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Chapter 1

An Introduction to black holes

Black holes belong to the most fascinating objects predicte by Einstein's theory
of gravitation. Although they have been studied for years! they still attract
tremendous attention in the physics and astrophysics liteature. It turns out
that several eld theories are known to possess solutions wibh exhibit black
hole properties:

The \standard" gravitational ones which, according to our current pos-
tulates, are black holes for all classical elds.

The \dumb holes", which are the sonic counterparts of black foles, rst
discussed by Unruh [272].

The \optical" ones { the black-hole counterparts arising in the theory of
moving dielectric media, or in non-linear electrodynamics[190, 225].

The \numerical black holes" { objects constructed by numerical general
relativists.

(An even longer list of models and submodels can be found in $1) In this
work we shall discuss various aspects of the above. The readé referred
to [37,105,158, 165, 235, 275] and references therein for eview of quantum
aspects of black holes.

Insightful animations of journeys in a black hole space-tine can be found
at http://jilawww.colorado.edu/ ~ajsh/insidebh/schw.html

We start with a short review of the observational status of black holes in
astrophysics.

1.1 Black holes as astrophysical objects

When a star runs out of nuclear fuel, it must nd ways to ght gr avity. Current
physics predicts that dead stars with masses up to the Chandisekhar limit,
Mmen = 1:4M , become white dwarfs, where electron degeneracy supplieke

1The reader is referred to the introduction to [50] for an exce llent concise review of the
history of the concept of a black hole, and to [49, 163] for more detailed ones.

3



4 CHAPTER 1. AN INTRODUCTION TO BLACK HOLES

necessary pressure. Above the Chandrasekhar limit:4M , and up to a second
mass limit, Mnsmax 2 3M , dead stars are expected to become neutron
stars, where neutron degeneracy pressure holds them up. If dead star has a
massM > M pns:max, there is no known force that can hold the star up. What
we have then is a black hole.

While there is growing evidence that black holes do indeed est in astro-
physical objects, and that alternative explanations for the observations dis-
cussed below seem less convincing, it should be borne in mirbdat no undis-
puted evidence of occurrence of black holes has been presemtso far. The
agship black hole candidate used to be Cygnus X-1, known andstudied for
years (cf., e.g., [50]), and it still remains a strong one. Table 1.2 lists a series of
further strong black hole candidates inX -ray binary systems; M is mass of the
compact object andM s that of its optical companion; some other candidates,
as well as references, can be found in [207, 219]; a very reaétoverview of the
observations can be found in [216]. The binaries have beenwdiled into two
families: the High Mass X-ray Binaries (HMXB), where the companion star is
of (relatively) high mass, and the Low Mass X-ray Binaries (LMXB), where the
companion is typically below a solar mass. The LMXB's incluce the "X-ray
transients”, so-called because of aring-up behaviour. Ths particularity allows
to make detailed studies of their optical properties duringthe quiescent periods,
which would be impossible during the periods of intenseX -ray activity. The
stellar systems listed haveX -ray spectra which are neither periodic (that would
correspond to a rotating neutron star), nor recurrent (which is interpreted as
thermonuclear explosions on a neutron star's hard surface)The nal selection
criterion is that of the mass M. exceeding the Chandrasekhar limitM¢c 3
solar massedM .3 According to the authors of [50], the strongest stellar-mas
black hole candidate in 1999 was V404 Cygni, which belongs tthe LMXB
class. Table 1.1 should be put into perspective by realizinghat, by some esti-
mates [197], a typical galaxy { such as ours { should harbour @' 10® stellar
black mass holes. We note an interesting proposal, put forwal in [51], to carry
out observations by gravitational microlensing of some 20 00 stellar-mass black
holes that are predicted [210] to cluster within 0.7 pc of SgrA (the centre of
our galaxy).

It is now widely accepted that quasars and active galactic nglei are powered
by accretion onto massive black holes [118, 199, 284]. Furn, over the last few
years there has been increasing evidence that massive darkjects may reside
at the centres of most, if not all, galaxies [198, 245]. In seral cases the best
explanation for the nature of those objects is that they are \heavyweight" black
holes, with masses ranging from 19to 10'° solar masses. Table 12lists some
supermassive black hole candidates; some other candidatess well as precise
references, can be found in [177,207, 208, 244]. The mainterion for nding
candidates for such black holes is the presence of a large nsawithin a small

2The review [205] lists forty binaries containing a black hol e candidate.

3See [207] for a discussion and references concerning the vag of M ¢ .

“The table lists those galaxies which are listed both in [208] and [177]; we note that
some candidates from earlier lists [244] do not occur any moe in [177,208]. Nineteen of the
observations listed have been published in 2000 or 2001.



1.1. BLACK HOLES AS ASTROPHYSICAL OBJECTS 5

Table 1.1: Stellar mass black hole candidates (from [197])

Type Binary system Mc=M M =M
HMXB: Cygnus X-1 11{21 24{42
LMC X-3 56 {7.8 20
LMC X-1 4 4{8
LMXB: V 404 Cyg 10{15 0.6
A 0620-00 5{17 0.2{0.7
GS 1124-68 (Nova Musc) 4.2{6.5 0.5{0.8
GS 2000+25 (Nova Vul 88) 6-14 0.7
GRO J 1655-40 45{65 1.2
H 1705-25 (Nova Oph 77)  5{9 0.4
J 04224+32 6{14 0.3{0.6

region; this is determined by maser line spectroscopy, gagectroscopy, or by
measuring the motion of stars orbiting around the galactic rucleus.

There seems to be consensus [177, 208, 220, 245] that the twa@shconvinc-
ing supermassive black hole candidates are the galactic nle of NGC 4258 and
of our own Milky Way [137,141]. The determination of mass of he galactic
nuclei via direct measurements of star motions has been madpossible both
by the unprecedentedly high angular resolution and sensitiity of the Hubble
Space Telescope (HST), see also Figure 1.1.1, and by the ade-optics Keck
Telescopes [283].

The reader is referred to [215] for a discussion of the masemassion lines
and their analysis for the supermassive black hole candidat NGC 4258. An
example of measurements via gas spectrography is given by ehanalysis of
the HST observations of the radio galaxy M 87 [271] (compare199]): A
spectral analysis shows the presence of a disk-like struatel of ionized gas in
the innermost few arc seconds in the vicinity of the nucleus bM 87. The
velocity of the gas measured by spectroscopy (cf. Figure 1.24) at a distance
from the nucleus of the order of 6 10 m, shows that the gas recedes from us
on one side, and approaches us on the other, with a velocity dirence of about
920 km s 1. This leads to a mass of the central objectof 3 10°M , and no
known form of matter with this mass is likely to occupy such a (elatively) small
region except for a black hole. Figure 1.1.3 shows another iage, reconstructed
out of HST observations, of a recent candidate for a supermasve black hole {
the (active) galactic nucleus of NGC 4438 [172].

There have been suggestions for existence for an intermedéamass black
hole orbiting three light-years from Sagittarius A*. This b lack hole of 1,300 solar
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Table 1.2: Twenty-nine supermassive black hole candidatefrom [177, 208])

dynamics of host galaxy Mp=M host galaxy Mu=M

water maser discs: NGC 4258 4 10’

gas discs: IC 1459 2 100 M87 3 10°
NGC 2787 4 10’ NGC3245 2 10°
NGC 4261 5 10° NGC4374 4 10°
NGC 5128 2 10° NGC6251 6 10°
NGC 7052 3 1C¢°

stars: NGC 821 4 10’ NGC 1023 4 10
NGC 2778 1 10 NGC3115 1 10°
NGC 3377 1 10® NGC3379 1 10
NGC 3384 1 10° NGC3608 1 10°
NGC 4291 2 108 NGC 4342 3 10
NGC 4473 1 10° NGC 4486B 5 10°
NGC 4564 6 10° NGC4649 2 10
NGC 4697 2 10° NGC4742 1 10/
NGC 5845 3 10° NGC 7457 4 10°

Milky Way 3:7 10°
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SO-1
S0-2
S0-4
S0-5
S0-16
S0-19
S0-20

. Keck/UGLA
‘Galactic Center Group 1995-2006

Figure 1.1.1: The orbits of stars within the central .0 1.0 arcseconds of
our Galaxy. In the background, the central portion of a dirac tion-limited
image taken in 2006 is displayed. While every star in this imge has been
seen to move over the past 12 years, estimates of orbital panseters are only
possible for the seven stars that have had signi cant curvatire detected. The
annual average positions for these seven stars are plottedgaolored dots, which
have increasing color saturation with time. Also plotted are the best tting
simultaneous orbital solutions. These orbits provide the kest evidence yet for a
supermassive black hole, which has a mass of 3.7 million tirsehe mass of the
Sun. The image was created by Andrea Ghez and her research tmaat UCLA,
from data sets obtained with the W. M. Keck Telescopes, and isavailable at
http://www.astro.ucla.edu/ ~ghezgroup/gc/pictures/

masses is within a cluster of seven stars, possibly the remntof a massive star
cluster that has been stripped down by the Galactic Centre [D0]. See [146] for
a list of further intermediate-mass candidates.

A new twist to the observations of black holes has been addedybthe rst
direct detection of a gravitational wave in September 2015 3], with a second
wave observation in December 2015 [2] and a third one in Janug 2017 [4].

While there is widespread consensus that the waves have beatetected
by now, some scienti ¢ scepticism is in order. The observatin requires the
extraction of an absurdly small signal from overwhelmingly noisy data using
sophisticated data analysis techniques. While the sciengtists working on the
problem have made many e orts to ensure the validity of the cldm, there always
remains the possibility of instrumental, interpretational, or data analysis errors;
see e.g. [97]. There is a strong case for a direct observatiofigravitational waves
now, and we can only hope that evidence will keep growing stmger. One needs
also to keep in mind that the interpretation of the waves, as @iginating from
black hole mergers, might be awed.

In any case the rst event, christened GW150914 (for \Gravitation Wave
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Spectrum of Gas Disk in Active Galaxy M87

Approaching

Receding

Figure 1.1.2: Hubble Space Telescope observations of spextof gas in
the vicinity of the nucleus of the radio galaxy M 87, NASA and H. Ford
(STScl/JHU) [261].

observed on September 14, 2015"), is thought to have been ated by two
black-holes with respective masses 3§M and 294M , merging into a nal

black hole with mass GZ‘LM . An astounding 3* §§M ¢? amount of energy has
been released within a fraction of a second into gravitatioal waves. The signal
observed can be seen in Figure 1.1.4, p. 10.

The second event GW151226, illustrated by Figure 1.1.5, p. 1, is inter-
preted as representing the merger of two black holes of respive masses 1283§§M
and 7:5'33M , leading to a nal black holes of mass 2133M . Inspection of
Figures 1.1.4 and 1.1.5 reveals that the GW151226 signal isowhere as strik-
ing as GW150914, with a maximal amplitude smaller than the reidual noise.
Nevertheless, the estimated probability of a false detectin for GW151226 is
smaller than the convincingly small number 10 7.

The third event GW170104, with wave forms displayed in Figure 1.1.6,
p. 12, is thought to be created by the merger of two black holeof respective
masses 3£°M and 20%M . The signal is somewhat reminiscent of that of
GW150914, compare Figure 1.1.4.

The LIGO events give thus the rst evidence of existence of bhck hole
binaries, and of black holes with masses in the 1@ 100M range. The
spectrum of lightweight-to-middleweight black holes, as kown in early 2018, is
illustrated in Figure 1.1.7

A compilation of black hole candidates as of 2004, some veryenhtative,
can be found athttp://www.johnstonsarchive.net/relativity/bhctable
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Active Galaxy NGC 4438
Hubble Space Telescope « WFPC2

NASA and J. Kenney (Yale University) - STScl-PRC00-21

Figure 1.1.3: Hubble Space Telescope observations [172] thie nucleus of the
galaxy NGC 4438, from the STScl Public Archive [261].

html. A maintained list can be found on Wikipedia, https://en.wikipedia.
org/wiki/List_of black_holes , it needs to be interpreted with the usual
care.

We close this section by pointing out the review paper [43] with discusses
both theoretical and experimental issues concerningprimordial black holes.

1.2 The Schwarzschild solution and its extensions

Stationary solutions are of interest for a variety of reasors. As models for com-
pact objects at rest, or in steady rotation, they play a key rde in astrophysics.
They are easier to study than non-stationary systems becaugsstationary solu-
tions are governed by elliptic rather than hyperbolic equaions. Further, like in
any eld theory, one expects that large classes of dynamicasolutions approach
a stationary state in the nal stages of their evolution. Last but not least,
explicit stationary solutions are easier to come by than dyramical ones. The
agship example is the Schwarzschild metric

g= (1 E)d?+ S5+ r2d 2, (1.2.1)
t2R; ré62m;0: (1.2.2)

Hered 2 denotes the metric of the round unit 2-sphere,
d ?=d ?+sin? d 2:

In Section 4.6.5 below we verify that the metric (1.2.2) sats es the vacuum
Einstein equations, see (4.6.38)- (4.6.40), p. 157 (comparBesse [27] for a very
di erent calculation).
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Hanford, Washington (H1) Livingston, Louisiana (L1)
o= 0+ A H—11 coserved | s
a | H1 observed {shifted, u'ue'tsl‘l)l
= l e e — L
"E' 10 - .
£ 0S¢ ‘ - M | -
& oop J\j‘\/\/ | ‘ H W\ |- || A
-0.5 - L U 4
-1.0 H— Numerical refativity “ ;|

| — Humerical refativity
| = Reconstructed (wavelet)
| s Reconstructed (template)

Reconstructed {wavelet)
s Reconstructed {| lernolatc

[— Resiaua] ]
' i L

Frequency (Hz}
Normalized amplitude

0.30 0.35 0.40 0.45 0.30 0.35 0.40 0.45
Time (s) Time (s)

Figure 1.1.4: GW150914 as observed in the Hanford and Livirgjon detectors,

from [3]. The top row is the signal observed, after Itering out the low-frequency

and high-frequency noise. In the gure in the top right-corner, the Hanford

signal has been inverted when superposing with the Livingsin signal because
of an opposite orientation of the detector arms. The bottom row shows the
evolution of frequency of the signal in time.

Generators of isometries are calledilling vectors, we will return to the no-
tion later. A theorem due to Jebsen [167], but usually attributed to Birkho [30],
shows that:

Theorem 1.2.1 Any spherically symmetric vacuum metric has a furtherlocal

Killing vector, say X, orthogonal to the orbits of spherical symmetry. Near
any point at which X is not null the metric can be locally written in the

Schwarzschild form (1.2.1), for some mass parametem.

Incidentally: One can nd in the literature several results referred to as \Birkho
theorems", see [256] for an overview. Theorera? is a special case of the classi ca-
tion of \warped product spacetimes" in [9], carried-out for various Einstein-matter
systems. In fact, in [9] one does not even need the full Einstein e@tions to be sat-
is ed. Further, existence of isometries is not assumed, instead anconsiders metrics
of a block-diagonal form which would follow in the presence of a suitale group of
isometries.

Specializing [9, Theorem 3.2] to the case of vacuum space-times with@smo-
logical constant one has:

Theorem 1.2.3 Consider a spacetime
(M=Q F;g=g+r?h)

satisfying the vacuum Einstein equations with cosmologitaonstant , where (Q; Q)
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Figure 1.1.5: GW151226 as observed in the Hanford and Livirgjon detectors,
from [2]. The top row is the signal observed, after Itering out the low-frequency
and high-frequency noise, superposed with the black curverresponding to the
best- t general-relativistic template. The second row shawvs the accumulated-in-
time signal-to-noise ratio. The third row shows the Signalto-noise ratio (SNR)
time series produced by time shifting the best-match templae waveform and
computing the integrated SNR at each point in time. The bottom row show
the evolution of frequency of the signal in time.

is a 2-dimensional manifold, (F;h) an n 2 dimensional one andr is a function
on Q. Then

1. either g takes the standard Eddington-Finkelstein form

RI"] 2m 2,

2 2h -
nn 1) i n(n+1)r du 2dudr + r<h;

g =
where RI" = const is the scalar curvature ofh,
2. or =0 , the Ricci tensor of h vanishes, and
g= dt?+dr2+(t r)h;

3. or r is constant, (Q;g) is maximally symmetric, (F;h) is Einstein, R[N =
2r2 Jand RO =4 =n.

When (F; h) is S" with the round metric this reduces to the classic Birkho
theorem. In that case (2) does not apply, and (3) gives the Nariaimetrics, cf. Ex-
ample 4.3.5, p. 145 (see also [255, Section 4]). 2

Remark 1.2.4 Note that a locally de ned Killing vector does not necessarily exted
to a global one. A simple example of this is provided by a at torus: thecollection of
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Hanford

Frequency [Hz]

Livingston:

Strain [10721]

Residual

—— e T
0.50 0.52 0.54 0.56 0.58 0.60 0.62
Time from Wed Jan 04 10:11:58 UTC 2017 [s]

Figure 1.1.6: GW170104 as observed in the Hanford and Livirgjon detectors,
from [4]. The top two rows show the evolution in time of the frequency spectrum
of the signal, after Itering out the low- and high-frequency noise. The third
row is a superposition of the ltered signals together with the black curve
corresponding to the best- t general-relativistic template. The last row shows
residuals from the best t.

Killing vector elds on su ciently small balls contains all the generator s of rotations
and translations, but only the translational Killing vectors extend t o globally de ned
ones. Example 1.4.1, p. 56, is also instructive in this context. 2

We conclude that the hypothesis of spherical symmetry implés in vacuum,
at least locally, the existence of two further symmetries: tanslations int and
t{re ections t ! t. More precisely, we obtaintime translations and time-
re ections in the region where 1 2m=r > 0 (a metric with those two properties
is called static). However, in the region wherer < 2m the notation \ t" for the
coordinate appearing in (1.2.1) is misleading, ag is then a space-coordinate,
andr is a time one. So in this regiont{translations are actually translations in
space.

The above requires some comments and de nitions, which wilbe useful for
our further analysis (see also Appendix A.24). First, we ned to de ne the
notion of time orientation. This is a decision about which timelike vectors are
future-pointing, and which ones are past-pointing. In spedal relativity this is
taken for granted: in coordinates where the Minkowski metrc  takes the form

= dt?+ dx®+ dy? + dz?; (1.2.3)

a timelike vector X @ is said to be future pointing if X 09> 0. But, it should
be realized that this is a question of conventions: we couldery well agree that
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Masses in the Stellar Graveyard

Figure 1.1.7: Neutron stars and black holes with masses up td00OM , as
known in early 2018, from the Caltech LIGO website.

future-pointing vectors are those with negative X °. We will shortly meet a
situation where such a decision will have to be made.

Next, a function f will be called atime function if r f is everywhere timelike
past pointing. A coordinate, say y° will be said to be atime coordinate if y° is
a time function.

So, for example,f = t on Minkowski space-time is a time function: indeed,
in canonical coordinates as in (1.2.3)

rt= @t@= @= @; (1.2.4)
and so
rtrt)= (@@= 1:

(The minus sign in (1.2.4) is at the origin of the requirementthat r f be past
pointing, rather than future pointing.)

On the other hand, considerf = t in the Schwarzschild metric: the inverse
metric now reads

g @@= 1%@41 ZTm)@H 2(@+sin 2 @); (1.2.5)

and so 1
rt=g @@=¢ @= 5@
r
The length-squared ofr t is thus
. _ @@ _ 1 <0, r>2m;
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We conclude thatt is a time function in the region fr > 2mg when the usual
time orientation is chosen there, but isnot on the manifold fr < 2mg.
A similar calculation for r r gives
rr=(1 M@;
Qrrrn=0 Mg@e@=a m o 2w
' r ’ r <0, r< 2m.

Sor is atime function in the region fr < 2mg if the time orientation is chosen
so that @ is future pointing. On the other hand, the alternative choice of time-
orientation implies that minus r is a time function in this region. We return to
the implications of this shortly.

1.2.1 The singularity r =0
Unless explicitly indicated otherwise, we will assume
m> 0;

becausem < 0 leads to metrics which contain \naked singularities”, in the

following sense: fom < 0, on each spacelike surfackt = constgthe setfr =0g

can be reached along curves of nite length. But we have (seee.g., http://

grtensor.phy.queensu.ca/NewDemo ; compare (4.6.22)-(4.6.25), p. 155 below)
48m?

R R =g (1.2.6)

which shows that the geometry is singular atr = 0, whatever m 2 R .

The advantage of m > 0 is the occurrence, as will be seen shortly, of the
event horizonfr = 2mg: the singular setfr = 0g is then \hidden" behind an
event horizon, which is considered to be less unpleasant timathe situation with
m < 0, where no such horizon occurs.

1.2.2 Eddington-Finkelstein extension

The metric (1.2.1) is singular asr = 2m is approached. It turns out that
this singularity is related to a poor choice of coordinates ¢ne talks about \a
coordinate singularity"); the simplest way to see it is to replacet by a new
coordinate v, which will be chosen to cancel out the singularity ing,, : if we set

v=1t+f(r);
we nd dv= dt+ f Yr, so that

(1 ZTm)dtz 1 ZTm)(dv f &r)?

= @ 2Tm)(dv2 2f Sv dr + (f 92dr?):

Substituting in (1.2.1), the o ending g, terms will go away if we choosef to

satisfy

1-
1 &an’

r

a 9=
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There are two possibilities for the sign; we choose

1 r ro2m+2m 2m
f 0_ = = =1+ ; 1.2.7
1 2 r 2m ro2m ro2m’ ( )
leading to
2m
=t+r+2min 1.2.8
v om (1.2.8)
The alternative choice amounts to introducing another coodinate
u=t f(r); (12.2.9)
with f still as in (1.2.7).
The choice (1.2.8) bringsg to the form
2
g= 1 Tm dv? +2dvdr+ r2d ?; (1.2.10)

and note that the choice (1.2.9) would lead to a non-diagonaterm 2dudr
instead in the metric above. Now, all coe cients of g in the new coordinate
system are smooth. Further,

detg= r%sin? ;

which is non-zero forr > 0 except at the north and south pole, where we have
the usual spherical-coordinates singularity. Sinceg has signature ( ;+;+;+)
for r > 2m, the signature cannot change across = 2m, as for this the deter-
minant would have had to vanish there. We conclude thatg is a well de ned
smooth Lorentzian metric on the set

fv2R;r2(0;1)g S?: (1.2.11)
More precisely, (1.2.10)-(1.2.11) de nes an analytic extasion of the original
space-time (1.2.1).
The coordinates {/;r; ;' ) are called \retarded Eddington-Finkelstein coor-
dinates".

We claim;

Theorem 1.2.5 The region fr  2mg for the metric (1.2.10) is a black hole
region, in the sense that

observers, or signals, can enter this region, but can neveeave it. (1.2.12)

Proof:  We have already seen that eitherr or minus r is a time function on
the region fr < 2mg. Now, recall that observers in general relativity always
move on future directed timelike curves that is, curves with timelike future
directed tangent vector. But time functions are strictly monotonous along
future directed causal curves: indeed, let (s) be such a curve, and letf be a
time function, then

aif ) _ _ _ .
s = @ =_9g g @f =g _r f:
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Since _is causal future directed andr f is timelike past directed, their scalar
product is positive, as desired.

It follows that, along a future directed causal curve, eithe r or r is strictly
increasing in the regionfr < 2mg.

Suppose that there exists at least one future directed caus&urve ¢ which
enters fromr > 2m to r < 2m. Then r must have been decreasing somewhere
along ¢ in the region fr < 2mg. This implies that the time orientation has to
be chosen so that r is a time function. But then r is decreasing along every
causal future directed . So no such curve passing througlir < 2mg can cross
fr = 2mg again, when followed to the future.

To nish the proof, it remains to exhibit one future directed causal o which
entersfr < 2mg from the region fr > 2mg. For this, consider the radial curves

o(8) = (V(s);r(s); (s);" (s)) =(Vo; S 0;" 0):

Then o= @, hence

9(_0; 0)=0r =0
in the (v;r; ;' ) coordinates, see (1.2.10). We see thatg lies in the region
fr > 2mg for s < 2m, is null (hence causal), and crosse$r = 2mg at
s= 2m. Finally, we have

t(s)=v(s) f(r(s)=vo fF(r(s);

hence
dt(s) _
ds

which shows thatt is increasing along ¢ in the region fr > 2mg, hence g is
future directed there, which concludes the proof. 2

fo(r(s))g—; = fqr(s)) > 0 forr(s)> 2m,

Incidentally: An alternative shorter, but perhaps less transparent, argumenpro-
ceeds as follows: Let (s) = (v(s);r(s); (s);' (s)) be a future directed timelike
curve; for the metric (1.2.10) the condition g(; ) < O reads

2m

(1 =) +2vr+ r¥(Z+4sin® 1 2) <0

This implies
2m

e
It follows that v does not change sign on a timelike curve. As already pointed out,
the standard choice of time orientation in the exterior region corresponds tov > 0
on future directed curves, sov_has to be positive everywhere, which leads to

¢ Jv+2r <0:

2
@ Hy+2r<o:

Forr 2m the rstterm is non-negative, which enforcesr < 0 on all future directed
timelike curves in that region. Thus, r is a strictly decreasing function along such
curves, which implies that future directed timelike curves can crosshe hypersurface
fr = 2mg only if coming from the region fr > 2mg. The same conclusion applies
for future directed causal curves: it suces to approximate a causal curve by a
sequence of future directed timelike ones. 2
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The last theorem motivates the nameblack hole event horizonfor fr =
2m;v2 Rg S2.

Incidentally: The analogous construction using the coordinateu instead of v
leads to awhite hole space-time, with fr = 2mg being awhite hole event horizon
The latter can only be crossed by those future directed causal eues which originate
in the region fr < 2mg. In either case,fr = 2mg is a causal membrane which
prevents future directed causal curves to gdack and forth This will become clearer
in Section 1.2.3. 2

From (1.2.10) one easily nds the inverse metric:
g @@=2@@+(1 2r—m)@+r 2@+ r 2sin 2 @ : (1.2.13)

In particular
0=g" =g(r vir v);

which implies that the integral curves of
rv= @

are null, a nely parameterised geodesics: Indeed, letX = r v, then
1
Xr X =r vr r v=r vr r vzér (r vr v)=0: (1.2.14)

So if is an integral curve of X (by de nition, this means that

_=X); (1.2.15)
we obtain the geodesic equation:
Xr X =_r _ =0: (1.2.16)
We also have
. — mr — zm .
grrnrry=g" = 1 — (1.2.17)

r

and since this vanishes atr = 2m we say that the hypersurfacer = 2m is null.
It is reached by all the radial null geodesicsv = const, = const® ' = const®
in nite a ne time.

The calculation leading to (1.2.16) generalizes to functios f such that r f
satis es an equation of the form

or f;rf)y=(f); (1.2.18)

for some function ; note that f = r satis es this, in view of (1.2.17); see
Proposition A.13.2. Thus the integral curves ofr r are geodesics as well. Now,
in the (v;r; ;' ) coordinates one nds from (1.2.13)

rr=@+(@1 2Tm)@;

which equals@ at r =2m. Sothe curves ¢y = s;r=2m; = o;' = ') are
null geodesics. They are calledjenerators of the event horizon.
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Singularity (r = 0)

T

r = constant < 2M

<

N\

Ksingularity (r=0 r = constant < 2M

t = constant

Figure 1.2.1: The Kruskal-Szekeres extension of the Schwaschild solution.

1.2.3 The Kruskal-Szekeres extension

The transition from (1.2.1) to (1.2.10) is not the end of the gdory, as further
extensions are possible, which will be clear from the calcations that we will
do shortly. For the metric (1.2.1) a maximal analytic extension has been found
independently by Kruskal [180], Szekeres [264], and Fronsdi[126]; for some ob-
scure reason Fronsdal is almost never mentioned in this coakt. This extension
is visualised in Figure 1.2.1. The region| there corresponds to the space-time
(1.2.1), while the extension just constructed correspondgo the regions| and
.

The general construction for spherically symmetric metrics proceeds as fol-
lows: Let us write the metric in the form

g= V2dt?+V 2dr2+rad ?; (1.2.19)

where V2 is a smooth function which depends only uporr and which we allow
to be negative. We introduce another coordinateu, de ned by changing a sign
in (1.2.7)

u=t f(r); fO°= ik (1.2.20)
leading to
2m
u=t r 2min
2m

We could now replace ;r) by (u;r), obtaining an extension of the exterior
region| of Figure 1.2.1 into the \white hole" region 1V . We leave that extension
as an exercise for the reader, and we pass to the complete erton, which
proceeds in two steps. First, we replacet(r) by (u;v). We note that

V du=V dt Vidr; Vdv=Vdt+ Vidr;

5| am grateful to J.-P. Nicolas for allowing me to use his elect ronic gures from [223].
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which gives
Y, 1 \Y,
V dt= E(du+ dav); Vdr = E(dv du):
Inserting this into (1.2.1) brings g to the form

g = VZt?+V 2dr2+r?d ?
2
= VT (du+ dv)?+(du dv)® +r?d ?

V2dudv+ r2d 2: (1.2.21)

The metric so obtained is still degenerate atfV = 0g. The desingularisation is
now obtained by setting

0= exp( cu); ¢=exp(cv); (1.2.22)
with an appropriately chosen c. since
da = cexp( cu)du; d¥ = cexp(cv)dv;

we obtain
2

V2dudv \é—zexp( o( u+ v))dodo

V2
= ra exp( 2cf (r))dade:

In the Schwarzschild case this reads

V2 ro2m ro2m

— 2cf = — 2 +2ml

2 exp( 2cf (r)) 2 exp c r min >

exp( 2cr) r2m
= ————(r 2m)ex 4Amcin ;
c2r ( )exp 2m
and with the choice
dmc=1

the term r  2m cancels out, leading to a factor in front of d d¢ which has no
zeros forr 6 0 near. Thus, the desired coordinate transformation is

q
0= exp( cuy= exp(4r) S, (1.2.23)
q
¢ = exp(cv) = exp( Gt) 520 (1.2.24)

with g taking the form

g = V?dudv+r?d 2

32m3 I
_ e);p( 2m) 4o do + r2d 2 (1.2.25)

Here r should be viewed as a function ofu“and ¥ de ned implicitly by the

equation

00 = exp % % : (1.2.26)
| {z }

=:1G(r)
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Indeed, we have

r o r r
JE— = — ) > .
exp(Zm)(r 2m) o exp(zm) 0;
which shows that the function G de ned at the right-hand side of (1.2.26) is
a smooth strictly increasing function of r > 0. We haveG(0) = 1, and G

tends to in nity as r does, soG de nes a bijection of (0;1 )with ( 1;1 ). The
implicit function theorem guarantees smoothness of the inerseG 1, and hence
the existence of a smooth functionr = G 1( 0¢) solving (1.2.26) on the set
a2 (1 ;1)

Note that so far we hadr > 2m, but there are a priori no reasons for the
function r (u; v) de ned above to satisfy this constraint. In fact, we already know
from our experience with the (v;r; ;' ) coordinate system that a restriction
r > 2m would lead to a space-time with poor global properties.

We have detg = (32m3)2exp( L)r2sin® , with all coe cients of gsmooth,
which shows that (1.2.25) de nes a smooth Lorentzian metricon the set

fo;, ¢ 2 R such thatr > 0g: (1.2.27)

This is the Kruszkal-Szekeresextension of the original space-time (1.2.1). Fig-
ure 1.2.1 gives a representation of the extended space-tima coordinates

X=(V 0)=2; T=("+)=2: (1.2.28)

Since (1.2.6) shows that the so-calledretschmann scalar R R diverges
asr %whenr approaches zero, we conclude that the metric cannot be exteted
across the setr = 0, at least in the class of C? metrics.

Let us discuss some features of Figure 1.2.1:

1. The singular setr = 0 corresponds to the spacelike hyperboloids
(T2 X?)jr=0 = M0jr=0 =1 > O:

2. More generally, the setsr = const are hyperboloids X2 T2 = const?,
which are timelike in the regions| and Il (since X2 T2 < 0 there),
and which are spacelike in the regiondl and IV .

3. The vector eld r T satis es
or T:r T)= gl(dT:dT) = %g](d0+ d0: da + do) = %g](do;dO) <0

which shows thatT is a time coordinate. Similarly X is a space-coordinate,
so that Figure 1.2.1 respects our implicit convention of repesenting time
along the vertical axis and space along the horizontal one.

4. The map
0t (o 0
is clearly an isometry, so that the regionl is isometric to regionlll , and
region |l is isometric to region IV . In particular the extended manifold
has two asymptotically at regions, the original region |, and region 11l
which is an identical copy | .
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5. The hypersurfacet = 0 from the region | corresponds tov*= 0 > 0,
equivalently it is the subset X > 0 of the hypersurfaceT = 0. This can be
smoothly continued to negative X, which corresponds to a second copy
of this hypersurface. The resulting geometry is often refered to as the
Einstein-Rosen bridge It is instructive to do the continuation directly
using the Riemannian metric induced bygont =0:

2
ar”_, r’d 2; r> 2m:

= 2m !
1 T

A convenient coordinate is given by
_P r2 4m2 () r= P 24+ 4m2;
This brings to the form
= 1+922T?4mz d?+( 2+4m?d 2 (1.2.29)

which can be smoothly continued from the original range > 0to 2 R.
Equation (1.2.29) further exhibits explicitly asymptotic atness of both
asymptotic regions !'1 and ! 1 . Indeed,

d 2+ Zd 2
to leading order, for largej j, which is the at metric in radial coordinates
with radius j j.

6. In order to understand how the Eddington-Finkelstein extension using
the v coordinate ts into Figure 1.2.1, we need to expresau’in terms of v
and r. For this we have

u=t f(n=v 20@)=v 2 4m|n($ 1

hence

v_2r

0= eﬁ: e m (% 1); O:eﬁ;

So ¥ remains positive but & is allowed to become negative as crosses
r = 2m from above. This corresponds to the region above the diagoha
T = X in the coordinates (X; T ) of Figure 1.2.1.

A similar calculation shows that the Eddington-Finkelstein extension us-
ing the coordinate u corresponds to the regionu’< 0 within the Kruszkal-

Szekeres extension, which is the region below the diagon@l = X in the

coordinates of Figure 1.2.1.

7. Vector elds generating isometries are calledKilling vector elds. Since
time-translations are isometries in our caseK = @ is a Killing vector
eld. In the Kruskal-Szekeres coordinate system the Killing vector eld

K = @ takes the form
_ _ @ @
K = = —@t@+ —@t@

l .
R( 0@ +v@) : (1.2.30)
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More precisely, the Killing vector eld @de ned on the original Schwarzschild
region extends to a Killing vector eld X de ned throughout the Kruskal-
Szekeres manifold by the second line of (1.2.30).

We note that K is tangent to the level sets ofu*or ¢ at 0¢ = 0, and
therefore is null there. Moreover, it vanishes at the spheret = 4 = 0,
which is called the bifurcation surface of a bifurcate Killing horizon. The
justi cation of this last terminology should be clear from Figure 1.2.1.

A hypersurfaceH is called null if the pull-back of the space-time metric
to H is degenerate, see Appendix A.23, p. 317. Quite generally,na
embedded null hypersurface to which a Killing vector is tangnt, and null
there, is called aKilling horizon .6 Therefore the union f ¢ = 0g of the
black hole horizonf = 0g and the white hole event horizonf¢ = 0g can
be written as the union of four Killing horizons and of their bifurcation
surface.

The bifurcate horizon structure, as well as the formula (1.230), are rather
reminiscent of what happens when considering the Killing vetor t@ + x@
in Minkowski space-time; this is left as an exercice to the rader.

The Kruskal-Szekeres extension ismextendible within the class of C2-extensions
(compare Theorem 1.2.10 below), which can be proved as folis: First, (1.2.6)
shows that the Kretschmann scalar R R diverges asr approaches zero.
As already pointed out, this implies that no C? extension of the metric is pos-
sible across the sefr = 0g. Next, an analysis of the geodesics of the Kruskal-
Szekeres metric shows that all (maximally extended) geodé&s which do not
approach fr = 0g are complete. This, Theorem 1.4.2 and Proposition 1.4.3
below implies inextendibility. Together with Corollary 1. 4.7 we thus obtain:

Theorem 1.2.8 The Kruskal-Szekeres space-time is the unique extension, thin
the class of simply connected analytic extensions of the Sghrzschild region
r > 2m, with the property that all maximally extended causal geod&s on
which R R is bounded are complete. 2

Remark 1.2.9 Nevertheless, it should be realised that the exterio6chwarzschild
space-time (1.2.1) admits many non-isometric vacuum extesions, even in the
class of maximal, analytic, simply connected onesindeed, let S be any two-
dimensional closed submanifold entirely included in, saythe black-hole region
of the Kruskal-Szekeres manifold i1 ;g), such that M nS is not simply con-
nected. (A natural example is obtained by removing the \bifurcation sphere"
fod =4 =0g.) Then, for any such S the universal covering manifold M s; §)
of (M nS;gum ns) has the claimed properties. While maximal, these exten-
sions will contain inextendible geodesics on which the geoetry is bounded,
consistently with Theorem 1.2.8. We return to such issues irSection 1.4 below.
Yet another particulary interesting extension of the region fr > 2mg is
provided by the \ RP3 geon" of [120], see Example 1.4.1. 2

5More precisely, let X be a Killing vector eld. A Killing horizon is a connected component
of the setfg(X;X ) =0 ; X 6 0g which forms an embedded hypersurface.
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A beautiful theorem of Sbierski [252] asserts that:
Theorem 1.2.10 The Kruskal-Szekeres space-time is inextendible within the
class ofLorentzian space-times with continuous metrics
1.2.4 Other coordinate systems, higher dimensions

A convenient coordinate system for the Schwarzschild metd is given by the so-
called isotropic coordinates: introducing a new radial coordinate r~ implicitly
de ned by the formula

m 2
r=+ 1+ o (1.2.31)
with a little work one obtains
|
4 )@ ) A 2
_ m i\2 1 m=2x] 2.
On= 1+ —2jxj (dx") T+ m=oxi —— dt<; (1.2.32)

1=1

wherex' are coordinates onR3 with jxj = . Those coordinates show explicitly
that the space-part of the metric is conformally at (as foll ows from spherical
symmetry).

The Schwarzschild space-time has the curious property of msessingat
spacelike hypersurfaces. They appear miraculously whentimducing the Painlewe{
Gullstrand coordinates [147,188, 230]: Starting from the standard coordinate
system of (1.2.1) one introduces a new time via the equation

r r__!

t= 2r 2Tm+4m arctanh ZTm ; (1.2.33)
so that .
dt=d Wmdr
This leads to r
g= 1 sz d?+2 ?drd +dr2+r2 d2+sin?d 2 ;

or, passing from spherical to standard coordinates,

|
g = 1 ZTm d2+2 Zderd +dx2+ dy?+ dz2: (1.2.34)

(Note that each such slice has zero ADM mass.)

A useful tool for the PDE analysis of space-times is providecy wave co-
ordinates. In spherical coBrdinates associated to wave coordinates;®; ¥; 2),
with radius function # = = %2+ 42+ %2, the Schwarzschild metric takes the
form [192, 262]
f+m

Fm 5 2 24 2
+ ———dP?+ (F + ; 2.
o dt?+ —dr+ (7 + m)?d (1.2.35)

g:

This is clearly obtained by replacingr with # = r m in (1.2.1).
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Incidentally: In order to verify the harmonic character of the coordinates ase-
ciated with (1.2.35), consider a general spherically symmetric statianetric of the
form

g = € d?+e dr?+er?d 2
= @ d?+e drP+ € (jdxdx dr?)
il .
= d?+ & j +(&& € )Xr—)z( dx'dx ; (1.2.36)
where , and depend only uponr. We need to calculate

1 [ 1 P
2¢gx = p——@( jdetgig @x )= p———@( jdetgjg ):
jdetg j detg

Clearly g° = 0, which makes the calculation for x° = t straightforward:

1 P— 1 P
2gt= p=—=@( jdetgjg °)= p=—=@( jdetgjg”)=0;
jdetgj jdetgj

as nothing depends upont. For ng‘ we have to calculatep jdetgj and g . For
the latter, it is clear that g°° = e 2 , while by symmetry considerations we must
have .

. x'x!

i 4

2 .
rz. '’

g =e

for a function to be determined. The equation

i - - - x) xK xKx!
b= d g =d‘gi=e? K+ —~z € w+(€ ez)r—z

) X
= J+e? e?2 +e&® &€+ (& &) —
r2

) xixJ
= =+ez ez ez+ez r—z

gives =€ ) 1 and nally

) ) i
glj:e2lj+(e2 e2)r2:

Next, P jdetgj is best calculated in a coordinate system in which the vectorX;y; z)
is aligned along thex axis, (x;y;z) = (r; 0;0). Then (1.2.36) reads, in space-time
dimensionn + 1, 0 1

OO0 oo®
co o%o

Ro o
Ro ocoo

which implies
detg= & * )¥An D .

still at (x;y;z) = (r; 0;0). Spherical symmetry implies that this equality holds
everywhere.
In order to continue, it is convenient to set

:e++(n3) :e++(n1)(e2 e2):
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We then have

j detgj2 ¢x' @( jdetgig' )= @( jdetgjg")
xixi

O S T S AL b

(n 1) x

Xi Xin
0 % — 0 0
+ + @) + +
( r ! r2 r r

(1.2.37)

For the metric (1.2.35) we have

f
e :r\+:, = ; e?m=("+m?;
so that
f+m)?2 P~ m m?
! e Frm /2

and if n =3 we obtain 24x =0, as desired.
More generally, consider the Schwarzschild metric in any dimensiom 3,

2 dr? 24 2.
At + o+ 12d % (1.2.38)

rn 2

2m
rn 2

Om = 1

where, as usuald ? is the round unit metric on S" 1. In order to avoid confusion
we keep the symbolr for the coordinate appearing in (1.2.38), and rewrite (1.2.36)
as

g = & dt*+¢e dr?+ e rd ?; (1.2.39)

It follows from (1.2.37) that the harmonicity condition reads

_dc+ ) (1) _di+ ) (n 1) (n 1),
0= I + 5 = I + ~ ( + ) = : (1.2.40)
Equivalently,
dre 2+ )l
e e s 1 2 1.2.41
= (n 1) (1.2.41)
Transforming r to f in (1.2.68) and comparing with (1.2.39) we nd
r—
e = 1 LUl e =e ﬂ e-L'
- rn 27 - ar’ oo
Note that + = e *(" 1 : chasing through the de nitions one obtains =
n 3
a L , leading eventually to the following form of (1.2.41)
h i
d 1 2m dr _ 3.
ar r" o7 ogr =(n r" °p

Introducing x = 1=r, one obtains an equation with a Fuchsian singularity atx = 0:
h N

d
3 n n 2 - 1 na.
ax X 1 2mx ax (n Dx* "
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The characteristic exponents are 1 andn 1 so that, after matching a few lead-
ing coe cients, the standard theory of such equations provides slutions with the
behavior

PR m + mTzr SIntr+ O(r ®°Inr); n=4;
(n 2)rn 3 o(r5 2ny; n b5

Somewhat surprisingly, we nd logarithms of r in an asymptotic expansion ofr*in
dimensionn = 4. However, for n 5 there is a complete expansion of in terms of
inverse powers ofr, without any logarithmic terms in those dimensions. 2

As already hinted to in (1.2.38), higher dimensional counteparts of metrics
(1.2.1) have been found by Tangherlini [266]. In space-timalimensionn + 1,
the metrics take the form (1.2.1) with

2m

2 - .
vi=1 S5 (1.2.42)

and with d 2 | the unit round metric on S" 1. The parameter m is the
Arnowitt-Deser-Misner mass in space-time dimension four, and is proportional
to that mass in higher dimensions. Assuming agairm > 0, a maximal analytic
extension can be constructed by a simple modi cation of the alculations above,
leading to a space-time with global structure identical to that of Figure 1.2.7
except for the replacement M ! (2M)¥" 2 there.

Remark 1.2.12 For further reference we present a general constructioof Walker [277].
We summarise the calculations already done: the starting point is a meic of the
form

g= Fdt2+ F dr2+ hpg dZAde}; (1.2.43)
=h

with F = F(r), where h := hpg (t;r;x ©)dx” dxB is a family of Riemannian metrics
onan (n 2)-dimensional manifold which possibly depend ot andr. It is convenient
to write F for V2, as the sign ofF did not play any role; similarly the metric h was
irrelevant for the calculations we did above. We assume thaf is de ned for r in a
neighborhood ofr = rg, at which F vanishes, with a simple zero there. Equivalently,

F(ro)=0; F%ro)60:
De ning
u=t f(r); v=t+f(r); fozFl; (1.2.44)
0= exp( cu); ¢=exp(cv); (1.2.45)
one is led to the following form of the metric
F
g= =z exp( 2cf(r))dad¢+ h: (1.2.46)

SinceF has a simple zero, it factorizes as

F(r)=(r ro)H(r); H(ro)= Fro);
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for a function H which has no zeros in a neighborhood ofy. This follows immedi-
ately from the formula

z z
F(r) F(ro)= 01 dF (Hr dtr°)+r°) dt=(r ro) OlFO(t(r fo)+ ro) dt: (1.2.47)
Now,

1 1 1 1 _ 1 L H(o) H()

F(r):H(ro)(r ro)+F(r) H(ro)(r ro) H(ro)(r ro) H(MH(ro)r ro)°

An analysis of H(r) H(rp) as in (1.2.47) allows us to integrate the equation
f 0= 1=F in the form

1

f(r)= ——1Injr roj+ f(r);

(0= gy nir roi+ f(0)
for some functionf" which is smooth nearro. Inserting all this into (1.2.46) with

_ Fro)
2

gives

4H (r) 0

= —— 2 _exp( f(r)FYro))dade+ h; 1.2.48

with a negative sign if we started in the regionr > r o, and positive otherwise.
The function r is again implicitly de ned by the equation

00 = (r ro)exp(f(r)FYro)):

The right-hand side has a derivative which equals exp(f(ro)=F%ro)) 6 0 at ro,
and therefore this equation de nes a smooth functionr = r(0%) for r near ro by
the implicit function theorem.

The above discussion applies t= which are of CK di erentiability class, with
some losses of di erentiability. Indeed, (1.2.48) provides an exterien of Ck 2 di er-
entiability class, which leads to the restrictionk 2. However, the implicit function
argument just given requiresh to be di erentiable, so we need in factk 3 for a
coherent analysis. Note that for real analytic F's the extension so constructed is
real analytic; this follows from the analytic version of the implicit func tion theorem.

Supposing we start with a region wherer > r o, with F positive there. Then we
are in a situation reminiscent of that we encountered with the Schwazschild metric,
where a single region of the typd in Figure 1.2.1 leads to the attachment ofthree
new regions to the initial manifold, through \a lower left horizon, and an upper left
horizon, meeting at a corner". On the other hand, if we start with r <r g and F is
negative there, we are in the situation of Figure 1.2.1 where a regionfdype Il is
extended through \an upper left horizon, and an upper right horizon, meeting at a
corner". The reader should have no di culties examining all remaining possibilities.
We return to this in Chapter 4. 2

The function f of (1.2.44) for a (4+1){dimensional Schwarzschild-Tanghelini
solution can be calculated to be
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A direct calculation leads to

32m(r + P 2m)?

g= = exp( r=2m)dade+ d 2: (1.2.49)

One can similarly obtain (non-very-enlightening) explicit expressions in dimen-
sion (5+1).
The isotropic coordinates in higher dimensions lead to thedllowing form of

the Schwarzschild-Tangherlini metric [234]:
!

xo
(dx')?

1=1

4
m n 2

+ 2ijn 2

1 m=2jxj" 2 *?

2.

On= 1
The radial coordinate jxj in (1.2.50) is related to the radial coordinate r of
(1.2.42) by the formula

2
m n 2

+ 2ijn 2

ixj:

It may be considered unsatisfactory that the function r appearing in the
globally regular form of the metric (1.2.25) is not given by an explicit elemen-
tary function of the coordinates. Here is a an explicit form d the extended
Schwarzschild metric due to Israel [162]

y2

2 24 2.
Xy 2mdx (xy +2m)-d “: (1.2.51)

g= 8m dxdy+

The coordinates ;y) are related to the standard Schwarzschild coordinates
(t;r) as follows:

r= xy+2m; (1.2.52)
t = xy+2m(1+In jy=xj); (1.2.53)
Lo P —— r t .
X = jr  2mjexp m (1.2.54)
S P —— t r .
Iyl = jr 2mjexp am (1.2.55)

In higher dimensions one also has an explicit, though again at very en-
lightening, manifestly globally regular form of the metric [186], in space-time
dimensionn + 1:

w2( (r) "0t mtl 4+ Am2(n+1)@2m  r)+3r  4m)

2 _ 2
dsc = 2 m@zm )2 du
+8mdUdw+ rd 2 |; (1.2.56)
wherer 0 is the function
r(U;w) 2m+(n  2)Uw; (1.2.57)

while d 2 , is the metric of a unit round n 1 sphere.

"The Israel coordinates have been found independently in [23L], see also [175].
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1.2.5 Some geodesics

The geodesics in the Schwarzschild metric have been studiezktensively in the
literature (cf., e.g., [53]), so we will only make a few genexrl comments about
those.

First, we already encountered a family of outgoing and inconng radial null
geodesics  (r +2min(r 2m)) = const.

Next, we have seen that the horizonfr = 2mg is threaded by a family of
null geodesics, its generators.

We continue by noting that each Killing vector X produces a constant of
motion g(X; ) along an a nely parameterised geodesic. So we have a consexd
energy-per-unit-mass

E=g@)= 0
and a conserved angular-momentum-per-unit-mass
J=g@;)=r?:
Yet another constant of motion arises from the length of
9. )= @ ZTm)LZ+ J;ZH r2(2+sin? ' 2= "2f 1:0:1g: (1.2.58)

r

Incidentally: To simplify things somewhat, let us show that all motions arepla-
nar. One way of doing this is to write the equations explicitly. The Lagrangan for
geodesics reads:

dt 2 dr 2 d ? d 2
L= V& — +V 2 — +r2 — —
2 ds ds ds ds
Those Euler-Lagrange equations which are not already covered bjhe conservation
laws read:
!

d dr dt 2 dr 2
— VvV 2= = vV V — +Vv 3 =
ds ds @ ds ds
" d 2 d 2#
T +sin? & : (1.2.59)
d ,d d 2
ds r as = r<sin cos s (1.2.60)

Consider any geodesic, and think of the coordinatesr{ ;' ) as spherical coordinates
on R3. Then the initial position vector (which is, for obvious reasons, asamed not
to be the origin) and the initial velocity vector, which is assumed not to be radial
(otherwise the geodesic will be radial, and the claim follows) de ne a uigue plane
in R®. We can then choose the spherical coordinates so that this plane the plane
= =2. We then have (0)= =2and (0)=0, andthen (s) =2is a solution
of (1.2.60) satisfying the initial values. By unigueness this isthe solution. 2
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So, without loss of generality we can assume sin= 1 throughout the mo-
tion, from (1.2.58) we then obtain the following ODE for r(s):
2 2
2= E2+(1 Tm)(" ‘:—2): (1.2.61)
The radial part of the geodesic equation can be obtained by daulating di-
rectly the Christo el symbols of the metric. A more e cient wa vy is to use the
variational principle for geodesics, with the LagrangianL = g(; _) | this
can be read o from the middle term in (1.2.58). But the reader should easily
convince herself that, at this stage, the desired equation an be obtained by
di erentiating (1.2.61) with respect to s, obtaining
dr _d _, 2m J?
— = — + —)(" =) : 2.
<2 " ar E“+(1 ; ) r2) : (1.2.62)
We wish to point out the existence of a striking class ofnull geodesics for

which r(s) = const. It follows from (1.2.62), and from uniqueness of stutions
of the Cauchy problem for ODE's, that such a curve will be a nul geodesic

provided that the right-hand sides of (1.2.61) and of (1.2.@) (with " = 0)
vanish: o 32 032
2 m - = )
E- (1 T)r_z =0= r—3( r+3m): (1.2.63)

Simple algebra shows now that the curves
s7l (s)=(t=s;r=3m; = =2 ' = 3%Zm l5); (1.2.64)
are null geodesics spiraling on the timelike cylindeffr = 3mg.

Exercice 1.2.14 Let be a timelike geodesic for the Schwarzschild metric param-

eterized by proper time and lying in the equatorial plane = =2. Show that
E2 2 2
72[‘— J_ =1":
1 2m r2
r
Deduce that if E =1 and J =4m then
N
- Pz
ro2,m._ Ae= 2:
r<2° m
where = 1 andA is a constant. Describe the orbit that starts at' = 0 in each
of the cases ()A =0, (i) A=1, = 1, (i) r(0)=3m, = 1. 2

Exercice 1.2.15 Letu = m=r. Show that there exist constantsE, J and such
that along non-radial geodesics we have

2 22 2
E
j—,“ = sz u? + r:—z 1 2u): (1.2.65)

Show that for every r > 3m there exist timelike geodesics for whichr = 0.

Consider a geodesic which is a small perturbation of a xed-radius gedesic.
Writing u = up + u, where dup=d' = 0, and where u is assumed to be small,
derive a linear second order di erential equation approximatively sdised by u.
Solving this equation, conclude that for 3n <r < 6m the constant-radius geodesics
are unstable at a linearized level, while they are linearization-stable for > ém. 2



1.2. THE SCHWARZSCHILD SOLUTION AND ITS EXTENSIONS 31

Exercice 1.2.16 Consider (1.2.65) with =0 and J = 3p 3mE. Check that we
have then

du 2 1 1 °?
F 2 u+ s u 3 (1.2.66)
and that for any ' ¢ 2 R the function
oy 1.1, 1,
u(') = 5 + 2tanh 2( 0) (1.2.67)
solves (1.2.66). Study the asymptotic behaviour of these solutionsWhat can you
infer from (1.2.67) about stability of the spiraling geodesics (1.2.64)? 2

Insightful animations of ray tracing in the Schwarzchild space-time can be
found at http://jilawww.colorado.edu/ ~ajsh/insidebh/schw.html

1.2.6 The Flamm paraboloid

We write again the Schwarzschild metric in dimensionn + 1,

dr?

2m
noz

_ 2m 2
On = 1 Irnzdt+

+r?d 2; (1.2.68)

where, as usual,d 2 is the round unit metric on S" 1. Because of spherical
symmetry, the geometry of thet = const slices can be realised by an embedding
into (n + 1){dimensional Euclidean space. If we set

g=dz?+(dxh2+ i+ (dx")? = dz? + dr?+ r2d 2,

the metric h induced by g on the the surfacez = z(r) reads

2
h = % +1 dr2+r2d 2: (1.2.69)
This will coincide with the space part of (1.2.68) if we requre that
r
dz _ 2m )
dr M2 2m’

The equation can be explicitly integrated in dimensionsn = 3 and 4 in terms
of elementary functions, leading to

S = 7 p% 2IO m; r>2m,n=3,

-0 In(r+ r2 2m); r> 2m,n=4.

The positive sign corresponds to the usual black hole exteor, while the negative
sign corresponds to the second asymptotically at region, a the \other side"
of the Einstein-Rosen bridge Solving for r(z), a convenient choice ofzg leads
to
m + z2=8m; n =3,
2mcosh@z= 2m); n=4.
In dimension n = 3 one obtains a paraboloid, as rst noted by Flamm. The
embeddings are visualized in Figures 1.2.2 and 1.2.3.

The qualitative behavior in dimensionsn 5 is somewhat di erent, as then
z(r) asymptotes to a nite value as r tends to in nity. The embeddingsin n=5
are visualized in Figure 1.2.4; in that dimensionz(r) can be expressed in terms
of elliptic functions, but the nal formula is not very illum inating.

r =
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Isometric embedding of the space-geometry @&h n = 3 dimen-

sional Schwarzschild black hole into four-dimensional Eulidean space, near the

throat of the Einstein-Rosen bridger = 2m, with 2m =1 (left) and 2m = 6

(right).

Figure 1.2.2:

6

1 (leftyand 2m

2 with 2m

(right). The extents of the vertical axes are the same as thos in Figure 1.2.2.

Isometric embedding of the space-geometry @&h n = 4 dimen-

sional Schwarzschild black hole into ve-dimensional Euddean space, near the
throat of the Einstein-Rosen bridger = (2 m)?*

Figure 1.2.3:
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Figure 1.2.4: Isometric embedding of the space-geometry of a (5 + 1){
dimensional Schwarzschild black hole into six-dimension&uclidean space, near
the throat of the Einstein-Rosen bridger = (2 m)=3, with 2m = 2. The variable
along the vertical axis asymptotes to 3:06 asr tends to in nity. The right
picture is a zoom to the centre of the throat.

1.2.7 Fronsdal's embedding

An embedding of the full Schwarzschild geometry into six dinrensional Minkowski
space-time has been constructed by Fronsdal [126] (compaf@07{109]). For
this, let us write the at metric on R® as

= (d2°)%+(dz")? + (dz%)? + (dz%)? + (dz%)* + (dz°)?:
For r > 2m the required embedding is obtained by setting

20 = 4mp 1 2m=r S'E1h(t=4m) ; 7t = 4mp 1 2m=r cosh{=4m);

p
z? = 2m(r2+2mr +4m2)=r3dr; (1.2.70)
z3=rsin sin; z%=rsin cos; z°=rcos:

(The function z2, plotted in Figure 1.2.5, can be found explicitly in terms of
elliptic integrals, but the nal formula is not very enlight ening.) The embedding

Figure 1.2.5: The function z?=m of (1.2.70) in terms of r=m.

is visualised in Figure 1.2.6. Note thatz? is de ned and analytic for all r > 0,
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Figure 1.2.6: Fronsdal's embedding {r) 7! (x = z%; = z%y = z2), with
target metric  d 2+ dx?+ dy?, of the regionr > 2m (left gure) and of the
whole Kruskal-Szekeres manifold (right gure) with m = 1.

which allows one to extend the map (1.2.70) analytically to hhe whole Kruskal-
Szekeres manifold. This led Fronsdal to his own discovery ofhe Kruskal-
Szekeres extension of the Schwarzschild metric, but somelcdis name is rarely
mentioned in this context.

Exercice 1.2.17 Show that the formulae

20 = 4mp 1 2m=r" Zsinh(t=4m); 7t = 4mp 1 2m=r" 2cosht=4m);
r
p— 2 n(y¢n 8m3 2)2
;2= Pz M2 8m¥n  2)%) (1.2.71)
rn 2mr2

can be used to construct an embedding ofr(+ 1)-dimensional Schwarzschild metric
with n 3 into Rt"*2 2

Exercice 1.2.18 Prove that no embedding of § + 1)-dimensional Schwarzschild
metric with n 3 into RY"*! exists. 2

Exercice 1.2.19 Find an embedding of the Schwarzschild metric intdR® with met-

ric = (dz%)? (dz!)?+(dz?)?+(dz®)2+(dz*)?+(dz®)2. You may wish to assume
2% = f (r) cos(t=4m), z* = f (r)sin(t=4m), z? = h(r), with the remaining functions
as in (1.2.70). 2

1.2.8 Conformal Carter-Penrose diagrams

Consider a metric with the following product structure:

g= P” (t;r)dr? + 29y (t{'zr)dtdr + gy (t; r)dt§+ PAB (tr: x{g)dxAde}; (1.2.72)

=:2g =:h

whereh is a Riemannian metric in dimensionn 1. Then any causal vector for
g is also a causal vector foPg, and drawing light-cones for?g gives a good idea
of the causal structure of M ;g). We have already done that in Figure 1.2.1 to
depict the black hole character of the Kruskal-Szekeres spa-time.
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Now, it is not too dicult to prove that any two-dimensional L orentzian
metric can be locally written in the form

29 = 20y (u;v)dudv = 2gyy ( dt? + dr?) (1.2.73)

in which the light-cones have slopes one, just as in Minkowslkspace-time. When
using such coordinates, it is su cient to draw their domain of de nition to
visualise the global causal structure of the space-time.

Exercice 1.2.20 Prove (1.2.73).[Hint: introduce coordinates associated with right-
going and left-going null geodesics.] 2

The above are the rst two-ingredients behind the idea of corformal Carter-
Penrose diagrams. The last thing to do is to bring any in nite domain of
de nition of the ( u;v) coordinates to a nite one. We will discuss this how to
do quite generally in Chapter 4, but it is of interest to do it explicitly for the
Kruskal-Szekeres space-time. For this, leti and v be de ned by the equations

tanu=%; tanv=%;

where v and & have been de ned in (1.2.23)-(1.2.24). Using
1 1
= : = — :
da co§udu’ d co§vdv’
the Schwarzschild metric (1.2.25) takes the form

2m -
= Mo am) exf( 20 -dodo+ r’d 2

32mexp( =) 2y 2
——=n + : 2.
rco§uco§vdUdV r<d (1.2.74)
Introducing new time- and space-coordinatest = (u+ v)=2, x = (v U)=2, SO
that

u=t Xx; v=t+x;
one obtains a more familiar-looking form
32mexp( »w)
r co ucog v
This is regular except at cosu = 0, or cosv = 0, or r = 0. The rst set
corresponds to the straight linesu=t x 2f =2g, while the second is the
union of the linesv=t+ x2f =2g.

The analysis offr = 0g requires some work: recall thatr ! 0 corresponds
to 0¢ ! 1, which is equivalent to

tan(u)tan(v) ! 1:

(dt?+ dx?)+ r’d ?:

Using the formula
tanu+tan v

1 tanutanv
we obtain tan(u+ v) ! (1 ¢ 1 unless perhaps the numerator tends to zero.
Except for the last borderline cases, this is equivalent to

tan(u + v) =

u+v=2t! =2:

So the Kruskal-Szekeres metric is conformal to a smooth Lorgzian metric on
C S2?, whereC is the set of Figure 1.2.7.
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r = constant < 2M Singularity (r = 0)

r=aM / _r=2m
@ t = constant

‘ . [/' r = constant > 2M
( \ r=2Mm
r=2m
Singularity (r = 0) r = constant < 2M
t = constant

Figure 1.2.7: The Carter-Penrose diagram for the Kruskal-Szekeres space-time
with mass M. There are actually two asymptotically at regions, with co rre-
sponding event horizons de ned with respect to the second mgon. Each point
in this diagram represents a two-dimensional sphere, and @ydinates are cho-
sen so that light-cones have slopes plus minus one. Regiongeaiumbered as in
Figure 1.2.1.

1.2.9 Weyl coordinates

A set of coordinates well suited to study static axisymmetric metrics has been
introduced by Weyl. In those coordinates the Schwarzschildmetric takes the
form (cf., e.g., [262, Equation (20.12)])

g= esawgt?+ e saw 2g' 24 @2 sow (d 2+ dz?); (1.2.75)
where
q___
Usqw = In In msin™+ 2+ m2sin®~ (1.2.76)
"p p
1 24+ 24 + 24 2 2
G p 2t M) M. 1277
2 (z m)2+ 2+ (z+ r;;)2+ 2+2m
1 r m)2 m?cos ~
sew = n (F'schw rz (1.2.78)
2 Schw 3
l 4p 2 + 2p +m 2 + 2
= Jin 9h (z_m) (é ) ,5(1.2.79)
2m+  (z m)2+ 2+ (z+m)?+ ?

In (1.2.76) the angle ~is a Schwarzschild angular variable, with the relations

p p
2mcos™=  (z+ m)2+ 2 Z m)2+ 2;
200schw M) = (z+m)2+ 2+ (z m)2+ 2
2 = r5ehw(r schw 2m)sin2 S Z =(rscw M)cosT
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where rsehy IS the usual Schwarzschild radial variable such thate?Usew = 1
2m=rschw. As is well known, and in any case easily seerJschy is Smooth on
R3 exceptonthe setf =0; m z mg. From (1.2.76) we nd, at xed z
in the interval m<z<m and for small |,

Uschw(;2) =1In In(2p (m+ z)(m 2z))+ O( ?) (1.2.80)

(with the error term not uniform in z).
The value of on the rod equals

1 (m 2)(z+ m)
(2) = Eln 2m)?

1.3 Some general notions

1.3.1 Isometries

Before continuing some general notions are in order. Ailling eld , by de ni-
tion, is a vector eld the local ow of which preserves the metric. Equivalently,
X satis es the Killing equation,

O=Lxg =r X +r X : (1.3.2)

The set of solutions of this equation forms a Lie algebra, whe the bracket
operation is the bracket of vector elds (see Section A.21, p307).

One of the features of the Schwarzschild metric (1.2.1) is # stationarity,
with Killing vector eld X = @: A space-time is calledstationary if there
exists a Killing vector eld X which approaches@ in the asymptotically at
region (wherer goes tol , see Section 1.3.6 below for precise de nitionsand
generates a one parameter groups of isometries. A space-tinis calledstatic if it
is stationary and if the stationary Killing vector X is hypersurface-orthogonal,
ie.

xlrdxl=0; (1.3.2)
where
X=X dx =g X dx :
Incidentally: Exercice 1.3.2 Show that the Schwarzschild metric, as well as

the Reissner-Nordst®mm metrics of Section 1.5, are static but tle Kerr metrics with
a6 0, presented in Section 1.6 below, are not.
2

Any metric with a Killing vector eld X can be locally written, away from
the zeros ofX, in the form

g= V(dt+ |i9<}i)2+ hij dx'dx ; (1.3.3)
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with X = @ and hence@g =0. Then

Xl= v+ ); xI= dva@t+ ) vd; XIrdxl=vZ@dt+ )~d:
(1.3.4)
It follows that g is static if and only if d = 0. Therefore, for static metrics, on
any simply connected subset oM there exists a functionf = f (x') such that
= d . Introducing a new time coordinate := t+ f, we conclude that any
static metric g can locally be written as

g= Vd?2+hjdx'dx : (1.3.5)

We also see that staticity leads to, and is equivalent to, theexistence of
a supplementary local discrete isometry ofg obtained by mapping to its
negative, 7!

On a simply connected space-timeM the representation (1.3.5) is global,
with a function V without zeros, provided that there exists in M a hypersurface
S which is transverse to a globally timelike Killing vector X, with every orbit
of X meeting S precisely once.

A space-time is calledaxisymmetric if there exists a Killing vector eld Y,
which generates a one parameter group of isometries, and wdhi behaves like a
rotation: this property is captured by requiring that all orbits 2 periodic, and
that the set fY = 0g, called the axis of rotation, is non-empty. Killing vector
elds which are a non-trivial linear combination of a time tr anslation and of
a rotation in the asymptotically at region are called stationary-rotating, or
helical. Note that those de nitions require completeness of orbitsof all Killing
vector elds (this means that the equation x = X has a global solution for all
initial values), see [60] and [132] for some results concedny this question.

In the extended Schwarzschild space-time the setr = 2mg is a null hy-
persurfaceE, the Schwarzschild event horizon. The stationary Killing vector
X = @extends to a Killing vector X in the extended space-time which becomes
tangent to and null on E, except at the "bifurcation sphere" right in the middle
of Figure 1.2.7, whereX vanishes.

1.3.2 Killing horizons

A null hypersurface which_coincideswith a connected component of the set
Nx = fg(X;X)=0; X 60g; (1.3.6)

where X is a Killing vector, with X tangent to N , is called aKilling horizon
associated toX . Here itis implicitly assumed that the hypersurface isembedded
We will sometimes write N (X)) instead of N x .

Example 1.3.3 The simplest example is provided by the \boost Killing vector
eld"
X =z@+t@ (1.3.7)

in Minkowski space-time: The Killing horizon Nx of X has four connected
components
N (X) :==ft=2z;t> 0g; ; 2f 1g; (1.3.8)
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Figure 1.3.1: The four branches of a bifurcate horizon and tk bifurcation
surface for the boost Killing vector x@ + t@ in three-dimensional Minkowski
space-time.

indeed, we have
fg(X;X)=0g=ft=2zg; (12.3.9)

but from this we need to remove the set of pointsfz = t = 0g, where X

vanishes. The closureNy of Ny is the setfjtj = jzjg, as in (1.3.9), which is
not a manifold, because of the crossing of the null hyperplanes = zgatt =

Zz = 0; see Figure 1.3.1. Horizons of this type are referred to abifurcate Killing

horizons. More precisely, a set will be called abifurcate Killing horizon if it is

the union of a smooth submanifoldS of co-dimension two, called thebifurcation

surface and of four Killing horizons obtained by shooting null geocesics in the
four distinct null directions orthogonal to S. So, the Killing vector z@+ t@
in Minkowski space-time has a bifurcate Killing horizon, with the bifurcation

surfaceft = z=0g.

Example 1.3.4 Figure 1.2.1 on p. 18 makes it clear that the sefr = 2mg in
the Kruskal-Szekeres space-time is the union of four Killig horizons and of the
bifurcation surface, with respect to the Killing vector el d which equals @ in
the asymptotically at region.

It turns out that the above examples are typical. Indeed, corsider a spacelike
submanifold S of co-dimension two in a space-time ¥ ;g), and suppose that
there exists a (non-trivial) Killing vector eld X which vanishes onS. Then the
one-parameter group of isometries {[X ] generated byX leavesS invariant and,
along S, the tangent maps ([X] induce isometries ofTM to itself. At every
p 2 S there exist precisely two null directions Vecfn g TpM , wheren are
two distinct null future directed vectors normal to S. Since every geodesic is
uniquely determined by its initial point and its initial dir ection, we conclude
that the null geodesics through p are mapped to themselves by the ow of
X. Thus X is tangent to those geodesics. There exist two null hyperstiaces
N threaded by those null geodesics, intersecting aS. We dene N . to
be the connected components oN nfX = 0g lying to the future of S and
accumulating at S. Similarly we de ne N to be the connected components
of N nfX =0glying to the past of S and accumulating at S. Then the N
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are Killing horizons which, together with S, form a bifurcate Killing horizon
with bifurcation surface S.

Example 1.3.5 One more noteworthy example, in Minkowski space-timgis
provided by the Killing vector

X =y@+1@+x@ Yy@=y@+(t+x@ Yy@: (1.3.10)

Thus, X is the sum of a boosty@+ t@ and a rotation x@ y@. Note that
X vanishes if and only if
y=t+x=0;

which is a two-dimensional isotropic (null) submanifold of Minkowski space-
time RL3. Further,
gX;X ) =(t+x)?2=0

which is an isotropic hyperplane inR%3,

Remark 1.3.6 When attempting to prove unigueness of black holes, one is natu
rally led to the following notion: Let X be a Killing vector, then every connected,
not necessarily embedded, null hypersurfacBly Nx, with Nx as in (1.3.6), with

the property that X is tangent to N, is called aKilling prehorizon.

One of the fundamental di erences between prehorizons and haons is that
the latter are necessary embedded, while the former are allowed hdéo be. Thus,
a Killing horizon is also a Killing prehorizon, but the reverse implication is not
true. As an example, considerR T2 with the at product metric, and let Y be
any covariantly constant unit vector on T2 the orbits of which are dense onT?.
Let T? be such an orbit, then R provides an example of non-embedded
prehorizon associated with the null Killing vector X := @+ Y.

Prehorizons are a major headache to handle in analytic argumentsand one of
the key steps of the uniqueness theory of stationary black holes ito prove that
they do not exist within the domain of outer commmunications of well behaved
black-hole space-times [71, 75, 202]. 2

1.3.3 Surface gravity

The surface gravity of a Killing horizon N (X) is de ned by the formula

X X ) = 2X 13.11
XX (1.3.11)

A word of justi cation is in order here: since g(X;X )=0on N (X) the dier-
ential of g(X; X ) is conormalto N (X). (A form is said to beconormal to S
if for every vector Y 2 TS we have (Y) =0.) Recalling (cf. Appendix A.23,
p. 317) that on a null hypersurface the conormal is proporticmal to g(*; ), where
" is any null vector tangent to N (those are de ned uniquely up to a propor-
tionality factor), we obtain that d(g(X;X )) is proportional to X[ = X dx ;
whence (1.3.11). We will show shortly that is a constant under fairly general
conditions.

The surface gravity of black holes plays an important role inblack hole
thermodynamics cf. e.g., [37] and references therein.
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Remark 1.3.7 The surface gravity measures the acceleratiamof the integral curves
of the Killing vector X, in the following sense: Let 7! x () be an integral curve
of X, thus x ( ) solves the equation

() FO=x x ()

The accelerationa= a @ of the curvex ( )isdenedasDx =d . On the Killing
horizon N x we have

D 1
a=d—x—=5rX=XrX=XrX=§r(XX)
= X = X
Thus
a= X (1.3.12)
on the Killing horizon. 2

As an example of calculation of surface gravity, consider tk Killing vector
X of (1.3.7). We have

d(g(X;X ) = d( Z%+ t?)=2( zdz+ tdt):

OnN (X) we havet= z, and

XU= zdt+tdz= z( dt+ dz)= %d(g(X;X))jN x)

and so
= 2f 1g: (1.3.13)

As another example, for the Killing vector X of (1.3.10) we have
d(g(X; X)) =2(t+ x)(dt + dx);

which vanishes on each of the Killing horizongt = x;y 6 0g. We conclude
that =0 on both horizons.

A Killing horizon Ny is said to be degenerate or extreme if  vanishes
throughout Ny ; it is called non-degenerateif has no zeros onNx. Thus,
the Killing horizons N (X) of (1.3.8) are non-degenerate, while both Killing
horizons of X given by (1.3.10) are degenerate.

Incidentally: Example 1.3.9 Consider the Schwarzschild metric. as extended
in (1.2.10),
_ m, 24 2.
g= (1 T)dv +2dvdr + r°d “: (1.3.14)
We have
2m
d gX;X) =d 9(@;@) = r—zdr:

Now, X[ = g(@; )= (1 2#)dv+dr, which equalsdr atthe hypersurfacer = 2m.
Comparing with (1.3.11) gives
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We see that the black-hole event horizon in the above extension ohie Schwarzschild
metric is a non-degenerate Killing horizon, with surface gravity (4n) 1.

The same calculation for the extension based on the retarded timeoordinate
u of (1.2.9) proceeds identically except for various sign changes, neéing in =

1=4m for the white-hole event horizon.

Note that there are no black holes with degenerate Killing horizons wihin the
Schwarzschild family. In fact [90], there are no suitably regular, degnerate, static
vacuum black holes at all.

2

In Kerr space-times (see Section 1.6 below) we have = 0 if and only if
m = a. On the other hand, all horizons in the multi-black hole Majumdar-
Papapetrou solutions of Section 1.7 are degenerate.

In what follows we will prove that is constant on Killing horizons under
various circumstances; this is used when assigning a tempaure to Killing
horizons. In the proofs we will need to di erentiate the de ni ng equation

Xr X jy = X : (1.3.15)

For this some preliminary work is needed:
Lett ,.. . be any tensor eld vanishing onN . Then

Kr t,..jy =0 (1.3.16)

for any vector eld k tangent to N . Since X spans the space of covectors
annihilating N , (1.3.16) holds if and only ifr t ;.. .jy equalsX s ,.. . for
some tensor elds ,.. .. Equivalently,

X[ r ]t 1.0 JN :O: (1.3.17)

This is our desired di erential consequence of the vanishingft ... .jn .
We have the following:

Theorem 1.3.10 2 is a non-zero constant on bifurcate Killing horizons.

Remark 1.3.11 Both (1.3.13) and the Example 1.3.9 show that , as de ned in
(1.3.11) isnot constant on a bifurcate Killing horizon, with a sign which might
change when passing from Killing horizon component to anoter. The reader
will note that one can ddle with the sign in (1.3.11) to obtai n a constant value
of throughout a bifurcate Killing horizon, but we will not proc eed in this
manner.

Proof: We follow the argument in [171, p. 59]. Consider, quite genally, a
smooth hypersurfaceN with de ning function f; by de nition, this means
that f vanishes precisely orN , with & dierent from zero on N . Thus, on
each connected componenN of our bifurcate Killing horizon we have such a
function f. Next, we claim that there exists a function h such that on N we
have

Xl:=g X dx =hd (1.3.18)
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(This property is called hypersurface orthogonality) Indeed, if Y is any vector
tangentto N ,thenY @f =0on N , sincef is constant onN . On the other
hand, Y X =0, because a null vector tangent to a null hypersurfaceN is
orthogonal to all vectors tangent to N . It follows that X! is proportional to
d , which justi es the existence the function h in (1.3.18). We emphasise that
we donot assume (1.3.18) everywhere, but only omN .

We start by showing that (1.3.18) implies the identity

Xpr Xjqjy =0: (1.3.19)
Indeed, di erentiating (1.3.18) we nd
r- X jy =r hr f+hr r f+X Z; (1.3.20)

for some vector eld Z. Here, as already explained aboveZ accounts for the
fact that the equality (1.3.18) only holds on N , and therefore di erentiation
might introduce non-zero terms in directions transverse toN . The rst term
in (1.3.20) drops out under antisymmetrisation as in (1.3.B) sinceX is propor-
tional to r f; similarly for the last one. The second term is symmetric in and
, and also gives zero under antisymmetrisation. This estalidhes (1.3.19). (In
fact, (1.3.19) is a special case of thérobenius theorem keeping in mind that
X is hypersurface-orthogonal.)
We continue with the identity

rXr Xjy = 2% (1.3.21)

To see this, we multiply (1.3.19) byr X and expand: using the symbol\=y "
to denote equality onN , we nd

0O =y r X Xr X +[_>fzé}r X +[_>{§Z£}r X
X X

= r X Xr X + r X r X
N T2 1l

X X
=n (O Xr X +2 %)X

This proves (1.3.21) away from the set whereX vanishes.

Now, recall that a bifurcate horizon is the union of four Killing horizons,
which are smooth hypersurfaces on whictX has no zeros, and of the bifurcation
surfaceS, whereX vanishes. Sothe set X 6 0gis dense on a bifurcate horizon.
Recall also that hasnot been de ned onS so far, as the de nition needs the
condition X 6 0. But we can view (1.3.21) as the de nition of , up to sign,
at points at which X vanishes. Then the calculation just given shows that
the function 2, so-extended toS, is a smooth function on a bifurcate Killing
horizon N , with (1.3.21) holding throughout N .

Recall (cf. (A.21.8), p. 310 below) that a Killing vector el d satis es the set
of equations

rr X =R X (1.3.22)
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Di erentiating (1.3.21) we obtain, using (1.3.22),

- 2y .
r X [_r{zi in =r (9): (1.3.23)
R X
So the left-hand side vanishes orS. It follows that r 2 vanishes onS. We
conclude that 2 is constant on any connected component o8.

Contracting (1.3.23) with X we further nd

Lx 2jy = X1 (®jy =r X X X.=0: (1.3.24)

N ANAN
=0

Hence 2 is constant along any the null Killing orbits threading each of the
Killing horizons issued from S. Continuity implies that on each orbit the surface
gravity 2 takes the same value as at its accumulation point atS. But we
have already seen that 2 is constant on S. We conclude that 2 is constant
throughout the bifurcate Killing horizon emanating from S.

It remains to show that 2 cannot vanish onS: This is a consequence of the
fact that Xjs =0, js =0 and (1.3.21) imply r Xjs = 0. Proposition A.21.7,
p. 310 givesX 0, contradicting the de nition of a bifurcate Killing horiz on.
2

Yet another class of space-times with constant (see [152], Theorem 7.1
or [274], Section 12.5) is provided by space-times satisfyg the dominant energy
condition: this means that T X Y 0 for all causal future directed vector
elds X and Y. Our aim now is to prove this.

Since X is hypersurface-orthogonal onN , from the \Frobenius identity"
(1.3.19) we have

0 =n 3Xr Xj=pXr X +Xr X +Xr X
=N 2Xpr (X +Xr X (1.3.25)

Equivalently,
. 1
Xpr Xy = EX r X : (1.3.26)

Thus, applying the di erential operator X r to the left-hand side of (1.3.15),
we nd

X[ r ]X )r X + X X[ r ]r X
| ——{z— | —{z—}
IX r X R; X
= =X X X R X X
X [ 7]
Comparing with the corresponding derivatives of the right-hand side of (1.3.15),
we conclude that
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The next step is to show that
X{Rj X X jy =X X{RjX : (1.3.29)

For this, we apply X| r jto (1.3.19): Letting S denote a cyclic sum over
, and using (1.3.26) we obtain:

0 =y Xpr (S Xr X)

=N S ((X[_r{zi})r X +X X Ir_]:[zi})

IX r X Ryp X
=N S X X X{Rj; (1.3.30)
Writing out this sum, and contracting with g , after a renaming of indices one
obtains (1.3.29).
Comparing (1.3.28) and (1.3.29), sinceX does not vanish anywhere on a

Killing horizon,

We have therefore proved:

Proposition 1.3.12 Let N be a Killing horizon associated with a Killing vec-
tor X. If
XfR;X =0o0onN ; (1.3.32)

then is constant onN .

Let us relate (1.3.32) to the dominant energy condition, aluded to above. In
vacuum the Ricci tensor vanishes, so clearly (1.3.32) is ssted. More generally,
using the Einstein equation, (1.3.32) is equivalent to

Now, multiplying (1.3.31) by X and usingX r =0 one nds
R X X jy =0; (1.3.34)

and therefore also
T X X jy =0: (1.3.35)

Assuming the dominant energy condition, this is possible ifand only if (1.3.33)
holds. Indeed, the condition that T X Y is positive for all causal future
directed vectors implies that T X is causal future directed. But then
T X X vanishes onN if and only if T X is proportional to X , which
implies (1.3.33). We conclude that Proposition 1.3.12 appés, leading to:

Theorem 1.3.13 Let N be a Killing horizon and suppose that the energy-
momentum tensor satis es the dominant energy condition,

T Z Y =0 for all causal future directedZ and Y. (1.3.36)

Then is constant on N .
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We conclude this section with the following result, origindly proved by Racz
and Wald [242] in space-time dimensiom + 1 = 4;

Theorem 1.3.14 Let N be a Killing horizon associated with a Killing vector
eld X in an (n + 1)-dimensional space-time. Then the surface gravity is
constant on N if and only if the exterior derivative of the twist form eld ! is
zero on the horizon, i.e.

Mol g 2in =05

where! isdenedas! ..., ,= ,.,, X r X:

n

Proof: Recall (1.3.31):

On the other hand, letting = qwe have
teno2p 15 2
= tn 2r ( 1:5in 2 X r X )

(2 e via e (X1 X))
%( 1)”:{;(n 2)5!( + + yo(Xr X))

G r Xr X)+r Xr X)+r (Xr X))

SO G Xyt [ 224
=() =R X =r X r X ;cancelsout ()
R e T e )
=R X =0 =X R X =0

2, XRT X (1.3.38)

Comparing with (1.3.37), we nd
X[ r 1 jN = - 1 n 2r |1 Lo 2; (1339)

from which the theorem follows. 2

A vector eld X is said to behypersurface orthogonalif ! vanishes, compare
(1.3.2). Recall that X is static if it is timelike (at least at large distances) and
hypersurface orthogonal. It thus follows from Theorem 1.314 that the surface
gravity is always constant on Killing horizons associated \ith static Killing
vectors, regardless of eld equations.

It is known that the twist-form vanishes for stationary and axisymmetric
electro-vacuum space-times [181, 233]; we again infer thatis constant for such
space-times; of course this follows also from Theorem 1.31
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Figure 1.3.2: A spacelike hypersurfac& intersecting a Killing horizon N o(X)
in a compact cross-sectiorsS.

1.3.4 The orbit-space geometry near Killing horizons

Consider a space-time ¥ ; g) with a Killing vector eld X. On any setU on
which X is timelike we can introduce coordinates in whichX = @, and the
metric may be written as

g= VZdt+ dx')?+gjdxdd; @V=@i= @y =0: (1.3.40)

whereg = g dx'dx] has Riemannian signature. The metricg is often referred
to as the orbit-space metric.

Let S be a spacelike hypersurface iM ; then (1.3.40) de nes a Riemannian
metric gon S \ U. Assume that X is timelike on a one-sided neighborhood
U of a Killing horizon No(X), and suppose thatS \ U has a boundary
component S which forms a compact cross-section oN (X ), see Figure 1.3.2.
The vanishing, or not, of the surface gravity has a deep impacon the geometry
of g near N o(X) [64]:

1. Every di erentiable such S, included in a C? degenerateKilling horizon
N o(X), corresponds to acomplete asymptotic end of (S \ U ;g). See
Figure 1.3.38

This remains valid for stationary and axi-symmetric four-dimensional con-
gurations without the hypothesis that X is timelike near the horizon [86].

2. Every suchS included in a smooth Killing horizon N ¢(X) on which
> 0;

corresponds to a totally geodesic boundary of$ \ U ;g), with g being
smooth up{to{boundary at S. Moreover

(@) a doubling of (S \ U ;g) acrossS leads to a smooth metric on the
doubled manifold,

8We are grateful to C. Williams for providing the gure.
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U In(nit:ed:)ylinder
to{allg 8)eodesic/ boundary

Figure 1.3.3: The general features of the geometry of the oibspace metric
on a spacelike hypersurface intersecting a non-degenerafieft) and degenerate
(right) Killing horizon, near the intersection, visualize d by a co-dimension one
embedding in Euclidean space.

(b) with P g(X; X ) extending smoothly to P g(X; X ) acrossS.

In the Majumdar-Papapetrou solutions of Section 1.7, the obit-space metric
g as in (1.3.40) asymptotes to the usual metric on a round cylider as the event
horizon is approached. One is therefore tempted to think of égenerate event
horizons as corresponding taasymptotically cylindrical ends of (S ;g).

1.3.5 Near-horizon geometry

A key feature of black-hole geometries is the existence of eut horizons, which
are null hypersurfaces. By standard causality theory, any wmll achronal hyper-
surfacesH is the union of Lipschitz topological hypersurfaces. Furthermore
(cf. Appendix A.23, p. 317), through every point p2 H there is a future inex-
tendible null geodesic entirely contained inH (though it may leave H when
followed to the past of p). Such geodesics are calledenerators

A useful tool to study geometry near smooth null hypersurfaces, is provided
by the null Gaussian coordinatesof Isenberg and Moncrief [214]. (It should be
kept in mind that there exist null hypersurfaces which are nd smooth, in fact
examples exist with horizons which are nowhereC? [?].)

Proposition  1.3.15 ([214]) Near a smooth null hypersurfaceH one can in-
troduce Gaussian null coordinates in which the space-time metricg takes the
form

g= Xdv 2 +2dvdx + 2xh,dx®dv + hapdx3dx®; (1.3.41)

with H given by the equationfx = 0g.

Proof: LetS H beany( 1){dimensional submanifold of H , transverse
to the null generators of H . Let x2 be any local coordinate system orfS, and
let “js be any eld of null vectors, de ned on S, tangent to the generators of
H . Solving the equationr - = 0, with initial values “js on S, one obtains a
null vector eld ~ de ned on a H {neighborhoodV H of S, tangent to the
generators ofH . One can extendx? to V by solving the equation " (x2) = 0.
The function vjy is de ned by solving the equation “(v) = 1 with initial value
vjs = 0. Passing to a subset ofV if necessary, this de nes a global coordinate
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system (v; x3) on V. By construction we have™ = @ onV, in particular g,, =0
on V. Further, ~ is normal to H becauseH is a null surface, which implies
Owa=0o0nV.
Let, next, “jy be a eld of null vectors on V de ned uniquely by the con-
ditions
9Civ:)=1; 9o(Cjv;@)=0: (1.3.42)
The rst equation implies that “jy is everywhere transverse toV. Then we
de ne " in a space-time neighborhoodU M of V by solving the geodesic
equation r -~ = 0 with initial value “jy at V. The coordinates {/;x?) are
extended to U by solving the equations™(v) = “(x?) = 0, and the coordinate
X is de ned by solving the equation “(x) = 1, with initial value x =0 at V.
Passing to a subset ofU if necessary, this de nes a global coordinate system
(v;x;x#%)on U .
By construction we have
= @; (1.3.43)

hence@ is a null, geodesic, vector eld onU . In particular
o« 9@ @)=0:

Let (z*) = ( x;x?), and note that
Tg@) = 9Gir@)=9(ire@)=9(ir @ @)
1
= 9(ire)=3@ 9(;) =0:

This shows that the componentsgya of the metric are x{independent. On S
we havegy =1 and gya = 0 by (1.3.42), which nishes the proof. 2

Incidentally: Example 1.3.17 An example of the coordinate system above is
obtained by taking H to be the light-cone of the origin in (n + 1){dimensional
Minkowski space-time, with x = r t, y =(t+ r)=2, then the Minkowski metric
takes the form

2
= dt2+ dr2+ r2d 2= 2dxdy + Wd 2,
2

Example 1.3.18 The Eddington-Finkelstein coordinates, which bring the Schwezschild
metric to the form (1.2.10),

g= 1 ZTm dv2 +2dvdr + r2d 2: (1.3.44)
provide an example of null Gauss coordinates around the null hypesurfacefr =

2mg.
Quite generally, metrics of the form

9= F(de+ &5+ as xS ; (1.3.45)
=h
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where F vanishes atr = rg, can be extended across the null-hypersurfacer = rog
by introducing a new coordinate

1 .

v=t+f(r); wheref®= = (1.3.46)

This leads to
g= Fdv?+2dvdr+ h; (1.3.47)
which is directly in the null-Gaussian-form (1.3.41). 2

Average surface gravity

A topological submanifold S of a null achronal hypersurfaceH will be called

a local section or simply section, if S meets the generators oH transversally;

it will be called a cross-sectionif it meets all the generators precisely once.
Let S be any smooth compact cross-section ¢l , the average surface gravity

h is is de ned as . 7

hig= ﬁ . d n; (1.3.48)
where' is as in (1.3.41),d j is the measure induced by the metrich on S, and
jSj is the volume of S.

We emphasise that while the notion of surface gravitywas de ned for Killing
horizons, that of average surface gravityis de ned for any su ciently di eren-
tiable null hypersurface with compact cross-sections. Nat that the requirement
of compactness is crucial to guarantee niteness of the de ing integral.

Suppose, however, thatX := @ is a Killing vector, and that H is an
associated Killing horizon. Then' is directly related to the surface gravity of
H : Indeed, from (1.3.41) we have

g X)  ogw =X, d (9(X X )ix=0 = "dx; 1 (9(X; X ))jx=0 = '@y ;

and the de nition (1.3.11), p. 40, of surface gravity gives

So if is constant onH which, as discussed in Section 1.3.3. holds in many
situations of interest, we obtain

hisz

The near-horizon geometry equations

When H is a degenerate Killing horizon, the surface gravity vanisies by de -

nition. This implies that the function ' can itself be written as xA, for some
smooth function A. The vacuum Einstein equations imply (see [214, eq. (2.9)]
in dimension four and [191, eq. (5.9)] in higher dimensions)

1
Rab = Ehahb D(ahb) (1349)
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where, using the notation of (1.3.41),R4y is the Ricci tensor of hay := hapjx=0,
and D is the covariant derivative thereof, while hy := hajx=0. The Einstein
equations also determineA := Ajx=o uniquely in terms of hy and hgp:

A= %hab hahy Dahp (1.3.50)

(this equation follows again e.g. from [214, eq. (2.9)] in dhension four, and
can be checked by a calculation in all higher dimensions).

The triple (S;hap; ha) is called the near-horizon geometry In view of the
Taylor expansions

ha= ha+ O(X); hap= hap+ O(X);

the pair (hap; ha) together with (1.3.50) describes the leading-order behawour
of the metric near fx = 0g, which justi es the name.

Suppose that g satis es the vacuum Einstein equations, possibly with a
cosmological constant. If@ is a Killing vector (equivalently, @A =0 = @h, =
@hap), then the near-horizon metric

g = x2Adv? + 2dvdx + 2xhadx®dv + hgpdx®dx® (1.3.51)

is also a solution of the vacuum Einstein equations. To see B, let > 0 and
in the metric (1.3.41) replace the coordinates ¢;x) by ( 1v; x);

g = gj(v;x)! ( lv;x)
= 2PA(x;xd)d( W)Z+2d( v)d(x)+2 xha( x;x A)dx3d( v)
+ hap( X; x 2)dx®dxP®
= X2A(x;x 3)dv? + 2dvdx + 2xha( x; X 2)dx3dv + hgp( x; X 2)dx2dx?
I 1 0Q: (1.3.52)

Now, for every > 0 the metric g is in fact g written in a di erent coordinate
system. Hence the before-last line of (1.3.52) provides arfgly g of solutions of
the vacuum Einstein equations depending smoothly on a paraeter . Passing
to the limit ! 0, the conclusion readily follows.

The classi cation of near-horizon geometries turns out to ke a key step
towards a classi cation of degenerate black holes. We havethe following partial
results, where either staticity is assumed without restridion on dimensions, or
axial-symmetry is required in space-time dimension four [21]:

Theorem 1.3.19 ( [90]) Let the space-time dimension ben+1, n 3, suppose
that a degenerate Killing horizon N has a compact cross-section, and that
ha = @ for some function (which is necessarily the case in vacuum static
space-times). Then (1.3.49) impliesh, 0, so that hyy is Ricci- at.

Theorem 1.3.20 ( [191]) In space-time dimension four and in vacuum, sup-
pose that a degenerate Killing horizonN has a spherical cross-section, and
that (M ;g) admits a second Killing vector eld with periodic orbits. For every
connected componentN o of N there exists an embedding oNg into a Kerr
space-time which preserve$,, hy, and A.

9Some partial results with a non-zero cosmological constant have also been proved in [90].
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In the four-dimensional static case, Theorem 1.3.19 enfoes toroidal topol-
ogy of cross-sections oN , with a at hg,. This, together with the sphericity
theorem [96], shows non-existence of static, degeneratesyanptotically at,
suitably regular vacuum black holes.

On the other hand, in the four-dimensional axi-symmetric case, Theorem 1.3.20
guarantees that the geometry tends to a Kerr one, up to seconarder errors,
when the horizon is approached. This is one of the key ingrednts of the proof
of the uniqueness theorem for axi-symmetric, degenerate,oonected, vacuum,
asymptotically at, suitably regular black holes [86].

It would be of signi cant interest to obtain more informatio n about solutions
of (1.3.49), in all dimensions, without any restrictive cornditions. For instance,
it is expected that the hypothesis of the existence of a secahvector eld is not
necessary for Theorem 1.3.20, and it would of interest to pnee, or disprove,
this.

Incidentally: A partial result towards the existence of a second Killing vector has
been obtained in [93], where small perturbations of the Kerr near-brizon geometry
are studied. For such perturbations the problem can be reduceda a study of the
linearised equations. Using a formalism introduced by Jezierski and EKminski [168]
and spherical harmonic decompositions one reduces the problem tbe proof that

each of the spherical harmonic modes has no kernel. This is done tleeanalytically

except for the seven lowest modes, for which nhumerical evidence isovided. A key

step of the analysis, established in [93] without any smallness assurtipns, is the

proof that h always has precisely two zeros of index one.

Some further results concerning the problem can be found in1p8, 226].

As just seen, in the degenerate case the vacuum equations irape strong
restrictions on the near-horizon geometry. It turns out that no such restrictions
exist for non-degenerate horizons, at least in the analyticsetting: Indeed, for
any triple (N; ha; hap), where N is a two-dimensional analytic manifold (com-
pact or not), h, is an analytic one-form onN, and hg, is an analytic Riemannian
metric on N, there exists a vacuum space-timelN] ; g) with a bifurcate (and thus
non-degenerate) Killing horizon, so that the metric g takes the form (1.3.41)
near each Killing horizon branching out of the bifurcation surfaceS N, with
hap = hapjr=0 and hy = hgjr=o; in fact hy, is the metric induced by g on S.
When N is the two-dimensional torus T2 this can be inferred from [213] as fol-
lows: using [213, Theorem (2)] with (; a;dab)ji=o = (0; 2h4; hap) One obtains a
vacuum space-time M °= S T2 ( : ):g% with a compact Cauchy horizon
S! T2 and Killing vector X tangent to the St factor of M © One can then
pass to a covering space wher&! is replaced byR, and use a construction of
Racz and Wald (cf. Theorem 1.7.3 below) to obtain the desirel M containing
the bifurcate horizon.

This argument generalises to any analytic \; ha; hap) without di culties.

1.3.6 Asymptotically at stationary metrics

There exists several ways of de ning asymptotic atness, al of them roughly
equivalent in vacuum. We will adapt a Cauchy data point of view, as it ap-
pears to be the least restrictive. So, a space-timeM ; g) will be said to possess
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an asymptotically at end if M contains a spacelike hypersurfac& ¢y di eo-
morphic to R" nB(R), where B(R) is a coordinate ball of radius R, with the
following properties: there exists a constant > 0 such that, in local coordi-
nates on S ¢y obtained from R" n B (R), the metric g induced by g on S ¢,
and the extrinsic curvature tensor K of S ¢4, satisfy the fall-o conditions, for
somek > 1,

gi i =Ok(r ), Kij =0k 1(r ' ); (1.3.53)
where we writef = Oy(r ) if f satis es
@::@f=00r ); 0 ° k: (1.3.54)

For simplicity we assume that the space-time is vacuum, thogh similar results
hold in general under appropriate conditions on matter elds, see [22,82] and
references therein. Along any spacelike hypersurfacg , a Killing vector eld

X of (M ;g) can be decomposed as

X =Nn+Y;

whereY istangentto S , and n is the unit future-directed normal to Sex. The
elds N and Y are called \Killing initial data”", or KID for short. The vacuum
eld equations, together with the Killing equations imply t he following set of
equations onS :

Din + DjYi =2NKij ; (1.3.55)
Rj (g) + KKK  2KgK¥ N }LyKj + DiDjN)=0; (1.3.56)

whereR;; (g) is the Ricci tensor ofg. Equations (1.3.55)-(1.3.56) will be referred
to as the vacuum KID equations

Under the boundary conditions (1.3.53), an analysis of thes equations pro-
vides detailed information about the asymptotic behavior d (N;Y). In par-
ticular one can prove that if the asymptotic region S ¢ is part of initial data
set (S ;g; K) satisfying the requirements of the positive energy theorm, and
if X is timelike along Sext, then (N: YD) 1 11 (A% A, where the A 's are
constants satisfying A%?2 > = (A')? [20,82]. One can then choose adapted
coordinates so that the metric can be, locally, written as

g= Vdt+ Ii{dz)f}ir)2+ Ejzi%j : (1.3.57)
= =g
with
@V=@ = @=0 (1.3.58)
gi i =0(r ); i=0(r ); V 1=0(r ): (1.3.59)

As discussed in more detail in [23], ing-harmonic coordinates, and in e.g.
a maximal time-slicing, the vacuum equations forg form a quasi-linear elliptic
system with diagonal principal part, with principal symbol identical to that
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of the scalar Laplace operator. Methods known in principle Bow that, in
this \gauge", all metric functions have a full asymptotic expansion in terms of
powers of Inr and inverse powers ofr. In the new coordinates we can in fact
take

=n 2: (1.3.60)

By inspection of the equations one can further infer that the leading order
corrections in the metric can be written in the Schwarzschitl form (1.2.50).

Solutions without In r terms are of special interest, because the associated
space-times have smooth conformal completion at innity.  In even space-
time dimension initial data sets containing such asymptotic regions, when close
enough to Minkowskian data, lead to asymptotically simple pace-times [10, 54,
122]. It has been shown by Beig and Simon that logarithmic tems can always
be gotten rid of by a change of coordinates in space dimensiahree when the
mass is non-zero [24,259]. This has been generalised in [28]all stationary
metrics in even space-dimensiom 6, and to static metrics with non-vanishing
mass inn = 5.

1.3.7 Domains of outer communications, event horizons

A key notion in the theory of stationary asymptotically atb lack holes is that of
the domain of outer communications de ned as follows: Fort 2 R let [X]:
M ! M denote the one-parameter group of di eomorphisms generatedy
a Killing vector eld X; we will write { for ([X] whenever ambiguities are
unlikely to occur. Let Sex be as in Section 1.3.6. The exterior regiorv ey
and the domain of outer communications hiM ii are then de ned ast®

Mext == [t t(Sext); hiM il = 17 (Mex)\ | (Mex): (1.3.61)
The black hole regionB and the black hole event horizorH * are de ned as
B=Mnl (Meg); HT =@ :

The white hole region W and the white hole event horizonH are de ned as
above after changing time orientation:

W=Mnl"(Meq); H =@V:

It follows that the boundaries of hiM ii are included in the event horizons. We
set
E =@Mii\ | (Mex); E=E'[E : (1.3.62)

There is considerable freedom in choosing the asymptotic ggon S ¢. How-
ever, it is not too di cult to show that | (M ), and hencehiM ii , H and
E , are independent of the choice ofS¢ as long as the associated gy 's
overlap.

Recall that | (), respectively J (), is the set covered by past-directed timelike, re-
spectively causal, curves originating from , while |- denotes the boundary of | , etc. The
sets|®, etc., are dened as | , etc., after changing time-orientation.
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Our de nitions of domain of outer communications, black hole region, etc.,
have been tailored to asymptotically at stationary space-times. The de nitions
carry over verbatim to space-times with di erent asymptotics when a preferred
region M ¢4 is present, as e.g. for asymptotically anti-de Sitter spacdimes. As
such, an approach based on conformal completions, and praged in Section 5.1,
p. 201, is often used in the literature. It is applicable to mae general space-
times, as it does not require stationarity. In the stationary case the de nitions
just given are equivalent to the \conformal ones" in all standard examples,
and avoid the various and irrelevant problems introduced by the conformal
completions and discussed in Section 5.1.

In many examples presented in this work,Killing horizons coincide with
event horizonsand, in fact, there exist general statements to this e ect in the
literature.

1.4 Extensions

Before continuing our studies of various aspects of blackdle space-times, it
is convenient to discuss systematically the notion of extegions of Lorentzian
manifolds, and of their properties. Our presentation follovs closely that of [71].

Let k 2 R[fig[f ! g. The (n+1){dimensional space-time (M;g) is said to
be a C*{extension of an (n + 1){dimensional space-time (M : g) if there exists
a CK{immersion :M ! M suchthat g= g, and suchthat (M) 6 M.
A space-time (M ;g) is said to be Ck-maximal, or CK-inextendible, if no CK{
extensions of M ; Q) exist.

1.4.1 Distinct extensions

We start by noting that maximal analytic extensions of manifolds are not
unique. The simplest examples have already been discussetd Remark 1.2.9:
remove a subset from a maximally extended manifold M so that M n is
not simply connected, and pass to the universal cover; exteth maximally the
space-time so obtained, if further needed. This provides nray distinct maximal
extensions. One is tempted to believe that such constructins can be used to
classify all maximal analytic extensions, but this remainsto be seen.

One can likewise ask the question, whether uniqueness holds the class of
globally hyperbolic extensions. The following variation d the last construction
gives a negative answer, when \inextendible" is meant as \iextendible within
the class of globally hyperbolic manifolds": Let (M ;g) be a simply connected,
analytic, globally hyperbolic space-time and let (l\/p; b) be an inextendible, sim-
ply connected, analytic, globally hyperbolic extension of(M ;g). Let S be a
Cauchy surface inlvp, and remove fromS nM a closed subset sothatS n
is not simply connected. LetS be a maximal analytic extension of the univer-
sal covering space oS n , with the obvious Cauchy data inherited from S,
and let (M€; g) be the maximal globally hyperbolic development thereof. Then
(ME; g) is a globally hyperbolic analytic extension of M ; g) which is maximal
in the class of globally hyperbolic manifolds, and distinctfrom (l\/p; D).
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The examples just discussed exhibit the following undesirdle feature: exis-
tence of maximally extended geodesics of a ne length near with the space-time
is locally extendible in the sense of [241]. Thisocal extendibility pathology can
be avoided by exploiting certain symmetries of the extensins, as follows:

Consider any space-time ls/b;g), and let M be a proper open subset of
MP with the metric g obtained by restriction. Thus (Mo;g) is an extension of
(M ; g). Suppose that there exists a non-trivial isometry of ( MD; b) satisfying:
a) has no xed points; b) ( M)\ M = ;;and c) 2 is the identity map.
Then, by a) and c), MP= equipped with the obvious metric (still denoted by
g) is a Lorentzian manifold. Furthermore, by b), M embeds di eomorphically
into MP= in the obvious way, and therefore MP= also is an extension of M ,
distinct from ( MP; b).

It follows from the results in [224] that (MD: ;) is analytic if (M ;g) was
(compare [62, Appendix A]).

Keeping in mind that a space-time must be time-oriented by denition,
MP= will be a space-time if and only if preserves time-orienta tion. If M is
simply connected, then 1(MP=)= Z,.

Example 1.4.1 As a de nite example of this construction, denote by (vb;g)
the Kruskal-Szekeres extension of the Schwarzschild spatiene (M ;g); by the
latter we mean a connected component of the setr > 2mg within MP. Let
(T; X) be the global coordinates onMVP as de ned in (1.2.28). Let : S?2! S2
be the antipodal map. For p 2 S? consider the four isometries of the
Kruskal-Szekeres space-time de ned as

(T;Xsp)=(C T, X; (p):

SetM = MP= . Since .. is the identity, M., = M is the Kruskal-
Szekeres manifold, so nothing of interest here. Next, both @nifolds M are
smooth maximal analytic Lorentzian extensions of M ;g), but are not space-
times because the maps do not preserve time-orientation. However,M .

provides a maximal globally hyperbolic analytic extensionof the Schwarzschild
manifold distinct from MP. This is the \ RP3 geon" discussed in [120]. 2

1.4.2 Inextendibility

A scalar invariant is a function which can be calculated using the geometric
objects at hand and which is invariant under coordinate transformations.

For instance, a function 4 which can be calculated in local coordinates
from the metric g and its derivatives will be a scalar invariant if, for any local
di eomorphism  we have

aP= o p): (1.4.1)

In the case of the scalar invariantg(X; X ) calculated using a metricg and
a Killing vector X, the invariance property (1.4.1) is replaced by

ax(M= g yx( HP): (1.4.2)
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A scalar invariant f on (M ;g) will be called a Ck{compatibility scalar if f
satis es the following property: For every C*{extension (M€;g) of (M :g) and
for any bounded timelike geodesic segment in M such that ( ) accumulates
at the boundary @ (M )) (where is the immersion map :M ! M), the
function f is bounded along .

Any constant function is a compatibility scalar in this term inology, albeit
not very useful in practice. An example of a usefulC?{compatibility scalar is
the Kretschmann scalarR R . Another example is provided by the norm
g(X; X ) of a Killing vector X of g:'1

Theorem 1.4.2 Let X be a Killing vector eld on (M ;g) and suppose that
there exists a curve on which g(X; X ) is unbounded. Then there exists no
extension (MP; §) of (M ;g), with a C2 metric g, in which the curve acquires
an end point.

Proof: Suppose that , when viewed as a curve invp, acquires an end point
p2 MP. The linear system of equations (A.21.11), p. 311 below, s&t ed by the
Killing vector and its derivatives along , showsthatX  extends by continuity
to p. This implies that g(X;X ) remains bounded along , contradicting our
hypothesis. 2

The next inextendibility criterion from [71] is often useful:

Proposition  1.4.3 Suppose that every timelike geodesic in (M ;) is either
complete, or someC*{compatibility scalar is unbounded on . Then (M ;q) is
CK-inextendible.

Proof: Suppose that there exists aCk{extension (MF;g) of (M ;g), with im-
mersion :M ! M. We identify M with its image (M ) in M.

Let p2 @M and let O be a globally hyperbolic neighborhood ofp. Let
O 2 M be a sequence of points approaching, thus ¢, 2 O for n large enough.
Suppose, rst, that there exists n such that g, 2 1*(p)[ | (p). By global
hyperbolicity of O there exists a timelike geodesic segment from g, to p.
Then the part of  which lies within M is inextendible and has nite a ne
length. Furthermore every C*{compatibility scalar is bounded on . But there
are no such geodesics throughy, by hypothesis. We conclude that

(R (O () A (1.4.3)

Letg2 (I"(p)[ I (p)\ O, thus g62M by (1.4.3). Sincel *(q)[ | (q) is
open, andp 2 1*(g)[ | (g), we haveg, 2 1*(g)[ | (q) for all n su ciently
large, sayn ng. Let be a timelike geodesic segment frong,, to g. Sinceq
is notin M , the part of that lies within M is inextendible within M and has
nite a ne length, with all CX{compatibility scalars bounded. This is again
incompatible with our hypotheses, and the result is estabkhed. 2

1 This inextendibility criterion has been introduced in [26] (see the second part of Proposi-
tion 5, p. 139 there).
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1.4.3 Uniqueness of a class of extensions

In this section we address the question of uniqueness of anydilc extensions.
We start with some terminology. A maximally extended geodef ray
[0;s") I M will be called s{complete if sy = 1 unless there exists some

polynomial scalar invariant  such that

limsupj ( (s))j=1:

A similar de nition applies to maximally extended geodesics : (s ;s*)! M,

with some polynomial scalar invariant (not necessarily thesame) unbounded
in the incomplete direction, if any. Here, by a polynomial scalar invariant we
mean a scalar function which is a polynomial in the metric, its inverse, the
Riemann tensor and its derivatives. It should be clear how toinclude in this

notion some other objects of interest, such as the norng(X; X ) of a Killing

vector X, or of a Yano-Killing tensor, etc. But care should be taken na to take

scalars such as InRjq R') which could blow up even though the geometry
remains regular; this is why we restrict attention to polynomials.

A Lorentzian manifold (M ;g) will be said to be s{complete if every maxi-
mally extended geodesic is{complete. The notions of timelike s{completeness
or causal s{completenessare de ned similarly, by specifying the causal type of
the geodesics in the de nition above.

We have the following version of [176, Theorem 6.3, p. 255] ¢enpare also the
Remark on p. 256 there), where geodesic completeness is weakeneditoelike
s{completeness

Theorem 1.4.4 Let (M ;g), (M %g% be analytic Lorentzian manifolds of di-
mensionn + 1, n 1, with M connected and simply connected, andvi 0
timelike s{complete. Then every isometric immersionfy : U M ] MO
where U is an open subset oM , extends uniquely to an isometric immersion
f:M ) MO

We start by noting two preliminary lemmas, which are proved as in [176]
by replacing \a ne mappings " there by \ isometric immersions":

Lemma 1.4.5 ( [176, Lemma 1, p. 252])Let M , M °be analytic manifolds, with
M connected. Letf, g be analytic mappingsM ! M © If f and g coincide on
a nonempty open subset ol , then they coincide everywhere. 2

Lemma 1.4.6 ( [176, Lemma 4, p. 254])Let (M ;g) and (M ¢ g% be pseudo-
Riemannian manifolds of same dimension, withM connected, and letf and g
be isometric immersions ofM into M . If there exists some pointx 2 M such
that f (x) = g(x) and f (X) = g (X) for every vector X of TyM , thenf = g
onM . 2

Before passing to the proof Theorem 1.4.4, we note a simple Gallary:

Corollary  1.4.7 Let (M ;g), (M % g9 be two connected, simply connecteds-
complete analytic Lorentzian extensions ofU;g). Then there exists an isomet-
ric di eomorphism f :M | M©
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Proof of Corollary 1.4.7: Viewing U as a subset ofM , Theorem 1.4.4
provides an isometric immersionf : M ! M Csuch that fjy =id y. Viewing U
as a subset oM © Theorem 1.4.4 provides an isometric immersiorf ©: M 2|
M such that fjy =id. Then f f%is an isometry of M © g9 satisfying (f
f9ju =idy, hencef f9=idy o by Lemma 1.4.6. Similarlyf® f =idy , as
desired. 2

We can turn our attention now to the proof of Theorem 1.4.4;

Proof of Theorem 1.4.4: Similarly to the proof of Theorem 6.1 in [176], we
de ne an analytic continuation of f along a continuous pathc: [0;1]! M to
be a set of mappingsfs, 0 s 1, together with a family of open subsetsUs,
0 s 1, satisfying the properties:

fo=fyuonUg= U;

for every s 2 [0; 1], Us is a neighborhood of the pointc(s) of the path c,
and f is an isometric immersionfs:Us M | M?©

for every s 2 [0; 1], there exists a number s > 0 such that for all s°2 [0; 1],
(5° si< 5)) (c(s9 2 Us andfg = fgin a neighborhood ofc(sY).

We need to prove that, under the hypothesis ofs{completeness, such an analytic
continuation does exist along any curvec. The argument is simplest for timelike
curves, so let us rst assume thatc is timelike. To do so, we consider the set:

A := fs 2 [0;1] j an analytic continuation exists alongcon [0;s]g  (1.4.4)

A is nonempty, as it contains a neighborhood of 0. Hencse := sup A exists and
is positive. We need to show that in fact,s = 1 and can be reached. Assume
that this is not the case. Let W be a normal convex neighborhood o€(s) such
that every point x in W has a normal neighborhood containingW. (Such aW
exists from Theorem 8.7, chapter Ill of [176].) We can choose; < s such that
c(s1) 2 W, and we letV be a normal neighborhood ofc(s;) containing W. Since
s1 2 A, fg, is well de ned, and is an isometric immersion of a neighborhod
of ¢(sy) into M & we will extend itto V \ | (c(s1)). To do so, we know that
exp:V ! Visadieomorphism, whereV is a neighborhood of 0 inTgs )M ,
hence, in particular, fory 2 V\ | (¢(s1)), there exists a uniqueX 2 V such
that y = exp X. Dene X%:= f5, X. Then X %is a vector tangent to M at the
point fs,(c(s1)). Sincey is in the timelike cone ofc(s), X is timelike, and so is
X0 asfg, is isometric. We now need to prove the following:

Lemma 1.4.8 The geodesics 7! exp(sX9 of M %is well dened for0 s 1.

Proof: Let
s =supfs2 [0;1]] exp(s®X Y exists 8s°2 [0; s]g: (1.4.5)

First, such a s exists, is positive, and we notice that ifs < 1, then it is
not reached. We wish to show thats = 1 and is reached. Hence, it su ces
to show that \'s is not reached" leads to a contradiction. Indeed, in such a
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case the timelike geodesis 7! exp(sX 9 ends at nite a ne parameter, thus,
there exists a scalar invariant' such that ' (exp(sX9) is unbounded ass! s .
Now, for all s <'s , we can de ne h(exp(sX)) := exp(sX9, and this gives an
extension h of fs, which is analytic (since it commutes with the exponential
maps, which are analytic). By Lemma 1.4.6,h is in fact an isometric immersion.
By de nition of scalar invariants we have

' (exp(sX9) = + (exp(sX)) ;

where'~is the invariant in (M ;g) corresponding to" . But this is not possible
since '{exp(sX)) has a nite limit when s ! s, and provides the desired
contradiction. 2

From the last lemma we deduce that there exists a unique elenmt, say h(y),
in a normal neighborhood off s, (c(s1)) in M %such that h(y) = exp(X 9. Hence,
we have extendedfs, to amaph denedon V\ | (c(s1)). Infact, his also an
isometric immersion, by the same argument as above, since tommutes with
the exponential maps ofM and M 0 Then, since the curvec is timelike, this
is su cient to conclude that we can do the analytic continuat ion beyond c(s),
sinceV \ | (c(s1)) is an open set, and thus contains a segment of the geodesic
c(s), for s in a neighborhood ofs.

Let us consider now a general, not necessarily timelike, céinuous curve
c(s);0 s 1, with c(0) 2 U. As before, we consider the set:

fs 2 [0;1] j there exists an analytic continuation of fy along c(s%:0  s°

Sg;
(1.4.6)

and its supremum s: Assume that s-is not reached. Let againW be a normal

neighborhood ofc(s) such that every point of W contains a normal neighbor-

hood which containsW. Then, let z be an element of the setl * (c(s)) \ W.

I (2)\ W is therefore an open set inW containing c(s). Hence we can choose

s; < s such that the curve segmentc([s1;9s]) is included in I (2) \ W, see

Figure 1.4.1. In particular, z 2 1" (c(s1)) \ W. Since there exists an analytic

17(c(9))
c(1)

Figure 1.4.1: The analytic continuation at c(s).

continuation up to c(s3), we have an isometric immersiorf s, de ned on a neigh-
borhood Us, of ¢(s3), which can be assumed to be included iwW. Hence, from
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what has been seen previouslyis, can be extended as an isometric immersion,
1,onUz = Ug [ (1 7(c(s1)) \ W), which contains z. We now do the same op-
eration for ; on U,: we can extend it by analytic continuation to an isometric
immersion > denedon U,[ (I (2)\ W), which is an open set containing the
entire segment of the curvex betweenc(s;) and c(s). In particular, ; and »
coincide onU,, i.e. on their common domain of de nition; thus we obtain an
analytic continuation of fs, along the curvec(s), for s; s s; this continua-
tion also coincides with the continuation fs; s 2 [s1;S[ . This is in contradiction
with the assumption that s is not reached by any analytic continuation from
fy along x. Hences-= 1 and is reached, that is to say we have proved the
existence of an analytic continuation off y along all the curve x.
The remaining arguments are as in [176]. 2

1.5 The Reissner-Nordstem metrics

The Reissner-Nordst®m metrics are the unique sphericall symmetric solutions
of the Einstein-Maxwell equations with vanishing cosmolodcal constant. They
turn out to be static, asymptotically at, and describe blac k hole space-times
with interesting global properties for a certain range of paameters. The metric
takes the form
2m Q2
r

dg= 1 —t dt? +

2
4 dr rr2d 2; (1.5.1)

2 b
1 2_m + Q_
r r2
where m is, as usual, the ADM mass ofg and Q is the total electric charge.

The electromagnetic potential takes the form

A= ?dt: (1.5.2)
The equation g(@; @) = 0 has solutionsr = r provided that jQj m:
ro=m m2 Q2:

These hypersurfaces become Killing horizons, or bifurcatilling horizons, in
suitable extensions of the Reissner-Nordst®m metric.

Calculating as in Example 1.3.9, p. 41, one nds that the surfice gravities
of the Killing horizons r = r of the Reissner-Nordst®m metric equal
1 : 1 2m Q2 mr Q2
= =y T @1 —+ = =
z@gttJr r 2@ r r2 r3

r2 :

r=r

For r = r, this is strictly positive unless jQj = m; so we see that Reissner-
Nordstmem black holes are non-degenerate fojQj < m, and degenerate when
iQj=m.

The global structure of a class of maximal extensions of nowlegenerate
Reissner-Nordstrem space-times is presented in Example.d.1, p. 141, while
that of degenerate solutions can be found in Example 4.3.6,.p147.
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Incidentally: Suppose that the metric (1.5.1) models an electron, for which
me 911 10 3%kg; Qe 1:60 10 *°C:

Our form of the metric requires units in which G=¢ = 1 and G=(4 (c¢*) = 1. Using

Lk 899 1PN M C? G 667 10N m? kg’
0
we nd
;
me 6:75 10 *m g; Q.  1:38 10 ¥m 4(3004;

leading to
] Qej
e
We see that a point electron is then described by a naked singularity.
For a proton we have instead

2:04 10%:

m, 167 10 ?kg;
with the charge Qp =  Qe, Which gives
Qp

Mp

111 10%:

The di erence is, however, that the proton is not a point particle, so the Reissner-
Nordstmm metric applies, at best, only outside the charge radiusof the proton
rp 0:85fm. 2

In dimensionsn+1 5 one has [218] the following counterpart of (1.5.1)-
(1.5.2):

2 2

2m N Q 42 + dr

rn 2 ran 2 2m Q?
- 4+ =
rn 2 r2(n 2)

n+lg = 1 +rd ?; (1.5.3)

Q

A:rnZ

dr; (1.5.4)

where m is related to the ADM mass, and Q to the total charge.

Incidentally: The RN metrics have the interesting property of being timelike
geodesically completebut not null geodesically complete To see that, consider a
timelike geodesic parameterised by proper time, thus we have

_ 2m Q? 2 r? 20 24 ain2 1 2y.
1= 1 r“2+r2(“ ) e+ o Q2 +re(£+sin° ' 9):
rn 2 r2(n 2
Conservation of \energy", g(;@) = E, implies that
2m Q? e
rn 2 r2(n 2 t=E;
hence
r* E? 2/ 2 L ain2 12 155
1= = +re(<L+sin” ' 9): 0.
ot 2) (155)

o2 y2n 2
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Equivalently,

2
2m+Q

21 2 N2 0 2
- et oy LTS sint i)

I {z }
1

2m Q?
rn 2 + r2(n 2

(1.5.6)

As r approaches zero the right-hand side becomes negative, which istmossible. It
follows that timelike geodesics cannot approach = 0. It is then not too di cult to
prove that maximally extended timelike geodesics are complete in thex¢ensions of
Figures 4.3.1, p. 142 and 4.3.6, p. 148, and timelike geodesic comple&ss follows.

Obvious modi cations of the above calculation similarly show that null geodesics
with non-zero angular momentum,g(_; @ ) 6 0, cannot reach the singular boundary
fr =0g and are complete.

On the other hand, radial null geodesics reachr = 0 in nite a ne parameter:
For then we have zero at the left-hand side of (1.5.5), without an agular-momentum
contribution, giving

r= E =) r(s)y ro= E(s $o):

Hence null radial geodesics reach = 0 in nite a ne time either to the future or
to the past, showing null geodesic incompleteness. 2

1.6 The Kerr metric

The Kerr family of metrics provide a \rotating generalisati on" of the Schwarzschild
metric. Its importance stems from the black hole uniqueness theoremsvhich
establish uniqueness of Kerr black holes under suitable gt@al conditions (cf.,
e.g., [72] and references therein). It should, however, beskt in mind that the
Schwarzchild metric describes not only spherically symmaetc black holes, but
also thevacuum exterior region of any spherically symmetricmatter con gura-
tion. There is no such universality property for stationary axi-symmetric con-
gurations. Indeed, the construction of axisymmetric stationary stellar models
is a rather complicated undertaking, we refer the reader to 206] for more in-
formation about the subject.

As such, the two parameter family of Kerr metrics in Boyer-Lindquist co-
ordinates take the form

g= dt’+ 2ﬂ(olt asin?( )d' )2
+(r?+ a®sin? d' 2+ —dr?+ d ?: (1.6.1)
Here
= r2+ a2co( ); = r2+a 2mr=(r r)(r r );(1.6.2)

andry <r< 1, where
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The metric satis es the vacuum Einstein equations for any vdues of the
parametersa and m, but we will mainly consider parameters in the range

O<ja m:

The casejaj = m will sometimes require separate consideration, as then
acquires one double root atr = m, instead of two simple ones. Whena = 0,
the Kerr metric reduces to the Schwarzschild metric, and theefore does not
need to be discussed any further. The casa < 0 can be reduced toa > 0 by
changing' to ' ; this corresponds to a change of the direction of rotation.
There is therefore no loss of generality to assume thaa > 0, which will be done
whenever the sign ofa matters for the discussion at hand. The Kerr metrics
with jaj > m can be shown to be \nakedly singular" (compare (1.6.5) below,
whence our lack of interest in those solutions.

It is straightforward to check that the metric (1.6.1) reduc es to the Schwarzschild
one whena = 0. It turns out that the case m = 0 leads to Minkowski space-
time: For a = 0 this is obvious; for a 6 0 the coordinate transformation (cf.,
e.g., [47, p. 102)])

R2=r2+ a?sin?( ); Rcos()= rcos(); (1.6.3)
brings g to the Minkowski metric  in spherical coordinates:
= dt?+ dR?+ R? d 2+sin?() d'? : (1.6.4)

As m = 0 turns out to be Minkowski, and a = 0 Schwarzschild, it is cus-
tomary to interpret m as a parameter related to mass, anch as a parameter
related to rotation. This can be made precise by calculatingthe total mass and
angular momentum of the solution using e.g. Hamiltonian mehods. One then
nds that m is indeed the total mass, while

J = ma

is the component of the total angular momentum in the direction of the axis of
rotation sin( ) = 0.

Incidentally: It might be of interest to put some numbers in. Consider, for
instance the sun. As such, there are several ways of calculatindh¢ total angular
momentum J of our nearest stellar neighbour, see [161] for a discussion of the
various estimates and their discrepancies. If we choose the avayed value [161]

J 1:.92 10 kgm?s !

for the angular momentum of the sun, and keep in mind the estimateM
1:99 10%kg for the mass of the sun (cf., e.g.http://nssdc.gsfc.nasa.gov/

planetary/factsheet/sunfact.html ), we nd
J
a =

e 096 10°m?s ! 322m ¢;

M G a G
—— 1:48km; —  0:22—:
c? M c
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Keeping in mind that the units used in (1.6.1) are such thatG = ¢ =1, we see that
jaj <m for the sun, with both values of a and m being of the same order.

If we consider the earth to be a rigidly rotating uniform sphere, the correspond-
ing numbers are

Jg 710 10¥kgm®s !, Mg 598 10%kg, ag 3:96m c,

MG
2

agc
o 0:44cm; 890:

M ¢G

We conclude that if the earth collapsed to a Kerr metric without shedding angular-
momentum, a naked singularity would result. 2

The metric (1.6.1) is not de ned at points where vanishes:
=0 0 r=0;cos =0:

There is a \real singularity on ", in the sense that the metri ¢ cannot be
extended across this set in aC? manner. The standard argument for this in
the literature invokes the Kretschmann scalar (cf., e.g., 185])

R R

_ 48m?(r> a?cos )( % 16a’r?cos())

. (1.6.5)

which is unbounded when the sef =0 g is approached from most directions.
Now, this does not quite settle the issue becausi R =0e.g.onall
curves approachingf =0 gwith r>= a?cos . Similarly, R R remains
bounded on curves on which either? a?cos( )or 2 16a°r2cos( ) go to
zero su ciently fast. So, one can imagine that space-time cald nevertheless be
extended along some clever family of curves approaching ina speci c way.
This problem is unfortunately not cured by considering the length of the

Killing vector @,
mr

I@ @)= 1+—;
which again tends to in nity as is approached from most dire ctions. This only
implies inextendibility \along most directions" at f =0 g by Theorem 1.4.2,
p. 57.
It turns out that the issue can be resolved by a result of Carte [45, p. 1570]
(compare [229, Proposition 4.5.1]), which we quote here witout proof:

Proposition 1.6.2 Causal geodesics accumulating at = 0 g lie entirely in
the equatorial planefcos =0g. 2

Now, on the equatorial plane we have

2m

9@ @jcos =0 = 1+ T;
which is unbounded on any curve approachingf = 0 g. We can therefore
invoke Proposition 1.4.3, p. 57, to conclude that, indeed, b extensions are
possible throughf =0 g.
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Equation (1.6.3) suggests that the topology of the singulaiset has something
to do with a ring, though it is not clear how to make a precise satement to
this e ect.

The Kerr metric is stationary with the Killing vector eld X = @generating
asymptotic time translations, as well as axisymmetric with the Killing vector
eld Y = @ generating rotations.

The metric componentsg can be read-o from the expanded version of
(1.6.1):

a? sin?( )dt2 4amr sin?

g= dtd' +

24 a2)2 2 gin2
L) T i 2+ —dr2+ d2:  (166)

Remark 1.6.3 An elegant way of associating global invariants to Killing vectorsX
is provided by Komar integrals, which are integrals of the form
Z

r X ds ; (1.6.7)
r=Rit=T
where R and T are constants, anddS form a basis of the space of two-forms

de ned as 1
ds = > dx ~dx : (1.6.8)

A key property of (1.6.7) is that in vacuum, and with zero cosmologica constant,
the integrals are independent ofr and t. This follows from the divergence theorem
together with the identity (compare (A.21.8), p. 310)

rr X =R X

In Kerr space-time it is of interest to calculate (1.6.7) for both Killing v ectors
X = @and X = @. In order to do the calculation for both vectors at once let us
denote either @ or @ by @, henceX = g . For the calculations we need the
inverse metric, the components of which are

. dmr a2+ r? _
g = (@2+ r(r 2m))(cos(2 )a2+ a2 +2r2)’
b _ @ 2mr+r? _ 1 .
9 = Zeog()+r 2’ 9 T @cog()+ 2’
. _ Ccs&() a’cos(2)+ a?+2r(r 2m)
9 = (@+r(r 2m))(a2cos(2)+ a2 +2r2)’
. 4amr
| .
g = (@+r(r 2m))(a2cos(2)+ a2+2r2)" (1.6.9)
Then
Z Z Z
r X ds = rix lds = ryXi g g ds
r=Rit 5T r=Rit=T 7 r=Rit=T
= @X1 9 g dS =2 @X 19' g" dSy
rZ—R;tzT Z r=Rit=T
= 2 @g;9'9g'dS = (@9 @g )g' g"dSy
7 r=Rit=T 7 r=Rit=T
= @g g'g"dS, = (@u ¢" + @ g')g"dSy :

r=Rt=T r=Rt=T
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As a by-product of T- and R-independence of (1.6.7), one can calculate the integrals
by passing to the limit R ! 1, which simpli es the calculations considerably. Thus
z z
— I tt 't .2 qi o
r X .ds = lim (@u 9 +@gvg)grfmeg_d}-
=:d?
(1.6.10)
To nish the calculation we need the asymptotic behaviour of the metric functions
for larger. We nd:

r=Rjt=T r=Rjt=T

g= 1 sz+ or 2) dt? 4a7m+ o(r 2) sin? dtd

+ 12+ 0(1) sin?d 2+ 1+ 27m+ ofr 2) dr?
+ r2+ 0() d?: (1.6.11)

This shows explicitly asymptotic atness of the metric. For the inver se metric, one
obtains
2m 2m 1
g'= 1 ——=+0( 9; ¢"=1 ==+0( %); g = F+0( ?;

1 2am

= ———+0(r %); ¢ = ZZ—+0(r %: 1.6.12
¢ = gt o i 5+ 00 ) (16.12)
We are ready to return to (1.6.10):
Z Z
r X dS = lim (@ g + @g g' )rid®: (1.6.13)
r=Rit=T RII - =Rt=T
When X = @ this becomes
VA VA
r X dS = lim ( @ + @gr g' )r’d
r=Rit=T Rl roRt=T
= lim @our®d®> =8 m:  (1.6.14)

Ri1 r=Rit=T

When X = @ we obtain instead

Z z
r X ds = lim ( @y + @g g')r2d?
r=Rit=T R11 S =Rt=T
= lim ( @gt + @g g't )r2d2
Ri1 r=Bit=T
= 12am sin’( )d = 16am: (1.6.15)

0
2

Because of the occurrence of the function in the denominata of g, the
metric (1.6.6) is singular atr = r . Similarly to the Schwarzschild case, it
turns out that the metric can be smoothly extended both acrosr = r, and
r=r , with the sets

H =fr=rg

being smooth null hypersurfaces in the extension.
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Incidentally: Higher dimensional generalisations of the Kerr metric have been
constructed by Myers and Perry [218].

We will give an extended discussion of a family of maximal anlgtic exten-
sions of the Kerr metric, and their global structure, in Secton 4.7.3, p. 167. As
a rst step towards this we consider the extension obtained ly replacing t with
a new coordinate

r2+ a?
v=t+

dr; (1.6.16)

with a further replacement of ' by
z
a
="'+ —dr: (1.6.17)

It is convenient to use the symbol ¢\ for the metric g in the new coordinate
system, obtaining

9 = 1 Zﬂ dvZ+2drdv+ d 2 2asin2( )d dr

. (r2+ a®? a?sin?( ) 4amr sin?( )

sin?( )d ? d dv (1.6.18)
In order to see that (1.6.18) provides a smooth Lorentzian miic for v 2 R and

r 2 (0;1), note rst that the coordinate transformation (1.6.16)-( 1.6.17) has
been tailored to remove the E singularity in (1.6.6), so that all coe cients
are now analytic functions onR  (0;1) S?. A direct calculation of the
determinant of ¢ is somewhat painful, a simpler way is to proceed as follows:
rst, the calculation of the determinant of the metric (1.6. 6) reduces to that of
a two-by-two determinant in the (t; ) variables, leading to

detg= sin’( ) 2: (1.6.19)
Next, it is very easy to check that the determinant of the Jacdi matrix
Q@v;r, ;o )=@r ;)

equals one. It follows that detg¢=  sin?( ) 2 for r >r .. Analyticity implies
that this equation holds globally, which (since has no zeros) establishes the
Lorentzian signature of @ for all positive r.

Let us show that the regionr < r , is a black hole region, in the sense
of (1.2.12). We start by noting that r r is a causal vector forr rrs.
A direct calculation using (1.6.18) is again somewhat lendty, instead we use
(1.6.6) in the regionr >r , to obtain there

NN v gt L () )
grnrr)=9(rrrr)=g —gT——— Tt 2cod (1.6.20)

But the left-hand side of this equation is an analytic function throughout the
extended manifoldR (0;1 ) S?2, and uniqueness of analytic extensions implies
that gy(r r; r r) equals the expression at the extreme right of (1.6.20) thraghout.



1.6. THE KERR METRIC 69

(The intermediate equalities have only been assumed to be lid for r > r , in
the calculation above, sinceg has only been dened forr >r ,..) Thusrr
is spacelike ifr <r orr >r ., null on the hypersurfacesfr = r g (called
\Killing horizons" , see Section 1.3.2), and timelike in the regiofir <r<r .g;
note that this last region is empty when jaj = m.

We choose a time orientation so thatr t is past pointing in the regionr >r .
Keeping in mind our signature of the metric, this means thatt increases on
future directed causal curves in the regionr >r ..

Suppose, now, thata? < m 2, and consider a future directed timelike curve

(s) that starts in the region r > r . and enters the regionr <r .. Since _
is timelike it meets the null hypersurfacefr = r. g transversally, and thusr is
decreasing along at least near the intersection point. As long as stays in
the regionfr <r<r ,gthe scalar productg(; r r) has constant sign, since
both _andr r are timelike there. But

g—gz_'rirzgij_'rlrzg(_;rr); (1.6.21)
and dr=ds is negative near the entrance point. We conclude thatdr=ds is
negative along such 'sonfr < r <r ,g. This implies that r is strictly
decreasing along future directed causal curves in the regiofr <r<r .g, so
that such curves can only leave this region through the sefr = r g. In other
words, no causal communication is possible from the regiofir < r . g to the
\exterior world" fr >r , g in the extension that we constructed so far.

The Schwarzschild metric has the property that the setg(X; X ) =0, where
X is the \static Killing vector* @, coincides with the event horizonr = 2m.
This is not the case any more for the Kerr metric, where we have

2mr
r2+ a2co%

9@ Q@ =Y@;@) =Y =
The equation §(@; @) = 0 de nes instead a set called theergosphere
0@, @) =0 | r=m IOm2 a2cog ;

see Figures 1.6.1 and 1.6.2. The ergosphere touches the lroms at the axes of
symmetry cos = 1. Note that @ =@ 6 0 at those axes, so the ergosphere
has a cusp there. The region bounded by the outermost horizom = r, and
the outermost ergospherer = r, is called the ergoregion with X spacelike in
its interior.

It is important to realise that the ergospheres

E =fr=rg

are not Killing horizons for the Killing vector @. Recall that part of the de ni-

tion of a Killing horizon H is the requirement that H is a null hypersurface.
But this is not the case for E : Indeed, note that the Killing vectors @ and @
are both tangent to E , and thus are all their linear combinations. Now, the
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Figure 1.6.1: A coordinate representation [236] of the outeergospherer = r.,
the event horizonr = r,, the Cauchy horizonr = r , and the inner ergosphere
r = r with the singular ring in Kerr space-time. Computer graphics by Kayll
Lake [185].

character of the principal orbits of the isometry group R U(1) is determined
by the sign of the determinant

Ot O - f 20y

det > o sin “(): (1.6.22)
Therefore, when sin = 0 the orbits are either null or one-dimensional, while for
6 0 the orbits are timelike in the regions where > 0, spacelike where < 0
and null where | = 0. Thus, at every point of E except at the intersection
with the axis of rotation there exist linear combinations of @ and @ which are

timelike. This implies that these hypersurfaces arenot null, as claimed.
We refer the reader to Refs. [45] and [229] for an exhaustivenalysis of the

geometry of the Kerr space-time.

Incidentally: One of the most useful methods for analysing solutions of wave
equations is theenergy method As an illustration, consider the wave equation

2u=0: (1.6.23)

Let S¢ is a foliation of M by spacelike hypersurfaces, the energ¥; of u on S;
associated to a vector eld X is de ned as
z
E(t) = T X ;
St

whereT is the usual energy-momentum tensor of a scalar eld,

1
T =r ur u —Zr ur u
> 9
The energy functional E has two important properties: 1): E 0 if X is causal,
and 2): E(t) is conserved if X is a Killing vector eld and, say, u has compact
support on each of theS;.
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Figure 1.6.2: Isometric embedding in Euclidean three spacef the ergosphere
(the outer hull), and part of the event horizon, for a rapidly rotating Kerr solu-
tion. The hole in the event horizon arises becau_se there is nglobal isometric
embedding for the event horizon whena=m > = 3=2 [236]. Somewhat surpris-
ingly, the embedding fails to represent accurately the factthat the cusps at the
rotation axis are pointing inwards, and not outwards. Computer graphics by
Kayll Lake [185].

Now, the existence of ergoregions where the Killing vectoK becomes spacelike
leads to anE (t) which is not necessarily positive any more, and the energy stops be
ing a useful tool in controlling the behavior of the eld. This is one of the obstactles
to our understanding of both linear and non-linear, solutions of wae equations on a
Kerr background®?, not to mention the wide open question of non-linear stability of
the Kerr black holes within the class of globally hyperbolic solutions of he vacuum
Einstein equations. 2

The hypersurfaces
H =fr=rg

provide examples ofnull acausal boundaries Becauseg(r r; r r) vanishes at
H , the usual calculation (see Proposition A.13.2, p. 271) shas that the inte-
gral curves ofr r with r = r are null geodesics. Such geodesics, tangent to a
null hypersurface, are calledgenerators of this hypersurface. A direct calcula-
tion of r r from (1.6.18) requires work which can be avoided as followsin the
coordinate system ¢;r; ;' ) of (1.6.6) one obtains immediately

rr=g @@= —@:
Now, under (1.6.16)-(1.6.17) the vector@ transforms as

r2+ a2

@ @+’e@+ @:

More precisely, if we use the symbol or the coordinate r in the coordinate
system (v;r; ; ), and retain the symbolr for the coordinater in the coordinates

125ee [28,101] and refs. therein for further information on th at subject.
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(t;r; ;' ), we have

@ @ @v_ _ a re+a?
@—@r@"' @r@"'@r@—@"' —@+ @:

Forgetting the hat over r, we see that in the coordinates ¥;r; ; ) we have

1= 1 @+a@+(r2+ @)

Since vanishes at r = r , and r?+ a? equals Inr there, we conclude that
the \stationary-rotating" Killing eld X + .Y, where

X=@ @ Y=@ @; +3=-— 2

= ; 1.6.24
2mr, a2+ r? ( )

is proportionalto r r onfr>r , g

a
X + Y = + @ = rr on H;:
¥ @ 2mr 4 a2+ r2 *

It follows that @+ + @ is null and tangent to the generators of the horizon
H .. In other words, the generators ofH . are rotating with respect to the
frame de ned by the stationary Killing vector eld X. This property is at the
origin of the de nition of , as the angular velocity of the event horizon.

1.6.1 Non-degenerate solutions ( a? < m?): Bifurcate horizons

The study of the global structure of Kerr is somewhat more inwlved than those
already encountered. An obvious second extension of the cobinate system of
(1.6.6) is obtained whent is replaced by a new coordinat&®

rr2+a2
u=t

dr; (1.6.25)

r+

with a further replacement of ' by
Z, a
="' —dr: (1.6.26)

rs
If we use the symbolgfor the metric g in the new coordinate system, we obtain

g = 1 ™ G2 2drdu+ d2+2asin( )ddr

L (r2+a%)? a?sin?( )

12
sin?( )d 2 4amr sin( ) |

du: (1.6.27)
In Schwarzschild one replacest(r) by (u;v), and with a little further work a

well behaved extension is obtained. It should be clear that his shouldn't be
that simple for the Kerr metric, because the two extensions onstructed so far

3 The discussion here is based on [35, 45]. | am grateful to Julen Cortier for useful discus-
sions concerning this section.
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involve incompatible rede nitions of the angular variable ' , compare (1.6.17)
and (1.6.26).

The calculations that follow are essentially a special casef the general
construction of Racz and Wald [242], presented in Theorem 17.3, p. 89 below,
where the argument is traced back to the fact that the surfacegravity is constant
on the horizonsfr = r g.

Now, recall that we have seen in Remark 1.2.12, p. 26, how to gailarise
two-dimensional Lorentzian metrics with a singularity structure as in (1.2.43).
The rst step of the calculation there gets rid of the zero in the denominator of
Or provided that there is a rst order zero in gy at that point; then it is easy to
remove the multiplicative rst order zero in gy by a logarithmic transformation
to the variables & and ¥ as in (1.2.45). Note that a rst-order zero requires

2 2

as<m¢<;

which we are going to assume in the remainder of this sectiorthis is not an
ad-hoc restriction, as the geometry of the space-time is essentil di erent in
the extreme casea? = m?, see the last sentence of Section 1.6.6.

So, under the current conditions the Kerr metric has a rst order pole in
gr atr = r , but there is no zero in gy at those values ofr. The trick is to
change' , nearr = r , to a new angular variable

a

o= : 1.6.2
—t; (1.6.28)

choosing the free constants 6 0 so that the new g; vanishes atr . Indeed,
after tedious but otherwise straightforward algebra, in the coordinate system
(t;r; ;" ) the metric (1.6.6) takes the form

g= —dr2+ gud2+2g o di+ r2+ a2+ 2 G2 ya 2+ d 2

(1.6.29)
with
o aZsin®() 1 adrsin?() a?sin’( ) 5.
Ot = m —+W + ———(r )
gt = %2() (+2 mr) +(2 m)r(r )

to avoid ambiguities, we emphasise thatg { = g(@ ;@). Recalling that
=( r rs)(r r ), one sees that the choice

= (1.6.30)

leads indeed to a zero of order one iy, as desired. As a bonus one obtains a
zero of order one ing ¢, which will shortly be seen to be useful as well.

Remark 1.6.6 Itis of interest to check smoothness of the transition formula from
the coordinates (;v; ;' ) to the coordinates (v;r; ; ) of (1.6.16)-(1.6.17), or to
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(u;r; ;) of (1.6.25)-(1.6.26). For example, near = r, we have
!

, , a Zr a a "r2+ a2
P t= 4+ —dr u+ dr
2mr . r 2mr . ',
Z r
au a 2mr r2 + a2
= - )dr: (1.6.31)

+
2mr.  2mr.

Now,
2mry,  (r2+a®)=2m(r+ 1) ;

which vanishes atr = r, . This shows that the integrand in (1.6.31) can be rewritten
as a smooth function ofr nearr = r,, and so the new angular coordinates . are
smooth functions of (u;r; ) nearr = r..

Similar calculations apply for' nearr = r , and for the coordinates {;r; ; ).
2

Keeping in mind (1.6.24), we see that (1.6.28) together with(1.6.30) is
precisely what is needed for the Killing vectors@+ a(2mr ) '@, tangent to
the generators of the horizonsfr = r g, to annihilate '

a
+ " =0:
(@+ 5——@)
Thus (* ; ) provide natural coordinates on the space of generators.

We can now get rid of the singularity in g by introducing

2 2
u=t f(r); v=t+f(r); fo=""&. (1.6.32)

so that, keeping in mindthat ( r )=0(0 r?2+a?=2mr ,

2mr
r r

f(r)= Injr r j+h (r);

where theh 's are smooth nearr = r . This is somewhat similar to (1.2.44),
but the function f has been chosen more carefully because of thédependence
of g . One then has

dt = %(du+ dv); dr (dv du);

- 2(r2 + a?)

so that

g = m(du dv)? + %(du+ dv)?2+ g (d'" (du+ dv)

2mar .
+ r?+a’+ —— sin’()d'?+ d?2:

There are no more unbounded terms in the metric, but one needget to get
rid of a vanishing determinant: Indeed, as seen in (1.6.19)the determinant of
the metric in the (r;t; ;' ) variables equals sin?( ). Since the Jacobian of
the map (t;r;" ) 7! (t;r;" ) is one, and that of the map (;r;" ) 7! (u;v;' )
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is 2f%=  2(r?+ a?)=, we nd that the determinant of the metric in the
(u;v; ;' ) coordinates equals
2sin?( )
m . (1.6.33)
To get rid of this problem we set, as in (1.2.45),
0= exp( cu); ¥¢=exp(cv): (1.6.34)
Now,
da d¢
du = ol dv = <
0¢= expc(v. u)= jr r jem™ = 1 )exp(2ch (r)):
As before, one chooses
r r
© dmr
so that, forr>r
(r r)h ()
0= =
4] exp(c(v u)) (r r )exp o
The functions h
cwe=(r ryexp () (1.6.35)

2mr

r . Hence, by the analytic implicit
0 analytic functions r (w) inverting

have a non-vanishing derivative atr
function theorem, there exist nearw
(1.6.35). So, nearr = r we can write

rr = 0H ( 09);

where the H 's are analytic near ¢ = 0, non-vanishing there, with a similar
resulting formulae for . Since gy andg  both contain a multiplicative factor
ror 09, we conclude that the coe cients g 4, g ¢, as well as

1
Oao = mguv

can be analytically extended acrosg = r . This is somewhat less obvious for

1 1
oo = Wg”“ i Oeo = ngv-
However, with some work one obtains

( .
in 2 4cin2¢ \h |
(4Srl:r )(2) ?rZ‘STa(lz)) (+4 mr) +( r?2 r?

)

+(+6 mr) +2 a(r? r?)

Ouu = Ow
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This shows that both gy, and g,, have a zero of order two atr = r , which is
precisely what is needed to cancel the singularities arisipfrom @ 2 in gyq and
from ¢ 2in gye.
The Jacobian of the map @;v) 7! (0;¢) equals c20¢, and it follows from
(1.6.33) that the metric has Lorentzian signature in the coadinates (0;¢; ;' ).
The metric induced on the Boyer-Lindquist sections of the eent horizons
of the Kerr metric, as well as on the bifurcate Killing horizon, reads

(R*+ @?)?sin*( ) . 5.

2 _ 2 2 2
ds? = (R?+ a?cos( ))d 2+ RZ+ a2 cod( ) ;

(1.6.36)

whereR = m P m2 a2. We note that its Ricci scalar, which we denote by
K, is [185]

_ (R?+ a)(3a%co() R?)

- (R2 + a2co( ))3

K

1.6.2 Surface gravity, thermodynamical identities

Recall that the surface gravity  of a Killing horizon H is de ned through
the formula
@X X))y = 2 X : (1.6.37)

The following provides a convenient procedure to calculate : Let b be any
one-form which extends smoothly across the horizon and sucthat b(X) = 1.
Then can be obtained from the equation

2 = 2 b(X)=hbr (X X )jH

Note that the leftermost side of the last equation is indepemlent of the choice
of b, and so is therefore the right-hand side.
In order to implement this for the Kerr metric, recall that th e Killing vector

a

a
= + — + = + .0.
X =@+ 5@ @+ 5, >@=@+ @ (1.6.38)
is null on the Killing horizon H = fr = r g, wherer 2 fr ;r,gis one of
the roots of . As already pointed out, the parameter is called the angular

velocity of the horizon. The equationg(X ;X )jr,=r = 0 is most easily checked
using the following rewriting of the metric:

1

in2
g = Tazegz & S0 4

dt  (r?+ a?)d'

— dt asin¥()d *: (1.6.39)

Let us use the coordinates (1.6.16)-(1.6.17), so that

2 2
r<+ a
dv = dt+

dr; (1.6.40)

d o Zar: (1.6.41)



1.6. THE KERR METRIC 77

2 2
r a’

b= dt+ dr = dv;

we see thatb extends smoothly across the Killing horizonH and satis es
b(X ) =1. Thus, using

grr - -
r2+ a2cos
r2+ a?cog
gX ;X ) = @7 +0O((r r)? (1.6.42)

(the last equation easily follows from the fact that the last term in the rst line
of (1.6.39) is +O((r r )?) we nd

r2+ a

= g X )= g g @ X))

= im g g ix )

@ r m

2(r2 + 32) T omr
2(re+ a%) _, 2mr
m2  a?
[a}

- 1.6.43
2m(m " m2 a?) ( )

where the plus sign applies to theevent horizonfr = r, g, and the minus sign
should be used for theCauchy horizonfr = r g.

In the extreme casesm = a only the plus sign is relevant. We see that
vanishes then, and is not zero otherwise.

Let J = ma be the \z-axis component" of the angular momentum vector,
and let A be the area of the cross-sections of the event horizon: Derioy by
(xA)=( ;" ) we have, gsing the fact that the metric is t-independent,

| O I
A = detgAB dd

r=r ;v=const
z

| O
= lim detgag d d'

|
r-r ¥ =const 0 v=const

= lim P detgas d d'

rtr Zr=const°;t=const+ F(r)

= lim P detgas d d'

rer r=constg t=const
= 2 (r’+ a . sin()d =4 (r?+ a?): (1.6.44)
By a direct calculation, or by general considerations [17,8, 164, 275], one has
the \thermodynamical identity"
Mu = oA+ I (1.6.45)

(Some care must be taken with the overall sign in (1.6.43) whe the identity
(1.6.45) is considered, as that sign is related to various @entations involved.
The positive sign for the horizonr = r, is clearly consistent in this context.)



78 CHAPTER 1. AN INTRODUCTION TO BLACK HOLES

1.6.3 Carter's time machine

An intriguing feature of the Kerr metric in the region fr < Og is the existence
of points at which
g =90 )<oO: (1.6.46)
In other words, there exists a non-empty region where the Kiing vector @ is
timelike. Indeed, we have
24 42)2 2 in2
(r a“) asm()Sinz

()

. 2a?mr sin( )
2 + a4
sin“( ) aZcog( )+ 12 ac+r

sin’( ) a*+ a?cos(2) + a’r(2m+3r)+2r*

) a2cos(2)+ az+2r2 . (1.6.47)

2

We are interested in the set whereg: < 0. The second line above clearly shows
that this never happens forr 0, or for jrj very large. Nevertheless, for all
m > 0 the set

V = fg <0g
a*+2a’mr +3a%r2+2r4
2 )
f }
=:G(r)
60: sin( ) 60g (1.6.48)

= fr< 0; cos(2) <

is not empty. In order to see this, note that G(0) = 1, andGY0) = 4m=a? <
0. This implies that for small negative r we haveG(r) > 1, and hence there
exists arange of near = =2 for which the inequality de ning V is satis ed.
This is illustrated in Figure 1.6.3.

. . _
-1.0 -0.8 -06 -04 2025\

Figure 1.6.3: The function G(ax) of (1.6.48) with m=a 2 f 0:5; 1, 2; 3; 4; 5¢.

It turns out that any two points within V can be connected by a future
directed causal curve We show this in detail for points p := (t;r; ;' ) and
p:=(t+ T;r; ;' )forany T 2 R: Indeed, for n large consider the curve

[0;2n 13s7! (s)=(t+ %S;r;;- 5:

where the plus sign is chosen if@ is future-directed in V, while the negative
sign is chosen otherwise. Then = @ + %@, which is timelike future
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directed for all n large enough. As the' coordinate is 2 -periodic, the curve
starts at p and ends atp®

A similar argument applies for general pairs of points within V.

In particular the choice T =0 and n = 1 gives a closed timelike curve.

Interestingly enough, the non-empty regionV can be used toconnect any
two points p; and py lying in the region r < r by a future-directed timelike
curve. To see this, choose some future-directed timelike curve; from p; to
some pointp 2 V, and some future-directed timelike curve from some point
p®2 V to p,. The existence of such curves; and , is easy to check, and follows
e.g. by inspection of the projection diagram for the Kerr metic of Figure 4.7.3,
p. 171 below. We can then connecp; with p, by a future-directed causal curve
by rst following 1 from p; to p, then a future-directed causal curve from p
to p®lying in V, and then following » from p°to p,.

So, in fact, the regionV provides atime-machine for the regionr<r , a
property which seems to have been rst observed by Carter [4445].

We have been assuming thaim > 0 in our discussion of the time-machine.
It should, however, be clear from the arguments given that the time-travel
mechanism for Kerr metrics just described exists in the reginr > 0 if and only
if m< 0.

1.6.4 Extreme case a? = m?. horizon, near-horizon geometry,
cylindrical ends

The coordinate transformation leading to (1.6.18) can be ued fora = m as
well, leading to

2mr

g = 1 == dv+2drdv+ d2 2msin?( )ddr
> 212 2 ain? 2r sin?
N (r +m ) m< sin ( ) sinz( )d 2 wd dv(1649)
As before it holds that
detg — Sinz( ) 2 , (1650)

which shows that the metric is smooth and Lorentzian away fran the set = 0.

Near-horizon geometry

The near-horizon geometry gynk Of the extreme Kerr solution can be ob-
tained [16] by replacing the coordinates (r;' ) of (1.6.1), p. 63, by new co-
ordinates ® fr ") de ned as

£
= + A t= Y =Ny 1.6.51
r=m ; ; o ( )
and passing to the limit ! 0 compare Section 1.3.5. Some algebra leads to
1+ cos?( )h P2 ra o2 sin() A P 2
= =7  df¥+ 2dr?+rid? + 02~ —df
ONHK 2 r2 ;2 fo 1+cos?( ) ra

(1.6.52)
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whererg = pim. This metric is singular at # = 0, but a second change of
coordinates

oN

v=t 0, oo og ri ; (1.6.53)
0

leads to a manifestly-regular form of thenear-horizon Kerr metric :

>|

1+cos?( )N 2 b or2 sin?( ) p
= 2T D22 dvdr+ r2d 2 + 203U g L Ty
ONHK > 2 v \ rg 1+co( ) 2 v
(1.6.54)

This is again a vacuum solution of the Einstein equations wih a degenerate
horizon located at r* = 0, but with rather a di erent asymptotic behaviour as
the radial variable f tends to in nity.

Cylindrical ends

It turns out that the degenerate Kerr space-times contain CMC slices with
asymptotically conformally cylindrical ends, in a sense which will be made pre-
cise: In Boyer-Lindquist coordinates theextreme Kerr metrics, with a? = m?,
take the form, changing' to its negative if necessary,

2mr
r2+ m2co( )
r+ m2cos( )
+
(r m)?

g = dt?+ (dt  msin*( )d' )%+ (r?+ m?)sin®( )d'

dr2+(r?+ m?cos( ))d ?; (1.6.55)

The metric induced on the slices = const reads, keeping in mind thatr >m ,

_ rz-;rmzr(;o)szz( )dr2+(r2+ m2C052( ))d 2
.\ (r2+ m?)2 (r m)2m?sin?( )
r2+ m2co( )

sin?( )d' 2: (1.6.56)

Introducing a new variable x 2 (1 ;1 ) de ned as

dr
rm

dx =

=) x= In(r m);

so that x tends to in nity as r approachesm from above, the metric (1.6.56)
exponentially approaches

I w1 m%(1+cos®( ))dx*+ g

4 sir? ,
= m?(1 +cos?( )) dx®+d %+ md 2 :(1.6.57)
| iz )
= h

We see that the space-metric is, asymptotically, conformal to the product
metric dx? + h on the cylinder R S2.

Let us mention that the limiting metric, as one recedes to in nity along
the cylindrical end of the extreme Kerr metric, can also be olained from the
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metric (1.6.36) on the bifurcation surface of the event horzon by settinga = m
there:
4sir?( ) q 2
1+ cos?( )
We note that the slicest = const are maximal. This follows from the fact
that the unit normal n to these slices takes the forrn = n'@+ n' @, so that

g=m? (1+cos?())d 2+ (1.6.58)

tr K

p——@( jdetgjn )

j detgj

p—— @( jdetgin)+ @( jdetgin) =0:
jdetgj

It then follows from the scalar constraint equation shows that R 0.

When studying the Lichnerowicz equation for metrics of cylndrical type it
is of interest to study the sign of the scalar curvature of thevarious metrics
occurring in the problem at hand. Recall that the scalar cunature, say , of a
metric of the form d 2+ ¥ ()d' 2 equals

= 2(f % (£9?):
Hence the sphere parth of the limiting conformal metric appearing in (1.6.57)
has scalar curvature equal to
4cos(2)

(co® +1)2’
which is negative on the northern hemisphere and positive orthe southern one.
Finally, the metric g has scalar curvature

2(3cog() 1)

"~ m2(1+cos?( )3

and the reader will note that changes sign as well.

1.6.5 The Ernst map for the Kerr metric

A key role for proving uniqueness of the Kerr black holes is @armonic map
representation of the eld equations: here, to every stationary axisymmetric
solution of the vacuum Einstein eld equations (M ; g) one associates a pair of
functions (f;! ), where f is norm of the axisymmetric Killing vector, say

f=a(; );

while the function ! , called the twist potential, is de ned as follows: One intro-
duces, rst, the twist form ! dx via the equation

I = r

It follows from the vacuum eld equations that ! is closed, see (1.3.38), p. 46.
So if, e.g.,M is simply connected, there exists a function such that

I = @!:
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The complex valued functionf +i! is called the Ernst potential.
In Boyer-Lindquist coordinates of (1.6.6) the twist potential ! reads [103]

3 -
| = ma(coss 3cos) ma“cos sin”_. (1.6.59)

It is important for the study of such metrics that the leading order termin ! is
uniquely determined by ma. The Ernst potential f +i! can now be obtained
by readingf = g- from (1.6.6).

1.6.6 The orbit space metric

Let M denote the space of orbits of the isometry group in the domairof outer
communications:
M:=hMi =R UQ)):

Note that M can be viewed as the submanifoldt = 0= "' g of hiM ii , coordi-
natized by “2 [0; Jand K with ry < F< 1.
Let X1= @ Xo= = @, and let

A:=f =0g=f"=0g[f ™= ¢

be the axis of rotation. We will use the same symbolA for the axis of rotation
in M , as well as for the corresponding set iM . . The orbit space metric h on
M nA is de ned as follows: forY;Z2 T(M nA),

h(Y;Z)= 9(Y;Z) ¢™9(Xa;Y)9(Xn;Z); (1.6.60)

where g? is the matrix inverse to g(Xa; Xp). Note that det g(Xa;Xp) < 0 on
hiM iin A, which shows that h is well de ned there.

Sinceg; = g- = g« = g =0, his obtained by simply forgetting the part
of the metric involving dt and d' :

de? s g
(F ra)(F )

So,f"=0gandf~= g are clearly smooth boundaries at nite distance forh,
with h extending smoothly by continuity there. On the other hand, the nature
of fr= r, g depends upon whether or notr, = r . In the subextreme case,
wherer andr, are distinct, the setfr= r, g is seen to be a totally geodesic
boundary at nite distance by introducing a new coordinate x by the formula

ax _ 1 :
d= " r)F r)

h=(+?+ a’cos ") (1.6.61)

(1.6.62)

We then have
X+ = lim x> 1 ;
rlory
as the right-hand side of (1.6.62) is integrable inr-near f~= r,g. The same
formula in the extreme caser~ = ¥, gives anx-variable which diverges log-
arithmically as r approachesr , leading to a cylindrical end for the metric
h.
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1.6.7 Kerr-Schild coordinates

The explicit, original, Kerr-Schild form of the Kerr metric (cf., e.g., [563]) reads

2me3
4+ a272

where
dx =dx® 1 [H(xdx + ydy) + a(xdy ydx)] Zaz;
2+ a2 o

and wherer~is de ned implicitly as the solution of the equation

FORR(x2+ y?+ 22 a%) a’z?=0:

This form of the metric makes manifest the asymptotic atness of the metric,
and turns out to be useful for performing gluing constructions, see [70].

1.6.8 Dain coordinates

Dain [103] has invented a system of coordinates which nicelyexhibits the
\Einstein-Rosen bridges" of the Kerr metric. One wants to write the space-
part of the Kerr metric in the form

g=e 92 d2+dz22 + 2 + B d +A,dz)?: (1.6.63)

- P
If jaj mletr, = m+ m2 a2 be the largest root of , and let r, =0
otherwise. For
r>ry;

so that > 0, de ne a new radial coordinate r~by

1 p—
FES T oM ; (1.6.64)
After setting
=+sin~ z =¥cos~ (1.6.65)

one obtains (1.6.63). We have

2 2
m< a

r=++m+ —: 1.6.66

4¢ ( )

We emphasize that while those coordinates bring the metric® the form (1.6.63),

familiar in the context of the reduction of the stationary ax i-symmetric vacuum

Einstein equations to a harmonic map problem, the coordinagé in (1.6.65) is
not the area coordinate needed for that reduction* exceptwhenm = a.

: . . p—.
The correct ( ;z) coordinates for the harmonic map reduction are = sin( ), z=
(r m)cos . In the last coordinates the horizon lies on the axis =0, which is not the case
for Dain's coordinates except if a= m.
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To analyze the behavior nearr = 0 we have to distinguish between the
extreme and non-extreme cases. Let us rst assume tham? 6 a®. We can
calculate €’ from (1.6.6), and using (1.6.64) we then have

2F a2
O =2l — In1 — + O(r): 1.6.67
no n =~ (r) ( )

With a little work it can now be seen that that r = 0 corresponds to another
asymptotically at region for the metric (1.6.63).
On the other hand, in the extreme casem? = a2 one similarly nds

F 1
= Py + " + + . . .
U=In 5 2|n 1+cos?( ) + O(F): (1.6.68)
This implies that the space geometry nearr~= 0 approaches is that of an
\asymptotically cylindrical end", as discussed in generalin Section 1.3.4.

1.7 Majumdar-Papapetrou multi black holes

In all examples discussed so far the black hole event horizois a connected
hypersurface in space-time. In fact [40, 64, 75], there aremregular, static,
vacuum solutions with several black holes, consistently with the ntuition that
gravity is an attractive force. However, static multi black holes become possible
in presence of an electric eld. Well-behaved examples arexbausted [94] by
the Majumdar-Papapetrou black holes, in which the metric g and the electro-
magnetic potential A take the form [201, 232]

4g=u 2dt®+ u?(dx®+ dy?+ dz?); (1.7.1)
A=u 1dt; (172)
with some nowhere vanishing functionu. Einstein{Maxwell equations read then
@U: 0 ; @ + @ + @ =
@t @% @y @2
The solutions will be called standard MP black holesif the coordinates x of

(1.7.1){(1.7.2) cover the rangeR (R3nf&g) for a nite set of points g 2 R®,
i =1;:::;1, and if the function u has the form

0: (1.7.3)

X .
u=1+ —; (1.7.4)
X &j

for some positive constants ;.

Incidentally: The property that these are the only regular black holes within the
MP class has been proved in [84], see also [89, 148]; the fact that all ftitcomponent
regular static black holes are in the MP class has been established in [R4uilding
upon the work in [204,251,258]; a gap in [94] related to analyticity of he metric
has been removed in [75].

When | = 1 , it is a standard fact in potential theory that if the series (1.7.4)
converges at some point, it converges to a smooth function evewhere away from the
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punctures. This case has been analysed in [61, Appendix B], where itag pointed
out that the scalar F F is unbounded whenever theg's have accumulation
points. It follows from [84] that the case wherel = 1 and the &'s do not have
accumulation points cannot lead to regular asymptotically at space-times.

Calculating the ux of the electric eld on spheres jx &j= ! 0, one
nds that  is the electric charge carried by the puncturex = §;: Indeed, let
F = dA be the Maxwell tensor, we have

F= u?u~rdt= u 2@udx " dt:

The ux of F through a two-dimensional hypersurfaceS is de ned as
z

?F;
S

where ? is the Hodge dual, see Appendix A.15, p. 274. A convenient ohionor-
mal basis of T M is given by the co-frame

0=y Ydt; = udx;

in terms of which we have

This gives

. X N
F = u?@?( N 9= u’@u kin Kk
-

@u K dx A dxk:

ijk

Consider a sphereS(g;; ) of radius centred at g, shifting the coordinates by
4 we can assume thatg = 0, then @u approaches

i %5%°

on S(&; ) as tends to zero. Therefore
z
lim ?F= 4 :
PO s
In the current conventions the right-hand side is 4 times the charge, which
establishes the claim.

We will see shortly that punctures correspond to connected amponents of
the event horizon, so ; can be thought of as the negative of the electric charge
of the i'th black hole.

Higher-dimensional generalisations of the MP solutions hee been derived
by Myers [217]. The metric and the electromagnetic potentidtake the form

ntlg= oy 202+ unz (dxD)2+ 1o+ (dx")? (1.7.5)
A= u dt; (1.7.6)
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with u being time independent, and harmonic with respect to the at metric
(dxH)?2+ :::+ (dxM)2. Then, a natural candidate potential u for solutions with
black holes takes the form

X i
=1+ — 1.7.7
: I ajn 2 (.7.7)
i=1
for somed 2 R". Here con gurations with N = 1 and which are periodic
in some variables are also of interest, as they could lead to #duza-Klein type
four-dimensional solutions.
Let us point out some features of the geometries (1.7.5) witiN < 1 . First,
for large j%j we have
" i (n 1)
— i=1 iagi (N .
U—1+W+O(J*J )

P
so that the metric is asymptotically at, with total ADM mass equal to iN=1 i
Next, choose anyi and denote byr := jx 4j a radial coordinate centred
at §. Then the space-partg of the metric (1.7.5) takes the form

2
g = urz (dxY)2+ i+ (dx")2 = rure driz+h
= (r77u)T2(d(pg)? + h)
=X
= (rozu)mz(dx®+ h): (1.7.8)

where h is the unit round metric on S" 1. Now, the metric dx? + h is the
canonical, complete, product metric on the cylinderR  S" 1. Further
Therefore the space-part of the Majumdar-Papapetrou metrc approaches a
multiple of the canonical metric on the cylinder R S" ! asx approachess,.
Hence, the space geometry is described by a complete metrichieh has one
asymptotically at region jxj! 1 and N asymptotically cylindrical regions
! 5.

It has been shown by Hartle and Hawking [148] that, in dimensbn n = 3, ev-
ery standard MP space-time can be analytically extended to a electro{vacuum
space-time with | black hole regions. The calculation, which also provides soe
information in higher dimensionsn > 3 but runs into di culties there, proceeds
as follows: Let, as beforey = jx j; for r small we replacet by a new coor-
dinate v de ned as

v=t+f(r) =) dt=dv fqr)dr;
with a function f to be determined shortly. We obtain

n+1

u 2(dv f%r)2+ urz(dr2+ rh)
u 2dv®+2u X%vdr+ urz u 2(f92 dr2+ urzr2h:

(1.7.9)

g
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2
We have already seen that the last termum zr2h is well behaved forr small.
Let us show that in some cases we can choos$eto get rid of the singularity in
o . For this we Taylor expand the non-singular part of u near g as follows:

Sl W+r0= ul+or" Y ; (1.7.10)
j6i

| fz }
=u

with 1 | an analytic function of r and of the angular variables, at least for
2
small r. We choosef sothatum z u 2(f 92 vanishes:

1
fO= ynz:

This shows that the function

2 2 u A u 2l
"lge =urz u A(f9%= Hiz3 U ’ m =o(r" %)
ro2 1%} %)
1+0(rn 1) 1+0(rn 1)
is an analytic function of r and angular variables for smallr.
The above works well whenn = 3, in which case (1.7.9) reads
341, _ 2 12 u 2 2 2.2 -
g = Mz dv® +2 v dvdr+ |?2} dre+ Higd h:
2 {z} - = 2
r =1+ O(r2) oW o

At r = 0 the determinant of 31 g equals #deth 6 0, which implies that
3*1g can be analytically extended across the null hypersurfacéd; := fr =
Og to a real-analytic Lorentzian metric de ned in a neighborhood of H;. By
analyticity the extended metric is vacuum. Obviously H; is a Killing horizon
for the Killing vector @= @, since®*1 g,, vanishes atH ;.

We note that the di erential of g(@; @) vanishes atr = 0 as well, which
shows that all horizons have vanishing surface gravity.

Let us return to general dimensionsn 4. The problem is that the deter-
minant of the metric vanishes now atr = 0. One could hope that this can be
repaired by a change of coordinates. For this, considet*! gy, :

2 n 3 n
n+1grvdrdv = u 2f OdrdV: 5 ugizdrdvz 1+ O(rn 2) in 2pn 3drdv
372
= n 2 i n 2
= 1+0(" 9 - zd(f-_{,z-})dv

We see that this term will give a non-vanishing contribution to the determinant
if we introduce a new radial variable = r" 2. This, however, will wreak havoc
in "1 g, dr?, as well as in various other terms because then = ﬁ, which
introduces fractional powers of the new coordinate in the metric, leading to
a continuous but non-manifestly-di erentiable extension.
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Now, none of these problems occur iN = 1, in which case u = u, hence
n*lg,  0; furthermore,

2
Mgy =uZ=s 1+ = o (1.7.11)
_2_ _2_ _2_
un 2r2:(u )n 2 :( i+ )n 2; (1.7_12)
= n 2)i% i+ )2
"Mlgydrdv = GUsasddv = Ui Sddv = Lplitdav; (1.7.13)

which proves that the metric can be extended analytically acoss a Killing
horizonf =0g, as desired. (The cas& = 1 is of course spherically symmetric,
so this calculation is actually a special case of that in Remgk 1.2.12, p. 26.)

Equation (1.7.11) shows that the Killing vector @ = @ is spacelike every-
where except at the horizon =0: g(@; @) 0. In particular g(@; @) O
attains a minimum on the horizon, hence its derivative vanishes there. As before
we conclude that the black hole is degenerate, = 0.

For n 4 and N > 1 the above construction (or some slight variation
thereof, with f not necessarily radial, chosen to obtain"*! g, = 0) produces
a metric which can at best be extended by continuity across a Kling horizon
\located at % = §", but the extensions so obtained do not appear to be dif-
ferentiable. The optimal degree of di erentiability that on e can obtain does
not seem to be known in general. As such, it has been shown in{Q] that the
metric cannot be extended smoothly whern 4 andN =2 or 3.

More can be said for axi-symmetric solutions [42]: In dimen®n n = 5,
C? extensions for multi-component axi-symmetric con gurations can be con-
structed, and it is argued that generic such solutions do notpossessC?® ex-
tensions. Examples are constructed where smooth extensierare possible for
one central component, or for an in nity string of components. In dimension
n 5, C! extensions for multi-component axi-symmetric con gurations can
be constructed, and it is argued that generic such solutionslo not possessC?
extensions.

Problem 1.7.2 Study, forn 4, whether (1.7.7) can be corrected by a harmonic
function to give a smooth event horizon. Alternatively, show that there are no
regular static multi-component electro-vacuum black holes in higherdimensions. 2

1.7.1 Adding bifurcation surfaces

When trying to prove results about space-times containing mn{degenerate
Killing horizon, it is extremely convenient to have a compad bifurcation sur-
face at hand. For example, this hypothesis is made throughaduthe classi ca-
tion theory of static (non{degenerate) black holes (cf. [7172] and references
therein). The problem is, that while we have good control of he geometry
of the domain of outer communications, various unpleasantings can happen
at its boundary. In particular, in [242] it has been shown that there might be
an obstruction for the extendability of a domain of outer communications in
such a way that the extension comprises a compact bifuractio surface. Nev-
ertheless, as far as applications are concerned, it su cesa have the following:
Given a space{time (M;g) with a domain of outer communications hiM gy
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and a non{degenerate Killing horizon, there exists a spacd{me (M & g9, with
a domain of outer communicationshiM J,ii which is isometrically di eomorphic
to hiMeyii , such that all non{degenerate Killing horizons in (M % g% contain
their bifurcation surfaces. Racz and Wald have shown [242]under appropriate
conditions, that this is indeed the case:

Theorem 1.7.3 (I. Racz & R. Wald, 96) Let (M;gap) be a stationary, or stationary{
rotating space{time with Killing vector eld X and with an asymptotically at
region Mex. Suppose thatd* (Mey) is globally hyperbolic with asymptotically
at Cauchy surface  which intersects the event horizonN = @M gyl \
J* (Mey) in @ compact cross{section. Suppose thaX is tangent to the genera-
tors of N and that the surface gravity of every connected component & is a
non{zero constant. Then there exists a space{time(M c‘,ggb) and an isometric
embedding

hiM i thh M2 MO;
where hiM Qi is a domain of outer communications inM © such that:

1. There exists a one{parameter group of isometries ofM ¢ g2,), such that
the associated Killing vector eld X © coincides with X on hiM Qi .

2. Every connected component of@htM O,ii is a Killing horizon which com-
prises a compact bifurcation surface.

3. There exists a local \wedge{re ection" isometry about evey connected
component of the bifurcation surface.

It should be emphasized that neither eld equations, nor enegy inequalities,
nor analyticity have been assumed above. However, constapof surface gravity
has been imposed; compare Section 1.3.3.

1.8 The Kerr-de Sitter/Kerr-anti-de Sitter metric

The Kerr-de Sitter (KdS) and the Kerr-anti de Sitter (KAdS) m etrics are solu-
tions of the vacuum Einstein equations with a cosmological onstant [46]. They
describe an axi-symmetric stationary black hole solving tle vacuum Einstein
equations with a positive (KdS) or negative (KAdS) cosmolodcal constant. A
description of some of their global properties can be foundni [5,47,87]. Our
presentation follows [227].

In Boyer-Lindquist coordinates the metric takes the form [46]°,

1 sin?( )

2 2
d 2 2

g = ? L2y

r

adt (r?+ a?)d'

5 The transformation between the coordinates used in [46] and the Boyer-Lindquist coordi-
nates above is [47, p. 102]
=r; = acos(); =21 +a? = 1t
2
p=a’; h=1 2-—; e=0; q=0:

Note that the papers [46, 47] use the convention that de Sitter corresponds to < 0; in other
words, Carter's is the negative of ours.
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(5 dt asin’()d ?; (1.8.1)
where
2 = r?+ a%cod(); (1.8.2)
o= (r2+a?) 1 §r2 2mr ; (1.8.3)
a2
= 1+ Tcosz( ) (1.8.4)
a2
= 1+ —: 1.85
3 (1.85)
with t 2 R, r 2 R, and ,"' being the standard coordinates parameterizing the

sphere. Note that the metric functions are only well-de ned away from zeros
of and , and the determinant vanishes at sin() = 0.

When m =0, gis the de Sitter ( > 0; \dS") or the anti-de Sitter ( < O;
\AdS") metric: Indeed, for a = 0, and after obvious renaming of coordinates,
one obtains directly the standard form of the (A)dS metric in manifestly static

coordinates (T;R; ;):

2
Jayas = (1 i)dT2+ = ~dR?+ R% d 2+sin?() d 2 : (1.8.6)
R

For a 6 0 an explicit coordinate transformation which brings the metric to the
form (1.8.6) has been given in [47, p. 102], see also [5, 151]:

| —

T = ;
2 _ 1 2 qin2 .
R = —r + a‘sin“( ) ;
Rcos() = rcos();
= —t: 1.8.7
az (1.8.7)

If a=0= and m 6 0 one obtains the Schwarzschild metric. In what

follows we will assume that 6 0.
When m 6 0 but a = 0 one obtains the Schwarzschild-de Sitter or the

Schwarzschild-anti de Sitter metric:
R2

2m
= @ — Mgtz
Os(A)ds ( 3 = )

1 2 2 42, ain2 2
3 R
(1.8.8)
The parameter m determines its mass
From now on we assumeana 6 0. When a < 0, we can replaceé by ' to

obtain a positive value of a, and therefore, to reduce the number of cases to be
considered, we will assume

a> 0: (1.8.9)
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With the same reasoning we require
m> 0;

for m < 0 a new positive value form is obtained by replacingr by r.
The determinant of (1.8.1) is

det(g) = —isinz( ) (1.8.10)

and the metric is manifestly Lorentzian at r = 0, which shows that (1.8.1) de-
nes a Lorentzian metric on any connected set on which the metic components
remain bounded, i.e., away from zeros of ., the \ring singularity" at =0,
and the trivial spherical coordinates singularity at 2 f0; g.

The inverse metric reads

2

g @@ = s a?+r2? asin’() . @

2 sa a+r? r @@+ @
2

f gy asin’() @+ —@: (1.8.11)

Note that

S
=
«Q

gttzgrrg g - - L i
det(g) rosin?()

and
sgn@" ) =sgn( r);

so eitherr or r is a time-function when |, < 0, andt or t is a time-function
when > 0andg > 0. In the region where@ is timelike,

f(a+ r?) a> sin’( )< 0g;

which is nonempty for sin( ) 6 0, the orbits of the Killing vector @ are closed
timelike curves.

The character of the principal orbits of the isometry group R U(1) is
determined by the sign of the determinant

Ot O _ r S 20y
det = sin : 1.8.12
& o — sin?( ) (1.8.12)
Therefore, for = 0 the orbits are either null or one-dimensional, while for 6 0
the orbits are timelike in the regions where > 0, spacelike where ; < 0
and null where | = 0; the last case is only well-de ned after the space-time
has been extended across the zeros of;, which then become Killing horizons.
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Existence of well-behaved spacelike hypersurfaces reqas
a2 > 3; (1.8.13)

which will be assumed in what follows.
The following identities are useful when studying the metrccs (1.8.1):

a2+ r2 sin?( )

¢ +asin’()g = 5 ;
2
o + asinz( Yo = len();
a rsin’( )

ag + r?+a’ g

ag + r’+a gn = —;

as well as
sin?
Oit g gtz = r74():
1.8.1 Asymptotic behavior

The K(A)dS metrics possess a boundary at in nitya la Penrose: Recall that
a space-time M;g) admits a conformal boundary at in nity | if there exists
a space-time with non-empty boundary (M; &) such that

1. M is the interior of M and|l = @&, thus M =M [ | ;

2. there exists 2 C! (M) such that (a) ¢
and (c) =0and d 60onl .

2gonM, (b) >0onM,

This applies to K(A)dS by choosing

p
=  y2; wherey :=

Then

3 1+ a%y?cod( )

3%y*+y?(a> 3+ +6 my?
. 382 y*sin’() 3a¥y*+y? a? 3+ +6 my3CIt2
3 2(1+ a?y2co())

a? y? a’y?+1 cod( )+ a? y?+ +6 myd

¢ = °g=yg= dy”

- 2 I

2asin“( ) 3 2(1+ a?y?co( )) e
eanzy A YAtalylcod() 3 ay?+1  emy
sin“( )
3 2(1+ a?y2co( ))
!
2 16 my3+3y? +3 °y?
a my3 +3y .2+1+ay0052()d2:(1.8.14)

3 2(1+ a?y2co())



1.8. THE KERR-DE SITTER/KERR-ANTI-DE SITTER METRIC 93

All the metric coe cients can now be analytically extended across, and to a
neighborhood of, the setl := fy =0g. At y =0 we have

lim y?g = Eoly2
yl' 0

2
ML L OEN 5 4t asin’()d
which is manifestly Lorentzian there, and hence in neighbdnood offy = 0g.
. Riemannian; for > O;

As g on @7 is Lorentzian; for < O,

spacelike if > 0;
timelike; if < O.

In [47, p.102] it is emphasized that the K(A)dS metrics areasymptotically
(A)dS, in the sense that the metrics approach the (A)dS metric asr goes to
in nity. This can be immediately inferred from (1.8.15), wh ere it is seen that
the metric at y = 0 does not depend uponm, and hence coincides there with the
corresponding conformal rescaling of the (A)dS metric. An &plicit construction
proceeds through the Kerr-Schild coordinates: Following %, 138], we use the
transformation

2, g2, (1815

the conformal boundary | is

d = 1dt+ —ZTr dr;
1 5
, a 2mr a
d = 4 dtr o (1.8.16)
to obtain
2mr
Okayds = Gays + —5-(k dx )?; (1.8.17)
with
1 % 2 2
gads = d 2+ - dr?+ —d ?
1 5 (r2+a?)
2 1 A2) cin2
LA a)sini) g 2, (1.8.18)
2 2
kKdx = —d + ar 2SO0y

1 % (r2+ a?)

The metric ga)gs is the (A)dS metric in unusual coordinates, which can be
veri ed by using the coordinate transformation [47, 138]

r2  +a’sin’()

R? = : (1.8.19)
R2si?() = & g ) (1.8.20)
T = (1.8.21)

- (1.8.22)
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between (1.8.18) and the (A)dS metric in static coordinates(1.8.6). The vector
eld k is null for both g and gia)4s , as seen by a direct calculation, and tangent
to a null geodesic congruence, as noted in [138].



Chapter 2

Emparan-Reall \black rings"

An interesting class of black hole solutions of the 4 + 1 dimesional stationary
vacuum Einstein equations has been found by Emparan and Reld113] (see also
[68,112,114] and references therein for further studies ahe Emparan-Reall
metrics). The metrics are asymptotically Minkowskian in spacelike directions,
with an ergosurface and an event horizon havings!  S? cross-sections. (The
\ring" terminology refers to the S? factor in S  S2.) Our presentation is an
expanded version of [113], with a somewhat di erent labelingof the contants
appearing in the metric; furthermore, the gravitational coupling constant G
from that reference has been set to one here.

While the mathematical interest of the black ring solutions is clear, their
physical relevance is much less so, because of numerical @gastice for their in-
stability [110, 111, 119, 154].

The starting point of the analysis is the following metric:

r
FOO gy P

F(y) . F A
F () Gy, 2
Ax ye ) =) Y Ew®
dx>  G(X) ., .
+F(y) Gu)+E65d ; (2.0.1)

whereA> 0, , and g are constants, and

F()=1 —; (2.0.2)
F
G()= ° Z+1= (2 2 ) (2.0.3)

One can check, e.g. using thMathematica packagexAct [203], that (2.0.1)
solves the vacuuFm_ Einstein equationg. The constant is chosen to satisfy
0< < =2=3 3. The upper bound is determined by the requirement that

' am grateful to R. Emparan and H. Reall for allowing me to repr oduce their gures.
2| wish to thank Alfonso Garca-Parrado and Joe Maria Mart n-Garca for carrying out
the xAct calculation.
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Figure 2.0.1: Representative plots ofF and G.

the three roots ; < , < 3 of G are distinct and real. Note that G(0) =1 so
that ;< 0. Further G°=3 2 2 > 0for < 0, which implies that , > 0.
Hence,

1<0< 2< 3

We will assume that®
2< F< 3.
a de nite choice of g consistent with this hypothesis will be made shortly. See
Figure 2.0.1 for representative plots.
Requiring that
1 X 2 (204)

guaranteesG(x) 0 and F(x) > 0. On the other hand, both G(y) and F (y)
will be allowed to change sign, as we will be working in the rages

y2(1 ; 4[ (r:1): (2.0.5)
Incidentally: Explicit formulae for the roots of G can be found, which are not
particularly enlightening. For example, for one of the roots reads
q
i ¢ p—
v 201 here = ° 1082+8+12°3 272 4.
6 3 3
and a proper understanding of the various roots appearing in this quation also
gives all solutions for O < . Alternatively, in this last range of  the roots
belong to the setf (z + 3)Zg2_,, with
h 2 i

1 27
Zx = COS 3 arccos 1 —5 +2k

Performing a ne transformations of the coordinates, one can always achieve
1= 1, 2=1;

but we will not impose these conditions in the calculations hat follow.

8According to [113], the choice ¢ = » corresponds to the ve-dimensional rotating black
hole of [218], with one angular momentum parameter set to zero.
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21 x2f 1; o0

There is a potential singularity of the G 1(x)dx? + G(x)F 1(x)d' 2 terms in
the metric at x = 1, which can be handled as follows: consider, rst, a metric

of the form
dx?

h = +(x  xo)f (x)d' 2; f(x) > O: (2.1.1)
X  Xp
Introducing D
~=2 X X0, = = (212)
one obtains
2f -2
XO + T
h=d-?+ 2 ~2d-? (2.1.3)

This de nes a metric which smoothly extends through ~= 0 (when f is smooth)
if and only if > is periodically identi ed with period, say, 2 , and
2

= p—": (2.1.4)
f (o)
Remark 2.1.1 In order to show that (2.1.4) implies regularity, set x! = ~cos'~
x2 = ~sin'~ we then have
2f xo+ 3 f(xo)
h = 24 2q24 4 242
i~ 2 Eea
ab dxadxP ap dxadxP d-2
2f xo+ 3 f(xo)
= pdx®dxP + : adx2dx®  ~ 2x2xPdx®dx® :
As f is smooth, there exists a smooth functions such that
2 2
f Xo+ 7 f (o) _ ~ZS(~2).
4 1
so that h i
h= 1+s(-9)~? a S(-?)x®x" dx®dx®; (2.1.5)

which is manifestly smooth. This shows su ciency of (2.1.4).

To show that (2.1.4) is necessary, note that from (2.1.3) we havgD ~j; =
This implies that the integral curves of D ~are geodesics starting af ~= 0g. When
f ~=0gis a regular center one can run backwards a calculation in the spirit othe
one that led to (2.1.5), using normal coordinates centered at = 0 as a starting
point, to conclude that the unit vectors orthogonal to the vector @ take the form

(D@, where (92-2! | ¢ 1, and with @ having periodic orbits with period
2 . Comparing with (2.1.3), (2.1.4) readily follows. 2

In order to apply the above analysis to the last line of (2.0.) at xo = 1 we
have
2
dx N G(x) q 2=

G(x) F(x)
_ 1 dx? N Ze(x (X 23X 3)2d' 2
(x 2(x 3 x 1 FoX
_ 1 d~2 + 22 F(X 2)2(X 3)2 ~2d-~2 : (216)

(X 2)(x 3) 4(F  Xx)
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so that (2.1.4) becomes

- A : 2.1.7)
"F(2 (3 1) o

For further purposes it is convenient to rewrite (2.1.6) as

dx? . G(X) , » _
G(x) F(x) "~ H(x)

d~*+ 1+ s(-?)~? ~?d-? ; (2.1.8)

for a smooth function s with, of course,

H()= ( 20 3): (2.1.9)
When g > , one can repeat this analysis atx = », obtaining instead
p
- p 2 F 2 : (2.1.10)

"F(2 (3 2

Since the left-hand sides of (2.1.7) and (2.1.10) are equaso must be the right-
hand sides; their equality determines ¢:
12 3°
= —° = 2.1.11

FE 2.1, ( )
(Elementary algebra shows that , < g < 3, as desired.) It should be clear
that with this choice of ¢, fory 6 i, the (x;' }{part of the metric (2.0.1)
is a smooth (in fact, analytic) metric on S?, with the coordinate x being the
equivalent of the usual polar coordinate on S?, except possibly at those points
where the overall conformal factor vanishes or acquires zes, which will be
analysed shortly. Anticipating, the set obtained by varyingx and' and keeping
y = 1 will be viewed asS? with the north pole x = 1 removed.

2.2 Signature

The calculation of the determinant of (2.0.1) reduces to tha of a two-by-two
determinant in the (t; ) variables, which equals

F2(x)G(y)

; 2.2.1
AZx YPF () @21
leading to , A
_ Fx)F(y) |
detg= AB(X y)E (2.2.2)
so the signature is either ( ++ ++) or ( + +), except perhaps at the

singular points x = vy, or F(x) = 0 (which does not happen when ¢ > »,
compare (2.0.4)), orF(y) =0.

Now, F(x) > 0, G(x) > 0 (away from the axesx 2 f 1; »Q) thus, by
inspection of (2.0.1), the signature is

sign( F(y));sign( G(y));sign( F(y)G(y));+;+ (2.2.3)
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An examination of the four possible cases shows that a Loreatan signature is
obtained except if F(y) > 0 and G(y) > 0, which occurs fory 2 ( 1; 2). Soy's
in this last range will not be of interest to us.

We start by considering

y ooa; (2.2.4)
which leads toF (y) > 0 and G(y) O.

23 y= 1

Note that G( 1) vanishes; however, it should be clear from what has been shi

that ( a2y G%d 2) is a smooth Riemannian metric if ( 1; ) are related to
a new racral varlable ~and a new angular variable' ~by

p
r=20 1 y2RT = 0%

with  given by (2.1.10) and'”~being 2 -periodic. Analogously to (2.1.8), we
thus have

2
dy”  GWMy2 - 1 e, 1+ s(A2)A2 g2 . (2.31)

G(y) F(y) H (y)

Note that the remaining terms in (2.0.1) involving d are also well behaved:
indeed, if we setx® =/ cos'A 2 = A sin'A, then

N2

— _ dn= _(aldge2 2401y -
(1 Wd = —-d*= 2(&'dR* R,

which is again manifestly smooth.

2.4 Asymptotic atness

We turn our attention now to the singularity x = y. Given our ranges of
coordinates, this only occurs forx = y = 1. So, at this stage, the coordinate
t parameterisesR, the coordinates {/; ) are (related to polar) coordinates on
R?, the coordinates (x;' ) are coordinates onS?. If we think of x = 1 as being
the north pole of S?, and we denote it by N, then g is an analytic metric on

@ (B 8 )nfog f Ng
t y, o, AN X, -

Before passing to a detailed analysis of the metric fox and y close to 1,
it is encouraging to examine the leading order behavior of te last two lines in
(2.0.1). Recall that (2.1.2) with X = 1 givesx = 1+ ~2=4, and using (2.1.8)
we rewrite the last line of (2.0.1), for small ~

F(y)? dx* | G(X) 2 F( 1) 2

~ 242
Ax y)? GO T F(X) APH( (X y)2 d
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Similarly, with y = 1 72=4, and with ~ small, the second line of (2.0.1) reads,
keeping in mind (2.3.1),

FOOF(y) dy? L G o2 F(1)? 42 4 A2gn2
A2(x y)2 G(y) F(y) AZH( 1)(x y)?

Sincex y = (~?+ ~2)=4, adding one obtains

16F ( 1)° 1

AR(y  (Zear 07 TS ATy
1

Up to an overall constant factor, this is a at metric on R4, to which a Kelvin
inversion % 7! %5%j° has been applied, rewritten using polar coordinates in
two orthogonal planes.

We pass now to a complete analysis. Near the singular sé&® f 0Og f Ng,
Emparan and Reall replace (~") by new radial variables (r: V) de ned as

~ N

B2

F= - B(~2+’\2);

(2.4.1)

where B is a constant which will be determined shortly. This is inverted as

[ fn
L L 2.4.2
B(F2+42)’ B(F2+42) ( )
It is convenient to set p
r= r+42:
We note
r\Z
= + — = + — = — = —
X2 am T 1T gy YT 1 Tt ggpa
1
X YT e

This last equation shows thatx y! 0 corresponds tor ! 1
Inserting (2.1.8) and (2.3.1) into (2.0.1) we obtain

r__
FOO gy 2 ¥y °

Fy) U FA,

F(y)
A2(x  y)2H (x)H (y)

F(x)H (x) dn? + 1+ S(AZ)AZ)AZd-AZ
#
+F(Y)H(y) d¥+(1+ s(-»)~?)~Fd~* (2.4.3)

The simplest terms arise from the rst line above:

F 1 —F22—4 ' 1 2
4B ?r 24
dt+ ————r%dn
F 1+ e r 4AB 2r4
1 2
= 1 +O(r %) dt+ O(r Hp2dr :  (2.4.4)

4(r 1)B2r2
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In order to analyse the remaining terms, one needs to carefiyl keep track of all
potentially singular terms in the metric: in particular, on e needs to verify that
the decay of the metric to the at one is uniform with respect to directions,
making sure that no problems arise near the rotation axes = 0 and +=0. So
we write the 2 and the '~ terms from the last two lines of (2.4.3) as

F(y)
A2(x  y)2H(X)H (y)

grnd™? + god-? = FOOH (X) 1+ s("2)A2 "2

+EWH(Y) 1+ ()2 4d-?

s O o 1 e
+F(y)H(y) 1+0(r He? rPd-? : (2.4.5)
From
d~= % (*? Adr 2rdp ; dh= % (% P)dr 2rdE
one nds
T /LT N SR
- OBIEO EWH00 +AFWHG) FOHE)
_ —A(jﬁ():)F H(y()y) FOOH () + O 92 (2.4.6)
G = e LR RO )7 4R (R 0
- SBEY EHm) o 9 247
g = el EO e AFQHO) FRR
= O(r Hfe (2.4.8)

It is clearly convenient to chooseB so that
(4B)°F?( 1) _

A
and with this choice (2.4.4)-(2.4.8) give
2
g = 1+0(r 2 dt+ O(r Hr?dr + O(r * rdrrdp

+ 1+0(r 9 drP+12d™ + O(r Yptdn?

+ 1+0(r 3 def++%d-? +O(r Hrtd-2A: (2.4.9)



102 CHAPTER 2. EMPARAN-REALL \BLACK RINGS"

To obtain a manifestly asymptotically at form one sets

2

pl=%cos” ¢?=4%sin'» ' =+cos'~ ¥ =+sin's

then
rdp = ,yldyl + ,y2d92 : f‘zd'/\ - ,yldX)Z 92d91 :
rdF= yldy! + y2dy?; PPd~=y'dy?  yrdyt

Introducing (x ) = (t; $1: 92 v ), (2.4.9) gives indeed an asymptotically at
metric:

g= +O(r ?) dx dx :
25 y!1
In order to understand the geometry wheny ! 1 | one replacesy by
Y= 1l=y:

Surprisingly, the metric can be analytically extended acrssf Y = 0gto negative
Y : indeed, we have
2 r

dt 1y
= FX) =—=+2 — dtd
9 ) - AF )

1 (1 y)?. Gy ) F(y)y*
R Ty Ty T Rk e
FAy) ¢ | G, 5

Ax y?2 GR) T EX)

p : yl'l
2 1+2X 1 E 1
F(x) 2— " dtd d 2+
() 2— , A2 AZ ¢

dy?

dy?

1 dx? G(x)d,z

+AZ E G + F(x) (2.5.1)

Calculating directly, or using (2.2.2) and the transformation law for detg, one
has

F200F4(y)y* | F2(x) |
ARx y)E Y AR

which shows that the metric remains non-degenerate up td Y = 0g. Further,
one checks that all functions in (2.5.1) extend analyticaly to small negative Y ;

e.g.

detg= (2.5.2)

FX)_ r x_ (F XY
F(y) FoY Y p+1

@@ = gt = (2.5.3)

etc.
To take advantage of the work done so far, in the regionY < 0 we replace
Y by a new coordinate
z= Y 1>0;
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obtaining a metric which has the same form as (2.0.1):

r— 2
_ FX) 1z
F(2) dz2  G(2), ,
Axx g2 c@,’ F)®

0 | G(x) 2
G(x) F(x)

+F(2) (2.5.4)
By continuity, or by (2.2.3), the signature remains Lorentzian, and (taking into
account our previous analysis of the zeros of5(x)) the metric is manifestly
regular in the range

3<z< 1: (2.5.5)

2.6 Ergoregion

Note that the \stationary" Killing vector
X = @;

which was timelike in the region Y > 0, is now spacelike in view of (2.5.3).
In analogy with the Kerr solution, the part of the region where X is spacelike
which lies outside of the black hole is called arergoregion (The fact that
f x <z < gglies outside of the black hole region will be justi ed shortly.)

Sinceg(X; X ) = 0 on the hypersurfacefY = 0g, this hypersurface is part
of the boundary of the ergoregion, and the question arises wdther or not this
is a Killing horizon. Recall that, by de nition, a Killing ve ctor X is normal to
its Killing horizon; in other words, it is orthogonal to every vector tangent to
the Killing horizon (compare Appendix A.22). But, from (2.5 .4) we nd

"TEO(L 2)

U@ @) = A @
_ R ) F
F A(r 2

"R+ Y Y ¢

r_F ACe+Y 1) ;
_ ~ F(1Y +1) | ~ F(x) F.
B F A(eY+1) V0 A

Since@ is tangent to fY = 0g, and since this last expression is not identically
zero, we conclude that@ is not normal to fY = 0g. HencefY = 0g is not

a Killing horizons. Now, the part of the boundary of an ergoregion which lies
outside the black hole is calledan ergosurface In the current case its topology
is S S?: the factor St corresponds to the rotations generated by , and the
factor S? corresponding to the spheres coordinatized bk and ' . Note that

in the Kerr solution the ergosurface \touches" the event hoizon at the axis of
rotation, while here the event horizon and the ergosurface i@ separated by an
open set.
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2.7 Black ring

The metric (2.5.4) has a problem atz = 3 becauseG( 3) = 0. We have already
shown how to solve that in regions wherd= was positive, but now F(z) < 0 so
the previous analysis does not apply. Instead we replace by a new (periodic)
coordinate de ned as
d =d P F@ gz 271

= + —s@ dz: (2.7.2)
However, this coordinate transformation wreaks havoc in tke rst line of (2.7.5).
This is xed if we replace t with a new coordinate v:

dv=dte | — P alQNTY 2.7.2
Incidentally: The integrals above can be evaluated explicitly; for example, in
(2.7.2) we have
z P z F P 3 F
dz = In(z + H(2); 2.7.3
C 2z 9 s o "7 IR 273)
whereH is an analytic function dened in ( ;1 ):
" S !
H(z) = 2 P F 2 arctan z_F P 3 fln pz ,:+p 3
F 2
(2.7.4)
2
In the (v;X;z; ; ){coordinates the metric takes the form
r— 2
F(x) z
ds? = — d — d
> Fo . ¢ A
P S F(x) G(z2)d 2+2p F(z)d dz
A2(x 2)?
X #
dx G(x)
+E(2)? + g2 2.75
(2) a0 T F (2.7.5)

This is regular at
E:=fz= 30;
and the metric can be analytically continued into the region g <z 3. One

can check directly from (2.7.5) that g(r z;r z) vanishes at E. However, it is
simplest to use (2.5.4) to obtain

A%(x  2)%°G(2)

FF (@) (2.7.6)

o(r z;r z) = ¢g** =

in the regionfz > 3@, and to invoke analyticity to conclude that this equation
remains valid onfz > gg. Equation (2.7.6) shows thatE is a null hypersurface,
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with z being a time function on fz < 3g, which is contained in a black hole
region by the usual arguments (compare the paragraph aroundl1.6.21)).

We wish to show that fz = 3g is the event horizon: this will follow if
we show that there is no event horizon enclosing the regioz < 3. For this,
consider the \area function”, de ned as the determinant, say W, of the matrix

a(Ki; Kj);

where theK's, i = 1;2; 3, are the Killing vectors equal to @, @, and @ in the
asymptotically at region. In the original coordinates of ( 2.0.1) this equals

F)GKX)F (Y)G(Y) .
Atx oyt

(2.7.7)

with an identical expression wherez replacesy in the coordinates of (2.5.4).
By analyticity, or a direct calculation, this formula is not a ected by the intro-
duction of the coordinates of (2.7.5). Now,

F(y)G(y)=—F(F vy 9y 20y 3);

and, in view of the range (2.0.4) of the variablex, the sign of (2.7.7) depends
only upon the values ofy and z. SinceF (y)G(y) behaves as y* for large
y, W is negative both fory < 1 and for z > 3. Hence, at each pointp of
those two regions the set of vectors inT,M spanned by the Killing vectors is
timelike. So, suppose for contradiction, that the event hoizon H intersects the
regionfy 2 [1 ; 1)[ z2 ( 3;1]9. SinceH is a null hypersurface invariant
under isometries, every Killing vector is tangent toH . However, at each point
at which W is negative there exists a linear combination of the Killingvectors
which is timelike. This gives a contradiction because no tinelike vector can be
tangent to a null hypersurface.

We conclude thatfz = 3g forms indeed the event horizon, with topology
R S! S2: this is a \black ring".

2.8 Some further properties

It follows from (2.7.5) that the Killing vector eld

e, A"F @_e@ A% @

:@V+ (3 1@ @t " (3 1@

is light-like at E, which is therefore aKilling horizon. Equation (2.8.1) shows
that the horizon is \rotating", with angular velocity

p_— _
= A F :ApnF(Z 1)
(3 1~ 2" F 1
recall that has been de ned in (2.1.10). More precisely, in the coordini

system (v; ;z;x;' ) the generators of the horizon are the curves

(2.8.1)

: (2.8.2)

s7! (v+s; + ES; 3;X"):
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We wish, next, to calculate the surface gravity of the Killing horizon E. For
this we start by noting that

[ = g dngvdxr+ eg dx
F(x) z 1 z

) = T A Y TR
1 P——
+ m eF(X) r G(z2)d + F(z)dz
FO(s 2 4 2z a1y
F@(s3 1) F A
+ﬁ eF(X) G(2)d +p F(z)dz

F(x)° F(3)
Jz= A2(x  3)?
r— 2 2 2
i _ F(x) z 1 F(x)G(z)
R R A 22
F(X)( 3 2)? 2 2F(x)G(2) .
F(2)( s 1)° A%(x z2)? '’

2 2
Ao Vi s = zpe s

Comparing (2.8.3) with (2.8.4) we conclude that

_ G _ AP - (s 2).
2" "F(a) 2 "5 f
Since 6 0, one can further extend the space-time obtained so far to ne
which contains a bifurcate Killing horizon, and a white hole region; we present
the construction in Section 2.9 below. The global structureof the resulting
space-time resembles somewhat that of the Kruskal-Szekeseextension of the
Schwarzschild solution.
The plotof p and (as well as some other quantities of geometric interest)
in terms of can be found in Figure 2.8.1.
It is essential to understand the nature of the orbits of the sometry group,
e.g. to make sure that the domain of outer communications does notontain
any closed timelike curves. We have:

dz; (2.8.3)

GY 3)dz= 2 [: (2.8.4)

(2.8.5)

The Killing vector @ is timelike i

F(y)>00 y< F;
The Killing vector @ is always spacelike;
From (2.0.1) we have

(@ @)= 5 L)

A2(x  Y)2(F )

l(F Wiz s y) (1 X y)z}: (2.8.6)
Z

()
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Figure 2.8.1: Plots, as functions of at xed total mass m, of the radius of
curvature R; at x = , of the St factor of the horizon, the curvature radius R,
at x = 4, total area A of the ring, surface gravity , and angular velocity at
the horizon . All guantities are rendered dimensionless by dividing by &
appropriate power of m. Figure from [113].

For y < 1 we can write
> X 2.
(P (2eA 39> (0 N Y
xy) >(1y) >y
which leads tog 0. Similarly, for y > 3,
< X 2.
Fy—{Z—F? Fy_{z_zg fy_{z _32 (1 X Yy
y x) <y 1) < x)

so that @ is spacelike or vanishing throughout the domain of outer com
munications.

The metric induced on the level sets oft has the form
gydy?+ g d %2+ gudx®+ g d 2: (2.8.7)

We have just seen thatg is non-negative, andgyx and g also are for
x in the range (2.0.4). Further

o= FOF _  FK VD) |
YTOOA(x y)2G(y)  A%2(x v)2Ee (Y Oy 20y 3’

an expression which is again non-negative in the ranges of terest. It
follows that the hypersurfacesft = constg are spacelike.

The main topological features of the manifoldM constructed so far are

summarised in Figure 2.8.3, see also Figure 2.8.2. One thusds
h [

M=R R* & NPy
Zio

where0 is the origin of R?, and N is the north pole of S?, with the rst R
factor corresponding to time. The point i® which has been removed from
the R? S? factor can be thought of as representing \spatial in nity".
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y= 1

x =const

Figure 2.8.2: Coordinate system for black ring metrics, from [112]. The diagram
sketches a section at constant and ' . Surfaces of constanty are ring-shaped, whilex
is a polar coordinate onS?. Innity liesat x=y= 1.

Incidentally: The metric h induced on the sections of the horizoriv = const ; z =

30 can be obtained from (2.8.7) by rst neglecting the dy? terms, and then passing
to the limit y! 3. (By general arguments, or by a direct calculation from (2.7.5),
this coincides with the metric of the sectionsfv = constg of the event horizonE.)

One nds

2 (r X3 1)2d.,\2+ F2( 3) dx? . 2G(x) 42

"SRG o) AZ(x 52 G(X)  F(X)
so that (recall (2.1.10))
pm: 212205 g)3F2(53 0 ) _ 43 B)*¥2( e 1) 1 .
EAS(X  3)? A3 32 3(3 1)%2(2 1?2 (x 3)?

By integrationin x 2 ( 1; 2) and in the angular variables'~" 2 (0;2 ) one obtains
the area of the sections of the event horizon:

16 2 (3 )¢ 1)

A3 32 (3 (2 13 1)? : (288)

A =

2

If = then the black ring and the black hole degenerate to the same
solution with o = g = 3. Thisis the = a2 limit of the ve-dimensional
rotating black hole, for which the horizon disappears, and $ replaced by a naked
singularity.

The massm and the angular momentumJ can be calculated using Komar
integrals:

_ 3 F 1 .
M= 2az 202 (s 1) (289)
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X
6
z= g | event horizon y = 1 (rotation axis)
? ”
North pole x = » |
|
1 y
|
z!'1l
|
|
|
|
|
I
|
South polex = 3 |
6 b\
o0
ergosurface '

Figure 2.8.3: Space sections of the Emparan-Reall black hed, with the angular
variables' and suppressed. Thex variable runs along the vertical axis, they
variable runs along the horizontal axis to the right of the ergosurface, while the
z coordinate is used horizontally to the left of the ergosurfae. i° is the point
at in nity.

J= (2.8.10)

s 0F

Thus, m and J are rather complicated functions of the independent paramters
A and inview of (2.1.11).

Recall that the spin of the Myers-Perry ve-dimensional black holes is
bounded from above [218]:

J? 32
— < = 8.
R (2.8.11)
The corresponding ratio for the solutions here is
2 2 3
>3 (s 1) (2.8.12)

m3T 27 23 1 2% 2 1):

These ratios are plotted as a function of in Figure 2.8.4. Rather surprisingly,
this ratio is bounded from below:

J2 32
— > U —. .O.
3 0 843727 (2.8.13)
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0 0:2164

Figure 2.8.4: (27=32)J2=m? as a function of . The solid line corresponds to
the Emparan-Reall solutions, the dashed line to the Myers-Rrry black holes.
The two dotted lines delimit the values for which both solutions with the same
mass and spin exist. From [113].

For 0:2164 < < , there are two black ring solutions with the same
values ofm and J (but dierent A). Moreover, these satisfy the bound (2.8.11)
so there is also a black hole with the same values ah and J. This implies
that the uniqueness theorems valid in four dimensions do nothave a simple
generalisation to ve dimensions, compare [156].

Some algebra shows that the quantitiesm;J; y; and A satisfy a Smarr
relation

NI w

A
&t ond (2.8.14)

2.9 A Kruskal-Szekeres type extension

So far we have seen how to construct an Eddington-Finkelstei type extension
of the ER metric (2.0.1) across a Killing horizon. We will denote by (M [ ;0)
that extension. We will denote by (M ; g) the subset of (M [ ;Q) exterior to
the Killing horizon, see Figure 2.9.1, p. 114.

To construct a Kruskal-Szekeres type extension we follow [[] and consider,
rst, the form of the metric (2.5.4) with the coordinate z in the range z 2
( 351 ). There we de ne new coordinatesw; Vv by the formulae

: bdz _ _ bdz _
dv=dt+ Z 9z o dw = dt Z 22 o (2.9.1)

whereband ( are constants to be chosen shortly. Similarly to the constrgtion
of the extension of the Kerr metric in [35, 45], we de ne a new agular coordinate
N

by:

d*=d adt; (2.9.2)



2.9. A KRUSKAL-SZEKERES TYPE EXTENSION 111

where a is a constant to be chosen later. Let
r

= — —_— (293)

Using (2.9.1){(2.9.2), we obtain

dt = 1(dv+ dw); (2.9.4)

dz= 22 Dy gw); d =d e adve dw);  (2.9.5)

— &
=:H(z2)=2
which leads to
_ _ F(X) 2 F(X)F(z) a?G(z) , H?(2)
Ow = Oww = 2F (2) l+a (1 2 4A2(X 2)2 F ) + 6 :
, , (2.9.6)
_ F(X 2 F(X)F(z) aG(z) HY(z) .
Ow = 2F (2) l1+a (1 2) W2 22 F@) o) (2.9.7)
g7 = Gy = 2FF(Z(Z)) (1 2)1+a (1 2) %; (2.9.8)
_ F(X) » 2> F(X)G(2) .
= Fo (1 2 A2(x 27 (2.9.9)
The Jacobian of the coordinate transformation is
aw,v; *x;' ) __@v_ 2b

@atz; ;x;' ) “laer z 2z 3

In the original coordinates (t;z; ;x;' ) the determinant of g was

F2(x)F4(z
det(giz; x; ) = 7A8((X) Z()S); (2.9.10)
so that in the new coordinates it reads
_ F2OFY2)(z )%z 3)?.

This last expression is negative on (g;1 ) nf 3g, and has a second order zero
at z= 3. In order to remove this degeneracy one introduces

¢=exp(cv); W= exp( cw); (2.9.12)
where ¢ is some constant to be chosen. Hence we have

d¢=cdv; dw= ohdw; (2.9.13)

and the determinant in the coordinates (;¢; *x;' ) reads

_ FOF'(2)(z 2%z 3)*.
det(Gm;o: 5 )) = AABEZ(x z)82c4<>2w2 :

(2.9.14)
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But one hasvwW? = exp(2c(v w)), so that
exp 4(:bZ 1 dz
(z 2z 3)

4cb
2)

022

exp ———(n(z 3) In(z ) : (2.9.15)

(s

Taking into account (2.9.15), and the determinant (2.9.14), we choose the con-
stant c to satisfy:

_xb g, (2.9.16)
(3 2)
We obtain
ow= 3. (2.9.17)
z 2
and

F2)F*2)(z  2)*.
4A82(x  z)8c*

With this choice, the determinant of g in the (#;¢; *x;' ) coordinates extends
to a strictly negative analytic functionon fz 2 ( ;1 )g. Infact, zis an analytic
function of 9w on fYW 6 1g (that last set correspondstoz=1, Y =0,

we will return to this shortly):

det(g(w;v; A )) = (2.9.18)

_ 3t 0

v (2.9.19)

In the (W; ¥, ’;\x;‘ ) coordinates, one obtains the coe cients of the metric from
(2.9.13) using

G0 = @zOw: Omw = g2z Ouw
Go = zoaGwi G = G000 Gan T went  (29.20)

In order to show that the coe cients of the metric are analyti ¢ on the set

n 0 n 0
WOjzOW) > = wi0j] 1<ow< > F (2.9.21)
F 2

it is convenient to write

_ 1 2. . _ 1 2 .
Ooe = mw Ow: Oww = mo Oww ;

1 1 1
Oow = mng ; gOA = ng\IA; %I\ = Wogw/\ : (2.9.22)
Hence, to make sure that all the coe cients of metric are well behaved at
fW; 02 Rjz= 3g(i.e. $ =0o0r W =0), it suces to check that there is a
multiplicative factor (z  3)? in gw = Gww, as well as a multiplicative factor
(z 3)in gw andin g, = g, Inview of (2.9.6){(2.9.9), one can see that
this will be the case if , rst, aischosensothatl+a (1 2z)=a (3 2),

that is 1
az= ———; (2.9.23)
(3 1)
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and then, if g and b and chosen such that

_ @ g(s3 (s 2 (3 0)? .
0 = 3 F * b2(3 (3 2)° (2.924)

With the choice o= », (2.9.24) will hold if we set

¥ = (s ®) . 2.9.25

22 p(3  1)? ( )

So far we have been focussing on the region 2 ( ;1 ), which overlaps

only with part of the manifold \ fz 2 (3,1 ][ [1 ; 1]g". A well behaved

coordinate on that last region isY = 1=z. This allows one to go smoothly

through Y =0 in (2.9.17):
1+ 3Y 1+
Y = _ 2.9.2

1+ LY 0 3+ 0w ( 9 6)

In other words, YW extends analytically to the region of interest, 0 Y 1=,

(and in fact beyond, but this is irrelevant to us). Similarly, the determinant

det(g(w;o; A )) extends analytically acrossY = 0, being the ratio of two poly-

nomials of order eight in z (equivalently, in Y), with limit

F2(x) .

detl@moi ) 2 Zrepa T

W =

(2.9.27)

We conclude that the construction so far produces an analyt Lorentzian metric
on the set
n 3 1 3 F 0
= W0 M < STRS (2.9.28)
2 1 F 2 '

N

Here a subscript onSK points to the names of the corresponding local variables.

The map

(W0 0% )7 (W e X ) (2.9.29)
is an orientation-preserving analytic isometry of the anaytically extended met-
ric on " It follows that the manifold

va

obtained by gluing together “and two isometric copies of (M,;g) can be
equipped with the obvious Lorentzian metric, denoted by, which is further-
more analytic. The second copy of i ;g) will be denoted by (M y ;g); com-
pare Figure 2.9.1. The reader should keep in mind the polar dracter of the
coordinates around the relevant axes of rotation, and the spcial character of
the \point at in nity" z= ;= Xx.

2.10 Global structure

Our discussion of the global structure of (P; ) follows closely [71].
The reader is referred to [71] for a rather involved proof of gpbal hyperbol-

icity of MP.
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M

Figure 2.9.1: MP with its various subsets. For example,M [y is the union of
M, and of M |, and of that part of fz = 3gwhich lies in the intersection of their
closures; this is the manifold constructed in [113]. Very raghly speaking, the
various | 's correspond tox = z = 1. It should be stressed that this is neither
aconformal diagram, nor is the space-time a product of the gure timesS? St:
M cannot be the product of the depicted diamond withS? S?, as this product
is not simply connected, whileM | is. But the diagram represents accurately
the causal relations between the variouM y 's, as well as the geometry near the
bifurcate horizon z = ¢, as the manifold does havea product structure there.

2.10.1 The event horizon has S? S! R topology

The analysis in Section 2.9 shows that the set
E=fz= 39

is a bifurcate Killing horizon. In this section we wish to show that a subset of
E is actually a black-hole event horizon, withS? S! R topology.
Now,
A’(x  2)°G(2)
F(x)F(2)

g(r z;r z) = ¢g** = (2.10.2)
in the region fz > 30, and by analyticity this equation remains valid on fz >
rg. Equation (2.10.1) shows that E is a null hypersurface, with z being a
time function on f <z < 3g. The usual choice of time orientation implies
that z is strictly decreasing along future directed causal curvesn the region
f¢ > 0;w > 0g, and strictly increasing along such curves in the regionf¢ <
0;W < 0g. In particular no causal future directed curve can leave theregion
f¢ > 0;wW > 0g. Hence the space-time contains a black hole region.

However, it is not clear that E is the event horizonwithin the Emparan-Reall
space-time M [ ;0), because the actual event horizon could be enclosing the
region z < 3. To show that this is not the case, consider the \area functio”,
de ned as the determinant, say W, of the matrix

a(Ki;Kj);

where theK's, i = 1;2;3, are the Killing vectors equal to @, @, and @ in the
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asymptotically at region. In the coordinates of (2.5.4) this equals

F(X)G(X)F (2)G(2)
: 2.10.2
Ad(x z)4 (2.10.2)
Analyticity implies that this formula is valid throughout My , as well asMP.

Now,
F(z)G(z)=—F(,: zZ)(z 1)z 2z 3);

and, in view of the range of the variablex, the sign of (2.10.2) depends only
upon the values ofz. Since F(z)G(z) behaves as z %= for large z, W is
negative both forz < 1 and for z > 3. Hence, at each pointp of those two
regions the set of vectors inToM spanned by the Killing vectors is timelike.
So, suppose for contradiction, that the event horizonH intersects the region
fz2 (31]g[fz2[1 ; 1)g, here\z= 1 "should be understood asY =0,
as already mentioned in the introduction. SinceH is a null hypersurface
invariant under isometries, every Killing vector is tangernt to H . However,
at each point at which W is negative there exists a linear combination of the
Killing vectors which is timelike. This gives a contradiction because no timelike
vectors are tangent to a null hypersurface.

We conclude thatfz = 3gforms indeed the event horizon in the space-time
(M [ ;0), with topology R S! S2.

The argument just given also shows that the domain of outer conmunica-
tions within ( M ; g) coincides with (M ; Q).

Similarly, one nds that the domain of outer communications within ( MD; b),
or that within ( My ; g), associated with an asymptotic region lying in M ; g),
is (M ;g). The boundary of the d.o.c. in (MP; b) is a subset of the setf z = 3g,
which can be found by inspection of Figure 2.9.1.

2.10.2 Inextendibility at z = ¢, maximality

The obvious place where W; b) could be enlarged is atz = g. To show that
no extension is possible there, note that the Lorentzian legth of the Killing
vector @ satis es

F(x)

0@ @) = m! c<zt ¢ 1 (recall that F(x) 1 —5 > 0). (2.10.3)
Inextendibility of the space-time across the boundaryfz = gg follows from
this and from Theorem 1.4.2, p. 57.

An alternative way, demanding somewhat more work, of provirg that the
Emparan-Reall metric is C%{inextendible acrossfz = g, is to notice that
R R is unbounded along any curve along whicte approaches . This
has been pointed out to us by Harvey Reall (private communic#on), and has
been further veri ed by Alfonso Garcia-Parrado and Joe Mara Martn Garca
using the symbolic algebra package<Act [203]:

_ AT EG(F)’(x 21+ 0@z k).

R R (r 0%z )P

(2.10.4)
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(Note that the factor (x  z)* is strictly bounded away from zero forz! ¢.)
The following result is established in [71]:

Theorem 2.10.1 All maximally extended causal geodesics ich;g) are either
complete, or reach a singular boundarfz = ggin nite a ne time.

This, together with Proposition 1.4.3 gives:

Theorem 2.10.2 avb;g) is maximal within the class of C? Lorentzian mani-
folds.

2.10.3 Conformal in nity I

In this section we address the question of existence of confoal completions
at null in nity a la Penrose, for a class of higher dimensional stationary space-
times that includes the Emparan-Reall metrics; see the Appedix of [104]
and [102] for the 3 + 1 dimensional case.

We start by noting that any stationary asymptotically at sp ace-time which
is vacuum, or electro-vacuum, outside of a spatially compdcset is necessarily
asymptotically Schwarzschildian in the sense that there exists a coordinate
system in which the leading order terms of the metric have theSchwarzschild
form, with the error terms falling-o one power of r faster:

g=gn+O@r D) (2.10.5)

in space-time dimensionn + 1, where gy, is the Schwarzschild metric of mass
m, and the size of the decay of the error terms in (2.10.5) is meared in a
manifestly asymptotically Minkowskian coordinate system The proof of this
fact is outlined brie y in [23, Section 2]. In that last refer ence it is also shown
that the remainder term has a full asymptotic expansion in terms of inverse
powers ofr in dimension X +1, k 3, or in dimension 4 + 1 for static metrics.
Otherwise, the remainder is known to have an asymptotic expasion in terms
of inverse powers ofr and of Inr, and whether or not there will be non-trivial
logarithmic terms in the expansion is not known in general.

In higher dimensions, the question of existence of a conforah completion
at null in nity is straightforward: We start by writing the ( n + 1){dimensional
Minkowski metric as

= dt?+ dr?+ r?h; (2.10.6)

where h is the round unit metric on an (n  2)-dimensional sphere. Replacing
t by the standard retarded time u =t r, one is led to the following form of
the metric g:

g= du?® 2dudr+r?h+ O(r ™ P)dx dx ; (2.10.7)

ordinates for . Setting x = 1=r in (2.10.7) one obtains

9= 5 x?du? + 2dudx + h+ O(x" %dy dy ; (2.10.8)
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with correction terms in (2.10.8) which will extend smoothly to x = 0 in the
coordinate system § ) = (u;x;vA),_wh_ere the vA's are local coordinates on
S" 2. For example, a termO(r 2)dx'dx! in g will contribute a term

O(r 2)dr2= O(r ?)x “%dx?= x 2(0(1)dx?);

which is bounded up tox = 0 after a rescaling by x?. The remaining terms in
(2.10.8) are analyzed similarly.

In dimension 4 + 1, care has to be taken to make sure that the caection
terms do not a ect the signature of the metric so extended; in Hgher dimension
this is already apparent from (2.10.8).

So, to construct a conformal completion at null in nity for t he Emparan
Reall metric it su ces to verify that the determinant of the ¢ onformally rescaled
metric, when expressed in the coordinates described abovdpes not vanish at
x = 0. This is indeed the case, and can be seen by calculating théacobian of
the map

(tz; %" ) 70 (U vh);
the result can then be used to calculate the determinant of tle metric in the
new coordinates, making use of the formula for the determinat of the metric
in the original coordinates.

For a general stationary vacuum 4 + 1 dimensional metric one an always
transform to the coordinates, alluded to above, in which themetric is manifestly
Schwarzschildian in leading order. Instead of using =t r;x =1=r) one can
use coordinates (I ; X = 1=r), where up, is the corresponding null coordinateu
for the 4 +1 dimensional Schwarzschild metric. This will lead to a conformally
rescaled metric with the correct signature on the conformalboundary. Note,
however, that this transformation might introduce log term s in the metric, even
if there were none to start with; this is why we did not use this above.

In summary, whenever a stationary, vacuum, asymptotically at, ( n + 1){
dimensional metric, 46 n 3, has an asymptotic expansion in terms of inverse
powers ofr, one is led to a smoothl . This is the case for any such metric in
dimensions 3+1 or X+1, k 3. In the remaining dimensions one always has
a polyhomogeneous conformal completion at null in nity, with a conformally
rescaled metric which isC" 4 up-to-boundary. For the Emparan-Reall metric
there exists a completion which has no logarithmic terms, ad is thus C! up-
to-boundary.

2.10.4 Uniqueness and non-uniqueness of extensions

In Section 1.4.1 we have seen several examples of non-unigess of maximal
analytic extensions of an analytic space-time, which all aply here.

It turns out that a further example of non-unigueness, anal@gous to the
RP3 geon of Example 1.4.1, can be constructed for the black ringadution.
Indeed, let (M?;g) be our extension, as constructed above, of the domain of
outer communication (M | ; g) within the Emparan-Reall space-time (M [ ;9),
and let : MP! MP be dened as

v Y Y= (e N+ xe ) (2.10.9)
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By inspection of (2.9.6)-(2.9.8) and (2.9.20), the map is an isometry, and
clearly satis es the three conditions a), b) and c) spelled at on p. 56. Then

MP= is a maximal, orientable, time-orientable, analytic exte nsion of M distinct
from MP.

Further similar examples can be constructed using isometds which do not
preserve orientation, and/or time-orientation.

On the positive side, we have the following uniqueness resuflor our exten-
sion (MP; ) of the Emparan-Reall space-time M ;g), which follows immedi-
ately from Corollary 1.4.7 and from the properties of causalgeodesics ofl(/p; b)
spelled-out in Theorem 2.10.1:

Theorem 2.10.3 (Mb; b) is unigue within the class of simply connected analytic
extensions of(M | ; g) which have the property that all maximally extended causal
geodesics on whichR R is bounded are complete.

As usual, uniqueness here is understood up to isometry.

The examples presented in Section 1.4.1 show that the hypo#ses of The-
orem 2.10.3 are optimal.

It is natural to raise another uniqueness question, namely bthe singling-
out features of the Emparan-Reall metric amongst all ve-dimensional vacuum
stationary black-hole space-times? Partial answers to ths can be found in the
work of Hollands and Yazadjiev [155, 157].

2.10.5 Other coordinate systems

An alternative convenient form of the Emparan-Reall metric has been given in
[114]:

R?F(x) dx* dy*  G(x) ., G(y)

= d —22d ?
x y2 GX) Gy FX"  F)

F(y) CR1+y), 2

60 o d (2.10.10)
where

F(z)=1+ z; G(2=(Q1 Zz5)@+ z); C= (l+l X );
with 5
= m, 0< < 1:

If we denote by £ 2; ¢; A ‘g the original coordinates of (2.0.1), then we
have the relation

t_f\ X = R . —_ 9 . [ 1 n A —_ 1 n A
’ 1+ 7 1+ "¢ ' 1 "2’ ' 1 "2
(2.10.11)

where
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The transformation (2.10.11) brings the metric (2.10.10) nto the form

F(%) o ., A2
" Ep A NIV &y .,
@22 6®) F () A
F(9)°2 —— d~? BR) ——Ldg?+ G(9)d™? ; (2.10.12
%) é(x) lf(k) (%) &9) 9+ G(Y) ( )
where

S N

Fiz=1 Z; 6= 2@ 7%); A= R (11 Az):

Simple rescalings and rede nitions of constants bring (2.0.12) to the form
(2.0.1).






Chapter 3

Rasheed's Kaluza-Klein black
holes

Kaluza-Klein solutions have attracted a lot of attention as interesting models in
theoretical physics. In vacuum, and with vanishing cosmolgical constant, the
simplest such solutions are obtained by taking the product é a known vacuum
solution with a at torus. A more sophisticated class of black-hole solutions
of this kind has been discovered by Rasheed in [243]. The aimf ¢his short
chapter is to discuss their geometry.

3.1 Rasheed's metrics

In [243] D. Rasheed constructed a family of stationary axi-gmmetric solutions
of the ve-dimensional vacuum Einstein equations. The global structure of
those solutions has been analysed in [17], we follow the pregtation there.

The Rasheed metrics take the form
r

B A
ds) = N dx*+2A dx 2+ Eols(24); (3.1.1)

wherea, M, P, Q and are real numbers satisfying

+<§A2p§+ iﬂzpéz%; (3.1.2)
M2+ 2 P2 Q?60; M+ P37 Q?60: M P32 preug)
P2 ! P2 !
(M+ =3)" Q2 (M =3)° P2
M p560; F2:= M7F T T > 0; (3.1.4)
and where
G , Pa . p PaB
ds?y = p— dt+!1°%d “+ dri+ ABd 2+ ——— sin®( )d ?;
) B G ()
(3.1.5)
with
p_ 2 2p2 2JP
A = r = 3 —— p—+a’co( )+ QPC?SZ() :
M 3 M+ = 3 Q2

121
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p_ 2 2Q? 5 2JPQ cos()

B = r+ =3 ——~ p_+ a’cos ;
+ M 3 () M =132 p2

G = r?2 2Mr +P?+Q? 2+ a’co();

= 1?2 2Mr +P2+ Q% 2+ a?;

o 2Jsin2()[r+E]_

. - G y

J? = a°F?; (3.1.6)

whereasE is given by
M2+ 2 P2 Q2 M+ 3
E = M+ s : (3.1.7)

M + 37 Q2

In Kaluza-Klein theories, vacuum metrics on the Kaluza-Klein bundle lead
to solutions of the Einstein-Maxwell-dilaton eld equatio ns. In the Rasheed
case the physical-space Maxwell potential is given by

¢ 15 4 &0

2A dx = gdt‘i' + d: (318)
where
P-  2PJcos() M + :p§
¢c=20r =3 — . (3.1.9)
M = 3 P2
H
v = 5 1.1
G’ (3.1.10)
and
2QJsi’( ) r M :p§ + M :p§+ 2 p2 2
H :=2P cos( ) h 0, , :

(3.1.112)
The Rasheed metrics (3.1.1) have been obtained by applying aolution-
generating technique ([243], compare [133]) to the Kerr meics. This guaran-
tees that these metrics solve the ve-dimensional vacuum Histein equations
when the constraint (3.1.3) is satis ed.
Let us address the question of the global structure of the meics above. We
have

detg= AZsin’( ):

which shows that the metrics are smooth and Lorentzian excefppossibly at the
zeros ofA, B, G, , and sin( ).
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After a suitable periodicity of as in Section 3.4 below has been imposed,
regularity at the axes of rotation away from the zeros of denminators follows
from the factorisations

a?sin?( )

— 1 = 3.1.12
G a2co@( ) 2Mr + P2+ Q2+ r2 2 { )

_sin?() 2JC _
2A 2Pacos() = G H+ ?[r + E] ; (3.1.13)

where

_p_ _p_ 2 2 2

20 rM =3 +M = 3+.2 P2 Q
H:= h > j ; (3.1.14)

M+ = 3° Q2

It will be seen below that, after restricting the parameter ranges as in (3.2.4)
and (3.2.6), the location of Killing horizons is determinedby the zeros of

Ot G G4 _
9 g g4 = sin ?(); (3.1.15)
Oac G4 Ous

and thus by the real rootsr, r of , if any:

p
r =M M2+ 2 P2 Q2 a2: (3.1.16)

3.2 Zeros of the denominators

The norms
- W and -B.
of the Killing vectors @ and @ are geometric invariants, whereW = GA+ C2,

So zeros ofA and of AB correspond to singularities in the ve-dimensional
geometry except if

1. a zero ofA is a joint zero of A, B and W, or if

2. a zero ofB which is not a zero ofA is also a zero ofW.

Setting
A = 2 PpQ_ > ; (3.2.1)
a2 M+ = 3° Q2
one checks that if
25 a%(1 jAj )=0; when jAj >2 or 322

2 2A2 .
2—FI’V||9—§+ &A-=0; when jA]  2;

then A vanishes exactly at one point. Otherwise the set of zeros ok forms a
curve in the (r; ) plane. Let 7! r( ) denote the curve, say , corresponding
to the set of largest zeros ofA.
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Note that W and A are polynomials inr, with A of second order. IfW=Ais
smooth, the remainder of the polynomial division ofW by r  r, must vanish on
the part of that lies outside the horizon. One can calculate this remaider with
Mathematica , obtaining a function of which vanishes at most at isolated
points, if at all. It follows that the division of W by A is singular on the closure
of the domain of outer communications (d.o.c.), i.e. the regpn fr r.g, if A
has zeros there, except perhaps when (3.2.2) holds.

One can likewise exclude a joint zero oW and B in the closure of the d.o.c.
without a zero of A, except possibly for the case where this zero is isolated for
B as well, which happens if

(g2 g
“~p_ a1 jBj )=0; if jBj>2 or
Rats &0 18200 B (3.2.3)
aPst - =0; if jBj 2:
See [160] for a more detailed analysis of the borderline case

Summarising: a necessary condition for a black hole withoubbvious singu-
larities in the closure of the domain of outer communicatiors is that all zeros
of A lie under the outermost Killing horizon r = r.. One nds that this will

be the case if and only if

< P a1 A )< 0, or
jAj > 2 and 49— —
M+ M2+ 2 P2 Q2 a?> g+ S a1l A ),
or
< zpzp a’A? .
iAj 2 and wi " e =0 o, (3.2.4)
A : + M2+ 2 p2z Q2 a2>§+ Azp_,+azA2; 2.
M3 4
except perhaps when (3.2.2) holds.
An identical argument applies to the zeros ofB, with the zeros of B lying
on a curve unless (3.2.3) holds. Ignoring this last case, theeros ofB need
similarly be hidden behind the outermost Killing horizon. Setting
2JP
B .= pQ_ > ; (3.2.5)
a2 M = 3 P2
one nds that this will be the case if and only if
< X% 21 Bj )< or
P + M
jBj> 2 and q22 -
DM+ M2+ 2 P2 Q7 a> g+ X 221 jBj);
or
< _2Q%, 4 a%B? . 0; or
JBJ 2 and |\+/‘| M p3M 5 4 7 p? 5 5 q 207 . a’B?. (326)
+ + Qs a > g+ w3t T

except perhaps when (3.2.3) holds.
While the above guarantees lack of obvious singularities irthe domain of
outer communications fr >r , g (d.o.c.), there could still be causality violations
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there. Ideally the d.o.c. should be globally hyperbolic, a gestion which we have
not attempted to address. Barring global hyperbolicity, a decent d.o.c. should
at least admit a time function, and the function t provides an obvious candidate.
In order to study the issue we note the identity
0o _ A+ EPsin’() AB

g- = A G : (3.2.7)
A Mathematica calculation shows that the numerator factorises throughG,
so that g° extends smoothly through the ergosphere. WherP = 0 one can
verify that g% is negative on the d.o.c. ForP 6 0 one can nd open sets of
parameters which guarantee thatg® is strictly negative for r >r . whenA and
B have no zeros there. An example is given by the condition

EM +q.
M+ E '’

re (3.2.8)
which is su cient but not necessary, where g:= P2+ Q> 2+ a?. We hope
to return to the question of causality violations in the futu re.

In Figure 3.2.1 we show the locations of the zeros oA and B for some
speci ¢ sets of parameters satisfying, or violating, the caditions above.

— inner Killing horizon
— outer Killing horizon
ergosurface

— zero set of A
zero set of B

Figure 3.2.1: Two sample plots for the location of the ergosriace (zeros ofG),
the outer and inner Killing horizons (zeros of 21’ and the zer os of A;B. Left
1 2(4105960  3+2770943)

plot: M =8;a=3;,0=8, = 2Z;p= 1| T3 7:86,
with zeros of A and B under both horizans, cons'ﬁtently with (3.2.4) and (3.2.6)
Rightplot: M =1;a=1;:Q=0; = 6,P= 4 2 2 1:08; here (3.2.4)

is violated, while the zeros ofB occur at negativer.

Another potential source of singularities of the metric (31.1) could be the
zeros ofG. It turns out that there are irrelevant, which can be seen as bllows:
The relevant metric coe cientis g , which reads

r __ p___ !
2
B

g = — + — + pG: ! + sin (3.2.9)

A B’ AB G

Taking into account a G ! factor in ! © | it follows that g can be written as
a fraction (:::)=ABG?. A Mathematica calculation shows that the denomi-
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nator (:::) factorises through AG?, which shows indeed that the zeros of5 are
innocuous for the problem at hand.
Let us write dsf, as ) gapdx2dxP. The factorisation just described works

for g but doesnot work for g . From what has been said we see that the
quotient metric ) g,,dx2dxP is always singular in the d.o.c., a fact which seems
to have been ignored, and unnoticed, in the literature so far

3.3 Regularity at the outer Killing horizon H.

The location of the outer Killing horizon H. of the Killing eld
k= @+ @+ 4@:; (3.3.1)

is given by the larger root r. of , cf. (3.1.16). The condition that H. is
a Killing horizon for k is that the pullback of g k to H, vanishes. This,
together with

ju, =0: Gjy, = a’sin’(); (3.3.2)
yields
_ 1 _ @l 1.
= oy TmptB T
O 2A0 0 A)
47 10 H.
p_ 2 2 p_ 2
Q 3Mr. 3M +3 P“+3Q“+ 3r 3
= P— . (333)
(E+ry) 3M2+2 3M 3Q2+ 2
After the coordinate transformation
= dt; x*=x*  4dt; (3.3.4)
the metric (3.1.1) becomes
d 2
9= gs+ 4+ Udt; (3.3.5)

where gs is a smooth (Q 2)-tensor, with U := gy = extending smoothly across
= 0. Introducing a new time coordinate by

=t In(r ry)) d =dt

dr; (3.3.6)

s

where is a constant to be determined, (3.3.5) takes the form

2 2
g = gs+ U d+ dr + 9
rors
2 U 1 U ?
_ 2 = 2
= gs+ Ud +Ir r+ddr+ +(r Y dr
2 2 2
= Os+ Ud2+ 29 ggre 177 Y arz (3.3.7)
rors | (r{ZrJ,)2 )

Y
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In order to obtain a smooth metric in the domain of outer communication the
constant has to be chosen so that the numerator oV has a triple-zero at
r = r.. A Mathematica computation gives an explicit formula for the desired
constant , which is too lengthy to be explicitly presented here. This atablishes
smooth extendibility of the metric in suitable coordinates acrossr = r. .

3.4 Asymptotic behaviour

When P = 0 the Rasheed metrics satisfy the KK-asymptotic atness candi-
tions. This can be seen by introducing manifestly-asymptoically- at coordi-
nates (t; x;y;z) in the usual way. With some work one nds that the metric
takes the form

A+ 1 0 0 0 2 !
0 M dper A e o
0 el 2y ® P+l My 0 +0O(r ?):
0 Mz Wyz M 2+l 0
2 0 0 0 A+ 1
(3.4.1)

However, whenP 6 0, the Rasheed metrics donot satisfy the KK-asymptotic
atness requirements anymore: Instead, the space of Rashdemetrics decom-
poses into sectors, labelled byP 2 R, in which the metrics g asymptote to the
background metric

b:i= dx*+2Pcos()d > dt2+dr2+r2d 2+ r2sin?( )d' 2:  (3.4.2)

The metrics (3.1.1) and (3.4.2) are singular at sin() = 0. This can be resolved
by replacing x* by X4, respectively by x#, on the following coordinate patches:

ol e o4 .. N
woxs 20 343
Indeed, the one-form
dx*+2P cos()d'" = dx*+2P(cos() 1)d' = dx* D (xdy ydx)
is smooth forr> Oonf 2 [0; )g. Similarly the one-form
dx*+2P cos()d' = dx*+2P(cos()+1)d = dx*+ r(rzp 5 (xdy ydx)

is smooth onf 2 (0; ];r> 0g. Smoothness of bothg and b outside of the
event horizons readily follows.
We note the relation
xt=x*+4P"; (3.4.4)
which implies a smooth geometry with periodic coordinatesx* and x* if and
only if
both x* and x* are periodic with period 8P . (3.4.5)
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From this perspective x* is not a coordinate anymore: instead the basic coor-
dinates arex* for 2 [0; ) and x* for 2 (0; ], with dx* (but not x*) well
de ned away from the axes of rotation fsin( ) =0g as

dx* 2Pd'; 2[0; );

4 _
dx* = dx* +2Pd'; 2 (0; ]:

(3.4.6)

Curvature of the asymptotic background

We continue with a calculation of the curvature tensor of the asymptotic back-
ground. It is convenient to work in the coframe

—0_ dt: —1_ dx: —2_ dy; —3_ dz; - gx442p cos()d';
(3.4.7)
which is manifestly smooth after replacingdx* as in (3.4.6). Using
—ﬁ . ' Xi P »i\ A Q
d = 2Psin()d ~d = 2Pr—3@c(dx’\dy" dz) = r—gmxdxl’\dx ;
(3.4.8)

where e 2 f0; 1g denotes the usual epsilon symbol, one nds the following
non-vanishing connection coe cients
P [k

1_aA: —
T r ﬁ\QX

A P -2
o= ST (3.4.9)

’

-

wherex  xi. This leads to the following curvature forms

-+ _ P 3 g, R — -2 2P? myn—K A, —".
DT o TSN T e e
-3 _ P B poa o=k p2 PR S

ro= r_3 ll\fﬁ r_ZXJX + 4 A + r_6 ﬁmjl\ Q»i\I\X X N (,3410)

hence the following non-vanishing curvature tensor compoents

P AR
| —
Riwa = 3 72X+ ¢
=2 _ P2 moo. _ _ 2P2 a
R = 75 fmp XX 0 Ryge= 5 Copn gm * g )X BALD

The non-vanishing components of the Ricci tensor read

— 2P? — P2 "

— hn. —
N7 e kmd RefX X0 Rm = 1w et X (3.4.12)

Subsequently the Ricci scalar iR = 2P?=r*.



Chapter 4

Diagrams, extensions

The aim of this chapter is to present a systematic approach toextensions of
a class of space-times. We further introduce the conformal red projection
diagrams, which are a useful tool to visualise the geometry fathe extensions.

4.1 Causality for a class of bloc-diagonal metrics

We start with a construction of extensions for metrics of the form
g= Fdt?+ F dr?+ PAB déAde}; F=F(r); (4.1.1)
=h

whereh := hag (t;1;x ©)dx”dxB is a family of Riemannian metricsonan (0 1)-
dimensional manifold N" 1, possibly depending upont and r. Our analysis is
based upon that of Walker [277].

There is a long list of important examples:

1.F=1 2" h=r2d 2 thisis the usual (3+1)-dimensional Schwarzschild
solution. For m > 0 the function F has a simple zero atr =2m.

2.F =1 rﬁ—ml h = r2dh, where h is the unit round metric on an (n  1){
dimensional sphereS" 1: this is the (n + 1)=dimensional Schwarzschild-
Tangherlini solution. Here F has again one simple positive zero fom > 0.

3.F=1 24 %i h = r2d 2; this is the (3 + 1)-dimensional Reissner-
Nordstm metric, solution of the Einstein-Maxwell equations, with total
electric chargeQ, and with associated Maxwell potential A = Q=r (com-
pare Section 1.5. If we assume thajQj < m. then F has two distinct
positive zeros p

r=m  m?jQj

and a single zero wherjQj = m. This last case is referred to asxtreme

or degenerate

4. F =1 AM+ rz(?—zz) h = r2d 2; thisis an (n+1)-dimensional generaliza-
tion of the Reissner-Nordst®m metric, solution of the Einstein-Maxwell
equations, with total electric charge Q, and with associated Maxwell po-
tential A = Q=r;

129
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5. F = 5r?+ Zm where is the cosmological constant, andh = rh
with h having constant Gauss curvature :
< d?+sin?2d % > 0
h = dZ2+d? =0;

d2+sinh?d 2. < 0.

These are the (3 + 1)-dimensional Kottler metrics, also known as the
Schwarzschild-(anti de)Sitter metrics;

6. F(r)=1 rﬁmz % where™ > 0 is related to the cosmological constant
by the formula 2 = n(n 1)="2. These are solutions of the vacuum
Einstein equations if h = r2h, provided that h is an Einstein metric
on an (n 1){dimensional manifold N" * with scalar curvature equal to
(n 1(n 2)[31]. We will refer to such metrics asgeneralised Kottler
metrics or Birmingham metrics. Note that m = 0 requires (N" *:h)
to be the unit round metric if one wants to avoid a singularity at nite
distance, atr = 0, along the level sets oft.

7. We note nally the metrics
g = ( r2)dt? + ( r2) dr?+j j *he; (4.1.2)
with k= 1,k >0, 2 R. The casek = 1 has been discovered hy
Nariai [221].

Remark 4.1.1 It is worth pointing out that the study of the conformal struc-
ture for more general metrics of the form

G= FHAAE+ F H)Ho(r)dr2; 4.1.3)

where H1 and H, are strictly positive in the range of r of interest, can be
reduced to the one for the metric (4.1.1) by writing

(2 _ q _—
g=" HH, Fdt2+ F dr?2 ; whereF = Hif: (4.1.4)

4.1.1 Riemannian aspects

We will be mainly interested in functions F which change sign: thus, we assume
that there exists a real numberrg such that

F(rg)=0:

Not unexpectedly, the global properties ofg will depend upon the nature of the
zero of F. For example, for the Schwarzschild metric withm > 0 we have a
rst-order zero of F at 2m. This implies that the distance of radial curves to the
setfr =2mgis nite: indeed, letting  denote any of the curvesr 7! (r; ;' ),

the length of in the region fr > 2mg is
Z Z

P9 Jar

|

- p
r2 2mr+min r m+ r2 2mr +C;
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whereC depends upon the starting point. This has a nite limit as r approaches
2m. More generally, if F has a rst order zero, then F behaves as some constant
Ci times (r rp) nearrgq, giving a radial distance

Z Z Z

pg('_)dr_ 9—1— 9717<1'
- F(r) Cu(r ro) ’

sincex ¥ is integrable nearx = 0.
On the other hand, for the extreme Reissner-Nordstmm metric we have, by
de nition,

2
F(r)= 1 ? ;
leading to a radial distance
z p z 1 z r z r m+m
o(; Hdr = 1 ?drz . mdr= ﬁdr
= r+In(r m); (4.1.5)

which diverges asr | m. Quite generally, if F has a zero of orderk 2 at
ro, then F behaves as some constar€, times (r  ro)¥ nearrg, giving a radial
distance

z z Z

P 1 1
W= PER ©r e

Mool

since the integral ofx ¥=2 near x = 0 diverges fork 2.

The above considerations are closely related to the embeddlj diagrams,
already seen in Section 1.2.6 for the Schwarzschild metridn the Schwarzschild
case those led to a hypersurface in EuclideaR"*! which could be smoothly
continued across its boundary. It is not too di cult to verif y that this will be
the case for any functionF which has a rst order zero at ro > 0.

One can likewise attempt to embed in four-dimensional Eucliean space the
t = const slice of the extreme Reissner-Norsdstem metric. The embedding
equation arising from (1.2.69) now reads

dz 2 1

d_r +1= m ; (4.1.6)

For r close to and larger thanm we obtain

dz 1
dar 1 &7

Integrating as in (4.1.5), one obtains a logarithmic divergence of the graphing
function z nearr = m:
z(r) min(r m):
This behaviour can also be inferred from the exact formula:
!
m@2r m)+ m

p
z =2 m@2r m+min p—=-=
m@2r m) m
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-250

-500]

-7504

-1,000+

Figure 4.1.1: Anisometric embedding in four-dimensional Eiclidean space (one
dimension suppressed) of a slice of constant time in extremReissner-Nordstem
space-time nearr = m.

The embedding, nearr = m, is depicted in Figure 4.1.1

Quite generally, the behaviour nearrg of the embedding functionz, solution
of (4.1.6), depends only upon the order of the zero of at ro. For ro > 0, and
for all orders of that zero larger than or equal to two, if the \angular part" h
of the metric (4.1.1) is of the form h = r2h, where h does not depend uporr,
then the geometry of the slicest = const resembles more and more that of a
\cylinder" dx?+ r3h asrg is approached.

4.1.2 Causality

To understand causality for metrics of the form (4.1.1), the guiding principles
for the analysis that follows will be:

1. thet r part of g plays a key role;
2. multiplying the metric by a nowhere vanishing function does not matter;

3. the geometry of bounded sets is easier to visualize than #t of unbounded
ones.

Concerning point 1, consider a timelike curve (s) := (t(s):r(s);x”(s)) for
the metric (4.1.1). We have

2

dt 2 1 dt 2 dxA 2 dxB
029G J)= F g *F g "™ 4 s
dt * 1 dt ?
=) 0>9g(; )= ds +E g (4.1.7)

Thus, curves which are timelike for g project to curves (t(s);r(s)) which are
timelike for the metric o 1
d = Fdt?+ Eo|r2: (4.1.8)
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Similarly, (4.1.7) shows that, fczg any set of constantsxy, a curve (t(s);r(s))
which is timelike for the metric d lifts to a curve (t(s);r(s); x§) which is time-
like for g.

Identical statements hold for causal curves.

Concerning point 2 we note that, for any positive function , the sign of
g(; ) is the same as that of 2g(; ). Hence, causality for a metricg is, in
many respects, identical to that of the \conformally rescaled" metric  2g.

Concerning point 3, it is best to proceed via examples, presged in the next
section.

4.2 The building blocs

We proceed to gather a collection of building blocs that willbe used to depict
the global structure of space-times of interest. We start wih:

4.2.1 Two-dimensional Minkowski space-time
Let (sz be the two-dimensional Minkowski metric:
(3 = dt?+ dx?; (t;x)2 R?:
In order to map conformally R? to a bounded set, we rst introduce two null

coordinatesu and v:

+
u=t Xx;v=t+x 0 t=u2V;x=V2u: (4.2.1)

L, (2 .
with (jtaklng the form @

= dudv:

We have (t;x) 2 R?if and only if (u;v) 2 R?. We bring the last R? to a bounded
set by introducing

U = arctan(u); V = arctan(v) ; (4.2.2)
thus
Uz 32 22
Using
du 1 dv 1

the metric becomes

@ 1

This looks somewhat more familiar if we make one last changef@oordinates
similar to that in (4.2.1):

U=T X;V=T+X | T= ;X = ; (4.2.4)
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Figure 4.2.1: The conformal diagram for (1 + 1)-dimensionalMinkowski space-
time; see also Remark 4.2.1. | am very grateful to Christa®lz (see [228]) and
Michal Eckstein for providing the gures in this section.

leading to
@ _ 1

2 2 .
"~ co(T X)cosZ(T+X)( dre+dx):

We conclude that the Minkowski metric on R? is conformal to the Minkowski
metric on a diamond

f =2<T X< =2; =2<T + X< = 2g;

see Figure 4.2.1.

Remark 4.2.1 Equation (4.2.3) shows thatg" = ¢V = 0. This implies (see
Proposition A.13.2, p. 271) that the curvess 7! (u;v = s) are future directed null
geodesics along which/ approaches =2 to the future, and =2 to the past. A
similar observation applies to the null geodesics 7! (u = s;v). Thus the union of
the boundary intervals

I =fu2( =2,=2); V= =29q[fV2( =2,=2); U= =29
can be thought of as describing initial points of null future directed geodesics; this
set is usually denoted byl , and is calledpast null in nity . Similarly, the set| *,
called future null in nity , de ned as

| "=fu2( =2=2); V= =2g9[fV2( =2,=2); U= =2g;

is the set of end points of future directed null geodesics.
Next, every timelike future directed geodesic acquires an end point at

i"=(V==2Uu= =2);
called future timelike in nity , and an initial point at
i =(V= =2Uu= =2),;

called past timelike in nity . Finally, all spacelike geodesics accumulate at both2
and i?. 2
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() (b)

Figure 4.2.2: Conformal structure of (1+n){dimensional Minkowski space-time,
n 2 (n=2in Figure (b)); see also Figure 4.2.3.

4.2.2 Higher dimensional Minkowski space-time

We write the (n+1)-dimensional Minkowski metric using spherical coordinates,
= dt?+dr?+r?%d 2

where the symbold 2 denotes the unit round metric on an (0 1)-dimensional
sphere. In view of our principle that \for causality only the t r part of the
metric matters", to understand global causality it su ces t o consider the two-
dimensional metric

2 2 2
g= dt°+dre:

But this is the two-dimensional Minkowski metric, so the calculations done in
two dimensions apply, with x in (4.2.1) replaced byr. However, one has to keep
in mind the following:

1. First, r x 0, as opposed tox 2 R previously. In the notation of
(4.2.1)-(4.2.4) this leads to

x 0 v u
0 tanV tanU
0 v U
0 X 0

So instead of Figure 4.2.1 one obtains Figure 4.2.2(a).

2. Next, Figure 4.2.2(a) suggests thatr = 0 is a boundary of the space-time,
which is not the case; instead it is an axis of rotation where he spheres
t = const, r = const degenerate to points. A more faithful representatin
in dimension 2+1 is provided by Figure 4.2.2(b). This last gure also gives
an idea how the left gure should be understood in higher dimasions.
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3. Finally, the conformal nature of the point i° of Figure 4.2.2 needs a more

careful investigation: For this, let us write R 0 for X, and return to
the equations

= dP+drP+ 1 2= o miarrRy( dT2+ dRY)+ r?d 2,

T+ R=arctan(t+r); T R=arctan(t r):

Now,
r=3tan(R T)+tan(R+T)= sorieme™
cosT R)cosR+ T)= %(cos(ZR) +cos(2T)) ;
leading to

— 1 ) 5 - -
= (cos(@®) + cos(aryz fLAT * ARrsin7(@R)d )= (4.29)

=0

(We hope that the reader will not confuse the unit round metric on S?,
usually denoted byd 2 in the relavistic literature, with the di erential of
the conformal factor .) The metric

Oss ;= 4dR?+sin?(2R)d 2= d 2+sin?( )d ?; where :=2R;

is readily recognized to be the unit round metric onS", with R = 0 being
the north pole, and 2R =  being the south pole. Hence

ge = d 2+ ggs; where :=2T;

is the product metric on the Einstein cylinder R S". Now, for 2
( ; Yand 2 (0; ) the condition of positivity of the conformal factor,

cos()+cos( )> 0;

is equivalent to
+ < < X (4.2.6)

Thus:

Proposition 4.2.2 For n 2 the Minkowski metric is conformal to the
metric on the open subset (4.2.6) of the Einstein cylindeR S", cf. Fig-
ure 4.2.3. 2

From what has been said, it should be clear thati® is actually a single
point in the conformally rescaled space-time. Future null hnity | * is
the future light-cone of i° in the Einstein cylinder, and reconverges ati*
to the past light-cone ofi*. Similarly | s the past light-cone ofi®, and
reconverges ati to the future light-cone of i
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Figure 4.2.3: The embedding of Minkowski space-time into tle Einstein cylinder
R S2 (two space-dimensions suppressed).

R
4.2.3 F ! diverging at both ends

(2 . .
We return now to a d of the form (4.1.8) with non-constant F, and consider
an open interval | = (rq;rp), with r1 2 R[flg ,ro,2 R[flg , suchthatF
has constant sign onl. We choose some 2 |, and we assume that

Z Z
im 9 o gm 9
Mo JR)] T e F(9)

=1: (4.2.7)

Equation (4.2.7) will hold in the following cases of interes:

1. At the event horizons of all classical black holes: Schwaschild with or
without cosmological constant, Kerr-Newman with or without cosmolog-
ical constant, etc. More generally, (4.2.7) will hold ifr; 2 R and if F
extends di erentiably across ry, with F(r1) = 0; note that the left inte-
gral will then diverge regardless of the order of the zero ofF at r;. A
similar statement holds for r».

2. Inthe asymptotically atregions of asymptotically ats pace-times. Quite
generally, (4.2.7) will hold if r, = 1 and if F is bounded away from zero
nearrp, as is the case for asymptotically at regions whereF(r)! 1 as
rti

Note that the sign of F determines the causal character of the Killing vector
X = @ X will be timelike if F > 0 and spacelike otherwise. Alternatively,t
or t will be atime-function if F > 0O, whiler or r will be a time-function in
regions whereF is negative.

We introduce a new coordinatex de ned as

z
" d
x(r) = ?‘; 5)  dx= ?rr): (4.2.8)
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@) (b)

Figure 4.2.4. The conformal structure for F > 0 according to whether the
Killing vector X = @ is future pointing (left) or past pointing (right). Note
that in some casesr might have a wrong orientation (this occurs e.g. in the
regionlll in the Kruskal-Szekeres space-time of Figure 1.2.7), in whkh case one
also needs to consider the mirror re ections of the above digrams with respect
to the vertical axis, compare Figures 4.2.6.

A
\ 4

time

Figure 4.2.5: The conformal structure forF < 0.

This gives

@ _ 2, 1 2 _ 2 2y .
d= Fd2+ E(I%'}) = F( di2+ dx?): (4.2.9)
Fdx

In view of (4.2.7) the coordinate x ranges overR. So, if F > 0, then (sz is
conformal to the two-dimensional Minkowski metric, and thus the causal struc-
ture is that in Figure 4.2.4. Otherwise, for negative F, we obtain a Minkowski
metric in which x corresponds to time andt corresponds to space, leading to a
causal structure as in Figure 4.2.5. Rotating Figure 4.2.5 g that time ows to
the future along the vertical positively oriented axis we oltain the four possible
diagrams of Figure 4.2.6.
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time time

(a)

time time

(© (d)

Figure 4.2.6: Figure 4.2.5 rotated so that time ows in the pasitive vertical
direction. Four di erent diagrams are possible, according © whether the Killing
vector X = @ is pointing left or right, and whether r r is future- or past-
pointing.

R
4.2.4 F ! diverging at one end only

2
We consider again a generaid of the form (4.1.8), with F de ned on an open
interval | = (rq;rp), with rp 2 R[flg ,r2 2 R[flg , such that F has
constant sign onl. We choose some& 2 | and, instead of (4.2.7), we assume
that Z z
im 95 <1 w98 g (4.2.10)
o JRE T e R -

The case ofr; interchanged with r, in (4.2.10) is analysed by replacingr by
r in what follows. Note that this introduces the need of applying a mirror
symmetry to the diagrams below.
The conditions in (4.2.10) arise in the following cases of it@rest:

1. We haver; 2 R, with the set fr = rig corresponding either to a sin-
gularity, or to an axis of rotation. We encountered the latter possibility
when analyzing ( + 1){dimensional Minkowki space-time. The former
situation occurs e.g. in Schwarzschild space-time under #horizons, with
rr=0and r,=2m.

2. Anexample withr; = 1 is provided by anti-de Sitter space-time, where
F behaves ag? for large r. The variable r here should bethe negative of
the usual radial coordinate in anti-de Sitter. Yet another example of this
kind occurs in the de Sitter metric, whereF behaves as r? for large jrj,
so that r is a time function there.
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& Uy

it i T T
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7
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% o % o
r= 0 / r= 0
0) () (k) ()

Figure 4.2.7: Some possible diagrams for (4.2.10). Time aBys ows forwards

along the vertical axis. In (a)-(d) the set fr = 0g corresponds to an axis of
rotation; in (e)-(h) it is a singularity. There should be four more such gures
wherefr = 0g should be replaced byfr = 1g , corresponding to an asymptotic
region. Similarly there should be four more gures similar to (i)-(I), where a

singularity fr = 0g is replaced by an asymptotic regionfr = 1g .

Instead of (4.2.8) we introduce a new coordinatex de ned as
Z

x(r) = §ds

CFe (4.2.11)

Equation (4.2.9) remains unchanged, but now the coordinatex ranges over
[0;1). This has already been analyzed in the context higher-dimesional
Minkowski space-time, resulting in the conformal diagramsof Figure 4.2.7.

425 Generalised Kottler metrics with <0and m=0

We consider a positive functionF :[0;1 ) ! R which has no zeros, with
Z,
dr
X1 = — <1 4.2.12
1 . FO ( )

This will be e.g. the case for the generalised Kottler metris (as described on
p. 129, in the introduction to this chapter), with negative , with =1, and
with vanishing massm = 0, for which

r2
F(r)= < +1:

2
In this case, we use (4.2.8) withr =0, then x 2 [0;x1 ); we obtain that (d is
conformal to a Minkowski metric on a strip Rime  [0; X1 ), as in Figure 4.2.8(a).
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(@ (b)

Figure 4.2.8: The conformal structure of anti-de Siter spae-time. The two-
dimensional projection is the shaded strip 0 r < 1 of gure (a). Since
fr = 0g is a center of rotation, a more faithful representation is provided by
the solid cylinder of gure (b).

If the \internal space” N" ! is a sphereS" !, thenfr =0g f x =0gis a
rotation axis, so a more adequate representation of the rediing space-time is
provided by Figure 4.2.8(b).

4.3 Putting things together

We have now at our disposal a variety of building blocs and a ntural question
arises, whether or not more interesting space-times can beonstructed using
those. We start by noting that no C?-extensions are possible across a boundary
near which jFj approaches in nity: Indeed, F = g(X;X ), where X = @ is
a Killing vector. Now, it is readily seen that for any Killing vector the scalar
function g(X;X ) is bounded on compact sets, which justi es the claim. It
follows that boundaries at which F becomes unbounded correspond either to a
space-time singularity, as is the case in the Schwarzschilchetric at r = 0, or
to a \boundary at in nity" representing \points lying in ni  tely far away".

So it remains to consider boundaries at whichF tends to a nite value.

4.3.1 Four-blocs gluing

We have seen in Remark 1.2.12, p. 26, how to glue four blocs tether, assuming
a rst-order zero of F. This allows us to reproduce immediately the Penrose
diagram of the Schwarzschild space-time, by gluing togetheacrossr; = 2m

two copies of bloc (a) from Figure 4.2.4 (one for whichr increases from left to
right, corresponding to the usualr > 2m Schwarzschild region, with a mirror

image thereof wherer decreases from left to right), as well as blocs (i) and (j)
from Figure 4.2.7.

Some further signi cant examples are as follows:
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Figure 4.3.1: A maximal analytic extension for the ReissneiNordst®m metric
with jQj <m.

Example 4.3.1 [The conformal structure of non-extreme Reissner-
Nordstr em black holes. ] Let us consider aC* function

F:[0;1)! R;

for somek 1, such that F has precisely two rst-order zeros at 0<r ; <r, <
1, and assume that

Zr

=

dr
o F(r)

We further assume that the setfr = 0g corresponds to a space-time singular-
ity. This is the behaviour exhibited by the electro-vacuum Reissner-Norsdtem
black holes with jQj < m, compare Section 1.5.

One possible construction of a (maximal, analytic) extensdn of the region
fr >r »,g proceeds as follows: We start by noting that this region coresponds
to the bloc of Figure 4.2.4(a); this is block| in Figure 4.3.1. We can perform
a four-block gluing by joining together the left-right mirr or image of bloc (a)
from Figure 4.2.4, corresponding to the regionfr > r ,g where nowr decreases
from left to right (this is block Il in Figure 4.3.1), as well as blocs (b) and (d)
from Figure 4.2.6, corresponding to two regionsr; <r <r »g. This results in
the space-time consisting of the union of blocd to IV in Figure 4.3.1. This
space-time can be further extended to the future, via a fourblocs gluing, by
adding two triangles (c) and (g) from Figure 4.2.7, and yet arother region
fri <r<r ,gfrom Figure 4.2.6. This leads to a space-time consisting ofhte
union of blocs| to VII in Figure 4.3.1. One can now continue periodically in

~|

<1:

rI!llm F(r)=1;



4.3. PUTTING THINGS TOGETHER 143

| | ~_

. . . . . .
‘ 02 0.4 06 0.8 10 12
J 24l ~

Figure 4.3.2: The function F when (from left to right) a) m is positive but
smaller than the threshold of (4.3.2), b) m is positive and larger than the
threshold, and c¢) m is negative.

time, both to the future and to the past, obtaining the in nit e sequence of blocs
of Figure 4.3.1.

Note that identifying periodically in time, with distinct p eriods, provides a
countable in nity of distinct alternative extensions. The resulting space-times
contain closed timelike curves, and no black hole region.

Further maximal analytic distinct extensions can be obtained by removing
a certain number of bifurcation spheres from the space-timedepicted in Fig-
ure 4.3.1, and passing to the universal cover of the resultip space-time. There
are then no causality violations, as opposed to the examplesf the previous
paragraph. On the other hand the current construction leadsto space-times
containing incomplete geodesics on which e.g. the norm of thKilling vector
@ remains bounded, while no such geodesics exist in the spatimes of the
previous paragraph.

Example 4.3.2 \Schwarzchild-de Sitter" metrics.) We consider a func-
tion F 2 CK(0;1)), k 1, which has precisely two rst-order zeros at
0<rji<r,< 1, which is negative for larger, and which satis es

Z1 dr
2, IF(r)]

We again assume that the seffr = 0g corresponds to a space-time singularity.
This is the behaviour of the \generalized Kottler [178] metrics", also known
as \Birmingham [31] metrics" in n + 1 dimensions (cf. Section 4.6, p. 150),
with cosmological constant > 0, under suitable restrictions onm: The metric

takes the form

<1

2m  r?
S5 5 43D

dr?

2, (2h —
F(r)dr +r°h; where F(r)=1

ds? =  F(r)dt?>+

where ™ > 0 is related to the cosmological constant by the formula 2 =
n(n 1)="2, while h denotes an Einstein metric with constant scalar curvature
(n  1)(n 2) on a manifold N" 1. Representative graphs of the functionF
are shown in Figure 4.3.2. We will only consider the casen > 0 and

2 n 2
GO " ?m2n?< 1; (4.3.2)



144 CHAPTER 4. DIAGRAMS, EXTENSIONS

i r=1 i

Figure 4.3.3: A maximal extension of the class (4.3.2) of gesralized Kottler
(Schwarzchild { de Sitter) metrics with positive cosmological constant and mass.

which are su cient and necessary conditions for exactly two distinct positive
rst-order zeros of F. The remaining cases are discussed in Section 4.6 below.
When n = 3, the condition (4.3.2) reads 9m? < 1, and the case of equality
is referred to as the extreme Kottler{Schwarzschild{de Siter space-time. In
the limit where tends to zero with m held constant, the space-time metric
approaches the Schwarzschild metric with massn, and in the limit where m
goes to zero with held constant the metric tends to that of th e de Sitter
space-time with cosmological constant .

To obtain a maximal extension, asF (r) is positive for r 2 (r1;r2) we can
choose, say, bloc (a) of Figure 4.2.4 as the starting point ofhe construction;
this is bloc | of Figure 4.3.3. A four-bloc gluing can then be done using fur
ther the mirror re ection of bloc (b) of Figure 4.2.4 as well as blocs (j) and
(k) of Figure 4.2.7 to extend | to the space-time consisting of blocd -IV of
Figure 4.3.3. Continuing similarly acrossr = r,, etc., one obtains the in nite
sequence of blocs of Figure 4.3.3.

Let us denote by (M ; g) the space-time constructed as in Figure 4.3.3, then
M is di eomorphic t0 Rtme Rspace N" 1. Note that Figure 4.3.3 remains
unchanged when shifted by two blocs to the left or right. Thisleads to a discrete
isometry of the associated space-timeN ;g), let's call it . Given k 2 N, one
can then consider the quotient manifoldM = K, with the obvious metric. This
is the same as introducing periodic identi cations in Figure 4.3.3, identifying
a bloc with its image obtained by shifting by a multiple of 2k blocs to the left
or to the right. The resulting space-time will have topology R S* N" 1
in particular it will contain compact spacelike hypersurfaces, with topology
S N" 1 Fordistinct k's the resulting space-times will be di eomorphic, but
not isometric.

Example 4.3.3 [Kottler/de Sitter metrics with positive cosmologi-

cal constant, and vanishing mass parameter m.] We consider the met-

rics (4.3.1) with m = 0, thus F(r) =1 r?=2, Then F has one simple zero
for positive r. By arguments already given above one is led to the conformal
diagram of Figure 4.3.4.

Example 4.3.4 [Kottler/anti de Sitter metrics with negative cos-
mological constant. ] The reader should have no di culties to show that
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Figure 4.3.4: The generalized Kottler (de Sitter) metrics with positive cosmo-
logical constant and vanishing mass parametem. Left gure: a conformal
diagram; the linesfr = 0g are centers of rotation. The right gure makes it
clearer that the Cauchy surfaceft =0g, as well asl * and| , have spherical
topology.

the metrics (4.3.1) with < 0 andm 6 0 can be extended to a space-time as in
Figure 4.7.12, p. 187 below, without however the shaded regn there as there
are no time-machines in the solution when the angular-mometam parameter
a vanishes.

Example 4.3.5 Nariai metrics with > 0.] The Nariai metrics can be
written in the form

g = r2)dt? + ( r2) Ydr2+j j hy; (4.3.3)

with constants satisfyingk = 1,k > 0, 2 R. The metric g will satisfy the
Lorentzian (n + 1)-dimensional vacuum Einstein equations with cosmologial
constant proportional to (equal to in space-time dimensi on four) if and
only if hyg is a Riemannian Einstein metric on a i 1)-dimensional manifold,
say N, with scalar curvature equal to a suitable, dimension depedent constant,
whose sign coincides with that ofk.

The lapse function gy has two rst order zeros r < r, if and only if

> 0, with the Killing vector @ timelike betweenr andr. ; in all remaining
cases 0 we obtain directly an inextendible space-time, without Killing
horizons, and thus a somewhat dull product structure. Whenr ! 1 we have
joej 'l , and since the norm of a Killing vector is a geometric invariant, no
extension is possible there. One can then obtain a global eghsion shown in
Figure 4.3.5.

Thecase > 0Obut < 0leads to a global structure described by rotating
Figure 4.3.5 by 90 degrees.

For further reference we note alternative forms ofg. When > Oand > 0,
a constant rescaling oft and r leads to

_ 1 2y 442 dr? )
g= 1 r5)dte+ T 2 + he (4.3.4)

In the region r? < 1 (regions| and Il in Figure 4.3.5) we can setr = cos(x),
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i r=1 i r=1 i r=1 i

Figure 4.3.5: A maximal extension of Nariai metrics with > 0 and > O.

so that
g= ! sin’(x)dt?+ dx®+ hy (4.3.5)

In the region r? > 1 (regions |l , IV, V and V1 in Figure 4.3.5) we can set
r =cosh( )and y = t in (4.3.4), which results in

g= ! d2+sinh?( )dy?+ hy : (4.3.6)

In either case, the space-part of the metric has cylindricalstructure, with a
product metricon R N.

Amusingly, the metric (4.3.6) can be obtained from (4.3.5) ly replacing x 7!
i andt 7!y. Further complex substitutions in (4.3.6), namely 7! +i=2
andy 7! iy, lead to the metric

g= 1 d2+cosh?( )dy?+ hy ; (4.3.7)

with cylindrical spatial slices and boring global structure.
When and are both negative, a constant rescaling oft and r leads

instead to
dr?
[2

g=j it (r* Ddt*+ 1+ (4.3.8)

subsequently leading to obvious sign changes in (4.3.5)-@3.7).

4.3.2 Two-blocs gluing

The four-blocs gluing construction requires a rst order zeo of F; but there
exist metrics of interest whereF has zeros of order two. Examples are provided
by the extreme Reissner-Nordstmm metrics, with jQj = m, or by the extreme
generalized Kottler metrics, for which the inequality in (4.3.2) is an equality.
In such cases a two-bloc gluing applies, which works regareés of the order of
the zero of F, and which proceeds as follows: Consider a functiof de ned on
an interval I, which might or might not change sign onl, with one single zero
there. As in (1.2.44) of Remark 1.2.12, p. 26, we introduce foctions u and v
de ned as

u=t f(r); v=t+f(r); fO:Fi: (4.3.9)
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But now one doesnot useu and v simultaneously; instead one considers, rst,
a coordinate system (I;r), so that

(3: F( I{% )2+Fidr2: Fdu? 2dudr:

du+ Ldr

Since det(a = 1, the resulting metric extends smoothly as a Lorentzian metic
to the whole interval of de nition, say |, of F. If we further replace u by a
coordinate U = arctan u, as in (4.2.2), each level set olU is extended from
its initial range r 2 (rq;r») to the whole range|. In terms of the blocs of,
say, Figure 4.2.4, this provides a way of extending across thlower-left interval
r = rp and/or across the upper-right interval r = r,; similarly for the remaining
blocs. Equivalently, the (u;r)-coordinates allow one to attach another bloc from
our collection at the boundariesV = =2 andV = =2, with V = arctan v as
in (4.2.2).
Next, using (v;r) as coordinates one obtains

(3: F( I{% )2+%dr2: FdvZ+2dvdr:

dv Zdr

The (V;r)-coordinates provide a way of extending across the boundarinter-
vals U = =2; in Figure 4.2.4 these are the (open) lower-right or uppeteft
boundary intervals.

Example 4.3.6 [The global structure of extreme Reissner-Nordstr om
black holes jQj = m.] For extreme Reissner-Nordstem metrics the function
F equals
2
Fry= 1 7.
Although this is not needed for our purposes here, we note thexplicit form of
the function f in (4.3.9):

2
m . :
+2minjr mj:
m

f(ry=r

To construct a maximal extension of the exterior regionr 2 (m;1 ), we start
with a bloc (a) from Figure 4.2.4 with r 2 (m;1 ); this is region | in Fig-
ure 4.3.6. This can be extended across the upper-left inteal with a bloc (e)
from Figure 4.2.7, providing region Il in Figure 4.3.6. That last bloc can be
extended by another bloc identical to|. Continuing in this way leads to the
in nite sequence of blocs of Figure 4.3.6.

4.4 General rules

For de niteness we will assume in this section that the full ace-time metric

takes the form 42
;

F(r)dt? + —— + r?hag (x©)dx?dxB ; 4.4.1

(r) 0] [ AB(_{-ZZ ) ( )
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Figure 4.3.6: A maximally extended extreme Reissner-Nordssm space-time.

which holds for many metrics of interest. The reader should lave no di culties
adapting the discussion here to more general metrics, e.gush as in Section 4.7
below. The function r in (4.4.1) will be referred to as theradius function.

Our constructions so far lead to the following picture: Consder any two
blocs from the collection provided so far, with correspondig functions F; and
F», and Killing vectors X1 and X, generating translations in the coordinatet
of (4.4.1). Then we have the following rules:

1. Before any gluing all two-dimensional coordinate-domais should be viewed
as open subsets of the plane, without their boundaries.

2. Two such blocs can be attached together across apen boundary interval
to obtain a metric of class C¥ if the corresponding radius functions take
the same nite value at the boundary, and if the function F, extendsF;
in a CX way across the boundary. One might sometimes have to change
the space-orientation x ! x of one of the blocs to achieve this, and
perhaps also the time orientation so that the (extended) Kiling vector
X1 matches X, at the relevant boundary interval.

3. The calculation in Example 1.3.9, p. 41, shows that the suiace gravity of
a horizonr = r , whereF (r ) =0, for metrics of the form (4.4.1) equals
FYr )=2. Hence, in view of what has just been said, a necessary and
su cient condition for a C? gluing of the metric across an open boundary
interval is equality of the radius functions r together with equality of the
surface gravities of the Killing vectors @ at the boundary in question.

4. Two-bloc gluings only attach the commonopen boundary interval to the
existing structure, so that the result is again an open subseof R?. In
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particular two-bloc gluings never attach the corners of theblocs to the
space-time.

5. Four-bloc gluings can only be done across a rst-order zer of F at which
F is dierentiable. A function F which is of CX-di erentiability class
leads then to a metric which is of CK 1-di erentiability class.

6. A four-bloc gluing attaches to the space-time the common arner of the
four-blocs, as well as the four open intervals accumulatingat the corner.
(The result is of course again an open subset dR?.)

45 Black holes / white holes

One of the points of the conformal diagrams above is, that one&an by visual
inspection decide whether or not a space-time, constructed by the presiption
just given, contains a black hole region. The key observatio is, that each
boundary which is represented by a line of 45-degrees slop@rcesponds to a
null hypersurface in space-time. If the space-time is faitfully represented by a
collection of blocks on the plane, the corresponding hypersfaces are two-sided
in space-time, and can therefore

only be crossed by future directed causal curves from one sido the other.

So consider a space-time which contains a block with a boundg which has
a slope of either 45 or 45 degrees. Let denote a straight line in the plane
which contains that boundary. Assuming the usual time orienation, it should
be clear that no future directed causal curve with initial point in that part of
the plane which lies above will ever reach that part of the plane which lies
under . In other words, the region above is inaccessible to any observer that
remains entirely under .

We conclude that if a physically preferred bloc lies under , then anything
above will belong to a black-hole region as de ned relatively to that block.

One can similarly talk about white hole regions by reversing time-orientation.

As an example consider blod of Figure 4.3.1, p. 142, describing one con-
nected component of the in nitely many \exterior", r>r ., regions of a maxi-
mally extended non-degenerate Reissner-Nordstrem soliin. Everything lying
above the line of 45-degrees slope bounding this bloc belongo a black hole
region, as de ned with respect to this block. Everything lying below the line
of minus 45-degrees slope bounding this bloc belongs to a vihihole region, as
de ned with respect to block | .

Note that this argument might fail if the space-time is not faithfully rep-
resented by a subset of the plane, for example if some identtations between
various blocks are made, as already mentioned at the end of Exnple 4.3.1,
p. 141.
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4.6 Birmingham metrics

Further examples of interesting causal diagrams can be cotrsicted for the
Birmingham metrics [31], which are higher-dimensional generalisations of the
Schwarzschild metric, including a non-vanishing cosmolagal constant. The
object of what follows is to discuss those metrics, with paricular emphasis on
the global structure of extensions and their causal diagrarm.
Consider an (1 + 1)-dimensional metric, n 3, of the form
dr?

g= f(r)dt®+ o) + rZPAB (xc{)zdxAdei; (4.6.1)

= h

whereh is a Riemannian Einstein metric on a compact manifoldN , and where
we denote byx” the local coordinates on an i 1)-dimensional manifold N .
As rst pointed out by Birmingham in [31], forany m 2 R and

‘2R[p_1R

the function
R 2m  r?

(n L(n 2) rm2 2

where R is the (constant) scalar curvature of h, leads to a vacuum metric,

f = (4.6.2)

n
R =0 ; (4.6.3)

where " is a constant related to the cosmological constant 2 R as

1 2
q - m . (4.6.4)

A comment about negative , and thus purely complex °'s, is in order.
In this section we will be mostly interested in a positive cosnological constant,
which corresponds Eﬁ) real . When considering a negative cosmological constant
(4.6.4) requires” 2 1R, which is awkward to work with. So when < 0 it
is convenient to changer?="2in f to r2="2, change the sign in (4.6.4), and
use a real”. We will often do this without further ado.

Clearly, n cannot be equal to two in (4.6.2), and we therefore exclude tis
dimension in what follows.

The multiplicative factor two in front of m is convenient in dimension three
when h is a unit round metric on S?, and we will keep this form regardless of
topology and dimension ofN .

There is a rescaling of the coordinater = br, with b 2 R , which leaves
(4.6.1)-(4.6.2) unchanged if moreover

h=tPh: m=b"m; t= bt: (4.6.5)
We can use this to achieve

= DM 2 210, 1g: (4.6.6)
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Figure 4.6.1: The (;r)-causal diagram whenm < 0 and f has no zeros.

This will be assumed from now on. The sefr = 0g corresponds to a singularity
whenm 6 0. Except in the casem =0 and = 1, by an appropriate choice
of the sign of b we can always achieva > 0 in the regions of interest. This will
also be assumed from now on.

For reasons which should be clear from the main text, we are s&ing func-
tions f which, after a suitable extension of the space-time manifa and metric,
lead to spatially periodic solutions.

4.6.1 Cylindrical solutions

Consider, rst, the case wheref has no zeros. Sincé is negative for largejrj,
f is negative everywhere. It therefore makes sense to renammeto > 0, t to
x,and f to F > 0, leading to the metric

d2
F()

The non-zero level-sets of the time coordinate are in nite cylinders with
topology R M, with a product metric. Note that the extrinsic curvature of
those level sets is never zero because of théterm in front of h, except possibly
for the fr = 0g-slice inthecase = 1andm =0.

Assuming that m 6 0, the region r 2 (0;1) is a \big-bang { big
freeze" space-time with cylindrical spatial sections. Thecorresponding Penrose
diagram is an in nite horizontal strip with a singular spacelike boundary at

=0, and a smooth conformal spacelike boundary at = 1 , see Figure 4.6.1.

g= + F()dx?+ 2h: (4.6.7)

In the casem =0 and =0 the spatial sections are again cylindrical, with
the boundary f = 0g being now at in nite temporal distance: Indeed, setting
T =1In ,in this case we can write

d 2 2
g = ‘2—2 + quz'i' 2h
2
= 7%+ €T _df‘ +h

2

When h is a at torus, this is one of the forms of the de Sitter metric [149,
p. 125].
The next case which we consider i§ 0, with f vanishing precisely at one

positive valuer = rq. This occurs if and only if =1 and
r

.o
n 2° (n 2)2°

ro= (4.6.8)
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Figure 4.6.2: The causal diagram for the Birmingham metricswith positive
cosmological constant andf 0, vanishing precisely atry.

Figure 4.6.3: The causal diagram for the Birmingham metricswith positive
cosmological constant andm< 0, 2 R,orm=0and =1, with ro de ned
by the condition f (rg) = 0. The set fr = 0g is a singularity unless the metric is
the de Sitter metric (M = S" 1 and m = 0), or a suitable quotient thereof so
that fr = 0g corresponds to a center of (possibly local) rotational symratry.

A (r = ;t = x)-causal diagram can be found in Figure 4.6.2.

No non-trivial, periodic, time-symmetric (Kj = 0) spacelike hypersurfaces
occur in all space-times above. Periodic spacelike hyperdaces with Kjj 6 0
arise, but a Hamiltonian analysis of initial data asymptotic to such hypersur-
faces goes beyond the scope of this work.

From now on we assume thatf has positive zeros.

4.6.2 Naked singularities

Assuming that m =0 but 6 0, we must have =1 in view of our hypothesis
that f has positive zeros. For 0 the function f has exactly one zeroy = .
The boundariesfr =0g and fr = “g of the setfr 2 [0; "]g correspond either to
regular centers of symmetry, in which case the level sets dfare S"'s or their
guotients, or to conical singularities. See Figure 4.6.3.

If m < O the function f : (0;1)! R is monotonously decreasing, tending
to minus in nity as r tends to zero, where a naked singularity occurs, and to
minus in nity when r tends to 1 , hencef has then precisely one zero. The
causal diagram can be seen in Figure 4.6.3.

No spatially periodic time-symmetric spacelike hypersurces occur in the
space-times above.
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Figure 4.6.4: The causal diagram for Birmingham metrics wih > 0 and
exactly two rst-order zeros of f.

4.6.3 Spatially periodic time-symmetric initial data

We continue with the remaining cases, that is,f having zeros andm > 0. The
function f : (0;1 ) ! R is then concave and thus has precisely two rst order
zeros, except for the case already discussed in (4.6.8). Ausal diagram for
a maximal extension of the space-time, for the two- rst-order-zeros cases, is
provided by Figure 4.6.4. The level sets oft within each of the diamonds in
that gure can be smoothly continued across the bifurcation surfaces of the
Killing horizons to smooth spatially-periodic Cauchy surfaces.

4.6.4 Killing horizons

The locations of Killing horizons of the Birmingham metrics are de ned, in
space-dimensiom, by the condition

2m r
0

onN

=0:

,
N

Thus, variations of the metric on the horizons satisfy

. 2
0= fji=r,= (@fF)r 2 m i ; (4.6.9)

equivalently

— 1 n 1y —
m—m(@f)(r )=

1 (@f)
n Dni1 2 r=r

A; (4.6.10)

wherer" 1 1 is the \area" of the cross-section of the horizon.
Let us check that = @ coincides with the surface gravity of the
r=r
horizon, de ned through the usual f(())rmula
reK = K; (4.6.11)

where K is the Killing vector eld which is null on the horizon. For th is, we
rewrite the space-time metric (4.6.1) as usual as:

g= fdu? 2dudr+ r?h;
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where du= dt f#dr. TheKiling eld K = @ = @is indeed tangent to the
horizon and null on it. Formula (4.6.11) implies that

= W= 50 Qo O ): (46,12
The inverse metric equals
d = zgﬁ@rH @@r X ?hl;
whenceg! = ,, and
= }guwr - (@) ;
27 2 r=ro

as claimed. We conclude that on Killing horizons it holds tha

1
m=———— A 4.6.13
(n 1) n 1 [rI=ro ( )

Equation (4.6.13) if often referred to as the rst law of black hole dynamics

4.6.5 Curvature

In this section we study the geometry of metrics of the form

2
g= f(r)dt?+ fd(Lr) + rZPAB (xC{)deAdei (4.6.14)

= h

in the region wheref < 0. For visual clarity it is convenient to make the
following replacements and rede nitions:

rtoo;ot!ox; f1 € (4.6.15)

which bring g to the form

g= e?0d?2+¢& Odx?+ ?h; (4.6.16)
To calculate the Riemann tensor we use the moving-frames fanalism. For
A=1:::::nlet A be an ON-coframe forh,
K 1
h = A A .
A=1

and let ! og and ag be the associated connection and curvature forms. It
holds that

0 = dA+1An B.

— A A c .
g = d g+ ! NI >p:
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Let  be the following g-ON-coframe:

°=e d; A= A; N=edx:

The vanishing of torsion gives

0
0

d0+!0/\ :!On/\ n+!0A/\ A;
dA+!A/\ =d/\A+dA+!A/\

A A 0 A n A A B .
d N S+ 5n T+ A (1% 1) 7
d"+1" A~ =de)rdx+!" 2

e_O/\ n+!n0,\ O+!nA,\ A:

This is solved by setting

InA :O,
1
"y = e _”=§(e2_)dx;
1% = e *;
1 A - 1 A_ .
g = g

The curvature two-forms are thus

0
n

Using

d O+ 10 Ay n:d!°n=%(e’)d " dx

1 1
5€) °r "=oE@) g N (4.6.17)
diOa + 10 A1 A:%(ez_)OA atedate gh1B,
1 1
S€) O A=) Tlom N (4.6.18)
difa+ 1" Al Azg(ez‘_) tna
1
5(€2) flgm N (4.6.19)
d!AB+!A/\!B: AB+e2 2A/\B
1
> Apcp CA Dy 2An
1
5 % eco +2& fpp) © P (4.6.20)
1
= 3R n (4.6.21)

we conclude that, up to symmetries, the non-zero frame-comgnents of the
Riemann tensor are

R% = (&)[dn: (4.6.22)
RA = (&) '?gmn: (4.6.23)
R'A = (&) '1gu; (4.6.24)
Rheco = % "sco +2€ (¢ ppp): (4.6.25)
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Hence the non-vanishing components of the Ricci tensor are

R = 5 (€)+(n 1) ' = Rm; (4.6.26)

Rag = R+ (N 2) 262 +(e2) ! gws: (4.6.27)

If his Einstein, Rag = (R=(n 1))hag, the last equation becomes

Rag = 2 nR1+(n 2)&® + (€2) s : (4.6.28)

It is now straightforward to check that for any m 2 R and ™ 2 R the function

N

2 = R N 2m +
(n 1)(n 2) nz "2

(4.6.29)

(compare with (4.6.2) and (4.6.14)-(4.6.15)) leads to a vagum metric:
— n .
R =30 ¢ (4.6.30)
For further reference we note that the Ricci scalarR equals, quite generally,
R=(e)+(n 1) 2e%) +(n 2) 2 + ZR: (4.6.31)

Suppose thatg is a Birmingham metric with m = 0, thus

for a constant , then
1 1 1 ) 1
— = — < = + = —:
5(€) = 5(e2) (€ + )= 5
If his a space-form, with
ABcD =2 (¢ DB
consistently with (4.6.6), we obtain
2
R =3019;:
If, however, h is not a space-form, we have
ABep =2 {¢ pjs * MBeD

for some non-identically vanishing tensorr®gcp , with all traces zero. Hence

we obtain

2

2
R =%019;+ 7T
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where the functionsr are -independent in the current frame, and vanish
whenever one of the indices is 0 on. This gives
2n(n+1
R R = % +r r
2n(n+1 X1
% + 1 (ragco )?;
AB;C,D =1

which is singular at =0.
Recall, now, that the calculations so far also apply to
_ o, dr? 2
g= f(r)dt“+ 0] + r<h (4.6.32)

with the following replacements and rede nitions:
rtooot!ox; f1 e (4.6.33)

Strictly speaking, f should be negative when using the substitutions above,
but the nal formulae hold regardless of the sign of f. For convenience of
crossreferencing we rewrite the formulae obtained so far ithis notation:

Rt = f%gy; (4.6.34)
Ra = f% ' gpn; (4.6.35)
R'a = (% 'ign; (4.6.36)
R%cp = r % "seo 2 {¢ ppB)i (4.6.37)
Ri = 0= Ra = Ra; (4.6.38)

1
Rr = 3 f%% (n )Y * = Ry (4.6.39)
Rag = r?Rag (n 2 A +f% 1 gag: (4.6.40)
R= f% (n 1) 2% *+(n 2)r 2f +r °R: (4.6.41)

If his Einstein
R

Rar = hag : 4.6.42
as = ———hag ; (4.6.42)

the last equation becomes

— 2 R 0 .

Rap = 1 n 1 (I’] 2)f rf OaB - (4.6.43)

As before, foranym 2 R and * 2 R the function

R 2m ., r? i .
"% Dn 2 mz 7 2f0; 1g (4.6.44)

leads to an Einstein metric:

R =g - (4.6.45)
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4.6.6 The Euclidean Schwarzschild - anti de Sitter metric

An important role in Euclidean quantum gravity [139] is play ed by solutions of
the eld equations with Riemannian signature. An example of such a metric is
provided by the Euclidean Schwarzschild anti-de Sitter metricwhich, in (n+1)-
dimensions, takes the form

+r°h (4.6.46)

g= =t

where” > 0 and m are real constants, 2f0; 1g, and where (" IN:h ) is an
(n  1)-dimensional Einstein manifold with Ricci tensor equal to (n  2) h

The metric (4.6.46) is obtained from the Schwarzschild - antde Sitter metric
by replacing dt?> by dt?. Such a substitution preserves the condition that the
Ricci tensor is proportional to the metric, which can be seeras follows:

Quite generally, let g be a metric suchthat@g = 0in a suitable coordinate
system. Consider the tensor eld, sayg(a), where every occurrence ofit in g
is replaced byadt, wherea 2 C. Let R (a) denote the Ricci tensor ofg(a).
ThenR (a) g (a)is a holomorphic function of a away from the set where
detg(a) vanishes. Whena 2 R* the metric g(a) can be obtained fromg by a
coordinate transformation t 7! at, henceR (a) g (&) with a2 R vanishes
if

R 1 g =R g
did. Since a holomorphic function vanishing on the real pogive axis vanishes
everywhere, we conclude thatR (a) g (a) = 0 for all a on the connected
component of C containing 1 on which detg(a) 6 0.
We conclude that g given by (4.6.46) is indeed an Einstein metric.
Letr > 0 be any rst-order zero ofgy,
r2 2m
) mz -0

After introducing a new coordinate by the formula

Z, 1
(r)= g———ds; (4.6.47)
r s2 4 2m
=z oz

one can rewrite the metric (4.6.46) as
g=d %+ 2H()dt?+ r?h ; (4.6.48)

where H is obtained by dividing gx by 2. Elementary analysis, using the fact
that r is a simple zero ofF, shows that

_ FYr)?,

H(0) = —

This implies that a periodic identi cation of t with period
4

TS
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guarantees thatd 2+ 2H( )dt? is a smooth metric onR? with a rotation axis
at =0. As a result, (4.6.48) de nes a smooth Riemannian metric m

M:=R?> "IN:

The metric (4.6.46) can be smoothly conformally compacti ed by introduc-
ing, for large r, a coordinate x := 1=r and rescaling:

x2g=(S+  2mxM)di? + o +ho (4.6.49)
"2 1+ x2 2mxn ' o

Hence, the conformal boundary@M := fx = 0g of M is di eomorphic to
st n IN, with conformal metric

2
‘Lz +h (4.6.50)

Horowitz-Myers-type metrics

Consider an (0 + 1)-dimensional metric, n 3, of the form

2
g=f(r)d 2+ fd(Lr) 4 rZPAB (xc{)zdxAde} (4.6.51)

= h

where now h is a Riemannian or pseudo-Riemannian Einstein metric on an
(n 1)-dimensional manifold N with constant scalar curvature R and, similarly
to the last section, the x”'s are local coordinates onN .1 This metric can be
formally obtained from (4.6.1) by changingt to i . It therefore follows that
form2 R and ™ 2 R the function

2m r2 R

f= AWl e 19 =~ 2f0; 1g: (4652
TR s n D 220 1o (4652)

leads to a metric satisfying (4.6.3).
"n n - -
R =50 2f0; 1g; (4.6.53)
where " is a constant related to the cosmological constant as in (4.4).
Suppose thatf has zeros, and let us denote byg the largest zero off . We
assume thatrg is of rst order, and we restrict attention to r  rq. Imposing
a suitable o-periodicity condition on 2 [0; o], the usuav) arguments imply
that the set fr = rpg is a rotation axis in a plane on which r rgand are
coordinates of polar type: Indeed, if we set
z

= F(r); with F =

p
ro1 r ro
B——dr= p———(1+ O(r rg);
SPToT T Pyt

1To avoid a proliferation of notation we use the symbol h both for the metricon N appearing
in (4.6.1) and for the metric on the manifold N relevant for (4.6.51). Typically ( N;h) is
a compact Riemannian manifold, while (N; h) in (4.6.51) will be Lorentzian with N non-
compact.
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we nd

W id T2 a2e0(F Y()d 2= d 2+ @1 Xra)(as O( ) 2 2,

which de nes a smooth metric near =0 if and only if

= (4.6.54)
where is a new 2 -periodic coordinate, and
1
= — 4..
2'f qro) (4.6.55)
In the case where
n - 1;

one obtains Einstein metrics with a negative cosmological @nstant.
Whatever ", a conformal completion at spacelike in nity can be obtained

by introducing a new coordinate x = "=r, bringing g to the form
‘2dX2
-  1y2 24 2 2, 2
g = f(x 9 d +x4f(‘x1)+ X °h

= x 22 (" x2+0(x")) 24d 2 ("+ x 2+ O(x")dx?+ h)4.6.56)

We see explicitly that the conformal class of metrics inducd by x2g on the
boundary at in nity,
| =fx=0g S' N;

is Lorentzian if h is Lorentzian and if " = 1.
=0,n=3
In [159] Horowitz and Myers consider the casen +1 =4, "= 12 and choose
h= = 2dt?+ d' 2, with ' being a 2 -periodic coordinate onS!. Thus
= fdt2+f(r)‘2 2d %+ d—r2+r2d'2- (4.6.57)

g - 2 f (r) . .0.
Equation (4.6.56) shows that timelike in nity | R S! Slis conformally
at:

x?g! ;n dt?+ 2% 2%d 2+ dx?+ d' ?): (4.6.58)

Some comments about factors of are in order: if we think of r as having
dimension of length, then ", t and also have dimension of length,m has
dimension lengti" 1, while f, x, and the x”'s (and thus ' ) are dimensionless.

A uniqueness theorem for the metrics (4.6.57) has been esthidéhed in [282].

2Thecase =0and " =1 leads to a signature (+ ) for large r; our signature ( +++)
is recovered by multiplying the metric by minus one, but then one is back in the case" = 1
after renaming m to  m.
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= 1,n=3
We consider the metric (4.6.51) witl? " = 1 and h of the form
d 2+sin?()d % =1
h d 2+sinh?( )d 2, = 1. (4.6.59)

In regions wheref is positive, one obtains a Lorentzian metric after a \double
Wick rotation"

resulting in

— fdtz"' d—r2+f(r)‘2 2d 2+r2
M0
Taking and periodic one obtains again a conformal in nity di eomorphic
to R T2. Note that the conformal metric at the conformal boundary is not
conformally stationary anymore, as opposed to the metrics 4.6.58). We have
not attempted to study the nature of the singularities of g at sinh(" t) =0 or
atsinC 1t)=0.

sinh?C t)d 2; =1;

sin’(C t)d 2 - p (4660

Negative coordinate mass

For completeness we show that the metric (4.6.51) has the siking property that
its total coordinate mass is negative whenm is positive; the latter is needed
for regularity of the metric. This has already been observedn [159] in space-
dimension three with a toroidal Scri. Here we check that thisremains correct
in higher dimensions, for a large class of topologies of Scri

Before continuing, we note that Lorentzian Horowitz-Myers-type metrics
with a smooth conformal compacti cation at in nity exist on ly with negative
. Indeed, to obtain the right signature for large r when > 0 one needs to
multiply the metric by minus one. But then the resulting metr ic has negative
Ricci scalar, and hence solves Einstein equations with a nagive cosmological
constant.

Somewhat more generally, consider those metrics of the forn4.6.51) for
which

N=R; N;

where (N; h) is a compact Riemannian manifold, and where
h= = 2dt?+ h; (4.6.61)

so that 42
g=f(r)d 2+ %+ 2 242+ h (4.6.62)
The question arises, how to de ne the mass of such a metric.
To avoid ambiguities, let us write f, for the function f of (4.6.52).
Let us denote by f, the function f of (4.6.52). One assigns aoordinate
massto a metric such as (4.6.62) by writing it in the form (4.6.1)-(4.6.2), p. 150,
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with some function f,, then the parameter M is, by de nition, the coordinate
mass.
For this we introduce in (4.6.62) a new coordinater = r( ):

g = fm()2 2 2+ 9 4 T g2 e o2
m fm(r) 2
2 2 2
Ttz + dr “ d
2 d  fm(r)
+r2((1+ O(r 2+ O(mr ") 2d 2+ h); (4.6.63)

where the error terms have to be understood for large. We will have

2
g tw()de+ L+ 224 24 1),
fm()

for some parameterM possibly di erent from m, provided that

d 2

=)Aol M)y g fm()=fm(O)A+ o M) (4.6.64)

The rst equation determines r as a function of up to correction termso( ).
Inserting the result into the second equation determinesM , provided that the
asymptotic expansion of the left-hand side is compatible wth that of the right-
hand side.
Now, it is straightforward to check that these equations are compatible if
and only if
=0: (4.6.65)

We conclude that for metrics satisfying (4.6.51)-(4.6.52)and (4.6.61)
the coordinate mass is only de ned if =0.

Assuming (4.6.65), after asymptotically solving the rst equation in (4.6.64)
and inserting the result into the second one, we nd that

\ZM
=r+ —+ 0@ @ Dy; (4.6.66)
rn 1
and that the coordinate mass equals

M = : (4.6.67)

In particular M is negative for positivem.

4.7 Projection diagrams

We have seen that a very useful tool for visualizing the geontey of two-
dimensional Lorentzian manifolds is that of conformal Carter-Penrose dia-
grams For spherically symmetric geometries, or more generally dr metrics



4.7. PROJECTION DIAGRAMS 163

in bloc-diagonal form, the two-dimensional conformal diagams provide useful
information about the four-dimensional geometry as well, fnce many essential
aspects of the space-time geometry are described by thie r sector of the
metric.

The question then arises, whether some similar device can hesed for met-
rics which are not in bloc-diagonal form. In the following setions we show,
following closely [87], that one can usefully represent clses of non-spherically
symmetric geometries in terms of two-dimensional diagramscalled projection
diagrams using an auxiliary two-dimensional metric constructed ou of the
space-time metric. Whenever such a construction can be caegd-out, the is-
sues such as stable causality, global hyperbolicity, exisihce of event or Cauchy
horizons, the causal nature of boundaries, and existence abnformally smooth
in nities become evident by inspection of the diagrams, in away completely
analogous to the bloc-diagonal case.

4.7.1 The de nition

Let (M ;g) be a smooth space-time, and leR:" denote the (n+1)-dimensional
Minkowski space-time. We wish to construct a map from (M ;g) to RY which
allows one to obtain information about the causality propetties of (M ;g). Ide-
ally, should be de ned and di erentiable throughout M . However, already
the example of Minkowski space-time, discussed in Section22, p. 135, shows
that such a requirement is too restrictive: the map used thee is not di er-
entiable at the axis of rotation. So, while we will require that is de ned
everywhere, it will be convenient to require that be di erentiable, and a sub-
mersion, on a subset ofM which we will denote by U . (Recall that is a
submersion if  is surjective at every point.) This allows us to talk about \t he
projection diagram of Minkowski space-time", or \the projection diagram of
Kerr space-time", rather than of \the projection diagram of the subsetU of
Minkowski space-time", etc. Note that the latter terminolo gy would be more
precise, and will sometimes be used, but appears to be an o¥dlf in most cases.

Now, to preserve causality it appears a good idea to map timéte vectors
to timelike vectors. This will be part of our de nition: will be required to
have this property on U . But note that a necessary condition for existence of
a map fromM to RE! which maps timelike vectors to timelike vectors isstable
causality of U : Indeed, ift is a time function on RYY, thent  will be a time
function on U for such maps; but the existence of a time function onU is
precisely the de nition of stable causality. So causality Miolations provide an
obvious obstruction for the construction of

Having accepted that U might not be the whole of M , a possible require-
ment could be that U is dense inM , as is the case for Minkowski space-time.
Keeping in mind that the Kerr space-time contains causality-violating regions,
which obviously have to be excluded from the domain where has good causal-
ity properties, we see that the density requirement cannot ke imposed in general.
Clearly one would like U to be as large as possible: the larget , the more
information we will get about M . We leave it as an open question, whether or
not there is an optimal largeness condition which could be imosed onU . We
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simply useU as part of the input data of the de nition, hoping secretly th at
it is as large as can be.

As already mentioned, we will require timelike vectors to bemapped to
timelike vectors. Note that if some timelike vectors in the image of  within
Minkowski space-time will not arise as projections of timeike vectors, then
there will be Minkowskian timelike curves in the image of which will have
nothing to do with causal curves in M . But then no much insight into the
causality of M will be gained by inspecting causal curves irR%!. In order to
avoid this, one is nally led to the following de nition:

Definiton  4.7.1 Let (M ;g) be a Lorentzian manifold. A projection diagram
is a pair (; U), where
U M ;

is open and non-empty, and where
MW

is a continuous map, di erentiable on an open dense subset dfl , such that
ju is a smooth submersion. Moreover:

1. for every smooth timelike curve (U ) there exists a smooth timelike
curve in (U ;g) such that is the projection of : = ;

2. the image of every smooth timelike curve U is a timelike curve
in RLL,

Some further comments are in order:

First, we have assumed for simplicity that (M ;g), jy, and the causal
curves in the de nition are smooth, though assuming that is C* on U would
su ce for most purposes.

As already discussed, the requirement that timelike curvesn (U ) arise as
projections of timelike curves inM ensures that causal relations on (U ), which
can be seen by inspection of (U ), re ect causal relations on M . Conditions
1 and 2 taken together ensure that causality on (U ) represents as accurately
as possible causality onJ .

The second condition of the de nition is of course equivaletto the require-
ment that the images by  of timelike vectors in TU are timelike. This implies
further that the images by  of causal vectors inTU are causal. But it should
be kept in mind that projections lose information, so that the images by
of many null vectors in TU will be timelike. And, of course, many spacelike
vectors will be mapped to causal vectors under .

The curve-equivalent of the last remarks is that images of casal curves in
U are causal in (U); that many spacelike curves inU will be mapped to
causal curves in (U ); and that many null curves in U will be mapped to
timelike ones in (U ).

The requirement that is a submersion guarantees that open sets are
mapped to open sets. This, in turn, ensures that projection éagrams with
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the same setU are locally unique, up to a local conformal isometry of two-
dimensional Minkowski space-time. We do not know whether omot two sur-
jective projection diagrams ; : U ! W, i = 1;2, with identical domain of
de nition U are (globally) unique, up to a conformal isometry of Wy and Ws.
It would be of interest to settle this question.

In many examples of interest the setU will not be connected; we will see
that this happens already in the Kerr space-time.

Recall that a map is proper if inverse images of compact setsra compact.
In the de nition we could further have required to be proper; indeed, many
projection diagrams below have this property. This is actudly useful, as then
the inverse images of globally hyperbolic subsets aV are globally hyperbolic,
and so global hyperbolicity, or lack thereof, can be estabihed by visual inspec-
tion of W. It appears, however, more convenient to talk aboutproper projection
diagrams whenever is proper, allowing for non-properness in general.

As such, we have assumed for simplicity that maps M into a subset of
Minkowski space-time. In some applications it might be natual to consider
more general two-dimensional manifolds as the target of ; this requires only
a trivial modi cation of the de nition. An example is provid ed by the Gowdy
metrics on a torus, discussed at the end of this section, wherthe natural
image manifold for is (1 ;0) S, equipped with a at product metric.
Similarly, maximal extensions of the class of Kerr-Newman -de Sitter metrics
of Figure 4.7.8, p. 182, require the image of to be a suitable Riemann surface.

4.7.2 Simplest examples

The simplest examples of projection diagrams have already éen constructed
for metrics of the form

g=¢€( Fdt?+ F 1dr?)+ PAB déAdei; F=F(); (47.1)

whereh = hag (t;r;x ©)dx*dxB is a family of Riemannian metrics on an (n
1)-dimensional manifold N 1, possibly depending upont and r, and f is a
function which is allowed to depend upon all variables. It stould be clear
that any manifestly conformally at representation of any e xtension, de ned
on W RY1 of the two-dimensional metric Fdt2+ F 1dr2, as discussed in
Section 4.3, provides immediately a projection diagram fofW N" . g).

In particular, introducing spherical coordinates (t;r;x *) on

U :=f(x) 2 R" ;jxj6 0g RI" (4.7.2)

and forgetting about the (n  1)-sphere-part of the metric leads to a projection
diagram for Minkowski space-time which coincides with the sual conformal
diagram of the xed-angles subsets of Minkowski space-timésee the left gure
in Figure 4.2.2, p. 135). The setU de ned in (4.7.2) cannot be extended to
include the world-line passing through the origin of R" since the map fails to
be di erentiable there. This diagram is proper, but fails to r epresent correctly
the nature of the space-time near the sefxj = 0.
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Figure 4.7.1: The conformal diagram for (1 + 1)-dimensionalMinkowski space-
time.

On the other hand, a globally de ned projection diagram for Minkowski
space-time (thus, U ;g) = RY") can be obtained by writing R™" as a product
RY1 R" 1 and forgetting about the second factor. This leads to a progction
diagram of Figure 4.7.1; compare Figure 4.2.1, p. 134. Thisidgram, which is
not proper, fails to represent correctly the connectednessf! * and|l  when
n> 1.

It will be seen in Section 4.7.8 below that yet another choiceof and of the
set(U;g) RZI" leads to a third projection diagram for Minkowski space-time.

A further example of non-uniqueness is provided by the projetion diagrams
for Taub-NUT metrics, discussed in Section 4.8.2.

These examples show that there is no uniqueness in the projiéon diagrams,
and that various such diagrams might carry di erent informat ion about the
causal structure. It is clear that for space-times with intricate causal structure,
some information will be lost when projecting to two dimensbns. This raises
the interesting question, whether there exists a notion of ptimal projection
diagram for speci c space-times. In any case, the examples evgive in what
follows appear to depict the essential causal properties dhe associated space-
time, except perhaps for the black ring diagrams of Section #.8-4.7.9.

Non-trivial examples of metrics of the form (4.7.1) are provuded by the
Gowdy metrics on a torus [143]. These are vacuum U(1) U(1)-symmetric
metrics which can globally be written in the form [57, 143]

g=€&( di2+d )+ jtj & dxl+ Qdx2’+e P(dx?)? ; (4.7.3)

witht2 (1 ;0)and(;x1;x?) 2 S S! Sl Unwrapping from S'to R and
projecting away the x* and x? coordinates, one obtains a projection diagram
the image of which is the half-space < 0 in Minkowski space-time. This can be
further compacti ed as in Section 4.2.4, keeping in mind tha the asymptotic
behavior of the metric for large negative values ot [248] is not compatible with
the existence of a smooth conformal completion of the full sace-time metric
across past null in nity. Note that this projection diagram fails to represent
properly the existence of Cauchy horizons for non-generi@p9] Gowdy metrics.

Similarly, generic Gowdy metrics onS!  S?, S3, or L(p; g) can be written
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in the form [57, 143]

g= e ( di2+d 2+ Rysin(t)sin( ) € dx!+ Qdx2 *+ e P(dx?)? ;
(4.7.4)

with (t; ) 2 (0; ) [0O; ], leading to the Gowdy square as the projection
diagram for the space-time. (This is the diagram of Figure 47.13, p. 190, where
the lower boundary corresponds tot = 0, the upper boundary corresponds to
t = , the left boundary corresponds to the axis of rotation =0, and the right
boundary is the projection of the axis of rotation = . The diagonals, denoted
asy = yy in Figure 4.7.13, correspond in the Gowdy case to the proje@n of
the set where the gradient of the areaR = Rgsin(t)sin( ) of the orbits of
the isometry group U(1) U(1) becomes null or vanishes, and do not have
any further geometric signi cance. The lines with the arrows in Figure 4.7.13
are irrelevant for the Gowdy metrics, as the orbits of the isanetry group of
the space-time metric, which are spacelike throughout the @wdy square, have
been projected away.)

Let us now pass to the construction of projection diagrams fo families of
metrics of interest which are not of the simple form (4.7.1).

4.7.3 The Kerr metrics

Consider the Kerr metric in Boyer-Lindquist coordinates,

a? sin?( )Clt2 2asin?( ) r?+ a2

g = dtd'
sin?() r2+a2? a?sin?()
+ d 2+ —dr’+ d ?:(4.7.5)
Here
= r?2+ a’cog ; = r2+a® 2mr=(r r.)(r r); (4.7.6)

for some real parametersa and m, with

2

rr=m (m az)%; and we assume that < jaj m:

Recall that in the region r 0 there exists a non-empty domain on which
the Killing vector @ becomes timelike:

vV = fg <0g
a*+2a?mr +3a’r?+2r4
a2 ’
60; sin( )60g 4.7.7)

= fr< 0; cos(2) <

(see (1.6.48)). Since the orbits of@ are periodic, this leads to causality vio-
lations, as described in detail in Section 1.6.3. But, as poited out above, the
existence of a projection diagram implies stable causalityof the space-time. It
is thus clear that we will need to remove the region where@ is timelike to
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construct the diagram. It is, however, not clear whether sinply removing V
from M su ces. Now, in the construction below we will project-out t he and
' coordinates, and we will see that removing those values af which correspond
to V su ces indeed.
We start by recalling (cf. (1.6.47), p. 78)

2a?mr sin( )
a2co( )+ r2
sin’( ) a*+ a?cos(2) + a’r(2m+3r)+2r*

- a2cos(2)+ az+2r2 - (478)

sin?( ) +a?+r?

Q
[

where the rst line makes clear the non-negativity ofg- forr 0.

To ful ll the requirements of our de nition, we will be proje cting-out the
and ' variables. We thus need to nd a two-dimensional metric  with the
property that g-timelike vectors X'@+ X' @+ X @+ X @ project to -
timelike vectors X'@+ X'@. For this, in the region where @ is spacelike
(which thus includes fr > 0Qg) it turns out to be convenient to rewrite the t '

part of the metric as

gudt? +2g dtd' + g d' ?

2 2
=g d + %dt -~ 3% dt2: (4.7.9)
with
[ 2 .
G g  a*+a?cos(2 )+ ar(@m+3r)+2r4’
Forr> Oand > 0 it holds that
o
with the in mum attained at 2f0; g and maximum at = =2. One of the
9@

key facts for us is that gy
this region.
In the regionr> 0, > 0 consider any vector

X =X'@+X'@+X @+ X @

o has constant sign, and is in fact negative in

which is causal for the metricg. Let ( r; ) be any strictly positive function.
Since bothg and the rstterm in (4.7.9) are positive, while the coe cien t of
dt? in (4.7.9) is negative, we have

2
0 gX)= g X X % g g‘f X2+ Zgy (XT)?
|

: 2 o £y 2 2 )

inf gtt g— (X ) + grr (X )

2
sup( %ig j—i)(xt)zﬂnf 20, (X)2: 4.7.11)
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Thus, regardless of the choice of , g-causality of X enforces a sign on the
expression given in the last line of (4.7.11). We will therefre use this expression,
with a suitable choice of to de ne the desired projection metric  Itis simplest
to choose so that both extrema in (4.7.11) are attained at the same value of

, say , while keeping those features of the coe cients which are esential for
the problem at hand. It is convenient, but not essential, to have  independent
of r. We will therefore make the choice

2 2
r<+ a
2 = ; (4.7.12)

but other choices are possible, and might be more conveniefbr other purposes.
Here the factor has been included to get rid of the angular dependence in

2 - 2
Or = —

while the numerator r2+ a2 has been added to ensure that the metric coe cient
rr in (4.7.14) tends to one ag recedes to in nity. With this choice of , (4.7.11)
is equivalent to the statement that

(X):=X'@+X'@ (4.7.13)
is a causal vector in the two-dimensional Lorentzian metric

( r2+ a2) (r2+ a2)

2
r(a2(2m+ r)+ r3) e+

dr?: (4.7.14)

Using the methods of Walker [277] reviewed in Section 4.3, ithe regionr, <
r< 1 the metric is conformal to a at metric on the interior of a diamond,
with the conformal factor extending smoothly across that pat of its boundary
at which r ' r, whenjaj <m. This remains true whenjaj = m except at the
leftmost corner i of Figure 4.7.1.

To make things clear, the map of the de nition of a projection diagram is
the projection (t;r; ;' ) 7! (t;r). The fact that g-causal curves are mapped to
-causal curves follows from the construction of . In order to prove the lifting

property, let (s) = (t(s);r(s)) be a -causal curve, then the curve

(t(s);r(s); =2 (9));

where' (s) satis es
d' g dt

ds g ds

is a g-causal curve which projects to .
For causal vectors in the regionr > 0, < 0, we have instead

2
0 29GX) 2 g gg‘f X124+ 2gy (XT)?
!

(XH2 sup Zjgrj (XT)2:  (4.7.15)

2
inf 2 gy gt—
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Figure 4.7.2. The radius of the \left boundary" # =m of the time-machine
region as a function ofa=m.

Since the inequalities in (4.7.10) are reversed when < 0, choosing the same
factor one concludes again that X '@+ X' @ is -causal in the metric (4.7.14)
whenever it is in the metric g. Using again the results of Section 4.3, in the
regionr <r<r 4, suchametricis conformalto aa attwo-dimensional met-
ric on the interior of a diamond, with the conformal factor extending smoothly
across those parts of its boundary where ! r, orr! r

When jaj < m the metric coe cients in extend analytically from the
(r>r s )Y{range to the (r <r<r ,){range. As described in Section 4.3.1, one
can then smoothly glue together four diamonds as above to a sgle diamond
onwhichr <r< 1.

The singularity of at r = 0 re ects the fact that the metric g is singular
at = 0. This singularity persists even if m = 0, which might at rst seem
surprising since then there is no geometric singularity at = 0 anymore [45].
However, this singularity of re ects the singularity of the associated coordi-
nates on Minkowski space-time (compare (1.6.3), p. 64), wik the setr =0 in
the projection metric corresponding to a boundary of the prdection diagram.

For r < 0 we have > 0, and the inequality (4.7.11) still applies in the
region where@ is spacelike. Setting

U:=MnV;
whereV is given by (4.7.7), throughout U we have

a*+2a?mr +3a%r2+2r4
a2(a?2 2mr + r2)

>1 r a’@m+r)+r3 >0: (4.7.16)

Equivalently,

Rpp—-"o-—
*T3 @b +27a"m?  9a2m a2
r< f = - U S — <0:
= "3° P3 B r27afm?  9a?m
(4.7.17)
see Figure 4.7.2. In the regiorr < f* the inequalities (4.7.10) hold again, and
so the projected vector (X) as de ned by (4.7.13) is causal, forg-causalX , in

the metric  given by (4.7.14). One concludes that the four-dimensionategion
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Figure 4.7.3: A projection diagram for the Kerr-Newman metrics with two
distinct zeros of (left diagram) and one double zero (right diagram); see
Remark 4.7.2. In the Kerr caseQ = 0 we have ry = 0, with ¥ given by
(4.7.16).

fl1 <r<r ghas the causal structure which projects to those diamonds of
e.g., Figure 4.7.3 withry = 0 which contain a shaded region. Those shaded
regions, which correspond to the projection of both the singlarity r = O,

= =2 and the time-machine regionV of (4.7.7), belong toW = (M) but
not to (U ). Causality within the shaded region is not represented in any
useful way by a at two-dimensional metric there, as causal crves can exit
this region earlier, in Minkowskian time on the diagram, than they entered it.
This results in causality violations throughout the enclosng diamond unless the
shaded region is removed.

The projection diagrams for the usual maximal extensions ofthe Kerr-

Newman metrics can be found in Figure 4.7.3.

Remark 4.7.2 Some general remarks concerning projection diagranfer the
Kerr family of metrics are in order. Anticipating, the remar ks here apply also to
projection diagrams of Kerr-Newman metrics, with or without a cosmological
constant, to be discussed in the sections to follow.

The shaded regions in gures such as Figure 4.7.3 and othersontain the
singularity =0 and the time-machine set fg- < 0Og, they belong to the set
W = (M) butdo not belong to the set (U ), on which causality properties of
two-dimensional Minkowski space-time re ect those ofU M . We emphasise
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that there are closed timelike curves through every point inthe preimage under

of the entire diamonds containing the shaded areas; this isidcussed in detail
for the Kerr metric in Section 1.6.3, and appliesas is to all metrics under
consideration here. On the other hand, if the preimages of th shaded region
are removed fromM , the causality relations in the resulting space-times are
accurately represented by the diagrams, which are then proer.

The parametersr* are determined by the mass and the charge parameters
(see (4.7.54)), withry = 0 when the charge e vanishes, andr? positive other-
wise. The boundariesr = 1 correspond to smooth conformal boundaries at
in nity, with causal character determined by . The arrows i ndicate the spatial
or timelike character of the orbits of the isometry group.

Maximal diagrams are obtained when continuing the diagramsshown in all
allowed directions. It should be kept in mind that the resulting subsets ofR?
are not simply connected in some cases, which implies that nmy alternative
non-isometric maximal extensions of the space-time can bebtained by tak-
ing various coverings of the planar diagram. One can also ma&kuse of the
symmetries of the diagram to produce distinct quotients. 2

Uniqueness of extensions

Let us denote by M kerr ; Okerr ) the space-time with projection diagram visu-
alised in Figure 4.7.3, continued inde nitely to the future and the past in the
obvious way, including the preimages of the shaded regionseept for the singu-
lar setf =0 g. Note that (M kerr ; Okerr ) iS NOt simply connected because loops
circling around f = 0 g cannot be homotoped to a point. Let us denote by
(I\/iOKerr ; bkerr ) the universal covering space of M kerr ; Okerr ) With the pull-back
metric.

The question then arises of the uniqueness of the extensios® obtained. To
address this, we start by noting the following result of Carter [45] (compare [229,
Theorem 4.3.1, p. 189]):

Proposition 4.7.3 The Kretschmann scalar R R is unbounded on all
maximally extended incompletecausal geodesics i{M kerr ; Oxerr ) -

Proposition 4.7.3 together with Corollary 1.4.7, p. 58, imdies:

Theorem 4.7.4 Let (M ;g) denote the regionfr >r , g of a Kerr metric with
jai  m. Then (MPker:bker) iS the unique simply connected analytic exten-
sion of (M ;g) such that all maximally extended causal geodesics along wini
R R is bounded are complete. 2

Theorem 4.7.4 makes it clear in which sensel\APKerr i Okerr ) IS Uunigue. How-
ever, the extension M kerr ; Okerr ) @appears to be more economical, if not more
natural. It would be of interest to nd a natural condition wh ich singles it out.

Conformal diagrams for a class of two-dimensional submanifolds of
Kerr space-time

One can nd e.g. in [47, 149] conformal diagrams for the symntey axes in the
maximally extended Kerr space-time. These diagrams are id#ical with those
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of Figure 4.7.3, except for the absence of shading. (The autits of [47, 149]
seem to indicate that the subsetr = 0 plays a special role in their diagrams,
which is not the case as the singularityr = cos = 0 does not intersect the
symmetry axes.) Now, the symmetry axes are totally geodesisubmanifolds,
being the collection of xed points of the isometry group gererated by the
rotational Killing vector eld. They can be thought of as the submanifolds
=0and = (with the remaining angular coordinate irrelevant then) of the
extended Kerr space-time. As such, another totally geodesitwo-dimensional
submanifold in Kerr is the equatorial plane = =2, which is the set of xed
points of the isometry 7! . This leads one to enquire about the global
structure of this submanifold or, more generally, of variows families of two-
dimensional submanifolds on which is kept xed. The discussion that follows
illustrates clearly the distinction between projection diagrams, in which one
projects-out the and ' variables, and conformal diagrams for submanifolds
where , and' or the angular variable '~ of (4.7.20) below, are xed.
An obvious family of two-dimensional Lorentzian submanifdds to consider
is that of submanifolds, which we denote as\ - , which are obtained by keeping
and' xed. The metric, say g( ), induced by the Kerr metric on N .. reads

(2
Fa(r)

For m? a?cos’( ) > O the function F; has two rst-order zeros at the inter-
section of N . with the boundary of the ergoregion f g(@; @) > 0g:

2 oin?
o) = — 2Oy, g2 Fy(r)ae+

. (4.7.18)

r- =m P m2  a2co( ): (4.7.19)

The key point is that these zeros are distinct from those ofF, if cos® 6 1,
which we assume in the remainder of this section. Since. . is larger than the
largest zero of F,, the metric g( ) is a priori only dened for r >r .,. One
checks that its Ricci scalar diverges asr( r.,) 2 whenr .. is approached,
therefore those submanifolds do not extend smoothly acroghe ergosphere, and
will thus be of no further interest to us.

We consider, next, the two-dimensional submanifolds, say¥ . -, of the Kerr
space-time obtained by keeping and '~ xed, where '~ is a new angular coor-
dinate de ned as a

d~=d + —dr: (4.7.20)

Using further the coordinate v de ned as

(a2 + r?)

dv = dt+ dr; (4.7.21)

the metric, say g( ), induced on N'. . takes the form

mdv2 + 2dvdr

o)

= mdv dv. 2——dr ; (4.7.22)
F(
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where F(r) := r?+ a?co$( ) 2mr. The zeros of F(r) are again given by
(4.7.19). Setting

du=dv 2——dr (4.7.23)
F(r)

brings (4.7.22) to the form

g )= wdvdu:

The usual Kruskal-Szekeres type of analysis applies to thisnetric, leading to
a conformal diagram as in the left Figure 4.7.3with no shadings and with r
there replaced byr . , as long asF has two distinct zeros

Several comments are in order:

First, the event horizons within N~ do not coincide with the intersection
of the event horizons of the Kerr space-time withN'.... This is not di cult
to understand by noting that the class of causal curves that ie within N'._ is
smaller than the class of causal curves in space-time, and éne is therefore no
a priori reason to expect that the associated horizons will ke the same. In fact,
is should be clear that the event horizons withinN ... should be located on the
boundary of the ergoregion, since in two space-time dimensins the boundary
of an ergoregion is necessarily a null hypersurface. Thislilstrates the fact
that conformal diagrams for submanifolds might fail to represent correctly the
location of horizons. The reason that the conformal diagrans for the symmetry
axes correctly re ect the global structure of the space-tine is an accident related
to the fact that the ergosphere touches the event horizon thee.

This last issue acquires a dramatic dimension for extreme K black holes,
for which jaj = m, where for 2 (0; ) the global structure of maximally ex-
tended N'._'s is represented by an unshaded version of the left Figure 4.3,
while the conformal diagrams for the axisymmetry axes are gien by the un-
shaded version of the right Figure 4.7.3.

Next, another dramatic change arises in the global structue of the N'. _'s
with = =2. Indeed, in this case we have . . =2m, as in Schwarzschild space-
time, and r . =0, regardless of whether the metric is underspinning, extreme
or overspinning. Sincer . coincides now with the location of the singularity,
N ... acquires two connected components, one where> 0 and a second one
with r < 0. The conformal diagram of the rst one is identical to that of the
Schwarzschild space-time with positive mass, while the sead is identical to
that of Schwarzschild with negative mass, see Figure 4.7.4We thus obtain
the unexpected conclusion, thatthe singularity r = cos( ) = 0 has a spacelike
character when approached with positive within the equatorial plane, and a
timelike one when approached with negative within that plane. This is rather
obvious in retrospect, since the metric induced by Kerr onN - ,._ coincides,
when m > 0, with the one induced by the Schwarzschild metric with posiive
mass in the regionr > 0 and with the Schwarzschild metric with negative mass

m in the regionr < 0.
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Figure 4.7.4. The conformal diagram for a maximal analytic etension of the
metric induced by the Kerr metric, with arbitrary a2 R, on the submanifolds
of constant angle' ~within the equatorial plane = =2, with r > 0 (left) and
r < 0 (right).

Figure 4.7.5: A projection diagram for overspinning Kerr-Newman space-times.

Note nally that, surprisingly enough, even for overspinning Kerr metrics
there will be a range of angles near =2 so that F will have two distinct rst-
order zeros. This implies that, for such , the global structure of maximally
extendedN . _'s will be similar to that of the corresponding submanifoldsof the
underspinning Kerr solutions. This should be compared withthe projection
diagram for overspinning Kerr space-times in Figure 4.7.5.

The orbit-space metric on M =U(1)

Let h denote the tensor eld obtained by quotienting-out in the Kerr metric g
the := @ direction,

g(X; )a(Y; ) .

o) (4.7.24)
(Compare Section 1.6.6, where the whole grouR  U(1) has been quotiented-
out instead.) The tensor eld h projects to the natural quotient metric on
the manifold part of M =U(1). In the region where is spacelike, the quotient
spaceM =U(1) has the natural structure of a manifold with boundary, w here
the boundary is the image, under the quotient map, of the axisof rotation

A =f =0g:

h(X;Y) = 9(X;Y)

Using t;r; as coordinates on the quotient space we nd a diagonal metric

h= hgdt?+ —dr?+ d 2; (4.7.25)



176 CHAPTER 4. DIAGRAMS, EXTENSIONS

where 5
9% .
hie = O g
as in (4.7.9). Thus, the metric of (4.7.14) is directly constructed out of the
(t;r){part of the quotient-space metric h. However, the analogy is probably
misleading as there does not seem to be any direct correspoeice between the
guotient spaceM =U(1) and the natural manifold as constructed in Section 4.73
using the metric
We note that a Penrose diagram for the quotient-space metrichas been
constructed in [140]. The Penrose-Carter conformal diagnm of Section 4.6
of [140] coincides with a projection diagram for the BMPV metic, but our
interpretation of this diagram di ers.

4.7.4 The Kerr-Newman metrics

The analysis of the Kerr-Newman metrics is essentially idetical to that of the
Kerr metric: The metric takes the same general form (4.7.5),except that now

= r’+a’?+e 2mr=(r r)(r r);
and we assume thate? + a2 m so that the roots are real. We have

sin?() r2+a2? a?sin 2()
g = : (4.7.26)

gtz.
.

Ot (4.7.27)

(r2+ a?? a?sin ()’
and note that the sign of the denominator in (4.7.27) coincices with the sign of

g- . Hence
2

. o . .
Sign (0t gT) = sign()sign( g- ):
For g- > 0, which is the main region of interest, we conclude that the nmimum

2
of (r ) 1 1lisassumedat = > and the maximum at =0; , so for
all r for which g+ > 0 we have

ot
— —_— 4.7.28
2ra)? @ Mg (r2+ a2)2 (4.7.26)
Choosing the conformal factor as
, 2+ a?
we obtain, for g-causal vectorsX,
2
0 FOGX)= X X 2 o (X9P+ (X2
r2+ a2 r2+ a2
(XH2+ ————(X")?: (4.7.29)
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This leads to the following projection metric

24 52 24 52
r2+ a r2+ a
= dt? + ————dr?
(r2+ a?)? a2

124 g2 124 g2
= dt? + dr?;  (4.7.30
a2(r@m+r) €)+r4 T ( )

which is Lorentzian if and only if r is such thatg: > O forall 2 [0; ].
Now, it follows from (4.7.26) that g will have the wrong sign if

0> r2+a%% asin 2(): (4.7.31)
This does not happen when 0, and hence in a neighborhood of both
horizons. On the other hand, for > 0, a necessary condition for (4.7.31) is

2
0 > r?+a?

a® = rt+r2a®+2mra? a’e?=: f(r):(4.7.32)
The second derivative off is strictly positive, hence f © has exactly one real
zero. Note that f is strictly smaller than the corresponding function for the
Kerr metric, where e = 0, thus the interval where f is strictly negative encloses
the corresponding interval for Kerr. We conclude that f is negative on an
interval (* ;fy), with <0< Ry <t

The corresponding projection diagrams are identical to thee of the Kerr
space-time, see Figure 4.7.3, with the minor modi cation that the region to be
excised from the diagram isfr 2 (¢ ;rfy)g, with now £, > 0, while we had
f. =0 in the uncharged case.

475 The Kerr - de Sitter metrics

The Kerr - de Sitter metric in Boyer-Lindquist-like coordin ates reads [46,
106]

g = —dz+ —d2+ SO g (24 @
'
I dt asi()d 2 (4.7.33)
where
= r?+ a%cos(); Fr=(r2+a? 1 §r2 2 r; (4.7.39)
and
=1+ §a2 cog( ); =1+ gaz; (4.7.35)

for some real parametersa and , where is the cosmological constant. In this
section we assume
>0anda60.
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By a rede nition ' 7! we can always achievea > 0, similarly changingr to
r if necessary we can assume that 0. The case = 0 leads to the de Sitter
metric in unusual coordinates (see, e.g., [5, Equation (17). The inequalities

a>0and > 0

will be assumed from now on.
The Lorentzian character of the metric should be clear from 4.7.33); alter-
natively, one can calculate the determinant ofg:

2

det(g) = —5sin® : (4.7.36)
We have 4
¢«_ 9r 9 O _ 1 g .
== 9 - = ; 4.7.37
g det(g) r s ( )

which shows that either t or its negative is a time function whenever ; and
g =sin® are strictly positive. (Incidentally, chronology is violated on the set
whereg: < 0, we will return to this shortly.) One also has

g ==L, (4.7.38)

which shows thatr or its negative is a time function in the region where < 0.
The character of the principal orbits of the isometry group R U(1) is
determined by the sign of the determinant

det S 9 - ¢

gt O 4

sin® : (4.7.39)

Therefore, for sin( ) 6 0 the orbits are two-dimensional, timelike in the regions
where | > 0, spacelike where ; < 0, and null where ; = 0 once the
space-time has been appropriately extended to include theakt set.

When 6 0the setf =0 g corresponds to a geometric singularity in the
metric. To see this, note that

2 cin2
g@@=2" -2 4oq:; (4.7.40)

where O(1) denotes a function which is bounded near = 0. It follows t hat
for 6 0 the norm of the Killing vector @ blows up as the setf =0 g is
approached along the plane cos() = 0, which would be impossible if the metric
could be continued across this set in &2 manner.
The function ; has exactly two distinct rst-order real zeros, one of them
strictly negative and the other strictly positive, when
25 _2 3 2 3. 4.7.41
35—2 a . ( P )
It has at least two, and up to four, possibly but not necessarily dimct, real

roots when 5
a2 3; 2 =3 @

3.
3 2 :

(4.7.42)
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Under the current assumptions the smallest root, sayr;, is always simple and
strictly negative, the remaining ones are strictly positive. We can thus order
the roots as

ri<0<ry s TIyg; (4743)

when there are four real ones, and we sat3  r4 := r, when there are only two
real rootsr; <r,. The function | is strictly positive for r 2 (ry;r»), and for
r 2 (rs;rq) whenever the last interval is not empty; , is negative or vanishing
otherwise.

It holds that
sin?( ) r2+a2? a2 ,sin?()
g - 5 (4.7.44)
P2 2 12
- Sini() 2T sini() o2y (4.7.45)

a2co( )+ r?

The second line is manifestly non-negative for 0, and positive there away
from the axis sin( ) = 0. The rst line is manifestly non-negative for 0,
and hence also in a neighborhood of this set.

Next
% :
ot — = > .
g 2 (r2 + a?) ra2sin?( )
r
= - 4.7.46
Z(A(N + B(Ncos@)) (4.7.49)
with
A(r) = > at+3a’r?+2r*+2a%r (4.7.47)
a2
B(r) = > a?+r? 2r (4.7.48)
We have
A(r)+ B(r) = a?+r2?;
2
A(f) B(r) = r2 a2+r2+2a7 : (4.7.49)

which con rms that for r > 0, or for large negativer, we haveA > jBj > 0, as
needed forg: 0. The function

(A(r)+ B(r)cos(2))  (A(r)+ B(r)cos(2))
1+ za2cog( )

f(r; )=

satis es
%: & sin@): (4.7.50)
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which has the same sign as | sin(2 ). In any case, its extrema are achieved
at =0; =2 and . Accordingly, this is where the extrema of the right-hand
side of (4.7.46) are achieved as well. In particular, for ; > 0, we nd

r 2 i r .
@+r2 Mg r@@ +n+ 9’

(4.7.51)

with the minimum attained at =0 and the maximum attained at = =2.

To obtain the projection diagram, we can now repeat word for vord the
analysis carried out for the Kerr metrics on the setfg- > 0g. Choosing a
conformal factor 2 equal to

24 52
2. T (4.7.52)
one is led to a projection metric
(r?+ @) 2, TP+ a
+ : 4.7.
T @2 N+ dt : dr (4.7.53)

It remains to understand the set
V = fg <0g

where g- is negative. To avoid repetitiveness, we will do it simultareously
both for the charged and the uncharged case, where (4.7.44jils applies (but
not (4.7.45) for e 6 0) with | given by (4.7.54); the Kerr - de Sitter case is
obtained by setting e = 0 in what follows. A calculation shows that g- is the
product of a non-negative function with

=2a’r a’e+rla+r*+ r2a? 2a’r +a’+at cod():
This is clearly strictly positive for all r and all 6 =2 when = e=0, which
shows thatV = ; in this case.
Next, the function is sandwiched between the two following functions of
r, obtained by setting cos() = 0 or cos?( ) =1 in

o = rt+r¥?+2a%r &%

p = rZva??

Hence, is strictly positive for all r when cog( ) = 1. Next, for > 0 the
function ¢ is negative for negativer near zero. Further, ¢ is convex. We
conclude that, for > 0, the set on which ¢ is non-positive is a non-empty
interval [?* ;] containing the origin. We have already seen thatg: is non-
negative wherever , 0, and sincer, > 0 we must have

r<f A <rop:

In fact, when e = 0 the value of f* is given by (4.7.17) with m there replaced
by ,with4® =0ifandonlyif =0.
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Figure 4.7.6: A projection diagram for the Kerr-Newman - de Stter metric
with four distinct zeros of |; see Remark 4.7.2.

We conclude that if = e = 0 the time-machine set is empty, while if
j j+ € > 0 there are always causality violations \produced" in the nan-empty
region f i rro.

The projection diagrams for the Kerr-Newman - de Sitter family of metrics
depend upon the number of zeros of , and their nature, and can be found in
Figures 4.7.6-4.7.9.

4.7.6 The Kerr-Newman - de Sitter metrics

In the standard Boyer{Lindquist coordinates the Kerr-Newman - de Sitter met-
ric takes the form (4.7.33) [46, 262F with all the functions as in (4.7.34)-(4.7.35)
except for ,, which instead takes the form

=1 L r?(?+a®) 21+ € (4.7.54)
wherep " eis the electric charge of the space-time. In this section wessume

> 0; 0; a>0; e60:

The calculations of the previous section, and the analysis fozeros of .,

3The transition from the formulae in [46] to (4.7.33) is expla ined in [47, p. 102].
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Figure 4.7.7: A projection diagram for the Kerr-Newman - de Stter metrics
with three distinct zeros of ,r1 < 0<r,=r3<r 4, see Remark 4.7.2.

Figure 4.7.8: A projection diagram for the Kerr-Newman - de Stter metrics
with three distinct zeros of , r1 < 0<rjy <r3 = rg4 see Remark 4.7.2.
Note that one cannot continue the diagram simultaneously acoss all boundaries
r = r3 on R?, but this can be done on an appropriate Riemann surface.
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LB

el o

Figure 4.7.9: A projection diagram for the Kerr-Newman - de Stter metrics

with two distinct rst-order zeros of [, r; < 0<r,and > O0; see Re-
mark 4.7.2. The diagram for a rst-order zero at r; and third-order zero at

ro = rz = rq would be identical except for the bifurcation surface of thebifur-

cate Killing horizon at the intersection of the lines r = r,, which does not exist
in the third-order case and has therefore to be removed fromhe diagram.

remain identical except for the following equations: First,

_sin?() a?(2r  €)sin?() s
- a2co( )+ r2

a’+r? (4.7.55)

the sign of which requires further analysis, we will return to this shortly. Next,
we still have

o _ :
Gt —— = > .
g 2. (r2+ a?) ra2sin?( )
r
= ; 4.7.56
Z(A+ B(1)cos(2)) (@.7:59)
but now
A(r) = 5 a*+3a%r2+2rt+2a’r a%e ; (4.7.57)
a2
B = < a’+r? 2r +é ; (4.7.58)
with
A(r)+ B(r) = a+r27%;
2 2
A(r) B(r) = r2 a2+ r2+2aT ar—zez (4.7.59)
Equation (4.7.50) remains unchanged, and for > 0, we nd
2
r 2 O r .
—_— — 4.7.60
(a2 + r2)? o g (a2@2r e+r2)+r4’ ( )
with the minimum attained at = 0 and the maximum attained at = =2.
This leads to the projection metric
1
— r 2 2.
dt+ —dr<: 4.7.61
3(@2(2r e+ 1)+ 14 r ' ( )
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We recall that the analysis of the time-machine setfg- < Og has already
been carried out at the end of Section 4.7.5, where it was shawthat for e 6 0
causality violations always exist, and arise from the non-enpty region ff
r Mg

The projection diagrams for the Kerr-Newman - de Sitter famiy of metrics
can be found in Figures 4.7.6-4.7.9.

4.7.7 The Kerr-Newman - anti de Sitter metrics

We consider the metric (4.7.33)-(4.7.35), with however | given by (4.7.54),
assuming that
a’+e>0; <O0:

While the local calculations carried out in Section 4.7.5 renain unchanged, one
needs to reexamine the occurrence of zeros of;.
We start by noting that the requirement that 6 0 imposes

1+ -a’60:
3
Next, a negative would lead to a function which changes sign. By inspec-
tion, one nds that the signature changes from ( +++) to (+ ) across
these zeros, which implies nonexistence of a coordinate d¢gs in which the
metric could be smoothly continued there? From now on we thus assume that

1+ §az > 0: (4.7.62)

As such, those metrics for which  has no zeros are nakedly singular when-
ever
€+jj>0: (4.7.63)

This can be easily seen from the following formula forg; on the equatorial
plane:

Ot = 3—22( 3 €+6 r + a? 3r%+ r: (4.7.64)
So, under (4.7.63) the norm of the Killing vector @ is unbounded and the metric
cannot be C2-continued acrossf =0 g by usual arguments.
Turning our attention, rst, to the region where r > 0, the occurrence of
zeros of | requires that
(a;e;) > 0:

Hence, there is a strictly positive threshold for the mass ofa black hole at
given a and e. The solution with =  has the property that  and its
r-derivative have a joint zero, and can thus be found by equatig to zero the
resultant of these two polynomials inr. An explicit formula for m¢ = c

“We, and Kayll Lake (private communication), calculated sev eral curvature invariants for
the overspinning metrics and found no singularity at = 0. The origin of this surprising
fact is not clear to us.
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Figure 4.7,10: The critical mass parameterm, j =3j= . j3= j as a func-

tion of jaj | =3j whenqg=0.

can be given, which takes a relatively simple form when expigsed in terms of
suitably renormalised parameters. We set

r s
I 3
= —a a= —,
3 0 1) |
. 5 !
AL L S T L L
1+ 2)? j 3 ’
_ P v m @+ 3=
Letting . be the value of corresponding to ., one nds
q o+ p—
9+36 + 3 (3+4 )3
° 32
1+ 2% 9436 +°3 (B+4 )3
0 mg = (4.7.65)

163 |

When g = 0, the graph of . as a function of can be found in Figure 4.7.10. In
general, the graph of ¢ as a function ofa and g can be found in Figure 4.7.11.
Note that if q=0, then can be used as a replacement faa; otherwise,

is a substitute for g at xed a.
When e = 0 we have m. = a+ O(a® for small a, and m¢ ! gp% as

jaj % © 3= 1.

According to [151], the physically relevant mass of the soltign is and not
m; because of the rescaling involved, we havec!1  asjaj% 3= |.

We have d® ,=dr? > 0, so that the setf