Piotr T. Chruściel^∗, Jacek Jezierski^†, Jerzy Kijowski^‡

A Hamiltonian framework for field theories in the radiating regime

Physics – Monograph (Editorial W. Beiglböck)

May 10, 2003

Springer-Verlag

Berlin Heidelberg NewYork London Paris Tokyo Hong Kong Barcelona Budapest

∗ Supported in part by the Polish Research Council grant KBN 2 P03B 073 15, and by an A. von Humboldt fellowship. E–mail: chrusciel@univ-tours.fr † Partially supported by a grant from Région Centre and KBN 2 P03A 047 15.

E–mail: Jacek.Jezierski@fuw.edu.pl ‡ Partially supported by a grant KBN 2 P03A 047 15. E–mail:

kijowski@cft.edu.pl

Preface

There is no preface

Contents

1. Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1

2. Preliminaries . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7 2.1 Hamiltonian dynamics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7 2.2 The role of boundary conditions in Hamiltonian field theory . 10 2.3 Tangential translations as a Hamiltonian system . . . . . . . . . . . . 13 2.4 The Hamiltonian description of a mixed Cauchy – characteristic initial value problem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15 2.5 The Trautman–Bondi energy for the scalar field . . . . . . . . . . . . 20

3. Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23

4. Preliminaries . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29 4.1 Hamiltonian dynamics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29 4.2 The role of boundary conditions in Hamiltonian field theory . 32 4.3 Tangential translations as a Hamiltonian system . . . . . . . . . . . . 35 4.4 The Hamiltonian description of a mixed Cauchy – characteristic initial value problem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 37 4.5 The Trautman–Bondi energy for the scalar field . . . . . . . . . . . . 42

5. Hamiltonian flows for geometric field theories . . . . . . . . . . . . 45 5.1 The framework . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 45 5.2 Hamiltonian dynamics for Lagrangian theories . . . . . . . . . . . . . 51 5.3 Space-time integrals . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 56 5.4 Changes of Ψ and of the Lagrangian . . . . . . . . . . . . . . . . . . . . . . 60

6. Radiating scalar fields . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 63 6.1 Preliminaries. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 63 6.2 Energy: convergence of integrals . . . . . . . . . . . . . . . . . . . . . . . . . . 67 6.3 The phase space P_{(−∞,0]} . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 71 6.4 The phase space P_{[−1,0]} . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 73 6.5 The phase space ^P_{[−1,0]} . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 74 6.6 The preferred Hamiltonian role of the Trautman–Bondi energy for scalar fields . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 76

6.7 The Poincaré group . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 79 6.8 “Supertranslated” hyperbolae . . . . . . . . . . . . . . . . . . . . . . . . . . . . 83

5. The energy of the gravitational field . . . . . . . . . . . . . . . . . . . . . . 65 5.1 Preliminaries. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 65 5.2 Moving spacelike hypersurfaces . . . . . . . . . . . . . . . . . . . . . . . . . . . 70 5.3 Cosmological space-times . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 74 5.4 Space-times asymptotically flat in spacelike directions . . . . . . . 76 5.5 Space-times with anti-de Sitter asymptotic behaviour . . . . . . . 80 5.6 Energy in the radiation regime: convergence of integrals . . . . . 89 5.7 Phase spaces: the space P . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 97 5.8 The phase space P_{[−1,0]} . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 102 5.9 The phase space ^P_{[−1,0]} . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 103 5.10 Preferred role of the Trautman–Bondi energy . . . . . . . . . . . . . . 104

6. Hamiltonians associated with the BMS group . . . . . . . . . . . . . 105 6.1 The Poincaré group: convergence of integrals . . . . . . . . . . . . . . . 105 6.2 Supertranslations (and space translations): convergence of integrals . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 111 6.3 The abstract Scri . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 116 6.4 Lorentz charges . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 119 6.5 A Hamiltonian definition of angular momentum of sections of I . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 121 6.6 An example: Schwarzschild space-time . . . . . . . . . . . . . . . . . . . . 126 6.7 An example: stationary space-times . . . . . . . . . . . . . . . . . . . . . . . 129 6.8 Lorentz covariance of global charges . . . . . . . . . . . . . . . . . . . . . . 131 6.9 BMS invariance of energy-momentum . . . . . . . . . . . . . . . . . . . . . 134 6.10 Polyhomogeneous Scri’s . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 136

A. Odd forms (densities) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 139

B. Solutions of the wave equation smoothly extendable to I^+ 141

C. Gravitational field: some auxiliary results . . . . . . . . . . . . . . . . . 143 C.1 The canonical gravitational variables in Bondi coordinates . . . 143 C.1.1 Smooth Scri‘s . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 143 C.1.2 Polyhomogeneous asymptotics . . . . . . . . . . . . . . . . . . . . . 145 C.2 Solutions of the vacuum Einstein equations containing hyperboloidal hypersurfaces . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 146 C.3 Bondi coordinates vs hyperboloidal initial data . . . . . . . . . . . . . 152 C.4 The calculation of the W^{xμ}’s . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 157 C.5 Transformation rules of the Bondi functions under supertranslations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 159 C.6 Transformation rules of the Bondi functions under boosts . . . . 162 C.7 Bondi coordinates in the Kerr space-time . . . . . . . . . . . . . . . . . . 163

C.8 Conformal rescalings of ADM Cauchy data . . . . . . . . . . . . . . . . 166 References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 167

1. Introduction

In any physical theory one of the fundamental notions is that of energy of the objects at hand: in mechanics one considers the energy of, say, moving masses; in field theories one is interested in the energy of field configurations. A unified treatment of this question, which applies both to mechanics and to field theory, proceeds through a Hamiltonian formalism. We will shortly review below how such a procedure is carried out in the theory of scalar fields on Minkowski space-time; let us, at this stage, mention that an important issue, often ignored in the textbooks, is that of the boundary conditions satisfied by the set of fields under consideration. While this issue can be safely ignored — for many purposes — when considering the usual field theories, such as scalar fields or electromagnetism, on the {t = const} hypersurfaces, where t is a Minkowski-time, it sometimes plays a critical role when other classes of hypersurfaces are considered. In the case of gravity the situation is worse: even for {t = const} asymptotically Minkowskian slices the boundary terms are crucial. (This is one of the main differences between the Arnowitt- Deser-Misner (ADM) mass for gravity (cf. Section 5.4 below), which is given by a boundary integral, and the usual energy expression for field theories in Minkowski space-time, where the Hamiltonian is usually a volume integral.) Now, in field theory the energy plays its most important role in the radiation regime, where it can be radiated away by the field. This leads one to the need of considering hypersurfaces which extend to the radiation zone; this requirement is made precise by considering hypersurface which asymptote to null hypersurfaces in an appropriate way. (Technically, this will correspond to hypersurfaces with specific boundary behaviour in a conformal compactification of Minkowski space-time. In such compactifications the radiation zone becomes a neighbourhood of a conformal boundary I .) The aim of this work is to analyse the issues which arise when attempting to obtain a Hamiltonian description of radiating fields, with emphasis on the geometric character of the objects involved. More precisely, we develop a geometric Hamiltonian formalism adequate for a canonical description of field theories in the radiation regime, extending previous work of Kijowski and Tulczyjew [85]. While our main objective here is the radiation zone, we note that several aspects of our construction are new even in more standard contexts. The formalism is first applied in detail to the toy model of a massless scalar field in Minkowski space-time at null infinity. This has some interest of its own; more importantly, it allows us also to adress the difficulties which arise in a simpler setting. Our real interest is the gravitational field, and we apply, next, our formalism to general relativity at null infinity. In particular we derive Hamiltonian formulae for energy, momentum, angular-momentum, as well as for the Hamiltonians for boosts and “supertranslations”. Now, the — generally accepted — notion of energy in general relativity appropriate in the radiation regime is the one which has been introduced by Trautman [108], and further studied by Bondi [24]; we will refer to this mass as the Trautman–Bondi mass; the original motivation for this work was to show how this quantity arises in a Hamiltonian framework. One of the main results of the work here is a natural Hamiltonian definition of global Lorentz charges — that is, angular momentum and boost integrals — for cuts of I , which is free from the “supertranslation ambiguities”.

We shall now expand the quick overview, just given, of our work here. Let us start with a brief review of the Hamiltonian description of the dynamics of the massless scalar wave equation on Minkowski space-time,

�ϕ = 0 . (1.1)

Consider the collection of solutions of (3.1) with initial data which are, say, smooth and compactly^1 supported on the hypersurface S_0 = {x^0 = 0} ⊂ R^{1,3}, where R^{1,3} stands for the four dimensional Minkowski space-time. As is well known (and discussed in more detail below), this theory can be described as a dynamical system by considering the restrictions (ϕ_t, π_t) of (ϕ, ∂ϕ/∂t) to the hypersurfaces S_t = {x^0 = t}. In this approach the family (ϕ_t, π_t), t ∈ R, can be thought of as a smooth curve in the set C^∞_0 (R^3) ⊕ C^∞_0 (R^3) of smooth compactly supported functions on R^3. The associated dynamical system is Hamiltonian, and in the standard formulation all the Hamiltonians generating the equations of motion are of the form H = 1 2 � R^3

(π^2 + |∇ϕ|^2)d^3x + C . (1.2)

This follows from the facts that: 1) H given by (3.2) is differentiable and satisfies the appropriate generating equations (cf. Chapter 4.1 below); 2) the difference of any two Hamiltonians has vanishing differential, and therefore must be a constant because the space of field configurations is path connected.

The constant in (3.2) can be gotten rid of by requiring that the energy vanishes for the trivial configuration ϕ = π = 0. This requirement leads then to a uniquely defined quantity, usually identified with the total energy contained in a field configuration.

1 The condition of smooth compactly supported initial data is made only for simplicity, and can be considerably relaxed. In particular, later on in this work, we shall consider field configurations which do not satisfy this hypothesis.

When one attempts to replace the hypersurfaces S_t above with hypersurfaces which extend to null infinity, various difficulties arise (they will be presented and adressed in the work below). In this context some Hamiltonian formulations of the dynamics have been presented [8, 11, 12, 68, 75], and in all those formulations the Hamiltonian turns out to be the energy calculated “at spatial infinity”. More precisely, in the above mentioned descriptions of a scalar field in Minkowski space-time the Hamiltonian is, essentially^2, the energy calculated on hypersurfaces {x^0 = const} as in Equation (3.2), where x^0 refers to the Minkowskian time coordinate. (Similarly, in the analysis of the gravitational field in [8, 11, 12, 68, 75] the Hamiltonian is, essentially, the ADM mass.) Now we are interested in a definition of the energy in the radiating regime, where one expects that the correct energy should not be given by the integrals of the energy-momentum tensor on the level sets of the Minkowskian time, but on hypersurfaces extending into the radiation zone; this would be the scalar field equivalent of the Trautman–Bondi mass in general relativity [24, 108], and we will use those names when refering to that mass. It has been argued [113] that no such formulation is possible, because in a Hamiltonian system the energy is conserved, while the Trautman–Bondi mass is not. We shall show that the argument of [113] does not apply when things are suitably formulated, and that there exists a Hamiltonian description of the dynamics of the scalar field in the radiating regime in which the Hamiltonian is the Trautman–Bondi mass; see Sections 4.4 and 4.5 for a simple exposition of these ideas.

Recall, next, that in a manner rather analogous to the scalar field on Minkowski space-time, the Einstein equations induce a dynamical system on the phase space of those gravitational initial data which are asymptotically flat in spacelike directions; this is discussed in more detail in Section 5.4 below. In this case all the Hamiltonians corresponding to space-time motions which reduce to unit time translations to the future in the asymptotically flat regions, are of the form

H = M_{ADM} + C ,

M_{ADM} = 1 16π � S_∞

(g_{ij,j} − g_{jj,i})dS_i (1.3)

(the integral over the union “S_∞” of all the “spheres at infinity” is understood as a limit as R tends to infinity of integrals over the union of spheres of radius R in all the asymptotically flat regions), with the constant C usually set to

2 The qualification ”essentially” here is due to the fact that the equality of the Hamiltonian with the energy of Minkowskian-time slices {x^0 = const} is correct for smooth compactly supported initial data, and is expected to be true for the more general data considered in those works. However, no such rigourous results are known even in the case of the scalar field on Minkowski space-time. A similar comment applies to the gravitational field.

zero^3. Here g_{ij} denotes the metric on the “t = 0 hypersurface”, with indices i, j in (3.3) running from 1 to 3, and being summed over.

In complete analogy to the scalar field case the situation in the radiation regime is much less satisfactory. Here one expects the Trautman–Bondi energy [24, 98, 107, 108] to be the physically relevant measure of the total energy contained in a hypersurface S that intersects I^+ in an appropriate way. To our knowledge no satisfactory theoretical justification of such a statement has been given so far, though some partial results can be found in [23, 41, 113]. The strongest hint in this direction seems to be given by the uniqueness theorem of [41], which asserts that the Trautman–Bondi energy is the unique functional, up to a multiplicative constant, in an appropriate class of functionals, which is monotonic in time under time translations of S . While monotonicity is certainly a reasonable condition, it is not clear to us that the requirement of monotonicity is a sufficient criterion for excluding all other possibilities. We emphasize that this problem has nothing to do with the gravitational field, as it occurs already for a massless scalar field in Minkowski space-time.

The purpose of this monograph is to show that there exists a Hamiltonian description of dynamics of a massless scalar field, as well as of the dynamics of the gravitational field, in the radiation regime. We construct such a framework, and exhibit two different ways in which the Trautman–Bondi energy arises. The first such occurrence is by taking an appropriate limit of the Hamiltonians on the phase space ^P_{[−1,0]} of Sections 6.5 or 5.9 below. This gives a unique result, up to one normalization constant, on each connected component of the phase space. Next, we show that the Trautman–Bondi energy is one of the Hamiltonians on yet another phase space (the phase space P_{[−1,0]} of Sections 6.4 or 5.8). For reasons which we discuss in detail below the freedom of adding a constant to any Hamiltonian leads to essential ambiguities, related to the nature of P_{[−1,0]}, which we describe in an exhaustive way. While those ambiguities are somewhat reminiscent of the ones that arise in the “Noether charge” approach (cf., e.g., [28, 41]), the arbitrariness left turns out to be considerably smaller. We are unaware of any natural prescription which would remove that arbitrariness. We give arguments, parallel to those in [41], which indicate that the requirement of monotonicity with respect to time translations to the future singles out a unique Hamiltonian — the Trautman–Bondi energy. The analysis here is similar to, but not identical with the one in [41], because we work in the class of smoothly conformally compactifiable space-times which have complete spacelike hypersurfaces. We note that the class of functionals, which are Hamiltonians, is considerably

3 While the choice C = 0 is rather reasonable, it is not clear whether this is the best one in all situations: the topology of the initial surface can be varied at will, so that the space of initial data is certainly not connected in any reasonable topology, and one is free to choose different values of C on different connected components of the phase space. This freedom could have some physical significance, e.g. when a path integral is performed.

smaller than the class of the functionals considered in [41], but the problem here is more constrained in view of the global conditions imposed.

It should be pointed out that some of our constructions are somewhat related to those of [8]. Those authors consider fields which, when extended to I^+, are defined on the semi-global sets I^+_{(−∞,τ )}, cf. Equation (6.20) below. As already pointed out, in the approach of [8] the dynamics is (up to severe mathematical difficulties) Hamiltonian, with the Hamiltonian equal to (again ignoring some mathematical problems) the ADM mass, and not the Trautman–Bondi mass. Moreover, our approach allows us to avoid altogether those difficulties [8], which are related to global existence questions for the general relativistic Cauchy problem, as well as to convergence of various integrals on I^+_{(−∞,τ )}.

This work is organized as follows: In Chapter 4 we start by recalling some elementary facts concerning Hamiltonian dynamical systems, and we give some toy examples illustrating some of the ideas developed in the remainder of this work. In Chapter 5 we describe our geometric Hamiltonian framework, adequate both to the usual asymptotically-flat-at-spatial-infinity regime and to the radiation regime, which generalizes the framework of [85]. We note that our framework clarifies some questions which arise already in standard contexts, in particular the question of interpretation of general relativistic initial data sets with vanishing lapse function. As far as the radiation zone is concerned, it turns out that the case of the massless scalar field on Minkowski space-time already exhibits several essential features of the problems that arise there, while avoiding various technicalities which occur when one wishes to describe the Einstein gravity. Therefore we continue, in Chapter 6, with a detailed description of the application of our formalism to the case of the massless scalar field. The formalism of Chapter 5 is applied to the case of Einstein gravity in Chapters 5 and 6. The inspection of the table of contents should give the reader a faithful impression of the contents of the various sections.

Acknowledgements JJ wishes to thank the Région Centre for financial support, and the Department of Mathematics of the Tours University for hospitality during part of work on this paper. We are grateful to M. MacCallum for help with a symbolic algebra calculation.

2. Preliminaries

2.1 Hamiltonian dynamics

There exist different approaches to the definition of a Hamiltonian system (cf., e.g., [2, 30, 85, 88]). An exhaustive treatment in the infinite dimensional case would involve delicate considerations concerning the manifold structure of the spaces at hand; in particular, one would have to introduce the notion of tangent vectors, differential forms, as well as an appropriate notion of nondegeneracy and closedness of the symplectic form. We do not wish to enter into such questions, and the purpose of this chapter is to present a simple minded approach which avoids all those issues. We shall show in the following chapters that the dynamics of the massless scalar field in the radiation regime, as well as that of the gravitational field in the radiation regime, satisfies the requirements of the definitions given in this chapter.

We begin with the definition of an autonomous Hamiltonian system, where both the dynamics and the associated Hamiltonian function H are time-independent. Consider a vector space P in which the notion of a differentiable curve can be defined. (In this work, unless indicated otherwise, when P is a space of differentiable functions on a set O, then we will say that a curve f_λ ∈ P, λ ∈ R, is differentiable if the family of functions f_λ is jointly differentiable in λ ∈ R and x ∈ O.) Recall that a family of maps T_λ : P → P, λ ∈ R, is called a differentiable dynamical system on P if

1. T_0 = id, the identity map on P, if 2. T_a ∘ T_b = T_{a+b}, and if 3. for every p ∈ P the orbit of T_λ defined as the map λ → T_λ(p) ∈ P is a differentiable curve on P.

We set X(p) = dT_λ(p) dλ � �_{λ=0} . (2.1)

We will call X a vector field generating the dynamics; by this we only mean that Equation (4.1) holds. In particular, no hypotheses are made about the possibility of recovering T_λ from X — here the fundamental object is T_λ.

Let Ω be a bilinear antisymmetric map on P with values in R; the Ω’s we will consider will satisfy some non-degeneracy conditions but we do not need to make those precise here. We shall say that the dynamical system is

Hamiltonian if there exists a function H on P such that for all differentiable curves p_σ on P we have

dH(p_σ ) dσ � � �_{σ=0} = −Ω � X, dp_σ dσ � � �_{σ=0} � . (2.2)

(We note that this definition implicitly requires H(p_σ ) to be differentiable at σ = 0 whenever p_σ is.) The function H will be called a Hamiltonian for the dynamical system (P, T_λ).

As an illustration, let P = C^∞_0 (R^3) ⊕ C^∞_0 (R^3) be the space of pairs of smooth compactly supported functions on R^3. Let f be a solution of the massless scalar field equation on Minkowski space-time,

�f = 0 ,

satisfying

f(t = 0) = φ , ∂f ∂t (t = 0) = π , (φ, π) ∈ P ,

and set

P ∋ (φ, π) → T_λ(φ, π) = � f(t = λ), ∂f ∂t (t = λ) � ∈ P .

Here t is a Minkowskian time coordinate in Minkowski space-time. If we equip P with the standard (“symplectic”) form,

Ω((φ_1, π_1), (φ_2, π_2)) = � R^3

(φ_1π_2 − φ_2π_1)d^3x ,

then the dynamical system (P, T_λ) is Hamiltonian in the above sense, with

H(φ, π) = 1 2 � R^3

(|Dφ|^2 + π^2) d^3x . (2.3)

Here |Dφ| denotes the length of the space-gradient of φ.

It turns out that even for the massless scalar field we need to generalize the set-up above, allowing non-autonomous (time-dependent) Hamiltonian systems. More precisely, 1. it will be necessary to consider a dynamical system generated (in the sense of Equation (4.5) below) by a time-dependent “vector field” X_t, 2. with the corresponding time-dependent flow T_{t,s} only locally defined. More precisely, we will consider a family T_{t,s} of maps

R × R × P ⊃ U ∋ (t, s, p) → T_{t,s}(p) ∈ P , (2.4)

defined on an open connected subset U of R × R × P. Those maps describe where a trajectory of the dynamical systems passing through a point p at time s will arrive at time t. We shall further require:

2.1 Hamiltonian dynamics 9

1. For all p ∈ P the maps T_{t,s} are defined on an open set of t’s and s’s, containing zero: U ⊃ {0} × {0} × P.

2. The composition formula

T_{t3,t2} ∘ T_{t2,t1} = T_{t3,t1}

holds whenever all the objects in the above equation are simultaneously defined.

3. For all (t, p) ∈ R×P the curves s → T_{t+s,t}(p) are differentiable at s = 0.

We set X_t(p) = dT_{t+s,t} ds � � �_{s=0} . (2.5)

We mention that in one of the cases considered below for the massless scalar field (the phase space ^P_{[−1,0]} of Section 6.5) the set U will be of the form

U = {t ∈ (−1, ∞), s ∈ (−1, ∞), p ∈ P} . (2.6)

In the scalar field case the restrictions on t and s that follow from (4.6) arise because we will mainly be interested in those solutions of the massless scalar field equation which are defined to the future of a given hyperboloid in Minkowski space-time. In the gravitational field case there is a further fundamental reason for allowing a U not necessarily equal to R × R × P, related to the blow up in finite time of solutions of the Einstein equations.

The equivalent of (4.2) reads

dH(t, p_σ ) dσ � � �_{σ=0} = −Ω � X_t, dp_σ dσ � � �_{σ=0} � , (2.7)

for all curves p_σ differentiable at σ = 0, and for those t for which (t, 0, p = p_0) ∈ U (so that X_t is defined). Equation (4.7) is the desired generalization of the notion of a Hamiltonian dynamical system to the time-dependent case, with the Hamiltonian H being defined on an appropriate subset of R × P.

Recall that there is another standard way of dealing with time-dependent Hamiltonians [88, Chapter V, p. 328], which consists in enlarging the phase space by adding to it t and its conjugate variable p^0. While this can be done in our case, we have found the approach above to be simpler.

The global time-independent formulation is a special case of the local time-dependent one if one sets T_{t,s} ≡ T_{t−s}, U ≡ R × R × P.

Let us close this section with the simple observation, that functionals satisfying Equation (4.7) are unique up to a constant when the phase space P is connected, and locally path connected via differentiable paths. Indeed, if H_1 and H_2 satisfy Equation (4.7) then H_1 −H_2 has vanishing derivative along any one-differentiable one-parameter family of fields, so that H_1−H_2 is locally constant by local path connectedness, hence constant by connectedness of P.

2.2 The role of boundary conditions in Hamiltonian field theory

In this section we want to give a short and informal overview of the ideas, which we later use to describe radiation phenomena in the Hamiltonian field theory. Let us analyse more in detail the definition of the Hamiltonian flow, given by formula (4.7), in the case of the scalar wave equation. We introduce the following notation: whenever we have a differentiable family of functions f(x; σ), where the variables x describe the position of a point in the physical space, or in space-time, and σ is an abstract parameter, then the derivative of this family with respect to the parameter, calculated at σ = 0 will be denoted by δ:

δf(x) :=

∂f(x; σ) ∂σ � � �_{σ=0} . (2.8)

This notation is standard in the calculus of variation. In functional spaces considered in this monograph (as, e.g., in the space P = {(φ, π)} of Cauchy data for the wave equation, considered in the previous section), differentiable curves are simply differentiable one-parameter families of functions. Whenever we meet a “variation of a function”, we understand that a one-parameter family f(x; σ) of functions over physical space (or space-time) has been chosen and the derivative (4.8) has been calculated. In this notation, the left hand sides of (4.2) or (4.7) become simply δH.

Another derivative, which we shall often use in our work, is the Lie derivative L_X or (in the case of field theories which are more general than the scalar field theory) the covariant derivative D_X , along a space-time vector field X defining the evolution which we want to describe. It is sometimes convenient to use coordinates adapted to this vector field so that we have X = ∂_0, and the corresponding Lie derivative reduces to the time derivative. Whenever it does not lead to any misunderstanding, we shall denote it by a “dot”. As will be seen in the next Chapter, the use of adapted coordinates may be avoided and the entire Hamiltonian field theory formulated in geometric terms, both for flows of vector fields and for motions of hypersurfaces.

In adapted coordinates used in the previous section, the components of the vector (4.5), defined on the space of Cauchy data P = {(φ, π)} for the scalar field theory are simply denoted by (L_X φ, L_X π) = (φ̇, π̇), where a dot denotes now the usual derivative with respect to the Minkowskian time coordinate, in a Minkowskian coordinate system. The field equation

�f = Δf − f̈ = 0 ,

expressed in terms of Cauchy data (φ, π), gives the following system of equations:

φ̇ = π , (2.9) π̇ = Δφ . (2.10)

2.2 The role of boundary conditions in Hamiltonian field theory 11

Using the definition of the form Ω in space P, given in the previous section, we may rewrite the Equation (4.7) for the scalar field in the following way:

−δH = � R^3

(π̇δφ − φ̇δπ)d^3x = � R^3

((L_X π)δφ − (L_X φ)δπ)d^3x . (2.11)

Let us analyse in more detail the mechanism which leads to this equation. For this purpose we calculate explicitly the variation of the Hamiltonian (4.3). Because derivatives with respect to the parameter σ commute with derivatives with respect to space variables, we have:

−δH(φ, π) = −δ � 1 2 � R^3

(|Dφ|^2 + π^2) d^3x �

= − � R^3

(Dφ · Dδφ + πδπ) d^3x = � R^3

(Δφδφ − πδπ) d^3x − � R^3

D(Dφδφ) d^3x . (2.12)

Hence, equation (4.12) is equivalent to (4.11) if and only if the last integral vanishes. Due to the Stokes theorem, it may be converted into a “surface integral at infinity” of the vector field −(Dφ)δφ. It vanishes if sufficiently fast fall-off conditions are imposed on the field f; for definiteness, as in the previous section we assume that f is compactly supported on each hypersurface of constant Minkowskian time, but much weaker asymptotic conditions are of course sufficient.

Now, consider the evolution of the same scalar field f but in a finite volume V ⊂ R^3, with non-empty boundary. Let H_V be the total amount of the usual field energy contained in V :

H_V (φ, π) = 1 2 � V (|Dφ|^2 + π^2) d^3x . (2.13)

Similar calculations as above lead to the following result:

−δH_V (φ, π) = � V (Δφδφ − πδπ) d^3x + � ∂V (π^aδφ) dσ_a , (2.14)

where we have introduced the notation

π^a := −D^aφ , (2.15)

and used the Stokes theorem to convert the last integral into a surface integral. To recover the definition of a Hamiltonian (4.7) — or, equivalently, Equation (4.11) — we must annihilate the surface integral by imposing some boundary conditions on the elements of our phase space P = {(φ, π)}. It should be stressed that the need for imposing boundary conditions does not arise only because we wish to have a formula such as (4.7); without boundary conditions the time evolution does not define a dynamical system, since then the initial value problem is not well posed: the scalar field f in the future may be changed due to incoming or outgoing radiation, even if the Cauchy data at t = 0 remain the same. Boundary conditions are necessary to obtain a deterministic system. Physically, they can be thought of as our control of the radiation passing through the boundary ∂V of the region V , in which we perform experiments.

In the example just given the boundary of the space-time region R × V is a timelike hypersurface. In such situations a simple way to annihilate the surface integral in (4.14) is to choose some function ψ : R × ∂V → R and to impose on the scalar field f the Dirichlet boundary condition f � �_{R×∂V} = ψ , (2.16)

for all functions used in the sequel^1. This implies φ � ∂V ≡ f � {0}×∂V = ψ � {0}×∂V =⇒ δφ � ∂V = 0 , (2.17)

within the class of functions satisfying condition (4.16). If ψ is time-independent, we obtain in this way a well defined, autonomous Hamiltonian system. For a time-dependent boundary condition one could think, at a first glance, that the very notion of a phase-space P_t = {(φ, π) : φ � �_{∂V} = ψ(t, ·)} does depend upon time and, therefore, no Hamiltonian description is possible. The remedy to this difficulty is, however, straightforward: choose any time-dependent function ϕ = ϕ(t, x), which satisfies the boundary condition (4.16), and parameterize the data (φ, π) by the following functions:

~φ := φ − ϕ , ~π := π − ϕ̇ . (2.18)

The new variables fulfill a homogeneous, time independent, boundary condition ~φ � �_{∂V} = 0 , (2.19)

and Equations (4.18) provide an identification of all the phase spaces P_t with the time-independent phase space ~P = {( ~φ, ~π) : ~φ � �_{∂V} = 0}. The Hamiltonian description of the field theory is, therefore, applicable (i.e., formula (4.11) remains valid) also in case of time-dependent boundary data. The only price we pay for this is an explicit time-dependence of the Hamiltonian, arising from the (given a priori) “reference function” ϕ and its derivatives, when

1 In the case of null boundaries, or for the description of radiation, this method does not apply; a simple example illustrating this will be given in Section 4.4 below. The point of the examples in this section is not to show in a simple case how we handle the radiation problem, but to give an indication of the kind of problems that arise when domains with boundary are considered.

2.3 Tangential translations as a Hamiltonian system 13

we substitute φ := ~φ + ϕ and π := ~π + ϕ̇ in formula (4.13). Physically, the non-autonomous properties of the field dynamics within V is due to timedependent external forces, applied on the boundary ∂V , in order to control the boundary data of the field in a prescribed way.

Imposing Dirichlet boundary conditions is by no means a unique way to annihilate the surface integral in (4.14), obtaining thus a Hamiltonian dynamical system. A frequently used alternative consists in imposing Neumann conditions, i.e., prescribing the value of π^a dσ_a on the boundary. For this purpose we write π^aδφ = δ(π^aδφ) − φδπ^a , and transfer the first term to the left-hand side of (4.14). (The manipulations involved are somewhat reminiscent of those which arise when Legendre transformations are carried on.) This leads us to the formula

−δ ~H_V (φ, π) = � V (Δφδφ − πδπ) d^3x − � ∂V (φδπ^a) dσ_a , (2.20)

where the new Hamiltonian, describing the mixed Cauchy–Neumann evolution equals:

~H_V (φ, π) := H_V (φ, π) + � ∂V (π^aφ) dσ_a = H_V (φ, π) + � V D_a(π^aφ) d^3x .

(2.21) Equation (4.20) leads to the formula (4.11) for the Hamiltonian evolution of the Cauchy data, because the Neumann boundary condition on π^adσ_a implies: δ(π^a dσ_a) � �_{∂V} ≡ 0 ,

within the class of functions allowed by the condition and, therefore, the surface integral vanishes.

These issues will be discussed in following chapters under more general circumstances, and the mathematical structures associated with the above formulae will be described. One of the points of the examples given was to stress that in some situations there might be many ways to translate the field evolution into the language of Hamiltonian dynamics. Different physical situations lead to different boundary conditions. For the gravitational field, governed by Einstein equations, possible choices of boundary conditions on bounded domains with boundary have been discussed in [83], [82] and [84] from a symplectic point of view. It is expected that those considerations might shed some light on the associated analytic problem; see [60] for some rigorous analytic results that do not involve symplectic considerations.

2.3 Tangential translations as a Hamiltonian system

In the usual treatment of relativistic field theories on Minkowski space-time the field energy provides the Hamiltonian for the time evolution; here the dynamics is associated with the space-time vector field X = ∂_t, which is transversal to the Cauchy surfaces. Under some circumstances one might be interested in evolution of the fields under motions associated with vector fields tangent to the Cauchy surface; we will encounter such situations throughout this monograph. Again in textbook treatments, the “generator of tangential space translations” is the momentum of the field configuration. Let us analyse more carefully such a “dynamics” for motions of the massless scalar field under the group T_λ of space translations, generated by the field X = ∂_a:

P ∋ (φ, π) → T_λ(φ, π) := (T_λ(φ), T_λ(π)) ∈ P , (2.22)

where

T_λ(φ)(x) := φ(x + λe_a) , (2.23) T_λ(π)(x) := π(x + λe_a) , (2.24)

and e_a denotes the versor of a-th axis in R^3. The vector field (4.5), corresponding to this evolution, equals:

(L_X φ, L_X π) = (∂_aφ, ∂_aπ) .

Let us check that the a-th component of the field momentum,

P_a(φ, π) = � R^3

(π∂_aφ) d^3x , (2.25)

provides indeed a Hamiltonian for the dynamics, by calculating its variation:

−δP_a(φ, π) = − � R^3

(π∂_aδφ + (∂_aφ)δπ) d^3x (2.26) = � R^3

((∂_aπ)δφ − (∂_aφ)δπ) d^3x − � R^3

∂_a(πδφ) d^3x (2.27) = � R^3

((L_X π)δφ − (L_X φ)δπ)d^3x . (2.28)

The last equation is satisfied, because the integral of a total divergence vanishes when sufficiently fast asymptotic fall-of conditions are imposed on φ; recall that we are assuming that φ is compactly supported. In the case of a bounded domain V , the resulting boundary integral

I_{∂V} = � ∂V (πδφ) dσ_a ,

provides in general an obstruction to the Hamiltonian character of the associated dynamics.

Replacing ∂_a by an an arbitrary complete vector field X = X^a∂_a, tangent to the Cauchy space R^3, and the group of rigid space translations by the oneparameter group of diffeomorphisms G^X generated by X, we may generalize the above example. A “time evolution” associated with G^X can be defined by Lie transporting both φ and π along the flow of the field X; we stress that the “time” involved has nothing to do with the physical time, and is simply a parameter along the integral curve of X. With this definition the vector tangent to the evolution curve is given by the Lie derivative of both objects with respect to X:

(L_X φ, L_X π) = (X^a∂_aφ, ∂_a(X^aπ)) . (2.29)

(The last expression for the Lie derivative of π is due to the fact that the momentum is not a scalar function but a scalar density. This is discussed in more detail in the next chapter.)

Let P_V be given by the formula

P^X_V (φ, π) := � V (πX^a∂_aφ) d^3x ; (2.30)

calculating its variation we obtain:

−δP^X_V (φ, π) = � V ((L_X π)δφ − (L_X φ)δπ)d^3x + � ∂V (π^aδφ) dσ_a ,(2.31)

where we have set π^a := −X^aπ . (2.32)

The dynamics associated with the dragging of the scalar field along a vector field X is, again, Hamiltonian if the surface integral vanishes. This occurs without the need of imposing any boundary conditions on the initial data when X is tangent to the boundary ∂V : in such a case the surface integral vanishes identically and P^X_V becomes a Hamiltonian. This holds e.g., for the one-parameter group of rotations, whenever they leave V invariant. In that case, P^X_V is usually identified with the total amount of angular momentum carried by the field within V .

2.4 The Hamiltonian description of a mixed Cauchy – characteristic initial value problem

The main purpose of this monograph is to give a description of radiation phenomena in terms of Hamiltonian dynamics. Those phenomena are best captured by adding to space-time a conformal boundary, called Scri, and denoted by the symbol I = I^+∪I^−; outgoing radiation can then be studied in a neighbourhood of I^+, while ingoing radiation is related to the behaviour of the fields in a neighbourhood of I^−. I^+ is a null-like, three-dimensional manifold, with structure similar to that of a light cone. To illustrate methods which will be used to describe field dynamics on I^+, let us consider a toy example, in which the “asymptotic light cone I^+” is replaced by a standard, finite light cone. Now, a Hamiltonian description of the field dynamics within the future-oriented light cone

C^+ = {(t, x) : ‖x‖ < t}

must take into account the incoming radiation, which enters C^+ through its boundary. In this monograph we have concentrated on a description of the outgoing radiation. Hence, we use the past oriented cone C^− = {(t, x) : ‖x‖ < −t}, to make our toy model better adapted to this purpose. Both cases are, however, symmetric: replacing t with −t one obtains a toy model for outgoing radiation from the incoming radiation one, and vice versa.

To eliminate technicalities and make the model as simple as possible, let us restrict ourselves to the two-dimensional Minkowski space. This means that space is one dimensional: x ∈ R^1. We consider again a massless scalar field, solving the wave equation. We want to describe its Cauchy data on the surfaces {t = const} in the interior of the cone C^−. To be able to identify these surfaces for different times, let us introduce new coordinates (ξ^μ) = (τ, ξ) (where μ = 0, 1), related to the Minkowskian coordinates (x^μ) = (t, x) in the following way:

t = −e^{−τ} , (2.33) x = ξe^{−τ} , (2.34)

where τ ∈ R^1 and |ξ| ≤ 1. Within this range, the new coordinates parameterize the entire cone C^−. To derive the Hamiltonian description of the wave equation in these coordinates, we use the textbook procedure, based on the standard, relativistic-invariant Lagrangian

L = L d^2x , (2.35)

where L = − 1 2 g^{μν} (∂_μf)(∂_ν f) = 1 2 � (∂_tf)^2 − (∂_xf)^2 � . (2.36)

We rewrite this Lagrangian in the coordinates (τ, ξ), using the following formulae which may be easily derived from (4.33) and (4.34):

∂_t = e^τ (∂_τ + ξ∂_ξ) , ∂_x = e^τ ∂_ξ .

Moreover, we have

d^2x = dtdx = e^{−2τ} dτdξ = e^{−2τ} d^2ξ .

Expressing the Lagrangian (4.35) in terms of new coordinates we thus obtain:

L = L d^2ξ , (2.37) where L = 1 2 � (∂_τ f + ξ∂_ξ f)^2 − (∂_ξf)^2 � . (2.38)

The standard procedure, valid for an arbitrary Lagrangian density L = L (f, f_μ, ξ^μ), where f_μ := ∂_μf, proceeds as follows: We introduce generalized momenta: π^μ := ∂L ∂f_μ

, (2.39)

and calculate the variation of the Lagrangian:

δL = ∂L ∂f δf + π^μδf_μ = ∂_μ (π^μδf) + � ∂L ∂f − ∂_μπ^μ � δf . (2.40)

The field equation �f = 0 is equivalent to the vanishing of the Euler– Lagrange term in (4.40): ∂L ∂f − ∂_μπ^μ = 0 , (2.41)

and, therefore, is equivalent to the following equation which must be fulfilled by the variation of L :

δL = ∂_μ (π^μδf) = (πδφ)^· + ∂_ξ � π^1δφ � , (2.42)

where we have denoted by φ the restriction of the field f to the Cauchy surface Σ = {τ = const.} and by a dot — the derivative with respect to the new time variable τ. Moreover, we have introduced the momentum π := π^0, which provides the remaining piece of Cauchy data on the surface^2. Integrating the field equation (4.42) over a volume V in the Cauchy surface Σ = {τ =const.}, we obtain the following identity, valid for fields satisfying the wave equation: δ � V L dξ = � V (πδφ)^· dξ + � ∂V � π^1δφ � dσ_1 = � V (π̇δφ − φ̇δπ + δ(πφ̇)) dξ + � π^1δφ � ∂V , (2.43)

where the integral over the 0-dimensional boundary ∂V is equal to the difference of values of the integrand between the two ends of ∂V . This identity is equivalent to the following formula:

−δH_V (φ, π) = � V (π̇δφ − φ̇δπ) dξ + � π^1δφ � ∂V = � V ((L_X π)δφ − (L_X φ)δπ) + � π^1δφ � ∂V , (2.44)

2 Actually, πdξ is a pull-back of a differential odd-form π^μ∂μ⌋dξ^0 ∧ dξ^1 to the surface τ = const. This proves that it does not depend upon the choice of the coordinate x^0, but only upon the choice of the Cauchy surface Σ. The structure of the canonical field momentum π^μ is discussed in the next chapter.

where H_V (φ, π) := � V (πφ̇ − L ) . (2.45)

The procedure used applies to an arbitrary Lagrangian. Its geometric context, together with the structure of the momentum π^μ will be discussed thoroughly in the next chapter. Here, we perform calculations for the specific Lagrangian (4.37) and obtain:

π = π^0 = ∂L ∂f_0

= ∂_τ f + ξ ∂f ∂ξ = φ̇ + ξ∂_ξ φ , (2.46)

π^1 = ∂L ∂f_1 = ξ � ∂_τ f + ξ ∂f ∂ξ � − ∂f ∂ξ = ξφ̇ − (1 − ξ^2)∂_ξφ . (2.47)

These equations imply, according to (4.41), the following field dynamics:

φ̇ = π − ξ∂_ξ φ , (2.48) π̇ = ∂_ξ � ξφ̇ − (1 − ξ^2)∂_ξφ � = ∂_ξ (ξπ) − ∂^2_ξ φ . (2.49)

Using (4.48), the Hamiltonian (4.45) may by written explicitely in terms of Cauchy data:

H_V (φ, π) := � V {π(π − ξ∂_ξφ) − L } dξ = 1 2 � V � π^2 − 2πξ∂_ξ φ + (∂_ξφ)^2 � dξ = 1 2 � V � (π − ξ∂_ξ φ)^2 + (1 − ξ^2)(∂_ξ φ)^2 � dξ . (2.50)

The main lesson stemming from the above formulae is the following: Consider, first, a domain V that lies strictly inside the interior of the cone, i.e., V = [a, b], with −1 < a, b < 1. Then R×∂V is timelike and the situation is similar to the one described in Section 4.2: boundary conditions on ∂V have to be added and the mixed Cauchy- (on V ) and boundary- (on ∂V ) problem is well posed. Restricting the class of admissible functions to those fulfilling Dirichlet condition (4.16), we obtain (4.17) and, therefore, the boundary term in (4.44) vanishes. This implies the Hamiltonian form of the field evolution within the cone. A treatment similar to the one used in Section 4.2 is also applicable in the space of functions fulfilling Neumann conditions on ∂V .

The situation changes drastically if we pass to sections of the light cone, setting V = [−1, 1]. Having chosen Cauchy data (φ, π) on V at a given instant of time, say τ_0, we still have the freedom to chose boundary data on ∂V , i.e., the values φ(τ, −1) and φ(τ, 1), but only for τ ≤ τ_0. Indeed, with this whole set of Cauchy and boundary data, the scalar field f is uniquely determined within the entire light cone C^−. Consequently, the values φ(τ, −1) and φ(τ, 1) for τ > τ_0 are uniquely determined by the Cauchy data and cannot be chosen freely. Even if we take trivial boundary data in the past, the boundary term in (4.43) might cease to vanish at an instant of time τ_0 + ϵ, and things can be arranged so that this happens arbitrarily close to τ_0. At a first glance there is no way to obtain a Hamiltonian evolution of Cauchy data in this case.

The remedy for these difficulties consists in treating the data on the boundary of the light cone not as boundary data, but as a further piece of Cauchy data. For this purpose, we extend the parameterization Equations (4.33)-(4.34) to |ξ| > 1 setting:

t = −x := −e^{−τ +ξ−1} for ξ > 1 , (2.51) t = x := −e^{−(τ +ξ−1)} for ξ < −1 , (2.52)

and we consider the data (φ, π) on the entire surface Σ = {ξ ∈ R^1}. Within the interior of the light cone, i.e., for |ξ| < 1, the dynamics is governed by the Hamiltonian (4.50):

H_{[−1,1]}(φ, π) = 1 2 �_1 −1 � (π − ξ∂_ξφ)^2 + (1 − ξ^2)(∂_ξ φ)^2 � dξ , (2.53)

which, as we have already seen, satisfies the correct Hamiltonian equation for the wave equation, modulo the boundary term in (4.44) which will be taken care of by the considerations that follow. Outside of the interval ξ ∈ [−1, 1], the dynamics reduces to translations tangent to the hypersurface on which the data are given, as discussed in the previous section. The only difference here is that the relevant part of the phase spaces ”lives” on a null rather than a spacelike hypersurface, which plays no role in the considerations of Section 4.3. More precisely, equation (4.51) implies that we have X = ∂_τ = ∂_ξ for ξ < −1, whereas (4.52) implies: X = ∂_τ = −∂_ξ for ξ > 1. Consequently, we have:

L_X φ = −∂_ξφ , L_X π = −∂_ξπ for ξ > 1 , (2.54) and L_X φ = ∂_ξφ , L_X π = ∂_ξπ , for ξ < −1 , (2.55)

which are special cases of the formula (4.29). According to the standard procedure, described in the next chapter (see also footnote 2, page 39), the momentum π on Σ is taken as the pull-back to the Cauchy surface, of the differential (odd) form π^μ∂_μ⌋dξ^0 ∧ dξ^1, with π^μ is given by formula (4.39). According to (4.30), the contribution to the Hamiltonian of the field contained in the region [1, ∞) equals

H_{[1,∞)}(φ, π) =

�_∞ 1 (−π∂_ξφ) d^3x , (2.56)

whereas the corresponding contribution from the region [1, ∞) is equal to

H_{(−∞,−1]}(φ, π) =

�_{−1} −∞ (+π∂_ξ φ) d^3x . (2.57)

Let us prove that the functional H, equal to the sum of these contributions,

H := H_{(−∞,−1]} + H_{[−1,1]} + H_{[1,∞)} , (2.58)

satisfies the equation (4.2) defining a Hamiltonian for the joint dynamical system, given by (4.55) for ξ < −1, by (4.54) for ξ > 1 and by Equations (4.48)-(4.49) for −1 < ξ < 1. Indeed, a variation of H gives us the sum of two formulae of the type (4.31), for ξ < −1 and ξ > 1 respectively, together with formula (4.44) for −1 < ξ < 1. This means that we have:

−δH(φ, π) = � Σ (L_X πδφ − L_X φδπ) dξ + � π^1δφ

�_{−1} −∞ + � π^1δφ

�_1 −1 + � π^1δφ

�_∞ 1 , (2.59)

with appropriate values for (L_X φ, L_X π) in the respective regions of Σ. But the intermediate boundary terms at ξ = −1 and ξ = 1 cancel because of the continuity of ξ and π^1. Assuming sufficiently strong fall-of conditions for the Cauchy data (e.g., assuming that they are compactly supported on Σ) we also obtain a cancelation of the boundary terms at both infinities. What remains is the desired Hamiltonian formula for the total dynamics on Σ:

−δH(φ, π) = � Σ (L_X πδφ − L_X φδπ) dξ . (2.60)

The continuity of π^1, which if fundamental for the cancelation of the intermediate boundary terms in (4.59), may be roughly explained as follows: π^1 is a component of the vector density π^μ, corresponding to the family of hypersurfaces ξ^1 = ξ = const. This vector density is defined, and continuous, on the entire space-time (which in our case is the light cone C^−). At boundary points ξ = −1 and ξ = 1 there is no jump in the field of tangents to the surfaces ξ = const. and, therefore, π^1 is continuous as well. We note that there are various delicate issues concerning the exterior orientation of the hypersurfaces involved, which are discussed in the next chapter and in Appendix A.

2.5 The Trautman–Bondi energy for the scalar field

Formula (4.60) enables us to describe the dynamics of a massless scalar field within the light cone in terms of a Hamiltonian dynamical system in an abstract space R^2, parameterized by the “generalized time parameter” τ and the “generalized space parameter” ξ. Cauchy data are given on the Cauchy surfaces Σ = {ξ^0 = τ = const.}. The phase space P = {(φ, π)} is defined as the collection of compactly supported fields on Σ. The function φ is supposed to be continuous and piecewise smooth. On the other hand, the momentum

2.5 The Trautman–Bondi energy for the scalar field 21

π = π^0 might fail to be continuous at boundary points ξ = −1 and ξ = 1, because the Cauchy surfaces Σ = {ξ^0 = τ = const} “change direction” in a non-continuous way there. Consequently, we assume that π is piecewise continuous in the three regions of Σ separately. Moreover, π^0 ≡ π has to fulfill the following constraint:

π = −φ̇ = ∂_ξφ for ξ < −1 , (2.61) π = φ̇ = −∂_ξφ for ξ > 1 . (2.62)

This can be seen from Equation (4.47) and from the fact that π^1 coincides with π = π^0 for |ξ| > 1; this last property holds because the hypersurfaces {ξ^1 = const} coincide with the hypersurfaces {ξ^0 = const} there.

The above constraints imply the following formulae for the Hamiltonian on the light cone:

H_{(−∞,−1]} =

�_{−1} −∞ (∂_ξ φ)^2 d^3x , (2.63) and H_{[1,∞)} =

�_∞ 1 (∂_ξφ)^2 d^3x . (2.64)

(The reader is referred to Equations (6.38)-(6.40) for an explicit calculation of the associated variational formulae in a similar context.)

The evolution with respect to the field X = ∂_τ is determined by the Hamiltonian formula (4.60), where the Hamiltonian is defined by (4.58). The Hamiltonian system obtained this way is autonomous, because the Hamiltonian does not depend explicitly on time. Hence, it is conserved during the evolution. But formulae (4.63) and (4.64) prove that H_{(−∞,−1]} and H_{[1,∞)} are monotonically increasing functions of time. Indeed, their values are equal to the integral of a non-negative function (∂_ξ φ)^2 over a portion of the boundary ∂C^− of the cone which grows when time increases. This implies that H_{[−1,1]} must be a monotonically decreasing function of time. We see that, due to radiation, the energy is being transferred from the “Cauchy zone”: [−1, 1], to the “radiation zone”: [−∞, −1] ∪ [1, ∞].

The real radiation problem is obtained when the boundary ∂C^− is moved to infinity. By analogy with similar constructions done in general relativity, in such a case the amount of energy H_{[−1,1]} contained in the Cauchy zone will be called the Trautman-Bondi energy of the scalar field. As we shall see in the sequel, the properties of H_{[−1,1]} are analogous to the decreasing properties of the Trautman-Bondi mass in general relativity, irrespective of the limiting transition mentioned.

It should be pointed out that in the simple model of this section we have considered field configurations defined globally on C^−. For various reasons, discussed below, it is useful to consider situations in which this is not the case. This introduces some supplementary complications, which are taken care of in the remainder of this monograph.

100

1. L.F. Abbott and S. Deser, Stability of gravity with a cosmological constant, Nucl.

Phys. B195 (1982), 76–96.

2. R. Abraham and J.E. Marsden, Foundations of mechanics, Reading, Massachusetts, 1978.

3. L. Andersson and P.T. Chruściel, On “hyperboloidal” Cauchy data for vacuum Einstein equations and obstructions to smoothness of null infinity, Phys. Rev. Lett. 70 (1993), 2829–2832.

4. , On “hyperboloidal” Cauchy data for vacuum Einstein equations and obstructions to smoothness of Scri, Commun. Math. Phys. 161 (1994), 533– 568.

5. , On asymptotic behavior of solutions of the constraint equations in general relativity with “hyperboloidal boundary conditions”, Dissert. Math. 355 (1996), 1–100.

6. R. Arnowitt, S. Deser, and C. Misner, Coordinate invariance and energy expressions in general relativity, Phys. Rev. 122 (1961), 997–1006.

7. R. Arnowitt, S. Deser, and C.W. Misner, The dynamics of general relativity, Gravitation (L. Witten, ed.), Wiley, N.Y., 1962, pp. 227–265.

8. A. Ashtekar, L. Bombelli, and O. Reula, The covariant phase space of asymptotically flat gravitational fields, Mechanics, Analysis and Geometry: 200 years after Lagrange (M. Francaviglia, ed.), vol. 376, Elsevier Science Publishers, Amsterdam, 1991, pp. 417–450.

9. A. Ashtekar and S. Das, Asymptotically anti-de Sitter space-times: Conserved quantities, Class. Quantum Grav. 17 (2000), L17–L30, hep-th/9911230.

10. A. Ashtekar and A. Magnon, Asymptotically anti–de Sitter space-times, Class.

Quantum Grav. 1 (1984), L39–L44.

11. A. Ashtekar and A. Magnon-Ashtekar, On the symplectic structure of general relativity, Commun. Math. Phys. 86 (1982), 55–68.

12. A. Ashtekar and M. Streubel, Symplectic geometry of radiative modes and conserved quantities at null infinity, Proc. Roy. Soc. London A 376 (1981), 585–607.

13. V. Balasubramanian and P. Kraus, A stress tensor for anti-de Sitter gravity, Commun. Math. Phys. 208 (1999), 413–428.

14. R. Bartnik, The existence of maximal hypersurfaces in asymptotically flat spacetimes, Comm. Math. Phys. 94 (1984), 155–175.

15. , The mass of an asymptotically flat manifold, Comm. Pure Appl. Math.

39 (1986), 661–693.

16. R. Bartnik, Phase space for the Einstein equations, unpublished (1996), www.

canberra.edu•3.8.1 . •3.8.1: to be checked and_{filled in}

17. R. Bartnik, P.T. Chruściel, and N. Ó Murchadha, On maximal surfaces in asymptotically flat space-times., Commun. Math. Phys. 130 (1990), 95–109.

18. R. Beig, The classical theory of canonical general relativity, Canonical gravity:

from classical to quantum (Bad Honnef, 1993) (J. Ehlers and H. Friedrich, eds.), Springer, Berlin, 1994, pp. 59–80.

19. R. Beig and P.T. Chruściel, Killing vectors in asymptotically flat space–times:

I. Asymptotically translational Killing vectors and the rigid positive energy theorem, Jour. Math. Phys. 37 (1996), 1939–1961, gr-qc/9510015.

20. R. Beig and N. Ó Murchadha, The Poincaré group as the symmetry group of canonical general relativity, Ann. Phys. 174 (1987), 463–498.

21. R. Beig and W. Simon, Proof of a multipole conjecture due to Geroch, Commun.

Math. Phys. 78 (1980), 75–82.

22. M. Berger, Géométrie, Nathan, Paris, 1990.

23. J. Bičák, Selected topics in the problem of energy and radiation, Relativity and gravitation (C.G. Kuper and A. Peres, eds.), Gordon and Breach, New York, London and Paris, 1971, N. Rosen Festschrift, pp. 47–67.

24. H. Bondi, M.G.J. van der Burg, and A.W.K. Metzner, Gravitational waves in general relativity VII: Waves from axi–symmetric isolated systems, Proc. Roy. Soc. London A 269 (1962), 21–52.

25. A. Borowiec, M. Ferraris, M. Francaviglia, and I. Volovich, Energy-momentum complex for nonlinear gravitational lagrangians in the 1st-order formalism, Gen. Rel. Grav. 26 (1994), 637–645.

26. W. Boucher, G.W. Gibbons, and G.T. Horowitz, Uniqueness theorem for anti– de Sitter spacetime, Phys. Rev. D 30 (1984), 2447–2451.

27. D. Brill, J. Louko, and P. Peldan, Thermodynamics of (3+1)-dimensional black holes with toroidal or higher genus horizons, Phys. Rev. D56 (1997), 3600–3610, gr-qc/9705012.

28. J.D. Brown, S.R. Lau, and J.W. York, Jr., Energy of isolated systems at retarded times as the null limit of quasilocal energy, Phys. Rev. D55 (1997), 1977–1984.

29. C. Cadeau and E. Woolgar, New five dimensional black holes classified by horizon geometry, and a Bianchi VI braneworld, Class. Quantum Grav. (2001), 527–542, gr-qc/0011029.

30. P.R. Chernoff and J.E. Marsden, Properties of infinite dimensional hamiltonian systems, Lecture Notes in Mathematics, vol. 425, Springer, New York, Heidelberg, Berlin, 1974.

31. Y. Choquet-Bruhat and R. Geroch, Global aspects of the Cauchy problem, Commun. Math. Phys. 14 (1969), 329–335.

32. Y. Choquet-Bruhat, J. Isenberg, and V. Moncrief, Solutions of constraints for Einstein equations, C. R. Acad. Sci. Paris Sér. I Math. 315 (1992), 349–355.

33. Y. Choquet-Bruhat and J. York, The Cauchy problem, General Relativity (A. Held, ed.), Plenum Press, New York, 1980, pp. 99–172.

34. D. Christodoulou and S. Klainermann, On the global nonlinear stability of Minkowski space, Princeton University Press, Princeton, 1995.

35. D. Christodoulou and N. Ó Murchadha, The boost problem in general relativity, Comm. Math. Phys. 80 (1980), 271–300.

36. P.T. Chruściel, On the relation between the Einstein and the Komar expressions for the energy of the gravitational field, Ann. Inst. H. Poincaré 42 (1985), 267– 282.

37. , Boundary conditions at spatial infinity from a Hamiltonian point of view, Topological Properties and Global Structure of Space–Time (P. Bergmann and V. de Sabbata, eds.), Plenum Press, New York, 1986, pp. 49–59, URL

http://www.phys.univ-tours.fr/~piotr/scans.

38. , On angular momentum at spatial infinity, Class. Quantum Grav. 4 (1987), L205–L210, erratum p. 1049.

39. , On the invariant mass conjecture in general relativity, Commun. Math.

Phys. 120 (1988), 233–248.

40. P.T. Chruściel, J. Jezierski, and M. MacCallum, Uniqueness of scalar field energy and gravitational energy in the radiating regime, Phys. Rev. Lett. 80 (1998), 5052–5055, gr-qc/9801073.

41. , Uniqueness of the Trautman–Bondi mass, Phys. Rev. D 58 (1998), 084001 (16 pp.), gr-qc/9803010.

42. P.T. Chruściel, M.A.H. MacCallum, and D. Singleton, Gravitational waves in general relativity. XIV: Bondi expansions and the “polyhomogeneity” of Scri, Phil. Trans. Roy. Soc. London A 350 (1995), 113–141.

43. P.T. Chruściel and W. Simon, Towards the classification of static vacuum spacetimes with negative cosmological constant, Jour. Math. Phys. 42 (2001), 1779– 1817, gr-qc/0004032.

44. M.A. Clayton, Canonical general relativity: the diffeomorphism constraints and spatial frame transformations, Jour. Math. Phys. 39 (1998), 3805–3816.

45. J. Corvino, Scalar curvature deformation and a gluing construction for the Einstein constraint equations, Commun. Math. Phys. 214 (2000), 137–189.

46. J. Corvino and R. Schoen, Vacuum spacetimes which are identically Schwarzschild near spatial infinity, talk given at the Santa Barbara Conference on Strong Gravitational Fields, June 22-26, 1999, http://doug-pc.itp.

ucsb.edu/online/gravity_c99/schoen/.

47. S. Dain, Initial data for stationary space-times near space-like infinity, Class.

Quantum Grav. 18 (2001), 4329–4338, gr-qc/0107018.

48. J. Dieudonné, Éléments d’analyse. Tome III, Gauthier-Villars, Paris, 1970. 49. P.A.M. Dirac, The theory of gravitation in Hamiltonian form, Proc. Roy. Soc.

London A246 (1958), 333–343.

50. T. Dray and M. Streubel, Angular momentum at null infinity, Class. Quantum Grav. 1 (1984), 15–26.

51. A. Einstein, Das hamiltonisches Prinzip und allgemeine Relativitätstheorie, Sitzungsber. preuss. Akad. Wiss. (1916), 1111–1116.

52. , Die Grundlagen der allgemeinen Relativitätstheorie, Ann. Phys. 49 (1916), 769–822.

53. Ph. Freud, Über die Ausdrücke der Gesamtenergie und des Gesamtimpulses eines materiellen Systems in der allgemeinen Relativitätstheorie, Ann. of Math., II. Ser. 40 (1939), 417–419.

54. H. Friedrich, The asymptotic characteristic initial value problem for Einstein’s vacuum field equations as an initial value problem for a first-order quasilinear symmetric hyperbolic system•3.8.2 , Proc. Roy. Soc. London A 378 (1981), •3.8.2: for some strange_{reasons shows up before}

the 375 volume, wrong order?

401–421.

55. , On the regular and the asymptotic characteristic initial value problem for Einstein’s vacuum field equations, Proc. Roy. Soc. London A 375 (1981), 169–184.

56. , Cauchy problem for the conformal vacuum field equations in general relativity, Commun. Math. Phys. 91 (1983), 445–472.

57. , Einstein equations and conformal structure: Existence of anti-de- Sitter-type space-times, Jour. Geom. and Phys. 17 (1995), 125–184.

58. , Hyperbolic reductions for Einstein’s equations, Class. and Quantum Grav. 13 (1996), 1451–1469.

59. , Gravitational fields near space-like and null infinity, Jour. Geom. Phys.

24 (1998), 83–163.

60. H. Friedrich and G. Nagy, The initial boundary value problem for Einstein’s vacuum field equation, Commun. Math. Phys. 201 (1998), 619–655.

61. H. Friedrich and B.G. Schmidt, Conformal geodesics in general relativity, Proc.

Roy. Soc. London Ser. A 414 (1987), 171–195.

62. G.W. Gibbons, Gravitational entropy and the inverse mean curvature flow, Class. Quantum Grav. 16 (1999), 1677–1687.

63. G.W. Gibbons, S.W. Hawking, G.T. Horowitz, and M.J. Perry, Positive mass theorems for black holes, Commun. Math. Phys. 88 (1983), 295–308.

64. D. Giulini, Ashtekar variables in classical general relativity, Canonical gravity:

from classical to quantum (Bad Honnef, 1993) (J. Ehlers and H. Friedrich, eds.), Springer, Berlin, 1994, pp. 81–112.

65. J.D.E. Grant, A spinorial Hamiltonian approach to gravity, Class. Quantum Grav. 16 (1999), 3419–3437.

66. P. Hajicek and J. Kijowski, Covariant gauge fixing and Kuchař decomposition, Phys. Rev. D61 (2000), 024037 (13 pp.), gr-qc/9908051.

67. R.D. Hecht and J.M. Nester, An evaluation of the mass and spin at null infinity for the PGT and GR gravity theories, Phys. Lett. A 217 (1996), 81–89.

68. A.D. Helfer, A phase space for gravitational radiation, Commun. Math. Phys.

170 (1995), 483–502.

69. M. Henneaux and C. Teitelboim, Asymptotically anti–de Sitter spaces, Commun. Math. Phys. 98 (1985), 391–424.

70. D. Hilbert, Die Grundlagen der Physik, Nachrichten von der Gesellschaft der Wissenschaften zu Göttingen. Mathematisch–physikalische Klasse (1915), 395– 407.

71. , Die Grundlagen der Physik, Nachrichten von der Gesellschaft der Wissenschaften zu Göttingen. Mathematisch–physikalische Klasse (1917), 53–76.

72. G.T. Horowitz and R.C. Myers, The AdS/CFT correspondence and a new positive energy conjecture for general relativity, Phys. Rev. D59 (1999), 026005 (12 pp.).

73. J. Isenberg and V. Moncrief, Some results on non–constant mean curvature solutions of the Einstein constraint equations, Physics on Manifolds (M. Flato, R. Kerner, and A. Lichnerowicz, eds.), Kluwer Academic Publishers, Dordrecht, 1994, Y. Choquet–Bruhat Festschrift, pp. 295–302.

74. J. Isenberg and J. Nester, Canonical gravity, General relativity and gravitation, Vol. 1, Plenum, New York, 1980, pp. 23–97.

75. J. Jezierski, Bondi mass in classical field theory, Acta Phys. Polonica B 29 (1998), 667–743, gr-qc/9703083.

76. , Energy and angular momentum of the weak gravitational waves on the schwarzschild background — quasi-local gauge invariant formulation, Gen. Rel.G̃rav. (1999), 1855–1890, gr-qc/9801068.

77. B. Julia and S. Silva, Currents and superpotentials in classical gauge theories.

II: Global aspects and the example of affine gravity, Class. Quantum Grav. 17 (2000), 4733–4744, gr-qc/0005127.

78. J. Kánnár, Hyperboloidal initial data for the vacuum Einstein equations with cosmological constant, Class. Quantum Grav. 13 (1996), 3075–3084.

79. , On the existence of C^∞ solutions to the asymptotic characteristic initial value problem in general relativity, Proc. Roy. Soc. London A 452 (1996), 945–952.

80. J. Katz, J. Bičák, and D. Lynden-Bell, Relativistic conservation laws and integral constraints for large cosmological perturbations, Phys. Rev. D 55 (1997), 5957–5969.

81. J. Kijowski, On a new variational principle in general relativity and the energy of the gravitational field, Gen. Rel. Grav. 9 (1978), 857–877.

82. , Unconstrained degrees of freedom of gravitational field and the positivity of gravitational energy, Gravitation, geometry and relativistic physics (Aussois, 1984), Springer, Berlin, 1984, pp. 40–50.

83. , Asymptotic degrees of freedom and gravitational energy, Proceedings of Journées Relativistes 1983 (Bologna) (S. Benenti et al., ed.), Pitagora Editrice, 1985, pp. 205–211.

84. , A simple derivation of canonical structure and quasi-local Hamiltonians in general relativity, Gen. Rel. Grav. 29 (1997), 307–343.

85. J. Kijowski and W.M. Tulczyjew, A symplectic framework for field theories, Lecture Notes in Physics, vol. 107, Springer, New York, Heidelberg, Berlin, 1979.

86. F. Kottler, Über die physikalischen Grundlagen der Einsteinschen Gravitationstheorie, Annalen der Physik 56 (1918), 401–462.

87. K. Kuchař, A bubble-time canonical formalism for geometrodynamics, Jour.

Math. Phys. 13 (1972), 768–781.

88. P. Libermann and C.M. Marle, Symplectic geometry and analytical mechanics, Mathematics and its Applications,, vol. 35, D. Reidel Publ. Co., Dordrecht, 1987, transl. from the french by B.E. Schwarzbach.

89. A. Magnon, On Komar integrals in asymptotically anti–de Sitter space-times, Jour. Math. Phys. 26 (1985), 3112–3117.

90. C.W. Misner, K. Thorne, and J.A. Wheeler, Gravitation, Freeman, San Fransisco, 1973.

91. N. Ó Murchadha, Total energy momentum in general relativity, J. Math. Phys.

27 (1986), 2111–2128.

92. J. M. Nester, The gravitational Hamiltonian, Asymptotic behaviour of mass and space-time geometry (Oregon 1983) (F. J. Flaherty, ed.), Lecture Notes in Physics 212, Springer Verlag, 1984, pp. 155–163.

93. A. Palatini, Deduzione invariantive delle equazioni gravitazionali dal principio di Hamilton, Rend. Circ. Mat. Palermo 43 (1919), 203–212.

94. R. Penrose, Asymptotic properties of fields and space–times, Phys. Rev. Lett.

10 (1963), 66–68.

95. , Zero rest-mass fields including gravitation, Proc. Roy. Soc. London A284 (1965), 159–203.

96. , Relativistic symmetry groups, Group theory in non-linear problems (A.O. Barut, ed.), D. Reidel, Dordrecht, 1974.

97. T. Regge and C. Teitelboim, Role of surface integrals in the Hamiltonian formulation of general relativity, Ann. Phys. 88 (1974), 286–318.

98. R. Sachs, Gravitational waves in general relativity VIII. Waves in asymptotically flat space-time, Proc. Roy. Soc. London A 270 (1962), 103–126.

99. D.J. Saunders, The geometry of jet bundles, vol. (LMS 142), Cambridge Univ.

Press, 1989.

100. B. Schmidt, M. Walker, and P. Sommers, A characterization of the Bondi- Metzner-Sachs group, Gen. Rel. Grav. 6 (1975), 489–497.

101. R. Schoen and S.-T. Yau, Proof of the positive mass theorem II, Comm. Math.

Phys. 79 (1981), 231–260.

102. J.A. Schouten, Tensor Analysis for Physicists, Oxford, Clarendon Press, 1951. 103. R.D. Sorkin, Conserved quantities as action variations, Mathematics and general relativity (Santa Cruz, CA, 1986), Amer. Math. Soc., Providence, RI, 1988, pp. 23–37.

104. M. Spivak, A comprehensive introduction to differential geometry. Vol. V, second ed., Publish or Perish Inc., Wilmington, Del., 1979.

105. L.A. Tamburino and J.H. Winicour, Gravitational fields in finite and conformal Bondi frames, Phys. Rev. 150 (1966), 1039–1053.

106. M.E. Taylor, Partial differential equations, Springer, New York, Berlin, Heidelberg, 1996.

107. A. Trautman, King’s College lecture notes on general relativity, May-June 1958, mimeographed notes; to be reprinted in Gen. Rel. Grav.

108. , Radiation and boundary conditions in the theory of gravitation, Bull.

Acad. Pol. Sci., Série sci. math., astr. et phys. VI (1958), 407–412. 109. P. Urbański, Analiza dla studentów fizyki, Uniwersytet Warszawski, 1998 (in polish).

110. M.G.J. van der Burg, Gravitational waves in general relativity IX. Conserved quantities, Proc. Roy. Soc. London A 294 (1966), 112–122.

111. L. Vanzo, Black holes with unusual topology, Phys. Rev. D56 (1997), 6475– 6483, gr-qc/9705004.

112. R.M. Wald, General relativity, University of Chicago Press, Chicago, 1984. 113. R.M. Wald and A. Zoupas, A general definition of ”conserved quantities” in general relativity and other theories of gravity, Phys. Rev. D61 (2000), 084027 (16 pp.), gr-qc/9911095.

114. E. Witten, A simple proof of the positive energy theorem, Comm. Math. Phys.

80 (1981), 381–402.