.15)

which bring g to the form

g = � e� 2� (� )d� 2 + e2� (� )dx2 + � 2�h ; (4.6.16)

To calculate the Riemann tensor we use the moving-frames formalism. For
A = 1 ; : : : ; n let �� A be an ON-coframe for�h,

�h =
n� 1X

A=1

�� A 
 �� A ;

and let �! AB and �
 AB be the associated connection and curvature forms. It
holds that

0 = d�� A + �! A
B ^ �� B ;

�
 A
B = d�! A

B + �! A
C ^ �! C

B :
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Let � � be the following g-ON-coframe:

� 0 = e� � d� ; � A = � �� A ; � n = e� dx :

The vanishing of torsion gives

0 = d� 0 + ! 0
� ^ � � = ! 0

n ^ � n + ! 0
A ^ � A ;

0 = d� A + ! A
� ^ � � = d� ^ �� A + �d�� A + ! A

� ^ � �

= d� ^ �� A + ! A
0 ^ � 0 + ! A

n ^ � n + ( ! A
B � �! A

B ) ^ � B ;

0 = d� n + ! n
� ^ � � = d(e� ) ^ dx + ! n

� ^ � �

= e� _� � 0 ^ � n + ! n
0 ^ � 0 + ! n

A ^ � A :

This is solved by setting

! n
A = 0 ;

! n
0 = e� _� � n =

1
2

_(e2� )dx ;

! A
0 = e� �� A ;

! A
B = �! A

B :

The curvature two-forms are thus


 0
n = d! 0

n + ! 0
� ^ ! �

n = d! 0
n =

1
2

•(e2� )d� ^ dx

=
1
2

•(e2� ) � 0 ^ � n =
1
2

•(e2� )� 0
[� g� ]n � � ^ � � ; (4.6.17)


 0
A = d! 0

A + ! 0
� ^ ! �

A =
1
2

_(e2� )� 0 ^ �� A + e� d� A + e� � B ^ ! B
A

=
1
2

_(e2� )� � 1� 0 ^ � A =
1
2

_(e2� )� � 1� 0
[� g� ]A � � ^ � � ; (4.6.18)


 n
A = d! n

A + ! n
� ^ ! �

A =
1
2

_(e2� )� � 1� n ^ � A

=
1
2

_(e2� )� � 1� n
[� g� ]A � � ^ � � ; (4.6.19)


 A
B = d! A

B + ! A
� ^ ! �

B = �
 A
B + e2� � � 2� A ^ � B

=
1
2

�
 A
BCD �� C ^ �� D + e2� � � 2� A ^ � B

=
1
2

� � 2(�
 A
BCD + 2e2� � A

[C � D ]B ) � C ^ � D : (4.6.20)

Using


 �
� =

1
2

R�
��� � � ^ � � ; (4.6.21)

we conclude that, up to symmetries, the non-zero frame-components of the
Riemann tensor are

R0
n�� = •(e2� )� 0

[� g� ]n ; (4.6.22)

R0
A�� = _(e2� )� � 1� 0

[� g� ]A ; (4.6.23)

Rn
A�� = _(e2� )� � 1� n

[� g� ]A ; (4.6.24)

RA
BCD = � � 2(�
 A

BCD + 2e2� � A
[C � D ]B ) : (4.6.25)
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Hence the non-vanishing components of the Ricci tensor are

R00 = �
1
2

�
•(e2� ) + ( n � 1) _(e2� )� � 1

�
= � Rnn ; (4.6.26)

RAB = � � 2 �RAB +
�

(n � 2)� � 2e2� + _(e2� )� � 1
�

gAB : (4.6.27)

If �h is Einstein, �RAB = ( �R=(n � 1))�hAB , the last equation becomes

RAB = � � 2
� �R

n � 1
+ ( n � 2)e2� + � _(e2� )

�
gAB : (4.6.28)

It is now straightforward to check that for any m 2 R and ` 2 R� the function

e2� = �
�R

(n � 1)(n � 2)
+

2m
� n� 2 +

� 2

`2 (4.6.29)

(compare with (4.6.2) and (4.6.14)-(4.6.15)) leads to a vacuum metric:

R�� =
n
`2 g�� : (4.6.30)

For further reference we note that the Ricci scalarR equals, quite generally,

R = •(e2� ) + ( n � 1)
�

2 _(e2� )� � 1 + ( n � 2)� � 2e2�
�

+ � � 2 �R : (4.6.31)

Suppose thatg is a Birmingham metric with m = 0, thus

e2� = � � +
� 2

`2

for a constant � , then

1
2

•(e2� ) =
1
2

_(e2� )� � 1 = � � 2(e2� + � ) =
1
`2 :

If �h is a space-form, with

�
 A
BCD = 2 �� A

[C � D ]B ;

consistently with (4.6.6), we obtain

R���� =
2
`2 g� [� g� ]� :

If, however, �h is not a space-form, we have

�
 A
BCD = 2 �� A

[C � D ]B + r A
BCD ;

for some non-identically vanishing tensorr A
BCD , with all traces zero. Hence

we obtain
R���� =

2
`2 g� [� g� ]� + � � 2r ���� ;
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where the functions r ���� are � -independent in the current frame, and vanish
whenever one of the indices is 0 orn. This gives

R���� R���� =
2n(n + 1)

`4 + r ���� r ����

=
2n(n + 1)

`4 + � � 4
n� 1X

A;B;C;D =1

(rABCD )2 ;

which is singular at � = 0.
Recall, now, that the calculations so far also apply to

g = � f (r )dt2 +
dr2

f (r )
+ r 2�h (4.6.32)

with the following replacements and rede�nitions:

r ! � ; t ! x ; f ! � e2� : (4.6.33)

Strictly speaking, f should be negative when using the substitutions above,
but the �nal formulae hold regardless of the sign of f . For convenience of
crossreferencing we rewrite the formulae obtained so far inthis notation:

Rr
t�� = � f 00� r

[� g� ]t ; (4.6.34)

Rr
A�� = � f 0r � 1� r

[� g� ]A ; (4.6.35)

Rt
A�� = � f 0r � 1� t

[� g� ]A ; (4.6.36)

RA
BCD = r � 2(�
 A

BCD � 2f � A
[C � D ]B ) ; (4.6.37)

Rrt = 0 = RtA = RrA ; (4.6.38)

Rrr =
1
2

�
f 00+ ( n � 1)f 0r � 1�

= � Rtt ; (4.6.39)

RAB = r � 2 �RAB �
�
(n � 2)r � 2f + f 0r � 1�

gAB : (4.6.40)

R = � f 00� (n � 1)
�
2f 0r � 1 + ( n � 2)r � 2f

�
+ r � 2 �R : (4.6.41)

If �h is Einstein

�RAB =
�R

n � 1
�hAB ; (4.6.42)

the last equation becomes

RAB = r � 2
� �R

n � 1
� (n � 2)f � rf 0

�
gAB : (4.6.43)

As before, for anym 2 R and ` 2 R� the function

f =
�R

(n � 1)(n � 2)
�

2m
r n� 2 � "

r 2

`2 ; " 2 f 0; � 1g (4.6.44)

leads to an Einstein metric:

R�� = "
n
`2 g�� : (4.6.45)
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4.6.6 The Euclidean Schwarzschild - anti de Sitter metric

An important role in Euclidean quantum gravity [139] is play ed by solutions of
the �eld equations with Riemannian signature. An example of such a metric is
provided by the Euclidean Schwarzschild anti-de Sitter metricwhich, in (n+1)-
dimensions, takes the form

g =
�

r 2

`2 + � �
2m

r n� 2
| {z }

=: F (r )

�
dt2 +

dr2

r 2

`2 + � � 2m
r n � 2

+ r 2h� ; (4.6.46)

where ` > 0 and m are real constants,� 2 f 0; � 1g, and where (n� 1N; h � ) is an
(n � 1)-dimensional Einstein manifold with Ricci tensor equal to (n � 2)�h � .

The metric (4.6.46) is obtained from the Schwarzschild - anti-de Sitter metric
by replacing dt2 by � dt2. Such a substitution preserves the condition that the
Ricci tensor is proportional to the metric, which can be seenas follows:

Quite generally, let g be a metric such that@tg�� = 0 in a suitable coordinate
system. Consider the tensor �eld, sayg(a), where every occurrence ofdt in g
is replaced by adt, where a 2 C. Let R�� (a) denote the Ricci tensor of g(a).
Then R�� (a) � �g �� (a) is a holomorphic function of a away from the set where
det g(a)�� vanishes. Whena 2 R+ the metric g(a) can be obtained fromg by a
coordinate transformation t 7! at, henceR�� (a) � �g �� (a) with a 2 R vanishes
if

R�� (1) � �g �� (1) = R�� � �g ��

did. Since a holomorphic function vanishing on the real positive axis vanishes
everywhere, we conclude thatR�� (a) � �g (a) = 0 for all a on the connected
component ofC containing 1 on which detg(a)�� 6= 0.

We conclude that g given by (4.6.46) is indeed an Einstein metric.
Let r � > 0 be any �rst-order zero of gtt ,

r 2
�

`2 + � �
2m

r n� 2
�

= 0 :

After introducing a new coordinate � by the formula

� (r ) =
Z r

r �

1
q

s2

`2 + � � 2m
sn � 2

ds ; (4.6.47)

one can rewrite the metric (4.6.46) as

g = d� 2 + � 2H (� )dt2 + r 2h� ; (4.6.48)

where H is obtained by dividing gtt by � 2. Elementary analysis, using the fact
that r � is a simple zero ofF , shows that

H (0) =
F 0(r � )2

4
:

This implies that a periodic identi�cation of t with period

T :=
4�

F 0(r � )
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guarantees that d� 2 + � 2H (� )dt2 is a smooth metric onR2 with a rotation axis
at � = 0. As a result, (4.6.48) de�nes a smooth Riemannian metric on

M := R2 � n� 1N :

The metric (4.6.46) can be smoothly conformally compacti�ed by introduc-
ing, for large r , a coordinate x := 1=r and rescaling:

x2g = (
1
`2 + � � 2mxn )dt2 +

dx2

1
`2 + �x 2 � 2mxn

+ h� : (4.6.49)

Hence, the conformal boundary@M := f x = 0g of M is di�eomorphic to
S1 � n� 1N , with conformal metric

dt2

`2 + h� : (4.6.50)

Horowitz-Myers-type metrics

Consider an (n + 1)-dimensional metric, n � 3, of the form

g = f (r )d 2 +
dr2

f (r )
+ r 2 �hAB (xC )dxA dxB

| {z }
=: �h

(4.6.51)

where now �h is a Riemannian or pseudo-Riemannian Einstein metric on an
(n � 1)-dimensional manifold �N with constant scalar curvature �R and, similarly
to the last section, the xA 's are local coordinates on�N .1 This metric can be
formally obtained from (4.6.1) by changing t to i . It therefore follows that
for m 2 R and ` 2 R� the function

f = � �
2m

r n� 2 � "
r 2

`2 ; " 2 f 0; � 1g; � =
�R

(n � 1)(n � 2)
2 f 0; � 1g: (4.6.52)

leads to a metric satisfying (4.6.3).

R�� =
"n
`2 g�� ; " 2 f 0; � 1g; (4.6.53)

where ` is a constant related to the cosmological constant as in (4.6.4).
Suppose thatf has zeros, and let us denote byr0 the largest zero off . We

assume that r0 is of �rst order, and we restrict attention to r � r0. Imposing
a suitable  0-periodicity condition on  2 [0;  0], the usual arguments imply
that the set f r = r0g is a rotation axis in a plane on which

p
r � r0 and  are

coordinates of polar type: Indeed, if we set

� = F (r ) ; with F =
Z r

r 0

1
p

f (r )
dr =

p
r � r0

2
p

f 0(r0)
(1 + O(r � r0)) ;

1To avoid a proliferation of notation we use the symbol �h both for the metric on N appearing
in (4.6.1) and for the metric on the manifold �N relevant for (4.6.51). Typically ( N ; �h) is
a compact Riemannian manifold, while ( �N; �h) in (4.6.51) will be Lorentzian with �N non-
compact.
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we �nd

dr2

f
+ fd 2 = d� 2 + f (F � 1(� ))d 2 = d� 2 + (2 f 0(r0))2(1 + O(� 2)) � 2d 2 ;

which de�nes a smooth metric near� = 0 if and only if

 = �`� ; (4.6.54)

where � is a new 2� -periodic coordinate, and

� =
1

2`f 0(r0)
: (4.6.55)

In the case where
" = � 1;

one obtains Einstein metrics with a negative cosmological constant.
Whatever " , a conformal completion at spacelike in�nity can be obtained

by introducing a new coordinate x = `=r , bringing g to the form

g = f (`x � 1)`2� 2d� 2 +
`2dx2

x4f (`x � 1)
+ `2x � 2�h

= x � 2`2( � (" � �x 2 + O(xn )) � 2d� 2 � (" + �x 2 + O(xn ))dx2 + �h) :(4.6.56)

We see explicitly that the conformal class of metrics induced by x2g on the
boundary at in�nity,

I = f x = 0g � S1 � �N ;

is Lorentzian if �h is Lorentzian and if " = � 1.

� = 0 , n = 3

In [159] Horowitz and Myers consider the casen + 1 = 4, " = � 1,2 and choose
�h = � ` � 2dt2 + d' 2, with ' being a 2� -periodic coordinate onS1. Thus

g = �
r 2

`2 dt2 + f (r )`2� 2d� 2 +
dr2

f (r )
+ r 2d' 2 : (4.6.57)

Equation (4.6.56) shows that timelike in�nity I � R � S1 � S1 is conformally

at:

x2g ! r !1 � dt2 + `2(� 2d� 2 + dx2 + d' 2) : (4.6.58)

Some comments about factors of̀ are in order: if we think of r as having
dimension of length, then `, t and  also have dimension of length,m has
dimension lengthn� 1, while f , x, and the xA 's (and thus ' ) are dimensionless.

A uniqueness theorem for the metrics (4.6.57) has been established in [282].

2The case� = 0 and " = 1 leads to a signature (+ ��� ) for large r ; our signature ( � +++)
is recovered by multiplying the metric by minus one, but then one is back in the case" = � 1
after renaming m to � m.
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� = � 1, n = 3

We consider the metric (4.6.51) with2 " = � 1 and �h of the form

�h =
�

d� 2 + sin 2(� ) d' 2; � = 1;
d� 2 + sinh 2(� ) d' 2; � = � 1.

(4.6.59)

In regions wheref is positive, one obtains a Lorentzian metric after a \double
Wick rotation"

� = i` � 1t ; ' = i� ;

resulting in

g = �
r 2

`2 dt2 +
dr2

f (r )
+ f (r )`2� 2d� 2 + r 2

�
sinh2(` � 1t) d� 2; � = 1;
sin2(` � 1t) d� 2; � = � 1.

(4.6.60)

Taking � and � periodic one obtains again a conformal in�nity di�eomorphic
to R � T2. Note that the conformal metric at the conformal boundary is not
conformally stationary anymore, as opposed to the metrics (4.6.58). We have
not attempted to study the nature of the singularities of g at sinh(` � 1t) = 0 or
at sin(` � 1t) = 0.

Negative coordinate mass

For completeness we show that the metric (4.6.51) has the striking property that
its total coordinate mass is negative whenm is positive; the latter is needed
for regularity of the metric. This has already been observedin [159] in space-
dimension three with a toroidal Scri. Here we check that thisremains correct
in higher dimensions, for a large class of topologies of Scri.

Before continuing, we note that Lorentzian Horowitz-Myers-type metrics
with a smooth conformal compacti�cation at in�nity exist on ly with negative
�: Indeed, to obtain the right signature for large r when � > 0 one needs to
multiply the metric by minus one. But then the resulting metr ic has negative
Ricci scalar, and hence solves Einstein equations with a negative cosmological
constant.

Somewhat more generally, consider those metrics of the form(4.6.51) for
which

�N = Rt � �N ;

where ( �N; �h) is a compact Riemannian manifold, and where

�h = � ` � 2dt2 + �h ; (4.6.61)

so that

g = f (r )d 2 +
dr2

f (r )
+ r 2 �

� ` � 2dt2 + �h
�

: (4.6.62)

The question arises, how to de�ne the mass of such a metric.
To avoid ambiguities, let us write f m for the function f of (4.6.52).
Let us denote by f m the function f of (4.6.52). One assigns acoordinate

massto a metric such as (4.6.62) by writing it in the form (4.6.1)-(4.6.2), p. 150,
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with some function f M , then the parameter M is, by de�nition, the coordinate
mass.

For this we introduce in (4.6.62) a new coordinater = r (� ):

g = f m (r )`2� 2d� 2 +
dr2

f m (r )
+

r 2

`2 (� dt2 + `2�h)

= �
r 2

`2 dt2 +
�

dr
d�

� 2 d� 2

f m (r )

+ r 2((1 + O(�r � 2) + O(mr � n)) � 2d� 2 + �h) ; (4.6.63)

where the error terms have to be understood for larger . We will have

g � � f M (� )dt2 +
d� 2

f M (� )
+ � 2(� 2d� 2 + �h) ;

for some parameterM possibly di�erent from m, provided that

r 2 = `2f M (� )(1 + o(� � n)) ;
�

d�
dr

� 2

f m (r ) = f M (� )(1 + o(� � n )) ; (4.6.64)

The �rst equation determines r as a function of� up to correction terms o(� � n).
Inserting the result into the second equation determinesM , provided that the
asymptotic expansion of the left-hand side is compatible with that of the right-
hand side.

Now, it is straightforward to check that these equations arecompatible if
and only if

� = 0 : (4.6.65)

We conclude that for metrics satisfying (4.6.51)-(4.6.52)and (4.6.61)

the coordinate mass is only de�ned if� = 0.

Assuming (4.6.65), after asymptotically solving the �rst equation in (4.6.64)
and inserting the result into the second one, we �nd that

� = r +
`2M
r n� 1 + O(r � (2n� 1)) ; (4.6.66)

and that the coordinate mass equals

M = �
m

n � 1
: (4.6.67)

In particular M is negative for positive m.

4.7 Projection diagrams

We have seen that a very useful tool for visualizing the geometry of two-
dimensional Lorentzian manifolds is that of conformal Carter-Penrose dia-
grams. For spherically symmetric geometries, or more generally for metrics
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in bloc-diagonal form, the two-dimensional conformal diagrams provide useful
information about the four-dimensional geometry as well, since many essential
aspects of the space-time geometry are described by thet � r sector of the
metric.

The question then arises, whether some similar device can beused for met-
rics which are not in bloc-diagonal form. In the following sections we show,
following closely [87], that one can usefully represent classes of non-spherically
symmetric geometries in terms of two-dimensional diagrams, called projection
diagrams, using an auxiliary two-dimensional metric constructed out of the
space-time metric. Whenever such a construction can be carried-out, the is-
sues such as stable causality, global hyperbolicity, existence of event or Cauchy
horizons, the causal nature of boundaries, and existence ofconformally smooth
in�nities become evident by inspection of the diagrams, in away completely
analogous to the bloc-diagonal case.

4.7.1 The de�nition

Let (M ; g) be a smooth space-time, and letR1;n denote the (n +1)-dimensional
Minkowski space-time. We wish to construct a map� from (M ; g) to R1;1 which
allows one to obtain information about the causality properties of (M ; g). Ide-
ally, � should be de�ned and di�erentiable throughout M . However, already
the example of Minkowski space-time, discussed in Section 4.2.2, p. 135, shows
that such a requirement is too restrictive: the map used there is not di�er-
entiable at the axis of rotation. So, while we will require that � is de�ned
everywhere, it will be convenient to require that � be di�erentiable, and a sub-
mersion, on a subset ofM which we will denote by U . (Recall that � is a
submersion if � � is surjective at every point.) This allows us to talk about \t he
projection diagram of Minkowski space-time", or \the projection diagram of
Kerr space-time", rather than of \the projection diagram of the subset U of
Minkowski space-time", etc. Note that the latter terminolo gy would be more
precise, and will sometimes be used, but appears to be an overkill in most cases.

Now, to preserve causality it appears a good idea to map timelike vectors
to timelike vectors. This will be part of our de�nition: � will be required to
have this property on U . But note that a necessary condition for existence of
a map from M to R1;1 which maps timelike vectors to timelike vectors isstable
causality of U : Indeed, if t is a time function on R1;1, then t � � will be a time
function on U for such maps; but the existence of a time function onU is
precisely the de�nition of stable causality. So causality violations provide an
obvious obstruction for the construction of � .

Having accepted that U might not be the whole of M , a possible require-
ment could be that U is dense inM , as is the case for Minkowski space-time.
Keeping in mind that the Kerr space-time contains causality-violating regions,
which obviously have to be excluded from the domain where� has good causal-
ity properties, we see that the density requirement cannot be imposed in general.
Clearly one would like U to be as large as possible: the largerU , the more
information we will get about M . We leave it as an open question, whether or
not there is an optimal largeness condition which could be imposed onU . We
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simply use U as part of the input data of the de�nition, hoping secretly th at
it is as large as can be.

As already mentioned, we will require timelike vectors to bemapped to
timelike vectors. Note that if some timelike vectors in the image of � within
Minkowski space-time will not arise as projections of timelike vectors, then
there will be Minkowskian timelike curves in the image of � which will have
nothing to do with causal curves in M . But then no much insight into the
causality of M will be gained by inspecting causal curves inR1;1. In order to
avoid this, one is �nally led to the following de�nition:

Definition 4.7.1 Let (M ; g) be a Lorentzian manifold. A projection diagram
is a pair (�; U ), where

U � M ;

is open and non-empty, and where

� : M ! W

is a continuous map, di�erentiable on an open dense subset ofM , such that
� jU is a smooth submersion. Moreover:

1. for every smooth timelike curve� � � (U ) there exists a smooth timelike
curve 
 in (U ; g) such that � is the projection of 
 : � = � � 
 ;

2. the image� � 
 of every smooth timelike curve
 � U is a timelike curve
in R1;1.

Some further comments are in order:
First, we have assumed for simplicity that (M ; g), � jU , and the causal

curves in the de�nition are smooth, though assuming that � is C1 on U would
su�ce for most purposes.

As already discussed, the requirement that timelike curvesin � (U ) arise as
projections of timelike curves inM ensures that causal relations on� (U ), which
can be seen by inspection of� (U ), re
ect causal relations on M . Conditions
1 and 2 taken together ensure that causality on� (U ) represents as accurately
as possible causality onU .

The second condition of the de�nition is of course equivalent to the require-
ment that the images by � � of timelike vectors in TU are timelike. This implies
further that the images by � � of causal vectors inTU are causal. But it should
be kept in mind that projections lose information, so that the images by� �

of many null vectors in TU will be timelike. And, of course, many spacelike
vectors will be mapped to causal vectors under� � .

The curve-equivalent of the last remarks is that images of causal curves in
U are causal in � (U ); that many spacelike curves in U will be mapped to
causal curves in� (U ); and that many null curves in U will be mapped to
timelike ones in � (U ).

The requirement that � is a submersion guarantees that open sets are
mapped to open sets. This, in turn, ensures that projection diagrams with
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the same setU are locally unique, up to a local conformal isometry of two-
dimensional Minkowski space-time. We do not know whether ornot two sur-
jective projection diagrams � i : U ! Wi , i = 1 ; 2, with identical domain of
de�nition U are (globally) unique, up to a conformal isometry of W1 and W2.
It would be of interest to settle this question.

In many examples of interest the setU will not be connected; we will see
that this happens already in the Kerr space-time.

Recall that a map is proper if inverse images of compact sets are compact.
In the de�nition we could further have required � to be proper; indeed, many
projection diagrams below have this property. This is actually useful, as then
the inverse images of globally hyperbolic subsets ofW are globally hyperbolic,
and so global hyperbolicity, or lack thereof, can be established by visual inspec-
tion of W. It appears, however, more convenient to talk aboutproper projection
diagrams whenever� is proper, allowing for non-properness in general.

As such, we have assumed for simplicity that� maps M into a subset of
Minkowski space-time. In some applications it might be natural to consider
more general two-dimensional manifolds as the target of� ; this requires only
a trivial modi�cation of the de�nition. An example is provid ed by the Gowdy
metrics on a torus, discussed at the end of this section, where the natural
image manifold for � is (�1 ; 0) � S1, equipped with a 
at product metric.
Similarly, maximal extensions of the class of Kerr-Newman -de Sitter metrics
of Figure 4.7.8, p. 182, require the image of� to be a suitable Riemann surface.

4.7.2 Simplest examples

The simplest examples of projection diagrams have already been constructed
for metrics of the form

g = ef (� Fdt2 + F � 1dr2) + hAB dxA dxB
| {z }

=: h

; F = F (r ) ; (4.7.1)

where h = hAB (t; r; x C )dxA dxB is a family of Riemannian metrics on an (n �
1)-dimensional manifold N n� 1, possibly depending upont and r , and f is a
function which is allowed to depend upon all variables. It should be clear
that any manifestly conformally 
at representation of any e xtension, de�ned
on W � R1;1, of the two-dimensional metric � Fdt2 + F � 1dr2, as discussed in
Section 4.3, provides immediately a projection diagram for(W � N n� 1; g).

In particular, introducing spherical coordinates (t; r; x A ) on

U := f (t; ~x) 2 Rn+1 ; j~xj 6= 0g � R1;n (4.7.2)

and forgetting about the (n � 1)-sphere-part of the metric leads to a projection
diagram for Minkowski space-time which coincides with the usual conformal
diagram of the �xed-angles subsets of Minkowski space-time(see the left �gure
in Figure 4.2.2, p. 135). The setU de�ned in (4.7.2) cannot be extended to
include the world-line passing through the origin ofRn since the map� fails to
be di�erentiable there. This diagram is proper, but fails to r epresent correctly
the nature of the space-time near the setj~xj = 0.
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Figure 4.7.1: The conformal diagram for (1 + 1)-dimensionalMinkowski space-
time.

On the other hand, a globally de�ned projection diagram for Minkowski
space-time (thus, (U ; g) = R1;n ) can be obtained by writing R1;n as a product
R1;1 � Rn� 1, and forgetting about the second factor. This leads to a projection
diagram of Figure 4.7.1; compare Figure 4.2.1, p. 134. This diagram, which is
not proper, fails to represent correctly the connectednessof I + and I � when
n > 1.

It will be seen in Section 4.7.8 below that yet another choiceof � and of the
set (U ; g) � R1;n leads to a third projection diagram for Minkowski space-time.

A further example of non-uniqueness is provided by the projection diagrams
for Taub-NUT metrics, discussed in Section 4.8.2.

These examples show that there is no uniqueness in the projection diagrams,
and that various such diagrams might carry di�erent informat ion about the
causal structure. It is clear that for space-times with intricate causal structure,
some information will be lost when projecting to two dimensions. This raises
the interesting question, whether there exists a notion of optimal projection
diagram for speci�c space-times. In any case, the examples we give in what
follows appear to depict the essential causal properties ofthe associated space-
time, except perhaps for the black ring diagrams of Section 4.7.8-4.7.9.

Non-trivial examples of metrics of the form (4.7.1) are provided by the
Gowdy metrics on a torus [143]. These are vacuum U(1)� U(1)-symmetric
metrics which can globally be written in the form [57, 143]

g = ef (� dt2 + d� 2) + jt j
�

eP �
dx1 + Q dx2� 2

+ e� P (dx2)2
�

; (4.7.3)

with t 2 (�1 ; 0) and (�; x 1; x2) 2 S1 � S1 � S1. Unwrapping � from S1 to R and
projecting away the x1 and x2 coordinates, one obtains a projection diagram
the image of which is the half-spacet < 0 in Minkowski space-time. This can be
further compacti�ed as in Section 4.2.4, keeping in mind that the asymptotic
behavior of the metric for large negative values oft [248] is not compatible with
the existence of a smooth conformal completion of the full space-time metric
across past null in�nity. Note that this projection diagram fails to represent
properly the existence of Cauchy horizons for non-generic [249] Gowdy metrics.

Similarly, generic Gowdy metrics onS1 � S2, S3, or L (p; q) can be written
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in the form [57, 143]

g = ef (� dt2 + d� 2) + R0 sin(t) sin(� )
�

eP �
dx1 + Q dx2� 2

+ e� P (dx2)2
�

;

(4.7.4)
with ( t; � ) 2 (0; � ) � [0; � ], leading to the Gowdy square as the projection
diagram for the space-time. (This is the diagram of Figure 4.7.13, p. 190, where
the lower boundary corresponds tot = 0, the upper boundary corresponds to
t = � , the left boundary corresponds to the axis of rotation� = 0, and the right
boundary is the projection of the axis of rotation � = � . The diagonals, denoted
as y = yh in Figure 4.7.13, correspond in the Gowdy case to the projection of
the set where the gradient of the areaR = R0 sin(t) sin(� ) of the orbits of
the isometry group U(1) � U(1) becomes null or vanishes, and do not have
any further geometric signi�cance. The lines with the arrows in Figure 4.7.13
are irrelevant for the Gowdy metrics, as the orbits of the isometry group of
the space-time metric, which are spacelike throughout the Gowdy square, have
been projected away.)

Let us now pass to the construction of projection diagrams for families of
metrics of interest which are not of the simple form (4.7.1).

4.7.3 The Kerr metrics

Consider the Kerr metric in Boyer-Lindquist coordinates,

g = �
� � a2 sin2(� )

�
dt2 �

2asin2(� )
�
r 2 + a2 � �

�

�
dtd'

+
sin2(� )

� �
r 2 + a2

� 2 � a2 sin2(� )�
�

�
d' 2 +

�
�

dr2 + � d� 2 : (4.7.5)

Here

� = r 2 + a2 cos2 � ; � = r 2 + a2 � 2mr = ( r � r+ )( r � r � ) ; (4.7.6)

for some real parametersa and m, with

r � = m � (m2 � a2)
1
2 ; and we assume that 0< jaj � m :

Recall that in the region r � 0 there exists a non-empty domain on which
the Killing vector @' becomes timelike:

V = f g'' < 0g

= f r < 0; cos(2� ) < �
a4 + 2a2mr + 3a2r 2 + 2r 4

a2�
;

� 6= 0 ; sin(� ) 6= 0g (4.7.7)

(see (1.6.48)). Since the orbits of@' are periodic, this leads to causality vio-
lations, as described in detail in Section 1.6.3. But, as pointed out above, the
existence of a projection diagram implies stable causalityof the space-time. It
is thus clear that we will need to remove the region where@' is timelike to
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construct the diagram. It is, however, not clear whether simply removing V
from M su�ces. Now, in the construction below we will project-out t he � and
' coordinates, and we will see that removing those values ofr which correspond
to V su�ces indeed.

We start by recalling (cf. (1.6.47), p. 78)

g'' = sin 2(� )
�

2a2mr sin2(� )
a2 cos2(� ) + r 2 + a2 + r 2

�

=
sin2(� )

�
a4 + a2 cos(2� )� + a2r (2m + 3r ) + 2 r 4

�

a2 cos(2� ) + a2 + 2r 2 ; (4.7.8)

where the �rst line makes clear the non-negativity of g'' for r � 0.
To ful�ll the requirements of our de�nition, we will be proje cting-out the

� and ' variables. We thus need to �nd a two-dimensional metric 
 with the
property that g-timelike vectors X t @t + X r @r + X � @� + X ' @' project to 
 -
timelike vectors X t @t + X r @r . For this, in the region where @' is spacelike
(which thus includes f r > 0g) it turns out to be convenient to rewrite the t � '
part of the metric as

gtt dt2 + 2gt' dtd' + g'' d' 2

= g''

�
d' +

gt'

g''
dt

� 2

+
�

gtt �
g2

t'

g''

�
dt2 ; (4.7.9)

with

gtt �
g2

t'

g''
= �

2��
a4 + a2� cos(2 � ) + a2r (2m + 3r ) + 2 r 4 :

For r > 0 and � > 0 it holds that

��
(a2 + r 2)2 � j gtt �

g2
t'

g''
j �

��
r (a2(2m + r ) + r 3)

; (4.7.10)

with the in�mum attained at � 2 f 0; � g and maximum at � = �= 2. One of the

key facts for us is that gtt �
g2

t'
g''

has constant sign, and is in fact negative in
this region.

In the region r > 0, � > 0 consider any vector

X = X t @t + X r @r + X � @� + X ' @'

which is causal for the metric g. Let 
( r; � ) be any strictly positive function.
Since both g�� and the �rst term in (4.7.9) are positive, while the coe�cien t of
dt2 in (4.7.9) is negative, we have

0 � 
 2g(X; X ) = 
 2g�� X � X � � 
 2
�

gtt �
g2

t'

g''

�
(X t )2 + 
 2grr (X r )2

� inf
�

 


 2
�

gtt �
g2

t'

g''

�
(X t )2 + 
 2grr (X r )2

!

� � sup
�

(
 2jgtt �
g2

t'

g''
j)(X t )2 + inf

�

�

 2grr

�
(X r )2 : (4.7.11)
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Thus, regardless of the choice of 
, g-causality of X enforces a sign on the
expression given in the last line of (4.7.11). We will therefore use this expression,
with a suitable choice of 
 to de�ne the desired projection metric 
 It is simplest
to choose 
 so that both extrema in (4.7.11) are attained at th e same value of
� , say � � , while keeping those features of the coe�cients which are essential for
the problem at hand. It is convenient, but not essential, to have � � independent
of r . We will therefore make the choice


 2 =
r 2 + a2

�
; (4.7.12)

but other choices are possible, and might be more convenientfor other purposes.
Here the � factor has been included to get rid of the angular dependence in


 2grr = 
 2 �
�

while the numerator r 2+ a2 has been added to ensure that the metric coe�cient

 rr in (4.7.14) tends to one asr recedes to in�nity. With this choice of 
, (4.7.11)
is equivalent to the statement that

� � (X ) := X t @t + X r @r (4.7.13)

is a causal vector in the two-dimensional Lorentzian metric


 := �
�( r 2 + a2)

r (a2(2m + r ) + r 3)
dt2 +

(r 2 + a2)
�

dr2 : (4.7.14)

Using the methods of Walker [277] reviewed in Section 4.3, inthe region r+ <
r < 1 the metric 
 is conformal to a 
at metric on the interior of a diamond,
with the conformal factor extending smoothly across that part of its boundary
at which r ! r+ when jaj < m . This remains true when jaj = m except at the
leftmost corner i0

L of Figure 4.7.1.
To make things clear, the map� of the de�nition of a projection diagram is

the projection (t; r; �; ' ) 7! (t; r ). The fact that g-causal curves are mapped to

 -causal curves follows from the construction of
 . In order to prove the lifting
property, let � (s) = ( t(s); r (s)) be a 
 -causal curve, then the curve

(t(s); r (s); �= 2; ' (s)) ;

where ' (s) satis�es
d'
ds

= �
gt'

g''

dt
ds

is a g-causal curve which projects to� .
For causal vectors in the regionr > 0, � < 0, we have instead

0 � 
 2g(X; X ) � 
 2
�

gtt �
g2

t'

g''

�
(X t )2 + 
 2grr (X r )2

� inf
�

 


 2
�
�
�
�gtt �

g2
t'

g''

�
�
�
�

!

(X t )2 � sup
�

�

 2jgrr j

�
(X r )2 : (4.7.15)



170 CHAPTER 4. DIAGRAMS, EXTENSIONS

- 1.0 - 0.5 0.5 1.0
a•m

- 1.0

- 0.8

- 0.6

- 0.4

- 0.2

r-
`

•m

Figure 4.7.2: The radius of the \left boundary" r̂ � =m of the time-machine
region as a function ofa=m.

Since the inequalities in (4.7.10) are reversed when �< 0, choosing the same
factor 
 one concludes again that X t @t + X r @r is 
 -causal in the metric (4.7.14)
whenever it is in the metric g. Using again the results of Section 4.3, in the
region r � < r < r + , such a metric is conformal to a a 
at two-dimensional met-
ric on the interior of a diamond, with the conformal factor extending smoothly
across those parts of its boundary wherer ! r+ or r ! r � .

When jaj < m the metric coe�cients in 
 extend analytically from the
(r > r + ){range to the ( r � < r < r + ){range. As described in Section 4.3.1, one
can then smoothly glue together four diamonds as above to a single diamond
on which r � < r < 1 .

The singularity of 
 at r = 0 re
ects the fact that the metric g is singular
at � = 0. This singularity persists even if m = 0, which might at �rst seem
surprising since then there is no geometric singularity at � = 0 anymore [45].
However, this singularity of 
 re
ects the singularity of the associated coordi-
nates on Minkowski space-time (compare (1.6.3), p. 64), with the set r = 0 in
the projection metric corresponding to a boundary of the projection diagram.

For r < 0 we have � > 0, and the inequality (4.7.11) still applies in the
region where@' is spacelike. Setting

U := M n V ;

where V is given by (4.7.7), throughout U we have

a4 + 2a2mr + 3a2r 2 + 2r 4

a2 (a2 � 2mr + r 2)
> 1 () r

�
a2(2m + r ) + r 3�

> 0: (4.7.16)

Equivalently,

r < r̂ � :=
3
p p

3
p

a6 + 27a4m2 � 9a2m
32=3

�
a2

3
p

3 3
p p

3
p

a6 + 27a4m2 � 9a2m
< 0;

(4.7.17)
see Figure 4.7.2. In the regionr < r̂ � the inequalities (4.7.10) hold again, and
so the projected vector� � (X ) as de�ned by (4.7.13) is causal, forg-causalX , in
the metric 
 given by (4.7.14). One concludes that the four-dimensionalregion
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Figure 4.7.3: A projection diagram for the Kerr-Newman metrics with two
distinct zeros of � (left diagram) and one double zero (right diagram); see
Remark 4.7.2. In the Kerr caseQ = 0 we have r̂+ = 0, with r̂ � given by
(4.7.16).

f�1 < r < r � g has the causal structure which projects to those diamonds of,
e.g., Figure 4.7.3 with r̂+ = 0 which contain a shaded region. Those shaded
regions, which correspond to the projection of both the singularity r = 0,
� = �= 2 and the time-machine regionV of (4.7.7), belong to W = � (M ) but
not to � (U ). Causality within the shaded region is not represented in any
useful way by a 
at two-dimensional metric there, as causal curves can exit
this region earlier, in Minkowskian time on the diagram, than they entered it.
This results in causality violations throughout the enclosing diamond unless the
shaded region is removed.

The projection diagrams for the usual maximal extensions ofthe Kerr-
Newman metrics can be found in Figure 4.7.3.

Remark 4.7.2 Some general remarks concerning projection diagramsfor the
Kerr family of metrics are in order. Anticipating, the remar ks here apply also to
projection diagrams of Kerr-Newman metrics, with or without a cosmological
constant, to be discussed in the sections to follow.

The shaded regions in �gures such as Figure 4.7.3 and others contain the
singularity � = 0 and the time-machine set f g'' < 0g, they belong to the set
W = � (M ) but do not belong to the set� (U ), on which causality properties of
two-dimensional Minkowski space-time re
ect those ofU � M . We emphasise
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that there are closed timelike curves through every point inthe preimage under
� of the entire diamonds containing the shaded areas; this is discussed in detail
for the Kerr metric in Section 1.6.3, and applies as is to all metrics under
consideration here. On the other hand, if the preimages of the shaded region
are removed fromM , the causality relations in the resulting space-times are
accurately represented by the diagrams, which are then proper.

The parameters r̂ � are determined by the mass and the charge parameters
(see (4.7.54)), with r̂+ = 0 when the charge e vanishes, and ^r+ positive other-
wise. The boundariesr = �1 correspond to smooth conformal boundaries at
in�nity, with causal character determined by �. The arrows i ndicate the spatial
or timelike character of the orbits of the isometry group.

Maximal diagrams are obtained when continuing the diagramsshown in all
allowed directions. It should be kept in mind that the result ing subsets ofR2

are not simply connected in some cases, which implies that many alternative
non-isometric maximal extensions of the space-time can be obtained by tak-
ing various coverings of the planar diagram. One can also make use of the
symmetries of the diagram to produce distinct quotients. 2

Uniqueness of extensions

Let us denote by (M Kerr ; gKerr ) the space-time with projection diagram visu-
alised in Figure 4.7.3, continued inde�nitely to the future and the past in the
obvious way, including the preimages of the shaded regions except for the singu-
lar set f � = 0 g. Note that ( M Kerr ; gKerr ) is not simply connected because loops
circling around f � = 0 g cannot be homotoped to a point. Let us denote by
( bM Kerr ; bgKerr ) the universal covering space of (M Kerr ; gKerr ) with the pull-back
metric.

The question then arises of the uniqueness of the extensionsso obtained. To
address this, we start by noting the following result of Carter [45] (compare [229,
Theorem 4.3.1, p. 189]):

Proposition 4.7.3 The Kretschmann scalar R��
� R��
� is unbounded on all
maximally extended incompletecausal geodesics in(M Kerr ; gKerr ).

Proposition 4.7.3 together with Corollary 1.4.7, p. 58, implies:

Theorem 4.7.4 Let (M ; g) denote the regionf r > r + g of a Kerr metric with
jaj � m. Then ( bM Kerr ; bgKerr ) is the unique simply connected analytic exten-
sion of (M ; g) such that all maximally extended causal geodesics along which
R��
� R��
� is bounded are complete. 2

Theorem 4.7.4 makes it clear in which sense (bM Kerr ; bgKerr ) is unique. How-
ever, the extension (M Kerr ; gKerr ) appears to be more economical, if not more
natural. It would be of interest to �nd a natural condition wh ich singles it out.

Conformal diagrams for a class of two-dimensional submanifolds of
Kerr space-time

One can �nd e.g. in [47, 149] conformal diagrams for the symmetry axes in the
maximally extended Kerr space-time. These diagrams are identical with those
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of Figure 4.7.3, except for the absence of shading. (The authors of [47, 149]
seem to indicate that the subsetr = 0 plays a special role in their diagrams,
which is not the case as the singularityr = cos � = 0 does not intersect the
symmetry axes.) Now, the symmetry axes are totally geodesicsubmanifolds,
being the collection of �xed points of the isometry group generated by the
rotational Killing vector �eld. They can be thought of as the submanifolds
� = 0 and � = � (with the remaining angular coordinate irrelevant then) of the
extended Kerr space-time. As such, another totally geodesic two-dimensional
submanifold in Kerr is the equatorial plane � = �= 2, which is the set of �xed
points of the isometry � 7! � � � . This leads one to enquire about the global
structure of this submanifold or, more generally, of various families of two-
dimensional submanifolds on which� is kept �xed. The discussion that follows
illustrates clearly the distinction between projection diagrams, in which one
projects-out the � and ' variables, and conformal diagrams for submanifolds
where � , and ' or the angular variable ~' of (4.7.20) below, are �xed.

An obvious family of two-dimensional Lorentzian submanifolds to consider
is that of submanifolds, which we denote asN �;' , which are obtained by keeping
� and ' �xed. The metric, say g(� ), induced by the Kerr metric on N �;' reads

g(� ) = �
� � a2 sin2(� )

�
dt2 +

�
�

dr2 =: � F1(r )dt2 +
dr2

F2(r )
: (4.7.18)

For m2 � a2 cos2(� ) > 0 the function F1 has two �rst-order zeros at the inter-
section ofN �;' with the boundary of the ergoregion f g(@t ; @t ) > 0g:

r �; � = m �
p

m2 � a2 cos2(� ) : (4.7.19)

The key point is that these zeros are distinct from those ofF2 if cos2 � 6= 1,
which we assume in the remainder of this section. Sincer �; + is larger than the
largest zero ofF2, the metric g(� ) is a priori only de�ned for r > r �; + . One
checks that its Ricci scalar diverges as (r � r �; + )� 2 when r �; + is approached,
therefore those submanifolds do not extend smoothly acrossthe ergosphere, and
will thus be of no further interest to us.

We consider, next, the two-dimensional submanifolds, say~N �; ~' , of the Kerr
space-time obtained by keeping� and ~' �xed, where ~' is a new angular coor-
dinate de�ned as

d~' = d' +
a
�

dr : (4.7.20)

Using further the coordinate v de�ned as

dv = dt +
(a2 + r 2)

�
dr ; (4.7.21)

the metric, say ~g(� ), induced on ~N �; ~' takes the form

~g(� ) = �
~F (r )
�

dv2 + 2dvdr

= �
~F (r )
�

dv
�

dv � 2
�

~F (r )
dr

�
; (4.7.22)
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where ~F (r ) := r 2 + a2 cos2(� ) � 2mr . The zeros of ~F (r ) are again given by
(4.7.19). Setting

du = dv � 2
�

~F (r )
dr (4.7.23)

brings (4.7.22) to the form

~g(� ) = �
~F (r )
�

dvdu :

The usual Kruskal-Szekeres type of analysis applies to thismetric, leading to
a conformal diagram as in the left Figure 4.7.3with no shadings, and with r �

there replaced byr �; � , as long as ~F has two distinct zeros.
Several comments are in order:
First, the event horizons within ~N �; ~' do not coincide with the intersection

of the event horizons of the Kerr space-time with ~N �; ~' . This is not di�cult
to understand by noting that the class of causal curves that lie within ~N �; ~' is
smaller than the class of causal curves in space-time, and there is therefore no
a priori reason to expect that the associated horizons will be the same. In fact,
is should be clear that the event horizons within ~N �; ~' should be located on the
boundary of the ergoregion, since in two space-time dimensions the boundary
of an ergoregion is necessarily a null hypersurface. This illustrates the fact
that conformal diagrams for submanifolds might fail to represent correctly the
location of horizons. The reason that the conformal diagrams for the symmetry
axes correctly re
ect the global structure of the space-time is an accident related
to the fact that the ergosphere touches the event horizon there.

This last issue acquires a dramatic dimension for extreme Kerr black holes,
for which jaj = m, where for � 2 (0; � ) the global structure of maximally ex-
tended ~N �; ~' 's is represented by an unshaded version of the left Figure 4.7.3,
while the conformal diagrams for the axisymmetry axes are given by the un-
shaded version of the right Figure 4.7.3.

Next, another dramatic change arises in the global structure of the ~N �; ~' 's
with � = �= 2. Indeed, in this case we haver �; + = 2m, as in Schwarzschild space-
time, and r �; � = 0, regardless of whether the metric is underspinning, extreme,
or overspinning. Since r �; � coincides now with the location of the singularity,
~N �; ~' acquires two connected components, one wherer > 0 and a second one

with r < 0. The conformal diagram of the �rst one is identical to that o f the
Schwarzschild space-time with positive mass, while the second is identical to
that of Schwarzschild with negative mass, see Figure 4.7.4.We thus obtain
the unexpected conclusion, thatthe singularity r = cos(� ) = 0 has a spacelike
character when approached with positiver within the equatorial plane, and a
timelike one when approached with negativer within that plane. This is rather
obvious in retrospect, since the metric induced by Kerr on ~N �= 2; ~' coincides,
when m > 0, with the one induced by the Schwarzschild metric with positive
mass in the regionr > 0 and with the Schwarzschild metric with negative mass
� m in the region r < 0.
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1
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1
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1
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1

r
=

0

r =
�1

r =
�1

Figure 4.7.4: The conformal diagram for a maximal analytic extension of the
metric induced by the Kerr metric, with arbitrary a 2 R, on the submanifolds
of constant angle ~' within the equatorial plane � = �= 2, with r > 0 (left) and
r < 0 (right).

r
=

r̂ +

r
=

r̂ �

r =
1

r =
1

r =
�1

r =
�1

Figure 4.7.5: A projection diagram for overspinning Kerr-Newman space-times.

Note �nally that, surprisingly enough, even for overspinning Kerr metrics
there will be a range of angles� near �= 2 so that ~F will have two distinct �rst-
order zeros. This implies that, for such � , the global structure of maximally
extended ~N �; ~' 's will be similar to that of the corresponding submanifoldsof the
underspinning Kerr solutions. This should be compared withthe projection
diagram for overspinning Kerr space-times in Figure 4.7.5.

The orbit-space metric on M =U(1)

Let h denote the tensor �eld obtained by quotienting-out in the Kerr metric g
the � := @' direction,

h(X; Y ) = g(X; Y ) �
g(X; � )g(Y; � )

g(�; � )
: (4.7.24)

(Compare Section 1.6.6, where the whole groupR � U(1) has been quotiented-
out instead.) The tensor �eld h projects to the natural quotient metric on
the manifold part of M =U(1). In the region where � is spacelike, the quotient
spaceM =U(1) has the natural structure of a manifold with boundary, w here
the boundary is the image, under the quotient map, of the axisof rotation

A := f � = 0g:

Using t; r; � as coordinates on the quotient space we �nd a diagonal metric

h = htt dt2 +
�
�

dr2 + � d� 2 ; (4.7.25)
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where

htt = gtt �
g2

t'

g''
;

as in (4.7.9). Thus, the metric 
 of (4.7.14) is directly constructed out of the
(t; r ){part of the quotient-space metric h. However, the analogy is probably
misleading as there does not seem to be any direct correspondence between the
quotient spaceM =U(1) and the natural manifold as constructed in Section 4.7.3
using the metric 
 .

We note that a Penrose diagram for the quotient-space metrichas been
constructed in [140]. The Penrose-Carter conformal diagram of Section 4.6
of [140] coincides with a projection diagram for the BMPV metric, but our
interpretation of this diagram di�ers.

4.7.4 The Kerr-Newman metrics

The analysis of the Kerr-Newman metrics is essentially identical to that of the
Kerr metric: The metric takes the same general form (4.7.5),except that now

� = r 2 + a2 + e2 � 2mr =: ( r � r+ )( r � r � ) ;

and we assume thate2 + a2 � m so that the roots are real. We have

g'' =
sin2(� )

� �
r 2 + a2

� 2 � a2� sin 2(� )
�

�
; (4.7.26)

gtt �
g2

t'

g''
= �

��

(r 2 + a2)2 � a2� sin 2(� )
; (4.7.27)

and note that the sign of the denominator in (4.7.27) coincides with the sign of
g'' . Hence

sign(gtt �
g2

t'

g''
) = � sign(�)sign( g'' ) :

For g'' > 0, which is the main region of interest, we conclude that the minimum

of (gtt �
g2

t'
g''

)� � 1� � 1 is assumed at� = �
2 and the maximum at � = 0 ; � , so for

all r for which g'' > 0 we have

�
��

(r 2 + a2)2 � a2�
� gtt �

g2
t'

g''
� �

��

(r 2 + a2)2 : (4.7.28)

Choosing the conformal factor as


 2 =
r 2 + a2

�

we obtain, for g-causal vectorsX ,

0 � 
 2g(X; X ) = 
 2g�� X � X � � 
 2
�

gtt �
g2

t'

g''

�
(X t )2 + 
 2grr (X r )2

� �
�

�
r 2 + a2

�

(r 2 + a2)2 � a2�
(X t )2 +

�
r 2 + a2

�

�
(X r )2 : (4.7.29)
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This leads to the following projection metric


 := �
�

�
r 2 + a2

�

(r 2 + a2)2 � a2�
dt2 +

�
r 2 + a2

�

�
dr2

= �
�

�
r 2 + a2

�

a2 (r (2m + r ) � e2) + r 4 dt2 +

�
r 2 + a2

�

�
dr2 ; (4.7.30)

which is Lorentzian if and only if r is such that g'' > 0 for all � 2 [0; � ].
Now, it follows from (4.7.26) that g'' will have the wrong sign if

0 >
�
r 2 + a2� 2

� a2� sin 2(� ) : (4.7.31)

This does not happen when � � 0, and hence in a neighborhood of both
horizons. On the other hand, for � > 0, a necessary condition for (4.7.31) is

0 >
�
r 2 + a2� 2

� a2� = r 4 + r 2a2 + 2 mra 2 � a2e2 =: f (r ) : (4.7.32)

The second derivative of f is strictly positive, hence f 0 has exactly one real
zero. Note that f is strictly smaller than the corresponding function for the
Kerr metric, where e = 0, thus the interval where f is strictly negative encloses
the corresponding interval for Kerr. We conclude that f is negative on an
interval ( r̂ � ; r̂+ ), with r̂ � < 0 < r̂+ < r � .

The corresponding projection diagrams are identical to those of the Kerr
space-time, see Figure 4.7.3, with the minor modi�cation that the region to be
excised from the diagram isf r 2 (r̂ � ; r̂+ )g, with now r̂+ > 0, while we had
r̂+ = 0 in the uncharged case.

4.7.5 The Kerr - de Sitter metrics

The Kerr - de Sitter metric in Boyer-Lindquist-like coordin ates reads [46,
106]

g =
�
� r

dr2 +
�
� �

d� 2 +
sin2(� )
� 2�

� �
�
adt � (r 2 + a2)d'

� 2

�
1

� 2�
� r

�
dt � asin2(� ) d'

� 2
; (4.7.33)

where

� = r 2 + a2 cos2(� ) ; � r = ( r 2 + a2)
�

1 �
�
3

r 2
�

� 2� � r ; (4.7.34)

and

� � = 1 +
�
3

a2 cos2(� ) ; � = 1 +
�
3

a2 ; (4.7.35)

for some real parametersa and � , where � is the cosmological constant. In this
section we assume

� > 0 and a 6= 0.
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By a rede�nition ' 7! � ' we can always achievea > 0, similarly changing r to
� r if necessary we can assume that� � 0. The case� = 0 leads to the de Sitter
metric in unusual coordinates (see, e.g., [5, Equation (17)]). The inequalities

a > 0 and � > 0

will be assumed from now on.
The Lorentzian character of the metric should be clear from (4.7.33); alter-

natively, one can calculate the determinant ofg:

det(g) = �
� 2

� 4 sin2 � : (4.7.36)

We have

gtt =
grr g�� g''

det(g)
= �

� 4

� �
�

1
� r

�
g''

sin2 �
; (4.7.37)

which shows that either t or its negative is a time function whenever � r and
g'' =sin2 � are strictly positive. (Incidentally, chronology is viola ted on the set
where g'' < 0, we will return to this shortly.) One also has

grr =
� r

�
; (4.7.38)

which shows that r or its negative is a time function in the region where � r < 0.
The character of the principal orbits of the isometry group R � U(1) is

determined by the sign of the determinant

det
�

gtt g't

g't g''

�
= �

� r � �

� 4 sin2 � : (4.7.39)

Therefore, for sin(� ) 6= 0 the orbits are two-dimensional, timelike in the regions
where � r > 0, spacelike where �r < 0, and null where � r = 0 once the
space-time has been appropriately extended to include the last set.

When � 6= 0 the set f � = 0 g corresponds to a geometric singularity in the
metric. To see this, note that

g(@t ; @t ) =
a2 sin2 � � � � � r

� � 2 = 2
� r
� �

+ O(1) ; (4.7.40)

where O(1) denotes a function which is bounded near � = 0. It follows t hat
for � 6= 0 the norm of the Killing vector @t blows up as the setf � = 0 g is
approached along the plane cos(� ) = 0, which would be impossible if the metric
could be continued across this set in aC2 manner.

The function � r has exactly two distinct �rst-order real zeros, one of them
strictly negative and the other strictly positive, when

� 2 >
2

35� 2�

�
3 � a2�

� 3
: (4.7.41)

It has at least two, and up to four, possibly but not necessarily distinct, real
roots when

a2� � 3 ; � 2 �
2

35� 2�

�
3 � a2�

� 3
: (4.7.42)
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Under the current assumptions the smallest root, sayr1, is always simple and
strictly negative, the remaining ones are strictly positive. We can thus order
the roots as

r1 < 0 < r 2 � r3 � r4 ; (4.7.43)

when there are four real ones, and we setr3 � r4 := r2 when there are only two
real roots r1 < r 2. The function � r is strictly positive for r 2 (r1; r2), and for
r 2 (r3; r4) whenever the last interval is not empty; � r is negative or vanishing
otherwise.

It holds that

g'' =
sin2(� )

�
� �

�
r 2 + a2

� 2 � a2� r sin2(� )
�

� 2�
(4.7.44)

=
sin2(� )

�

�
2a2�r sin2(� )

a2 cos2(� ) + r 2 + a2 + r 2
�

: (4.7.45)

The second line is manifestly non-negative forr � 0, and positive there away
from the axis sin(� ) = 0. The �rst line is manifestly non-negative for � r � 0,
and hence also in a neighborhood of this set.

Next

gtt �
g2

t'

g''
= �

� � � r �

� 2
�

� � (r 2 + a2)2 � � r a2 sin2(� )
�

= �
� � � r �

� 2 (A(r ) + B (r ) cos(2� ))
; (4.7.46)

with

A(r ) =
�
2

�
a4 + 3a2r 2 + 2r 4 + 2a2�r

�
; (4.7.47)

B (r ) =
a2

2
�

�
a2 + r 2 � 2�r

�
: (4.7.48)

We have

A(r ) + B (r ) = �
�
a2 + r 2� 2

;

A(r ) � B (r ) = r 2�
�

a2 + r 2 + 2
a2�
r

�
; (4.7.49)

which con�rms that for r > 0, or for large negativer , we haveA > jB j > 0, as
needed forg'' � 0. The function

f (r; � ) :=
(A(r ) + B (r ) cos(2� ))

� �
�

(A(r ) + B (r ) cos(2� ))

1 + �
3 a2 cos2(� )

satis�es
@f
@�

= �
a2�
� 2

�
� r sin(2� ) ; (4.7.50)
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which has the same sign as� � r sin(2� ). In any case, its extrema are achieved
at � = 0 ; �= 2 and � . Accordingly, this is where the extrema of the right-hand
side of (4.7.46) are achieved as well. In particular, for �r > 0, we �nd

� r �

(a2 + r 2)2 � � 2

�
�
�
�
�
gtt �

g2
t'

g''

�
�
�
�
�

�
�� r

� r (a2(2� + r ) + r 3)
;

(4.7.51)

with the minimum attained at � = 0 and the maximum attained at � = �= 2.
To obtain the projection diagram, we can now repeat word for word the

analysis carried out for the Kerr metrics on the set f g'' > 0g. Choosing a
conformal factor 
 2 equal to


 2 =
r 2 + a2

�
; (4.7.52)

one is led to a projection metric


 := �
(r 2 + a2)� r

� 3r (a2(2� + r ) + r 3)
dt2 +

r 2 + a2

� r
dr2 : (4.7.53)

It remains to understand the set

V := f g'' < 0g

where g'' is negative. To avoid repetitiveness, we will do it simultaneously
both for the charged and the uncharged case, where (4.7.44) still applies (but
not (4.7.45) for e 6= 0) with � r given by (4.7.54); the Kerr - de Sitter case is
obtained by setting e = 0 in what follows. A calculation shows that g'' is the
product of a non-negative function with

� := 2 a2� r � a2e2 + r 2a2 + r 4 +
�
r 2a2 � 2a2� r + a2e2 + a4�

cos2(� ) :

This is clearly strictly positive for all r and all � 6= �= 2 when � = e = 0, which
shows that V = ; in this case.

Next, the function � is sandwiched between the two following functions of
r , obtained by setting cos(� ) = 0 or cos2(� ) = 1 in � :

� 0 := r 4 + r 2a2 + 2 a2� r � a2e2 ;

� 1 :=
�
r 2 + a2� 2

:

Hence, � is strictly positive for all r when cos2(� ) = 1. Next, for � > 0 the
function � 0 is negative for negative r near zero. Further, � 0 is convex. We
conclude that, for � > 0, the set on which � 0 is non-positive is a non-empty
interval [ r̂ � ; r̂+ ] containing the origin. We have already seen thatg'' is non-
negative wherever � r � 0, and sincer2 > 0 we must have

r1 < r̂ � � r̂+ < r 2 :

In fact, when e = 0 the value of r̂ � is given by (4.7.17) with m there replaced
by � , with r̂ � = 0 if and only if � = 0.
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Figure 4.7.6: A projection diagram for the Kerr-Newman - de Sitter metric
with four distinct zeros of � r ; see Remark 4.7.2.

We conclude that if � = e = 0 the time-machine set is empty, while if
j� j + e2 > 0 there are always causality violations \produced" in the non-empty
region f r̂ � � r � r̂+ g.

The projection diagrams for the Kerr-Newman - de Sitter family of metrics
depend upon the number of zeros of �r , and their nature, and can be found in
Figures 4.7.6-4.7.9.
4.7.6 The Kerr-Newman - de Sitter metrics

In the standard Boyer{Lindquist coordinates the Kerr-Newman - de Sitter met-
ric takes the form (4.7.33) [46, 262],3 with all the functions as in (4.7.34)-(4.7.35)
except for � r , which instead takes the form

� r =
�
1 � 1

3 � r 2�
(r 2 + a2) � 2� �r + � e2 ; (4.7.54)

where
p

� e is the electric charge of the space-time. In this section we assume

� > 0; � � 0; a > 0; e 6= 0 :

The calculations of the previous section, and the analysis of zeros of � r ,

3The transition from the formulae in [46] to (4.7.33) is expla ined in [47, p. 102].
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Figure 4.7.7: A projection diagram for the Kerr-Newman - de Sitter metrics
with three distinct zeros of � r , r1 < 0 < r 2 = r3 < r 4; see Remark 4.7.2.
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Figure 4.7.8: A projection diagram for the Kerr-Newman - de Sitter metrics
with three distinct zeros of � r , r1 < 0 < r 2 < r 3 = r4; see Remark 4.7.2.
Note that one cannot continue the diagram simultaneously across all boundaries
r = r3 on R2, but this can be done on an appropriate Riemann surface.
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Figure 4.7.9: A projection diagram for the Kerr-Newman - de Sitter metrics
with two distinct �rst-order zeros of � r , r1 < 0 < r 2 and � > 0; see Re-
mark 4.7.2. The diagram for a �rst-order zero at r1 and third-order zero at
r2 = r3 = r4 would be identical except for the bifurcation surface of thebifur-
cate Killing horizon at the intersection of the lines r = r2, which does not exist
in the third-order case and has therefore to be removed from the diagram.

remain identical except for the following equations: First,

g'' =
sin2(� )

�

�
a2(2�r � e2) sin2(� )

a2 cos2(� ) + r 2 + a2 + r 2
�

; (4.7.55)

the sign of which requires further analysis, we will return to this shortly. Next,
we still have

gtt �
g2

t'

g''
= �

� � � r �

� 2
�

� � (r 2 + a2)2 � � r a2 sin2(� )
�

= �
� � � r �

� 2 (A(r ) + B (r ) cos(2� ))
; (4.7.56)

but now

A(r ) =
�
2

�
a4 + 3a2r 2 + 2r 4 + 2a2�r � a2e2�

; (4.7.57)

B (r ) =
a2

2
�

�
a2 + r 2 � 2�r + e2�

; (4.7.58)

with

A(r ) + B (r ) = �
�
a2 + r 2� 2

;

A(r ) � B (r ) = r 2�
�

a2 + r 2 + 2
a2�
r

�
a2e2

r 2

�
: (4.7.59)

Equation (4.7.50) remains unchanged, and for �r > 0, we �nd

� r �

(a2 + r 2)2 � � 2

�
�
�
�
�
gtt �

g2
t'

g''

�
�
�
�
�

�
�� r

� ( a2(2�r � e2 + r 2) + r 4)
; (4.7.60)

with the minimum attained at � = 0 and the maximum attained at � = �= 2.
This leads to the projection metric


 := �
� r

� 3 (a2(2�r � e2 + r 2) + r 4)
dt2 +

1
� r

dr2 : (4.7.61)
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We recall that the analysis of the time-machine setf g'' < 0g has already
been carried out at the end of Section 4.7.5, where it was shown that for e 6= 0
causality violations always exist, and arise from the non-empty region f r̂ � �
r � r̂+ g.

The projection diagrams for the Kerr-Newman - de Sitter family of metrics
can be found in Figures 4.7.6-4.7.9.

4.7.7 The Kerr-Newman - anti de Sitter metrics

We consider the metric (4.7.33)-(4.7.35), with however � r given by (4.7.54),
assuming that

a2 + e2 > 0; � < 0:

While the local calculations carried out in Section 4.7.5 remain unchanged, one
needs to reexamine the occurrence of zeros of �r .

We start by noting that the requirement that � 6= 0 imposes

1 +
�
3

a2 6= 0 :

Next, a negative � would lead to a function � � which changes sign. By inspec-
tion, one �nds that the signature changes from (� + ++) to (+ � �� ) across
these zeros, which implies nonexistence of a coordinate system in which the
metric could be smoothly continued there.4 From now on we thus assume that

� � 1 +
�
3

a2 > 0: (4.7.62)

As such, those metrics for which � r has no zeros are nakedly singular when-
ever

e2 + j� j > 0: (4.7.63)

This can be easily seen from the following formula forgtt on the equatorial
plane:

gtt =
1

3� 2r 2 (� 3 � e2 + 6 � � r +
�
� a2 � 3

�
r 2 + � r 4) : (4.7.64)

So, under (4.7.63) the norm of the Killing vector@t is unbounded and the metric
cannot be C2-continued acrossf � = 0 g by usual arguments.

Turning our attention, �rst, to the region where r > 0, the occurrence of
zeros of � r requires that

� � � c(a; e;�) > 0:

Hence, there is a strictly positive threshold for the mass ofa black hole at
given a and e. The solution with � = � c has the property that � r and its
r -derivative have a joint zero, and can thus be found by equating to zero the
resultant of these two polynomials in r . An explicit formula for mc = � � c

4We, and Kayll Lake (private communication), calculated sev eral curvature invariants for
the overspinning metrics and found no singularity at � � = 0. The origin of this surprising
fact is not clear to us.
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Figure 4.7.10: The critical mass parametermc
p

j� =3j = � � c
p

j3=� j as a func-
tion of jaj

p
j� =3j when q = 0.

can be given, which takes a relatively simple form when expressed in terms of
suitably renormalised parameters. We set

� =

r
j� j
3

a () a = �

s
3

j� j
;


 = 9
� 2 + j � j

3 q2

(1 + � 2)2 () q2 := � e2 =
3

j� j

 �
1 + � 2

3

� 2


 � � 2

!

;

� =
3
p

j� j
(1 + � 2)3=2

� � () m := � � =
(1 + � 2)3=2

3
p

j� j
� :

Letting � c be the value of � corresponding to � c, one �nds

� c =

q
� 9 + 36
 +

p
3
p

(3 + 4 
 )3

3
p

2

() m2
c =

�
1 + � 2

� 3
�

� 9 + 36
 +
p

3
p

(3 + 4 
 )3
�

162j� j
: (4.7.65)

When q = 0, the graph of � c as a function of� can be found in Figure 4.7.10. In
general, the graph of� c as a function of a and q can be found in Figure 4.7.11.

Note that if q = 0, then 
 can be used as a replacement fora; otherwise, 

is a substitute for q at �xed a.

When e = 0 we have mc = a + O(a3) for small a, and mc ! 8
3
p

j � j
as

jaj %
p

j3=� j.
According to [151], the physically relevant mass of the solution is � and not

m; because of the rescaling involved, we have� c ! 1 as jaj %
p

j3=� j.
We have d2� r =dr2 > 0, so that the set f � r � 0g is an interval (r � ; r+ ),

with 0 < r � < r + .
It follows from (4.7.44) that g'' =sin2(� ) is strictly positive for r > 0, and

the analysis of the time-machine set is identical to the case� > 0 as long as
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� > 0, which is assumed. We note that stable causality of each region on which
� r has constant sign follows from (4.7.37) or (4.7.38).

The projection metric is formally identical to that derived in Section 4.7.5,
with projection diagrams as in Figure 4.7.12.

4.7.8 The Emparan-Reall metrics

We consider the Emparan-Reall black-ring metric as presented in [115]:

ds2 = �
F (y)
F (x)

�
dt � C R

1 + y
F (y)

d 
� 2

+
R2

(x � y)2 F (x)
�
�

G(y)
F (y)

d 2 �
dy2

G(y)
+

dx2

G(x)
+

G(x)
F (x)

d� 2
�

;(4.7.66)

where
F (� ) = 1 + ��; G (� ) = (1 � � 2)(1 + �� ) ; (4.7.67)

and

C =

r

� (� � � )
1 + �
1 � �

: (4.7.68)

The parameter � is chosen to be

� =
2�

1 + � 2 ; (4.7.69)

with the parameter � lying in (0 ; 1), so that

0 < � < � < 1: (4.7.70)
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Figure 4.7.12: The projection diagrams for the Kerr-Newman- anti de Sitter
metrics with two distinct zeros of � r (left diagram) and one double zero (right
diagram); see Remark 4.7.2.
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The coordinates x, y lie in the ranges �1 � y � � 1, � 1 � x � 1, assuming
further that ( x; y) 6= ( � 1; � 1). The event horizons are located aty = yh = � 1=�
and the ergosurface is aty = ye = � 1=� . The @ {axis is at y = � 1 and
the @� {axis is split into two parts x = � 1. Spatial in�nity i 0 corresponds to
x = y = � 1. The metric becomes singular asy ! �1 .

Although this is not immediately apparent from the current f orm of the
metric, it is known [113] that @ is spacelike or vanishing in the region of
interest, with g  > 0 away from the rotation axis y = � 1. Now, the metric
(4.7.66) may be rewritten in the form

g =

 

gtt �
g2

t 

g  

!

dt2 �
R2

(x � y)2

F (x)
G(y)

dy2

+ g  

�
d +

gt 

g  
dt

� 2

+ gxx dx2 + g�� d� 2

| {z }
� 0

: (4.7.71)

We have

gtt �
g2

t 

g  
= �

G(y)F (y)F (x)
F (x)2G(y) + C2(1 + y)2(x � y)2 : (4.7.72)

It turns out that there is a non-obvious factorization of the denominator as

F (x)2G(y) + C2(1 + y)2(x � y)2 = � F (y)I (x; y) ;

where I is a second-order polynomial inx and y with coe�cients depending
upon � , su�ciently complicated so that it cannot be usefully displ ayed here.
The polynomial I turns out to be non-negative, which can be seen using a trick
similar to one in [92], as follows: One introduces new, non-negative, variables
and parameters (X; Y; � ) via the equations

x = X � 1; y = � Y � 1; � =
1

1 + �
; (4.7.73)

with 0 � X � 2, 0 � Y < + 1 , 0 < � < + 1 . A Mathematica calculation
shows that in this parameterization the function I is a rational function of
the new variables, with a simple denominator which is explicitly non-negative,
while the numerator is a complicated polynomial in X , Y , � with, however, all
coe�cients positive .

Let 
 = ( x � y)=
p

F (x), then the function

� (x; y) := 
 2

 

gtt �
g2

t 

g  

!

= �
G(y)F (y)

F (x)2

(x � y)2 G(y) + C2(1 + y)2
(4.7.74)

has extrema in x only for x = y = � 1 and x = � 1=� < � 1. This may be
seen from its derivative with respect tox, which is explicitly non-positive in the
ranges of variables of interest:

@�
@x

= �
2G(y)2F (y)2F (x)(x � y)

(F (x)2G(y) + C2(1 + y)2(x � y)2)2 = �
2G(y)2F (x)(x � y)

I (x; y)2 :

(4.7.75)
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Therefore,

(1 + y)2G(y)
I (� 1; y)

= � (� 1; y) � � (x; y) � � (1; y) =
(1 � y)2G(y)

I (1; y)
:

Since both I (� 1; y) and I (1; y) are positive, in the domain of outer communi-
cations f� 1=� < y � � 1g where G(y) is negative we obtain

� G(y)(1 + y)2

I (� 1; y)
�

�
�
�
�
�

 2

 

gtt �
g2

t 

g  

! �
�
�
�
�

�
� G(y)(1 � y)2

I (1; y)
: (4.7.76)

One �nds

I (1; y) =
1 + �
1 � �

(� 1 + y2)(1 � y(� � � ) � �� ) ;

which leads to the projection metric


 := � (y)
G(y)

(� 1 � y)
dt2 �

R2

G(y)
dy2 ; (4.7.77)

where, using the variables (4.7.73) to make manifest the positivity of � in the
range of variables of interest,

� (y) =
(1 � y)(1 � � )

(1 + � )(1 � y(� � � ) � �� )

=
(2 + Y)� (1 + � )(2 + 2 � + � 2)

(2 + � )3(2 + Y + � )
> 0:

The calculation of (4.1.4) leads to the following conformalmetric

(2)
g = R

r
�

j1 + yj

�
� F̂ dt2 + F̂ � 1dr2

�
; where F̂ = � 1

R

q
�

j1+ yj G :(4.7.78)

Since the integral of F̂ � 1 diverges at the event horizon, and is �nite at y = � 1
(which correspondsboth to an axis of rotation and the asymptotic region at
in�nity), the analysis in Sections 4.2.4 and 4.3 shows that the corresponding
projection diagram is as in Figure 4.7.13.

It is instructive to compare this to the projection diagram f or �ve-dimensional
Minkowski space-time

(t; r̂ cos�; r̂ sin �; ~r cos ; ~r sin ) � (t; x̂; ŷ; ~x; ~y) 2 R5

parameterized by ring-type coordinates:

y = �
r̂ 2

(r̂ 2 + ~r 2)2 � 1 ; x =
~r 2

(r̂ 2 + ~r 2)2 � 1 ; r̂ =
p

x̂2 + ŷ2 ; ~r =
p

~x2 + ~y2 :

For �xed x 6= 0, y 6= 0 we obtain a torus as ' and  vary over S1. The image
of the resulting map is the setx � � 1, y � � 1, (x; y) 6= ( � 1; � 1). Since

x � y =
1

r̂ 2 + ~r 2 ;
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Figure 4.7.13: The projection diagram for the Emparan-Reall black rings. The
arrows indicate the causal character of the orbits of the isometry group. The
boundary y = � 1 is covered, via the projection map, by the axis of rotation
and by spatial in�nity i0. Curves approaching the conformal null in�nities I �

asymptote to the missing corners in the diagram.

the spheres ^r 2+~r 2 =: r 2 = const are mapped to subsets of the linesx = y+1=r2,
and the limit r ! 1 corresponds to 0� x � y ! 0 (hencex ! � 1 andy ! � 1).
The inverse transformation reads

r̂ =
p

� y � 1
x � y

; ~r =

p
x + 1

x � y
:

The Minkowski metric takes the form

� = � dt2 + dx̂2 + dŷ2 + d~x2 + d~y2

= � dt2 + dr̂ 2 + r̂ 2d' 2 + d~r 2 + ~r 2d 2

= � dt2 +
dy2

4(� y � 1)(x � y)2 +
dx2

4(x + 1)( x � y)2 + r̂ 2d' 2 + ~r 2d 2

| {z }
� 0

:

Thus, for any � -causal vectorX ,

� (X; X ) � � (X t )2 +
(X y)2

4(� y � 1)(x � y)2 :

There is a problem with the right-hand side since, at �xed y, x is allowed to go
to in�nity, and so there is no strictly positive lower bound o n the coe�cient of
(X y)2. However, if we restrict attention to the set

r =
p

r̂ 2 + ~r 2 � R

for someR > 0, we obtain

� (X; X ) � � (X t )2 +
R4(X y )2

4(� y � 1)
:
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Figure 4.7.14: The projection diagram for the complement ofa world-tube R �
B (R) in �ve-dimensional Minkowski space-time using sphericalcoordinates (left
�gure, where the shaded region has to be removed), or using ring coordinates
(right �gure). In the right �gure the right boundary y = � 1 is covered, via
the projection map, both by the axis of rotation and by spatial in�nity, while
null in�nity projects to the missing points at the top and at t he bottom of the
diagram.

This leads to the conformal projection metric, for � 1 � 1
R2 =: yR � y � � 1,


 := � dt2 +
R4dy2

4jy + 1 j

= � dt2 +
�

d
�

R2
p

jy + 1 j
�� 2

=
R2

2
p

jy + 1 j

 

�
2
p

jy + 1 j
R2 dt2 +

R2

2
p

jy + 1 j
dy2

!

: (4.7.79)

Introducing a new coordinate y0 = � R2p
� y � 1 we have


 = � dt2 + dy02 ;

where � 1 � y0 � 0. Therefore, the projection diagram corresponds to a sub-
set of the standard diagram for a two-dimensional Minkowskispace-time, see
Figure 4.7.14.

4.7.9 The Pomeransky-Senkov metrics

We consider thePomeransky-Senkov metrics[239],

g =
2H (x; y)k2

(1 � � )2(x � y)2

�
dx2

G(x)
�

dy2

G(y)

�
� 2

J (x; y)
H (y; x)

d'd 

�
H (y; x)
H (x; y)

(dt + 
) 2 �
F (x; y)
H (y; x)

d 2 +
F (y; x)
H (y; x)

d' 2 ; (4.7.80)

where 
 is a 1-form given by


 = M (x; y)d + P(x; y)d' :
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The de�nitions of the metric functions may be found in [239].5 The metric
depends on three constants:k, � , � , where k is assumed to be inR� , while the
parameters � and � are restricted to the set6

f (�; � ) : � 2 (0; 1) ; 2
p

� � � < 1 + � g: (4.7.81)

The coordinates x, y, ' ,  , and t vary within the ranges � 1 � x � 1, �1 <
y < � 1, 0 � ' � 2� , 0 �  � 2� and �1 < t < 1 .

A Cauchy horizon is located at

yc := �
� +

p
� 2 � 4�
2�

;

and the event horizon corresponds to

yh := �
� �

p
� 2 � 4�
2�

:

Using an appropriate Gauss diagonalization, the metric maybe rewritten in
the form

g =

(� )
z }| {
g2

t g'' � 2gt' gt g ' + g2
t' g  + gtt (g2

 ' � g'' g  )

g2
 ' � g'' g  

dt2 + gyydy2

+ gxx dx2 +

 

g'' �
g2

 '

g  

!
0

B
@d' +

gt' � gt g '
g  

g'' �
g2

 '
g  

dt

1

C
A

2

+
(gt dt + g ' d' + g  d )2

g  

| {z }
(�� )

:

(4.7.82)

The positive-de�niteness of (�� ) for y > y c follows from [69, 92]. Note that
g  < 0 would give a timelike Killing vector @ , and that g'' g  � g2

 ' < 0
would lead to some combination of the periodic Killing vectors @' and @ being
timelike, so the term (�� ) in (4.7.82) is non-negative on any region where there
are no obvious causality violations.

The coe�cient ( � ) in front of dt2 is negative for y > y h and positive for
y < y h, vanishing at y = yh. This may be seen in the reparameterized form
of the Pomeransky-Senkov solution that was introduced in [92]: Indeed, let a,
b be the new coordinates as in [92] replacingx and y, respectively, and let us
reparameterize� , � by c, d again as in [92], where all the variablesa, b, c, d are
non-negative above the Cauchy horizon,y > y c:

x = � 1 +
2

1 + a
;

y = � 1 �
d(4 + c + 2d)
(1 + b)(2 + c)

;

5We use ( ; ' ) where Pomeransky & Senkov use (';  ).
6 � = 0 corresponds to Emparan-Reall metric which has been already analyzed in Sec-

tion 4.7.8.
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� =
1

(1 + d)2 ;

� = 2
2d2 + 2(2 + c)d + (2 + c)2

(2 + c)(1 + d)(2 + c + 2d)
: (4.7.83)

Set

� := ( � ) 
 2 ; (4.7.84)


 2 :=
(x � y)2(1 � � )2

2k2H (x; y)
: (4.7.85)

Using Mathematica one �nds that � takes the form

� = � 
 2(y � yh)Q ;

where Q = Q(a; b; c; d) is a huge rational function in (a; b; c; d) with all coef-
�cients positive . To obtain the corresponding projection metric 
 one would
have, e.g., to �nd sharp lower and upper bounds forQ, at �xed y, which would
lead to


 := � (y � yh) sup
y �xed

jQj dt2 �
1

G(y)
dy2 :

This requires analyzing a complicated rational function, which has not been
done in the literature so far.

We expect the corresponding projection diagram to look likethat for Kerr -
anti de Sitter space-time of Figure 4.7.12, withr = 1 there replaced byy = � 1,
r = �1 replaced by y = 1 with an appropriate analytic continuation of the
metric to positive y's (compare [69]), r+ replaced byyh and r � replaced byyc.
The shaded regions in the negative region there might be non-connected for
some values of parameters, and always extend to the boundaryat in�nity in
the relevant diamond [69].

Recall that a substantial part of the work in [69] was to show that the
function H (x; y) had no zeros fory > y c. We note that the reparameterization

y ! � 1 �
cd

(1 + b)(2 + c + 2d)

of [92] (with the remaining formulae (4.7.83) remaining thesame), gives

H (x; y) =
P(a; b; c; d)

(1 + a)2(1 + b)2(2 + c)2(1 + d)6(2 + c + 2d)4 ;

where P is a huge polynomial with all coe�cients positive for y > y h. This
establishes immediately positivity of H (x; y) in the domain of outer communi-
cations. However, positivity of H (x; y) in the whole rangey > y c has only been
established so far using the rather more involved analysis in [69].

4.8 Black holes vs. spatially compact U(1)� U(1) sym-
metric models with compact Cauchy horizons

It turns out that one use the Kerr-Newman - (a)dS family of metrics to con-
struct explicit examples of maximal, four-dimensional, U(1) � U(1) symmetric,
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electrovacuum or vacuum models, with or without cosmological constant, con-
taining a spatially compact partial Cauchy surface. Similarly, �ve-dimensional,
U(1) � U(1) � U(1) symmetric, spatially compact vacuum models with spatially
compact partial Cauchy surfaces can be constructed using the Emparan-Reall
or Pomeransky-Senkov metrics. We will show how the projection diagrams con-
structed so far can be used to understand maximal (non-globally hyperbolic)
extensions of the maximal globally hyperbolic regions in such models, and for
the Taub-NUT metrics.

4.8.1 Kerr-Newman-(a)dS-type and Pomeransky-Senkov-typ e
models

The diamonds and triangles which have been used to constructour diagrams
so far will be referred to asblocs. Here the notion of a triangle is understoodup
to di�eomorphism , thus planar sets with three corners, connected by smooth
curves intersecting only at the corners which arenot necessarily straight lines,
are also considered to be triangles.

In the interior of each bloc one can periodically identify points lying along
the orbits of the action of the R factor of the isometry group. Here we are only
interested in the connected component of the identity of thegroup, which is
R� U(1) in the four-dimensional case, andR� U(1) � U(1) in the �ve-dimensional
case.

Note that isometries of space-time extend smoothly across all bloc bound-
aries. For example, in the coordinates (v; r; �; ~' ) discussed in the paragraph
around (4.7.20), p. 173, translations int become translations inv; similarly for
the (u; r; �; ~' ) coordinates. Using the (U; V; �; ~' ) local coordinates near the in-
tersection of two Killing horizons, translations in t become boosts in the (U; V)
plane.

Consider one of the blocs, out of any of the diagrams constructed above, in
which the orbits of the isometry group are spacelike. (Note that no such dia-
mond or triangle has a shaded area which needs to be excised, as the shadings
occur only within those building blocs where the isometry orbits are timelike.)
It can be seen that the periodic identi�cations result then in a spatially com-
pact maximal globally hyperbolic space-time with S1 � S2 spatial topology,
respectively with S1 � S1 � S2 topology.

Now, each diamond in our diagrams has four null boundaries which natu-
rally split into pairs, as follows: In each bloc in which the isometry orbits are
spacelike, we will say that two boundaries areorbit-adjacent if both boundaries
lie to the future of the bloc, or both to the past. In a bloc where the isometry
orbits are timelike, boundaries will be said orbit-adjacent if they are both to
the left or both to the right.

One out of each pair of orbit-adjacent null boundaries of a bloc with space-
like isometry-orbits corresponds, in the periodically identi�ed space-time, to a
compact Cauchy horizon across which the space-time can be continued to a peri-
odically identi�ed adjacent bloc. Which of the two adjacent boundaries will be-
come a Cauchy horizon is a matter of choice; once such a choicehas been made,
the other boundary cannot be attached anymore: those geodesics which, in the
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Figure 4.8.1: The sequencesqi and pi . Rotating the �gure by integer multiples
of 90 degrees shows that the problem of non-unique limits arises on any pair of
orbit-adjacent boundaries.

unidenti�ed space-time, would have been crossing the second boundary become,
in the periodically identi�ed space-time, incomplete inextendible geodesics.
This behaviour is well known from Taub-NUT space-times [78,211, 267], and is
easily seen as follows:

Consider a sequence of pointspi := ( t i ; r i ) such that pi converges to a point
p on a horizon in a projection diagram in which no periodic identi�cations have
been made. LetT > 0 be the period with which the points are identi�ed along
the isometry orbits, thus for every n 2 Z points (t; r ) and (t + nT; r ) represent
the same point of the quotient manifold. It should be clear from the form of
the Eddington-Finkelstein type coordinates u and v used to perform the two
distinct extensions (see the paragraph around (4.7.20), p.173) that there exists
a sequencen i 2 Z such that, passing to a subsequence if necessary, the sequence
qi = ( t i + n i T; r i ) converges to some pointq in the companion orbit-adjacent
boundary, see Figure 4.8.1.

Denote by [p] the class of p under the equivalence relation (t; r ) � (t +
nT; r ), where n 2 Z and T is the period. Suppose that one could construct
simultaneously an extension of the quotient manifold across both orbit-adjacent
boundaries. Then the sequence of points [qi ] = [ pi ] would have two distinct
points [p] and [q] as limit points, which is not possible. This establishes our
claim.

Returning to our main line of thought, note that a periodical ly identi�ed
building bloc in which the isometry orbits are timelike will have obvious causal-
ity violations throughout, as a linear combination of the periodic Killing vectors
becomes timelike there.

The branching construction, where one out of the pair of orbit-adjacent
boundaries is chosen to perform the extension, can be continued at each bloc in
which the isometry orbits are spacelike. This shows that maximal extensions are
obtained from any connected union of blocs such that in each bloc an extension
is carried out across precisely one out of each pair of orbit-adjacent boundaries.
Some such subsets of the plane might only comprise a �nite number of blocs,
as seen trivially in Figure 4.7.9. Clearly an in�nite number of distinct �nite,
semi-in�nite, or in�nite sequences of blocs can be constructed in the diagram of
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Figure 4.7.6. Two sequences of blocs which are not related byone of the discrete
isometries of the diagram will lead to non-isometric maximal extensions of the
maximal globally hyperbolic initial region.

4.8.2 Taub-NUT metrics

We have seen at the end of Section 4.7.2 how to construct a projection diagram
for Gowdy cosmological models. Those models all contain U(1) � U(1) as part
of their isometry group. The corresponding projection diagrams constructed
in Section 4.7.2 were obtained by projecting-out the isometry orbits. This is
rather di�erent from the remaining projection diagrams constructed in this
work, where only one of the coordinates along the Killing orbits was projected
out.

It is instructive to carry out explicitly both procedures fo r the Taub-NUT
metrics, which belong to the Gowdy class. Using Euler angles(�; �; ' ) to pa-
rameterize S3, the Taub-NUT metrics [222, 267] take the form

g = � U � 1dt2 + (2 `)2U(d� + cos(� ) d' )2 + ( t2 + `2)(d� 2 + sin 2(� ) d' 2) : (4.8.1)

Here

U(t) = � 1 +
2(mt + `2)

t2 + `2 =
(t+ � t)( t � t � )

t2 + `2 ;

with
t � := m �

p
m2 + `2 :

Further, ` and m are real numbers with ` > 0. The region f t 2 (t � ; t+ )g will
be referred to as theTaub space-time.

The metric induced on the sections� = const, ' = const0, of the Taub
space-time reads


 0 := � U � 1dt2 + (2 `)2Ud� 2 : (4.8.2)

As discussed by Hawking and Ellis [149], this is a metric to which the methods
of Section 4.1 applyprovided that the4� -periodic identi�cations in � are relaxed.
SinceU has two simple zeros, and no singularities, the conformal diagram for the
corresponding maximally extended two-dimensional space-time equipped with
the metric 
 0 coincides with the left diagram in Figure 4.8.2, compare [149,
Figure 33]. The discussion of the last paragraph of the previous section applies
and, together with the left diagram in Figure 4.8.2, provides a family of simply
connected maximal extensions of the sections� = const, ' = const0, of the
Taub space-time.

However, it is not clear how to relate the above to extensionsof the four-
dimensional space-time. Note that projecting out the� and ' variables in the
region whereU > 0, using the projection map � 1(t; �; �; ' ) := ( t; � ), one is left
with the two-dimensional metric


 1 := � U � 1dt2 + ( t2 + `2) d� 2 ; (4.8.3)

which leads to the 
at metric on the Gowdy square as the projection metric.
(The coordinate t here is not the same as the Gowdyt coordinate, but the
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Figure 4.8.2: The left diagram is the conformal diagram for an extension of the
universal covering space of the sections� = const, ' = const0, of the Taub space-
time. The right diagram represents simultaneously the fourpossible diagrams
for the maximal extensions, within the Taub-NUT class, with compact Cauchy
horizons, of the Taub space-time. After invoking the left-right symmetry of
the diagram, which lifts to an isometry of the extended space-time, the four
diagrams lead to two non-isometric space-times.
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projection diagram remains a square.) And one is left wondering how this �ts
with the previous picture.

Now, one can attempt instead to project out the � and ' variables, with
the projection map

� 2(t; �; �; ' ) := ( t; � ) : (4.8.4)

For this we note the trivial identity

g� � d� 2 + 2g'� d' d� + g'' d' 2 = ( g� � �
g2

'�

g''
)d� 2 + g'' (d' +

g'�

g''
d� )2

| {z }
(� )

: (4.8.5)

Since the left-hand side is positive-de�nite on Taub space,where U > 0, both

g� � �
g2

'�
g''

and g'' are non-negative there. Indeed,

g'' =
�
`2 + t2�

sin2(� ) + 4 `2U cos2(� ) ; (4.8.6)

g� � �
g2

'�

g''
= (2 `)2

�
1 �

(2`)2U cos2(� )
g''

�
U

=
4`2

�
`2 + t2

�
sin2(� )

(`2 + t2) sin2(� ) + 4 `2U cos2(� )
| {z }

(�� )

U : (4.8.7)

However, perhaps not unsurprisingly given the character ofthe coordinates
involved, the function ( �� ) in (4.8.7) does not have a positive lower bound
independent of � 2 [0; 2� ], which is unfortunate for our purposes. To sidestep
this drawback we choose a number 0< � < 1 and restrict ourselves to the range
� 2 [� � ; � � � � ], where � � 2 [0; �= 2] is de�ned by

sin2(� � ) = � :

Now, g'' is strictly positive for large t, independently of � . Next, g'' equals
4`2U at the axes of rotation sin(� ) = 0, and equals `2 + t2 at � = �= 2. Hence,
keeping in mind that U is monotonic away from (t � ; t+ ), for � small enough
there will exist values

t̂ � (� ) ; with t̂ � (� ) < t � < 0 < t + < t̂+ (� )

such that g'' will be negative somewhere in the region (̂t � (� ); t � ) [ (t+ ; t̂+ (� )),
and will be positive outside of this region. We choose those numbers to be
optimal with respect to those properties.

On the other hand, for � close enough to 1 the metric coe�cient g'' will be
strictly positive for all � 2 [� � ; � � � � ] and t < t � . In this case we set̂t � (� ) = t � ,
so that the interval ( t̂ � (� ); t � ) is empty. Similarly, there will exist a range of �
for which t̂+ (� ) = t+ , and (t+ ; t̂+ (� )) = ; . The relevant ranges of� will coincide
only if m = 0.

We note

@�

�
g� � �

g2
'�

g''

�
=

16̀ 4U2
�
`2 + t2

�
sin(2� )

�
(`2 + t2) sin2(� ) + 4 `2U cos2(� )

� 2 ;
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which shows that, for

t 62(t̂ � (� ); t � ) [ (t+ ; t̂+ (� )) and � 2 (� � ; � � � � ), (4.8.8)

the multiplicative coe�cient ( �� ) of U in (4.8.7) will satisfy

(�� ) �
4`2

�
`2 + t2

�
sin2(� � )

(`2 + t2) sin2(� � ) + 4 `2U cos2(� � )
=: f � (t) : (4.8.9)

We are ready now to construct the projection metric in the region (4.8.8).
Removing from the metric tensor (4.8.1) the terms (� ) appearing in (4.8.5), as
well as the d� 2 terms, and using (4.8.9) one �nds, forg-causal vectorsX ,

g(X; X ) � 
 2(( � 2)� X; (� 2)� X ) ;

with � 2 as in (4.8.4), and where


 2 := � U � 1dt2 + f � Ud� 2 : (4.8.10)

Since U has exactly two simple zeros and is �nite everywhere, and for� such
that g'' is positive on the region� 2 [� � ; � � � � ], the projection diagram for that
region, in a space-time in which no periodic identi�cations in � are made, is
given by the left diagram of Figure 4.8.2. The reader should have no di�culties
�nding the corresponding diagrams for the remaining valuesof � .

However, we are in fact interested in those space-times where � is 4� pe-
riodic. This has two consequences: a) there are closed timelike Killing orbits
in all the regions whereU is negative, and b) no simultaneous extensions are
possible across two orbit-adjacent boundaries. It then follows (see the right
diagram of Figure 4.8.2) that there are, within the Taub-NUT class, only two
non-isometric, maximal, vacuum extensions across compactCauchy horizons
of the Taub space-time. (Compare [?, Proposition 4.5 and Theorem 1.2] for
the local uniqueness of extensions, and [66] for a discussion of extensions with
non-compact Killing horizons.)





Chapter 5

Alternative approaches

In most of our discussion so far we have been considering stationary space-times.
In those it is most convenient to de�ne the black hole region using the 
ow of the
Killing vector �eld, as presented in Section 1.3.7, p. 54. Innon-stationary space-
times this does not work, and a di�erent approach is needed. The standard
way to do this invokes conformal completions, which we critically review in
Section 5.1 below. We then pass to a discussion of alternative possibilities.

5.1 The standard approach and its shortcomings

The standard way of de�ning black holes is by using conformalcompletions: A
pair ( eM ; eg) is called a conformal completion of (M ; g) if eM is a manifold with
boundary such that:

1. M is the interior of eM ,

2. there exists a function 
, with the property that the metri c eg, de�ned
to be 
 2g on M , extends by continuity to the boundary of eM , with the
extended metric still being non-degenerate throughout,

3. 
 is positive on M , di�erentiable on eM , vanishes onI , with d
 nowhere
vanishing on I .

We emphasize that no assumptions about the causal nature of Scri are made
so far. The boundary of eM will be called Scri, denotedI .

In the standard treatments of the problem at hand [149, 274] smoothness of
both the conformal completion and the metric eg is imposed, though this can be
weakened for many purposes.

Let ( eM ; eg) be a conformal completion at in�nity of ( M ; g). One sets

I + = f p 2 I j I � (p; eM ) \ M 6= ;g :

Assuming various global regularity conditions on the conformal completion eM ,
the black hole regionB is then de�ned as (cf., e.g., [149, 274])

B := M n J � (I + ) : (5.1.1)

Let us point out some drawbacks of this approach:

201
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� Non-equivalent Scri's: Conformal completions at null in�nity do not
have to be unique, an example can be constructed as follows:

The Taub{NUT metrics can be locally written in the form [211]

� U � 1dt2 + (2 L)2U� 2
1 + ( t2 + L 2)( � 2

2 + � 2
3) ; (5.1.2)

U(t) = � 1 + 2(mt + L 2 )
t2+ L 2 : (5.1.3)

where � 1, � 2 and � 3 are left invariant one{forms on SU(2) � S3. The
constants L and m are real numbers with L > 0. Parameterizing S3 with
Euler angles (�; �; ' ) one is led to the following form of the metric

g = � U � 1dt2 + (2 L)2U(d� + cos �d' )2 + ( t2 + L 2)(d� 2 + sin 2 �d' 2) :

To construct the conformal completions, one �rst passes to acoordinate
system which is used to perform extensions across the Cauchyhorizons
t � := M �

p
M 2 + L 2:

(t; �; �; ' ) ! (t; � �
Z t

t0

[2LU (s)]� 1ds; �; ' ) : (5.1.4)

Denoting by g� the metric g in the new coordinates, one �nds

g� = � 4L(d� + cos �d' )dt

+(2 L)2U(d� + cos �d' )2 + ( t2 + L 2)(d� 2 + sin 2 �d' 2) :(5.1.5)

Each of the metrics g� can be smoothly conformally extended to the
boundary at in�nity \ t = 1 " by introducing

x = 1=t ;

so that (5.1.5) becomes

g� = x � 2
�

� 4L (d� + cos �d' )dx

+(2 L)2x2U(d� + cos �d' )2 + (1 + L 2x2)(d� 2 + sin 2 �d' 2)
�

: (5.1.6)

In each case this leads to a Scri di�eomorphic toS3. There is a simple
isometry betweeng+ and g� given by

(x; �; �; ' ) ! (x; � �; �; � ' )

(this does correspond to a smooth map of the regiont 2 (t+ ; 1 ) into it-
self, cf. [78]), so that the two Scri's so obtained are isometric. However, in
addition to the two ways of attaching Scri to the region t 2 (t+ ; 1 ) there
are the two corresponding ways of extending this region across the Cauchy
horizon t = t+ , leading to four possible manifolds with boundary. It can
then be seen, using e.g. the arguments of [78], that the four possible man-
ifolds split into two pairs, each of the manifolds from one pair not being
isometric to one from the other. Taking into account the corresponding
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completion at \ t = �1 ", and the two extensions across the Cauchy hori-
zon t = t � , one is led to four inequivalent conformal completions of each
of the two inequivalent [78] time-oriented, maximally extended, standard
Taub-NUT space-times.

This example naturally raises the question,how many di�erent conformal
completions can a space-time have?Under mild completeness conditions
in the spirit of [135], uniqueness ofI + as a point set inpast-distinguishing
space-times should follow from the TIP and TIF construction of [136];
note that this last condition is not satis�ed by the Taub-NUT example.

The TIP/TIF analysis does, however, not carry information a bout dif-
ferentiability. It turns out that, building upon an approac h proposed by
Geroch [134], one can prove existence and uniqueness ofmaximal strongly
causal conformal completions in the smooth category,provided there exists
a non-trivial one [66, Theorem 5.3] (compare [134, Theorem 2, p. 14]).
But note that the existence of a non-empty strongly causal completion
seems to be di�cult to control in general situations. 1 In particular it
could happen that many space-times of interest admitting conformal com-
pletions do not admit any strongly causal ones.

We note that uniqueness of a class of Riemannian conformal completions
at in�nity has been established in [77, Section 6], based on the analysis
in [85]; this result can probably be used to obtain uniqueness of di�eren-
tiable structure of Lorentzian conformal completions for Scri's admitting
cross-sections, but we have not attempted to explore this idea any fur-
ther.

Further partial results on the problem at hand can be found in [254].

� Poorly di�erentiable Scri's: In all standard treatments [134, 149, 274]
it is assumed that both the conformal completion eM = M [ I and
the extended metric eg are smooth, or have a high degree of di�erentia-
bility [237]. This is a restriction which excludes most space-times which
are asymptotically Minkowskian in lightlike directions, see [11, 88,?, 179]
and references therein. Poor di�erentiability properties of I change the
peeling properties of the gravitational �eld [81], but most { if not all
{ essential properties of black holes should be una�ected by conformal
completions with, e.g., polyhomogeneous di�erentiability properties as
considered in [12, 81]. It should, however, be borne in mind that the hy-
pothesis of smoothness has been done in the standard treatments, so that
in a complete theory the validity of various claims should bereexamined.

A breakthrough result concerning the asymptotics at Scri isdue to Hintz
and Vasy [153], who prove that initial data which are polyhomogeneous at
spatial in�nity lead to space-times with a polyhomogeneousScri. Further
results concerning existence of space-times with a poorly di�erentiable
Scri can be found in [95, 189].

1Globally hyperbolic conformal completions (in the sense of manifolds with boundary) are
necessarily strongly causal. But it should be borne in mind t hat good causal properties of a
space-time might fail to survive the process of adding a conformal boundary.
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t = 0
I +

E1E2

singularity i+

Figure 5.1.1: An asymptotically 
at space-time with an unusual i+ .

� The structure of i+ : The current theory of black holes is entirely based
on intuitions originating in the Kerr and Schwarzschild geometries. In
those space-times we have a family of preferred \stationary" observers
which follow the orbits of the Killing vector �eld @t in the asymptotic
region, and their past coincides with that of I + . It is customary to denote
by i+ the set consisting of the pointst = 1 , where t is the Killing time
parameter for those observers. Now, the usual conformal diagrams for
those space-times [149, 212] leave the highly misleading impression that i+

is a regular point in the conformally rescaled manifold, which, to the best
of our knowledge, is not the case. In dynamical cases the situation is likely
to become worse. For example, one can imagine black hole space-times
with a conformal diagram which, to the future of a Cauchy hypersurface
t = 0, looks as in Figure 5.1.1. In that diagram the set i+ should be
thought of as the addition to the space-time manifold M of a set of
points \ f t = 1 ; q 2 Og", where t 2 [0; 1 ) is the proper time for a family
of observersO. The part of the boundary of eM corresponding to i+ is
a singularity of the conformally rescaled metric, but we assume that it
doesnot correspond to singular behaviour in the physical space-time. In
this space-time there is the usual event horizonE1 corresponding to the
boundary of the past of I + , which is completely irrelevant for the family
of observersO, and an event horizonE2 which is the boundary of the true
black hole region for the family O, i.e., the region that is not accessible
to observations for the family O. Clearly the usual black hole de�nition
carries no physically interesting information in such a setting.

� Causal regularity of Scri: As already pointed out, in order to be able
to prove interesting results the de�nition (5.1.1) should be complemented
by causal conditions on eM . The various approaches to this question
are aesthetically highly unsatisfactory: it appears reasonable to impose
causal regularity conditions on a space-time, but why should some un-
physical completion have any such properties? Clearly, thephysical prop-
erties of a black hole should not depend upon the causal regularity { or
lack thereof { of some arti�cial boundary which is being attached to the
space-time. While it seems reasonable and justi�ed to restrict attention
to space-times which possess good causal properties, it is not clear why
the addition of arti�cial boundaries should preserve thoseproperties, or
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even be consistent with them. Physically motivated restrictions are rele-
vant when dealing with physical objects, they are not when non-physical
constructs are considered.

� Inadequacy for numerical purposes: Most2 numerical studies of black
holes are performed on numerical grids which cover �nite space-time re-
gions. Clearly, it would be convenient to have a set-up whichis more
compatible in spirit with such calculations than the Scri one.

We present in Sections 5.2.1 and 5.2.2 below two approaches in which the
above listed problems are avoided.

5.2 Black holes without Scri

There has been considerable progress in the numerical analysis of black hole
solutions of Einstein's equations; here one of the objectives is to write a stable
code which would solve the full four dimensional Einstein equations, with initial
data containing a non-connected black hole region that eventually merges into
a connected one. One wishes to be able to consider initial data which do
not possess any symmetries, and which have various parameters { such as the
masses of the individual black holes, their angular momenta, as well as distances
between them { which can be varied in signi�cant ranges. Finally one wishes the
code to run to a stage where the solution settles to a state close to equilibrium.
The challenge then is to calculate the gravitational wave forms for each set of
parameters, which could then be used in the gravitational wave observatories to
determine the parameters of the collapsing black holes out of the observations
made. This program has been being undertaken for years by several groups of
researchers, with steady progress being made [6, 7, 14, 18, 32, 36, 142, 145, 173,
187, 240].3

There is a fundamental di�culty above, of deciding whether or not one is
dealing indeed with the desired black hole initial data: thede�nition (5.1.1) of a
black hole requires a conformal boundaryI satisfying some properties. Clearly
there is no way of ensuring those requirements in a calculation performed on a
�nite space-time grid. 4

In practice what one does is to set up initial data on a �nite grid so that
the region near the boundary is close to 
at (in the conformal approach the
whole asymptotically 
at region is covered by the numerical grid, and does not

2The numerical simulations in [18, 32, 142] cover regions extending all the way to in�nity,
within frameworks which seem to be closely related to the \na ive" framework of Section 5.2.1
below.

3Some spectacular visualizations of the calculations performed can be found at the URL
http://jean-luc.aei.mpg.de/NCSA1999/GrazingBlackHol es

4The conformal approach developed by Friedrich (cf., e.g., [123, 124] and references therein)
provides an ideal numerical framework for studying gravita tional radiation in situations where
the extended space-time is smoothly conformally compacti� able across i + , since then one
can hope that the code will be able to \calculate Scri" global ly to the future of the initial
hyperboloidal hypersurface. It is not clear whether a confo rmal approach could provide more
information than the non-conformal ones when i + is itself a singularity of the conformally
rescaled equations, as is the case for black holes.
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need to be near the boundary of the numerical grid; this distinction does not
a�ect the discussion here). Then one evolves the initial dataas long as the
code allows. The gravitational waves emitted by the system are then extracted
out of the metric near the boundary of the grid. Now, our understanding of
energy emitted by gravitational radiation is essentially based on an analysis of
the metric in an asymptotic region where g is nearly 
at. In order to recover
useful information out of the numerical data it is thus necessary for the metric
near the boundary of the grid to remain close to a 
at one. If wewant to be sure
that the information extracted contains all the essential dynamical information
about the system, the metric near the boundary of the grid should quiet down
to an almost stationary state as time evolves. Now, it is straightforward to
set-up a mathematical framework to describe such situations without having to
invoke conformal completions, this is done in the next section.

5.2.1 Naive black holes

Consider a globally hyperbolicspace-timeM which contains a region covered
by coordinates (t; x i ) with ranges

r :=
s X

i

(x i )2 � R0 ; T0 � R0 + r � t < 1 ; (5.2.1)

such that the metric g satis�es there

jg�� � � �� j � C1r � � � C2 ; � > 0 ; (5.2.2)

for some positive constantsC1; C2; � ; clearly C2 can be chosen to be less than
or equal to C1R� �

0 . Making R0 larger one can thus makeC2 as small as desired,
e.g.

C2 = 10 � 2 ; (5.2.3)

which is a convenient number in dimension 3+1 to guarantee that objects alge-
braically constructed out of g (such asg�� ;

p
det g) are well controlled; (5.2.3) is

certainly not optimal, and any other number suitable for the purposes at hand
would do. To be able to prove theorems about such space-timesone would need
to impose some further, perhaps not necessarily uniform, decay conditions on
a �nite number of derivatives of g; there are various possibilities here, but we
shall ignore this for the moment. Then one can de�ne theexterior region M ext ,
the black hole regionB and the future event horizon E as

M ext := [ � � T0 J � (S�;R 0 ) = J � ([ � � T0 S�;R 0 ) ; (5.2.4)

B := M n M ext ; E := @B ; (5.2.5)

where
S�;R 0 := f t = �; r = R0g : (5.2.6)

We will refer to the de�nition (5.2.1)-(5.2.6) as that of a naive black hole.
In the setup of Equations (5.2.1)-(5.2.6) an arbitrarily chosenR0 has been

used; for this de�nition to make senseB so de�ned should not depend upon
this choice. This is indeed the case, as can be seen as follows:
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Proposition 5.2.1 Let Oa � R3 n B (0; R0), a = 1 ; 2, and let Ua � M be of
the form f (t � T0 � R0 + r (~x); ~x) ; ~x 2 Oag in the coordinate system of (5.2.2).
Then

I � (U1) = J � (U1) = I � (U2) = J � (U2) :

Proof: If � is a future directed causal path from p 2 M to q = ( t; ~x) 2
U1, then the path obtained by concatenating � with the path [0 ; 1] 3 s !
(t(s) := t + s; ~x(s) := ~x) is a causal path which is not a null geodesic, hence
can be deformed to a timelike path fromp to ( t + 1 ; ~x) 2 U1. It follows that
I � (U1) = J � (U1); clearly the same holds forU2. Next, let ~xa 2 Oa, and let

 : [0; 1] ! R3 n B (0; R0) be any di�erentiable path such that 
 (0) = ~x1 and

 (1) = ~x2. Then for any t0 � T0 � R0 + r (~x1) the causal curve [0; 1] 3 s !
�( s) = ( t := Cs + t0; ~x(s) := 
 (s)) will be causal for the metric g by (5.2.2) if
the constant C is chosen large enough, with a similar result holding when~x1 is
interchanged with ~x2. The equality I � (U1) = I � (U2) easily follows from this
observation. 2

Summarizing, Proposition 5.2.1 shows that there are many possible equiva-
lent de�nitions of M ext : in (5.2.4) one can replaceJ � (S�;R 0 ) by J � (S�;R 1 ) for
any R1 � R0, but also simply by J � (( t + �; q)), for any p = ( t; q) 2 M which
belongs to the region covered by the coordinate system (t; x i ).

The following remarks concerning the de�nition Equations (5.2.4)-(5.2.5)
are in order:

� For vacuum, stationary, asymptotically 
at space-times th e de�nition is
equivalent to the usual one with I [96, Footnote 7, p. 572]; here the
results of [102, 104] are used. However, one does not expect the existence
of a smooth I + to follow from (5.2.1)-(5.2.2) in general.

� Suppose that M admits a conformal completion, and that I is semi-
complete to the future. Then for any �nite interval [ T0; T1] there exists
R0(T0; T1) and a coordinate system satisfying (5.2.2) and covering a set
r � R0(T0; T1), T0 � R0 � t � T1 � R0. This follows from the Tamburino-
Winicour construction of Bondi coordinates (u; r; �; ' ) near I + [265],
followed by the introduction of the usual Minkowskian coordinates t = u+
r , x = r sin � cos' , etc. The problem is that R(T1; T2) could shrink to zero
asT2 goes to in�nity. Thus, when I + exists, conditions Equations (5.2.1)-
(5.2.2) areuniformity conditions on I + to the future: the metric remains
uniformly controlled on a uniform neighborhood of I + as the retarded
time goes to in�nity.

� It should not be too di�cult to check whether or not the future geodesi-
cally complete space-times of Friedrich [121, 125], Christodoulou and Klain-
erman [56], Lindblad and Rodnianski [1,?], Hintz and Vasy [153], or the
small data black holes of [100, 174], or the Robinson-Trautman black-
holes discussed in Chapter 6, admit coordinate systems satisfying (5.2.1)-
(5.2.2).
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It is not clear if asymptotically 
at space-times in which no such control is
available do exist at all; in fact, it is tempting to formulat e the following version
of the (weak) cosmic censorshipconjecture:

The maximal globally hyperbolic development of generic5, asymp-
totically 
at, vacuum initial data contains a region with co ordinates
satisfying (5.2.1)-(5.2.2).

Whatever the status of this conjecture, one can hardly envisage numerical sim-
ulations leading to the calculation of an essential fraction of the total energy
radiated away in space-times in which some uniformity conditions do not hold.

5.2.2 Quasi-local black holes

As already argued, the naive approach of the previous section should be more
convenient for numerical simulations of black hole space-times, as compared to
the usual one based on Scri. It appears to be even more convenient to have a
framework in which all the issues are localized in space; we wish to suggest such
a framework here. When numerically modeling an asymptotically 
at space-
time, whether in a conformal or a direct approach, a typical numerical grid
will contain large spheres S(R) on which the metric is nearly
at, so that an
inequality such as (5.2.2)-(5.2.3) will hold in a neighborhood of S(R). On slices
t = const the condition (5.2.2) is usually complemented with afall-o� condition
on the derivatives of the metric

j@� g�� j � Cr � � � 1 : (5.2.7)

However, condition (5.2.7) is inadequate in the radiation regime, where retarded
time derivatives of the metric are not expected to fall-o� faster than r � 1. It
turns out that there is a condition on derivatives of the metric in null directions
which is ful�lled at large distance both in spacelike and in null directions: Let
K a, a = 1 ; 2, be null future pointing vector �elds on S(R) orthogonal to S(R),
with K 1 inwards pointing and K 2 { outwards pointing; these vector �elds are
unique up to scaling. Let � a denote the associated null second fundamental
forms de�ned as

8 X; Y 2 T S(R) � a(X; Y ) := g(r X K a; Y ) : (5.2.8)

It can be checked, e.g. using the asymptotic expansions for the connection
coe�cients near I + from [80, Appendix C], that � 1 is negative de�nite and
� 2 is positive de�nite for Bondi spheres S(R) su�ciently close to I + ; simi-
larly for I � . This property is not a�ected by the rescaling freedom at hand.
Following G. Galloway [128], a two-dimensional spacelike submanifold of a four-
dimensional space-time will be calledweakly null convexif � 1 is semi-positive
de�nite, with the trace of � 2 negative.6 The null convexity condition is easily

5The examples constructed by Christodoulou [55] with spheri cally symmetric gravitating
scalar �elds suggest that the genericity condition is unavo idable, though no corresponding
vacuum examples are known.

6Galloway de�nes null convexity through the requirement of positive de�niteness of � 1 and
negative de�niteness of � 2 . However, he points out himself [128, p. 1472] that the weak null
convexity as de�ned above su�ces for his arguments to go thro ugh.
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veri�ed for su�ciently large spheres in a region asymptotic ally 
at in the sense
of (5.2.7). It does also hold for large spheres in a large class of space-times with
negative cosmological constant. The null convexity condition is then the condi-
tion which we propose as a starting point to de�ning \quasi-local" black holes
and horizons. The point is that several of the usual properties of black holes
carry over to the weakly null convex setting. In retrospect, the situation can
be summarized as follows: the usual theory of Scri based black holes exploits
the existence of conjugate points on appropriate null geodesics whenever those
are complete to the future; this completeness is guaranteedby the fact that
the conformal factor goes to zero at the conformal boundary at an appropriate
rate. Galloway's discovery in [128] is that weak null convexity of large spheres
near Scri provides a second, in principle completely independent, mechanism to
produce the needed focusing behaviour.

Throughout this section we will consider a globally hyperbolic space-time
(M ; g) with time function t. Let T � M be a �nite union of connected timelike
hypersurfacesT � in M . We set

S � := f t = � g ; T (� ) := T \ S � ; T � (� ) := T � \ S � : (5.2.9)

For further purposes anything that happens on the exterior side of T is com-
pletely irrelevant, so it is convenient to think of T as a boundary ofM ; global
hyperbolicity should then be understood in the sense that (M := M [ T ; g)
is strongly causal, and that J + (p; M ) \ J � (q; M ) is compact in M for all
p; q 2 M .

One can also think of eachT � as a family of observers.
Recall that the null convergence condition is the requirement that

Ric(X; X ) � 0 for all null vectors X 2 T M : (5.2.10)

We have the following topological censorshiptheorem for weakly null convex
timelike boundaries:

Theorem 5.2.2 (Galloway [128]) Suppose that a globally hyperbolic space-time
(M ; g) satisfying the null convergence condition (5.2.10) has a timelike bound-
ary T = [ I

� =1 T � and a time function t such that the level sets oft are Cauchy
surfaces, with each sectionT (� ) of T being null convex. Then distinctT � 's
cannot communicate with each other:

� 6= � J + (T � ) \ J � (T � ) = ; :

As is well known, topological censorship implies constraints on the topology:

Theorem 5.2.3 (Galloway [128]) Under the hypotheses of Theorem 5.2.2 sup-
pose further that the cross-sectionsT � (� ) of T � have spherical topology.7 Then
the � -domain of outer communication

hhT � ii := J + (T � ) \ J � (T � ) (5.2.11)

is simply connected.
7The reader is referred to [130] and references therein for results without the hypothesis of

spherical topology. The results there, presented in a Scri setting, generalize immediately to
the weakly null convex one.
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It follows in particular from Theorem 5.2.3 that M can be replaced by
a subset thereof such thatT is connected in the new space-time, with all
essential properties relevant for the discussion in the remainder of this section
being una�ected by that replacement. We shall not do that, to avoid a lengthy
discussion of which properties are relevant and which are not, but the reader
should keep in mind that the hypothesis of connectedness ofT can indeed be
done without any loss of generality for most purposes.

We de�ne the quasi-local black hole regionB T � and the quasi-local event
horizon ET � associated with the hypersurfaceT � by

B T � := M n J � (T � ) ; ET � := @B T � : (5.2.12)

If T is the hypersurface[ � � T0 S�;R 0 of Section 5.2.1 then the resulting black
hole region coincides with that de�ned in (5.2.5), hence does not depend upon
the choice of R0 by Proposition 5.2.1; however,B T � might depend upon the
chosen family of observersT � in general. It is certainly necessary to impose
some further conditions onT to reduce this dependence. A possible condition,
suggested by the geometry of the large coordinate spheres considered in the
previous section, could be that the light-cones of the induced metric on T are
uniformly controlled both from outside and inside by those of two static, future
complete reference metrics onT . However, neither the results above, nor the
results that follow, do require that condition.

The Scri-equivalents of Theorem 5.2.3 [38, 65, 74, 96, 127, 130, 131, 166] allow
one to control the topology of \good" sections of the horizon, and for the
standard stationary black-holes this does lead to the usualS2� R topology of the
horizon [96, 149]. In particular, in stationary, asymptoti cally 
at, appropriately
regular space-times the intersection of a partial Cauchy hypersurface with an
event horizon will necessary be a �nite union of spheres. In general space-times
such intersections do not even need to be manifolds: for example, in the usual
spherically symmetric collapsing star the intersection ofthe event horizon with
level sets of a time function will be a point at the time of appearance of the
event horizon. We refer the reader to [73, Section 3] for other such examples,
including one in which the topology of sections of horizon changes type from
toroidal to spherical as time evolves. This behaviour can betraced back to
the existence of past end points of the generators of the horizon. Nevertheless,
some sections of the horizon have controlled topology { for instance, we have
the following:

Theorem 5.2.4 Under the hypotheses of Theorem 5.2.2, consider a connected
component T � of T such that ET � 6= ; . Let

C� (� ) := @J+ (T � (� )) :

If C� (� ) \ ET � is a topological manifold, then each connected component thereof
has spherical topology.

Proof: Consider the open subsetM � of M de�ned as

M � := I + (C� (� ); M ) \ I � (T � ; M ) � hh T � ii :
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We claim that ( M � ; gjM � ) is globally hyperbolic: indeed, let p; q 2 M � ; global
hyperbolicity of M shows that J � (p; M ) \ J + (q; M ) is a compact subset ofM ,
which is easily seen to be included inM � . It follows that J � (p; M � ) \ J + (q; M � )
is compact, as desired. By the usual decomposition we thus have

M � � R � S ;

where S is a Cauchy hypersurface forM � . Applying Theorem 5.2.3 to the
globally hyperbolic space-timeM � (which has a weakly null convex boundary
T � \ f t > � g) one �nds that M � is simply connected, and thus so isS. Since
C� (� ) and E� are null hypersurfaces inM , it is easily seen that the closure in
M of the Cauchy surfacef 0g � S intersects E� precisely at C� (� ) \ ET � . It
follows that S is a compact, simply connected, three dimensional topological
manifold with boundary, and a classical result [150, Lemma 4.9] shows that
each connected component of@S is a sphere. The result follows now from
@S � C� (� ) \ ET � . 2

Yet another class of \good sections" ofET can be characterized8 as fol-
lows: suppose thathhT � ii \ S � is a submanifold with boundary of M which is,
moreover, a retract of hhT � ii . Then hhT � ii \ S � is simply connected by The-
orem 5.2.3, and spherical topology of all boundary components of hhT � ii \ S �

follows again from [150, Lemma 4.9]. It is not clear whether there always exist
time functions t such that the retract condition is satis�ed; similarly it is not
clear that there always exist � 's for which the conditions of Theorem 5.2.4 are
met for metrics which are not stationary (one would actually want \a lot of
� 's"). It would be of interest to understand this better.

We have an area theorem forET :

Theorem 5.2.5 Under the hypotheses of Theorem 5.2.2, suppose further that
ET 6= ; . Let S a, a = 1 ; 2 be two achronal spacelike embedded hypersurfaces of
C2 di�erentiability class, set Sa = S a \ ET . Then:

1. The area of Sa is well de�ned.

2. If
S1 � J � (S2) ;

then the area ofS2 is larger than or equal to that ofS1. (Moreover, this
is true even if the area ofS1 is counted with multiplicity 9 of generators
provided that S1 \ S2 = ; .)

We note that point 1 is less trivial as it appears, because horizons can be
rather rough sets, and it requires a certain amount of work toestablish that
claim.
Proof: The result is obtained by a mixture of methods of [73] and of [128],
and proceeds by contradiction: assume that the Alexandrov divergence� A l of
ET is negative, and consider theS�;�;� deformation of the horizon as constructed

8 I am grateful to G. Galloway for useful discussions concerning this question, as well as
many other points presented in this section.

9See [73] for details.
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in Proposition 4.1 of [73], with parameters chosen so that� �;�;� < 0. Global
hyperbolicity implies the existence of an achronal null geodesic from S�;�;� to
some cut T (� ) of T . The geodesic can further be chosen to be \extremal",
in the sense that it meets T (t) for the smallest possible value oft among
all generators of the boundary ofJ + (S�;�;� ) meeting T . The argument of the
proof of Theorem 1 of [128] shows that this is incompatible with the null energy
condition and with weak null convexity of T (� ). It follows that � A l � 0, and
the result follows from [73, Proposition 3.3 and Theorem 6.1]. 2

It immediately follows from the proof above that, under the hypotheses of
Theorem 5.2.2, the occurrence of twice di�erentiable futuretrapped (compact)
surfaces implies the presence of a black hole region. The same result holds for
semi-convex compact surfaces which are trapped in an Alexandrov sense. It is,
however, not known if the existence of marginally trapped surfaces { whether
de�ned in a classical, or Alexandrov, or a viscosity sense { does signal the
occurrence of black hole; it would be of interest to settle that.

In summary, we have shown that the quasi-local black holes, de�ned us-
ing weakly null convex timelike hypersurfaces, or boundaries, possess several
properties usually associated with the Scri-based black holes, without the asso-
ciated problems. We believe they provide a reasonable alternative, well suited
for numerical calculations.



Chapter 6

Dynamical black holes: the
Robinson-Trautman metrics

All black-hole metrics seen so far were stationary. This is essentially due to
the fact that explicit non-stationary metrics are hard to come by. The closest
one can come to an explicit time-dependent black hole metricis provided by
the Robinson-Trautman family metrics, which are explicit up to one function
satisfying a parabolic evolution equation. The aim of this chapter is to present
some properties of those metrics.

6.1 Robinson{Trautman space-times.

The Robinson{Trautman (RT) metrics are vacuum metrics which can be viewed
as evolving from data prescribed on a single null hypersurface.

From a physical point of view, the RT metrics provide examples of isolated
gravitationally radiating systems. In fact, these metrics were hailed to be the
�rst exact nonlinear solutions describing such a situation. Their discovery [250]
was a breakthrough in the conceptual understanding of gravitational radiation
in Einstein's theory.

The RT metrics were the only example of vacuum dynamical black holes
without any symmetries and with exhaustively described global structure un-
til the construction, in 2013 [99], of a large class of such space-times using
\scattering data" at the horizon and at future null in�nity. Further dynamical
black holes have been meanwhile constructed in 2018 in [100,174], by evolution
of small perturbations of Schwarzschild initial data. See also [83] for asymp-
totically many-black-hole dynamical vacuum space-times with \a piece of I ",
and [170] for a class of vacuum multi-black-holes with a positive cosmological
constant.

There are several interesting features exhibited by the RT metrics: First,
and rather unexpectedly, in this class of metrics the Einstein equations reduce
to a single parabolic fourth order equation. Next, the evolution is unique within
the class, in spite of a \naked singularity" at r = 0. Last but not least, they
possess remarkable extendibility properties.

By de�nition, the Robinson{Trautman space-times can be foliated by a null,
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hypersurface-orthogonal, shear-free, expandinggeodesic congruence. It has been
shown by Robinson and Trautman [246] that in such a space-time there always
exists a coordinate system in which the metric takes the form

4g = � � du2 � 2du dr + r 2e2� �gab(xc) dxa dxb

| {z }
=:�g

; � = � (u; xa) ; (6.1.1)

� =
R
2

+
r

12m
� gR �

2m
r

; R = R(gab) � R(e2� �gab) ; (6.1.2)

where thexa's are local coordinates on the two-dimensional smooth Riemannian
manifold ( 2M; �g), m 6= 0 is a constant which is related to the total Trautman-
Bondi mass of the metric, andR is the Ricci scalar of the metric g := e2� �g.
In writing (6.1.1)-(6.1.2) we have ignored those space-times which admit a con-
gruence as above and where the parameterm vanishes.

The Einstein equations for a metric of the form (6.1.1) reduce to a single
equation

@ugab =
1

12m
� gR gab () @u � =

1
24m

e� 2� � �g(e� 2� ( �R � 2� �g� )) ; (6.1.3)

where � g is the Laplace operator of the two-dimensional metricg = gabdxadxb,
and �R is the Ricci scalar of the metric �g.

Equation (6.1.3) will be referred to as the RT equation. It is �rst-order
in the \time" u, fourth-order in the space-variables xa, and belongs to the
family of parabolic equations. The Cauchy data for (6.1.3) consist of a function
� 0(xa) � � (u = u0; xa), which is equivalent to prescribing the metric g�� of the
form (6.1.1) on a null hypersurfacef u = u0; r 2 (0; 1 )g � 2M . Without loss
of generality, translating u if necessary, we can assume thatu0 = 0.

Note that the initial data hypersurface asymptotes to a curvature singularity
at r = 0, with the scalar R��
� R��
� diverging asr � 6 whenr = 0 is approached.
This is a \white hole singularity", familiar to all known sta tionary black hole
spaces-times.

The RT equation (6.1.3) has been considered in a completely di�erent con-
text by Calabi [41].

The function � � 0 solves (6.1.3) when �g is the unit round metric on
the sphere. The metric (6.1.1) is then the Schwarzschild metric in retarded
Eddington-Finkelstein coordinates.

It follows from the theory of parabolic equations that for m < 0 the evolution
problem for (6.1.3) is locally well posed backwards inu, while for m > 0 the RT
equation can be locally solved forwards inu. Rede�ning u to � u transforms
(6.1.3) with m < 0, u � 0 to the same equation with a new mass parameter
� m > 0 and with u � 0. Thus, when discussing (6.1.3) it su�ces to assume
m > 0. On the other hand, the global properties of the associatedspace-times
will be di�erent, and will need separate discussion.

Note that solutions of typical parabolic equations, including (6.1.3), imme-
diately become analytic. This implies that for smooth but not analytic initial
functions � 0, the equation will not be solvable backwards inu when m > 0, or
forwards in u when m < 0.

In [58, 59, 91] the following has been proved:
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1. When m > 0 solutions of (6.1.3) with, say smooth, initial data at u = 0
exist for all u � 0. The proof consists in showing that all Sobolev norms
of the solution remain �nite during the evolution. The �rst k ey to this
is the monotonicity of the Trautman-Bondi mass, which for RT metrics
equals [260]

mTB =
m
4�

Z

S2
e3� d� �g : (6.1.4)

The second is the monotonicity property of
Z

2M
(R � R0)2 (6.1.5)

discovered by Calabi [41] and, independently, by Luk�acs, Perjes, Porter
and Sebesty�en [196].

2. Let m > 0. There exists a strictly increasing sequence of real numbers
� i > 0, integers n i with n1 = 0, and functions ' i;j 2 C1 ( 2M ), 0 � j �
n i , such that, possibly after performing a conformal transformation of �g,
solutions of (6.1.3) have a full asymptotic expansion of theform

� (u; xa) =
X

i � 1 ; 0� j � n i

' i;j (xa)uj e� � i u=m ; (6.1.6)

when u tends to in�nity. The result is obtained by a delicate asympt otic
analysis of solutions of the RT equation.

The decay exponents� i and the n i 's are determined by the spectrum of � �g.
For example, if ( 2M; �g) is a round two sphere, we have [59]

� i = 2 i ; i 2 N ; with n1 = : : : = n14 = 0 ; n15 = 1 : (6.1.7)

Remark 6.1.1 The �rst global existence result for the RT equation has been ob-
tained by Rendall [247] for a restricted class of near-Schwarzschildian initial data.
Global existence and convergence to a round metric for all smoothinitial data
has been established in [58]. There the uniformization theorem for compact two-
dimensional manifolds has been assumed. An alternative proof of global existence,
which establishes the uniformization theorem as a by-product, hasbeen given by
Struwe [263]. 2

The RT metrics all possess a smooth conformal boundary�a la Penrose at
\ r = 1 ". To see this, one can replacer by a new coordinatex = 1=r, which
brings the metric (6.1.1) to the form

4g = x � 2
�

�
�

Rx2

2
+

x� gR
12m

� 2mx3
�

du2 + 2du dx + e2� �g
�

; (6.1.8)

so that the metric 4g multiplied by a conformal factor x2 smoothly extends to
f x = 0g.

In what follows we shall take (2M; �g) to be a two dimensional sphere equipped
with the unit round metric. See [59] for a discussion of othertopologies.
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6.1.1 m > 0

Let us assume that m > 0. Following an observation of Schmidt reported
in [268], the hypersurface \u = 1 " can be attached to the manifold f r 2
(0; 1 ) ; u 2 [0; 1 )g � 2M as a null boundary by introducing Kruskal{Szekeres-
type coordinates (û; v̂), de�ned in a way identical to the ones for the Schwarzschild
metric:

û = � exp
�

�
u

4m

�
; v̂ = exp

�
u + 2 r

4m
+ ln

� r
2m

� 1
� �

: (6.1.9)

This brings the metric to the form

4g = �
32m3 exp

�
� r

2m

�

r
dû dv̂ + r 2e2� �g

� 16m2 exp
� u

2m

� �
R
2

� 1 +
r � gR
12m

�
dû2 : (6.1.10)

Note that 4gûû vanishes when� � 0, and one recovers the Schwarzschild met-
ric in Kruskal-Szekeres coordinates. Equations (6.1.6)-(6.1.7) imply that 4gûû

decays aseu=2m � e� 2u=m = û6. Henceg approaches the Schwarzschild metric
as O(û6) when the null hypersurface

H + := f û = 0g

is approached. A projection diagram as de�ned in Section 4.7, with the 2M
factor projected out, can be found in Figure 6.1.1.

r = 0

H � (u = u0)

I + (r = 1 )

H + (u = 1 )

Figure 6.1.1: A projection diagram for RT metrics with m > 0.

In terms of û the expansion (6.1.6) becomes

� (û; xa) =
X

i � 1 ; 0� j � n i

' i;j (xa) ( � 4m log(jûj)) j û8i ; (6.1.11)

which can be extended toû > 0 as an even function of ^u. This expansion
carries over to similar expansions ofR and � gR, and results in an asymptotic
expansion of the form

4gûû(û; xa) =
X

i � 1 ; 0� j � n i

 i;j (xa) (log jûj) j û8i � 2 ; (6.1.12)
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for some functions ij . It follows from (6.1.2) that the even extension of 4gûû

will be of C117{di�erentiability class.
In fact, any two such even functions4gûû can be continued into each other

acrossu = 0 to a function of C5{di�erentiability class. It follows that:

1. Any two RT metrics can be joined together as in Figure 6.1.2to obtain a
space-time with a metric of C5{di�erentiability class. In particular g can
be glued to a Schwarzschild metric beyondH, resulting in a C5 metric.

r = 0

( 4M ; 4g)

u = u0

r = 1

u = 1

r = 0

u = u0

r = 1

Figure 6.1.2: Vacuum RT extensions beyondH + = f u = 1g . Any two RT met-
rics with the same mass parameterm can be glued across the null hypersurface
H + , leading to a metric of C5{di�erentiability class.

2. It follows from (6.1.2) that g can be glued to itself in theC117{di�erentiability
class.

The vanishing, or not, of the expansion functions' i;j in (6.1.6) with j � 1
turns out to play a key role for the smoothness of the metric atH . Indeed,
the �rst non-vanishing function ' i;j with j � 1 will lead to a  i;j (ln jûj) j û8i � 2

term in the asymptotic expansion of 4gûû . As a result, 4gûû will be extendable
to an even function of û of C8i � 3-di�erentiability class, but not better. It is
shown in [91] that

1. Generic� (0; xa) close to zero lead to a solution with 15;1 6= 0, resulting in
metrics which are extendible acrossH in the C117-di�erentiability class,
but not C118, in the coordinate system above.

2. There exists an in�nite-dimensional family of non-generic initial functions
� (0; xa) for which  15;1 � 0. An even extension of4gûû acrossH results
in a metric of C557-di�erentiability class, but not C558, in the coordinate
system above.

The question arises, whether the above di�erentiability issues are related to
a poor choice of coordinates. By analysing the behaviour of the derivatives of
the Riemann tensor on geodesics approachingH , one can show [91] that the
metrics of point 1 above cannot be extended acrossH in the class of space-
times with metrics of C123-di�erentiability class. Similarly the metrics of point
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2 cannot be extended acrossH in the class of space-times with metrics ofC564-
di�erentiability class. One expects that the di�erentiabili ty mismatches are
not a real e�ect, but result from a non-optimal inextendibili ty criterion used.
It would be of some interest to settle this issue.

Summarising, we have the following:

Theorem 6.1.2 Let m > 0. For any � 0 2 C1 (S2) there exists a Robinson{
Trautman space-time ( 4M ; 4g) with a \half-complete" I + , the global structure
of which is shown in Figure 6.1.1. Moreover:

1. ( 4M ; 4g) is smoothly extendible to the past throughH � . If, however, � 0

is not analytic, then no vacuum Robinson{Trautman extensions through
H � exist.

2. There exist in�nitely many non-isometric vacuum Robinson{Trautman
C5 extensions1 of ( 4M ; 4g) through H + , which are obtained by gluing
to ( 4M ; 4g) any other positive mass Robinson{Trautman space-time, as
shown in Figure 6.1.2.

3. There exist in�nitely many C117 vacuum RT extensions of( 4M ; 4g) through
H + . One such extension is obtained by gluing a copy of( 4M ; 4g) to itself,
as shown in Figure 6.1.2.

4. For any 6 � k � 1 there exists an open setOk of Robinson{Trautman
space-times, in aCk (S2) topology on the set of the initial data functions
� 0, for which no C123 extensions beyondH + exist, vacuum or otherwise.
For any u0 there exists an open ballBk � Ck(S2) around the initial data
for the Schwarzschild metric,� 0 � 0, such that Ok \ B k is dense inBk .

The picture that emerges from Theorem 6.1.2 is the following: generic initial
data lead to a space-time which has no RT vacuum extension to the past of
the initial surface, even though the metric can be smoothly extended (in the
non{vacuum class); and generic data su�ciently close2 to Schwarzschildian ones
lead to a space-time for which no smooth vacuum RT extensionsexist beyond
H + . This shows that considering smooth extensions acrossH + leads to non{
existence, while giving up the requirement of smoothness ofextensions beyond
H + leads to non{uniqueness. It follows that global well-posedness of the general
relativistic initial value problem completely fails in the class of positive mass
Robinson{Trautman metrics.

Remark 6.1.3 There are two striking di�erences between the global structure seen
in Figure 6.1.2 and the usual Penrose diagram for Schwarzschild space-time. The
�rst is the lack of past null in�nity, which we have seen to be unavoidable in the
RT case. The second is the lack of the past event horizon, sectionsof which can be
technically described as amarginally past outer trapped surfaces. The existence of
such surfaces in RT space-times is a non-trivial property which hasbeen established
in [268]. 2

1By this we mean that the metric can be C5 extended beyond H + ; the extension can
actually be chosen to be of C5;� {di�erentiability class, for any � < 1.

2 It is rather clear from the results of [91] that generic RT spa ce-times will not be smoothly
extendible acrossH + , without any restrictions on the \size" of the initial data; but no rigorous
proof is available.
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6.1.2 m < 0

Unsurprisingly, and as already mentioned, the global structure of RT spacetimes
turns out to be di�erent when m < 0, which we assume now. As already noted,
in this case we should takeu � 0, in which case the expansion (6.1.6) again
applies with u ! �1 .

The existence of future null in�nity as in (6.1.8) applies wi thout further due,
except that now the coordinate u belongs to (�1 ; 0].

The new aspect is the possibility of attaching a conformal boundary at past
null in�nity, I � , which is carried out by �rst replacing u with a new coordinate
v de�ned as [253]

v = u + 2r + 4m ln
� �

�
�

r
2m

� 1
�
�
�
�

: (6.1.13)

In the coordinate system (v; r; x a) the metric becomes

4g = �
�

1 �
2m
r

�
dv2 + 2dv dr + r 2e2� �g

+
�

R
2

� 1 +
r

12m
� gR

�  

dv �
2dr

1 � 2m
r

! 2

: (6.1.14)

The last step is the usual replacement ofr by x = 1=r:

4g = x � 2
�

� x2(1 � 2mx)dv2 � 2dv dx + e2� �g

+
�

R � 2
2x2 +

12m� gR
x3

� �
x2dv +

2dx
1 � 2mx

� 2 �
: (6.1.15)

One notices that all terms in the conformally rescaled metric x2 � 4g extend
smoothly to smooth functions of (v; xa) at the conformal boundary f x = 0g
except possibly for

�
R � 2
2x2 +

12m� gR
x3

�
�

�
4dx2

(1 � 2mx)2 +
4x2dv dx
1 � 2mx

�
: (6.1.16)

Now, from the de�nition of v we have

exp
�

�
2u
m

�
=

� r
2m

� 1
� 8

exp
�

2v � 4r
jmj

�

=
�

1 � 2mx
2mx

� 8

exp
�

2v
jmj

�
exp

�
�

4
jmjx

�
:

Using the fact that � = O(exp(� 2u=m)), similarly for all angular derivatives
of � , we see that all three functions � , R � 2 and � gR decay to zero, asx
approaches zero, faster than any negative power ofx. In fact, the o�ending
terms (6.1.16) extend smoothly by zero acrossf x = 0g. We conclude that the
conformally rescaled metricx2 � 4g smoothly extends to I � := f x = 0g.

Summarising, we have:
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r = 0

H + (u = u0) I + (r = 1 )

io

I � (u = �1 )

Figure 6.1.3: A projection diagram for RT metrics with m < 0.

Theorem 6.1.4 Let m < 0. For any � 0 2 C1 ( 2M ) there exists a unique RT
space-time( 4M ; 4g) with a completei0 in the sense of [13], a completeI � , and
\a piece of I + ", as shown in Figure 6.1.3. Moreover

1. ( 4M ; 4g) is smoothly extendible throughH + , but

2. if � 0 is not analytic, there exist no vacuum RT extensions throughH + .

The generic non-extendability of the metric through H + in the vacuum RT
class is rather surprising, and seems to be related to a similar non-extendability
result for compact non{analytic Cauchy horizons in the polarized Gowdy class,
cf. [79]. Since it may well be possible that there exist vacuum extensions which
are not in the RT class, this result does not unambiguously demonstrate a
failure of Einstein equations to propagate generic data forwards in u in such a
situation; however, it certainly shows that the forward evolution of the metric
via Einstein equations breaks down in the class of RT metricswith m < 0.

6.1.3 � 6= 0

So far we have assumed a vanishing cosmological constant. Itturns out that
there exists a straightforward generalisation of RT metrics to � 6= 0. The metric
retains its form (6.1.1), with the function � of (6.1.2) taki ng instead the form

� =
R
2

+
r

12m
� gR �

2m
r

�
�
3

r 2 : (6.1.17)

We continue to assume thatm 6= 0.
It turns out that the key equation (6.1.3) remains the same, thus � tends

to zero and � tends to the function

�� =
�R
2

�
2m
r

�
�
3

r 2 (6.1.18)

as u approaches in�nity. It follows from the generalised Birkho� theorem 1.2.3
that these are theBirmingham metrics presented in Section 4.6. The relevant
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r = 1

r = 0

Figure 6.1.4: The causal diagram whenm < 0, � > 0 and �� has no zeros.

r =
r 0

r =
r
0

r =
r 0

r =
r
0

r =
r
0

r = 0r = 0

r = 1 r = 1

Figure 6.1.5: The causal diagram for Kottler metrics with � > 0, and �� � 0,
with �� vanishing precisely at r0.

projection diagrams can be found there, for the convenienceof the reader we
repeat them in Figures 6.1.4-6.1.7.

The global structure of the space-times with � 6= 0 and � 6� 0 should be clear
from the analysis of the case � = 0: One needs to cut one of the building blocs
of the Figures 6.1.4-6.1.7 with a line with a� 45-degrees slope, corresponding
to the initial data hypersurface u0 = 0. This hypersurface should not coincide
with one of the Killing horizons there, where �� vanishes. The Killing horizons
with the opposite slope in the diagrams should be ignored. Depending upon the
sign of m, one can evolve to the future or to the past of the associated space-
time hypersurface until a conformal boundary at in�nity or a Killing horizon
��( r0) = 0 with the same slope is reached.

The metric will always be smoothly conformally extendable through the
conformal boundaries at in�nity.

As discussed in [33], the extendibility properties across the horizons which
are approached asm � u tends to in�nity will depend upon the surface gravity
of the horizon and the spectrum of �g. For simplicity we assume that

2M = S2 () �R > 0;

a similar analysis can be carried out for other topologies.
Consider, �rst, a zero r = r0 of �� such that

c =
�� 0(r0)

2
> 0:

Similarly to (6.1.9), introduce Kruskal{Szekeres-type coordinates (û; v̂) de-
�ned as

û = � e� cu ; v̂ = ec(u+2 F (r )) ; (6.1.19)

where
F 0 =

1
��

: (6.1.20)
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r
=

0

r
=

0
r = 1

r = 1

r =
r 0

r =
r 0

r =
r
0

r =
r
0

Figure 6.1.6: The causal diagram for Kottler metrics with m < 0, � > 0 �R 2 R,
or m = 0 and �R = 1, with r0 de�ned by the condition ��( r0) = 0. The set
f r = 0g is a singularity unless the metric is the de Sitter metric (2M = S2 and
m = 0), or a suitable quotient thereof so that f r = 0g corresponds to a center
of (possibly local) rotational symmetry.

r = 1 r = 0

r = 1 r = 0

r =
r
(1

)

0

r =
r
(1

)

0

r =
r (1)0

r =
r (1)0

r =
r
(2

)

0

r =
r (2)0

r =
r
(2

)

0

r =
r
(2

)

0

r =
r (2)0

r =
r (2)0

r =
r (1)0

r =
r
(1

)

0

Figure 6.1.7: The causal diagram for Kottler metrics with � > 0 and exactly
two �rst-order zeros of ��.

This brings the metric to the form

4g = �
e� 2cF (r ) ��

c2 dû dv̂ + r 2e2� �g �
e2cu

c2

�
R � �R

2
+

r � gR
12m| {z }

O(exp( � 2u=m))

�
dû2 : (6.1.21)

It is elementary to show that 4gûv̂ extends smoothly acrossf r = r0g. Next we
have

4gûû = O
�

e2(c� 1
m )u

�
= O

�
û2( 1

mc � 1)
�

(6.1.22)

which will extend continuously across a horizonf û = 0g provided that

1
mc

> 1 () mF 0(r0) < 2: (6.1.23)

In fact when (6.1.23) holds, then for any � > 0 the extension to any other RT
solution will be of Cb2( 1

mc � 1)c� � di�erentiability class.
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When � > 0, the parameter c = c(m; �) can be made as small as desired
by making m approach from below the critical value

mc =
1

3
p

�
;

for which c vanishes. Form > m c the function �� has no (real) zeros, and for
0 < m < m c all zeros are simple.

It follows from Figure 6.1.8 that the extension through the black hole event
horizon is at least ofC6-di�erentiability class, and becomes as di�erentiable as
desired when the critical mass is approached.

Figure 6.1.8: The value of the real positive zero of�� (left plot), the product m�
c(m; �) (middle plot), and the function 2 =(m � c(m; �)) � 2 (which determines
the di�erentiability class of the extension through the black hole event horizon;
right plot) as functions of m, with �R = 2 and � = 3.

The calculation above breaks down for degenerate horizons,wherem = mc,
for which c = 0. In this case an extension across a degenerate horizon canbe
obtained by replacing u by a coordinate v de�ned as

v = u + 2F (r ) ; with again
dF
dr

=
1
��

: (6.1.24)

An explicit formula for F can be found, which is not very enlightening. Since��
has a quadratic zero, we �nd that for r approaching r0 we have, after choosing
an integration constant appropriately,

u � v +
1

3(r � r0)
=) �� � u� 2 and e� 2u

m � e� 2
3m ( r � r 0 ) ; (6.1.25)

where f � g is used to indicate that jf=gj is bounded by a positive constant
both from above and below over compact intervals ofv.

Using du = dv � 2dr=�� we �nd

4g = � � dv2 + 2
2� � ��

��| {z }
1+ O(exp( � 2u=m))

dv dr � 4
� � ��

�� 2
| {z }

O(u4 exp(� 2u=m))

dr2 + r 2e2� �g : (6.1.26)

It easily follows that 4gvr can be smoothly extended by a constant function
across r = r0, and that 4grr can be again smoothly extended by the con-
stant function 0. We conclude that any RT metric with a degenerate horizon
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can be smoothly continued across the horizon to a Schwarzschild-de Sitter or
Schwarzschild-anti de Sitter metric with the same mass parameter m, as �rst
observed in [33].

Incidentally: Some results on higher-dimensional generalisations of RT metrics
can be found in [238].
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Appendix A

Introduction to
pseudo-Riemannian geometry

A.1 Manifolds

It is convenient to start with the de�nition of a manifold:

Definition A.1.1 An n{dimensional manifold is a set M equipped with the
following:

1. topology: a \connected Hausdor� paracompact topological space" (think
of nicely looking subsets ofR1+ n , like spheres, hyperboloids, and such),
together with

2. local charts: a collection of coordinate patches(U ; x i ) covering M , where
U is an open subset ofM , with the functions x i : U ! Rn being contin-
uous. One further requires that the maps

M � U 3 p 7! (x1(p); : : : ; xn (p)) 2 V � Rn

are homeomorphisms.

3. compatibility: given two overlapping coordinate patches, (U ; x i ) and (fU ; ~x i ),
with corresponding setsV ; eV � Rn , the maps ~x j 7! x i (~x j ) are smooth
di�eomorphisms wherever de�ned: this means that they are bijections dif-
ferentiable as many times as one wishes, with

det
�

@xi

@~x j

�
nowhere vanishing:

De�nition of di�erentiability: A function on M is smooth if it is smooth when
expressed in terms of local coordinates. Similarly for tensors.

Examples:
1. Rn with the usual topology, one single global coordinate patch.

227
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2. A sphere: use stereographic projection to obtain two overlapping coor-
dinate systems (or use spherical angles, but then one must avoid borderline
angles, so they don't cover the whole manifold!).

3. We will use several coordinate patches (in fact, �ve), to describe the
Schwarzschild black hole, though one spherical coordinatesystem would su�ce.

4. Let f : Rn ! R, and de�ne N := f � 1(0). If r f has no zeros on
N , then every connected component ofN is a smooth (n � 1){dimensional
manifold. This construction leads to a plethora of examples. For example, if
f =

p
(x1)2 + : : : + ( xn )2 � R, with R > 0, then N is a sphere of radiusR.

In this context a useful example is provided by the functionf = t2 � x2 on
R2: its zero-level-set is the light-conet = � x, which is a manifold except at the
origin; note that r f = 0 there, which shows that the criterion is sharp.

A.2 Scalar functions

Let M be an n-dimensional manifold. Since manifolds are de�ned using co-
ordinate charts, we need to understand how things behave under coordinate
changes. For instance, under a change of coordinatesx i ! yj (x i ), to a function
f (x) we can associate a new function�f (y), using the rule

�f (y) = f (x(y)) () f (x) = �f (y(x)) :

In general relativity it is a common abuse of notation to writ e the same symbolf
for what we wrote �f , when we think that this is the same function but expressed
in a di�erent coordinate system. We then say that a real- or complex-valued f
is a scalar function when, under a change of coordinatesx ! y(x), the function
f transforms asf ! f (x(y)).

In this section, to make things clearer, we will write �f for f (x(y)) even when
f is a scalar, but this will almost never be done in the remainder of these notes.
For example we will systematically use the same symbolg�� for the metric
components, whatever the coordinate system used.

A.3 Vector �elds

Physicists often think of vector �elds in terms of coordinate systems: a vector
�eld X is an object which in a coordinate systemf x i g is represented by a
collection of functions X i . In a new coordinate systemf yj g the �eld X is
represented by a new set of functions:

X i (x) ! X j (y) := X j (x(y))
@yi

@xj
(x(y)) : (A.3.1)

(The summation convention is used throughout, so that the index j has to be
summed over.)

The notion of a vector �eld �nds its roots in the notion of the t angent to a
curve, says ! 
 (s). If we use local coordinates to write
 (s) as (
 1(s); 
 2(s); : : : ; 
 n (s)),
the tangent to that curve at the point 
 (s) is de�ned as the set of numbers

( _
 1(s); _
 2(s); : : : ; _
 n (s)) :
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Consider, then, a curve
 (s) given in a coordinate systemx i and let us perform
a change of coordinatesx i ! yj (x i ). In the new coordinates yj the curve 
 is
represented by the functionsyj (
 i (s)), with new tangent

dyj

ds
(y(
 (s))) =

@yj

@xi
(
 (s)) _
 i (s) :

This motivates (A.3.1).
In modern di�erential geometry a di�erent approach is taken: o ne identi�es

vector �elds with homogeneous �rst order di�erential operat ors acting on real
valued functions f : M ! R. In local coordinates f x i g a vector �eld X will be
written as X i @i , where theX i 's are the \physicists's functions" just mentioned.
This means that the action of X on functions is given by the formula

X (f ) := X i @i f (A.3.2)

(recall that @i is the partial derivative with respect to the coordinate x i ). Con-
versely, given some abstract �rst order homogeneous derivative operator X , the
(perhaps locally de�ned) functions X i in (A.3.2) can be found by acting on the
coordinate functions:

X (x i ) = X i : (A.3.3)

One justi�cation for the di�erential operator approach is th e fact that the
tangent _
 to a curve 
 can be calculated | in a way independent of the coor-
dinate system f x i g chosen to represent
 | using the equation

_
 (f ) :=
d(f � 
 )

dt
:

Indeed, if 
 is represented as
 (t) = f x i = 
 i (t)g within a coordinate patch,
then we have

d(f � 
 )( t)
dt

=
d(f (
 (t)))

dt
=

d
 i (t)
dt

(@i f )( 
 (t)) ;

recovering the previous coordinate formula _
 = ( d
 i =dt).
An even better justi�cation is that the transformation rule (A.3.1) becomes

implicit in the formalism . Indeed, consider a (scalar) functionf , so that the
di�erential operator X acts on f by di�erentiation:

X (f )(x) :=
X

i

X i @f(x)
@xi

: (A.3.4)

If we make a coordinate change so that

x j = x j (yk ) () yk = yk(x j ) ;

keeping in mind that

�f (y) = f (x(y)) () f (x) = �f (y(x)) ;
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then

X (f )(x) :=
X

i

X i (x)
@f(x)
@xi

=
X

i

X i (x)
@�f (y(x))

@xi

=
X

i;k

X i (x)
@�f (y(x))

@yk
@yk

@xi
(x)

=
X

k

�X k (y(x))
@�f (y(x))

@yk

=

 
X

k

�X k @�f
@yk

!

(y(x)) ;

with �X k given by the right-hand side of (A.3.1). So

X (f ) is a scalar i� the coe�cients X i satisfy the transformation law of a vector.

Exercice A.3.1 Check that this is a necessary and su�cient condition.

One often uses the middle formula in the above calculation inthe form

@
@xi

=
@yk

@xi
@

@yk
: (A.3.5)

Note that the tangent to the curve s ! (s; x2; x3; : : : xn ), where (x2; x3; : : : xn )
are constants, is identi�ed with the di�erential operator

@1 �
@

@x1
:

Similarly the tangent to the curve s ! (x1; s; x3; : : : xn ), where (x1; x3; : : : xn )
are constants, is identi�ed with

@2 �
@

@x2
;

etc. Thus, _
 is identi�ed with

_
 (s) = _
 i @i :

At any given point p 2 M the set of vectors forms a vector space, denoted
by TpM . The collection of all the tangent spaces is called the tangent bundle
to M , denoted by T M .
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A.3.1 Lie bracket

Vector �elds can be added and multiplied by functions in the obvious way.
Another useful operation is the Lie bracket, or commutator, de�ned as

[X; Y ](f ) := X (Y (f )) � Y (X (f )) : (A.3.6)

One needs to check that this does indeed de�ne a new vector �eld: the simplest
way is to use local coordinates,

[X; Y ](f ) = X j @j (Y i @i f ) � Y j @j (X i @i f )

= X j (@j (Y i )@i f + Y i @j @i f ) � Y j (@j (X i )@i f + X i @j @i f )

= ( X j @j Y i � Y j @j X i )@i f + X j Y i @j @i f � Y j X i @j @i f| {z }
= X j Y i (@j @i f � @i @j f )

| {z }
0

= ( X j @j Y i � Y j @j X i )@i f ; (A.3.7)

which is indeed a homogeneous �rst order di�erential operator. Here we have
used the symmetry of the matrix of second derivatives of twice di�erentiable
functions. We note that the last line of (A.3.7) also gives anexplicit coordinate
expression for the commutator of two di�erentiable vector �e lds.

The Lie bracket satis�es the Jacobi identity:

[X; [Y; Z]] + [ Y;[Z; X ]] + [ Z; [X; Y ]] = 0 :

Indeed, if we write SX;Y;Z for a cyclic sum, then

([X; [Y; Z]] + [ Y;[Z; X ]] + [ Z; [X; Y ]])( f ) = SX;Y;Z [X; [Y; Z]](f )

= SX;Y;Z f X ([Y; Z](f )) � [Y; Z](X (f ))g

= SX;Y;Z f X (Y (Z (f ))) � X (Z (Y (f ))) � Y (Z (X (f ))) + Z (Y (X (f ))) g :

The third term is a cyclic permutation of the �rst, and the fou rth a cyclic
permutation of the second, so the sum gives zero.

A.4 Covectors

Covectors aremaps from the space of vectors to functions which are linear under
addition and multiplication by functions.

The basic object is the coordinate di�erential dxi , de�ned by its action on
vectors as follows:

dxi (X j @j ) := X i : (A.4.1)

Equivalently,

dxi (@j ) := � i
j :=

�
1; i = j ;
0; otherwise.

The dxi 's form a basis for the space of covectors: indeed, let' be a linear map
on the space of vectors, then

' ( X|{z}
X i @i

) = ' (X i @i ) =|{z}
linearity

X i ' (@i )| {z }
call this ' i

= ' i dxi (X ) =|{z}
def. of sum of functions

(' i dxi )(X ) ;
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hence
' = ' i dxi ;

and every ' can indeed be written as a linear combination of thedxi 's. Under
a change of coordinates we have

�' i �X i = �' i
@yi

@xk
X k = ' kX k ;

leading to the following transformation law for componentsof covectors:

' k = �' i
@yi

@xk
: (A.4.2)

Given a scalar f , we de�ne its di�erential df as

df =
@f
@x1

dx1 + : : : +
@f
@xn

dxn :

With this de�nition, dxi is the di�erential of the coordinate function x i .

As presented above, the di�erential of a function is a covector by de�nition.
As an exercice, you should check directly that the collection of functions ' i :=
@i f satis�es the transformation rule (A.4.2).

We have a formula which is often used in calculations

dyj =
@yj

@xk
dxk :

Incidentally: An elegant approach to the de�nition of di�erentials proceeds as
follows: Given any function f , we de�ne:

df (X ) := X (f ) : (A.4.3)

(Recall that here we are viewing a vector �eld X as a di�erential operator on
functions, de�ned by (A.3.4).) The map X 7! df (X ) is linear under addition of
vectors, and multiplication of vectors by numbers: if � , � are real numbers, andX
and Y are vector �elds, then

df (�X + �Y ) =|{z}
by de�nition (A.4.3)

(�X + �Y )( f )

=|{z}
by de�nition (A.3.4)

�X i @i f + �Y i @i f

=|{z}
by de�nition (A.4.3)

�df (X ) + �df (Y ) :

Applying (A.4.3) to the function f = x i we obtain

dxi (@j ) =
@xi

@xj
= � i

j ;

recovering (A.4.1). 2
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Example A.4.2 Let (�; ' ) be polar coordinates onR2, thus x = � cos' , y =
� sin ' , and then

dx = d(� cos' ) = cos 'd� � � sin 'd' ;

dy = d(� sin ' ) = sin 'd� + � cos'd' :

At any given point p 2 M , the set of covectors forms a vector space, denoted
by T �

p M . The collection of all the tangent spaces is called the cotangent bundle
to M , denoted by T � M .

Summarising, covectors are dual to vectors. It is convenient to de�ne

dxi (X ) := X i ;

where X i is as in (A.3.2). With this de�nition the (locally de�ned) ba ses
f @i gi =1 ;:::;dim M of T M and f dxj gi =1 ;:::;dim M of T � M are dual to each other:

hdxi ; @j i := dxi (@j ) = � i
j ;

where � i
j is the Kronecker delta, equal to one wheni = j and zero otherwise.

A.5 Bilinear maps, two-covariant tensors

A map is said to be multi-linear if it is linear in every entry; e.g. g is bilinear if

g(aX + bY; Z) = ag(X; Z ) + bg(Y; Z) ;

and
g(X; aZ + bW) = ag(X; Z ) + bg(X; W ) :

Here, as elsewhere when talking abouttensors, bilinearity is meant with respect
to addition and to multiplication by functions.

A map g which is bilinear on the space of vectors can be represented by a
matrix with two indices down:

g(X; Y ) = g(X i @i ; Y j @j ) = X i Y j g(@i ; @j )
| {z }

=: gij

= gij X i Y j = gij dxi (X )dxj (Y ) :

We say that g is a covariant tensor of valence two.

We say that g is symmetric if g(X; Y ) = g(Y; X ) for all X , Y ; equivalently,
gij = gj i .

A symmetric bilinear tensor �eld is said to be non-degenerateif det gij has
no zeros.

By Sylvester's inertia theorem, there exists a basis� i of the space of covec-
tors so that a symmetric bilinear map g can be written as

g(X; Y ) = � � 1(X )� 1(Y )� : : :� � s(X )� s(Y )+ � s+1 (X )� s+1 (Y )+ : : :+ � s+ r (X )� s+ r (Y )

(s; r ) is called the signature ofg; in geometry, unless speci�cally said otherwise,
one always assumes that the signature does not change from point to point.
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If r = n, in dimension n, then g is said to be a Riemannian metric tensor.

A canonical example is provided by the 
at Riemannian metric on Rn ,

g = ( dx1)2 + : : : + ( dxn )2 :

By de�nition, a Riemannian metric is a �eld of symmetric two-covariant
tensors with signature (+; : : : ; +) and with det gij without zeros.

Incidentally: A Riemannian metric can be used to de�ne the length of curves:
if 
 : [a; b] 3 s ! 
 (s), then

`g(
 ) =
Z b

a

p
g( _
; _
 )ds :

One can then de�ne the distance between points by minimizing the length of the
curves connecting them. 2

If s = 1 and r = N � 1, in dimension N , then g is said to be aLorentzian
metric tensor.

For example, the Minkowski metric on R1+ n is

� = ( dx0)2 � (dx1)2 � : : : � (dxn )2 :

A.6 Tensor products

If ' and � are covectors we can de�ne a bilinear map using the formula

(' 
 � )(X; Y ) = ' (X )� (Y ) : (A.6.1)

For example
(dx1 
 dx2)(X; Y ) = X 1Y 2 :

Using this notation we have

g(X; Y ) = g(X i @i ; Y j @j ) = g(@j ; @j )
| {z }

=: gij

X i
|{z}

dx i (X )

Y j
|{z}

dx j (Y )
| {z }
(dx i 
 dx j (X;Y )

= ( gij dxi 
 dxj )(X; Y )

We will write dxi dxj for the symmetric product,

dxi dxj :=
1
2

(dxi 
 dxj + dxj 
 dxi ) ;

and dxi ^ dxj for twice the anti-symmetric one (compare Section A.15):

dxi ^ dxj := dxi 
 dxj � dxj 
 dxi :

It should be clear how this generalises: the tensorsdxi 
 dxj 
 dxk , de�ned
as

(dxi 
 dxj 
 dxk )(X; Y; Z ) = X i Y j Z k ;
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form a basis of three-linear maps on the space of vectors, which are objects of
the form

X = X ijk dxi 
 dxj 
 dxk :

Here X is a called tensor of valence(0; 3). Each index transforms as for a
covector:

X = X ijk dxi 
 dxj 
 dxk = X ijk
@xi

@ym
@xj

@ỳ
@xk

@yn
dym 
 dy` 
 dyn :

It is sometimes useful to think of vectors as linear maps on co-vectors, using
a formula which looks funny when �rst met: if � is a covector, andX is a vector,
then

X (� ) := � (X ) :

So if � = � i dxi and X = X i @i then

� (X ) = � i X i = X i � i = X (� ) :

It then makes sense to de�ne e.g.@i 
 @j as a bilinear map on covectors:

(@i 
 @j )( �;  ) := � i  j :

And one can de�ne a map @i 
 dxj which is linear on forms in the �rst slot,
and linear in vectors in the second slot as

(@i 
 dxj )( �; X ) := @i (� )dxj (X ) = � i X j : (A.6.2)

The @i 
 dxj 's form the basis of the space oftensors of rank (1; 1):

T = T i
j @i 
 dxj :

Generally, a tensor of valence, or rank, (r; s) can be de�ned as an object
which has r vector indices ands covector indices, so that it transforms as

Si 1 :::i r
j 1 :::j s ! Sm1 :::m r

`1 :::` s

@yi 1

@xm1
: : :

@yi r

@xm r

@x̀1

@yj 1
: : :

@x̀s

@yj s

For example, if X = X i @i and Y = Y j @j are vectors, thenX 
 Y = X i Y j @i 
 @j

forms a contravariant tensor of valence two.
Tensors of same valence can be added in the obvious way:e.g.

(A + B )(X; Y ) := A(X; Y ) + B (X; Y ) () (A + B ) ij = A ij + B ij :

Tensors can be multiplied by scalars:e.g.

(fA )(X; Y; Z ) := fA (X; Y; Z ) () f (A ijk ) := ( fA ijk ) :

Finally, we have seen in (A.6.1) how to take tensor products for one-forms, and
in (A.6.2) how to take a tensor product of a vector and a one-form, but this
can also be done for higher order tensor; e.g., ifS is of valence (a; b) and T is
a multilinear map of valence (c; d), then S 
 T is a multilinear map of valence
(a + c; b+ d), de�ned as

(S 
 T)( �; : : :
| {z }

a covectors and b vectors

;  ; : : :
| {z }
c covectors and d vectors

) := S(�; : : : )T( ; : : : ) :
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A.6.1 Contractions

Given a tensor �eld Si
j with one index down and one index up one can perform

the sum
Si

i :

This de�nes a scalar, i.e., a function on the manifold. Indeed, using the trans-
formation rule

Si
j ! �S`

k = Si
j
@xj

@yk
@ỳ
@xi

;

one �nds
�S`

` = Si
j

@xj

@ỳ
@ỳ
@xi

| {z }
� j

i

= Si
i ;

as desired.
One can similarly do contractions on higher valence tensors, e.g.

Si 1 i 2 :::i r
j 1 j 2 j 3 :::j s ! S`i 2 :::i r

j 1`j 3 :::j s :

After contraction, a tensor of rank (r + 1 ; s + 1) becomes of rank (r; s).

A.7 Raising and lowering of indices

Let g be a symmetric two-covariant tensor �eld on M , by de�nition such an
object is the assignment to each pointp 2 M of a bilinear map g(p) from
TpM � TpM to R, with the additional property

g(X; Y ) = g(Y; X ) :

In this work the symbol g will be reserved to non-degeneratesymmetric two-
covariant tensor �elds. It is usual to simply write g for g(p), the point p being
implicitly understood. We will sometimes write gp for g(p) when referencingp
will be useful.

The usual Sylvester's inertia theorem tells us that at eachp the map g will
have a well de�ned signature; clearly this signature will bepoint-independent
on a connected manifold wheng is non-degenerate. A pair (M; g) is said to be a
Riemannian manifold when the signature ofg is (dim M; 0); equivalently, when
g is a positive de�nite bilinear form on every product TpM � TpM . A pair ( M; g)
is said to be aLorentzian manifold when the signature ofg is (dim M � 1; 1).
One talks about pseudo-Riemannian manifolds whatever the signature of g,
as long asg is non-degenerate, but we will only encounter Riemannian and
Lorentzian metrics in this work.

Sinceg is non-degenerate it induces an isomorphism

[ : TpM ! T �
p M

by the formula
X [ (Y ) = g(X; Y ) :
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In local coordinates this gives

X [ = gij X i dxj =: X j dxj : (A.7.1)

This last equality de�nes X j | \the vector X j with the index j lowered":

X i := gij X j : (A.7.2)

The operation (A.7.2) is called the lowering of indices in the physics literature
and, again in the physics literature, one does not make a distinction between
the one-form X [ and the vector X .

The inverse map will be denoted by] and is called the raising of indices;
from (A.7.1) we obviously have

� ] = gij � i @j =: � i @i () dxi (� ] ) = � i = gij � j ;

where gij is the matrix inverse to gij . For example,

(dxi )] = gik @k :

Clearly gij , understood as the matrix of a bilinear form onT �
p M , has the same

signature asg, and can be used to de�ne a scalar productg] on T �
p (M ):

g] (�; � ) := g(� ] ; � ] ) () g] (dxi ; dxj ) = gij :

This last equality is justi�ed as follows:

g] (dxi ; dxj ) = g((dxi )] ; (dxj )] ) = g(gik @k ; gj` @̀) = gik gk`| {z }
= � i

`

gj` = gj i = gij :

It is convenient to use the same letterg for g] | physicists do it all the time
| or for scalar products induced by g on all the remaining tensor bundles, and
we will sometimes do so.

Incidentally: One might wish to check by direct calculations that g�� X � trans-
forms as a one-form ifX � transforms as a vector. The simplest way is to notice
that g�� X � is a contraction, over the last two indices, of the three-index tensor
g�� X � . Hence it is a one-form by the analysis at the end of the previous section.
Alternatively, if we write �g�� for the transformed g�� 's, and �X � for the transformed
X � 's, then

�g��|{z}
g��

@x�
@y�

@x�

@y�

�X � = g��
@x�

@y�
@x�

@y�
�X �

| {z }
X �

= g�� X � @x�

@y�
;

which is indeed the transformation law of a covector. 2

The gradient r f of a function f is a vector �eld obtained by raising the
indices on the di�erential df :

g(r f; Y ) := df (Y ) () r f := gij @i f@j : (A.7.3)
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A.8 The Lie derivative

A.8.1 A pedestrian approach

We start with a pedestrian approach to the de�nition of Lie de rivative; the
elegant geometric de�nition will be given in the next section.

Given a vector �eld X , the Lie derivative L X is an operation on tensor
�elds, de�ned as follows:

For a function f , one sets

L X f := X (f ) : (A.8.1)

For a vector �eld Y , the Lie derivative coincides with the Lie bracket:

L X Y := [ X; Y ] : (A.8.2)

For a one-form � , L X � is de�ned by imposing the Leibniz rule written the
wrong-way round:

(L X � )(Y ) := L X (� (Y )) � � (L X Y) : (A.8.3)

(Indeed, the Leibniz rule applied to the contraction � i X i would read

L X (� i Y i ) = ( L X � ) i Y i + � i (L X Y) i ;

which can be rewritten as (A.8.3).)
Let us check that (A.8.3) de�nes a one-form. Clearly, the right-hand side

transforms in the desired way whenY is replaced byY1 + Y2. Now, if we replace
Y by fY , where f is a function, then

(L X � )( fY ) = L X (� (fY )) � � ( L X (fY )
| {z }

X (f )Y + f L X Y

)

= X (f � (Y )) � � (X (f )Y + f L X Y))

= X (f )� (Y ) + fX (� (Y )) � � (X (f )Y ) � � (f L X Y))

= fX (� (Y )) � f � (L X Y))

= f ((L X � )(Y )) :

So L X � is a C1 -linear map on vector �elds, hence a covector �eld.
In coordinate-components notation we have

(L X � )a = X b@b� a + � b@aX b : (A.8.4)

Indeed,

(L X � ) i Y i := L X (� i Y i ) � � i (L X Y) i

= X k@k (� i Y i ) � � i (X k@kY i � Y k@kX i )

= X k (@k � i )Y i + � i Y k@kX i

=
�

X k@k � i + � k@i X k
�

Y i ;
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as desired
For tensor products, the Lie derivative is de�ned by imposing linearity under

addition together with the Leibniz rule:

L X (� 
 � ) = ( L X � ) 
 � + � 
 L X � :

Since a general tensorA is a sum of tensor products,

A = Aa1 :::ap
b1 :::bq @a1 
 : : : @ap 
 dxb1 
 : : : 
 dxap ;

requiring linearity with respect to addition of tensors gives thus a de�nition of
Lie derivative for any tensor.

For example, we claim that

L X Ta
b = X c@cTa

b � T c
b@cX a + Ta

c@bX
c ; (A.8.5)

To see this, call a tensorTa
b simple if it is of the form Y 
 � , where Y is a

vector and � is a covector. Using indices, this corresponds toY a� b and so, by
the Leibniz rule,

L X (Y 
 � )a
b = L X (Y a� b)

= ( L X Y)a� b + Y a(L X � )b

= ( X c@cY a � Y c@cX a)� b + Y a(X c@c� b + � c@bX
c)

= X c@c(Y a� b) � Y c� b@cX a + Y a� c@bX
c ;

which coincides with (A.8.5) if Ta
b = Y b� b. But a general Ta

b can be written
as a linear combination with constant coe�cients of simple tensors,

T =
X

a;b

Ta
b@a 
 dxb

| {z }
no summation, so simple

;

and the result follows.
Similarly, one has, e.g.,

L X Rab = X c@cRab � Rac@cX b � Rbc@cX a ; (A.8.6)

L X Sab = X c@cSab + Sac@bX c + Sbc@aX c : (A.8.7)

etc. Those are all special cases of the general formula for the Lie derivative
L X Aa1 :::ap

b1 :::bq :

L X Aa1 :::ap
b1 :::bq = X c@cAa1 :::ap

b1 :::bq � Aca2 :::ap
b1 :::bq @cX a1 � : : :

+ Aa1 :::ap
cb1 :::bq @b1 X c + : : : :

A useful property of Lie derivatives is

L [X;Y ] = [ L X ; L Y ] ; (A.8.8)

where, for a tensorT, the commutator [L X ; L Y ]T is de�ned in the usual way:

[L X ; L Y ]T := L X (L Y T) � L Y (L X T) : (A.8.9)
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To see this, we �rst note that if T = f is a function, then the right-hand side of
(A.8.9) is the de�nition of [ X; Y ](f ), which in turn coincides with the de�nition
of L [X;Y ](f ).

Next, for a vector �eld T = Z , (A.8.8) reads

L [X;Y ]Z = L X (L Y Z ) � L Y (L X Z ) ; (A.8.10)

which is the same as

[[X; Y ]; Z ] = [ X; [Y; Z]] � [Y;[X; Z ]] ; (A.8.11)

which is the same as

[Z; [Y; X ]] + [ X; [Z; Y ]] + [ Y;[X; Z ]] = 0 ; (A.8.12)

which is the Jacobi identity. Hence (A.8.8) holds for vector �elds.
We continue with a one-form � , exploiting the fact that we have already

established the result for functions and vectors: For any vector �eld Z we have,
by de�nition

([L X ; L Y ]� )(Z ) = [ L X ; L Y ](� (Z )) � � ([L X ; L Y ](Z ))

= L [X;Y ](� (Z )) � � (L [X;Y ](Z ))

= ( L [X;Y ]� )(Z ) :

Incidentally: A direct calculation for one-forms, using the de�nitions, proceed
as follows: Let Z be any vector �eld,

(L X L Y � )(Z ) = X
�

(L Y � )(Z )
| {z }

Y ( � (Z )) � � (L Y Z )
�

�
� (L Y � ) (L X Z )

| {z }
Y ( � (L X Z )) � � (L Y L X Z )

= X
�
Y (� (Z ))

�
� X

�
� (L Y Z )

��
� Y (� (L X Z )) + � (L Y L X Z ) :

Antisymmetrizing over X and Y , the second and third term above cancel out, so
that

�
(L X L Y � � L Y L X )�

�
(Z ) = X

�
Y(� (Z ))

�
+ � (L Y L X Z ) � (X  ! Y )

= [ X; Y ]
�
� (Z )

�
� � (L X L Y Z � L Y L X Z )

= L [X;Y ]
�
� (Z )

�
� � (L [X;Y ]Z )

=
�
L [X;Y ] �

�
(Z ) :

SinceZ is arbitrary, (A.8.8) for covectors follows. 2

To conclude that (A.8.8) holds for arbitrary tensor �elds, w e note that by
construction we have

L [X;Y ](A 
 B ) = L [X;Y ]A 
 B + A 
 L [X;Y ]B : (A.8.13)

Similarly

L X L Y (A 
 B ) = L X (L Y A 
 B + A 
 L Y B )

= L X L Y A 
 B + L X A 
 L Y B + L Y A 
 L X B

+ A 
 L X L Y B : (A.8.14)
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Exchanging X with Y and subtracting, the middle terms drop out:

[L X ; L Y ](A 
 B ) = [ L X ; L Y ]A 
 B + A 
 [L X ; L Y ]B : (A.8.15)

Basing on what has been said, the reader should have no di�culties �nishing
the proof of (A.8.8).

Example A.8.2 As an example of application of the formalism, suppose that there
exists a coordinate system in which (X a) = (1 ; 0; 0; 0) and @0gbc = 0. Then

L X gab = @0gab = 0 :

But the Lie derivative of a tensor �eld is a tensor �eld, and we conclude that
L X gab = 0 holds in every coordinate system.

Vector �elds for which L X gab = 0 are called Killing vectors: they arise from
symmetries of space-time. We have the useful formula

L X gab = r aX b + r bX a : (A.8.16)

An e�ortless proof of this proceeds as follows: in adapted coordinates in which the
derivatives of the metric vanish at a point p, one immediately checks that equality
holds at p. But both sides are tensor �elds, therefore the result holds atp for all
coordinate systems, and hence also everywhere.

The brute-force proof of (A.8.16) proceeds as follows:

L X gab = X c@cgab + @aX cgcb + @bX cgca

= X c@cgab + @a(X cgcb) � X c@agcb + @b(X cgca) � X c@bgca

= @aX b + @bX a + X c (@cgab � @agcb � @bgca)
| {z }

� 2gcd � d
ab

= r aX b + r bX a :

2

A.8.2 The geometric approach

We pass now to a geometric de�nition of Lie derivative. This requires, �rst, an
excursion through the land of push-forwards and pull-backs.

Transporting tensor �elds

We start by noting that, given a point p0 in a manifold M , every vector X 2
Tp0 M is tangent to some curve. To see this, letf x i g be any local coordinates
near p0, with x i (p0) = x i

0, then X can be written as X i (p0)@i . If we set

 i (s) = x i

0 + sX i (p0), then _
 i (0) = X i (p0), which establishes the claim. This
observation shows that studies of vectors can be reduced to studies of curves.

Let, now, M and N be two manifolds, and let � : M ! N be a di�erentiable
map between them. Given a vectorX 2 TpM , the push-forward � � X of X is
a vector in T� (p)N de�ned as follows: let 
 be any curve for which X = _
 (0),
then

� � X :=
d(� � 
 )

ds

�
�
�
�
s=0

: (A.8.17)
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In local coordinates yA on N and x i on M , so that � (x) = ( � A (x i )), we �nd

(� � X )A =
d� A (
 i (s))

ds

�
�
�
�
s=0

=
@�A (
 i (s))

@xi
_
 i (s)js=0

=
@�A (x i )

@xi
X i : (A.8.18)

The formula makes it clear that the de�nition is independent of the choice of
the curve 
 satisfying X = _
 (0).

Equivalently, and more directly, if X is a vector at p and h is a function on
h, then � � X acts on h as

� � X (h) := X (h � � ) : (A.8.19)

Applying (A.8.18) to a vector �eld X de�ned on M we obtain

(� � X )A (� (x)) =
@�A

@xi
(x) X i (x) : (A.8.20)

The equation shows that if a point y 2 N has more than one pre-image, say
y = � (x1) = � (x2) with x1 6= x2, then (A.8.20) might will de�ne more than one
tangent vector at y in general. This leads to an important caveat: we will be
certain that the push-forward of a vector �eld on M de�nes a vector �eld on N
only when � is a di�eomorphism. More generally, � � X de�nes locally a vector
�eld on � (M ) if and only if � is a local di�eomorphism. In such cases we can
invert � (perhaps locally) and write (A.8.20) as

(� � X ) j (x) =
�

@�j

@xi
X i

�
(� � 1(x)) : (A.8.21)

When � is understood as a coordinate change rather than a di�eomorphism
between two manifolds, this is simply the standard transformation law of a
vector �eld under coordinate transformations.

The push-forward operation can be extended tocontravariant tensors by
de�ning it on tensor products in the obvious way, and extending by linearity:
for example, if X , Y and Z are vectors, then

� � (X 
 Y 
 Z ) := � � X 
 � � Y 
 � � Z :

Consider, next, a k-multilinear map � from T� (p0 )M to R. The pull-back
� � � of � is a multilinear map on Tp0 M de�ned as

TpM 3 (X 1; : : : X k ) 7! � � (� )(X 1; : : : ; X k ) := � (� � X 1; : : : ; � � X k ) :

As an example, let � = � A dyA be a one-form. IfX = X i @i then

(� � � )(X ) = � (� � X ) (A.8.22)

= � (
@�A

@xi
X i @A ) = � A

@�A

@xi
X i = � A

@�A

@xi
dxi (X ) :
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Equivalently,

(� � � ) i = � A
@�A

@xi
: (A.8.23)

If � is a one-form �eld on N , this reads

(� � � ) i (x) = � A (� (x))
@�A (x)

@xi
: (A.8.24)

It follows that � � � is a �eld of one-forms on M , irrespective of injectivity or
surjectivity properties of � . Similarly, pull-backs of covariant tensor �elds of
higher rank are smooth tensor �elds.

For a function f equation (A.8.24) reads

(� � df ) i (x) =
@f
@yA

(� (x))
@�A (x)

@xi
=

@(f � � )
@xi

(x) ; (A.8.25)

which can be succinctly written as

� � df = d(f � � ) : (A.8.26)

Using the notation
� � f := f � � ; (A.8.27)

we can write (A.8.26) as

� � d = d� � for functions. (A.8.28)

Summarising:

1. Pull-backs of covariant tensor �elds de�ne covariant tensor �elds. In par-
ticular the metric can always be pulled back.

2. Push-forwards of contravariant tensor �elds can be used to de�ne con-
travariant tensor �elds when � is a di�eomorphism.

In this context it is thus clearly of interest to consider di�e omorphisms � ,
as then tensor products can now be transported in the following way; we will
denote by �̂ the associated map: We de�ne�̂f := f � � for functions, �̂ := � �

for covariant �elds, �̂ := ( � � 1)� for contravariant tensor �elds. We use the rule

�̂ (A 
 B ) = �̂A 
 �̂B

for tensor products.
So, for example, ifX is a vector �eld and � is a �eld of one-forms, one has

�̂ (X 
 � ) := ( � � 1)� X 
 � � � : (A.8.29)

The de�nition is extended by linearity under addition and mu ltiplication by
functions to any tensor �elds. Thus, if f is a function and T and S are tensor
�elds, then

�̂ (f T + S) = �̂f �̂T + �̂S � f � � �̂T + �̂S :
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Since everything was fairly natural so far, one would expectthat contrac-
tions transform in a natural way under transport. To make thi s clear, we start
by rewriting (A.8.22) with the base-points made explicit:

(( �̂� )(X ))( x) = ( � (� � X ))( � (x)) : (A.8.30)

Replacing X by (� � )� 1Y this becomes

(( �̂� )( �̂Y ))( x) = ( � (Y ))( � (x)) : (A.8.31)

Equivalently
(�̂� )( �̂Y ) = �̂ (� (Y )) : (A.8.32)

Flows of vector �elds

Let X be a vector �eld on M . For every p0 2 M consider the solution to the
problem

dxi

dt
= X i (x(t)) ; x i (0) = x i

0 : (A.8.33)

(Recall that there always exists amaximal interval I containing the origin on
which (A.8.33) has a solution. Both the interval and the solution are unique.
This will always be the solution I 3 t 7! x(t) that we will have in mind.) The
map

(t; x 0) 7! � t [X ](x0) := x(t)

wherex i (t) is the solution of (A.8.33), is called the local 
ow of X . We say that
X generates� t [X ]. We will write � t for � t [X ] when X is unambiguous in the
context.

The interval of existence of solutions of (A.8.33) depends upon x0 in general.

Example A.8.3 As an example, letM = R and X = x2@x . We then have to solve

dx
dt

= x2 ; x(0) = x0 =) x(t) =
�

0; x0 = 0;
x 0

1� x 0 t ; x0 6= 0 ; 1 � x0t > 0.

Hence
� t (x) =

x
1 � xt

;

with t 2 R when x = 0, with t 2 (�1 ; 1=x) when x > 0 and with t 2 (1=x; 1 )
when x < 0. 2

We say that X is complete if � t [X ](p) is de�ned for all ( t; p) 2 R � M .
The following standard facts are left as exercices to the reader:

1. � 0 is the identity map.

2. � t � � s = � t+ s.

In particular, � � 1
t = � � t , and thus:

3. The maps x 7! � t (x) are local di�eomorphisms; global if for all x 2 M
the maps � t are de�ned for all t 2 R.
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4. � � t [X ] is generated by� X :

� � t [X ] = � t [� X ] :

A family of di�eomorphisms satisfying property 2. above is called a one
parameter group of di�eomorphisms. Thus, completevector �elds generate one-
parameter families of di�eomorphisms via (A.8.33).

Reciprocally, suppose that a local or global one-parametergroup � t is given,
then the formula

X =
d� t

dt

�
�
�
�
t=0

de�nes a vector �eld, said to be generated by� t .

The Lie derivative revisited

The idea of the Lie transport , and hence of theLie derivative, is to be able
to compare objects along integral curves of a vector �eldX . This is pretty
obvious for scalars: we just compare the values off (� t (x)) with f (x), leading
to a derivative

L X f := lim
t ! 0

f � � t � f
t

� lim
t ! 0

� �
t f � f

t
� lim

t ! 0

�̂ t f � f
t

�
d(�̂ t f )

dt

�
�
�
�
t=0

: (A.8.34)

We wish, next, to compare the value of a vector �eld Y at � t (x) with the
value at x. For this, we move from x to � t (x) following the integral curve of
X , and produce a new vector atx by applying ( � � 1

t )� to Y j� t (x) . This makes
it perhaps clearer why we introduced the transport map �̂ , since (�̂Y )(x) is
precisely the value atx of (� � 1

t )� Y. We can then calculate

L X Y(x) := lim
t ! 0

(( � � 1
t ) � Y )( � t (x)) � Y (x)

t
� lim

t ! 0

(�̂ t Y)(x) � Y (x)
t

�
d(�̂ t Y(x))

dt

�
�
�
�
t=0

:

(A.8.35)
In general, let X be a vector �eld and let � t be the associated local one-

parameter family of di�eomorphisms. Let �̂ t be the associated family of trans-
port maps for tensor �elds. For any tensor �eld T one sets

L X T := lim
t ! 0

�̂ t T � T
t

�
d(�̂ t T)

dt

�
�
�
�
t=0

: (A.8.36)

We want to show that this operation coincides with that de�ne d in Section A.8.1.
The equality of the two operations for functions should be clear, since

(A.8.34) easily implies:
L X f = X (f ) :

Consider, next, a vector �eld Y . From (A.8.21), setting  t := � � t � (� t )� 1

we have

�̂ t Y j (x) := (( � � 1
t )� Y) j (x) = (

@ jt
@xi

Y i )( � t (x)) : (A.8.37)
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Since� � t is generated by� X , we have

 i
0(x) = x i ;

@ jt
@xi

�
�
�
t=0

= � j
i ;

_ j
t jt=0 :=

d j
t

dt

�
�
�
t=0

= � X j ;
@_ j

t

@xi

�
�
�
t=0

= � @i X j : (A.8.38)

Hence

d(�̂ t Y j )
dt

(x)jt=0 =
@_ j

0

@xi
(x) Y i (x) + @k (

@ j0
@xi

Y i

| {z }
Y j

)(x) _� k (x)

= � @i X j (x)Y i (x) + @j Y i (x)X j (x)

= [ X; Y ]j (x) ;

and we have obtained (A.8.2), p. 238.
For a covector �eld � , it seems simplest to calculate directly from (A.8.24):

(�̂ t � ) i (x) = ( � �
t � ) i (x) = � k (� t (x))

@�kt (x)
@xi

:

Hence

L X � i =
d(� �

t � ) i (x)
dt

�
�
�
�
t=0

= @j � i (x)X j (x) + � k (x)
@Xk (x)

@xi
(x) ; (A.8.39)

as in (A.8.4).
The formulae just derived show that the Leibniz rule under duality holds

by inspection:
L X (� (Y )) = L X � (Y ) + � (L X (Y )) : (A.8.40)

Incidentally: Alternatively, one can start by showing that the Leibniz rule under
duality holds for (A.8.36), and then use the calculations in Section A.8.1to derive
(A.8.39): Indeed, by de�nition we have

� �
t � (Y ) = � (( � t )� Y ) ;

hence

� (Y )j � t (x ) = � (( � t )� (� � 1
t )� Y)j � t (x ) = � �

t � jx (( � � 1
t )� Y j � t (x ) ) = �̂ t � (�̂ t Y )jx :

Equivalently,
�̂ t (� (Y )) = ( �̂ t � )( �̂ t Y ) ;

from which the Leibniz rule under duality immediately follows.
A similar calculation leads to the Leibniz rule under tensor products. 2

The reader should have no di�culties checking that the remaining require-
ments set forth in Section A.8.1 are satis�ed.

The following formula of Cartan provides a convenient tool for calculating
the Lie derivative of a di�erential form � :

L X � = X cd� + d(X c� ) : (A.8.41)

The commuting of d and L X is an immediate consequence of (A.8.41) and of
the identity d2 = 0:

L X d� = d(L X � ) : (A.8.42)
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A.9 Covariant derivatives

When dealing with Rn , or subsets thereof, there exists an obvious prescription
for how to di�erentiate tensor �elds: in this case we have at our disposal the
canonical \trivialization f @i gi =1 ;:::;n of TRn" (this means: a globally de�ned set
of vectors which, at every point, form a basis of the tangent space), together
with its dual trivialization f dxj gj =1 ;:::;n of T � Rn . We can expand a tensor �eld
T of valence (k; ` ) in terms of those bases,

T = T i 1 :::i k
j 1 :::j ` @i 1 
 : : : 
 @i k 
 dxj 1 
 : : : 
 dxj `

() T i 1 :::i k
j 1 :::j ` = T(dxi 1 ; : : : ; dxi k ; @j 1 ; : : : ; @j ` ) ; (A.9.1)

and di�erentiate each component T i 1 :::i k j 1 :::j ` of T separately:

X (T)
in the coordinate system x i := X i @Ti 1 :::i k j 1 :::j `

@xi
@x i 1 
 : : :
 @x i k 
 dxj 1 
 : : :
 dxj ` :

(A.9.2)
The resulting object does, however,not behave as a tensor under coordinate
transformations, in the sense that the above form of the right-hand side will
not be preserved under coordinate transformations: as an example, consider the
one-form T = dx on Rn , which has vanishing derivative as de�ned by (A.9.2).
When expressed in spherical coordinates we have

T = d(� cos' ) = � � sin 'd' + cos 'd� ;

the partial derivatives of which are non-zero (both with respect to the original
cartesian coordinates (x; y) and to the new spherical ones (�; ' )).

The Lie derivative L X of Section A.8 maps tensors to tensors but does not
resolve this question, because it isnot linear under multiplication of X by a
function.

The notion of covariant derivative, sometimes also referred to asconnec-
tion, is introduced precisely to obtain a notion of derivative which has tensorial
properties. By de�nition, a covariant derivative is a map wh ich to a vector �eld
X and a tensor �eld T assigns a tensor �eld of the same type asT, denoted by
r X T, with the following properties:

1. r X T is linear with respect to addition both with respect to X and T:

r X + Y T = r X T + r Y T ; r X (T + Y) = r X T + r X Y ; (A.9.3)

2. r X T is linear with respect to multiplication of X by functions f ,

r fX T = f r X T ; (A.9.4)

3. and, �nally, r X T satis�es the Leibniz rule under multiplication of T by
a di�erentiable function f :

r X (fT ) = f r X T + X (f )T : (A.9.5)
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By de�nition, if T is a tensor �eld of rank (p; q), then for any vector �eld
X the �eld r X T is again a tensor of type (p; q). Since r X T is linear in X , the
�eld r T can naturally be viewed as a tensor �eld of rank (p; q+ 1).

It is natural to ask whether covariant derivatives do exist at all in general
and, if so, how many of them can there be. First, it immediately follows from
the axioms above that if D and r are two covariant derivatives, then

�( X; T ) := DX T � r X T

is multi-linear both with respect to addition and multiplic ation by functions |
the non-homogeneous termsX (f )T in (A.9.5) cancel | and is thus a tensor
�eld. Reciprocally, if r is a covariant derivative and �( X; T ) is bilinear with
respect to addition and multiplication by functions, then

DX T := r X T + �( X; T ) (A.9.6)

is a new covariant derivative. So, at least locally, on tensors of valence (r; s)
there are as many covariant derivatives as tensors of valence (r + s; r + s + 1).

We note that the sum of two covariant derivatives is not a covariant deriva-
tive. However, convex combinations of covariant derivatives, with coe�cients
which may vary from point to point, are again covariant derivatives. This re-
mark allows one to construct covariant derivatives using partitions of unity:
Let, indeed, f Oi gi 2 N be an open covering ofM by coordinate patches and let
' i be an associated partition of unity. In each of those coordinate patches we
can decompose a tensor �eldT as in (A.9.1), and de�ne

DX T :=
X

i

' i X j @j (T i 1 :::i k
j 1 :::j ` )@i 1 
 : : : 
 @i k 
 dxj 1 
 : : : 
 dxj ` : (A.9.7)

This procedure, which depends upon the choice of the coordinate patches and
the choice of the partition of unity, de�nes one covariant derivative; all other
covariant derivatives are then obtained fromD using (A.9.6). Note that (A.9.2)
is a special case of (A.9.7) when there exists a global coordinate system on
M . Thus (A.9.2) does de�ne a covariant derivative. However, the associated
operation on tensor �elds will not take the simple form (A.9.2) when we go to
a di�erent coordinate system f yi g in general.

A.9.1 Functions

The canonical covariant derivative on functions is de�ned as

r X (f ) = X (f ) ;

and we will always use the above. This has all the right properties, so obviously
covariant derivatives of functions exist. From what has been said, any covariant
derivative on functions is of the form

r X f = X (f ) + � (X )f ; (A.9.8)

where � is a one-form. Conversely, given any one-form� , (A.9.8) de�nes a
covariant derivative on functions. The addition of the lower-order term � (X )f
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(A.9.8) does not appear to be very useful here, but it turns out to be useful
in geometric formulation of electrodynamics, or in geometric quantization. In
any case such lower-order terms play an essential role when de�ning covariant
derivatives of tensor �elds.

A.9.2 Vectors

The simplest next possibility is that of a covariant derivat ive of vector �elds.
Let us not worry about existence at this stage, but assume that a covariant
derivative exists, and work from there. (Anticipating, we will show shortly
that a metric de�nes a covariant derivative, called the Levi-Civita covariant
derivative, which is the unique covariant derivative operator satisfying a natural
set of conditions, to be discussed below.)

We will �rst assume that we are working on a set 
 � M over which we
have aglobal trivialization of the tangent bundle T M ; by de�nition, this means
that there exist vector �elds ea, a = 1 ; : : : ; dim M , such that at every point
p 2 
 the �elds ea(p) 2 TpM form a basis ofTpM .1

Let � a denote the dual trivialization of T � M | by de�nition the � a's satisfy

� a(eb) = � a
b :

Given a covariant derivative r on vector �elds we set

� a
b(X ) := � a(r X eb) () r X eb = � a

b(X )ea ; (A:9:9a)

� a
bc := � a

b(ec) = � a(r ec eb) () r X eb = � a
bcX cea : (A:9:9b)

The (locally de�ned) functions � a
bc are called connection coe�cients . If f eag

is the coordinate basisf @� g we shall write

� �
�� := dx� (r @� @� )

�
() r @� @� = � �

�� @�

�
; (A.9.10)

etc. In this particular case the connection coe�cients are usually called Christof-
fel symbols. We will sometimes write � �

�� instead of � �
�� ; note that the former

convention is more common. By using the Leibniz rule (A.9.5)we �nd

r X Y = r X (Y aea)

= X (Y a)ea + Y ar X ea

= X (Y a)ea + Y a� b
a(X )eb

= ( X (Y a) + � a
b(X )Y b)ea

= ( X (Y a) + � a
bcY

bX c)ea ; (A.9.11)

which gives various equivalent ways of writingr X Y. The (perhaps only locally
de�ned) � a

b's are linear in X , and the collection (� a
b)a;b=1 ;:::;dim M is sometimes

1This is the case when 
 is a coordinate patch with coordinates (x i ), then the
f ea ga=1 ;:::; dim M can be chosen to be equal tof @i ga=1 ;:::; dim M . Recall that a manifold is
said to be parallelizable if a basis of T M can be chosen globally overM | in such a case 

can be taken equal to M . We emphasize that we are not assuming that M is parallelizable,
so that equations such as (A.9.9) have only a local character in general.
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referred to as the connection one-form. The one-covariant, one-contravariant
tensor �eld r Y is de�ned as

r Y := r aY b� a 
 eb () r aY b := � b(r ea Y) () r aY b = ea(Y b) + � b
caY c :

(A.9.12)
We will often write r a for r ea . Further, r aY b will sometimes be written as
Y b

;a.

A.9.3 Transformation law

Consider a coordinate basis@x i , it is natural to enquire about the transformation
law of the connection coe�cients � i

jk under a change of coordinatesx i !
yk(x i ). To make things clear, let us write � i

jk for the connection coe�cients in
the x{coordinates, and �̂ i

jk for the ones in they{cordinates. We calculate:

� i
jk := dxi

�
r @

@xk

@
@xj

�

= dxi
�

r @
@xk

@ỳ
@xj

@
@ỳ

�

= dxi
� @2y`

@xk@xj
@

@ỳ
+

@ỳ
@xj

r @
@xk

@
@ỳ

�

=
@xi

@ys
dys

� @2y`

@xk@xj
@

@ỳ
+

@ỳ
@xj

r @yr

@xk
@

@yr

@
@ỳ

�

=
@xi

@ys
dys

� @2y`

@xk@xj
@

@ỳ
+

@ỳ
@xj

@yr

@xk
r @

@yr

@
@ỳ

�

=
@xi

@ys
@2ys

@xk@xj
+

@xi

@ys
@ỳ
@xj

@yr

@xk
�̂ s

`r : (A.9.13)

Summarising,

� i
jk = �̂ s

`r
@xi

@ys
@ỳ
@xj

@yr

@xk
+

@xi

@ys
@2ys

@xk@xj
: (A.9.14)

Thus, the � i
jk 's do not form a tensor; instead they transform as a tensorplus

a non-homogeneous term containing second derivatives, as seen above.

Exercice A.9.1 Let � i
jk transform as in (A.9.14) under coordinate transfor-

mations. If X and Y are vector �elds, de�ne in local coordinates

r X Y :=
�

X (Y i ) + � i
jk X kY k

�
@i : (A.9.15)

Show that r X Y transforms as a vector �eld under coordinate transformations
(and thus is a vector �eld). Hence, a collection of �elds f � i

jk g satisfying the
transformation law (A.9.14) can be used to de�ne a covariantderivative using
(A.9.15).
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A.9.4 Torsion

Because the inhomogeneous term in (A.9.14) is symmetric under the interchange
of i and j , it follows from (A.9.14) that

T i
jk := � i

kj � � i
jk

does transform as a tensor, calledthe torsion tensor of r .
An index-free de�nition of torsion proceeds as follows: Letr be a covariant

derivative de�ned for vector �elds, the torsion tensor T is de�ned by the formula

T(X; Y ) := r X Y � r Y X � [X; Y ] ; (A.9.16)

where [X; Y ] is the Lie bracket. We obviously have

T(X; Y ) = � T(Y; X ) : (A.9.17)

Let us check that T is actually a tensor �eld: multi-linearity with respect to
addition is obvious. To check what happens under multiplication by functions,
in view of (A.9.17) it is su�cient to do the calculation for th e �rst slot of T.
We then have

T(fX; Y ) = r fX Y � r Y (fX ) � [fX; Y ]

= f
�

r X Y � r Y X
�

� Y (f )X � [fX; Y ] : (A.9.18)

To work out the last commutator term we compute, for any function ' ,

[fX; Y ](' ) = fX (Y (' )) � Y (fX (' ))
| {z }

= Y (f )X (' )+ fY (X (' ))

= f [X; Y ](' ) � Y (f )X (' ) ;

hence
[fX; Y ] = f [X; Y ] � Y (f )X ; (A.9.19)

and the last term here cancels the undesirable second-to-last term in (A.9.18),
as required.

In a coordinate basis@� we have [@� ; @� ] = 0 and one �nds from (A.9.10)

T(@� ; @� ) = (� �
�� � � �

�� )@� ; (A.9.20)

which shows that T is determined by twice the antisymmetrization of the � �
�� 's

over the lower indices. In particular that last antisymmetr ization produces a
tensor �eld.

A.9.5 Covectors

Suppose that we are given a covariant derivative on vector �elds, there is a
natural way of inducing a covariant derivative on one-forms by imposing the
condition that the duality operation be compatible with the Leibniz rule: given
two vector �elds X and Y together with a �eld of one-forms � , one sets

(r X � )(Y ) := X (� (Y )) � � (r X Y) : (A.9.21)
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Let us, �rst, check that (A.9.21) indeed de�nes a �eld of one-forms. The lin-
earity, in the Y variable, with respect to addition is obvious. Next, for any
function f we have

(r X � )( fY ) = X (� (fY )) � � (r X (fY ))

= X (f )� (Y ) + fX (� (Y )) � � (X (f )Y + f r X Y)

= f (r X � )(Y ) ;

as should be the case for one-forms. Next, we need to check that r de�ned by
(A.9.21) does satisfy the remaining axioms imposed on covariant derivatives.
Again multi-linearity with respect to addition is obvious, as well as linearity
with respect to multiplication of X by a function. Finally,

r X (f � )(Y ) = X (f � (Y )) � f � (r X Y)

= X (f )� (Y ) + f (r X � )(Y ) ;

as desired.
The duality pairing

T �
p M � TpM 3 (�; X ) ! � (X ) 2 R

is sometimes calledcontraction. As already pointed out, the operation r on
one-forms has been de�ned in (A.9.21) so as to satisfy theLeibniz rule under
duality pairing :

X (� (Y )) = ( r X � )(Y ) + � (r X Y) ; (A.9.22)

this follows directly from (A.9.21). This should not be confused with the Leib-
niz rule under multiplication by functions, which is part of the de�nition of
a covariant derivative, and therefore always holds. It should be kept in mind
that (A.9.22) does not necessarily hold for all covariant derivatives: if vr is
some covariant derivative on vectors, andf r is some covariant derivative on
one-forms, in general one will have

X (� (Y )) 6= ( f r X )� (Y ) + � (vr X Y) :

Using the basis-expression (A.9.11) ofr X Y and the de�nition (A.9.21) we
have

r X � = X ar a� b � b ;

with

r a� b := ( r ea � )(eb)

= ea(� (eb)) � � (r ea eb)

= ea(� b) � � c
ba� c :
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A.9.6 Higher order tensors

It should now be clear how to extendr to tensors of arbitrary valence: if T is
r covariant and s contravariant one sets

(r X T)(X 1; : : : ; X r ; � 1; : : : � s) := X
�

T(X 1; : : : ; X r ; � 1; : : : � s)
�

� T(r X X 1; : : : ; X r ; � 1; : : : � s) � : : : � T(X 1; : : : ; r X X r ; � 1; : : : � s)

� T(X 1; : : : ; X r ; r X � 1; : : : � s) � : : : � T(X 1; : : : ; X r ; � 1; : : : r X � s) :

(A.9.23)

The veri�cation that this de�nes a covariant derivative pro ceeds in a way iden-
tical to that for one-forms. In a basis we have

r X T = X ar aTa1 :::ar
b1 :::bs � a1 
 : : : 
 � ar 
 eb1 
 : : : 
 ebs ;

and (A.9.23) gives

r aTa1 :::ar
b1 :::bs := ( r ea T)(ea1 ; : : : ; ear ; � b1 ; : : : ; � bs )

= ea(Ta1 :::ar
b1 :::bs ) � � c

a1aTc:::ar
b1 :::bs � : : : � � c

ar aTa1 :::c
b1 :::bs

+� b1
caTa1 :::ar

c:::bs + : : : + � bs
caTa1 :::ar

b1 :::c : (A.9.24)

Carrying over the last two lines of (A.9.23) to the left-hand side of that equation
one obtains the Leibniz rule for r under pairings of tensors with vectors or
forms. It should be clear from (A.9.23) that r de�ned by that equation is
the only covariant derivative which agrees with the original one on vectors,
and which satis�es the Leibniz rule under the pairing operation. We will only
consider such covariant derivatives in this work.

A.10 The Levi-Civita connection

One of the fundamental results in pseudo-Riemannian geometry is that of the
existence of a torsion-free connection which preserves themetric:

Theorem A.10.1 Let g be a two-covariant symmetric non-degenerate tensor
�eld on a manifold M . Then there exists a unique connectionr such that

1. r g = 0 ,

2. the torsion tensor T of r vanishes.

Proof: Suppose, �rst, that a connection satisfying the above is given. By the
Leibniz rule we then have, for any vector �elds X , Y and Z ,

0 = ( r X g)(Y; Z) = X (g(Y; Z)) � g(r X Y; Z) � g(Y;r X Z ) : (A.10.1)

We rewrite the same equation applying cyclic permutations to X , Y , and Z ,
with a minus sign for the last equation:

g(r X Y; Z) + g(Y;r X Z ) = X (g(Y; Z)) ;

g(r Y Z; X ) + g(Z; r Y X ) = Y(g(Z; X )) ;

� g(r Z X; Y ) � g(X; r Z Y) = � Z (g(X; Y )) : (A.10.2)
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As the torsion tensor vanishes, the sum of the left-hand sides of these equations
can be manipulated as follows:

g(r X Y; Z) + g(Y;r X Z ) + g(r Y Z; X ) + g(Z; r Y X ) � g(r Z X; Y ) � g(X; r Z Y)

= g(r X Y + r Y X; Z ) + g(Y;r X Z � r Z X ) + g(X; r Y Z � r Z Y)

= g(2r X Y � [X; Y ]; Z ) + g(Y;[X; Z ]) + g(X; [Y; Z])

= 2g(r X Y; Z) � g([X; Y ]; Z ) + g(Y;[X; Z ]) + g(X; [Y; Z]) :

This shows that the sum of the three equations (A.10.2) can berewritten as

2g(r X Y; Z) = g([X; Y ]; Z ) � g(Y;[X; Z ]) � g(X; [Y; Z])

+ X (g(Y; Z)) + Y(g(Z; X )) � Z (g(X; Y )) : (A.10.3)

SinceZ is arbitrary and g is non-degenerate, the left-hand side of this equation
determines the vector �eld r X Y uniquely, and uniqueness ofr follows.

To prove existence, letS(X; Y )(Z ) be de�ned as one half of the right-hand
side of (A.10.3),

S(X; Y )(Z ) =
1
2

�
X (g(Y; Z)) + Y(g(Z; X )) � Z (g(X; Y ))

+ g(Z; [X; Y ]) � g(Y;[X; Z ]) � g(X; [Y; Z])
�

:(A.10.4)

Clearly S is linear with respect to addition in all �elds involved. Let us check
that it is also linear with respect to multiplication of Z by a function:

S(X; Y )( fZ ) =
f
2

�
X (g(Y; Z)) + Y(g(Z; X )) � Z (g(X; Y ))

+ g(Z; [X; Y ]) � g(Y;[X; Z ]) � g(X; [Y; Z])
�

+
1
2

�
X (f )g(Y; Z) + Y(f )g(Z; X ) � g(Y; X (f )Z ) � g(X; Y (f )Z )

�

= fS (X; Y )(Z ) : (A.10.5)

Since g is non-degenerate, we conclude that there exists a unique vector �eld
W (X; Y ) such that

S(X; Y )(Z ) = g(W (X; Y ); Z ) :

One readily checks that the assignment

(X; Y ) ! W (X; Y ) =: r X Y

satis�es all the requirements imposed on a covariant derivative r X Y.
It is immediate from (A.10.3), which is equivalent to (A.10.4), that the

connection r so de�ned is torsion free: Indeed, the sum of all-but-�rst terms
at the right-hand side of (A.10.3) is symmetric in (X; Y ), and the �rst term is
what is needed to produce the torsion tensor when removing from (A.10.3) its
counterpart with X and Y interchanged.

Finally, one checks thatr is metric-compatible by inserting r X Y and r X Z ,
as de�ned by (A.10.3), into (A.10.1). This concludes the proof. 2
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Incidentally: Let us give an index-notation version of the above. Using the
de�nition of r i gjk we have

0 = r i gjk � @i gjk � � `
ji g`k � � `

ki g`j ; (A.10.6)

here we have written � i
jk instead of � i

jk , as is standard in the literature. We rewrite
this equation making cyclic permutations of indices, and changing theoverall sign:

0 = �r j gki � � @j gki + � `
kj g`i + � `

ij g`k :

0 = �r k gij � � @k gij + � `
ik g`j + � `

jk g`i :

Adding the three equations and using symmetry of �kji in ij one obtains

0 = @i gjk � @j gki � @k gij + 2� `
jk g`i ;

Multiplying by gim we obtain

� m
jk = gmi � `

jk g`i =
1
2

gmi (@j gki + @k gij � @i gjk ) : (A.10.7)

This proves uniqueness.
A straightforward, though somewhat lengthy, calculation shows that the � m

jk 's
de�ned by (A.10.7) satisfy the transformation law (A.9.14). Exercice A.9.1 shows
that the formula (A.9.15) de�nes a torsion-free connection. It then remains to check
that the insertion of the � m

jk 's, as given by (A.10.7), into the right-hand side of
(A.10.6), indeed gives zero, proving existence. 2

Let us check that (A.10.3) reproduces (A.10.7): Consider (A.10.3) with X = @
 ,
Y = @� and Z = @� ,

2g(r 
 @� ; @� ) = 2 g(� �
�
 @� ; @� )

= 2 g�� � �
�


= @
 g�� + @� g
� � @� g�
 (A.10.8)

Multiplying this equation by g�� =2 we then obtain

� �
�
 = 1

2 g�� f @� g�
 + @
 g�� � @� g�
 g : (A.10.9)

2

A.10.1 Geodesics and Christo�el symbols

A geodesic can be de�ned as the stationary point of the action

I (
 ) =
Z b

a

1
2

g( _
; _
 )(s)
| {z }

=: L (
; _
 )

ds ; (A.10.10)

where 
 : [a; b] ! M is a di�erentiable curve. Thus,

L (x � ; _x � ) =
1
2

g�� (x � ) _x � _x � :

One readily �nds the Euler-Lagrange equations for this Lagrange function:

d
ds

�
@L
@_x �

�
=

@L
@x�

()
d2x �

ds2 + � �
��

dx�

ds
dx�

ds
= 0 : (A.10.11)
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This provides a very convenient way of calculating the Christo�el symbols:
given a metric g, write down L , work out the Euler-Lagrange equations, and
identify the Christo�els as the coe�cients of the �rst deriva tive terms in those
equations.

Exercice A.10.3 Prove (A.10.11). 2

(The Euler-Lagrange equations for (A.10.10) are identicalwith those of

~I (
 ) =
Z b

a

p
jg( _
; _
 )(s)jds ; (A.10.12)

but (A.10.10) is more convenient to work with. For example, L is di�erentiable
at points where _
 vanishes, while

p
jg( _
; _
 )(s)j is not. The aesthetic advantage

of (A.10.12), of being reparameterization-invariant, is more than compensated
by the calculational convenience ofL .)

Incidentally: Example A.10.5 As an example, consider a metric of the form

g = dr2 + f (r )d' 2 :

Special cases of this metric include the Euclidean metric onR2 (then f (r ) = r 2),
and the canonical metric on a sphere (thenf (r ) = sin 2 r , with r actually being the
polar angle � ). The Lagrangian (A.10.12) is thus

L =
1
2

�
_r 2 + f (r ) _' 2 �

:

The Euler-Lagrange equations read

@L
@'
|{z}

0

=
d
ds

�
@L
@_'

�
=

d
ds

(f (r ) _' ) ;

so that

0 = f •' + f 0_r _' = f
�

•' + � '
'' _' 2 + 2� '

r' _r _' + � '
rr _r 2�

=) � '
'' = � '

rr = 0 ; � '
r' =

f 0

2f
:

Similarly
@L
@r|{z}

f 0 _' 2 =2

=
d
ds

�
@L
@_r

�
= •r ;

so that

� r
r' = � r

rr = 0 ; � r
'' = �

f 0

2
:

2

A.11 \Local inertial coordinates"

Proposition A.11.1 1. Let g be a Lorentzian metric, for every p 2 M there
exists a neighborhood thereof with a coordinate system suchthat g�� = � �� =
diag(1; � 1; � � � ; � 1) at p.

2. If g is di�erentiable, then the coordinates can be further chosen so that

@� g�� = 0 (A.11.1)

at p.
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The coordinates above will be referred to aslocal inertial coordinates near
p.

Remark A.11.2 An analogous result holds for any pseudo-Riemannianmetric.
Note that normal coordinates, constructed by shooting geodesics fromp, satisfy
the above. However, for metrics of �nite di�erentiability, t he introduction of
normal coordinates leads to a loss of di�erentiability of the metric components,
while the construction below preserves the order of di�erentiability.

Proof: 1. Let y� be any coordinate system aroundp, shifting by a constant
vector we can assume thatp corresponds toy� = 0. Let ea = ea

� @=@y� be any
frame at p such that g(ea; eb) = � ab | such frames can be found by, e.g., a
Gram-Schmidt orthogonalisation. Calculating the determinant of both sides of
the equation

g�� ea
� eb

� = � ab

we obtain, at p,
det(g�� ) det(ea

� )2 = � 1;

which shows that det(ea
� ) is non-vanishing. It follows that the formula

y� = e�
axa

de�nes a (linear) di�eomorphism. In the new coordinates we have, again at p,

g
� @

@xa
;

@
@xb

�
= e�

ae�
bg

� @
@y�

;
@

@y�

�
= � ab : (A.11.2)

2. We will use (A.9.14), which uses latin indices, so let us switch to that
notation. Let x i be the coordinates described in point 1., recall thatp lies at the
origin of those coordinates. The new coordinates ^x j will be implicitly de�ned
by the equations

x i = x̂ i +
1
2

A i
jk x̂ j x̂k ;

where A i
jk is a set of constants, symmetric with respect to the interchange of

j and k. Recall (A.9.14),

�̂ i
jk = � s

`r
@̂x i

@xs
@x̀
@̂x j

@xr

@̂xk +
@̂x i

@xs
@2xs

@̂xk@̂x j ; (A.11.3)

here we usê� s
`r to denote the Christo�el symbols of the metric in the hatted

coordinates. Then, at x i = 0, this equation reads

�̂ i
jk = � s

`r
@̂x i

@xs|{z}
� i

s

@x̀
@̂x j
|{z}

� `
j

@xr

@̂xk
| {z}

� r
k

+
@xi

@xs|{z}
� i

s

@2xs

@̂xk@̂x j
| {z }

A s
kj

= � i
jk + A i

kj :

ChoosingA i
jk as � � i

jk (0), the result follows.
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Incidentally: If you do not like to remember formulae such as (A.9.14), proceed
as follows: Letx � be the coordinates described in point 1. The new coordinates ^x �

will be implicitly de�ned by the equations

x � = x̂ � +
1
2

A �
�� x̂ � x̂ � ;

where A �
�� is a set of constants, symmetric with respect to the interchange of �

and � . Set

ĝ�� := g
� @

@̂x � ;
@

@̂x �

�
; g�� := g

� @
@x�

;
@

@x�

�
:

Recall the transformation law

ĝ�� (x̂ � ) = g�� (x � (x̂ � ))
@x�

@̂x �

@x�

@̂x � :

By di�erentiation one obtains at x � = x̂ � = 0,

@̂g��

@̂x � (0) =
@g��
@x�

(0) + g�� (0)
�

A �
�� � �

� + � �
� A �

��

�

=
@g��
@x�

(0) + A ��� + A ��� ; (A.11.4)

where
A ��
 := g�� (0)A �

�
 :

It remains to show that we can chooseA �
�
 so that the left-hand side can be made

to vanish at p. An explicit formula for A ��
 can be obtained from (A.11.4) by a
cyclic permutation calculation similar to that in (A.10.2). After raising t he �rst
index, the �nal result is

A �
�
 =

1
2

g��
�

@g�

@x�

�
@g��
@x


�
@g�

@x�

�
(0) ;

the reader may wish to check directly that this does indeed lead to a vanishing
right-hand side of (A.11.4).

2

A.12 Curvature

Let r be a covariant derivative de�ned for vector �elds, the curvature tensor
is de�ned by the formula

R(X; Y )Z := r X r Y Z � r Y r X Z � r [X;Y ]Z ; (A.12.1)

where, as elsewhere, [X; Y ] is the Lie bracket de�ned in (A.3.6). We note the
anti-symmetry

R(X; Y )Z = � R(Y; X )Z : (A.12.2)

It turns out this de�nes a tensor. Multi-linearity with resp ect to addition is
obvious, but multiplication by functions require more work .

First, we have (see (A.9.19))

R(fX; Y )Z = r fX r Y Z � r Y r fX Z � r [fX;Y ]Z

= f r X r Y Z � r Y (f r X Z ) � r f [X;Y ]� Y (f )X Z
| {z }

= f r [X;Y ]Z � Y (f )r X Z

= fR (X; Y )Z :
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Incidentally: The simplest proof of linearity in the last slot proceeds via an
index calculation in adapted coordinates; so while we will do the elegant, index-
free version shortly, let us do the ugly one �rst. We use the coordinate system of
Proposition A.11.1 below, in which the �rst derivatives of the metric va nish at the
prescribed point p:

r i r j Z k = @i (@j Z k � � k
`j Z ` ) + 0 � r Z| {z }

at p

= @i @j Z k � @i � k
`j Z ` at p : (A.12.3)

Antisymmetrising in i and j , the terms involving the second derivatives ofZ drop
out, so the result is indeed linear inZ . Sor i r j Z k � r j r i Z k is a tensor �eld linear
in Z , and therefore can be written asRk

`ij Z ` .
Note that r i r j Z k is, by de�nition, the tensor �eld of �rst covariant derivatives

of the tensor �eld r j Z k , while (A.12.1) involves covariant derivatives of vector �elds
only, so the equivalence of both approaches requires a further argument. This is
provided in the calculation below leading to (A.12.7). 2

We continue with

R(X; Y )( fZ ) = r X r Y (fZ ) � r Y r X (fZ ) � r [X;Y ](fZ )

=
n

r X

�
Y (f )Z + f r Y Z

�o
�

n
� � �

o

X $ Y

� [X; Y ](f )Z � f r [X;Y ]Z

=
n

X (Y (f ))Z
| {z }

a

+ Y(f )r X Z + X (f )r Y Z
| {z }

b

+ f r X r Y Z
o

�
n

� � �
o

X $ Y

� [X; Y ](f )Z
| {z }

c

� f r [X;Y ]Z :

Now, a together with its counterpart with X and Y interchanged cancel out
with c, while b is symmetric with respect to X and Y and therefore cancels out
with its counterpart with X and Y interchanged, leading to the desired equality

R(X; Y )( fZ ) = fR (X; Y )Z :

In a coordinate basisf eag = f @� g we �nd 2 (recall that [ @� ; @� ] = 0)

R�
�
� := hdx� ; R(@
 ; @� )@� i

= hdx� ; r 
 r � @� i � h� � �i � $ 


= hdx� ; r 
 (� �
�� @� )i � h� � �i � $ 


= hdx� ; @
 (� �
�� )@� + � �

�
 � �
�� @� i � h� � �i � $ 


= f @
 � �
�� + � �

�
 � �
�� g � f� � �g � $ 
 ;

leading �nally to

R�
�
� = @
 � �

�� � @� � �
�
 + � �

�
 � �
�� � � �

�� � �
�
 : (A.12.4)

2The reader is warned that certain authors use other sign conventions either for R(X; Y )Z ,
or for R �

�
� , or both. A useful table that lists the sign conventions for a series of standard
GR references can be found on the backside of the front cover of [212].
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In a general frame some supplementary commutator terms willappear in the
formula for Ra

bcd.

Incidentally: An alternative way of introducing the Riemann tensor proceeds as
in [281]; here we assume for simplicity thatr is torsion-free, but a similar calculation
applies in general:

Proposition A.12.3 Let r be torsion-free. There exists a tensor �eld Rd
abc of

type (1; 3) such that
r a r bX d � r br aX d = Rd

cabX c : (A.12.5)

Proof: We need to check that the derivatives ofX cancel. Now,

r a r bX d = @a( r bX d
| {z }

@b X d +� d
be X e

) + � d
ac r bX c

| {z }
@b X c +� c

be X e

� � e
abr eX d

= @a@bX d
| {z }

=:1 ab

+ @a � d
beX e + � d

be@aX e

| {z }
=:2 ab

+ � d
ac@bX c

| {z }
=:3 ab

+� d
ac � c

beX
e � � e

abr eX d

| {z }
=:4 ab

:

If we subtract r br aX d, then

1. 1ab is symmetric in a and b, so will cancel out; similarly for 4ab becauser
has been assumed to have no torsion;

2. 2ab will cancel out with 3ba; similarly 3ab will cancel out with 2ba.

So the left-hand side of (A.12.5) is indeed linear inX e. Since it is a tensor, the
right-hand side also is. SinceX e is arbitrary, we conclude that Rd

cab is a tensor of
the desired type. 2

We note the following:

Theorem A.12.4 There exists a coordinate system in which the metric tensor
�eld has vanishing second derivatives atp if and only if its Riemann tensor
vanishes atp. Furthermore, there exists a coordinate system in which themet-
ric tensor �eld has constant entries near p if and only if the Riemann tensor
vanishes nearp.

Proof: The condition is necessary, since Riem is a tensor. The su�ciency will
be admitted. 2

The calculation of the curvature tensor may be a very traumatic experience.
There is one obvious case where things are painless, when allg�� 's are constants:
in this case the Christo�els vanish, and so does the curvaturetensor. Metrics
with the last property are called 
at .

For more general metrics, one way out is to use symbolic computer alge-
bra. This can, e.g., be done online onhttp://grtensor.phy.queensu.ca/
NewDemo. Mathematica packages to do this can be found at URL'shttp://
www.math.washington.edu/ ~lee/Ricci , or http://grtensor.phy.queensu.
ca/NewDemo, or http://luth.obspm.fr/ ~luthier/Martin-Garcia/xAct . This
last package is least-user-friendly as of today, but is the most 
exible, especially
for more involved computations.

We also note an algorithm of Benenti [25] to calculate the curvature tensor,
starting from the variational principle for geodesics, which avoids writing-out
explicitly all the Christo�el coe�cients.
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Incidentally: Example A.12.6 As an example less trivial than a metric with
constant coe�cients, consider the round two sphere, which we write in the form

g = d� 2 + e2f d' 2 ; e2f = sin 2 � :

As seen in Example A.10.5, the Christo�el symbols are easily founds from the
Lagrangian for geodesics:

L =
1
2

( _� 2 + e2f _' 2) :

The Euler-Lagrange equations give

� �
'' = � f 0e2f ; � '

�' = � '
'� = f 0;

with the remaining Christo�el symbols vanishing. Using the de�nition o f the Rie-
mann tensor we then immediately �nd

R '
�'� = � f 00� (f 0)2 = � e� f (ef )00= 1 : (A.12.6)

All remaining components of the Riemann tensor can be obtained from this one by
raising and lowering of indices, together with the symmetry operations which we
are about to describe. This leads to

Rab = gab ; R = 2 :

2

Equation (A.12.1) is most frequently used \upside-down", not as a de�nition
of the Riemann tensor, but as a tool for calculating what happens when one
changes the order of covariant derivatives. Recall that forpartial derivatives
we have

@� @� Z � = @� @� Z � ;

but this is not true in general if partial derivatives are replaced by covariant
ones:

r � r � Z � 6= r � r � Z � :

To �nd the correct formula let us consider the tensor �eld S de�ned as

Y �! S(Y ) := r Y Z :

In local coordinates, S takes the form

S = r � Z � dx� 
 @� :

It follows from the Leibniz rule | or, equivalently, from the de�nitions in
Section A.9 | that we have

(r X S)(Y ) = r X (S(Y )) � S(r X Y)

= r X r Y Z � r r X Y Z :

The commutator of the derivatives can then be calculated as

(r X S)(Y ) � (r Y S)(X ) = r X r Y Z � r Y r X Z � r r X Y Z + r r Y X Z

= r X r Y Z � r Y r X Z � r [X;Y ]Z

+ r [X;Y ]Z � r r X Y Z + r r Y X Z

= R(X; Y )Z � r T (X;Y )Z : (A.12.7)
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Writing r S in the usual form

r S = r � S�
� dx� 
 dx� 
 @� = r � r � Z � dx� 
 dx� 
 @� ;

we are thus led to

r � r � Z � � r � r � Z � = R�
��� Z � � T �

�� r � Z � : (A.12.8)

In the important case of vanishing torsion, the coordinate-component equivalent
of (A.12.1) is thus

r � r � X � � r � r � X � = R�
��� X � : (A.12.9)

An identical calculation gives, still for torsionless connections,

r � r � a� � r � r � a� = � R�
��� a� : (A.12.10)

For a general tensort and torsion-free connection each tensor index comes with
a corresponding Riemann tensor term:

r � r � t � 1 :::� r
� 1 :::� s � r � r � t � 1 :::� r

� 1 :::� s =

� R�
� 1 �� t �:::� r

� 1 :::� s � : : : � R�
� r �� t � 1 :::�

� 1 :::� s

+ R� 1
��� t � 1 :::� r

�:::� s + : : : + R� s
��� t � 1 :::� r

� 1 :::� : (A.12.11)

A.12.1 Bianchi identities

We have already seen the anti-symmetry property of the Riemann tensor, which
in the index notation corresponds to the equation

R�
�
� = � R�

��
 : (A.12.12)

There are a few other identities satis�ed by the Riemann tensor, we start with
the �rst Bianchi identity . Let A(X; Y; Z ) be any expression depending upon
three vector �elds X; Y; Z which is antisymmetric in X and Y , we set

X

[XY Z ]

A(X; Y; Z ) := A(X; Y; Z ) + A(Y; Z; X ) + A(Z; X; Y ) ; (A.12.13)

thus
P

[XY Z ] is a sum over cyclic permutations of the vectorsX; Y; Z . Clearly,

X

[XY Z ]

A(X; Y; Z ) =
X

[XY Z ]

A(Y; Z; X ) =
X

[XY Z ]

A(Z; X; Y ) : (A.12.14)

Suppose, �rst, that X , Y and Z commute. Using (A.12.14) together with the
de�nition (A.9.16) of the torsion tensor T we calculate

X

[XY Z ]

R(X; Y )Z =
X

[XY Z ]

�
r X r Y Z � r Y r X Z

�

=
X

[XY Z ]

�
r X r Y Z � r Y (r Z X + T(X; Z ))

| {z }
we have used [X;Z ]=0 ; see (A.9.16)

�
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=
X

[XY Z ]

r X r Y Z �
X

[XY Z ]

r Y r Z X

| {z }
=0 (see (A.12.14))

�
X

[XY Z ]

r Y ( T(X; Z )
| {z }
= � T (Z;X )

)

=
X

[XY Z ]

r X (T(Y; Z)) ;

and in the last step we have again used (A.12.14). This can be somewhat
rearranged by using the de�nition of the covariant derivati ve of a higher or-
der tensor (compare (A.9.23)) | equivalently, using the Lei bniz rule rewritten
upside-down:

(r X T)(Y; Z) = r X (T(Y; Z)) � T(r X Y; Z) � T(Y;r X Z ) :

This leads to
X

[XY Z ]

r X (T(Y; Z)) =
X

[XY Z ]

�
(r X T)(Y; Z) + T(r X Y; Z) + T(Y; r X Z| {z }

= T (X;Z )+ r Z X

)
�

=
X

[XY Z ]

�
(r X T)(Y; Z) � T( T(X; Z )

| {z }
= � T (Z;X )

; Y )
�

+
X

[XY Z ]

T(r X Y; Z) +
X

[XY Z ]

T(Y;r Z X )
| {z }
= � T (r Z X;Y )

| {z }
=0 (see (A.12.14))

=
X

[XY Z ]

�
(r X T)(Y; Z) + T(T(X; Y ); Z )

�
:

Summarizing, we have obtained the �rst Bianchi identity:
X

[XY Z ]

R(X; Y )Z =
X

[XY Z ]

�
(r X T)(Y; Z) + T(T(X; Y ); Z )

�
; (A.12.15)

under the hypothesis that X , Y and Z commute. However, both sides of this
equation are tensorial with respect toX , Y and Z , so that they remain correct
without the commutation hypothesis.

We are mostly interested in connections with vanishing torsion, in which
case (A.12.15) can be rewritten as

R�
�
� + R�


�� + R�
��
 = 0 : (A.12.16)

Equivalently,
R�

[�
� ] = 0 ; (A.12.17)

where brackets over indices denote complete antisymmetrisation, e.g.

A [�� ] = 1
2(A �� � A �� ) ;

A [��
 ] = 1
6(A ��
 � A ��
 + A 
�� � A 
�� + A �
� � A �
� ) ;

etc.
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Our next goal is the second Bianchi identity. We consider four vector �elds
X , Y , Z and W and we assume again that everybody commutes with everybody
else. We calculate

X

[XY Z ]

r X (R(Y; Z)W ) =
X

[XY Z ]

�
r X r Y r Z W| {z }

= R(X;Y )r Z W + r Y r X r Z W

�r X r Z r Y W
�

=
X

[XY Z ]

R(X; Y )r Z W

+
X

[XY Z ]

r Y r X r Z W �
X

[XY Z ]

r X r Z r Y W

| {z }
=0

: (A.12.18)

Next,

X

[XY Z ]

(r X R)(Y; Z)W =
X

[XY Z ]

�
r X (R(Y; Z)W ) � R(r X Y; Z)W

� R(Y; r X Z| {z }
= r Z X + T (X;Z )

)W � R(Y; Z)r X W
�

=
X

[XY Z ]

r X (R(Y; Z)W )

�
X

[XY Z ]

R(r X Y; Z)W �
X

[XY Z ]

R(Y;r Z X )W
| {z }
= � R(r Z X;Y )W

| {z }
=0

�
X

[XY Z ]

�
R(Y; T(X; Z ))W + R(Y; Z)r X W

�

=
X

[XY Z ]

�
r X (R(Y; Z)W ) � R(T(X; Y ); Z )W � R(Y; Z)r X W

�
:

It follows now from (A.12.18) that the �rst term cancels out t he third one,
leading to

X

[XY Z ]

(r X R)(Y; Z)W = �
X

[XY Z ]

R(T(X; Y ); Z )W ; (A.12.19)

which is the desired second Bianchi identity for commuting vector �elds. As
before, because both sides are multi-linear with respect toaddition and multi-
plication by functions, the result remains valid for arbitr ary vector �elds.

For torsionless connections the components equivalent of (A.12.19) reads

R�
��
 ;� + R�

�
� ;� + R�
��� ;
 = 0 : (A.12.20)

Incidentally: In the case of the Levi-Civita connection, the proof of the second
Bianchi identity is simplest in coordinates in which the derivatives of the metric
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vanish at p: Indeed, a calculation very similar to the one leading to (A.12.25) below
gives

r � R���
 (0) = @� R���
 (0) =
1
2

n
@� @� @� g�
 � @� @� @� g�
 � @� @
 @� g�� + @� @
 @� g��

o
(0) :(A.12.21)

and (A.12.20) follows by inspection 2

A.12.2 Pair interchange symmetry

There is one more identity satis�ed by the curvature tensor which is speci�c to
the curvature tensor associated with the Levi-Civita connection, namely

g(X; R (Y; Z)W ) = g(Y; R(X; W )Z ) : (A.12.22)

If one sets
Rabcd := gaeRe

bcd ; (A.12.23)

then (A.12.22) is equivalent to

Rabcd = Rcdab : (A.12.24)

We will present two proofs of (A.12.22). The �rst is direct, b ut not very
elegant. The second is prettier, but less insightful.

For the ugly proof, we suppose that the metric is twice-di�erentiable. By
point 2. of Proposition A.11.1, in a neighborhood of any point p 2 M there
exists a coordinate system in which the connection coe�cients � �

�
 vanish at
p. Equation (A.12.4) evaluated at p therefore reads

R�
�
� = @
 � �

�� � @� � �
�


=
1
2

n
g�� @
 (@� g�� + @� g�� � @� g�� )

� g�� @� (@
 g�� + @� g�
 � @� g�
 )
o

=
1
2

g��
n

@
 @� g�� � @
 @� g�� � @� @� g�
 + @� @� g�


o
:

Equivalently,

R��
� (0) =
1
2

n
@
 @� g�� � @
 @� g�� � @� @� g�
 + @� @� g�


o
(0) : (A.12.25)

This last expression is obviously symmetric under the exchange of �� with 
� ,
leading to (A.12.24).

The above calculation traces back the pair-interchange symmetry to the
de�nition of the Levi-Civita connection in terms of the metr ic tensor. As already
mentioned, there exists a more elegant proof, where the origin of the symmetry
is perhaps somewhat less apparent, which proceeds as follows: We start by
noting that

0 = r ar bgcd � r br agcd = � Re
cabged � Re

dabgce ; (A.12.26)
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leading to anti-symmetry in the �rst two indices:

Rabcd = � Rbacd :

Next, using the cyclic symmetry for a torsion-free connection, we have

Rabcd + Rcabd + Rbcad = 0 ;

Rbcda + Rdbca + Rcdba = 0 ;

Rcdab + Racdb + Rdacb = 0 ;

Rdabc + Rbdac + Rabdc = 0 : (A.12.27)

The desired equation (A.12.24) follows now by adding the �rst two and sub-
tracting the last two equations, using (A.12.26).

Remark A.12.8 In dimension two, the pair-interchange symmetry and the anti-
symmetry in the last two indices immediately imply that the only non-zero compo-
nent of the Riemann tensor is

R1212 = � R2112 = R2121 = � R2112 :

This is equivalent to the formula

Rabcd =
R
2

(gacgbd � gadgbc) :

as easily checked at a pointp in a coordinate system wheregab is diagonal at p. 2

Incidentally: It is natural to enquire about the number of independent compo-
nents of a tensor with the symmetries of a metric Riemann tensor in dimension n,
the calculation proceeds as follows: asRabcd is symmetric under the exchange ofab
with cd, and anti-symmetric in each of these pairs, we can view it as a symmetric
map from the space of anti-symmetric tensor with two indices. Now,the space of
anti-symmetric tensors isN = n(n � 1)=2 dimensional, while the space of symmetric
maps in dimensionN is N (N + 1) =2 dimensional, so we obtain at most

n(n � 1)(n2 � n + 2)
8

free parameters. However, we need to take into account the cyclic identity:

Rdabc + Rdbca + Rdcab = 0 : (A.12.28)

If a = b this reads
Rdaac + Rdaca + Rdcaa = 0 ;

which has already been accounted for. Similarly ifa = d we obtain

Rabca + Rbcaa + Rcaba = 0 ;

which holds in view of the previous identities. We conclude that the only new
identities which could possibly arise are those whereabcdare all distinct. (Another
way to see this is to note the identity

Ra[bcd] = R[abcd] ; (A.12.29)



A.12. CURVATURE 267

which holds for any tensor satisfying

Rabcd = R[ab]cd = Rab[cd] = Rcdab ; (A.12.30)

and which can be proved by writing explicitly all the terms in R[abcd]; this is the
same as adding the left-hand sides of the �rst and third equations in(A.12.27), and
removing those of the second and fourth.)

Clearly no identity involving four distinct components of the Riemann t ensor
can be obtained using (A.12.30), so for each distinct set of four indices the Bianchi
identity provides a constraint which is independent of (A.12.30). In dimension four
(A.12.28) provides thus four candidate equations for another constraint, labeled by
d, but it is easily checked that they all coincide either directly, or using (A.12.29).
This leads to 20 free parameters at each space point. (Strictly speaking, to prove this
one would still need to show that there are no further algebraic identities satis�ed
by the Riemann tensor, which is indeed the case.

Note that (A.12.29) shows that in dimension n � 4 the Bianchi identity intro-

duces
�

n
4

�
new constraints, leading to

n(n � 1)(n2 � n + 2)
8

�
n(n � 1)(n � 2)(n � 3)

12
=

n2(n2 � 1)
12

(A.12.31)

independent components at each point. 2

A.12.3 Summmary for the Levi-Civita connection

Here is a full list of algebraic symmetries of the curvature tensor of the Levi-
Civita connection:

1. directly from the de�nition, we obtain

R�

�� = � R�


�� ; (A.12.32)

2. the next symmetry, known as the�rst Bianchi identity , is less obvious:

R�

�� + R�

��
 + R�
�
� = 0 () R�

[
�� ] = 0 ; (A.12.33)

3. and �nally we have the pair-interchange symmetry:

R��
� = R
��� : (A.12.34)

Here, of course,R
��� = g
� R�
��� .

It is not obvious, but true, that the above exhaust the list of all independent
algebraic identities satis�ed by R��
� .

As a consequence of (A.12.32) and (A.12.34) we �nd

R���
 = R�
�� = � R�
�� = � R��
� ;

and so the Riemann tensor is also anti-symmetric in its �rst two indices:

R��
� = � R��
� : (A.12.35)
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The Ricci tensor is de�ned as

R�� := R�
��� :

The pair-interchange symmetry implies that the Ricci tensor is symmetric:

R�� = g�� R���� = g�� R���� = R�� :

Finally we have the di�erential second Bianchi identity:

r � R�
��
 + r � R�

�
� + r 
 R�
��� = 0 () r [� R�
 ]�� = 0 : (A.12.36)

A.12.4 Curvature of product metrics

Let (M; g) and (N; h) be two pseudo-Riemannian manifolds, on the product
manifold M � N we de�ne a metric g� h as follows: Every element ofT(M � N )
can be uniquely written as X � Y for someX 2 T M and Y 2 T N . We set

(g � h)(X � Y;X̂ � Ŷ ) = g(X; X̂ ) + h(Y;Ŷ ) :

Let r be the Levi-Civita connection associated withg, D that associated with
h, and D the one associated withg � h. To understand the structure of r ,
we note that sections ofT(M � N ) are linear combinations, with coe�cients in
C1 (M � N ), of elements of the formX � Y , whereX 2 �( T M ) and Y 2 �( T N ).
(Thus, X does not depend uponq 2 N and Y does not depend uponp 2 M .)
We claim that for such �elds X � Y and W � Z we have

DX � Y (W � Z ) = r X W � DY Z : (A.12.37)

(If true, (A.12.37) together with the Leibniz rule characte risesD uniquely.) To
verify (A.12.37), we check �rst that D has no torsion:

DX � Y (W � Z ) � DW � Z (X � Y ) = r X W � DY Z � r W X � DZ Y

= ( r X W � r W X ) � (DY Z � DZ Y)

= [ X; W ] � [Y; Z]

= [ X � Y; W � Z ] :

(In the last step we have used [X � 0; 0 � Z ] = [0 � Y; W � 0] = 0.) Next, we
check metric compatibility:

X � Y
�

(g � h)(W � Z; Ŵ � Ẑ )
�

= X � Y
�

g(W; Ŵ ) + h(Z; Ẑ )
�

= X
�

g(W; Ŵ )
�

| {z }
g(r X W;Ŵ )+ g(W;r X Ŵ )

+ Y
�

h(Z; Ẑ )
�

| {z }
h(D Y Z; Ẑ )+ h(Z;D Y Ẑ )

= g(r X W; Ŵ ) + h(DY Z; Ẑ )
| {z }

(g� h)( r X W � D Y Z;Ŵ � Ẑ )

+ g(W; r X Ŵ ) + h(Z; D Y Ẑ )
| {z }

(g� h)( W � Z; r X Ŵ � D Y Ẑ )

= ( g � h)(DX � Y W � Z; Ŵ � Ẑ ) + ( g � h)(W � Z; DX � Y Ŵ � Ẑ ) :
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Uniqueness of Levi-Civita connections proves (A.12.37).
Let Riem(k) denote the Riemann tensor of the metrick. It should be clear

from (A.12.37) that the Riemann tensor of g � h has a sum structure,

Riem(g � h) = Riem( g) � Riem(h) : (A.12.38)

More precisely,

Riem(g � h)(X � Y;X̂ � Ŷ )W � Z = Riem( g)(X; X̂ )W � Riem(h)(Y;Ŷ )Z :
(A.12.39)

This implies
Ric(g � h) = Ric( g) � Ric(h) ; (A.12.40)

in the sense that

Ric(g � h)(X � Y;X̂ � Ŷ ) = Ric( g)(X; X̂ ) � Ric(h)(Y;Ŷ ) ; (A.12.41)

and

tr g� hRic(g � h) = tr gRic(g) + tr hRic(h) : (A.12.42)

A.12.5 An identity for the Riemann tensor

We write � ��

� for � [�


 � � ]
� � 1

2(� �

 � �

� � � �

 � �

� ), etc.
For completeness we prove the following identity satis�ed by the Riemann

tensor, which is valid in any dimension, is clear in dimensions two and three,
implies the double-dual identity for the Weyl tensor in dimension four, and is
probably well known in higher dimensions as well:

� ��
�
���� R��


� =
1
3!

�
R��

�� + � ��
�� R � 4� [�

[� R� ]
� ]

�
: (A.12.43)

The above holds for any tensor �eld satisfying

R��
� = � R��
� = R���
 : (A.12.44)

To prove (A.12.43) one can calculate as follows:

4! � ��
�
���� R��


� = 2[ � �
�

�
� �

� � 

� � �

� � � �
� � 


� � �
� + � �

� � 

� � �

�

�

� � �
�

�
� �

� � 

� � �

� � � �
� � 


� � �
� + � �

� � 

� � �

�

�

+ � �
�

�
� �

� � 

� � �

� � � �
� � 


� � �
� + � �

� � 

� � �

�

�

� � �
�

�
� �

� � 

� � �

� � � �
� � 


� � �
� + � �

� � 

� � �

�

�
]R��


�

= 2
�

2� ��
�� � 


� � �
� � 4� �


�� � ��
�� + 4 � �


�� � ��
�� + 2 � �

� � �
� � 


� � �
�

�
R��


�

= 4
�

� ��
�� R
�


� � 2� �

�� R��


� + 2 � �

�� R��


� + R��
��

�

= 4
�

R��
�� + � ��

�� R
�

� � 4� [�

[� R� ]

� ]


�
: (A.12.45)
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If the sums are over all indices we obtain (A.12.43). The reader is warned,
however, that in some of our calculations the sums will be only over a subset of
all possible indices, in which case the last equation remains valid but the last
two terms in (A.12.45) cannot be replaced by the Ricci scalar and the Ricci
tensor.

Let us show that the double-dual identity for the Weyl tensor does indeed
follow from (A.12.43). For this, note that in space-time dimension four we have

4!� ��
�
���� = � ��
� � ���� ; (A.12.46)

since both sides are completely anti-symmetric in the upperand lower indices,
and coincide when both pairs equal 0123. Hence, since the Weyl tensor W ��


�
has all the required symmetries and vanishing traces, we �nd

4W ��
�� =|{z}

by (A.12.45)

4!� ��
�
���� W ��


� = � ��
� � ���� W ��

� : (A.12.47)

This is equivalent to the desired identity

� ���� W ��

� = W ��

�� � ��
� : (A.12.48)
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A.13 Geodesics

An a�nely parameterised geodesic 
 is a maximally extended solution of the
equation

r _
 _
 = 0

(compare (A.10.11).) It is a fundamental postulate of general relativity that
physical observers move on timelike geodesics. This motivates the following def-
inition: an observer is a maximally extended future directed timelike geodesics.

Incidentally: It is sometimes convenient to consider geodesics which are not nec-
essarily a�nely parameterised. Those are solutions of

r d

d�

d

d�

= �
d

d�

: (A.13.1)

Indeed, let us show that a change of parameter obtained by solvingthe equation

d2�
ds2 + �

�
d�
ds

� 2

= 0 (A.13.2)

brings (A.13.2) to the form (A.13.2): under a change of parameter� = � (s) we
have

d
 �

ds
=

d�
ds

d
 �

d�
;

and

D
ds

d
 �

ds
=

D
ds

(
d�
ds

d
 �

d�
)

=
d2�
ds2

d
 �

d�
+

d�
ds

D
ds

d
 �

d�

=
d2�
ds2

d
 �

d�
+

� d�
ds

� 2 D
d�

d
 �

d�

=
d2�
ds2

d
 �

d�
+

� d�
ds

� 2
�

d
 �

d�
;

and the choice indicated above gives zero, as desired. 2

Let f be a smooth function and let� 7! 
 (� ) be any integral curve ofr f ; by
de�nition, this means that d
 � =d� = r � f . The following provides a convenient
tool for �nding geodesics:

Proposition A.13.2 (Integral curves of gradients) Let f be a function satisfy-
ing

g(r f; r f ) =  (f ) ;

for some function  . Then the integral curves of r f are geodesics, a�nely
parameterised if  0 = 0 .

Proof: We have

_
 � r � _
 � = r � f r � r � f = r � f r � r � f =
1
2

r � (r � f r � f ) =
1
2

r �  (f ) =
1
2

 0r � f :

(A.13.3)
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Let � the natural parameter on the integral curves of r f ,

d
 �

d�
= r � f ;

then (A.13.3) can be rewritten as

D
d�

d
 �

d�
=

1
2

 0d
 �

d�
:

2
A signi�cant special case is that of a coordinate functionf = x i . Then

g(r f; r f ) = g(r x i ; r x i ) = gii (no summation) :

For example, in Minkowski space-time, allg�� 's are constant, which shows that
the integral curves of the gradient of any coordinate, and hence also of any
linear combination of coordinates, are a�nely parameterized geodesics. An
other example is provided by the coordinater in Schwarzschild space-time,
where grr = 1 � 2m=r; this is indeed a function of r , so the integral curves of
r r = (1 � 2m=r)@r are (non-a�nely parameterized) geodesics.

Similarly one shows:

Proposition A.13.3 Suppose thatd(g(X; X )) = 0 along an orbit 
 of a Killing
vector �eld X . Then 
 is a geodesic.

Exercice A.13.4 Consider the Killing vector �eld X = @t + 
 @' , where 
 is a
constant, in the Schwarzschild space-time. Find all geodesic orbitsof X by studying
the equation d(g(X; X )) = 0. 2

A.14 Geodesic deviation (Jacobi equation)

Suppose that we have a one parameter family of geodesics


 (s; � ) (in local coordinates, (
 � (s; � ))) ;

where s is an a�ne parameter along the geodesic, and� is a parameter which
labels the geodesics. Set

Z (s; � ) :=
@
(s; � )

@�
�

@
� (s; � )
@�

@� ;

for each� this de�nes a vector �eld Z along 
 (s; � ), which measures how nearby
geodesics deviate from each other, since, to �rst order, using a Taylor expansion,


 � (s; � ) = 
 � (s; � 0) + Z � (� � � 0) + O(( � � � 0)2) :

To measure how a vector �eldW changes alongs 7! 
 (s; � ), one introduces
the di�erential operator D=ds, de�ned as

DW �

ds
:=

@(W � � 
 )
@s

+ � �
�� _
 � W � (A.14.1)

= _
 � @W�

@x�
+ � �

�� _
 � W � (A.14.2)

= _
 � r � W � : (A.14.3)
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(It would perhaps be more logical to write DW �

@s in the current context, but
this is rarely done. Another notation for D

ds often used in the mathematical
literature is 
 � @s.) The last two lines only make sense ifW is de�ned in a
whole neighbourhood of
 , but for the �rst it su�ces that W (s) be de�ned
along s 7! 
 (s; � ). (One possible way of making sense of the last two lines
is to extend, whenever possible,W � to any smooth vector �eld de�ned in a
neighorhood of
 � (s; � ), and note that the result is independent of the particular
choice of extension because the equation involves only derivatives tangential to
s 7! 
 � (s; � ).)

Analogously one sets

DW �

d�
:=

@(W � � 
 )
@�

+ � �
�� @� 
 � W � (A.14.4)

= @� 
 � @W�

@x�
+ � �

�� @� 
 � W � (A.14.5)

= Z � r � W � : (A.14.6)

Note that since s ! 
 (s; � ) is a geodesic we have from (A.14.1) and (A.14.3)

D 2
 �

ds2 :=
D _
 �

ds
=

@2
 �

@s2
+ � �

�� _
 � _
 � = 0 : (A.14.7)

(This is sometimes written as _
 � r � _
 � = 0, which is again an abuse of notation
since typically we will only know _
 � as a function of s, and so there is no such
thing as r � _
 � .) Furthermore,

DZ �

ds
=|{z}

(A.14.1)

@2
 �

@s@�
+ � �

�� _
 � @� 
 � =|{z}
(A.14.4)

D _
 �

d�
; (A.14.8)

(The abuse-of-notation derivation of the same formula proceeds as:

r _
 Z � = _
 � r � Z � = _
 � r � @� 
 � =|{z}
(A.14.3)

@2
 �

@s@�
+ � �

�� _
 � @� 
 � =|{z}
(A.14.6)

Z � r � _
 �

= r Z _
 � ; (A.14.9)

which can then be written as

r _
 Z = r Z _
 : ) (A.14.10)

We have the following identity for any vector �eld W de�ned along 
 � (s; � ),
which can be proved by e.g. repeating the calculation leading to (A.12.9):

D
ds

D
d�

W � �
D
d�

D
ds

W � = R�
��� _
 � Z � W � : (A.14.11)

If W � = _
 � the second term at the left-hand side of (A.14.11) vanishes,and
from D

d� _
 = D
dsZ we obtain

D 2Z �

ds2 (s) = R�
��� _
 � Z � _
 � : (A.14.12)
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This is an equation known as theJacobi equation, or as the geodesic deviation
equation; in index-free notation:

D 2Z
ds2 = R( _
; Z ) _
 : (A.14.13)

Solutions of (A.14.13) are calledJacobi �elds along 
 .

Incidentally: The advantage of the abuse-of-notation equations above is that,
instead of adapting the calculation, one can directly invoke the result of Proposi-
tion A.12.3to obtain (A.14.11):

D 2Z �

ds2 (s) = _
 � r � ( _
 � r � Z � )

= _
 � r � (Z � r � _
 � )

= ( _
 � r � Z � )r � _
 � + Z � _
 � r � r � _
 �

= ( _
 � r � Z � )r � _
 � + Z � _
 � (r � r � � r � r � ) _
 � + Z � _
 � r � r � _
 �

= ( _
 � r � Z � )r � _
 � + Z � _
 � R�
��� _
 � + Z � _
 � r � r � _
 �

= ( _
 � r � Z � )r � _
 � + Z � _
 � R�
��� _
 �

+ Z � r � ( _
 � r � _
 �

| {z }
0

) � (Z � r � _
 � )r � _
 � : (A.14.14)

A renaming of indices in the �rst and the last term gives

( _
 � r � Z � )r � _
 � � (Z � r � _
 � )r � _
 � = ( _
 � r � Z � � Z � r � _
 � )r � _
 � ;

which is zero by (A.14.10). This leads again to (A.14.12). 2

A.15 Exterior algebra

A preferred class of tensors is provided by those that are totally antisymmetric
in all indices. Such k-covariant tensors are calledk-forms. They are of spe-
cial interest because they can naturally be used for integration. Furthermore,
on such tensors one can introduce a di�erentiation operation, called exterior
derivative, which does not require a connection.

By de�nition, functions are zero-forms, and covectors areone-forms.
Let � i , i = 1 ; : : : ; k, be a collection of one-forms, theexterior product of the

� i 's is a k-form de�ned as

(� 1 ^ � � � ^ � k )(X 1; : : : ; X k ) = det ( � i (X j )) ; (A.15.1)

where det (� i (X j )) denotes the determinant of the matrix obtained by applying
all the � i 's to all the vectors X j . For example

(dxa ^ dxb)(X; Y ) = X aY b � Y aX b :

Note that
dxa ^ dxb = dxa 
 dxb � dxb 
 dxa ;

which is twice the antisymmetrisation dx[a 
 dxb].
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Quite generally, if � is a totally anti-symmetric k-covariant tensor with
coordinate coe�cients � a1 :::ak , then

� = � a1 :::ak dxa1 
 � � � 
 dxak

= � a1 :::ak dx[a1 
 � � � 
 dxak ]

=
1
k!

� a1 :::ak dxa1 ^ � � � ^ dxak

=
X

a1< ���<a k

� a1 :::ak dxa1 ^ � � � ^ dxak : (A.15.2)

The middle formulae exhibits the factorial coe�cients needed to go from tensor
components to the components in thedxa1 ^ � � � ^ dxak basis.

Equation (A.15.2) makes it clear that in dimension n for any non-trivial k-
form we havek � n. It also shows that the dimension of the space ofk-forms,
with 0 � k � n, equals �

n
k

�
=

n!
k!(n � k)!

:

A di�erential form is de�ned as a linear combination of k-forms, with k
possibly taking di�erent values for di�erent summands.

Let Y be a vector and � a k-form. The contraction Yc� , also called the
interior product of Y and � , is a (k � 1)-form de�ned as

(Y c� )(X 1; : : : ; X k� 1) := � (Y; X1; : : : ; X k� 1) : (A.15.3)

The operation Yc is often denoted byiY .
Let � be a k-form and � an `-form, the exterior product � ^ � of � and � ,

also calledwedge product, is de�ned using bilinearity:

� ^ � �
 

X

a1< ���<a k

� a1 :::ak dxa1 ^ � � � ^ dxak

!

^

0

@
X

b1< ���<b `

� b1 :::b` dxb1 ^ � � � ^ dxb̀

1

A

:=
X

a1< ���<a k ; b1< ���<b `

� a1 :::ak � b1 :::b` �

dxa1 ^ � � � ^ dxak ^ dxb1 ^ � � � ^ dxb̀ : (A.15.4)

The product so-de�ned is associative:

� ^ (� ^ 
 ) = ( � ^ � ) ^ 
 =: � ^ � ^ 
 : (A.15.5)

Incidentally: In order to establish (A.15.5), we start by rewriting the de�nition
of the wedge product of ak-form � and l-form � as

(� ^ � ) (X 1 : : : ; X k+ l ) :=
1
k!

1
l !

X

� 2 Sk + l

sgn(� ) ( � 
 � ) (X � (1) ; : : : ; X � (k+ l ) ) ;

(A.15.6)
where X i 2 �( T M ) for i = 1 ; : : : ; k + l .
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Let Sp denote the group of permutations ofp elements and let 
 ` (M ) denote
the space of`-forms. For � 2 
 k (M ), � 2 
 l (M ) and 
 2 
 m (M ) we have

(( � ^ � ) ^ 
 )(X 1; : : : ; X k+ l + m )

=
1

(k + l)!m!

X

� 2 Sk + l + m

sgn(� ) (( � ^ � ) 
 
 ) (X � (1) ; : : : ; X � (k+ l + m ) )

=
1

(k + l)!m!

X

� 2 Sk + l + m

sgn(� )( � ^ � )(X � (1) ; : : : ; X � (k+ l ) ) � 
 (X � (k+ l +1) ; : : : ; X � (k+ l + m ) )

=
1

(k + l)!k!l !m!

X

� 2 Sk + l + m

sgn(� )
X

� 02 Sk + l

sgn(� 0)( � 
 � )(X � 0( � (1)) ; : : : ; X � 0( � (k+ l )) ) �


 (X � (k+ l +1) ; : : : ; X � (k+ l + m ) ) : (A.15.7)

We introduce a new permutation � 002 Sk+ l + m such that

� 00(� (i )) =
�

� 0(� (i )) for 1 � i � k + l ;
� (i ) for i > k + l ;

which implies sgn(� 00) = sgn( � 0). One then obtains

(( � ^ � ) ^ 
 )(X 1; : : : ; X k+ l + m )

=
1

(k + l)!k!l !m!

X

� 02 Sk + l

sgn(� 0)
X

� 2 Sk + l + m

sgn(� )(( � 
 � ) 
 
 )(X � 00( � (1)) ; : : : ; X � 00( � (k+ l + m )) ) :

Set � := � 00� � . Then sgn(� ) = sgn( � 00)sgn(� ), thus

sgn(� ) = sgn( � )sgn(� 00) = sgn( � )sgn(� 0)

and we get

(( � ^ � ) ^ 
 )(X 1; : : : ; X k+ l + m )

=
1

(k + l)!k!l !m!

X

� 02 Sk + l

(sgn(� 0))2

| {z }
=( k+ l )!

X

� 2 Sk + l + m

sgn(� )(( � 
 � ) 
 
 )(X � (1) ; : : : ; X � (k+ l + m ) )

=
1

k!l !m!

X

� 2 Sk + l + m

sgn(� )(( � 
 � ) 
 
 )(X � (1) ; : : : ; X � (k+ l + m ) ) :(A.15.8)

A similar calculation gives

(� ^ (� ^ 
 ))( X 1; : : : ; X k+ l + m )

=
1

k!l !m!

X

� 2 Sk + l + m

sgn(� )( � 
 (� 
 
 ))( X � (1) ; : : : ; X � (k+ l + m ) ) ; (A.15.9)

and the associativity of the wedge product follows.
The above calculations lead to the following form of the wedge product of n

forms, where associativity is obvious:

(� 1 ^ � � � ^ � n )(X 1; : : : ; X k1 + ::: + kn )

=
1

k1! � � � kn !

X

� 2 Sk 1 + ::: + k n

sgn(� )( � 1 
 � � � 
 � n )(X � (1) ; : : : ; X � (k1 + ::: + kn ) ) ;

(A.15.10)
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where � i 2 
 k i (M ) for i = 1 ; : : : ; n and X j 2 �( T M ) for j = 1 ; : : : ; k1 + : : : + kn .
Let us apply the last formula to one-forms: if � i 2 
 1(M ) we have

(� 1 ^ � � � ^ � n )(X 1; : : : ; X n ) =
X

� 2 Sn

sgn(� )( � 1 
 � � � 
 � n )(X � (1) ; : : : ; X � (n ) )

=
X

� 2 Sn

sgn(� )
nY

i =1

� i (X � ( i ) )

= det( � i (X j )) ; (A.15.11)

where we have used the Leibniz formula for determinants. 2

The exterior derivative of a di�erential form is de�ned as follows:

1. For a zero formf , the exterior derivative of f is its usual di�erential df .

2. For a k-form � , its exterior derivative d� is a (k + 1)-form de�ned as

d� � d
�

1
k!

� � 1 :::� k dx� 1 ^ � � � ^ dx� k

�
:=

1
k!

d� � 1 :::� k ^ dx� 1 ^ � � � ^ dx� k :

(A.15.12)
Equivalently

d� =
1
k!

@� � � 1 :::� k dx� ^ dx� 1 ^ � � � ^ dx� k

=
k + 1

(k + 1)!
@[� � � 1 :::� k ]dx� ^ dx� 1 ^ � � � ^ dx� k ; (A.15.13)

which can also be written as

(d� )� 1 :::� k +1 = ( k + 1) @[� 1 � � 2 :::� k +1 ] : (A.15.14)

One easily checks, using@� @� y
 = @� @� y
 , that the exterior derivative
behaves as a tensor under coordinate transformations. An \active way" of
saying this is

d(� � � ) = � � (d� ) ; (A.15.15)

for any di�erentiable map � . The tensorial character ofd is also made clear by
noting that for any torsion-free connection r we have

@[� 1 � � 2 :::� k +1 ] = r [� 1 � � 2 :::� k +1 ] : (A.15.16)

Again by symmetry of second derivatives, it immediately follows from (A.15.12)
that d(df ) = 0 for any function, and subsequently also for any di�erenti al form:

d2� := d(d� ) = 0 : (A.15.17)

A coordinate-free de�nition of d� is

d� (X 0; X 1; : : : ; X k ) =
X

0� j � k

(� 1)j X j

�
� (X 0; : : : ; cX j ; : : : X k )

�

+
X

0� i<j � k

(� 1)i + j � ([X i ; X j ]; X 0; : : : ; cX j ; : : : X k ) ; (A.15.18)
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where cX ` denotes the omission of the vectorX ` .

It is not too di�cult to prove that if
k
� is a k-form and

`
� is an `-form, then

the following version of the Leibniz rule holds:

d(
k
� ^

`
� ) = ( d

k
� )^

`
� +( � 1)k k

� ^ (d
`
� ) : (A.15.19)

In dimension n, let � 2 f� 1g denote the parity of a permutation, set

� � 1 :::� n =
� p

j det g�� j� (� 1 : : : � n) if ( � 1 : : : � n ) is a permutation of (1 : : : n);
0 otherwise.

The Hodge dual?� of a k-form � = � � 1 :::� k dx� 1 
 � � � 
 dx� k is a (n � k)-form
de�ned as

?� =
1

k!(n � k)!
� � 1 :::� k � k +1 :::� n � � 1 :::� k dx� k +1 
 � � � 
 dx� n : (A.15.20)

Equivalently,

?� � k +1 :::� n =
1

k!(n � k)!
� � 1 :::� k � k +1 :::� n � � 1 :::� k : (A.15.21)

For example, in Euclidean three-dimensional space,

?1 = dx ^ dy ^ dz ; ?dx = dy ^ dz ; ?(dy ^ dz) = dx ; ?(dx ^ dy ^ dz) = 1 ;

etc. In Minkowski four-dimensional space-time we have, e.g.,

?dt = � dx ^ dy ^ dz ; ?dx = � dy ^ dz ^ dt ;

?(dt ^ dx) = � dy ^ dz ; ?(dx ^ dy) = � dz ^ dt ; ?(dx ^ dy ^ dz) = � dt :

A.16 Submanifolds, integration, and Stokes' theo-
rem

When integrating on manifolds, the starting observation is that the integral of
a scalar function f with respect to the coordinate measure

dnx := dx1 � � � dxn

is not a coordinate-independent operation. This is due to the factthat, under
a change of variablesx 7! �x(x), one has

Z

Rn

�f (�x)dn �x =
Z

Rn

�f (�x(x))
| {z }

f (x)

jJx7! �x (x)jdn x ; (A.16.1)

where the Jacobian Jx7! �x is the determinant of the Jacobi matrix,

Jx7! �x =

�
�
�
�
@(�x1; : : : ; �xn )
@(x1; : : : ; xn )

�
�
�
� :
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Supposing that we have a metric

g = gij (x)dxi dxj = gij (x)
@xi

@�xk (�x(x))
@xj

@�x` (�x(x)) d�xkd�x` = �gk` (�x(x))d�xkd�x`

(A.16.2)
at our disposal, the problem can be cured by introducing themetric measure

d� g :=
p

det gij dnx : (A.16.3)

Indeed, using

x (�x(x)) = x =)
@xk

@�x` (�x(x))
@�x`

@xi
(x) = � k

i =) J �x7! x (�x(x)) Jx7! �x (x) = 1 ;

it follows from (A.16.2) that

q
det �gij (�x(x)) =

q
det gij (x)jJ �x7! x (�x(x)) j =

p
det gij (x)

jJx7! �x (x)j
;

hence

d� g �
q

det gij (x)dnx =
q

det �gij (x(�x)) jJx7! �x (x) jdnx : (A.16.4)

This shows that
Z

Rn
f (x)

p
det gij dnx =

Z

Rn
f (x)

p
det �gij jJx7! �x (x) jdnx :

Comparing with (A.16.1), this is equal to

Z

Rn
f (x)d� g =

Z

Rn
f (x(�x))

p
det �gij dn �x =

Z

Rn

�f (�x)d� �g :

A similar formula holds for subsets of Rn . We conclude that the metric
measured� g is the right thing to use when integrating scalars over a manifold.

Now, when de�ning conserved charges we have been integrating on submani-
folds. The �rst naive thought would be to use the space-time metric determinant
as above for that, e.g., in space-time dimensionn + 1,

Z

f x0=0 g
f =

Z

Rn
f (0; x1; : : : ; xn )

p
det g�� dx1 : : : dxn :

This does not work because if we takeg to be the Minkowski metric on Rn ,
and replacex0 by �x0 using x0 = 2�x0, the only thing that will change in the last
integral is the determinant

p
det g�� , giving a di�erent value for the answer.

So, to proceed, it is useful to make �rst a short excursion into hypersurfaces,
induced metrics and measures.
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A.16.1 Hypersurfaces

A subset S � M is called a hypersurface if near every point p 2 S there
exists a coordinate systemf x1; : : : ; xn g on a neighborhoodU of p in M and a
constant C such that

S \ U = f x1 = Cg:

For example, any hyperplanef x1 = constg in Rn is a hypersurface. Similarly,
a spheref r = Rg in Rn is a hypersurface ifR > 0.

Further examples include graphs,

x1 = f (x2; : : : ; xn� 1) ;

which is seen by considering new coordinates (�x i ) = ( x1 � f; x 2; : : : xn ).
A standard result in analysis asserts that if ' is a di�erentiable function on

an open set 
 such that d' nowhere zero on 
 \ f ' = cg for some constantc,
then


 \ f ' = cg

forms a hypersurface in 
.
A vector X 2 TpM , p 2 S , is said to be tangent to S if there exists

a di�erentiable curve 
 with image lying on S , with 
 (0) = p, such that
X = _
 (0). One denotes byTS the set of such vectors. Clearly, the bundle
TS of all vectors tangent to S , de�ned when S is viewed as a manifold on
its own, is naturally di�eomorphic with the bundle TS � TM just de�ned.

As an example, suppose thatS = f x1 = Cg for some constantC, then TS
is the collection of vectors de�ned alongS for which X 1 = 0.

As another example, suppose that

S = f x0 = f (x i )g (A.16.5)

for some di�erentiable function f . Then a curve 
 lies on S if and only if


 0 = f (
 1; : : : ; 
 n ) ;

and so its tangent satis�es

_
 0 = @1f _
 1 + : : : + @n f _
 n :

We conclude that X is tangent to S if and only if

X 0 = X 1@1f + : : : + X n@n f = X i @i f () X = X i @i f@0 + X i @i : (A.16.6)

Equivalently, the vectors
@i f@0 + @i

form a basis of the tangent spaceTS .
Finally, if

S = 
 \ f ' = cg (A.16.7)

then for any curve lying on S we have

' (
 (s)) = c () _
 � @� ' = 0 and ' (
 (0)) = c :
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Hence, a vectorX 2 TpM is tangent to S if and only if ' (p) = c and

X � @� ' = 0 () X (' ) = 0 () d' (X ) = 0 : (A.16.8)

A one-form � is said to annihilate TS if

8X 2 TS � (X ) = 0 : (A.16.9)

The set of such one-forms is calledthe annihilator of TS , and denoted as
(TS )o. By elementary algebra, (TS )o is a one-dimensional subset ofT � M .
So, (A.16.8) can be rephrased as the statement thatd' annihilates TS .

A vector Y 2 TpM is said to be normal to S if Y is orthogonal to every
vector in X 2 TpS , whereTpS is viewed as a subset ofTpM . Equivalently, the
one form g(Y;�) annihilates TpS . If N has unit length, g(N; N ) 2 f� 1; +1g,
then N is said to be the unit normal. Thus,

8X 2 TS g(X; N ) = 0 ; g(N; N ) = � 2 f� 1g: (A.16.10)

In Riemannian geometry only the plus sign is possible, and a unit normal vector
always exists. This might not be the case in Lorentzian geometry: Indeed,
consider the hypersurface

S = f t = xg � R1;1 (A.16.11)

in two-dimensional Minkowski space-time. A curve lying onS satis�es 
 0(s) =

 1(s), henceX is tangent to S if and only if X 0 = X 1. Let Y be orthogonal
to X 6= 0, then

0 = � (X; Y ) = X 0(� Y 0 + Y 1) ;

whence
Y 0 = Y 1 : (A.16.12)

We conclude that, for non-zeroX ,

0 = � (X; Y ) ) Y 2 TS , in particular 0 = � (Y; Y),

and so no such vectorY can have length one or minus one.
Since vectors of the form (A.16.12) are tangent toS as given by (A.16.11),

we also reach the surprising conclusion that vectors normalto S coincide with
vectors tangent to S in this case.

Suppose that the direction normal to S is timelike or spacelike. Then the
metric h induced byg on S is de�ned as

8 X; Y 2 TS h(X; Y ) = g(X; Y ) : (A.16.13)

Hence,h coincides with g whenever both are de�ned, but we are only allowed
to consider vectors tangent toS when usingh.

Some comments are in order: Ifg is Riemannian, then normals to S are
spacelike, and (A.16.13) de�nes a Riemannian metric onS . For Lorentzian g's,
it is easy to see thath is Riemannian if and only if vectors orthogonal to S are
timelike, and then S is called spacelike. Similarly, h is Lorentzian if and only
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if vectors orthogonal to S are spacelike, and thenS is called timelike. When
the normal direction to S is null, then (A.16.13) de�nes a symmetric tensor on
S with signature (0; + ; � � � ; +), which is degenerate and therefore not a metric;
such hypersurfaces are callednull, or degenerate.

If S is not degenerate, it comes equipped with a Riemannian or Lorentzian
metric h. This metric de�nes a measured� h which can be used to integrate
over S .

We are ready now to formulate the Stokes theorem for open bounded sets:
Let 
 be a bounded open set with piecewise di�erentiable boundary and assume
that there exists a well-de�ned �eld of exterior-pointing c onormals N = N � dx�

to 
. Then for any di�erentiable vector �eld X it holds that
Z



r � X � d� g =

Z

@

X � N � dS : (A.16.14)

If @
 is non-degenerate, N � can be normalised to have unit length, and then
dS is the measured� h associated with the metric h induced on @
 by g.

The de�nition of dS for null hypersurfaces is somewhat more complicated.
The key point is that (A.16.14) remains valid for a suitable measuredS on
null components of the boundary. This measure is not uniquely de�ned by the
geometry of the problem, but the product N � dS is.

Incidentally: In order to prove (A.16.14) on a smooth null hypersurfaceN one
can proceed as follows. Let use denote byN any smooth �eld of null normals to
N ; compare Appendix A.23, p. 317, where such a �eld is denoted byL . The �eld
N is de�ned up to multiplication by a nowhere-vanishing smooth function. We can
�nd an ON-frame f e� g so that the vector �elds e2; : : : en are tangent to N and
orthogonal to N , with

N = e0 + e1 : (A.16.15)

Note that f e0; e1g form an ON-basis of the spacef e2; : : : ; en g? , and are thus de-
�ned up to changes of signs (e0; e1) 7! (� e0; � e1) and two-dimensional Lorentz
transformations. If N = @
 we choose e0 to be outwards directed; then (A.16.15)
determines the orientation of e1.

Let f � � g be the dual basis, thus the volume formd� g is

d� g = � 0 ^ � � � ^ � n :

Set
dS := � � 1 ^ � � � ^ � n jN ;

where (� � �)jN denotes the pull-back toN . It holds that

dS = � � 0 ^ � 2 ^ � � � ^ � n jN : (A.16.16)

Indeed, we haveX cd� g jN = 0 for any vector �eld tangent to N , in particular

0 = N cd� g jN =
�
� 1 ^ � 2 ^ � � � ^ � n � � 0 ^ � 2 ^ � � � ^ � n � �

�
N ;

which is (A.16.16).
In the formalism of di�erential forms Stokes' theorem on oriented manifolds

reads Z



r � X � d� g =

Z

@

X cd� g : (A.16.17)
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If @
 is null, in the adapted frame just described we have X � N � = � X 0 + X 1 and

X cd� g j@
 =
�
X 0� 1 ^ � � � ^ � n � X 1� 0 ^ � 2 ^ � � � ^ � n �

j@
 = ( � X 0 + X 1)dS

= X � N � dS ; (A.16.18)

as desired.
Since the left-hand side of (A.16.18) is independent of any choices made, so is

the right-hand side. 2

Remark A.16.2 The reader might wonder how (A.16.14) �ts with the usual version
of the divergence theorem

Z



@� X � d� g =

Z

@

X � dS� ; (A.16.19)

which holds for sets 
 which can be covered by a single coordinate chart. For this
we note the identity

r � X � =
1

p
j det gj

@�
� p

j det gjX � �
; (A.16.20)

which gives
Z



r � X � d� g =

Z




1
p

j det gj
@�

� p
j det gjX � � p

j det gjdn x =
Z



@�

� p
j det gjX � �

dn x :

(A.16.21)
This should make clear the relation between (A.16.19) and (A.16.14). 2

A.17 Odd forms (densities)

The purpose of this section is to review the notion of anodd di�erential n-
form on a manifold M ; we follow the very clear approach of [273]. Locally, in
a vicinity of a point x0, such a form may be de�ned as an equivalence class
[(� n ; O)], where � n is a di�erential n-form de�ned in a neighbourhood U and
O is an orientation of U; the equivalence relation is given by:

(� n ; O) � (� � n ; �O ) ;

where �O denotes the orientation opposite toO. Using a partition of unity,
we may de�ne odd forms globally, even if the manifold is non-orientable.

Odd di�erential n-forms on an m-dimensional manifold can be described
using antisymmetric contravariant tensor densities of rank r = ( m � n) (see
[257]). Indeed, if f i 1 :::i r are components of such a tensor density with respect to
a coordinate system (x i ), then we may assign tof an odd n-form de�ned by the
representative (� n ; O), where O is the local orientation carried by (x1; : : : ; xm )
and

� n := f i 1 :::i r

�
@

@xi 1
^ : : : ^

@
@xi r

�
y( dx1 ^ : : : ^ dxm ) :

In particular, within this description scalar densities ( i.e., densities of rank
m � n = 0) are odd forms of maximal rank, whereas vector densities are odd
(m � 1)-forms.
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Odd n-forms are designed to be integrated overexternally orientedn-dimen-
sional submanifolds. An exterior orientation of a submanifold � is an orienta-
tion of a bundle of tangent vectors transversal with respectto �. The integral of
an odd form ~� n = [( � n ; O)] over a n-dimensional submanifoldD with exterior
orientation Oext is de�ned as follows:

Z

(D; Oext )

~� n :=
Z

(D; O int )

� n ;

where Oint is an internal orientation of D , such that (Oext ; Oint ) = O; it should
be obvious that the result does not depend upon the choice of arepresentative.
For example, a 
ow through a hypersurface depends usually upon its exterior
orientation (given by a transversal vector) and does not feel any interior orien-
tation. Similarly, the canonical formalism in �eld theory u ses structures, which
are de�ned in terms of 
ows through Cauchy hypersurfaces in space-time. This
is why canonical momenta are described by odd (m � 1)-forms. The integrals of
such forms are insensitive to anyinternal orientation of the hypersurfaces they
are integrated upon, but are sensitive to a choice of the timearrow (i.e., to its
exterior orientation).

The Stokes theorem generalizes to odd forms in a straightforward way:
Z

(D; Oext )

d~� n� 1 =
Z

@(D; Oext )

~� n� 1 ;

where d[(� n ; O)] := [( d� n ; O)] and @(D; Oext ) is the boundary of D , equipped
with an exterior orientation inherited in the canonical way from (D; Oext ). This
means that if (e1; : : : ; em� n ) is an oriented basis of vectors transversal toD and
if f is a vector tangent to D , transversal to @Dand pointing outwards of D ,
then the exterior orientation of @(D; Oext ) is given by (e1; : : : ; em� n ; f ).
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A.18 Moving frames

A formalism which is very convenient for practical calculations is that of moving
frames; it also plays a key role when considering spinors. By de�nition, a
moving frame is a (locally de�ned) �eld of bases f eag of T M such that the
scalar products

gab := g(ea; eb) (A.18.1)

are point independent. In most standard applications one assumes that theea's
form an orthonormal basis, so thatgab is a diagonal matrix with plus and minus
ones on the diagonal. However, it is sometimes convenient toallow other such
frames,e.g. with isotropic vectors being members of the frame.

It is customary to denote by ! a
bc the associated connection coe�cients:

! a
bc := � a(r ec eb) () r X eb = ! a

bcX cea ; (A.18.2)

where, as elsewhere,f � a(p)g is a basis ofT �
p M dual to f ea(p)g � TpM ; we will

refer to � a as acoframe. The connection one forms ! a
b are de�ned as

! a
b(X ) := � a(r X eb) () r X eb = ! a

b(X )ea ; : (A.18.3)

As always we use the metric to raise and lower indices, even though the ! a
bc's

do not form a tensor, so that

! abc := gad! e
bc ; ! ab := gae! e

b : (A.18.4)

When r is metric compatible, the ! ab's are anti-antisymmetric: indeed, as the
gab's are point independent, for any vector �eld X we have

0 = X (gab) = X (g(ea; eb)) = g(r X ea; eb) + g(ea; r X eb)

= g(! c
a(X )ec; eb) + g(ea; ! d

b(X )ed)

= gcb!
c
a(X ) + gad! d

b(X )

= ! ba(X ) + ! ab(X ) :

Hence
! ab = � ! ba () ! abc = � ! bac : (A.18.5)

One can obtain a formula for the ! ab's in terms of Christo�els, the frame
vectors and their derivatives: In order to see this, we note that

g(ea; r ec eb) = g(ea; ! d
bced) = gad! d

bc = ! abc : (A.18.6)

Rewritten the other way round this gives an alternative equation for the ! 's
with all indices down:

! abc = g(ea; r ec eb) () ! ab(X ) = g(ea; r X eb) : (A.18.7)

Then, writing
ea = ea

� @� ;
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we �nd

! abc = g(ea
� @� ; ec

� r � eb)

= g�� ea
� ec

� (@� eb
� + � �

�� eb
� ) : (A.18.8)

Next, it turns out that we can calculate the ! ab's in terms of the Lie brackets
of the vector �elds ea, without having to calculate the Christo�el symbols. This
shouldn't be too surprising, since an ON frame de�nes the metric uniquely. If
r has no torsion, from (A.18.7) we �nd

! abc � ! acb = g(ea; r ec eb � r ebec) = g(ea; [ec; eb]) :

We can now carry out the usual cyclic-permutations calculation to obtain

! abc � ! acb = g(ea; [ec; eb]) ;

� (! bca � ! bac) = � g(eb; [ea; ec]) ;

� (! cab � ! cba) = � g(ec; [eb; ea]) :

So, if the connection is the Levi-Civita connection, summing the three equations
and using (A.18.5) leads to

! cba =
1
2

�
g(ea; [ec; eb]) � g(eb; [ea; ec]) � g(ec; [eb; ea])

�
: (A.18.9)

Equations (A.18.8)-(A.18.9) provide explicit expressions for the ! 's; yet another
formula can be found in (A.18.11) below. While it is useful to know that
there are such expressions, and while those expressions areuseful to estimate
things for PDE purposes, they are rarely used for practical calculations; see
Example A.18.3 for more comments about that last issue.

It turns out that one can obtain a simple expression for the torsion of !
using exterior di�erentiation. Recall that if � is a one-form, then its exterior
derivative d� can be calculated using the formula

d� (X; Y ) = X (� (Y )) � Y (� (X )) � � ([X; Y ]) : (A.18.10)

Exercice A.18.1 Use (A.18.9) and (A.18.10) to show that

! cba =
1
2

�
� � ad d� d(ec; eb) + � bd d� d(ea ; ec) + � cd d� d(eb; ea)

�
: (A.18.11)

2

We set
Ta(X; Y ) := � a(T(X; Y )) ;

and using (A.18.10) together with the de�nition (A.9.16) of the torsion tensor
T we calculate as follows:

Ta(X; Y ) = � a(r X Y � r Y X � [X; Y ])

= X (Y a) + ! a
b(X )Y b � Y (X a) � ! a

b(Y )X b � � a([X; Y ])

= X (� a(Y )) � Y (� a(X )) � � a([X; Y ]) + ! a
b(X )� b(Y ) � ! a

b(Y )� b(X )

= d� a(X; Y ) + ( ! a
b ^ � b)(X; Y ) :
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It follows that
Ta = d� a + ! a

b ^ � b : (A.18.12)

In particular when the torsion vanishes we obtain the so-called Cartan's �rst
structure equation

d� a + ! a
b ^ � b = 0 : (A.18.13)

Example A.18.2 As a simple example, we consider a two-dimensional metric of
the form

g = dx2 + e2f dy2 ; (A.18.14)

where f could possibly depend uponx and y. A natural frame is given by

� 1 = dx ; � 2 = ef dy :

The �rst Cartan structure equations read

0 = d� 1
|{z}

0

+ ! 1
b ^ � b = ! 1

2 ^ � 2 ;

since ! 1
1 = ! 11 = 0 by antisymmetry, and

0 = d� 2
|{z}

ef @x fdx ^ dy

+ ! 2
b ^ � b = @x f � 1 ^ � 2 + ! 2

1 ^ � 1 :

It should then be clear that both equations can be solved by choosing ! 12 propor-
tional to � 2, and such an ansatz leads to

! 12 = � ! 21 = � @x f � 2 = � @x (ef ) dy : (A.18.15)

We continue this example on p. 289. 2

Example A.18.3 As another example of the moving frame technique we consider
(the most general) three-dimensional spherically symmetric metric

g = e2� ( r )dr2 + e2
 ( r )d� 2 + e2
 ( r ) sin2 �d' 2 : (A.18.16)

There is an obvious choice of ON coframe forg given by

� 1 = e� ( r )dr ; � 2 = e
 ( r )d� ; � 3 = e
 ( r ) sin �d' ; (A.18.17)

leading to
g = � 1 
 � 1 + � 2 
 � 2 + � 3 
 � 3 ;

so that the frame ea dual to the � a 's will be ON, as desired:

gab = g(ea ; eb) = diag(1 ; 1; 1) :

The idea of the calculation which we are about to do is the following: there is only
one connection which is compatible with the metric, and which is torsionfree. If we
�nd a set of one forms ! ab which exhibit the properties just mentioned, then they
have to be the connection forms of the Levi-Civita connection. As shown in the
calculation leading to (A.18.5), the compatibility with the metric will be en sured if
we require

! 11 = ! 22 = ! 33 = 0 ;

! 12 = � ! 21 ; ! 13 = � ! 31 ; ! 23 = � ! 32 :
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Next, we have the equations for the vanishing of torsion:

0 = d� 1 = � ! 1
1|{z}

=0

� 1 � ! 1
2� 2 � ! 1

3� 3

= � ! 1
2� 2 � ! 1

3� 3 ;

d� 2 = 
 0e
 dr ^ d� = 
 0e� � � 1 ^ � 2

= � ! 2
1|{z}

= � ! 1
2

� 1 � ! 2
2|{z}

=0

� 2 � ! 2
3� 3

= ! 1
2� 1 � ! 2

3� 3 ;

d� 3 = 
 0e
 sin� dr ^ d' + e
 cos� d� ^ d' = 
 0e� � � 1 ^ � 3 + e� 
 cot � � 2 ^ � 3

= � ! 3
1|{z}

= � ! 1
3

� 1 � ! 3
2|{z}

= � ! 2
3

� 2 � ! 3
3|{z}

=0

� 3

= ! 1
3� 1 + ! 2

3� 2 :

Summarising,

� ! 1
2� 2 � ! 1

3� 3 = 0 ;

! 1
2� 1 � ! 2

3� 3 = 
 0e� � � 1 ^ � 2 ;

! 1
3� 1 + ! 2

3� 2 = 
 0e� � � 1 ^ � 3 + e� 
 cot � � 2 ^ � 3 :

It should be clear from the �rst and second line that an ! 1
2 proportional to � 2 should

do the job; similarly from the �rst and third line one sees that an ! 1
3 proportional

to � 3 should work. It is then easy to �nd the relevant coe�cient, as well a s to �nd
! 2

3:

! 1
2 = � 
 0e� � � 2 = � 
 0e� � + 
 d� ; (A:18:18a)

! 1
3 = � 
 0e� � � 3 = � 
 0e� � + 
 sin � d' ; (A:18:18b)

! 2
3 = � e� 
 cot � � 3 = � cos� d' : (A:18:18c)

We continue this example on p. 289. 2

It is convenient to de�ne curvature two-forms:


 a
b = Ra

bcd�
c 
 � d =

1
2

Ra
bcd�

c ^ � d : (A.18.19)

The second Cartan structure equationreads


 a
b = d! a

b + ! a
c ^ ! c

b : (A.18.20)

This identity is easily veri�ed using (A.18.10):


 a
b(X; Y ) =

1
2

Ra
bcd � c ^ � d(X; Y )

| {z }
= X c Y d � X d Y c

= Ra
bcdX cY d

= � a(r X r Y eb � r Y r X eb � r [X;Y ]eb)

= � a(r X (! c
b(Y )ec) � r Y (! c

b(X )ec) � ! c
b([X; Y ])ec)

= � a
�

X (! c
b(Y ))ec + ! c

b(Y )r X ec
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� Y (! c
b(X ))ec � ! c

b(X )r Y ec � ! c
b([X; Y ])ec

�

= X (! a
b(Y )) + ! c

b(Y )! a
c(X )

� Y (! a
b(X )) � ! c

b(X )! a
c(Y ) � ! a

b([X; Y ])

= X (! a
b(Y )) � Y (! a

b(X )) � ! a
b([X; Y ])

| {z }
= d! a

b(X;Y )

+ ! a
c(X )! c

b(Y ) � ! a
c(Y )! c

b(X )

= ( d! a
b + ! a

c ^ ! c
b)(X; Y ) :

Equation (A.18.20) provides an e�cient way of calculating t he curvature tensor
of any metric.

Example A.18.4 In dimension two the only non-vanishing components of! a
b are

! 1
2 = � ! 2

1, and it follows from (A.18.20) that


 1
2 = d! 1

2 + ! 1
a ^ ! a

2 = d! 1
2 : (A.18.21)

In particular (assuming that � 2 is dual to a spacelike vector, whatever the signature
of the metric)

R d� g = R � 1 ^ � 2 = 2 R12
12 � 1 ^ � 2 = R1

2ab� a ^ � b = 2
 1
2

= 2 d! 1
2 ; (A.18.22)

where d� g is the volume two-form. 2

Incidentally: Example A.18.2 continued We have seen that the connection
one-forms for the metric

g = dx2 + e2f dy2 (A.18.23)

read
! 12 = � ! 21 = � @x f � 2 = � @x (ef ) dy :

By symmetry the only non-vanishing curvature two-forms are 
 12 = � 
 21. From
(A.18.20) we �nd


 12 = d! 12 + ! 1b ^ ! b
2| {z }

= ! 12 ^ ! 2
2 =0

= � @2
x (ef ) dx ^ dy = � e� f @2

x (ef ) � 1 ^ � 2 :

We conclude that
R1212 = � e� f @2

x (ef ) : (A.18.24)

(Compare Example A.12.6, p. 261.) For instance, ifg is the unit round metric on the
two-sphere, thenef = sin x, and R1212 = 1. If ef = sinh x, then g is the canonical
metric on hyperbolic space, andR1212 = � 1. Finally, the function ef = cosh x
de�nes a hyperbolic wormhole, with again R1212 = � 1. 2

Incidentally: Example A.18.3 continued: From (A.18.18) we �nd:


 1
2 = d! 1

2 + ! 1
1|{z}

=0

^ ! 1
2 + ! 1

2 ^ ! 2
2|{z}

=0

+ ! 1
3 ^ ! 3

2| {z }
� � 3 ^ � 3 =0

= � d(
 0e� � + 
 d� )

= � (
 0e� � + 
 )0dr ^ d�

= � (
 0e� � + 
 )0e� � � 
 � 1 ^ � 2

=
X

a<b

R1
2ab� a ^ � b ;
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which shows that the only non-trivial coe�cient (up to permutation s) with the pair
12 in the �rst two slots is

R1
212 = � (
 0e� � + 
 )0e� � � 
 : (A.18.25)

A similar calculation, or arguing by symmetry, leads to

R1
313 = � (
 0e� � + 
 )0e� � � 
 : (A.18.26)

Finally,


 2
3 = d! 2

3 + ! 2
1 ^ ! 1

3 + ! 2
2|{z}

=0

^ ! 2
3 + ! 2

3 ^ ! 3
3|{z}

=0

= � d(cos� d' ) + ( 
 0e� � � 2) ^ (� 
 0e� � � 3)

= ( e� 2
 � (
 0)2e� 2� )� 2 ^ � 3 ;

yielding
R2

323 = e� 2
 � (
 0)2e� 2� : (A.18.27)

The curvature scalar can easily be calculated now to be

R = R ij
ij = 2( R12

12 + R13
13 + R23

23)

= � 4(
 0e� � + 
 )0e� � � 
 + 2( e� 2
 � (
 0)2e� 2� ) : (A.18.28)

2

Example A.18.7 Consider ann-dimensional Riemannian metric of the form

g = e2h(r )dr2 + e2f ( r ) �hAB (xC )dxA dxB

| {z }
=: �h

: (A.18.29)

Let �� A be an ON -frame for �h, with corresponding connection coe�cients �! A
B :

d�� A + �! A
B ^ �� B = 0 :

Set
� 1 = eh dr ; � A = ef �� A :

Then the �rst structure equations,

d� 1
|{z}

0

+ ! 1
B ^ � B = 0 ;

d(ef �� A ) + eh ! A
1 ^ dr + ef ! A

B ^ �� B = 0 ;

are solved by
! A

1 = e� h (ef )0�� A ; ! A
B = �! A

B : (A.18.30)

This leads to


 A
1 = d! A

1 + ! A
B ^ ! B

1

= e� h � f (e� h (ef )0)0� 1 ^ � A ; (A.18.31)


 A
B = �
 A

B � e� 2h � 2f ((ef )0)2 � A ^ � B ; (A.18.32)

where �
 A
B are the curvature two-forms of the metric �h,

�
 A
B =

1
2

�RA
BCD

�� A ^ �� B =
e� 2f

2
�RA

BCD � A ^ � B : (A.18.33)
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Hence

RA
1B 1 = � e� h � f (e� h (ef )0)0� A

B ; (A.18.34)

RA
1BC = 0 = R1

B ; (A.18.35)

RA
BCD = e� 2f �RA

BCD � e� 2h � 2f ((ef )0)2� A
[C gD ]B ; (A.18.36)

RA
C = � e� h � f �

(e� h (ef )0)0+ ( n � 2)e� h � f ((ef )0)2�
� A

C

+ e� 2f �RA
C ; (A.18.37)

R1
1 = � (n � 1)e� h � f (e� h (ef )0)0; (A.18.38)

R = � (n � 1)e� h � f �
2(e� h (ef )0)0+ ( n � 2)e� h � f ((ef )0)2�

+ e� 2f �R : (A.18.39)

Let g be the space-part of the Birmingham metrics (4.6.1)-(4.6.2), p. 150, thus
g takes the form (A.18.29) with

ef = r ; e� 2h = � �
2m

r n � 2 � �
r 2

`2 ; � 2 f 0; � 1g ; (A.18.40)

where � , m and ` are real constants. Then

RA
1B 1 =

� �
`2 � m(n � 2)r � n �

� A
B ; (A.18.41)

RA
1BC = 0 = R1

B ; (A.18.42)

RA
BCD = �RA

BCD �
� �

r 2 �
�
`2 + 2 mr � n �

� A
[C gD ]B ; (A.18.43)

RA
B =

`2(n � 2)
�
mr 2 � �r n

�
+ � (n � 1)r n +2

`2r n +2 � A
B

+ r � 2 �RA
B ; (A.18.44)

R1
1 = ( n � 1)

� �
`2 � m(n � 2)r � n �

; (A.18.45)

R =
(n � 1)

�
�nr 2 � �` 2(n � 2)

�

`2r 2 + r � 2 �R : (A.18.46)

If �h is Einstein, with
�RAB = ( n � 2)� �hAB ; (A.18.47)

the last formulae above simplify to

RA
B =

`2(n � 2)r � n � 2
�
� (n � 2)r n + mr 2

�
+ � (n � 1)

`2 � A
B ; (A.18.48)

R =
� (n � 1)n

`2 : (A.18.49)

2

Example A.18.8 We can use (A.18.11),

! cba =
1
2

�
� � ad d� d(ec; eb) + � bd d� d(ea ; ec) + � cd d� d(eb; ea)

�
; (A.18.50)

to determine how the curvature tensor transforms under conformal rescalings. For
this let g = � ab� a � b with d� ab = 0, and let

g = e2f g = � ab ef � a
| {z }
=: �a


 ef � b � � ab�
a
�

b
: (A.18.51)
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If the vector �elds f eag form a basis dual to the basisf � ag, then the vector �elds
ea = e� f ea provide a basis dual tof � bg,

! cba =
1
2

�
� � ad d(ef � d)(e� f ec; e� f eb) + � bd d(ef � d)(e� f ea ; e� f ec)

+ � cd d(ef � d)(e� f eb; e� f ea)
�

= e� f
�

! cba +
1
2

�
� � ad (df ^ � d)(ec; eb) + � bd (df ^ � d)(ea ; ec) + � cd (df ^ � d)(eb; ea)

� �

= e� f �
! cba � � a[bec](f ) + � b[cea](f ) + � c[aeb](f )

�

= e� f (! cba � � abec(f ) + � aceb(f )) : (A.18.52)

Equivalently,

! cb = ! cba�
a

= ef ! cba� a = ! cb +
�
� ac r bf � � abr cf

�
� a : (A.18.53)

Taking the exterior derivative one �nds


 cb = 
 cb +
�

� abr dr cf � � ac r dr bf

+ � ac r df r bf + � dbr cf r a f � � ac � dbjdf j2g
�

� a ^ � d : (A.18.54)

Reexpressed in terms of the Riemann tensor, this reads

e2f Rcbad = Rcbad + 2
�

� b[ar d]r cf � � c[ar d]r bf

+ � c[ar d]f r bf + � b[dr a]f r cf � � c[a � d]bjdf j2g
�

; (A.18.55)

where the componentsRcbad are taken with respect to ag-ON frame, and all com-
ponents of the right-hand side are taken with respect to ag-ON frame. Taking
traces we obtain, in dimensiond,

e2f Rac = Rac + (2 � d)
�

r ar cf � r a f r cf + jdf j2g � ac

�
� � gf � ac ;(A.18.56)

e2f R = R + (1 � d)
�
2� gf + ( d � 2)jdf j2g

�
: (A.18.57)

2

The Bianchi identities have a particularly simple proof in t he moving frame
formalism. For this, let  a be any vector-valued di�erential form, and de�ne

D a = d a + ! a
b ^  b : (A.18.58)

Thus, in this notation the vanishing of torsion reads

D� a = 0 : (A.18.59)

Whether or not the torsion vanishes, we �nd

D� a = d� a + ! a
b ^ � b = d(d� a + ! a

b ^ � b) + ! a
c ^ (d� c + ! c

b ^ � b)

= d! a
b ^ � b � ! a

b ^ d� b + ! a
c ^ (d� c + ! c

b ^ � b)

= 
 a
b ^ � b :
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If the torsion vanishes the left-hand side is zero, and we �nd


 a
b ^ � b = 0 : (A.18.60)

This is equivalent to the �rst Bianchi identity:

0 = 
 a
b ^ � b =

1
2

Ra
bcd� c ^ � d ^ � b = Ra

[bcd]�
c ^ � d ^ � b () Ra

[bcd] = 0 :

(A.18.61)
Next, for any di�erential form � b with two-frame indices, such as the cur-

vature two-form, we de�ne

D� a
b := d� a

b + ! a
c ^ � c

b � ! c
b ^ � a

c : (A.18.62)

(The reader will easily work-out the obvious generalisation of this de�nition
to di�erential forms with any number of frame indices.) For th e curvature
two-form we �nd

D 
 a
b = d(d! a

b + ! a
c ^ ! c

b) + ! a
c ^ 
 c

b � ! c
b ^ 
 a

c

= d! a
c ^ ! c

b � ! a
c ^ d! c

b + ! a
c ^ 
 c

b � ! c
b ^ 
 a

c

= (
 a
c � ! a

e ^ ! e
c) ^ ! c

b � ! a
c ^ (
 c

b � ! c
e ^ ! e

b)

+ ! a
c ^ 
 c

b � ! c
b ^ 
 a

c = 0 :

Thus

D 
 a
b = 0 ; (A.18.63)

Let us show that this is equivalent to the second Bianchi identity:

0 = D 
 a
b =

1
2

Ra
bc;d� d ^ � b ^ � c =

1
2

Ra
[bc;d]�

d ^ � b ^ � c

() Ra
[bc;d] = 0 : (A.18.64)

Here the only not-obviously-apparent fact is, if any, the second equality in the
�rst line of(A.18.64):

D 
 a
b =

1
2

�
d(Ra

bef � e ^ � f ) + ! a
c ^ Rc

bef � e ^ � f � ! c
b ^ Ra

cef � e ^ � f
�

=
1
2

�
dRa

bef| {z }
ek (Ra

bef ) � k

^ � e ^ � f + Ra
bef d� e

|{z}
� ! e

k ^ � k

^ � f + Ra
bef �

e ^ d� f
|{z}

� ! f
k ^ � k

+ Rc
bef ! a

c ^ � e ^ � f � Ra
cef ! c

b ^ � e ^ � f
�

=
1
2

r ek Ra
bef � k ^ � e ^ � f ; (A.18.65)

as desired.
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A.19 Lovelock Theorems

In [195] Lovelock showed that the equations

Rij �
1
2

Rgij + � gij = 8 �T ij

are the only second-order equations for the metric in space-time dimension four
in which the \matter conservation law" r i T i

j = 0 is a consequence of the
equations.3 In this Appendix we will present Lovelock's results, and derive
some of them.

A.19.1 Lovelock Lagrangeans

As pointed out by Zumino [285], the moving-frame formalism of Appendix A.18
is particularly e�cient in proving the \if part" of the follo wing theorem of
Lovelock, in which Lagrangeans in space-time dimensiond are considered to be
d-forms:

Theorem A.19.1 (Lovelock [194]) Let the space-time dimension bed. A di�eomorphism-
invariant Lagrangean L depending only upon the metric and its derivatives up
to order two leads to second-order �eld equations for the metric if and only if
L is a linear combination of the volume form and of the following d-forms,
with 2k + 2 � d:

L k = � a1 :::ad 
 a1a2 ^ � � � ^ 
 a2k +1 a2k +2 ^ � a2k +3 ^ � � � ^ � ad : (A.19.1)

Remark A.19.2 A pure volume-form part of a Lagrangean contributes acos-
mological constant to the �eld equations, while the variation of L 0 produces
the Einstein tensor; cf. (A.19.6) and (A.19.10) below.

We emphasise that in each dimension there is only a �nite number of such
Lagrangeans, e.g. ind = 4 only k = 0 and k = 1 occur. Proposition A.19.4
below shows that the casek = 1 and d = 4 is irrelevant as far as the �eld
equations are concerned, as it does not contribute to those equations.

Incidentally: Curiously enough, the integrand of theWeyl tube-volume formula[280]
involves only linear combinations of the Lovelockd-forms L k . This raises the per-
plexing question of existence of a relation between the formula and the Lovelock
theorems.

Proof: We will only prove the easier part of the theorem, namely that the
variation of L k produces a tensor which depends at most upon two derivatives
of the metric.

A variation of the metric will produce a variation �� a of the moving frame
and an associated variation�! a

b of the connection coe�cients. From the form
of L k we see that the derivatives@a�� a will enter in the variation � L k through
the variations �! a

b only. The contribution of undi�erentiated variations �� a

will only produce terms which contain at most two derivatives of the metric.
3Compare Remark A.19.2, Proposition A.19.4 and Theorem A.19.5 below.
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Therefore, to establish the claim it su�ces to show that the contribution of
the variations �! a

b of the connection coe�cients to the variation of the action
vanishes.

From (A.18.20) we �nd

� 
 a
b = d(�! a

b) + �! a
c ^ ! c

b + ! a
c ^ �! c

b = D�! a
b : (A.19.2)

Using the vanishing of the torsion, D� a = 0, and the second Bianchi identity,
D 
 a

b = 0, one �nds that the variation � L k of L k associated with the�! a
b's is

a full divergence and therefore will not contribute to the �e ld equations:

� L k = � a1 :::ad

�
� 
 a1 a2 ^ � � � ^ 
 a2k +1 a2k +2 ^ � a2k +3 ^ � � � ^ � ad + � � �

+
 a1a2 ^ � � � ^ � 
 a2k +1 a2k +2 ^ � a2k +3 ^ � � � ^ � ad

�

= k � a1 :::ad D�! a1 a2 ^ � � � ^ 
 a2k +1 a2k +2 ^ � a2k +3 ^ � � � ^ � ad

= k d
�

� a1 :::ad �! a1a2 ^ � � � ^ 
 a2k +1 a2k +2 ^ � a2k +3 ^ � � � ^ � ad

�
: (A.19.3)

The result is thus established. 2

We emphasise that (A.19.2)-(A.19.3) hold for any variations of the con-
nection, whether associated with a variation of the frame coe�cients or else.
This implies that the integral of L k over a compact manifold does not depend
upon the metric when 2k + 2 = d. Since any two Riemannian metricg1 and g2

on a manifold M can be joined together by the family of Riemannian metric
tg1 + (1 � t)g2, t 2 [0; 1], we conclude that:

Proposition A.19.4 Let (M; g) be a compact Riemannian manifold of even
dimension without boundary, then the integral

Z

M
L d� 2

2
(A.19.4)

is metric-independent.

In particular the integral (A.19.4) is an invariant of the di �erentiable struc-
ture of M .

Equation (A.19.9) below shows that Proposition A.19.4 with d = 2 is closely
related to the Gauss-Bonnet theorem,

Z

M
R = 4 �� (M ) � 8� (1 � g) ; (A.19.5)

whereg is genus and� (M ) is the Euler characteristic of M . Proposition A.19.4
fails, however, to convey the whole strength of (A.19.5), asit does not relate
the integral to the genus.

In order to determine the �eld equations arising from the Lagrangeans of
Theorem A.19.1 one needs to calculate

� L k

�g ij (A.19.6)
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with 2k + 2 < d .
If we agree that L � 1 is the volume form,

L � 1 = � 1 ^ � � � ^ � d =
p

j det gj dx1 ^ � � � ^ dxd ; (A.19.7)

then
� L � 1

�g ij =
1
2

gij

p
j det gj dx1 ^ � � � ^ dxd : (A.19.8)

This expresses the well known fact that a multiple of the volume form in the
action contributes a cosmological-constant term to the �eld equations.

Equation (A.19.9) with k = 0 requires d � 2 and reads

L 0 = � a1 :::ad 
 a1a2 ^ � a3 ^ � � � ^ � ad

=
1
2

� a1 :::ad Ra1 a2
b1b2 � b1 ^ � b2 ^ � a3 ^ � � � ^ � ad

=
1
2

� a1 :::ad � b1b2a3 :::ad Ra1a2
b1b2 � 1 ^ � � � ^ � d

= ( d � 2)! � [a1
b1

� a2 ]
b2

Ra1a2
b1b2 � 1 ^ � � � ^ � d

= ( d � 2)! R � 1 ^ � � � ^ � d

= ( d � 2)! R
p

j det gj dx1 ^ � � � ^ dxd (A.19.9)

where, as usual,R is the scalar curvature. The corresponding contribution to
the �eld equations is the Einstein tensor:

� L 0

�g ij � Gij � Rij �
1
2

Rgij : (A.19.10)

In general the calculation of � L k=�gij might appear to be tricky because of
the constraints

0 = �g ab = � (gij � a
i � b

j ) ; 0 = �T a = � (d� a + ! a
b ^ � b) ; 0 = � (! ab + ! ba) ;

(A.19.11)
which have to be satis�ed in an orthonormal frame formalism when the curva-
ture tensor arises from the Levi-Civita connection of a metric g. Fortunately,
it turns out that for Lagrangeans as in Theorem A.19.1 the equations

� L
�g ij = 0 (A.19.12)

are equivalent to the equations

@L
@�aj

= 0 ; (A.19.13)

where the � a
j are unconstrained variables, with the 
 a

b's treated as if indepen-
dent of the � a

i 's. The key fact for this is (A.19.3) together with invariance of
L k under Lorentz transformations.

To see the equivalence of (A.19.12) and (A.19.13),4 note �rst that the last
constraint in (A.19.11) is trivial to implement by restrict ing oneself to anti-
symmetric ! ab's.

4 I am grateful to Orlando Alvarez for pointing out this argume nt.
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Next, the identity (A.19.3) holds as long as the �eld con�gur ation has van-
ishing torsion, regardless of whether the variation of the �elds satis�es�T a = 0.
So, the vanishing of the variation of the torsion is irrelevant for the problem at
hand.

In order to implement the �rst constraint in (A.19.11) let us write

�� a =
1
2

�
� ab + � ab

�
� b () �� a

j =
1
2

�
� a

b + � a
b

�
� b

j =:
1
2

� a
j +

1
2

� bj ;

(A.19.14)
where� ab = � ba and � ab = � � ba. Then the variations of the �elds generated by
the � ab's correspond to Lorentz-rotations. From (A.19.14) and anti-symmetry
of the � ab's we have

�g ij = � (gab� a
i � b

j ) = � ab�
a

i � b
j ; (A.19.15)

so that the � ab's are in one-to-one correspondence with variations of the metric.
Lorentz-invariance of L k implies that for variations with compactly sup-

ported � ab's and vanishing � ab's we have, taking into account (A.19.3),

0 = �
Z

L k =
1
2

Z
� L k

�� a
j
� a

j =
1
2

Z
@L k

@�aj
� a

j : (A.19.16)

Hence, for all compactly supported variations�� a we have

�
Z

L k =
Z

� L k

�� a
j
�� a

j =
Z

@L k

@�aj
�� a

j =
1
2

Z
@L k

@�aj
� a

j

| {z }
0

+
1
2

Z
@L k

@�aj
� a

j

=
1
2

Z
@L k

@�aj
� a

kgk` �g `j =
1
2

Z
� L k

�� a
j
� a

kgk` �g `j : (A.19.17)

This string of equalities shows that for L 's which are a �nite sum of L k 's it
holds that

� L
�g `j

= 0 ()
� L
�� a

j
� a

kgk` = 0 ()
@L
�� a

j
= 0 ; (A.19.18)

as desired.
For further reference we note that (A.19.16) together with the fact that � ab is

an arbitrary antisymmetric tensor �eld imply that the tenso r �eld ( @L k=@�ai )gi` � a
j

is symmetric:
@L k

@�ai
gi` � a

j =
@L k

@�ai
gij � a

` : (A.19.19)

A.19.2 Lovelock tensors

It is a standard fact in calculus of variations that variatio ns of di�eomorphism-
invariant Lagrangeans

L = L � 1 ^ � � � ^ � d ;

depending only upon the metric and a �nite number of its derivatives, produce
tensors with vanishing divergence:

0 = ?r i
�

� L
�g ij

�
= r i

�
?

� L
�g ij

�
� r i

�
1

p
det g

� (L
p

det g)
�g ij

�
: (A.19.20)
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Here ? denotes Hodge duality, and we continue to assume that the space-time
dimension equalsd. Indeed, variations of the metric associated with the 
ow of
a vector �eld are of the form �g ij = r (i � j ) , so that for Lagrangeans depending
only upon the metric and its derivatives (up to any order) we have, after a few
integrations by parts,

�
Z

L =
Z

� L
�g ij �g ij =

Z
� L
�g ij r (i � j ) ; (A.19.21)

assuming that � is compactly supported. WhenL is di�eomorphism-invariant
the left-hand side vanishes, and yet another integration byparts gives

0 = �
Z

L = �
Z

r i (
� L
�g ij )� j : (A.19.22)

Since� is arbitrary, (A.19.20) follows.
In particular, variations with respect to the metric of line ar combination of

the Lovelock LagrangeansL k provide symmetric divergence-free tensors which
depend only upon the second derivatives of the metric. In fact, as before we
�nd from (A.19.3) that

�
Z

L k =
Z

@L k

@�ai
�� a

i ; (A.19.23)

where the derivative @L
@�a j

is calculated by viewing the 
 ab's and the � a
j 's as

independent unconstrained variables. Let us set

�� a
i = �

1
2

gi` � a
j �g `j : (A.19.24)

Inserting (A.19.24) into (A.19.26) with a variation �g `j arising from a 
ow, we
�nd

0 =
Z

@L k

@�ai
gi` � a

j �g `j =
Z

@L k

@�ai
gi` � a

j r (` � j )

= �
Z

r j
� @L k

@�ai
gi` � a

j

�
� ` ; (A.19.25)

where we have used (A.19.19). Arbitrariness of� implies, as before,

r j
�

?
@L k

@�ai
gi` � a

j

�
; (A.19.26)

providing thus for each 0< k < (d � 2)=2 a symmetric, divergence-free tensor,
which is a homogeneous polynomial of orderk in the curvature tensor.

We have therefore proved the \if part" of the following theor em of Lovelock:

Theorem A.19.5 (Lovelock [194]) All divergence-free symmetric tensors of va-
lence two which depend only upon the metric and its derivatives up to order two
are linear combinations of the metric and of the tensor �elds

?
@L k

@�aj
� a 
 @j ; (A.19.27)

with L k given by (A.19.1). Here, when calculating the derivatives in (A.19.27),
the moving frame� a and the two-forms
 ab should be considered as independent,
unconstrained variables.
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An explicit calculation of the tensors (A.19.27) with 2k + 2 � d can be
carried out as follows: Let, as usual,f ea = ea

j @j g denote the frame dual to
f � a = � a

i dxi g. We have, denoting by � L k and �� a = �� a
j dxj the di�erentials

of L k and � a
j at remaining variables �xed,

� L k =
@L k

@�aj
�� a

j = ( d � 2k � 2) �

� a1 :::ad 
 a1a2 ^ � � � ^ 
 a2k +1 a2k +2 ^ � a2k +3 ^ � � � ^ gaad �� a
j dxj

|{z}
ej

bgbc � c

= ( d � 2k � 2) � ej
bg

bc �� a
j �

gaad � a1 :::ad 
 a1a2 ^ � � � ^ 
 a2k +1 a2k +2 ^ � a2k +3 ^ � � � ^ � c

=: ( d � 2k � 2) � ej
bg

bc �� a
j � A(k)ac � � 1 ^ � � � ^ � d : (A.19.28)

For 2k + 2 < d , we see that thek-th Lovelock tensor A(k), as normalized
above, has frame componentsA(k)ac equal to

A(k)ac := ?
�

gaad � a1 :::ad 
 a1a2| {z }
1
2 Ra1 a2b1 b2 � b1 ^ � b2

^ � � � ^ � a2k +3 ^ � � � ^ � c

�

=
1

2k+1 ?
�

gaad � a1 :::ad Ra1a2
b1b2 � � � Ra2k +1 a2k +2

b2k +1 b2k +2 �

� b1 ^ � b2 ^ � � � ^ � b2k +1 ^ � b2k +2 ^ � a2k +3 ^ � � � ^ � c

�

=
1

2k+1 gaad � a1 :::ad � b1 :::b2k +2 a2k +3 :::ad� 1c Ra1a2
b1b2 � � � Ra2k +1 a2k +2

b2k +1 b2k +2

=
(d � 2k � 3)!(2k + 3)!

2k+1
| {z }

=: ck;d

" � a1
[b1

: : : � a2k +2
b2k +2

� ad
c] gaad Ra1a2

b1b2 � � � Ra2k +1 a2k +2
b2k +1 b2k +2 ; (A.19.29)

with " = 1 in Riemannian and " = � 1 in Lorentzian signature.

Incidentally: The following simple proof of symmetry of the tensorsA(k) has
been pointed out to us by O. Alvarez. Set

� aa 1 :::a 2k +2 bb1 :::b 2k +2 := gacga1 c1 : : : ga2k +2 c2k +2 � c1
[b1

: : : � c2k +2

b2k +2
� c

b] : (A.19.30)

Clearly
� aa 1 :::a 2k +2 bb1 :::b 2k +2 = � bb1 :::b 2k +2 aa 1 :::a 2k +2 : (A.19.31)

From (A.19.29), (A.19.31) and the pair-interchange symmetry of the Riemann ten-
sor we have

A(k)ab = ck;d " � aa 1 :::a 2k +2 bb1 :::b 2k +2 Ra1 a2 b1 b2 � � � Ra2k +1 a2k +2 b2k +1 b2k +2

= ck;d " � bb1 :::b 2k +2 aa 1 :::a 2k +2 Ra1 a2 b1 b2 � � � Ra2k +1 a2k +2 b2k +1 b2k +2

= ck;d " � bb1 :::b 2k +2 aa 1 :::a 2k +2 Rb1 b2 a1 a2 � � � Rb2k +1 b2k +2 a2k +1 a2k +2

= A(k)ba ; (A.19.32)

as desired. 2
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As an example of tensors (A.19.29), whenk = 0 we have

A(0)a
c � 3� a1

[b1
� a2

b2
� a

c]Ra1a2
b1b2 = ( � a1

[c � a2
b1 ]�

a
b2

+ � a1
[b1

� a2
b2 ]�

a
c + � a1

[b2
� a2

c] � a
b1

)Ra1 a2
b1b2

= ( Rcb1
b1a + Rb1b2

b1b2 � a
c + Rb2c

ab2 ) = � 2(Ra
c �

1
2

R� a
c ) ; (A.19.33)

which is proportional to the Einstein tensor, consistently with (A.19.10).
The casek = 1 requires a somewhat lengthy calculation [193]

A(1) ij � 2Riu Ru
j + 2Ruv Ruivj � RR ij � Riuvs Rj

uvs

�
1
4

gij (4Ruv Ruv � R2 � Ruvst Ruvst ) : (A.19.34)

A.20 Cli�ord algebras

Our approach to the description of Cli�ord algebras is a variation upon [39].
Let q be a non-degeneratequadratic form on a vector space overK, where

K = R or C. Let A be an algebra overK. A Cli�ord map of (W; q) into A is
a linear map f : W ! A with the property that, for any X 2 W ,

f (X )2 = � q(X; X ) : (A.20.1)

By polarisation, this is equivalent to

f (X )f (Y ) + f (Y )f (X ) = � 2q(X; Y ) : (A.20.2)

for any X; Y 2 W .
Note that a Cli�ord map is necessarily injective: if f (X ) = 0 then q(X; Y ) =

0 for all Y by (A.20.2), henceX = 0. Thus dim A � dim W whenever a Cli�ord
map exists.

The Cli�ord algebra C`(W; q) is the unique (up to homomorphism) associa-
tive algebra with unity de�ned by the following two properti es:

1. there exists a Cli�ord map � : W ! C`(W; q), and

2. for any Cli�ord map f : W ! A there exists exactly one homomorphism
~f of algebras with unity ~f : C`(W; q) ! A such that

f = ~f � � :

The de�nition is somewhat roundabout, and takes a while to absorb. The
key property is the Cli�ord anti-commutation rule (A.20.2). The second point
is a way of saying thatC`(W; q) is the smallest algebra for which (A.20.2) holds.

Now, uniqueness ofC`(W; q), up to algebra homomorphism, follows imme-
diately from its de�nition. Existence is a consequence of the following construc-
tion: let T (W ) be the tensor algebra ofW ,

T (W ) := K � W � 1
`=2 W 
 : : : 
 W| {z }

` factors

;
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it being understood that only elements with a �nite number of non-zero com-
ponents in the in�nite sum are allowed. Then T (W ) is an associative algebra
with unity, the product of two elements a; b 2 T (W ) being the tensor prod-
uct a 
 b. Let I q be the two-sided ideal generated by all tensors of the form
X 
 X + q(X; X ), X 2 W . Then the quotient algebra

T (W )=Iq

has the required property. Indeed, let� be the map which to X 2 W � T (W )
assigns the equivalence class [X ] 2 T (W )=Iq. Then � is a Cli�ord map by
de�nition. Further, if f : V ! A is a Cli�ord map, let f̂ be the unique linear
map f̂ : T (W ) ! A satisfying

f̂ (X 1 
 : : : 
 X k ) = f (X 1) � � � f (X k ) :

Then f̂ vanishes onI q, hence provides the desired map~f de�ned on the quotient,
~f ([X ]) := f̂ (X ).

Example A.20.1 Let W = R, with q(x) = x2. Then C with � (x) = xi , satis�es
the Cli�ord product rule. Clearly (A.20.1) cannot be satis�e d in any smaller
algebra, so (up to homomorphism)C`(W; q) = C.

Example A.20.2 Let W = R, with q0(x) = � x2. Then C`(W; q0) = R, � (x) =
x. Comparing with Example A.20.1, one sees that passing to theopposite
signature matters.

Example A.20.3 Consider the hermitian, traceless,Pauli matrices

� 1 =
�

0 1
1 0

�
; � 2 =

�
0 � i
i 0

�
; � 3 =

�
1 0
0 � 1

�
; (A.20.3)

and set � i = � i . One readily checks that

� i � j = � ij + i� ijk � k =) f � i ; � j g := � i � j + � j � i = 2 � ij ; (A.20.4)

where for any two matricesa; b the anti-commutator f a; bg is de�ned as

f a; bg = ab+ ba :

Hence, for anyX 2 R3 it holds that

(X k i� k )(X ` i� ` ) = � � (X; X ) ;

where � is the standard scalar product onW = R3. Thus, the map

X = ( X k ) ! X k i� k

is a Cli�ord map on ( R3; � ), and in fact the algebra generated by the matrices

 k := i� k is homomorphic to C`(R3; � ). This follows again from the fact that
no smaller dimension is possible.
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Example A.20.4 Let � i be the Pauli matrices (A.20.3) and let the 4� 4 complex
valued matrices be de�ned as


 0 =
�

0 idC2

idC2 0

�
= � 
 0 ; 
 i =

�
0 � i

� � i 0

�
= 
 i : (A.20.5)

We note that 
 0 is hermitian, while the 
 i 's are anti-hermitian with respect to
the canonical hermitian scalar product h�; �i C on C4. From Equation (A.20.5)
one immediately �nds

f 
 i ; 
 j g =
�

�f � i ; � j g 0
0 �f � i ; � j g

�
; f 
 i ; 
 0g = 0 ; (
 0)2 = 1 ;

and (A.20.4) leads to the Cli�ord product relation


 a
 b + 
 b
 a = � 2gab (A.20.6)

for the Minkowski metric gab = diag( � 1; 1; 1; 1).
A real representation of the commutation relations (A.20.6) on R8 can be

obtained by viewing C4 as a vector space overR, so that 1) each 1 above is
replaced by idR2 , and 2) eachi is replaced by the antisymmetric 2� 2 matrix

�
0 � 1
1 0

�
:

More precisely, let us de�ne the 4� 4 matrices ^� i by

�̂ 1 =
�

0End( R2 ) idR2

idR2 0End( R2 )

�
; �̂ 3 =

�
idR2 0End( R2 )

0End( R2 ) � idR2

�
; (A.20.7)

�̂ 2 =

0

B
B
@

0End( R2 ) �
�

0 � 1
1 0

�

�
0 � 1
1 0

�
0End( R2 )

1

C
C
A ; (A.20.8)

which are clearly symmetric, and the new
 's by


 0 =
�

0End( R4 ) idR4

idR4 0End( R4 )

�
= � 
 0 ; 
 i =

�
0End( R4 ) �̂ i

� �̂ i 0End( R4 )

�
= 
 i :

(A.20.9)
It should be clear that the 
 's satisfy (A.20.6), with 
 0 symmetric, and 
 i 's -
antisymmetric.

Let us return to general considerations. Choose a basisei of W , and consider
any element a 2 T (W ). Then a can be written as

a = � +
NX

k=1

X

i 1 ;:::;i k

ai 1 :::i k ei 1 
 : : : 
 ei k ;
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for someN depending upona. When passing to the quotient, every tensor prod-
uct ei j 
 ei r with i j > i r can be replaced by� 2gi j i r � ei r 
 ei j , leaving eventually
only those indices which are increasingly ordered. Thus,a is equivalent to

� + bi ei +
kX

k= N

X

i 1<:::<i k

bi 1 :::i k ei 1 
 : : : 
 ei k ;

for some new coe�cients. For example

� + ai ei + aij ei 
 ej = � + ai ei + aij ( e(i 
 ej )
| {z }
�� q(ei ;ej )

+ e[i 
 ej ])

� � � aij q(ei ; ej ) + ai ei + aij e[i 
 ej ] :

This implies that elements of the form


 i 1 :::i k := [ ei 1 
 : : : 
 ei k ] ; i1 < : : : < i k

span C`(W; q). (Here the outermost bracket is the equivalence relation in
T (W ).) Equivalently,

C`(W; q) = K � Vectf 
 i 1 :::i k g; where 
 i := � (ei ) ; 
 i 1 :::i k := 
 [i 1 � � � 
 i k ] :

We conclude that the dimension ofC`(W; q) is less than or equal to that of the
exterior algebra of W , in particular C`(W; q) is �nite dimensional (recall that
it was part of our de�nition that dim W < 1 ). The reader is warned that the
above elements of the algebra are not necessarily linearly independent, as can
be seen in Examples A.20.2 and A.20.3.

It should be clear to the reader that the linear map, which is deduced by
the considerations above, from the exterior algebra to the Cli�ord algebra, does
not preserve the product structures in those algebras.

A representation (V; � ) of a Cli�ord algebra C`(W; q) on a vector spaceV
over K is a map � : C`(W; q) ! End(V ) such that � � � is a Cli�ord map. It
immediately follows from the de�nition of the Cli�ord algebr a that � is uniquely
de�ned by its restriction to � (W ).

A fundamental fact is the following:

Proposition A.20.5 Let q be positive de�nite and let (V; � ) be a representation
of C`(W; q). If K = R, then there exists a scalar producth�; �i on V so that
� � � (X ) is antisymmetric for all X 2 W . Similarly if K = C, then there exists
a hermitian product h�; �i on V so that � � � (X ) is antihermitian for all X 2 W .

Proof: Let ei be any basis ofW , set 
 i := � (� (ei )), since � is a representation
the 
 i 's satisfy the relation (A.20.6). Let 
 I run over the set


 := f� 1; � 
 i ; � 
 i 1 :::i k g1� i 1< ���<i k � n :

It is easy to check that 
 
 i � 
, but since

(
 
 i )
 i = 
 
 i 
 i|{z}
= � 1

= � 
 = 
 ;
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we conclude that 
 
 i = 
. Let ( �; �) denote any scalar product onV , and for
 ; ' 2 V set

h ; ' i :=
X


 I 2 


(
 I  ; 
 I ' ) :

Then for any 1 � ` � n we have (no summation over`)

h(
 ` )
t 
 `  ; ' i = h
 `  ; 
 ` ' i =

X


 I 2 


(
 I 
 `  ; 
 I 
 ` ' )

=
X


 I 2 
 
 `

(
 I  ; 
 I ' ) =
X


 I 2 


(
 I  ; 
 I ' )

= h ; ' i :

Since this holds for all  and ' we conclude that (
 ` )t 
 ` = Id. Multiplying
from the right with 
 ` , and recalling that ( 
 ` )2 = � Id we obtain (
 ` )t = � 
 ` .
Now, by de�nition,

(� � � (X )) t = ( X a
 a)t = � X a
 a = � � � � (X ) ;

as desired.
An identical calculation applies for hermitian scalar products. 2

Incidentally: The scalar product constructed above is likely to depend upon the
initial choice of basis ea , but this is irrelevant for the problem at hand, since the
statement that � � � (X ) is anti-symmetric, or anti-hermitian, is basis-independent.
2

Throughout most of this work, when q is positive de�nite we will only use
scalar products onV for which the representation ofC`(W; q) is anti-symmetric
or anti-hermitian.

Let dim V > 0. A representation (V; � ) of C`(W; q) is said to be reducible if
V can be decomposed as a direct sumV1 � V2 of nontrivial subspaces, each of
them being invariant under all maps in � (C`(W; q)). The representation (V; � )
is said to be irreducible if it is not reducible. Note that the existence of an
invariant space does nota priori imply the existence of a complementing space
which is invariant as well. However, we have the following:

Proposition A.20.7 Every �nite dimensional representation

� : C`(W; q) ! End(V )

of C`(W; q) such that V contains a non-trivial invariant subspace is reducible.
Hence, V = � k

i =1 Vi , � = � k
i =1 � i , with (Vi ; � i := � jVi ) irreducible.

Proof: Suppose that there exists a subspaceV1 � V invariant under � . We can
assume thatV1 has no invariant subspaces, otherwise we pass to this subspace
and call it V1; in a �nite number of steps we obtain a subspaceV1 such that � jV1

is irreducible. The proof of Proposition A.20.5 provides a scalar or hermitian
product h�; �i on V which is invariant under the action of all maps in 
. Then
V = V1 � (V1)? , and it is easily checked that (V1)? is also invariant under maps
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in 
, hence under all maps in the image of � . One can repeat now the whole
argument with V replaced by (V1)? , and the claimed decomposition is obtained
after a �nite number of steps. 2

It is sometimes convenient to use irreducible representations, which involves
no loss of generality in view of Proposition A.20.7. However, we will not assume
irreducibility unless explicitly speci�ed otherwise.

Remark A.20.8 According to Trautman [269], there exist two inequivalent irre-
ducible representations in odd space-dimension, the one related tothe other by the
map X 7! � X . 2

A.20.1 Eigenvalues of 
 -matrices

In the proofs of the energy-momentum inequalities the positivity properties
of several matrices acting on the space of spinors have to be analyzed. It is
su�cient to make a pointwise analysis, so we consider a real vector spaceV
equipped with a scalar producth�; �i together with matrices 
 � , � = 0 ; 1; � � � ; n
satisfying


 � 
 � + 
 � 
 � = � 2� �� ; (A.20.10)

where � = diag( � 1; 1; � � � ; 1). We further suppose that the matrices 
 t
� , trans-

posed with respect toh�; �i , satisfy


 t
0 = 
 0 ; 
 t

i = � 
 i ;

where the index i runs from one to n. Let us start with

a� 
 0
 � = a0 + ai 
 0
 i ; (a� ) = ( a0;~a) = ( a0; (ai )) :

The matrices ai 
 0
 i are symmetric and satisfy

(ai 
 0
 i )2 = ai aj 
 0
 i 
 0
 j = � ai aj 
 0
 0
 i 
 j = j~aj2� ;

so that the eigenvalues belong to the setf�j ~aj� g. Since
 0 anticommutes with
ai 
 0
 i , it interchanges the eigenspaces with positive and negative eigenvalues.
Let  i , i = 1 ; : : : ; N , be an ON basis of thej~aj� eigenspace ofai 
 0
 i , set

� 2i � 1 =  i ; � 2i = 
 0 i :

It follows that f � i g2N
i =1 forms an ON basis ofV (in particular dim V = 2N ), and

in that basis a� 
 0
 � is diagonal with entries a0 � j ~aj� . We have thus proved

Proposition A.20.9 The quadratic form h ; a � 
 0
 �  i is non-negative if and
only if a0 � j ~aj� .

Let us consider, next, the symmetric matrix

A := a� 
 0
 � + b
 0 + c
 1
 2
 3 : (A.20.11)

Let  1 be an eigenvector ofai 
 0
 i with eigenvalue j~aj� , set

� 1 =  1 ; � 2 = 
 0 1 ; � 3 = 
 1
 2
 3 1 ; � 4 = 
 1
 2
 3
 0 1 :
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From the commutation relations (A.20.10) one easily �nds

ai 
 0
 i � 1 = j~aj� � 1 ; ai 
 0
 i � 2 = �j ~aj� � 2 ; ai 
 0
 i � 3 = �j ~aj� � 3 ; ai 
 0
 i � 4 = j~aj� � 4 ;


 0� 1 = � 2 ; 
 0� 2 = � 1 ; 
 0� 3 = � � 4 ; 
 0� 4 = � � 3 ;


 1
 2
 3� 1 = � 3 ; 
 1
 2
 3� 2 = � 4 ; 
 1
 2
 3� 3 = � 1 ; 
 1
 2
 3� 4 = � 2 :

It is simple to check that the � i 's so de�ned are ON; proceeding by induction
one constructs an ON-basisf � i g2N

i =1 of V (in particular dim V is a multiple of
4) in which A is block-diagonal, built-out of blocks of the form

0

B
B
@

a0 + j~aj� b c 0
b a0 � j ~aj� 0 c
c 0 a0 � j ~aj� � b
0 c � b a0 + j~aj�

1

C
C
A :

The eigenvalues of this matrix are easily found to bea0 �
q

j~aj2� + b2 + c2. We
thus have:

Proposition A.20.10 We have the sharp inequality

h ; (a� 
 0
 � + b
 0 � c
 1
 2
 3)  i �
�

a0 �
q

j~aj2� + b2 + c2

�
j j2 ;

in particular the quadratic form h ; A i , with A de�ned in (A.20.11), is non-
negative if and only if

a0 �
q

j~aj2� + b2 + c2 :
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A.21 Killing vectors and isometries

Let (M; g) be a pseudo-Riemannian manifold. A map is called an isometry
if

 � g = g ; (A.21.1)

where  � is the pull-back map de�ned in Section A.8.2.
A standard fact is that the group Iso(M; g) of isometries of (M; g) carries

a natural manifold structure. Such groups, when non-discrete, are called Lie
groups. If ( M; g) is Riemannian and compact, then Iso(M; g) is compact.

It is also a standard fact that any element of the connected component of
the identity of a Lie group G belongs to a one-parameter subgroupf � t gt2 R of G.
This allows one to study actions of isometry groups by studying the generators
of one-parameter subgroups, de�ned as

X (f )(x) =
d(f (� t (x)))

dt

�
�
�
�
t=0

() X =
d� t

dt

�
�
�
�
t=0

:

The vector �elds X obtained in this way are calledKilling vectors. The knowl-
edge of Killing vectors provides considerable amount of information on the
isometry group, and we thus continue with an analysis of their properties. We
will see shortly that the collection of Killing vectors form s a Lie algebra: by
de�nition, a Lie algebra is a vector space equipped with a bracket operation
such that

[X; Y ] = � [Y; X ] ;

and
[X; [Y; Z]] + [ Y;[Z; X ]] + [ Z; [X; Y ] = 0 :

In the case of Killing vectors, the bracket operation will be the usual bracket
of vector �elds.

Of key importance to us will be the fact, that the dimension of the isometry
group of (M ; g) equals the dimension of the space of the Killing vectors.

A.21.1 Killing vectors

Let � t be a one-parameter group of isometries of (M ; g), thus

� �
t g = g =) L X g = 0 : (A.21.2)

Recall that (see (A.8.7), p. 239)

L X g�� = X � @� g�� + @� X � g�� + @� X � g�� :

In a coordinate system where the partial derivatives of the metric vanish at a
point p, the right-hand side equalsr � X � + r � X � . But the left-hand side is a
tensor �eld, and two tensor �elds equal in one coordinate system coincide in all
coordinate systems. We have thus proved that generators of isometries satisfy
the equation

r � X � + r � X � = 0 : (A.21.3)
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Conversely, consider a solution of (A.21.3); any such solution is called a
Killing vector . From the calculation just carried out, the Lie derivative of the
metric with respect to X vanishes. This means that the local 
ow ofX preserves
the metric. In other words, X generates local isometries ofg.

To make sure that X generates a one-parameter group of isometries one
needs moreover to make sure thatX is complete. By de�nition, this means
that the integral curves of X , i.e. solutions of

dx
dt

= X (x(t)) ; x(0) = x0 ; (A.21.4)

are de�ned for all values of parametert 2 R for all initial points x0. This might
be di�cult to establish, often requiring further global hyp otheses; we return to
this in Appendix A.21.4. The map (t; x 0) 7! x(t), where x(t) is the solution
of (A.21.4), is often denoted by � t (x0), and is called the 
ow of X . We will
sometimes write � t [X ] when more than one vectorX is involved.

Recall the identity (A.8.8), p. 239:

L [X;Y ] = [ L X ; L Y ] : (A.21.5)

This implies that the commutator of two Killing vector �elds is a Killing vector
�eld:

L [X;Y ]g = L X (L Y g
| {z }

0

) � L Y (L X g
| {z }

0

) = 0 :

Thus, and as already pointed-out, the collection of all Killing vector �elds,
equipped with the Lie bracket, forms a Lie algebra.

Remark A.21.1 Let (M; g) be a complete Riemannian manifold, than all Killing
vector �elds are complete. To see this, let� t be generated by a Killing vector X ,
let p 2 M and let 
 (t) = � t (p) be the integral curve of X through p, thus _
 = X .
We claim, �rst, that the length of X is preserved along the orbits ofX . Indeed:

d(X i X i )
dt

= 2 X k X i r k X i = 0 ;

as r k X i is antisymmetric. Next, the length of any segment of
 (t) equals to
Z t 2

t 1

j _
 jdt =
Z t 2

t 1

jX jdt = jX (p)j(t2 � t1) :

Hence, any integral curve of the 
ow de�ned on a bounded interval of parameters
has �nite length. The fact that 
 (t) is de�ned for all t follows now from completeness
of (M; g) by simple considerations. 2

Remark A.21.2 Let p be a �xed point of an isometry � . Then � � maps TpM
to TpM ; we will refer to this action as the tangent action.

For W 2 TpM let s 7! 
 W (s) be an a�nely parameterised geodesic with

 W (0) = p and _
 (0) = W . Since isometries map geodesics to geodesics, the
curve s 7! � (
 W (s)) is a geodesic that passes throughp and has tangent vec-
tor � � W there. As the a�ne parameterisation condition is also preserved by
isometries, we conclude that

� (
 W (s)) = 
 � � W (s) : (A.21.6)
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In particular, in the Riemannian case � maps the metric spheres and balls

Sp(r ) := f q 2 M : d(p; q) = r g; Bp(r ) := f q 2 M : d(p; q) � r g

to themselves. Similarly theSp(r )'s and Bp(r )'s are invariant in the Lorentzian
case as well, or for that matter in any signature, but these sets are not topo-
logical spheres or topological balls anymore.

The action of a group of transformations is calledtransitive if for every pair
p; q 2 M there exist an element� of the group such that q = � (p). Suppose
that the tangent action on TpM , of those elements of Iso(M; g) which leave p
�xed, is transitive on unit vectors (this is only possible for Riemannian metrics,
since isometries preserve the causal nature of vectors). What we just said shows
that, for complete Riemannian metrics, transitivity on uni t vectors at p implies
that the action on the Sp(r )'s is transitive as well. 2

Remark A.21.3 Let p be a point in a three-dimensional Riemannian manifold
(M; g) such that the tangent action of Iso(M; g) is transitive on unit vectors of
TpM . The group of isometries ofM that leave p �xed is then a closed subgroup
of SO(3) which acts transitively on S2, hence of dimension at least two. Now, it
is easily seen (exercice) that connected subgroups ofSO(3) are f eg (which has di-
mension zero),U(1) (which has dimension one), orSO(3) itself. We conclude that
existence of �xed points of the action implies that the group of isometries of (M; g)
contains an SO(3) subgroup. 2

Remark A.21.4 In Riemannian geometry, the sectional curvature � of a plane
spanned by two vectorsX; Y 2 TpM is de�ned as

� (X; Y ) :=
g(R(X; Y )X; Y )

g(X; X )g(Y; Y) � g(X; Y )2 : (A.21.7)

A simple calculation shows that � depends only upon the plane, and not the choice
of the vectors X and Y spanning the plane. The de�nition extends to pseudo-
Riemannian manifolds as long as the denominator does not vanish; equivalently,
the plane spanned byX and Y should not be null.

For maximally symmetric Riemannian manifolds the action of the isometry
group on the collection of two-dimensional subspaces of the tangent bundle is tran-
sitive, which implies that � is independent ofp. Complete Riemannian manifolds
with constant � , not necessarily simply connected, are calledspace forms. 2

Remark A.21.5 A complete Riemannianmanifold (M; g) which is isotropic around
every point is necessarily homogeneous. To see this, letp; p0 2 M , and let q be any
point such that the distance from q to p equals that from q to p0, sayr . Then both p
and p0 lie on the distance sphereS(q; r), and since (M; g) is isotropic at q, it follows
from Remark A.21.2 that there exists an isometry which leavesq �xed and which
maps p into p0. 2

Equation (A.21.3) leads to a second order system of equations, as follows:
Taking cyclic permutations of the equation obtained by di�er entiating (A.21.3)
one has

�r 
 r � X � � r 
 r � X � = 0 ;

r � r � X 
 + r � r 
 X � = 0 ;

r � r 
 X � + r � r � X 
 = 0 :
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Adding, and expressing commutators of derivatives in termsof the Riemann
tensor, one obtains

2r � r � X 
 = ( R�
�� + R���
 + R���
| {z }
= � R ��
� � R �
��

)X �

= 2R���
 X � :

Thus
r � r � X 
 = R���
 X � : (A.21.8)

Example A.21.6 As an example of application of (A.21.8), let (M; g) be 
at. In a
coordinate systemf x � g in which the metric has constant entries (A.21.8) reads

@� @� X 
 = 0 :

The solutions are therefore linear,

X � = A � + B �
� x � :

Plugging this into (A.21.3), one �nds that B �� must be anti-symmetric. Hence,
the dimension of the set of all Killing vectors of Rn;m , and thus of Iso(Rn;m ), is
(n + m)(n + m + 1) =2, independently of signature.

Consider, next, a torusTn := S1 � : : : � S1, equipped again with a 
at metric.
We claim that none of the locally de�ned Killing vectors of the form B i

j x j survive
the periodic identi�cations, so that the dimension of Iso(Tn ; � ) is n: Indeed, using
(A.21.8) and integration by parts we have

Z
X i D j D i X j

| {z }
=0

= �
Z

D j X i D i X j| {z }
= � D j X i

=
Z

jDX j2 ; (A.21.9)

and soB ij � D i X j = 0: all Killing vectors on a 
at Riemannian Tn are covariantly
constant.

In fact, an obvious modi�cation of the last calculation shows that the isome-
try group of a compact Riemannian manifold with strictly negative Ricci tensor is
�nite , and that non-trivial Killing vectors of compact Riemannian manifol ds with
non-positive Ricci tensor are covariantly constant. Indeed, for such manifolds the
left-hand side of (A.21.9) does not necessarily vanish a priori, and instead we have

Z
jDX j2 =

Z
X i D j D i X j =

Z
X i Rkji

j X j =
Z

X i Rki X j ; (A.21.10)

The left-hand side is always positive. If the Ricci tensor is non-positive, then the
right-hand side is non-positive, which is only possible if both vanish, henceDX = 0
and Rij X i X j = 0. If the Ricci tensor is strictly negative, then X = 0, and there
are no non-trivial Kiling vectors, so that the dimension of the group of isometries is
zero. Since the group is compact when (M; g) is Riemannian and compact, it must
be �nite when no Killing vectors exist. 2

An important consequence of (A.21.8) is:

Proposition A.21.7 Let M be connected and letp 2 M . A Killing vector is
uniquely de�ned by its value X (p) and the value at p of the anti-symmetric
tensor r X (p).
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Proof: Consider two Killing vectors X and Y such that X (p) = Y(p) and
r X (p) = r Y (p). Let q 2 M and let 
 be any curve fromp to q. Set

Z � := X � � Y � ; A �� = r � (X � � Y� ) :

Along the curve 
 we have

DZ �

ds
= _
 � r � Z � = _
 � A ��

DA ��

ds
= _
 � r � r � Z � = R
��� _
 � Z 
 : (A.21.11)

This is a linear �rst order system of ODEs along 
 with vanishing Cauchy data
at p. Hence the solution vanishes along
 , and thus X � (q) = Y � (q). 2

Note that there are at most n values ofX at p and, in view of anti-symmetry,
at most n(n� 1)=2 values ofr X at p. Since the dimension of the space of Killing
vectors equals the dimension of the group of isometries, as acorollary we obtain:

Proposition A.21.8 The dimension of the group of isometries of ann-dimensional
pseudo-Riemannian manifold(M; g) is less than or equal ton(n + 1) =2. 2

A.21.2 Analyticity of isometries

We give the proof of an unpublished result of Nomizu on analyticity of maps
preserving analytic a�ne connections. The analyticity of i sometries of analytic
manifolds is a direct consequence of this:

Theorem A.21.9 SupposeM and M 0 are real analytic manifolds each provided
with a real analytic a�ne connection. Then a (smooth) di�eomo rphism f from
M onto M 0 which preserves the a�ne connections is real analytic.

Proof: It follows from the analytic implicit function theorem that for M with
an analytic a�ne connection r , the exponential mapping expp : TpM ! M
is real analytic on a neighborhood of 0 inTpM , say U (so that expp(U) is a
normal neighborhood ofp). We have for eachp 2 M

f (expp(X )) = exp f (p) (f � (p)X ) for every X 2 V ;

where V is an open neighborhood of 0 inTpM . The analyticity of f follows
immediately from this equation. 2

A.21.3 The structure of isometry groups of asymptotically 
 at
space{times

A prerequisite for studying stationary space{times is the understanding of the
structure of the isometry groups which can arise, together with their actions. A
reasonable restriction which one may wish to impose, in addition to asymptotic

atness, is that of timelikeness of the ADM momentum of the space{times under
consideration
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For the theorem that follows we do not assume anything about the nature
of the Killing vectors or of the matter �elds present; it is th erefore convenient
to use a notion of asymptotic 
atness which uses at the outsetfour{dimensional
coordinates. A metric on a set 
 will be said to be asymptotically 
at if there
exist � > 0 and k � 0 such that check for repetitivity; also this might need
removing or rewording when the full uniqueness theory has been added

jg�� � � �� j + r j@� g�� j + � � � + r k j@� 1 � � � @� k g�� j � Cr � � (A.21.12)

for some constantC (� �� is the Minkowski metric). 
 will be called a boost{type
domain, if


 = f (t; ~x) 2 R � R3 : j~xj � R; jt j � �r + Cg; (A.21.13)

for some constants� > 0 and C 2 R. Let � t denote the 
ow of a Killing vector
�eld X , cf. (A.21.4), p. 308. (M; g�� ) will be said to be stationary{rotating if
the matrix of partial derivatives of X � asymptotically approaches a rotation
matrix when j~xj tends to in�nity, and if � t moreover satis�es

� 2� (x � ) = x � + A � + O(r � � ); � > 0

in the asymptotically 
at end, where A � is a timelike vector of Minkowski
space{time (in particular A � 6= 0). One can think of @=@�+ a@=@t, a 6= 0 as a
model for the behavior involved. The interest of that de�nit ion stems from the
following result, proved in [21]:

Theorem A.21.10 (P.C. & R. Beig) Let (M; g�� ) be a space{time containing
an asymptotically 
at boost{type domain 
 , with time{like (non{vanishing)
ADM four momentum p� , with fall{o� exponent � > 1=2 and di�erentiabil-
ity index k � 3 (see eq. (A.21.12)). We shall also assume that the hypersurface
f t = 0g � 
 can be Lorentz transformed to a hypersurface in
 which is asymp-
totically orthogonal to p� . Suppose moreover that the Einstein tensorG�� of
g�� satis�es in 
 the fall{o� condition

G�� = O(r � 3� � ); � > 0 : (A.21.14)

Let G0 denote the connected component of the group of all isometries of (M; g�� ).
If G0 is non{trivial, then one of the following holds:

1. G0 = R, and (M; g�� ) is either stationary, or stationary{rotating.

2. G0 = U(1), and (M; g�� ) is axisymmetric.

3. G0 = R � U(1), and (M; g�� ) is stationary{axisymmetric.

4. G0 = SO(3), and (M; g�� ) is spherically symmetric.

5. G0 = R � SO(3), and (M; g�� ) is stationary{spherically symmetric.



A.21. KILLING VECTORS AND ISOMETRIES 313

The reader should notice that Theorem A.21.10 excludes boost{type Killing
vectors (as well as various other behavior). This feature isspeci�c to asymptotic

atness at spatial in�nity; see [34] for a large class of vacuum space{times with
boost symmetries which are asymptotically 
at in light{lik e directions. The
theorem is sharp, in the sense that the result is not true ifp� is allowed to
vanish or to be non{time{like.

We �nd it likely that there exist no electro{vacuum, asympto tically 
at
space{times which have no black hole region, which are stationary{rotating and
for which G0 = R. Some partial results concerning this can be found in [8, 29]
A similar statement should be true for domains of outer communications of
regular black hole space{times. It would be of interest to settle this question.
Let us point out that the Jacobi ellipsoids [52] provide a Newtonian example
of solutions with a one dimensional group of symmetries witha \stationary{
rotating" behavior.

Theorem A.21.10 is used in the proof of Theorem A.21.12 below.

A.21.4 Killing vectors vs. isometry groups

added 3 II 15, needs reconsidering and most likely moving or removing when
the whole uniqueness theory is added

In general relativity there exist at least two ways for a solution to be sym-
metric: there might exist

1. a Killing vector �eld X on the space{time (M; g), or there might exist

2. an action of a (non{trivial) connected Lie group G on M by isometries.

Clearly 2 implies 1, but 1 does not need to imply 2(remove e.g. points from
a space{time on which an action ofG exists).

Furthermore, there could also exist locally de�ned Killing vectors that do
not extend to globally de�ned ones. A particularly striking example of mani-
folds where these notions are completely distinct is given by the 
at compact
manifolds constructed in [276]. In this last work Waldm•ull er shows that there
exists a compact quotient ofR141 which provides a 
at manifold without any
symmetries. So, while every 
at n-dimensional manifold hasn(n + 1) =2 locally
de�ned Killing vector �elds, in Waldm•uller's example none of them gives rise
to a globally de�ned one. Moreover, the resulting manifold has no discrete
isometries either, a fact which is usually much more di�cult to establish than
non-existence of continuous families of isometries.

In the uniqueness theory of stationary black holes, as presented e.g. in
[48, 149, 152, 278] (compare [71]), onealwaysassumes that an action of a group
G on M exists. This is equivalent to the statement, that the orbits of all
the (relevant) Killing vector �elds are complete. In [60] and [61] completeness
of orbits of Killing vectors was shown for vacuum and electro{vacuum space{
times, under various conditions. should be included The results obtained there
are not completely satisfactory in the black hole context, as they do not cover
degenerate black holes. Moreover, in the case of non{degenerate black holes,
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the theorems proved there assume that all the horizons contain their bifurca-
tion surfaces, a condition which one may wish not to imposea priori in some
situations.

Before stating a result which takes care of those problems, some terminology
will be needed. Let 
 be a boost-type domain as de�ned in (A.21.12) and let
S ext be the slice f t = 0g in 
. De�ne the domain of outer communications
hhM ext ii as the intersection of the past and the future of the union of the orbits
of the Killing vector X passing thoughS ext :

M ext := [ t � t (S ext ) ; hhM ext ii := J � (M ext ) \ J + (M ext ) : (A.21.15)

The following result, which does not assume any �eld equations, has been
proved in [63]:

Theorem A.21.11 Consider a space{time (M; gab) with a Killing vector �eld
X and suppose thatM contains an asymptotically 
at three{end S ext , with
X time{like in S ext . (Here the metric is assumed to be twice di�erentiable,
while asymptotic 
atness is de�ned in the sense of eq. (A.21.12) with � > 0
and k � 0.) Suppose that the orbits ofX are complete through all points
p 2 S ext . If hhM ext ii is globally hyperbolic, then the orbits ofX through points
p 2 hhM ext ii are complete.

In [63] a generalization of this result to stationary{rotat ing space{times has
also been given. Nomizu's theorem A.21.9 together with Theorem A.21.10 give
the following result [63]:

Theorem A.21.12 Consider an analytic space{time(M; gab) with a Killing vec-
tor �eld X with complete orbits. Suppose thatM contains an asymptotically 
at
three{end S ext with time{like ADM four{momentum, and with X (p) time{like
for p 2 S ext . (Here asymptotic 
atness is de�ned in the sense of eq. (A.21.12)
with � > 1=2 and k � 3, together with eq. (A.21.14) .) Let hhM ext ii denote
the domain of outer communications associated withS ext , and assume that
hhM ext ii is globally hyperbolic and simply connected. If there existsa Killing
vector �eld Y , which is not a constant multiple ofX , de�ned on an open subset
O of hhM ext ii , then the isometry group ofhhM ext ii (with the metric obtained
from (M; gab) by restriction) contains R � U(1).

We emphasize that no �eld equations or energy inequalities are assumed
above. Note that simple connectedness of the domain of outercommunications
necessarily holds when a positivity condition is imposed onthe Einstein tensor of
gab [128]. Similarly the hypothesis of time{likeness of the ADMmomentum will
follow if one assumes existence of an appropriate space{like surface in (M; gab).
It should be emphasized that no claims about isometries ofM n hhM ext ii are
made.
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A.22 Null hyperplanes

One of the objects that occur in Lorentzian geometry and which posses rather
disturbing properties are null hyperplanes and null hypersurfaces, and it ap-
pears useful to include a short discussion of those. Perhapsthe most unusual
feature of such objects is that the direction normal is actually tangential as
well. Furthermore, because the normal has no natural normalization, there is
no natural measure induced on a null hypersurface by the ambient metric.

In this section we present some algebraic preliminaries concerning null hy-
perplanes, null hypersurfaces will be discussed in SectionA.23 below.

Let W be a real vector space, and recall that its dualW � is de�ned as
the set of all linear maps from W to R in the applications (in this work only
vector spaces over the reals are relevant, but the �eld makesno di�erence for
the discussion below). To avoid unnecessary complicationswe assume thatW
is �nite dimensional. It is then standard that W � has the same dimension as
W .

We suppose that W is equipped with a a) bilinear, b) symmetric, and c)
non-degenerate formq. Thus

q : W � W ! R

satis�es

a) q(�X + �Y; Z ) = �q (X; Z ) + �q (Y; Z) ; b) q(X; Y ) = q(Y; X ) ;

and we also have the implication

c) 8Y 2 W q(X; Y ) = 0 = ) X = 0 : (A.22.1)

(Strictly speaking, we should have indicated linearity with respect to the second
variable in a) as well, but this property follows from a) and b) as above). By an
abuse of terminology, we will callq a scalar product; note that standard algebra
textbooks often add the condition of positive-de�niteness to the de�nition of
scalar product, which we do not include here.

Let V � W be a vector subspace ofW . The annihilator V 0 of W is de�ned
as the set of linear forms onW which vanish on V :

V 0 := f � 2 W � : 8Y 2 V � (Y ) = 0 g � W � :

V 0 is obviously a linear subspace ofW � .
Becauseq non-degenerate, it de�nes a linear isomorphism, denoted by[ ,

betweenW and W � by the formula:

X [ (Y ) = q(X; Y ) :

Indeed, the map X 7! X [ is clearly linear. Next, it has no kernel by (A.22.1).
Since the dimensions ofW and W � are the same, it must be an isomorphism.
The inverse map is denoted by] . Thus, by de�nition we have

q(� ] ; Y ) = � (Y ) :
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The map [ is nothing but \the lowering of the index on a vector using the metric
q", while ] is the \raising of the index on a one-form using the inverse metric".

For further purposes it is useful to recall the standard fact:

Proposition A.22.1

dim V + dim V 0 = dim W :

Proof: Let f ei gi =1 ;:::;dim V be any basis ofV , we can completef ei g to a basis
f ei ; f ag, with a = 1 ; : : : ; dim W � dim V, of W . Let f e�

i ; f �
a g be the dual basis

of W � . It is straightforward to check that V 0 is spanned byf f �
a g, which gives

the result. 2

The quadratic form q de�nes the notion of orthogonality:

V ? := f Y 2 W : 8X 2 V q(X; Y ) = 0 g:

A chase through the de�nitions above shows that

V ? = ( V 0)] :

Proposition A.22.1 implies:

Proposition A.22.2

dim V + dim V ? = dim W :

This implies, again regardless of signature:

Proposition A.22.3
(V ? )? = V :

Proof: The inclusion (V ? )? � V is obvious from the de�nitions. The equality
follows now because both spaces have the same dimension, as aconsequence of
Proposition (A.22.2). 2

Now,
X 2 V \ V ? =) q(X; X ) = 0 ; (A.22.2)

so that X vanishes if q is positive- or negative-de�nite, leading to dim V \
dim V ? = f 0g in those cases. However, this does not have to be the case
anymore for non-de�nite scalar products q.

A vector subspaceV of W is called ahyperplane if

dim V = dim W � 1:

Proposition A.22.2 implies then

dim V ? = 1 ;

regardless of the signature ofq. Thus, given a hyperplane V there exists a
vector w such that

V ? = Rw :
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If q is Lorentzian, we say that

V is

8
<

:

spacelike ifw is timelike;
timelike if w is spacelike;
null if w is null.

An argument based e.g. on Gram-Schmidt orthonormalizationshows that if V is
spacelike, then the scalar product de�ned onV by restriction is positive-de�nite;
similarly if V is timelike, then the resulting scalar product is Lorentzian. The
last case, of a nullV , leads to a degenerate induced scalar product. In fact, we
claim that

V is null if and only if V contains its normal. : (A.22.3)

To see (A.22.3), suppose thatV ? = Rw, with w null. Since q(w; w) = 0 we
have w 2 (Rw)? , and from Proposition A.22.3

w 2 (Rw)? = ( V ? )? = V :

SinceV does not contain its normal in the remaining cases, the equivalence is
established.

As discussed in more detail in the next section, a hypersurface N � M is
called null if at every p 2 N the scalar product restricted to TpN is degenerate.
Equivalently, the tangent space TpN is a null subspace ofTpM . So (A.22.2)
shows that vectors normal to a null hypersurfaceN are also tangent toN .

A.23 The geometry of null hypersurfaces

In this section we review some aspects of the geometry of nullhypersurfaces
We follow the exposition in [73], which in turn is based on [129].

A Ck null hypersurface in a spacetime (M ; g), k � 1, is a Ck co-dimension
one embedded submanifoldN of M such that the pullback of the metric g
to N is degenerate. Each such hypersurfaceN admits a Ck� 1 non-vanishing
future directed null vector �eld L 2 � TN such that the normal space ofL at a
point p 2 N coincides with the tangent space ofN at p, i.e., L ?

p = TpN for
all p 2 N . In particular, tangent vectors to N not parallel to L are spacelike.
We note that the vector �eld L is unique up to a positive scale factor.

The integral curves of L , when suitably parameterized, are null geodesics,
called the null geodesic generatorsof N : Indeed, sinceg(L; L ) = 0 on N , we
have that X (g(L; L )) = 0 for all vectors X tangent to N . This implies that
d(g(L; L )) annihilates TN , hence is conormal toN . Now, g(L; �) annihilates
TN as well, so we conclude that

r (g(L; L )) � L :

Let u be any de�ning function for N , i.e., N = f u = 0g, with du nowhere
vanishing on N . Sincedu annihilates TN as well, L must be proportional to
r u, so let us �rst assume that L = r u. Then

r � (g(L; L )) = r � (L � L � ) = 2 L � r � L � = 2L � r � r � u = 2L � r � r � u

= 2L � r � L � � L � : (A.23.1)
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We have thus shown that the integral curves ofr u are null geodesics, though
perhaps not a�nely parameterized. Now, multiplying r u by a function will
not change its integral curves, but only their parameterisation, so the result
remains true for all L proportional to r u.

Since L is orthogonal to N we can introduce the null Weingarten map
and null second fundamental formof N with respect L in a manner roughly
analogous to what is done for spacelike hypersurfaces or hypersurfaces in a
Riemannian manifold, as follows: We start by introducing an equivalence re-
lation on tangent vectors: for X; X 0 2 TpN , X 0 = X mod L if and only if
X 0 � X = �L for some� 2 R. Let X denote the equivalence class ofX . Now,
if X 0 = X mod L and Y 0 = Y mod L then obviously

hX 0; Y 0i = hX; Y i ; (A.23.2)

since g(L; Z ) vanishes for all Z 2 TN . Similarly, writing X 0 = X + aL for
some functiona,

hr X 0L; Y 0i = hr X + aL L; Y 0i = hr X L + a r L L| {z }
� L

; Y 0i = hr X L; Y i ;

Hence, for various quantities of interest, components along L are irrelevant. For
this reason one works with the tangent space ofN modded out by L , i.e.,

(TpN )=L = f X j X 2 TpN g and (TN )=L = [ p2 N (TpN )=L; :

The bundle (TN )=L is a vector bundle overN of dimension (n � 1), and does
not depend on the particular choice of null vector �eld L .

There is a natural positive de�nite metric h in (TN )=L induced from g:
For each p 2 N , de�ne h: (TpN )=L � (TpN )=L ! R by

h(X; Y ) = hX; Y i : (A.23.3)

Equation (A.23.2) shows that h is well-de�ned.
The null Weingarten map b = bL of N with respect to L is, for each point

p 2 N , a linear map
b: (TpN )=L ! (TpN )=L

de�ned by
b(X ) = r X L : (A.23.4)

To see that b is well-de�ned, let X 0 = X + �L , then

r X 0L = r X + �L L = r X L + � r L L| {z }
� L

;

which shows that the equivalence classesr X 0L and r X L coincide, as needed.
If eL = fL , f 2 C1(N ), is any other future directed null vector �eld tangent

to N , then
r X eL = f r X L mod L :
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Thus
bfL = fbL : (A.23.5)

It follows that the Weingarten map b of N is de�ned only up to a positive scale
factor.

The null second fundamental formB = BL of N with respect to L is the
bilinear form associated tob via h: For each p 2 N , the map

B : (TpN )=L � (TpN )=L ! R

is de�ned by
B (X; Y ) := h(b(X ); Y ) = hr X L; Y i : (A.23.6)

Now,

h(b(X ); Y ) = hr X L; Y i = hX; r Y L i = h(X; b(Y )) : (A.23.7)

This shows that b is self-adjoint with respect to h, and that B is symmetric.

Incidentally: In a manner analogous to the second fundamental form for space-
like hypersurfaces, a null hypersurface is totally geodesic if and only if B vanishes
identically [184, Theorem 30]. 2

The null mean curvature of N with respect to L is the continuous scalar
�eld � 2 C0(N ) de�ned by

� = tr h b; (A.23.8)

called divergence, or expansion, of the horizon. Let e1; e2; : : : ; en� 1 be n � 1
orthonormal spacelike vectors (with respect tog) tangent to N at p. Then
f e1; e2; : : : ; en� 1g is an orthonormal basis (with respect to h) of (TpN )=L.
Hence atp,

� = tr b =
P n� 1

i =1 h(b(ei ); ei )

=
P n� 1

i =1 hr ei L; ei i : (A.23.9)

Let � be the intersection, transverse to L , of a hypersurface inM with N .
Then � is a C2 (n � 1){dimensional spacelike submanifold ofM contained in
N which meetsL orthogonally. From (A.23.9), by de�nition of the divergenc e
along a submanifold,

� j� = div � L ;

and hence the null mean curvature gives a measure of the divergence of the null
generators ofN .

Incidentally: Given � and L as above, letL be the second future directed null
vector normal to � normalised so that

g(L ; L ) = � 2 : (A.23.10)

Set

h�� := g�� +
1
2

(L � L � + L � L � ) : (A.23.11)
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Then h�
� := g�� h�� is the projector on T �: indeed, X 2 T� if and only if

g(X; L ) = g(X; L ) = 0, but then h�
� X � = X � readily follows. On the other hand,

h�
� L � = h�

� L � = 0 holds by de�nition of h.
Along �, elements of TN =L can be represented by vectors inT �, then h in

(A.23.11) coincides withh of (A.23.3), and the former can be thought of a spacetime
equivalent of the latter. Note, however, that the de�nition (A.23.3 ) does not require
any supplementary structures, while (A.23.11) requires �, or at least L .

From the de�nition of � we have

� = h�� r � L �

= g�� r � L � +
1
2

(L � L � r � L � + L � L � r � L � ) : (A.23.12)

In some situations L arises from a null vector �eld de�ned in a neighborhood of
N , and is autoparallel on N . Then g(L; L ) = 0 near N , which implies that the
middle term in (A.23.12) drops out. Further, r L L = 0 on N , which shows that
the last terms drops out. One then �nds a convenient formula:

If g(L; L ) = 0 near N and if r L L = 0 on N then � = r � L � : (A.23.13)

(This should be compared with the formula H = r � n� for the mean curvature H
of a non-characteristic hypersurfaceS , wheren is a unit normal to S , without the
need of any further hypotheses.)

Example A.23.3 Let N be a null hypersurfaceu := x � t = 0 in Minkowski
spacetime; we choose� t+ x instead of� x+ t because of the convention thatL := r u
in the calculations above should be future pointing. ThenL is null everywhere, and
autoparallel everywhere, thus

� = r � r � u = 2 gu = 0 :

Next, still in Minkowski spacetime, let N be a future null coneN = _I + (p) � f pg,
u := � t + r = 0. Then r u is null, geodesic, and future pointing, so

� = 2 u = @� (� �� @� u) = @� (� �� @� r ) = @i (� ij @j r ) = @i

�
x i

r

�
=

n � 1
r

: (A.23.14)

Hence _I + (p) � f pg has positive null mean curvature. Changing time-orientation, we
obtain that a past null cone N = _I � (p) � f pg in Minkowski spacetime has negative
null mean curvature, � < 0.

Finally, in an arbitrary smooth spacetime, consider a future null cone N =
_I + (p) �f pg near its tip. In geodesic coordinates_I + (p) is given again by the equation
� t + r = 0. In those coordinates the metric coincides with the Minkowskian metric
up to terms quadratic in the coordinates, and the derivatives of the metric vanish
at p. With a little work one checks that (A.23.14) holds near p up to terms which
are O(1).

Example A.23.4 Let S be a spacelike hypersurface inN with induced metric

 and extrinsic curvature K , and let � be the intersection of N with S ; this is
a smooth submanifold of S , of codimension one inS , since the intersection is
transverse. Let n be the �eld of unit normals to � within S , we can chose bothL
and the direction of n so that

L = T + n ;
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where T is the �eld of unit normals to S in M . Let h denote the metric induced
by g on �. Representing, as before, elements ofTM =L by vectors tangents to �,
one �nds, in local coordinatesxA on S ,

bAB = K AB + � AB ; � = hAB K AB + H ; (A.23.15)

where� AB is the extrinsic curvature (second fundamental form) of � within ( S ; 
 ),
and H is the mean curvature of � within ( S ; 
 ).

2

Equation (A.23.5) shows that if eL = fL , then e� = f � . Thus the null mean
curvature inequalities � � 0, � � 0, are invariant under positive rescaling ofL .

The null second fundamental form of a null hypersurface obeys a well-de�ned
comparison theory roughly similar to the comparison theory satis�ed by the
second fundamental forms of a family of parallel spacelike hypersurfaces (cf.
Eschenburg [116], which we follow in spirit):

Let � : (a; b) ! M , s ! � (s), be a future directed a�nely parameterized
null geodesic generator ofN . For each s 2 (a; b), let

b(s) = b� 0(s) : T� (s)N =� 0(s) ! T� (s)N =� 0(s)

be the Weingarten map based at� (s) with respect to the null vector L = � 0(s).
To continue, we need to de�ne how a derivative b(X )0 of an equivalence

class of vectorsb(X ) can be calculated. Lets ! V (s) be a TN =L{vector �eld
along � , i.e., for each s, V (s) is an element of T� (s)N =L. Say s ! V (s) is
smooth if (at least locally) there is a smooth | in the usual se nse | vector
�eld s ! Y (s) along � such that V (s) = Y(s) for each s. Then de�ne the
covariant derivative of s ! V (s) along � by: V 0(s) = Y 0(s), where Y 0 is the
usual covariant derivative. It is easily shown that V 0 so de�ned is independent
of the choice ofY : indeed, if Y 0(s) = Y (s) + � (s) _� (s) for some smooth function
� , then

r _� Y 0 = r _� Y +
d�
ds

_� + � r _� _�
| {z}

� _�

= r _� Y

We are ready now to derive the equation satis�ed by the null Weingarten
map b of a smooth null hypersurfaceN (cf. [19, p. 431]):

b0+ b2 + R = 0 : (A.23.16)

Here 0 denotes covariant di�erentiation in the direction � 0(s), in the sense just
de�ned for vectors, and extended to tensors in the usual way:if X = X (s) is a
vector �eld along � tangent to N , then

b0(X ) :=
�
b(X )

� 0
� b(X 0): (A.23.17)

Finally R: T� (s)N =� 0(s) ! T� (s)N =� 0(s) is the curvature endomorphism de-
�ned by

R(X ) = R(X; � 0(s)) � 0(s) ;
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where (X; Y; Z ) ! R(X; Y )Z is the Riemann curvature tensor of M (recall
that R(X; Y )Z = r X r Y Z � r Y r X Z � r [X;Y ]Z ).

In order to prove (A.23.16), �x a point p = � (s0), s0 2 (a; b), on � . On
a neighborhood U of p in H we can scale the null vector �eld L so that L
is a geodesic vector �eld, r L L = 0, and so that L , restricted to � , is the
velocity vector �eld to � , i.e., for each s near s0, L � (s) = � 0(s). Let X 2 TpN .
Shrinking U if necessary, we can extendX to a smooth vector �eld on U so
that [ X; L ] = r X L � r L X = 0. Then

R(X; L )L = r X r L L � r L r X L � r [X;L ]L = �r L r L X :

Hence along� we have,
X 00= � R(X; � 0)� 0:

Thus, from Equation (A.23.17), at the point p we have,

b0(X ) = r X L 0 � b(r L X ) = r L X 0 � b(r X L)

= X 00� b(b(X )) = � R(X; � 0)� 0 � b2(X )

= � R(X ) � b2(X ); (A.23.18)

which establishes Equation (A.23.16).
Equation (A.23.16) leads to the well known Raychaudhuri equation for an

irrotational null geodesic congruence in general relativity: by taking the trace
of (A.23.16) we obtain the following formula for the derivative of the null mean
curvature � = � (s) along � , in space-time dimensionn + 1,

� 0 = � Ric(� 0; � 0) � � 2 �
1

n � 1
� 2; (A.23.19)

where� is the trace free part ofb. This equation shows how the Ricci curvature
of spacetime in
uences the null mean curvature of a null hypersurface.

Incidentally: In the calculations above we have assumed smoothness of all ob-
jects involved. If we suppose thatN is only C2, then a priori b is only a C0 tensor
�eld so that there is no reason that the derivative b0 should exist. The main point
of the following result, proved in [73], is that b0 does exist forC2 hypersurfaces, and
satis�es the expected di�erential equation. As the function s 7! R� (s) is C1 . then
the Riccati equation implies that actually the dependence ofb� (s) on s is C1 .

Proposition A.23.6 Let N be aC2 null hypersurface in the(n + 1) {dimensional
spacetime(M ; g) and let b be the one parameter family of Weingarten maps along
an a�ne parameterized null generator � . Then the covariant derivative b0 de�ned
by (A.23.17) exists and satis�es (A.23.16).

In the last result above the hypersurfaceN had to be of at least C2 di�eren-
tiability class. Now, in various applications one has to consider hypersurfacesN
obtained as a collection of null geodesics normal to aC2 surface. A naive inspection
of the problem at hand shows that suchN 's could in principle be of C1 di�erentia-
bility only. It is shown in [73] that one does nevertheless haveC2 di�erentiability
of the resulting hypersurface in such situations:
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Proposition A.23.7 Consider aCk+1 spacelike submanifoldN � M of co{dimension
two in an (n + 1) {dimensional spacetime (M ; g), with k � 1. Let k be a non-
vanishing Ck null vector �eld along N , and let U � R� N ! M be the set of points
where the function

f (t; p) := exp p(tk(p))

is de�ned. If f ( t 0 ;p0 ) � is injective then there is an open neighborhoodO of (t0; p0)
so that the imagef [O] is a Ck+1 embedded hypersurface inM .

The result is somewhat surprising as the functionp 7! k(p) used in the de�nition
of f is only Ck . Indeed, f will not be of Ck+1 di�erentiability class in general, which
can be seen as follows: Lett ! r (t) be aCk+1 curve in the x-y plane of Minkowski 3-
space which isnot of Ck+2 di�erentiability class. Let t ! n(t) be the spacelike unit
normal �eld along the curve in the x-y plane, then t ! n(t) is Ck and is not Ck+1 .
Let T = (0 ; 0; 1) be the unit normal to the x-y plane. Then L(t) = n(t) + T is a Ck

normal null �eld along t ! r (t). The normal exponential map f : R2 ! R3 in the
direction L is given by f (s; t) = r (t) + s[n(t) + T ], and hencedf=dt = r 0(t) + sn0(t),
showing explicitly that the regularity of f can be no greater than the regularity of
n(t), and hence no greater than the regularity ofr 0(t). 2

We continue with a calculation tying the divergence � of a null hypersurface
with Jacobians; this, together with the Raychaudhuri equation, is the key to the
black hole area theorem. Let us start by recalling the de�nition of the Jacobian,
as needed in the context. Let� : M ! N be a C1 map between Riemannian
manifolds, with dim M � dim N . Let5 n = dim M and let e1; : : : ; en be an
orthonormal basic of TpM then the Jacobian of � at p is J (� )(p) = k� � pe1 ^
� � pe2 ^ � � � ^ � � penk. When dim M = dim N and both M and N are oriented
with ! M being the volume form onM , and ! N being the volume form onN ,
then J (� ) can also be described as the positive scalar satisfying:� � (! N ) =
� J (� ) ! M .

Let S be a C2 co-dimension two acausal spacelike submanifold of a smooth
spacetimeM , and let L be a past directedC1 null vector �eld along S. Consider
the normal exponential map in the direction L , �: R � S ! M , de�ned by
�( s; x) = exp x sL. (� need not be de�ned on all of R � S.) Suppose the null
geodesic� : s ! �( s; p) meets a given acausal spacelike hypersurface � at� (1).
Then there is a neighborhoodW of p in S such that each geodesics ! �( s; x),
x 2 W meets �, and so determines aC1 map � : W ! �, which is the projection
into � along these geodesics. LetJ (� ) denote the Jacobian determinant of� at
p. J (� ) may be computed as follows. Letf X 1; X 2; : : : ; X kg be an orthonormal
basis for the tangent spaceTpS. Then ,

J (� ) = k� � pX 1 ^ � � pX 2 ^ � � � ^ � � pX kk:

Suppose there are no focal points toS along � j[0;1]. Then by shrinking W and
rescalingL if necessary, �: [0; 1] � W ! M is a C1 embedded null hypersurface
N such that �( f 1g � W ) � �. Extend L to be the C1 past directed null vector
�eld, L = � � ( @

@s) on N . Let � = � (s) be the null mean curvature of N with
respect to � L along � . We then have:

5Note that this is di�erent from our usual convention elsewhe re that the dimension of
space-time is n + 1.
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Proposition A.23.8 With � = � (s) as described above,

1. If there are no focal points to S along � j[0;1], then

J (� ) = exp
�

�
Z 1

0
� (s)ds

�
: (A.23.20)

2. If � (1) is the �rst focal point to S along � j[0;1], then

J (� ) = 0 :

Remark A.23.9 In particular, if N has nonnegative null mean curvature with
respect to the future pointing null normal, i.e., if � � 0, we obtain that J (� ) � 1.

Remark A.23.10 Recall that � was only de�ned when a normalization ofL has
been chosen. We stress that in (A.23.20)L is tangent to an a�nely parameter-
ized geodesic, withs being an a�ne distance along � , and with p corresponding
to s = 0 and � (p) corresponding to s = 1.

Proof: 1. To relate J (� ) to the null mean curvature of N , extend the
orthonormal basis f X 1; X 2; : : : ; X kg to Lie parallel vector �elds s ! X i (s),
i = 1 ; : : : ; k, along � , L L X i = 0 along � . Then

J (� ) = k� � pX 1 ^ � � pX 2 ^ � � � ^ � � pX kk

= kX 1(1) ^ X 2(1) ^ � � � ^ X k (1)k

=
p

g

�
�
�
�
s=1

;

where g = det[ gij ], and gij = gij (s) = hX i (s); X j (s)i . We claim that along � ,

� = �
1

p
g

d
ds

p
g :

TO see this, setbij = B (X i ; X j ), where B is the null second fundamental form
of N with respect to � L , hij = h(X i ; X j ) = gij , and let gij be the i; j -th entry
of the inverse matrix [gij ]� 1. Then � = gij bij . Di�erentiating gij along � we
obtain,

d
ds

gij = LhX i ; X j i = hr L X i ; X j i + hX i ; r L X j i

= hr X i L; X j i + hX i ; r X j L i

= � (bij + bj i ) = � 2bij :

Thus,

� = gij bij = �
1
2

gij d
ds

gij = �
1
2

1
g

dg
ds

= �
1

p
g

d
ds

p
g ;

as claimed. Integrating along� from s = 0 to s = 1,

J (� ) =
p

g

�
�
�
�
s=1

=
p

g

�
�
�
�
s=0

� exp
�

�
Z 1

0
� ds

�
= exp

�
�

Z 1

0
� ds

�
:
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2. Suppose now that� (1) is a focal point to S along � , but that there are no
focal points to S along � prior to that. Then we can still construct the C1 map
�: [0 ; 1] � W ! M , with �( f 1g � W ) � �, such that � is an embedding when
restricted to a su�ciently small open set in [0 ; 1] � W containing [0; 1) � f pg.
The vector �elds s ! X i (s), s 2 [0; 1), i = 1 ; ::; k, may be constructed as above,
and are Jacobi �elds along� j[0;1) , which extend smoothly to � (1). Since � (1) is
a focal point, the vectors � � X 1 = X 1(1), . . . , � � X k = X k (1) must be linearly
dependent, which implies that J (� ) = 0. 2

Incidentally: It has been pointed out in [169] that every null hypersurface carries
a canonical (n � 1){form, annihilating L , de�ned as follows: Let p 2 N and denote
by

P : TpN ! (TpN )=L

the canonical projection. Let � h denote the canonical volume form associated with
the metric h on (TpN )=L, then the pull-back

� := P � � h (A.23.21)

de�nes the required �eld of ( n � 1){forms on S .

SinceP L = 0 we have

�( L; : : : ) = � h (P L; : : :) = 0 ;

thus � vanishes on L .

Had we a metric on N , then the associated Hodge-dual of � would provide
a canonical vector �eld on N . However, N is degenerate, and any metric onN
requires the introduction of some supplementary structures. 2
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A.24 Elements of causality theory

We collect here some de�nitions from causality theory. Given a manifold M
equipped with a Lorentzian metric g, at each point p 2 M the set of timelike
vectors in TpM has precisely two components. Atime-orientation of TpM is
the assignment of the name \future pointing vectors" to one of those compo-
nents; vectors in the remaining component are then called \past pointing". A
Lorentzian manifold is said to be time-orientable if such locally de�ned time-
orientations can be de�ned globally in a consistent way. Aspacetimeis a time-
orientable Lorentzian manifold on which a time-orientation has been chosen.

A di�erentiable path 
 will be said to be timelike if at each point the tangent
vector _
 is timelike; it will be said future directed if _
 is future directed. There
is an obvious extension of this de�nition to null, causal or spacelikecurves. We
de�ne an observer to be an inextendible, future directed timelike path. In these
notes the names \path" and "curve" will be used interchangeably.

Let U � O � M . One sets

I + (U ; O) := f q 2 O : there exists a timelike future directed path

from U to q contained in Og;

J + (U ; O) := f q 2 O : there exists a causal future directed path

from U to q contained in Og [ U :

I � (U ; O) and J � (U ; O) are de�ned by replacing \future" by \past" in the
de�nitions above. The set I + (U ; O) is called the timelike future of U in O,
while J + (U ; O) is called the causal future of U in O, with similar terminology
for the timelike past and the causal past. We will write I � (U ) for I � (U ; M ),
similarly for J � (U ), and one then omits the quali�cation \in M " when talking
about the causal or timelike futures and pasts ofU . We will write I � (p; O) for
I � (f pg; O), I � (p) for I � (f pg; M ), etc.

A function f will be called a time function if its gradient is timelike, past
pointing. Similarly a function f will be said to be acausal function if its gradient
is causal, past pointing. The choice \past-pointing" here has to do with our
choice (� ; + ; : : : ; +) of the signature of the metric. This is easily understood
on the example of Minkowski spacetime (Rn+1 ; � ), where the gradient of the
usual time coordinatet is � @t , since� 00 = � 1. Had we chosen to work with the
signature (+ ; � ; : : : ; � ), time functions would have been de�ned to have future
pointing gradients.

A di�erentiable hypersurface S � M is called a Cauchy surface if every
inextendible causal curve intersectsS precisely once. A spacetime is called
globally hyperbolic if it contains a Cauchy hypersurface. A key property of
globally hyperbolic spacetimes is, that they possess a time-function t (in fact,
many) with the property that each level set of t is a Cauchy surface.

A spacetime (M ; g) is called maximal globally hyperbolic if it is globally
hyperbolic and if there exists no spacetime ( eM ; eg) such that (M ; g) is a proper
subset of ( eM ; eg).

The reader is referred to [67, 76, 117, 144, 182, 183, 209, 270] for extensive
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modern treatments of causality theory, including applications to incomplete-
ness theorems (also known as \singularity theorems").





Appendix B

A collection of identities

We include here a collection of useful identities, mostly compiled by Erwann
Delay. I am grateful to Erwann for allowing me to include his list here.

B.1 ADM notation

Letting ~gij denote the inverse matrix to gij , using the Arnowitt-Deser-Misner
notation we have

gkl = ~gkl � N l N k

N 2 , g0k = Nk , g0k = N k

N 2 , N 2 = � 1
g00 , g00 = N kNk � N 2.

(B.1.1)
where N k := ~gkl N l . The associated decomposition of the Christo�el symbols
reads

� 0
k0 = @k logN �

N l

N
K lk ; � 0

00 = @0 logN + N k@k logN �
N l N k

N
K lk

(recall that K kl = � N � 0
kl = 1

2N (D l Nk + DkN l � @0gkl )). Furthermore,

� k
ij = ~� k

ij +
N k

N
K ij ; � k

0j = D j N k � NK k
j +

N k

N

�
N l K lj � D j N

�
:

B.2 Some commutators

Here are some formulae for the commutation of derivatives:

r m r l t ik � r l r m t ik = Rp
klm t ip + Rp

ilm tkp ;

r i r j V l � r j r i V l = Rl
kij V k ;

r kr k jdf j2 = 2( r l f r l r
kr k f + Ric(r f; r f ) + jrr f j2) ;

r k r kr i r j f � r i r j r k r k f � Rkj r k r i f � Rki r
kr j f + 2Rqjli r qr l f

= ( r i Rkj + r j Rki � r kRij )r k f :
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B.3 Bianchi identities

The Bianchi identities for a Levi-Civita connection:

Ri
jkl + Ri

ljk + Ri
klj = 0 ;

r l Rt
ijk + r kRt

ilj + r j Rt
ikl = 0 ;

r t Rt
ijk + r kRij � r j Rik = 0 ;

r kRik �
1
2

r kR = 0 :

B.4 Linearisations

Linearisations for various objects of interest:

Dg� k
ij (g)h =

1
2

(r i hk
j + r j hk

i � r khij ) ;

2[DgRiem(g)h]sklm = r l r khsm �r l r shkm + r m r shkl �r m r khsl+ Rp
klm hps+ Rp

sml hpk ;

2[DgRiem(g)h]iklm = r l r khi
m �r l r i hkm + r m r i hkl �r m r khi

l + gis Rp
sml hpk � Rp

klm hi
p ;

DgRic(g)h =
1
2

� L h � div � div(Gh) ;

� L hij = �r kr khij + Rik hk
j + Rjk hk

j � 2Rikjl hkl ;

Gh = h �
1
2

tr hg; (div h) i = �r khik ; div � w =
1
2

(r i wj + r j wi ) ;

DgR(g)h = �r k r k(tr h ) + r kr l hkl � Rkl hkl ;

[DgR(g)]� f = �r kr k fg + rr f � f Ric (g) :

B.5 Warped products

Let (M; g), r := r g, f : M ! R and

(M = M � f I; eg = � f 2dt2 + g) ;

then for X; Y tangent to M and V; W tangent to I , we have

Ric(eg)(X; Y ) = Ric(g)(X; Y ) � f � 1rr f (X; Y ) ;

Ric(eg)(X; V ) = 0 = eg(X; V ) ;

Ric(eg)(V; W) = � f � 1r kr k f eg(V; W) :

Let (M; g), r := r g, f : M ! R and let (M = M � f I; eg = �f 2dt2+ g); � = � 1.
xa = ( x0 = t; x i = ( x1; : : :; xn )) :

e� 0
00 = e� 0

ij = e� k
i 0 = 0 ; e� 0

i 0 = f � 1@i f; e� k
00 = � �f r k f; e� k

ij = � k
ij ;

eRl
ijk = Rl

ijk ; eRl
0j 0 = � �f r j r l f; eR0

ij 0 = f � 1r j r i f ;

eR0
ijk = eRl

ij 0 = eRl
0jk = eR0

0jk = eR0
0j 0 = 0 ;

eRmijk = Rmijk ; eR0ijk = 0 ; eR0ij 0 = �f r j r i f ;

eRik = Rik � f � 1r kr i f; eR0k = 0 ; eR00 = � �f r i r i f ;
eR = R � 2f � 1r i r i f :
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B.6 Hypersurfaces

Let M be a non-isotropic hypersurface infM , with � normal, and u; v tangent
to M at m, we have

II (u; v) = ( er U V � r U V)m = ( er U V)?
m = II (v; u) = � l (u; v)� m :

Setting S(u) = er u � 2 TmM , one has

< S (u); v > = < er u �; v > = < � �; er uV >= l(u; v) :

If x; y; u; v are tangent to M , then

R(x; y; u; v) = eR(x; y; u; v) + l(x; u)l (y; v) � l (x; v)l (y; u) :

The Gauss-Codazziequations read

eR(x; y; u; � ) = r y l (x; u) � r x l (y; u) :

The Ricci tensor can be decomposed as:

eR(y; v) = R(y; v) + II � II (y; v) � trII II (y; v) + eR(�; y; �; v ) ;

eR(y; � ) = �r y trII + yj r i II ij ;

eR = R + jII j2 � (trII )2 + 2 eR(�; � ) :

B.7 Conformal transformations

The Weyl tensor:

Wijkl = Rijkl �
1

n � 2
(Rik gj l � Ril gjk + Rj l gik � Rjk gil )+

R
(n � 1)(n � 2)

(gj l gik � gjk gil ) :

We have
Wi

j
kl (e

f g) = Wi
j

kl (g) :

The Schouten tensor

Sij =
1

n � 2
[2Rij �

R
n � 1

gij ] :

Under a conformal transformation g0 = ef g, we have

� 0k
ij � � k

ij =
1
2

(� k
j @i f + � k

i @j f � gij r k f ) :

R0
ij = Rij �

n � 2
2

r i r j f +
n � 2

4
r i f r j f �

1
2

(r kr k f +
n � 2

2
jdf j2)gij

R0 = e� f [R � (n � 1)r i r i f �
(n � 1)(n � 2)

4
r i f r i f ] :
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Specialising tog0 = e
2

n � 2 ug,

R0
ij = Rij � r i r j u +

1
n � 2

r i ur j u �
1

n � 2
(r k r ku + jduj2)gij :

In the notation g0 = v
2

n � 2 g,

R0
ij = Rij � v� 1r i r j v +

n � 1
n � 2

v� 2r i vr j v �
1

n � 2
v� 1(r k r kv)gij :

If we write instead g0 = � 4=(n� 2)g, then

R0
ij = Rij � 2� � 1r i r j � +

2n
n � 2

� � 2r i � r j � �
2

n � 2
� � 1(r kr k � + � � 1jd� j2)gij ;

R0� (n+2) =(n� 2) = �
4(n � 1)

n � 2
r kr k � + R� :

When we have two metricsg and g0 at our disposal, then

T k
ij := � 0k

ij � � k
ij =

1
2

g0kl (r i g0
lj + r j g0

li � r l g0
ij ) :

Riem0i
klm � Riemi

klm = r lT
i
km � r mT i

kl + T i
j l T j

km � T i
jm T j

kl :

Under g0 = ef g, the Laplacian acting on functions transforms as

r 0k r 0
kv = e� f (r kr kv +

n � 2
2

r k f r kv) :

For symmetric tensors we have instead

r 0k r 0
kuij = e� f

�
r kr kuij +

n � 6
2

r k f r kuij � (r i f r kukj + r j f r kuki )

+( r k f r i ukj + r k f r j uki ) + (
3 � n

2
r k f r k f � r k r k f )uij

�
n
4

(r i f r k fu kj + r j f r k fu ki ) +
1
2

r i f r j fu k
k +

1
2

gij ukl r k f r l f
�

:

B.8 Laplacians on tensors

For symmetric u's and arbitrary T 's let

(Du)kij :=
1

p
2

(r kuij � r j uik );

then
(D � T) ij =

1

2
p

2
(�r kTkij � r kTkji + r kTijk + r kTj ik ) :

Further
D � Du ij = �r kr kuij +

1
2

(r k r i ujk + r kr j uik ) ;

and
div � divu = �

1
2

(r i r kujk + r j r kuik ) ;

thus

(D � D + div � div)uij = �r kr kuij +
1
2

(Rkj uk
i + Rki uk

j � 2Rqjli uql) :
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B.9 Stationary metrics

Let (M; 
 ) be a Riemannian or pseudo-Riemannian three dimensional manifold,
de�ne � : M ! R, � : M ! T � M , (N = I � M; g) by the formulae

g(t; x ) =
�

� t �
� � � 1(� t � � 
 )

�
= � (dt + � � 1� i dxi )2 � � � 1
 ij dxi dxj :

Let w = � � 2 � 
 d(� � 1� ). r = r g, E i = 
 is Es. Then

Ric(
 ) ij =
1
2

� � 1(r i � r j � + wi wj ) + � � 2(Ric(g) ij � Ric(g)cd� c� d
 ij ) ;

r i r i � = � � 1(jd� j2 � j wj2) � 2� � 1Ric(g)ab� a� b ;

r i (� � 2wi ) = 0 ;

� (� 
 dw) i = � 2� � 1T(g) i
c�

c; Ric(g) = G(T(g)) :
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