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Abstract

Assume that there are two alternative actions or treatments, each generating a ran-
dom payo¤ in [0,1] with unknown distribution. Consider the objective to design a
randomized experiment involving a given number of tests and then to select the action
with the higher mean.
We present the binomial average rule and prove that it minimizes maximal regret

as axiomatized by Milnor (1954). 11 tests are needed to guarantee regret to be
below 5%. Neither conditioning later tests on earlier outcomes nor availability of
counterfactual evidence can be used to reduce the value of minmax regret.

Keywords: statistical decision making, binomial average rule, empirical success, ex-
perimental design, sequential testing, clinical trials, clinical equipoise.
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1 Introduction

Consider the following statistical decision making problem faced by a so-called deci-
sion maker. There are two alternative actions (or treatments), each action is asso-
ciated to a real random variable with range [0; 1] and unknown mean. The decision
maker wishes to choose (or recommend) the action that has the higher mean and
gathers information about each action by conducting a randomized experiment. A
randomized experiment consists of a given number of N tests or trials. In each test
the decision maker selects one of the two actions and then observes a random payo¤
generated by the random variable associated to the action selected. Tests are as-
sumed to be conducted sequentially so that the decision about which action to test
next may be conditioned on previous outcomes during testing. Examples presented
in more detail in Eozenou et al. (2006) include choosing whether or not to introduce
computer assisted learning in Indian schools and investigating in which country o¤ers
in the Ultimatum Game are highest.
How many tests are needed to be able to make a choice that yields an expected

payo¤ within �% of the true maximal expected payo¤ regardless of the true distribu-
tion? Do tests have to be conducted sequentially or is it enough if the decision maker
decides at the outset how many tests to conduct on each action? Could counterfac-
tual evidence improve performance? We solve the underlying problem exact for any
error percentage �.1 The title of this paper stems from the fact that only 11 tests are
needed when � = 5%: If more generally the associated random variables are known
to have range [w1; w2] then the 5% are measured in terms of w2 � w1: For the �rst
time in such a nonparametric environment only small samples are needed to derive
valuable conclusions. Small sample sizes are typical in many applications, e.g. in the
four examples in Eozenou et al. (2006) sample sizes are between 50 and 60:
The underlying choice is typically randomized and we show how to obtain a non-

randomized method that only requires 47 observations when � = 5%:

We start by presenting the decision making criterion and then provide an overview
of the results and how they relate to the existing literature.

1.1 Minimax Regret

Before running the �rst test the two actions are considered indistinguishable. The
decision maker has no strong belief regarding which is better. In the context of clinical
trials, collective uncertainty in this respect is described by �clinical equipoise� (cf.
Freedman, 1987). The decision criterion underlying our objective is distribution free,
the given bound � has to be met for all distributions as any one of them could be
the true one. This criterion should only depend on knowledge, we want to consider

1The term �exact�refers to results obtained for �nite sample sizes.
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learning or inference in its most basic sense. In particular we do not allow for a prior.
However, our results put a tight upper bound (across the set of priors) on how many
tests are needed if the decision maker instead uses a prior to solve this problem. At
most 11 tests are needed if � = 5%:
The underlying decision criterion is called minimax regret. Regret introduced by

Savage (1951) is a particular loss function (Wald, 1950) that depends on the choice
and the underlying true distributions and is de�ned as the di¤erence between the
expected payo¤ of the better action and the expected payo¤ underlying the recom-
mendation of the decision maker. For illustration, assume that Yj is the random
variable associated to choice of action j and that pj is the probability that the deci-
sion maker chooses action j (j = 1; 2). Then regret r is given by

r = max fEPY1; EPY2g � (p1EPY1 + p2EPY2)

where regret is de�ned in terms of taking expectations based on the true underlying
distribution P . Thus,

r = max f(EPY1 � EPY2) p2; (EPY2 � EPY1) p1g

which highlights the di¤erence to classical hypothesis testing. Instead of being in-
terested in type I and type II error, the probability of making the wrong choice is
adjusted for the value of making the correct choice. Given this de�nition of regret,
the choice of the decision maker is evaluated in terms of its maximal regret across all
possible distributions P . Under the minimax regret criterion the decision maker then
makes a recommendation that yields the lowest maximal regret. Note that the rec-
ommendation will depend on the outcome of the testing and on how the randomized
experiment was designed.

It is important to stress that our concern for maximal regret is not motivated
behaviorally nor does it require that the decision maker learns the true underlying
distribution ex-post. It is the axioms that found minimax regret (Milnor, 1954, Stoye,
2006) that we choose as basis to justify decision making under minimax regret. We
brie�y highlight why we �nd these axioms appropriate for this setting, using the
axiomatization of Stoye (2006) to connect minimax regret to subjective expected
utility theory (SEU, Anscombe and Aumann, 1963).
We are interested in decision making under complete uncertainty, wish to base the

decision only on (veri�able) knowledge. Thus the Symmetry axiom is postulated. It
assesses that recommendations may not depend on how actions or states of the world
are labelled. Non-veri�able elements such as subjective priors are ruled out. The
Symmetry axiom is not compatible with all axioms underlying SEU and hence they
cannot all be postulated. Independence of Irrelevant Alternatives (IIA), sometimes
mistakenly associated to rationality per se, does not allow for decisions to depend
on the set of actions available. It precludes to incorporate all veri�able information
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and will be relaxed as follows. Independence of the most preferred choice is only
imposed when adding actions that would not change payo¤s achievable in the perfect
information setting (see the INA axiom in Stoye, 2006). The resulting minimax
regret criterion is called menu or opportunity dependent as choice depends on the set
of actions available (for some examples where opportunity dependence yields valuable
insights see Hayashi, 2006).
An alternative way (see Milnor, 1954, Stoye, 2006) to adapt the axioms underlying

SEU after postulating the Symmetry axiom is to maintain IIA but to weaken the
Independence Axiom, an axiom that can be associated to time consistency in decision
making. This results in the maximin criterion of Wald (1950). However, as already
pointed out by Manski (2005) in a closely related setting, maximin criterion cannot
capture learning in its common sense in the setting of this paper. The rule to choose
action one regardless of the observations in the sample attains maximin regardless of
how large the sample is.
Minimax regret has been used to investigate bilateral bargaining (Linhart and

Radner, 1989), monopoly pricing (Bergemann and Schlag, 2006, ch. 3), general equi-
librium with overlapping generations (Cozzi and Giordani, 2006), regression (Droge,
1998, Eldar et al., 2004) and learning in two-armed bandits (Berry and Fristedt,
1985, Lai and Robbins, 1985, Schlag, 2003) among other topics. The main references
on minimax regret in statistical decision making for this paper are Canner (1970),
Manski (2004) and Stoye (2005).

1.2 Binary Valued Payo¤s and Balanced Samples

We begin our overview of the model and the related literature by �rst considering
a less general setting in which payo¤s are binary valued (so payo¤s are either 0 or
1) and where the recommendation has to be made based on a balanced sample (each
action is tested N=2 times where N is even).
Following Canner (1970), minimax regret is attained when using the simple success

rule: select the action that yielded the higher average payo¤during testing, randomize
equally likely whenever there is a tie. Stoye (2006) provides an alternative proof using
a saddle point characterization and provides a formula for deriving minimax regret.
We show how this formula can be obtained directly using results from the literature
on selection procedures.
Sobel and Huyett (1957) are interested in the minimal probability of correct selec-

tion (i.e. choosing the action with the highest mean) for a given lower bound d > 0
on the di¤erence between the two means, so jEPY1 � EPY2j � d. They suggest with-
out formal justi�cation to use the simple success rule. The minimal probability of
correct selection under this rule is investigated by using simulations and by identi-
fying asymptotically the least favorable distribution where the probability of correct
selection is lowest. Hoel (1972) analytically derives the least favorable distribution
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for an alternative selection procedure which, given later results of Bechhofer and
Kulkarni (1982), is also a least favorable distribution for the rule of Huyett and Sobel
(1957). We demonstrate how the formula for deriving minimax regret presented in
Stoye (2006) follows immediately from these results and the relationship illustrated
above between regret and the probability of correct selection. N = 12 observations
(6 of each action) is su¢ cient to obtain a value of maximal regret below 5%: For
large samples we show that the value of minimax regret is approximately equal to
0:17 �N�1=2.

1.3 Nearly Balanced Samples

Assume now that the recommendation has to be made based on an odd number of
tests and a sample that is nearly balanced in the sense that each action is equally
likely tested once more than the other action. We build again on �ndings in the
literature on selection procedures. Bechhofer and Kulkarni (1982) show how one
can stop testing early when implementing the simple success rule by anticipating
the �nal recommendation. In particular they show that one will never stop after
an even number of tests. Using their insights we derive a recommendation rule for
nearly balanced samples (that we call the adjusted success rule) that yields the same
probability of correct selection as the simple success rule but requires one less test.
In particular, the adjusted success rule attains minimax regret when the sample is
nearly balanced. Consequently, only N = 11 observations are needed to guarantee
that regret is below 5%:

1.4 Endogenous Testing

Now allow the decision maker to design the randomized experiment by choosing which
actions to test. Two di¤erent scenarios can be imagined. Under simultaneous testing
the decision maker simultaneously determines the number of tests of each action,
constrained by a given total number of tests N . Under sequential testing the decision
maker runs one test after the other, is able to observe the outcome after each test
and is allowed to condition future tests on the outcomes of all previous tests. While
there has been a large interest in the sequential design of randomized experiments
(e.g. Jennison and Turnbull, 2000), we know of no nonparametric exact results,
neither for sequential selection procedures nor for hypothesis testing, that show how
to design these optimally. We prove how to design the randomized experiment in
view of attaining minimax regret.
For the simultaneous testing setting, we prove that it is best to test each action as

equally often as possible. While this result is intuitive it does not apply as such when
there are three actions, a case we discuss in Section 5.6. Turning to sequential testing
one would imagine that the decision maker can reduce maximal regret by conditioning
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on previous test outcomes. For instance, consider a decision maker who encounters
after running m tests on each action (2m < N) that action 1 yielded outcome 2=3 in
all tests while action 2 yielded outcomes 0 and 1 equally often. Can the decision maker
ignore this information and go on testing each action equally often? The answer is
yes although counter intuitive. We prove that there is no added value under minimax
regret to design the randomized experiment sequentially.
Our proof involves game theory. Following von Neumann and Morgenstern (1944,

see also Savage, 1954) minimax regret problems can be solved by �nding a Nash
equilibrium of a zero sum game between the decision maker and nature where the
decision maker aims to minimize regret while nature�s goal is to maximize regret. The
equilibrium strategy of the decision maker then attains minimax regret.2 The proof
that there is no value added to sequential testing in our setting follows almost directly
from a property of the least favorable distributions, those distributions that maxi-
mize regret. Building on the connection to Hoel (1972) and Bechhofer and Kulkarni
(1982) mentioned above it follows that there is a distribution that has support in
f(0; 1) ; (1; 0)g that maximizes regret under the simple success rule. Consider nature
putting equal weight on two such distributions, one derived from the other by in-
terchanging the labels of the two actions. For a given balanced sample, the simple
success rule is a best response and hence attains minimax regret (a similar line of
proof can be found in Stoye, 2006). The additional implications for sequential testing
in this paper are novel but simple. When facing this strategy of nature, the same
information is gathered regardless of which action is tested or even whether the pay-
o¤s to both actions can be observed simultaneously. Consequently, maximal regret
cannot be lowered by some elaborate sequential testing scheme or if we additional
assume that counterfactual evidence is available. Concern for the worst case yields a
simple solution.
We hasten to add that sequential testing can of course be used to economize on

the number of tests without increasing maximal regret. In fact we present such a
rule and call it the truncated success rule. However, economizing on tests is not of
immediate concern for this paper as testing is assumed costless. The full analysis of
a model with costly testing is too intricate and we only present some initial insights
in a later section.

1.5 Bounded Payo¤s

Finally, turn to the actual setting of this paper where payo¤s are not necessarily
binary valued but instead are only known to be contained in [0; 1] : Manski (2004)
investigates performance of the empirical success rule, a rule that compares average
payo¤s in a balanced sample. Manski (2004, eq. 23) derives a loose upper bound

2Schlag (2003) and Stoye (2006) similarly use this method to derive strategies that attain minimax
regret.
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to show that the empirical success rule requires at most 148 tests to guarantee that
regret is below 5%: Stoye (2005) runs some numerical simulations that indicate that
at least 20 tests are needed for � = 5%.
We extend all results mentioned above for the setting of binary valued payo¤s to

the nonparametric case where payo¤s belong to [0; 1]. In particular, only N = 11

tests are needed, but not less, in order to guarantee that regret is below 5%: It is this
�nding that motivated the title of this paper.
This extension from f0; 1g to [0; 1] is possible due to a simple trick used in Schlag

(2003). Minimax regret can be attained for the case where payo¤s belong to [0; 1] by
�rst randomly transforming the sample into a binary valued sample and then applying
the rule that attains minimax regret when payo¤s are binary valued. The particu-
lar random transformation used will be referred to as the binomial transformation.
Accordingly, each payo¤ in the sample that is contained in the interval (0; 1) is inde-
pendently randomly transformed into an outcome in f0; 1g ; using the payo¤observed
as the probability that the data point is transformed into outcome 1. The decision
maker strategically throws away information.3 As this transformation is mean pre-
serving, it is as if the decision maker faces a binary valued distribution which weakly
lowers maximal regret as compared to facing any distribution with support in [0; 1]2.
We thus obtain a rule that attains minimax regret for all N for the setting where

payo¤s are known to be contained in [0; 1]. The rule is called the binomial average rule
and can be described as follows. Start with testing either action equally likely and
continue testing the two actions alternatingly until N tests have been run. Binomially
transform the sample into a binary valued sample and then make a recommendation
based on the simple or the adjusted success rule, depending on whether N is even or
odd.

Schlag (2007) presents this randomization trick for more general settings including
nonparametric estimation and hypothesis testing. Recently we discovered that this
method was also used by Cucconi (1968) to derive an exact nonparametric sequential
probability ratio test. We have also discovered meanwhile that Gupta and Hande
(1992), without citing Canner (1970) or Hoel (1972), have shown for the case of a
balanced sample with bounded payo¤s that behavior as prescribed by the binomial
average solves the related objective, to maximize the minimal probability of choosing
the action with the highest mean.

To complete this overview we clarify the connection to other recent papers on
minimax regret in chronological order. Schlag (2003) considers minimax regret in a
two-armed bandit setting with a su¢ ciently impatient decision maker where, unlike
the present paper, there is a genuine trade-o¤ between exploitation and exploration.
The related results by Stoye (2005) that existed before the �rst version of this paper

3The decision maker is only interested in the means. Using terminology from statistics, all aspects
of the distribution apart from the mean are �nuisance parameters�.
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are con�ned to binary valued payo¤s and exogenously given balanced samples (so N
is even). Eozenou et al. (2006) present an alternative rule that reduces variance in
the recommendation of the binomial average rule, numerical simulations reveal that it
also attains minimax regret. Schlag (2006b) builds on the present paper and further
investigates nonparametric learning for the case where each test reveals the payo¤ of
both actions, counterfactual evidence thus being available.

In Section 2 the decision problem is introduced. In Section 3 the necessary criteria
for making decisions and measuring performance are introduced. Section 4 presents
important examples and derives some properties. In Section 5 we investigate mini-
max regret, proving minimax regret property of the binomial average rule and then
discussing a variety of extensions. In Section 6 we brie�y consider the alternative
criterion of maximin. The appendix contains the speci�c analysis of minimax regret
for three actions and three tests as well as all tables.

2 Setting

Consider a decision maker who has to recommend (or choose ) one of two possible ac-
tions (or treatments) labelled 1 and 2. Choice of action j 2 f1; 2g generates a random
outcome belonging to a set Y where Y contains at least two elements. Outcomes are
drawn from an unknown joint distribution (or environment) P 2 �(Y 2). Speci�cally,
the random outcome generated from choosing action j is drawn from the marginal
Pj of P with respect to the j-th component.4 Depending on the speci�cation of P;
actions can, but need not generate independent outcomes.
Even if outcomes of each action are only measured in terms of success and failure,

Y will contain more than two elements unless treatment speci�c side e¤ects are absent.
The case in which Y contains only two elements will play a special role for the analysis.

Before making a recommendation the decision maker is allowed to perform a
randomized experiment which consists of N independent tests (or trials). In each
such test the decision maker chooses an action and then observes a random payo¤
generated by this action. This testing procedure is also called the test phase, the
choice thereafter is also called the recommendation or �nal choice. So a strategy of
the decision maker consists of two parts: (i) which actions to test in the test phase
and (ii) which action to recommend based on the observations in the test phase. We
consider two alternative informational settings for modelling the test phase. We say
that testing is sequential if tests are run sequentially with feedback on the outcome of
each test being available before the next test and if the choice of which action to test
next may be conditioned on all previous outcomes. Testing is called simultaneous if

4�A denotes the set of distributions over the set A: Any element a 2 A is identi�ed with the
distribution that places probabilty 1 on a, hence A � �A:
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the decision maker has to pre-commit to the total number tests run on each action
before starting the test phase.

We now develop notation for describing what the decision maker does. In the next
subsection we specify the objectives for how to determine what the decision maker
should do.

Consider �rst sequential testing. In the spirit of game theory it is important to
use formal notation to describe behavior when deriving exact results. A strategy (or
rule) formally describes how the decision maker �rst designs tests and then makes a
recommendation based on the outcome of testing. After running m 2 f1; ::; Ng tests,
the history h of length m is given by h = ((j1; y1) ; (j2; y2) ; :::; (jm; ym)) where jk is
the action chosen in the k-th round of the test phase and yk is resulting outcome.
So yk is an outcome randomly drawn from the distribution Pjk independently of any
earlier event. The strategy f of the decision maker for running sequential tests is to
assign to each history h of length m with m < N the action to test next and after
testing is over to decide based on the history of length N which action to recommend.
We allow for the decision maker to randomize over actions both during the test phase
and when making the recommendation.5 Formally,6

f : [Nm=0 (f1; 2g � Y)
m ! � f1; 2g

where f (h)j denotes the probability of testing action j after history h of lengthm < N

and denotes the probability of recommending action j if the history is of length N:
The recommendation only refers to how the strategy f evaluates histories of length
N:

The recommendation is called deterministic if f (h)1 2 f0; 1g ; it is called random-
ized if f (h)1 2 (0; 1), where h represents here the history of events during the test
phase. A strategy f is called symmetric if it does not depend on how actions are
labelled. Formally this means that f (;)1 = 1=2 and that f (h)j = f (hs)3�j where
hsk = ((3� jk; y2)) for k = 1; ::;m given h 2 (f1; 2g � Y)m with 1 � m � N:
While most of this paper considers costless testing there is no need to run all

tests. When given the possibility of running less than N tests we need to de�ne a
stopping rule that is associated to the strategy. Brie�y, let s be the stopping rule
where, given history h, s (h) = 1 speci�es to continue testing while s (h) = 0 speci�es
to stop testing and to make a recommendation based on the gathered sample.

Consider now the more restricted setting of simultaneous testing. The decision
maker simultaneously assigns the number Nj of tests to be run on each action j;
j = 1; 2, so N1; N2 2 N0 with N1 + N2 = N . The tuple (N1; N2) is also called an
assignment, Nf1;2g := f(N1; N2) 2 N20 s.t. N1 +N2 = Ng denotes the set of all possi-
ble assignments. The history h of observations generated by the set of observations

5To keep notation simple, we describe strategies below in terms of behavioral strategies.
6The convention (f1; ::; Tg � [0; 1])0 = f;g is used.
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during the test phase is similar to the one under sequential testing except that it
is now unordered, so h = f(j1; y1) ; (j2; y2) ; :::; (jm; ym)g : Formally, the strategy f is
de�ned by a mapping

f : ; ! �Nf1;2g

f : (f1; 2g � Y)N ! � f1; 2g

where f (;)(N1;N2) denotes the probability of selecting assignment (N1; N2) 2 Nf1;2g.
Of course any rule for simultaneous sampling can be embedded in the formal frame-
work of sequential sampling. Thus we sometimes consider rules for simultaneous
sampling as a subset of the set of rules for sequential sampling. If not mentioned
otherwise we will be considering the sequential testing scenario.

3 Minimax Regret, Priors and Learning

We consider a decision maker who searches for a strategy that attains minimax regret.
First we show how to implement this decision making criterion then add a brief
discussion.

In order to implement minimax regret we have to specify the alternatives, the
states of the world and the consequences. The strategies de�ned above are the alter-
natives (or acts). The underlying distribution P is the unknown state of the world.
We assume that the decision maker is only interested in the recommendation and
does not care about the outcomes during testing. Hence the distribution of outcomes
generated by the recommendation is the consequence. So if action j is recommended
and the true distribution is given by P then Pj is the associated consequence.
It can be natural to ignore outcomes during testing when those tested constitute

only a vanishing minority among the population of those needing the treatment (see
Manski, 2004). The separation of testing and recommendation parallels classical
hypothesis testing where the major concern is for size and power with outcomes
arising during tests being only secondary. Of course an analysis of costly testing as
considered by Canner (1970) is also an interesting research agenda and we come back
to this later.
The next step is to describe the rational preferences of the decision maker over

the set of consequences. These preferences are assumed to satisfy the axioms of von
Neumann and Morgenstern (1947) and hence have an expected utility representation.
Thus there exists a utility function u : Y ! R such that, if the decision maker would
know P; then he or she would recommend the action that maximizes expected utility.
More speci�cally, let uj (P ) denote the expected payo¤ generated by choosing action
j so

uj (P ) :=

Z
y2Y2

u (yj) dP (y) =

Z
yj2Y

u (yj) dPj (yj) :
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If the decision maker would know P then he or she would choose j such that uj (P ) �
uk (P ) : Actions contained in argmaxj2f1;2g uj (P ) are called best (given P ).
For simplicity we sometimes work with a reduced representation in which outcomes

are identi�ed with their utility, Y is identi�ed with fu (y) ; y 2 Yg with u (y) also
called a payo¤ , and then associate choice of action j with the random variable that
realizes the payo¤ u (yj) with yj drawn from Pj. In this representation, best actions
are the ones that yield the highest mean.
We add an assumption on the set of outcomes Y and assume that there is a least

preferred element yL and a most preferred element yH of Y where these two elements
are not identical. Then we can normalize u by a positive a¢ ne transformation so that
u (yL) = 0 and u (yH) = 1: Thus all payo¤s are contained in [0; 1] : If Y = f0; 1g then
we also refer to payo¤ 0 as a failure and to payo¤ 1 as a success. If P 2 � f0; 1g2

then we say that payo¤s are binary valued.
The axioms leading to minimax regret criterion specify how the decision maker

deals with not knowing the true distribution P: The following notation will be needed.
Let pj (f; P ) denote the probability of recommending action j when using strategy f
and facing distribution P where this probability is calculated ex-ante before running
any test. pj (f; P ) will also be called the recommendation probability under f given
P:7 Let u (f; P ) denote the expected payo¤ of the recommendation induced by using
strategy f when facing distribution P where expectations are calculated based on the
distribution P ex-ante before starting the test phase, so

u (f; P ) =
2X
j=1

pj (f; P )uj (P ) :

Regret r (f; P ) is de�ned as the di¤erence between the expected payo¤ of the action
that maximizes utility given P and the expected payo¤ realized by using strategy f
when facing by P . Formally

r (f; P ) = max
j2f1;2g

uj (P )� u (f; P )

= max f(u1 (P )� u2 (P )) p2 (f; P ) ; (u2 (P )� u1 (P )) p1 (f; P )g :

We are now able to formulate how to make a recommendation without knowing P
in the minimax regret framework. Under minimax regret, the decision maker who
chooses strategy f is concerned with the maximal regret attained by f; accordingly
P̂ 2 argmaxP2�Y2 r (f; P ) is called a least favorable distribution under f: Conse-
quently, the decision maker minimizes this maximum regret. Formally, the strategy
f � attains minimax regret if

f � 2 argmin
f

sup
P2�Y2

r (f; P ) .

7We refrain from presenting a formal expression for pt (f; P ) as it is too intricate to be insightful.
Explicit calculations in later examples will demonstrate better how pt (f; P ) can be derived.
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r�N := inff supP2�Y2 r (f; P ) is called the value of minimax regret.
The minimax regret criterion is due to Savage (1951). Milnor (1954) was the �rst

to present an axiomatic characterization. Recently Stoye (2006) has presented an
axiomatization that can be directly compared to the axioms underlying subjective
expected utility maximization. It is the axiomatic foundation that leads us to choose
this criterion. The Symmetry axiom, that does not allow choice to depend on labels,
plays a central role in ensuring that non-veri�able elements such as subjective priors
do not play a role (for more details see Stoye, 2006). The alternative of maximin is
discussed in Section 6 below.

If the decision maker instead would be a subjective expected utility maximizer
(Anscombe and Aumann, 1963) then there would exist some prior Q 2 ��Y2 such
that the strategy f would be a best response to Q in the sense that it would be chosen
to maximize u (f;Q) :=

R
u (f; P ) dQ (P ) (provided a maximizer exists). The value

of minimax regret can be interpreted as an upper bound on how di¢ cult it is for a
subjective expected utility maximizer to learn. For this interpretation, the di¢ culty
of learning under prior Q is measured as the di¤erence between the expected payo¤
of the decision maker with perfect and imperfect information, assuming that nature
draws P according to Q: The observation follows when verifyingZ

max
j2f1;2g

uj (P ) dQ (P )� sup
f

Z
u (f; P ) dQ (P )

= inf
f
r (f;Q) � sup

Q0
inf
f
r (f;Q0) � min

f
sup
Q0
r (f;Q0) = r�N

where r (f;Q) :=
R
r (f; P ) dQ (P ) :8

Typically the upper bound supQ0 inff r (f;Q
0) on the di¢ culty of learning with a

prior is equal to r�N : This equality emerges when the minimax regret strategy satis�es
a saddle point condition. This saddle point condition (see (1) below) is now presented
as it will be used to derive minimax regret. Assume that the strategy f � and prior
Q� satisfy

r (f �; Q) � r (f �; Q�) � r (f;Q�) 8f;Q: (1)

In other words, (f �; Q�) is a Nash equilibrium of the �ctitious zero sum game between
the decision maker and nature where the decision maker aims to minimize regret while
nature aims to maximize regret. Note that the support of Q� only contains least
favorable distributions under f �. Following the minimax theorem of von Neumann
and Morgenstern (1947), f � attains minimax regret and

sup
Q
inf
f
r (f;Q) = r (f �; Q�) = r�N :

As Q� 2 argmaxQ inff r (f;Q), Q� can considered as a prior under which learning is
most di¢ cult and is called a least favorable prior.

8We replace max by sup and min by inf to ensure existence.
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As we consider decision making based on information gathered while testing one
may wish to qualify whether our approach to choice using minimax regret is associ-
ated to some form of learning. As mentioned above, the value of minimax regret can
be directly interpreted as a measure for learning as it presents an upper bound on the
impact of imperfect information in the more traditional subjective expected utility
model. We mention some alternative ways to measure learning. Consider a sequence
of rules

�
f̂N

�
N2N

such that f̂N attains minimax regret for sample size N: One could

consider learning in terms of asymptotic performance as the sample size tends to
in�nity and require that

�
f̂N

�
N
is a pointwise consistent estimator of a best action,

namely that lim supN!1 pj
�
f̂N ; P

�
> 0 implies uj (P ) � u3�j (P ) : Given that one

never knows whether the sample is su¢ ciently large it is more natural to qualify learn-
ing in terms of sample size and not conditional on the underlying distribution. To do
this one introduces a wedge between the expected utility of the two actions and consid-
ers the set of distributions P� that contain only those distributions in which the means
of the two actions di¤er by at least � so P� = fP 2 �Y2 s.t. ju1 (P )� u2 (P )j � �g :
Then

�
f̂N

�
N
is a uniformly consistent estimator of the best action (within the class

P�) if for every " > 0 there exists N" 2 N such that if uj (P ) � u3�j (P ) + � and

N � N" then pj
�
f̂N ; P

�
� 1 � ": One may wish to qualify learning in a dynamic

context by investigating how choice changes with the sample size.
�
f̂N

�
N
is called

ex-ante improving (Schlag, 2002, cf. Börgers et al., 2004) if u
�
f̂N+1; P

�
� u

�
f̂N ; P

�
,

it is called ex-ante strictly improving if uj (P ) > u3�j (P ) and pj
�
f̂N ; P

�
< 1 then

u
�
f̂N+1; P

�
> u

�
f̂N ; P

�
: Since there are only two actions, changes in expected util-

ity can also be translated into monotonicity of the probability of choosing a best
action.9 In this paper we will obtain rules that attain minimax regret that are asso-
ciated to the forms of learning described above.

4 Some Examples

Before we derive a strategy that attains minimax regret we present some examples.
Both historically and for this paper is important to �rst consider strategies designed
for the case where payo¤s are binary valued. So �rst we consider P 2 � f0; 1g2 :

9Related concepts that are conditional on the history are absolute expediency (Lakshimivarahan
and Thathachar, 1973) and monotonicity (Börgers et al, 2004).
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4.1 Binary-Valued Payo¤s

Consider the most natural candidate for learning which action is better under binary
valued payo¤s, called the simple success rule and de�ned for simultaneous testing
and even N . This strategy speci�es to test each action equally often and then to
recommend the action that realized more successes during testing, if there is a tie to
recommend each action equally likely. This rule plays a central role in the literature
on selection procedures under binary valued payo¤s starting with Sobel and Huyett
(1957) and also emerges from the analysis of Canner (1970).10

The adjusted success rule is de�ned for simultaneous testing and odd N: Accord-
ingly, create a so-called nearly balanced sample by testing each action equally likely
once more than the other action, so

f (;)(N�12 ;N+1
2 )

= f (;)(N+12 ;N�1
2 )

=
1

2
:

Recommendation follows the selection rule of Hoel (1972). Let Sj be the number of
successes and Fj be the number of failures observed in the previous tests of action
j: Then recommend action j if Sj + F3�j � (N + 1) =2. Note that there is a unique
recommendation as N is odd. The role of including failures is explained below.
The truncated success rule is de�ned for sequential testing and any N . It speci�es

to select each action equally likely in the �rst test and then to test the two actions
alternatingly until testing is stopped using both the stopping and recommendation
rule of Hoel (1972). Let Sj be the number of successes and Fj be the number of
failures observed in the previous tests of action j: Then stop if Sj + F3�j � N=2 for
some j 2 f1; 2g and recommend action j: Note that the recommendation is unique.
To gain some intuition why failures of the alternative action are incorporated,

rewrite the stopping rule as Sj � S3�j + [N=2� (S3�j + F3�j)] and consider N even.
This condition implies that action j will yield at least as many successes as the alter-
native action if testing is not stopped but instead both actions are tested N=2 times
(the term in squared brackets is the number of remaining tests of the alternative ac-
tion). The idea is that the truncated success rule stops early as su¢ cient information
has been gathered.
It turns out that all three rules presented above generate identical recommendation

probabilities. This follows almost directly from a result of Bechhofer and Kulkarni
(1982, Th. 5.1, see also Kulkarni and Jennison, 1986, Th. 2.1). For the argument
one needs to use the fact that both the adjusted and the truncated success rule are
symmetric and do not test either action more than N=2 times. The di¢ culty of the
proof is that knowing action j yields at least as many successes as the alternative
action is not enough to prove that recommendation probabilities are identical. This

10In the literature on selection procedures, selection refers to what we call the recommendation,
to test each action equally often is called vector-at-a-time sampling.
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is because the two actions can be equally successful during testing in which case the
simple success rule uses a particular tie breaking rule. Below we present an alternative
proof of the identical performance.

4.2 Bounded Payo¤s

Now consider richer outcome spaces that induce more than two di¤erent possible
payo¤s. The natural approach is to extend the simple success rule by recommending
the action that yielded higher average payo¤s during testing while maintaining the
same tie-breaking rule. This de�nes the empirical success rule (Manski, 2004, Stoye,
2006).11

A more sophisticated approach �rst used by Schlag (2003) in this framework is to
�rst randomly transform each payo¤ yielded during the testing phase into a binary
valued outcome and then to apply a rule designed for binary valued payo¤s. With
the appropriate random transformation, the properties of interest that a rule has
for binary valued payo¤s will carry over to the more general setting with payo¤s in
[0; 1]. This approach is useful as it is di¢ cult to establish exact results when working
directly with the general case where payo¤s are in [0; 1].
We present the random transformation and start by explaining how a payo¤ yj 2

[0; 1] observed in some test is transformed. Transform yj 2 [0; 1] into payo¤ 1 with
probability yj and into payo¤ 0 with probability 1 � yj: Notice that this random
transformation is mean preserving and that payo¤s 0 and 1 are the �xed points.
Perform this transformation independently transform for each payo¤ observed during
testing. The result is a binary valued sample, it is as if only payo¤s in f0; 1g were
realized in each round of the test phase. This is called the binomial transformation.
With this transformation, rules de�ned for binary valued payo¤s turn into rules

de�ned for payo¤s belonging to [0; 1] : The rule that emerges when evaluating the
simple success rule for even N and the adjusted success rule for odd N to the trans-
formed sample will be called the binomial average rule. Thus the binomial average
rule is a simultaneous sampling rule. To apply instead the truncated success rule to
the transformed sample will be called the truncated binomial average rule.
The binomial transformation is mean preserving. When looking at the binary

valued sample after the transformation it is as if the decision maker is facing a binary
valued distribution with the same means as the true underlying distribution. This
is why properties for binary valued payo¤s that can be described in terms of means
carry over to the more general setting with payo¤s belonging to [0; 1] when using the
binomial transformation.

Proposition 1 If a rule attains minimax regret, is uniformly consistent or is ex-ante
improving when Y = f0; 1g2 then applying this rule to the binomially transformed
11Note that Manski (2004) uses an alternative tie-breaking rule.
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sample generates a rule that attains minimax regret, is uniformly consistent or is
ex-ante improving, respectively, when Y = [0; 1]2 :

The part of the statement concerning minimax regret is proven in Schlag (2006c).
The statement in terms of uniform consistency and ex-ante improvingness follows by
the same argument and is left to the reader. All proofs are built on the simple obser-
vation that u (f; P ) = u (f; P 0) if P 0 2 � f0; 1g2 is such that P 0j (1) =

R
yjdPj (yj) for

j = 1; 2 and f can be described as a rule that �rst binomially transforms the sample
and then makes the recommendation based on the transformed sample.

4.3 Learning

To prepare for later results we present some learning properties of the rules described
above. Add a superscript to recommendation probabilities to index the sample size.

Proposition 2 (i) The binomial average rule and the truncated binomial average
rule yield identical recommendation probabilities and are uniformly consistent. Both
rules are ex-ante improving, speci�cally, p2k�2j (�; P ) < p2k�1j (�; P ) = p2kj (�; P ) holds
if P 2 �Y2; uj (P ) > u3�j (P ) and k 2 N:
(ii) The empirical success rule is uniformly consistent but not ex-ante improving.

We recently discovered that the statement and proof of the fact that ex-ante ex-
pected probability of choosing the best action increases in k forN = 2k has previously
been shown by Gupta and Hande (1992, Theorem 2.2).
Proof. Consider �rst part (i) except for the statement about uniform consistency.

Given Proposition 1 it is enough to consider only binary valued payo¤s. Let N be
even.
We �rst show that the simple success rule, the adjusted success rule and the trun-

cated success rule all yield the same recommendation probabilities. We do this in
three simple steps. Say that a rule has property ���if it makes the same recommen-
dation as the simple success rule whenever the simple success rule recommends some
action with probability one.
Step 1. We �rst show that all three rules have property ���. We only need to

focus on the event that action j yields strictly more successes than the alternative
action after N tests. The arguments at the end of Section 4.1 show that the adjusted
and the truncated success rule make the same recommendation as the simple success
rule, namely they recommend action j:
Step 2. Now we show that any rule that satis�es property ���is a best response

against any prior QP that puts equal weight on P and P s where P s is the distribution
that is derived from P by interchanging the labels of the two actions. This is a slightly
more general claim than Lemma 1 in Canner (1970) and follows immediately for
instance when looking at the likelihood ratios. The important insight is that there is
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no condition on the best response behavior on how to recommend when both actions
have been equally successful after N=2 tests of each.
Step 3. Finally we prove that any rule that is symmetric and that satis�es prop-

erty ���has the same recommendation probabilities as the simple success rule. A
consequence of step 2 is that u (f;QP ) = u (f 0; QP ) holds if both f and f 0 satisfy
property ���:12 The proof then follows from the fact that u (f;QP ) = u (f; P ) if f is
symmetric.

The fact that the adjusted success rule makes the same recommendations as the
simple success rule implies that p2k�1j (�; P ) = p2kj (�; P ).
Assume that uj (P ) > u3�j (P ). An immediate consequence of step 2 and the

fact that more information cannot make a rational decision maker worse o¤ is that
pnj (�; P ) � pn+1j (�; P ) : As it is possible that S2k�21 > S2k�22 while S2k1 < S2k2 , where
the superscript refers to the number of tests conducted, the decision maker is strictly
better o¤ when running two more tests. Thus, p2k�2j (�; P ) < p2kj (�; P ).
The statements on uniform consistency in parts (i) and (ii) follow directly from

Tschebysche¤�s inequality using the fact that variances of P1 and P2 are bounded
above by 1=4:

Finally we present an example showing that the empirical success rule is not ex-
ante improving. Assume that outcomes are identi�ed with utilities and set P1 (1) =
1� P1 (0) = � and P2 (x) = 1 where 0 < x < � < 1=2: Then p01 = 1=2 > p21 = � but
the mean of action 1 is strictly larger than that of action 2:

In Table 1 we present the probability of recommending action 1 under the binomial
average rule for N 2 f0; 1; 3g :

5 Minimax Regret

We now investigate minimax regret. Previous results exist for binary valued payo¤s
when the sample is constrained to be balanced. The �ndings of Canner (1970) show
that the simple success rule attains minimax regret. Stoye (2005, 2006) contains an
alternative proof of this result using the saddle point condition and also contains a
formula for deriving the value of minimax regret ((2) below for the case of binary
valued payo¤s).

We present two rules that attain minimax regret when payo¤s belong to [0; 1] and
when the choice of which actions are tested is part of the design. Let B (j;m; z) =�
m
j

�
zj (1� z)m�j be the probability of drawing j successes among m independent

samples of a Bernoulli distribution with success probability z where j;m 2 N0 with
12The proof up to here can be replaced by citing a �nding of Bechhofer and Kulkarni (1982, Th.

5.1, see also Kulkarni and Jennison, 1986, Th. 2.1) proven using combinatorics that shows that
u (�; QP ) is identical for the three rules simple, adjusted and truncated success.
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0 � j � m and z 2 [0; 1] : De�ne Neven 2 N such that Neven = N if N is even and
Neven = N + 1 if N is odd.

Proposition 3 Assume sequential testing. Both the binomial average rule and the
truncated binomial average rule attain minimax regret. In particular, minimax regret
can be attained by a rule - the binomial average rule - that requires only simultaneous
testing. The value r�N of minimax regret is given by

13

r�N = max
d2[0;1]

0@d � X
k<Neven=2

B

�
k;Neven � 1;

1

2
(1 + d)

�1A : (2)

Proof. We �rst show that the binomial average rule, denoted by f �, attains
minimax regret. For binary valued distributions P , regret r (f �; P ) is a continuous
function of � (P ) where � (P ) is contained in the compact set [0; 1]2. Thus there
exists P � 2 argmaxP2PB :�1(P )>�2(P ) r (f

�; P ). Following the proof of Proposition 2
or (Canner, 1970, Lemma 1), f � is a best response to QP � : Consequently, (f �; QP �)
satis�es (1) which implies that the binomial average rule f � attains minimax regret.
While (2) can be derived explicitly (see Stoye, 2006 or Schlag, 2006a) we de-

rive (2) here using existing results on selection procedures. Given d 2 [0; 1] let Pd
be the set of all binary valued distributions P such that �1 (P ) = �2 (P ) + d: Let
P d the particular one that has support f(1; 0) ; (0; 1)g where P d (1; 0) = 1

2
(1 + d)

and P d (0; 1) = 1
2
(1� d) : Hoel (1972) suggested a rule fH for binary valued payo¤s

and derived that P d 2 argmaxP2Pd p2 (fH ; P ) (Hoel, 1972, p. 149, �rst paragraph).
Bechhofer and Kulkarni (1982) present a class of rules that generate the identical
recommendation probabilities as the simple success rule when N is even and payo¤s
are binary valued. Kulkarni and Jennison (1986, Remark 2.2) mention that the rule
fH of Hoel (1972) belongs to the class of Bechhofer and Kulkarni (1982), hence that
p2 (fH ; P ) = p2 (f

�; P ) holds for all P 2 PB: Combining these results yields that
P d 2 argmaxP2Pd p2 (f �; P ) : We now use this to derive r�N as

r�N = max
P2PB

r (f �; P ) = max
P2PB

r (f �; P ) = max
d2[0;1]

max
P2Pd

r (f �; P )

= max
d2[0;1]

max
P2Pd

fd � p2 (f �; P ) : u1 (P ) > u2 (P )g = max
d2[0;1]

�
d � p2

�
f �; P d

��
where d � p2

�
f �; P d

�
= d �

P
k<Neven=2

B
�
k;Neven � 1; 12 (1 + d)

�
. This completes the

proof.

13For numerical evaluation of the speci�c value one best uses the �rst order conditions which are

Neven=2�1X
n=0

��
Neven � 1

n

�
(1 + d)

n
(1� d)Neven�1�n

�
= d � (Neven � 1)

�
Neven � 2
Neven

2 � 1

��
1� d2

�Neven
2 �1
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The binomial average rule has been constructed in way that the design of the next
test does not depend on the total number of tests remaining. This immediately yields
the following corollary.

Corollary 1 The binomial average rule attains minimax regret if the sample size N
is a priori not known to the decision maker who only �nds out that no more tests can
be run once the N-th test has been conducted.

5.1 The Role of Sample Size

We present some properties of the value of minimax regret r�N :

Proposition 4 r�2k+1 < r
�
2k = r

�
2k�1 for k 2 N with r�N ! 0 as N !1 such that

lim
N!1

�p
N � r�N

�
=

r
1

2�
z2e�z

2=2

where z is the unique solution toZ �z

�1

1p
2�
e�

1
2
x2dx =

r
1

2�
ze�z

2=2 :

Proof. The statements on the change in the value of minimax regret as the sample
increases follow directly from Proposition 2.
Consider the binary valued distribution P d from the proof of Proposition 2. Let N

be even and let �yN be the average number of successes when N independent payo¤s
of action 1 are drawn from P d: Then p2

�
f �; P d

�
= Pr (�yN < N=2) : Using the central

limit theory we obtain that

Pr (�yN < N=2) �N �

0@ 1
2
� uq
u(1�u)
N

1A
where � is the cdf of the standardized normal distribution, u = 1

2
(1 + d) and ��N�

is used throughout this proof to identify formulae that have the same convergence
rates as N tends to in�nity. Let g (u) :=

p
N
�
u� 1

2

�
=
p
u (1� u) and hN (u) :=

(2u� 1)� (�g) then r�N �N maxu2(1=2;1) hN (u).
We derive

d

du
hN = 2� (�g) + (2u� 1)

1p
2�
e�w

2=2 � g0 (u) (3)

where

g0 (u) = �1
4

N + 2u� 1
u (1� u)

p
u (1� u)N

�N �
1

4

p
N

(u (1� u))3=2
.
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Let u�N be the maximizer of (2). Since limN!1 g
0 (u) =1 we obtain from d

du
hN (u

�
N) =

0 and (3) that limN!1 u
�
N = 1=2: Thus g

0 (u�N) �N �2
p
N and with the de�nition of

g we obtain 2u�N � 1 �N gp
N
. So

d

du
hN �N 2� (�g)� g

r
2

�
e�g

2=2 if u = u�N :

Comparing this to the de�nition of z in the statement of the proposition we obtain
that limN!1 g (u

�
N) = z. So

r�N �N (2u�N � 1)� (�z) �N
1p
N
z2
r
1

2�
e�z

2=2 .

Table 2 contains some numerical values of r�N for small N where we include the
�rst value of N for which minimax regret is below 5%; 4%; 3%; 2:5%; 2% and 1%. In
particular we obtain the following result that motivated the title of this paper.

Corollary 2 The value of minimax regret is below 5% when N = 11 but above 5%
when N � 10:

We verify numerically that
q

1
2�
z2e�z

2=2 � 0:17 up to four digits behind the

comma. So for large N this means that r�N � 0:17=
p
N . As shown in Table 2, a

slightly adjusted denominator yields a good approximation for N � 3 :

r�N �
0:17p

Neven � 0:2
.

5.2 Deterministic Strategies

Manski (2004) uses the empirical success rule to investigate maximal regret and the
role of covariate information. For the setting of this paper without covariate informa-
tion, e�

1
2=
p
N � 0:61=

p
N is presented as an upper bound on regret for even N under

the empirical success rule (Manski, 2004, eq. 23). In particular, N � 148 is needed
to ensure that regret is below 5%. For large N this means that the empirical success
rule requires 12 times more observations than the binomial average rule to guarantee
the same maximal regret. A tight upper bound for regret under the empirical success
rule is not known.
Lower bounds on maximal regret of the empirical success rule are easily computed

analytically for small N . These computations reveal why the empirical success, de-
noted by f e, does not attain minimax regret. Consider for instance the distribu-
tion P̂ such that P̂ (1; z) = � and P̂ (0; z) = 1 � � and focus on N = 2: Then

p32

�
f e; P̂

�
= 1 � �. So if � > z > 0 then r

�
f e; P̂

�
= (�� z) (1� �) � 1

4
while
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r�3 = 0:087: In particular, the empirical success rule does not attain minimax regret.
The empirical success rule uses only the fact that z > 0 and does not account for
how large z is. The binomial transformation on the other hand takes the size of z
into account. Accordingly, z and 0 are treated identically with probability 1 � z as
the observation (0; z) is transformed into (0; 0) with probability 1 � z. The particu-
lar parametrized distribution P̂ can be used to analytically show that the empirical
success rule does not attain minimax regret when N � 18. For larger N we revert to
numerical simulations and cite some results of Stoye (2006, Table 3). Maximal regret
under the empirical success rule is at least equal to 0:0495; 0:0326 and 0:0193 (the
value of minimax regret equals 0:0382; 0:0269 and 0:017) for values of N equal to 20;
40 and 100 respectively.

Gupta and Hande (1992) show how to derive an alternative deterministic strategy
using a �rounding�trick. We show that this yields a rule fd that outperforms the
empirical success rule when comparing the respective upper bounds on regret. As-
sume N even, test each action equally often and then recommend (with probability
one) the action that is recommended most likely under the binomial average rule f �,
recommending action 1 under fd whenever both actions are recommended equally
likely under f �.14 More speci�cally, let fd (h) = f � (h) for histories of length strictly
smaller than N and let Pr

�
fd (h) = 2

�
= 1 if and only if Pr (f � (h) = 2) > 0:5 for

any history h of length N . We call fd the rounded binomial average rule.
Note �rst that the existence of a tie breaking rule precludes that fd attains mini-

max regret. This is because QP � de�ned in the proof of Proposition 3 only maximizes
regret under fd if both actions are chosen equally likely whenever data is binary
valued and each action has yielded the same number of successes.
Gupta and Hande (1992) show that Pr

�
fd (h) = j

�
� 2Pr (f � (h) = j)� 1 when

j is the best action and �1 6= �2: Thus, Pr
�
fd (h) 6= j

�
� 2Pr (f � (h) 6= j) and hence

r
�
fd; P

�
� 2r (f �; P ) : In particular this means that the rounded binomial average

rule has regret bounded above by twice the value of minimax regret. Following
Table 2, maximal regret of the binomial average rule is below 2:5% for the �rst
time when N = 47 and hence N = 47 observations are necessary to ensure that the
rounded binomial average rule has regret below 5%. For large N this means that this
deterministic rule requires 4 times more observations than the binomial average rule
and hence 1=3 of the observations of the empirical success rule.
For more on the use of the rounding trick see Section 5.7 and Schlag (2007).

5.3 Foregone Payo¤s and Counterfactual Evidence

Consider brie�y a decision maker that has more information to base the recommen-
dation on. Assume after each test that the outcome of the action not chosen, the
14Notice that Gupta and Hande (1992) do not consider an exogenous tie breaking rule and hence

their rule is formally not deterministic.
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so-called foregone payo¤ , is also observed. It is as if counterfactual evidence is avail-
able. Formally the binomial average rule is de�ned as above, only incorporating
payo¤s of those actions tested.
Our proofs above reveal that counterfactual evidence cannot be used to reduce

maximal regret.

Corollary 3 The value of minimax regret when counterfactual evidence is available
is equal to the value of minimax regret derived in Proposition 3 for the case where
only outcomes of actions tested are observed.

Proof. In the proof of Proposition 3 we �nd that there is a least favorable prior
that puts weight only on distributions that have support in f(1; 0) ; (0; 1)g. When
faced with such a least favorable prior, it is as if the decision maker observes in each
round of the test phase the payo¤ that the action not tested would have achieved.
There is no advantage to receiving explicit information about foregone payo¤s when
facing such a prior. Thus the saddle point derived without foregone payo¤s remains
a saddle point with foregone payo¤ information. Consequently, any strategy that
attains minimax regret without foregone payo¤s attains minimax regret with foregone
payo¤s. Moreover, the value of minimax regret remains unchanged when foregone
payo¤s are included.

The above �nding builds on the fact that foregone payo¤s are not needed when
facing a distribution in the support of the least favorable prior. On the other hand, it
is intuitive that counterfactual evidence can be used to reduce maximal regret when
facing some other distributions that are not least favorable. A deeper analysis of the
setting with foregone payo¤s is outside the scope of this paper, for initial results see
Schlag (2006b).

5.4 Costly Testing

Return to the original setup but now assume that testing is costly where we follow
Canner (1970). There are two types of cost, an explicit cost c of a test and the implicit
cost on a subject pool when testing the inferior action. Assume that there areM 2 N
subjects that have to be treated where each test costs c � 0: The utility of the decision
maker of recommending action j after testing action i in Ni tests with N = N1 +N2
facing distribution P is given by N1u1 (P )+N2u2 (P )+(M �N)uj (P )�Nc: Regret
r̂ (f; P ) is then given by

r̂ (f; P ) = M max fu1 (P ) ; u2 (P )g � [(M �N) p1 (f; P ) +N1]u1 (P )
� [(M �N) p2 (f; P ) +N2]u2 (P ) +Nc

= max

�
(u1 (P )� u2 (P )) [(M �N) p2 (f; P ) +N2] ;
(u2 (P )� u1 (P )) [(M �N) p1 (f; P ) +N1]

�
+Nc .
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Note that the term Nc appears as no tests have to be run if the true underlying
distribution is known.
Canner (1970) proves for distributions that generate binary valued payo¤s that

the simple success rule attains minimax regret among the rules that test each action
equally often (so N is even). Numerical simulations are used to conjecture a property
of a least favorable distribution: support is in f(1; 0) ; (0; 1)g. We solve for minimax
regret among all rules based on simultaneous testing that determine the total number
of tests deterministically. A least favorable distribution is derived, showing that the
property of a distribution conjectured by Canner (1970) holds for a much more general
setting.

Proposition 5 Consider simultaneous testing. There exists an odd number N� such
that the binomial average rule based on sample size N� attains minimax regret among
the rules that choose the total number of tests deterministically. There is a least
favorable distribution of this rule that has support in f(1; 0) ; (0; 1)g :

As the support of a least favorable distribution is known, the value of minimax
regret can be derived as in the case with costless testing (see (2)).
Our proof follows the arguments used in the proof of Proposition 3.
Proof. We could extend the result of Canner (1970) to the case where payo¤s

are in [0; 1] by using a binomial transformation as in Proposition 1. However this
approach would not yield formal results on the least favorable distribution. Hence we
expand instead on the line of reasoning established in the proof of Proposition 3.
We �rst restrict attention to rules that run a given number of N tests. Assume N

even. Following Hoel (1972) and Bechhofer and Kulkarni (1982) there exists d� such
that P d

�
is a least favorable distribution under the binomial average rule. In order

to prove that (f �; QP d� ) is a saddle point we have to show that the binomial average
rule f � is a best response against QP d� . Given Proposition 3 we only have to deal
with the choice of N1 and N2. The associated terms equal 12N1d

� + 1
2
N2d

� = 1
2
Nd�

for all N1 and N2 with N1 +N2 = N and as N is �xed the statement is proven. The
case of N odd then also follows.
As we restrict attention to rules that choose the number of tests deterministically

the solution follows by �nding N� that minimizes the maximal regret of the binomial
average rule f � across all N: Index regret by the sample size and let N be even. Then

r̂N
�
f �; P d

�
= d � [(M �N) p2 (f; P ) +N=2] +Nc

r̂N�1
�
f �; P d

�
= d � [(M �N � 1) p2 (f; P ) + (N � 1) =2] + (N � 1) c

so
r̂N
�
f �; P d

�
� r̂N�1

�
f �; P d

�
= d � [1=2� p2 (f; P )] + c > 0 .

Hence N� is odd.
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We solve minimax regret by restricting attention to rules that assign the total
number of tests deterministically. The description of minimax regret behavior when
N can be chosen randomly is more intricate and is not presented here. One can show
that the decision maker will randomize over odd values of N and then implement the
binomial average rule for the selected sample size.

An analysis of sequential costly testing is too complex and hence outside the
scope of this paper. Of course regret under the truncated binomial average rule will
be strictly lower than that under the binomial average rule.

5.5 Learning which action is better

In this section we review the connection between attaining minimax regret and rec-
ommending the better action. We recently found out that the case of N even has
already been solved in Gupta and Hande (1992) who refer for N � 20 to tables in
Sobel and Huyett (1957). In the introduction we demonstrated why regret is equal
to the value of not recommending the better action weighted by how much better
the better action is. Consider brie�y a decision maker that only cares about recom-
mending the better action. So we change the objectives and maintain the rest of the
basic setting with costless testing. Following the literature on selection procedures,
e.g. Sobel and Huyett (1957), one needs to introduce a so-called indi¤erence zone in
order to get sensible results.15 We assume that the decision maker only cares about
the recommendation when jEY1 � EY2j � d where d 2 (0; 1) is given and that the de-
cision maker aims to maximize the minimal probability of correct selection. pi (f; P )
is called the probability of correct selection if EYi > EY3�i. Formally the objective
is to solve maxf min fpi (f; P ) : EYi � EY3�i � dg. Notice that it is as if we are test-
ing the null hypothesis that EY1 � EY2 � d against the alternative hypothesis that
EY1 � EY2 + d with the constraint that the type I error equals the type II error.
LetR be the risk function (Wald, 1950) de�ned byR (f; P ) = 0 if jEY1 � EY2j < d

and R (f; P ) = pj (f; P ) if EYj � EY3�j � d: So we will search for a rule that attains
minimax risk in the sense that it solves minf maxP R (f; P ). No new proofs are
needed. The proof of Proposition 3 extends immediately, the binomial average rule
attains minimax risk. That proof also reveals that the value of minimax risk is given
by X

k<Neven=2

B

�
k;Neven � 1;

1

2
(1 + d)

�
: (4)

The goal to attain minimax regret is compatible with the goal of maximizing the
minimal probability of correct selection for any d 2 (0; 1) :
15Without this restriction the minimal probability of correct selection is equal to 1=2 regardless

of how large N is.
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Given the above we can gain some insight on how di¢ cult or easy it is to �nd the
better action and thus on the performance of the binomial average rule. Using (4) we
present values of N and d that yields a value of minimax risk equal to 5% in Table 3.
In particular, we �nd that N � 267 is needed in order for minimax risk to fall below
5% when d = 0:1:

5.6 Three or More Actions

A natural extension of the basic setting is to consider a decision involving more than
two actions. Assume that there are I � 3 actions. We simplify our presentation by
restricting attention to a sample size N that is a multiple of I. The binomial average
rule is hence easily extended. We leave formalities to the reader and directly move
to the �ndings. Note that there is no previous characterization of minimax regret in
any setting with more than two actions, even for the more limited case where payo¤s
are binary valued. However, Gupta and Hande (1992) did show that the behavior as
under the binomial average rule will maximize the minimum probability of correct
selection whenever there is a unique best action.

Proposition 6 The binomial average rule attains minimax regret among all rules
that test each action N=I times.

Proof. The key to the proof is that one can assume that the I random variables
associated to each of the actions are independent. The rest is a simple adaptation
of the proof of Proposition 3. Let P � 2 � f0; 1gI maximize regret of the binomial
average rule and have the property that the marginals are independent. Let Q� put
equal weight on the I! copies of P � that emerge when permuting the labels of the I
actions. The binomial average rule f � clearly is a best response against Q� as the
distributions associated to each action are independent and hence only the successes
matter. Thus (f �; Q�) is a saddle point and thus f � attains minimax regret.

Note that the above statement is much more restricted than the analogous one in
Proposition 3 for the case of two actions. (i) The value of minimax regret is unknown
as we do not know enough about a least favorable distribution of the binomial average
rule when N � 3:16 All we know is that there is a least favorable distribution that has
binary valued payo¤s. (ii) The statement in Proposition 6 is not true if we allow for
all simultaneous testing rules. In the appendix we verify for I = N = 3 that minimax
regret cannot be attained by almost surely testing each action equally often.

5.7 Other Extensions

We round up our investigation of minimax regret by mentioning some additional
extensions that are of interest but where the analysis is outside the scope of the
16We refer to Schlag (2006a) for an upper bound on minimax regret.
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present paper. Each of these extensions refers to a variation of the main setting of
this paper in which the decision maker knows more about the underlying environment.

1. Assume that the set of possible outcomes is action dependent (cf. Puppe and
Schlag, 2006). For instance it could be that treatment one is more expensive
than treatment two. It is clear from the insights gained in Schlag (2006c) that
the problem can be simpli�ed by randomly transforming each outcome into
either the most (a success) or the least (a failure) preferred outcome of the
respective action. As a success or a failure will now typically depend on the
action it no longer makes sense to compare the average number of successes
of each action. In particular, we do not expect that the binomial average rule
attains minimax regret. This is easily veri�ed in simple settings such as when
N = 1: Further analysis is needed. Of course one can obtain an upper bound on
minimax regret by applying the present results to the union of the two action
dependent outcome spaces.

2. For the next scenario assume that there is some information about the set of
possible underlying means. For example one may be concerned in predicting
one of two events. Payo¤s are either 1 if prediction is correct or 0 if incorrect.
Then one knows that �1 (P ) + �2 (P ) � 1 where the inequality is due to the
fact that the two events are not known to be disjoint. Such restrictions on the
means, as long as these do not depend on how actions are labelled, can be dealt
with the present framework. Given this symmetry the proof of Proposition 3
can be easily extended. Consequently the binomial average rule still attains
minimax regret. Of course the value of minimax regret can be di¤erent. In
our particular example this is however not the case as the support of the least
favorable prior satis�es this restriction.

3. Assume that there is only one action with unknown mean. Manski (2005)
presents a rule that attains minimax regret when payo¤s are binary valued.
The insights of Schlag (2006c) and Proposition 1 show how to generalize this
rule to one that attains minimax regret for general payo¤s by �rst applying
the binomial transformation. One might also imagine a setting in which there
are I � 1 actions with unknown means and one action with known mean. The
mean of the one action could be known because it is associated to some outside
option. Again the binomial transformation allows to focus on binary value
payo¤s. However here minimax regret behavior is yet not known for the case
binary value payo¤s.

4. Consider the case where each test yields additional information about a covariate
(such as the sex of a patient) where recommendations can be conditioned on the
covariate values. Foundations for gaining an understanding for how to attain
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minimax regret under covariate information have been established by Stoye
(2006). Results derived by Stoye (2005) prior to the �rst version of this paper
show how to generally deal with covariate information. However an explicit
value of minimax regret was not available for the case analyzed by Manski
(2004) where payo¤s are constrained to [0; 1] prior to this paper. Adding the
insights from Propositions 3 and 4 it is easy to see for instance that 11 � jXj
observations are needed to ensure that regret is below 5% where jXj is the �nite
number of di¤erent values of the covariate. The �rst results in the literature on
minimax regret behavior under endogenous sampling and covariate information
were contained in an earlier version of this paper (Schlag, 2006a) but are left
out of the present version due to space constraints.

Note that whenever there are two actions then the rounding trick of Gupta and
Hande (1992) explained in Section 5.2 shows how to create a deterministic strategy
from a randomized minimax regret strategy which at most doubles the value of maxi-
mal regret. In particular this can be used for all settings described above including the
cases where there is one unknown action and where there is information on covariates.

6 Maximin

There is an alternative popular method in some �elds for selecting choices without
priors: maximin. We brie�y demonstrate why this alternative does not make sense
in our setting.

According to maximin, the performance of a strategy is measured by the minimal
payo¤ it achieves among all feasible environments, and then the strategy that achieves
the largest minimum is selected. This criterion was introduced by Wald (1950) and
was �rst axiomatized by Milnor (1954). The recent axiomatization of Stoye (2006)
nicely illustrates how the foundations of maximin compare to those of subjective
expected utility maximization and minimax regret. Formally, f̂ attains maximin if

f̂ 2 argmax
f
inf
P
u (f; P )

where u is derived as under minimax regret.
It is straightforward to show in our setting that any strategy attains maximin.

Minimal payo¤s for any strategy f are generated by the distribution P that satis�es
uj (P ) = 0 for all j: Consequently, all strategies are equally good in terms of their
minimal payo¤. In particular, the strategy that only tests action 1 in the test phase
and then recommends action 1 regardless of the outcomes in the test phase attains
maximin. A similar conclusion was derived by Manski (2005) for the case of a single
unknown treatment.
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Notice that the results using the maximin criterion are even more distinct than
those derived for minimax regret when one assumes costly testing as in Section 5.4
with c > 0. In that setting, any rule that attains maximin does not run any tests.

7 Conclusion

In this paper we limited attention to exact results and demonstrated the power of
game theory by deriving the �rst analytic results on sequential design of randomized
experiments. Exposition and notation was detailed to bridge gaps between disciplines
as the material is related to research in biostatistics, arti�cial intelligence and bounded
rational learning. Proofs combine insights from the literature on selection procedures
with the tools of game theory.

The perhaps astonishing result that only 11 tests are needed for 5% is due to the
fact that estimates are measured in terms of value or performance and not in terms
of choice itself. While in classical hypothesis testing the decision maker is worried
about making the wrong choice, here he or she is worried about making a bad choice.
Of course the choice itself can be important for inference and seems to be the only
accepted practice when testing new medications. However there has been recently a
debate on the ethics of running randomized experiments, driven by concern of �using
subjects as guinea pigs for the good of man kind�(e.g. see Weijer et al., 2000). The
fact that only 11 tests are needed to gather useful evidence about treatment response
dramatically limits the possible damage as only few patients are treated with the
worse medication. Thus, concern for value could not only be insightful per se but
could also help dampen ethical concerns relating to randomized clinical trials.

A feature of the binomial average rule is that it is typically randomized. In fact,
when the underlying distribution has a continuous density, due to the properties of
the binomial transformation, the recommendation will never be deterministic. On
the other hand, the recommendation of the rounded binomial average rule is always
deterministic at the cost of not attaining minimax regret. Maximal regret is at most
doubled which means that it requires around at most four times the observations.
More research is needed to investigate how much maximal regret is really increased.
It turns out that less randomness is needed to attain minimax regret. Initial insights
can be found in Eozenou et al. (2006) who present an alternative rule with less
variance and verify numerically for N � 86 that it also attains minimax regret.
We make two brief comments relating to the common misunderstanding of ran-

domized recommendations, illustrating these by assuming that the recommendation
is 96% on a new program and 4% on the old program. a) A randomized recommen-
dation can be useful as it can be implemented as a heterogeneous recommendation,
here the new program has to be implemented in 96% of all sites. b) If the program
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should only be implemented on a single site, the fact that the recommendation is
randomized does not introduce time inconsistency. While the old program will only
be implemented with a low probability, if this event should occur then the decision
maker should �nd no di¢ culty in accepting this realization. The fact that the new
program is recommended with very high probability does not mean that it is better.
We do acknowledge the value of a deterministic recommendation for some applica-
tions. When faced with this additional constraint one has two possible options. i)
Use the rounded binomial average rule where this paper gives insights on how much
regret is possibly increased over the value of minimax regret. ii) In our example
above, recommend the new program almost surely, this increases maximal regret by
at most 4% (see Eozenou et al., 2006). Note that (ii) is preferred to (i) if and only if
the value of minimax regret is at most 4% which means that N � 18:

The focus of the paper was not pure statistical decision theory as �learning�was
also investigated, both in terms of design of testing and in terms of performance over
time. A common objection to worst case analysis is that there is no concern for good
performance in situations that are not worst case. It was therefore important that we
spent some e¤ort on describing properties of the binomial average rule when facing
general distributions. We were able to verify that the binomial average rule causes
ex-ante expected payo¤s to increase with the number of tests, putting arbitrarily large
weight on a best treatment when the sample is su¢ ciently large.

Last but not least, we hope that there will be more research on exact nonparamet-
ric hypothesis testing and decision making. The close connection between hypothesis
testing and statistical decision making is manifested in Section 5.5 where we �nd that
the binomial average rule both attains minimax regret and maximizes the probability
of correct selection.
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A Minimax Regret when I = N = 3

In the following we investigate minimax regret behavior when there are three actions
and N = 3: Let f̂ be the binomial average rule. Then

p1

�
f̂ ; P

�
= u1 (1� u2) (1� u3) +

1

2
u1 (u2 (1� u3) + u3 (1� u2))

+
1

3
(u1u2u3 + (1� u1) (1� u2) (1� u3))

and
r
�
f̂ ; P

�
= u1 � (p1u1 + p2u2 + p3u3) if u1 = max fu1; u2; u3g :

Given i 2 f1; 2; 3g ; let P i 2 � f0; 1g3 be such that P i ((1; 1; 1)) = 1 � P i (ei) =
4
3
� 1

3

p
7 (� 0:45), where ei is the i-th unit vector, i 2 f1; 2; 3g. So �i (P i) = 1 >

�j (P
i) = �k (P

i) when jfi; j; kgj = 3: It is easily veri�ed that argmax r
�
f̂ ; P

�
\

� f0; 1g3 = fP 1; P 2; P 3g ; in particular P i is a least favorable distribution of the
binomial average rule for each i = 1; 2; 3:
Assume simultaneous testing and that f̂ attains minimax regret. It is easily shown

that there exists some prior Q̂ such that
�
f̂ ; Q̂

�
is a saddle point. This is because the

�ctitious zero sum game has an equilibrium if we restrict attention to distributions
with binary payo¤s which we may due to the properties of the binomial average
rule. Given our calculations above on least favorable distributions, invoking standard
arguments involving symmetry, it must be that

�
f̂ ; Q̂

�
is a saddle point if �Q is the

prior where �Q (P i) = 1
3
for i = 1; 2; 3. In the following we show however that f̂ is not

a best response to �Q:
In our analysis we can focus on the probability q of guessing which action is best.

Let � = P i ((1; 1; 1)) : Note that if payo¤ 0 is observed after testing action i then it
is known that i is not the best action. We easily verify for the binomial average rule
that q

�
f̂
�
= (1� �)2 + 2� (1� �) 1

2
+ �2 1

3
= 1 � � + 1

3
�2: Assume now that one

action is tested twice. Let f � be a best response recommendation where note that
f � recommends the action that yielded most success if only successes are observed.
Then q (f �) = 1

3
+ 1

3
(1� �2) + 1

3
(1� �) (1� �2) where the �rst term re�ects testing

the best action twice, the second term represents the event of testing the best action
only once and the third term is associated to not testing the best action at all. As
q (f �) > q

�
f̂
�
it follows that the binomial rule f̂ is not a best response to �Q. We

combine this �nding with Proposition 6.

Remark 1 Any rule that attains minimax regret under simultaneous testing when
I = N = 3 does not often almost surely test each action once.
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B Tables

Table 1: Probability of recommending treatment 1 as function of number of tests.

N 0 1 3

p1
1
2

1
2
+ 1

2
(u1 � u2) 1

2
+ 1

2
(2� u1 � u2 + 2u1u2) (u1 � u2)

Table 2: Minimax regret and related values as function of number of tests.

N 0 1 3 5 7 9 11 13

r�N 0:5 0:125 0:087 0:0706 0:0609 0:0543 0:0495 0:0458
0:17p

Neven�0:2
= 0:127 0:0872 0:0706 0:0609 0:0543 0:0495 0:0458

N 15 17 19 25 29 33 39

r�N 0:0428 0:0403 0:0382 0:0335 0:0311 0:0292 0:0269
0:17p

Neven�0:2
0:0428 0:0403 0:0382 0:0335 0:0311 0:0292 0:0269

N 47 73 99 199 289 1
r�N 0:0246 0:0198 0:017 0:012 0:00998 0
0:17p

Neven�0:2
0:0246 0:0198 0:017 0:012 0:00999 0
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Table 3: Value of the the lower bound d of ju1(P ) � u2(P )j as a function of sample
size N that ensures that the probability of recommending the better action is at least
0:05.

N 5 11 15 19 25 29 39 49 59 79 99

d 0:621 0:45 0:4 0:36 0:317 0:296 0:257 0:23 0:211 0:183 0:164

N 139 149 199 269

d 0:139 0:134 0:116 0:1


