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Fibonacci numbers and analogs Fibonomial numbers and analogs

Fibonacci Numbers

Definition

The Fibonacci numbers are defined as F0 = 0, F1 = 1 and for n ≥ 2

Fn := Fn−1 + Fn−2.

Fn counts the number of tilings T ∈ T (n − 1, 1) of an n − 1× 1
rectangle with monominos and dominos.
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Elliptic and q-analogs of the Fibonomial numbers



Fibonacci numbers and analogs Fibonomial numbers and analogs

Fibonacci Numbers

Definition

The Fibonacci numbers are defined as F0 = 0, F1 = 1 and for n ≥ 2

Fn := Fn−1 + Fn−2.

Fn counts the number of tilings T ∈ T (n − 1, 1) of an n − 1× 1
rectangle with monominos and dominos.

Josef Küstner
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q-number of the Fibonacci numbers

Definition

We define the q-number of the n-th Fibonacci number as [F0]q = 1,
[F1]q = 1 and for n ≥ 2

[Fn]q := 1 + q + q2 + · · ·+ qFn−1.

We assign weights for T ∈ T (n − 1, 1):

ω

( )
= 1, ω

( )
= qFi .

qF4 qF7

W (T ) = qF4qF7 = q16
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Elliptic and q-analogs of the Fibonomial numbers



Fibonacci numbers and analogs Fibonomial numbers and analogs

q-number of the Fibonacci numbers

For [Fn]q the recursion

[Fn]q = [Fn−1]q + qFn−1 [Fn−2]q

holds nor n ≥ 2.

Consequence

For the generating function of T (n − 1, 1) holds:∑
T∈T (n−1,1)

W (T ) = [Fn]q.

qF4 qF7
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Example

n = 5

1

qF2

q

qF3

q2

qF4

q3

qF4qF2

q4

[F5]q = [5]q = 1 + q + q2 + q3 + q4
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Elliptic number of the Fibonacci numbers

Definition

The elliptic number of n is defined as

[n]a,b;q,p :=
θ(qn, aqn, bq2, a/b; p)

θ(q, aq, bqn+1, aqn−1/b; p)
.

The elliptic analog of the q-number of the n-th Fibonacci number [Fn]q
can be defined as the elliptic number of Fn:

[Fn]a,b;q,p :=
θ(qFn , aqFn , bq2, a/b; p)

θ(q, aq, bqFn+1, aqFn−1/b; p)
.

This is an analog because it reduces to the q-analogue [Fn]q if we take
the limit p → 0, a→ 0 and b → 0 in this order.
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Elliptic number of the Fibonacci numbers

Lemma

For m, n ∈ N, the following identities hold:

[m + n]a,b;q,p = [m]a,b;q,p + va,b;q,p(m, n)[n]a,b;q,p

[m · n]a,b;q,p = [m]a,b;q,p[n]a,bq1−m;qm,p

where va,b;q,p(m, n) :=
θ(aq2m+n,bq,bqn+1, ab q

n−1, a
bq ;p)

θ(aqn,bqm+1,bqm+n+1, ab q
m−1, ab q

m+n−1;p)q
m.

Corollary

For [Fn]a,b;q,p = [Fn−1 + Fn−2]a,b;q,p holds:

[Fn]a,b;q,p = [Fn−1]a,b;q,p + va,b;q,p(Fn−1,Fn−2)[Fn−2]a,b;q,p
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Elliptic number of the Fibonacci numbers

We assign weights for T ∈ T (n − 1, 1):

ω

( )
= 1, ω

( )
= va,b;q,p(Fi ,Fi−1),

va,b;q,p(F4,F3) va,b;q,p(F7,F6)

[Fn]a,b;q,p = [Fn−1]a,b;q,p + va,b;q,p(Fn−1,Fn−2)[Fn−2]a,b;q,p.

Consequence ∑
T∈T (n−1,1)

W (T ) = [Fn]a,b;q,p.
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Fibonomial numbers

Definition

The Fibonomial numbers are defined as(
m + n

n

)
F

:=
F !
m+n

F !
mF

!
n

,

where F !
n :=FnFn−1Fn−2 . . .F1.

The Fibonomial numbers are positive integers for all m, n ≥ 1:(
1 + n

n

)
F

= Fn+1,

(
m + 1

1

)
F

= Fm+1,

(
m + n

n

)
F

= Fm+1

(
m + n − 1

n − 1

)
F

+ Fn−1

(
m − 1 + n

n

)
F
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Fibonomial numbers: Combinatorial model

(
m + n

n

)
F

= Fm+1

(
m + n − 1

n − 1

)
F

+ Fn−1

(
m − 1 + n

n

)
F

a m

n

(Sagan and Savage 2011)
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Elliptic and q-analogs of the Fibonomial numbers



Fibonacci numbers and analogs Fibonomial numbers and analogs

Fibonomial numbers: Combinatorial model

(
m + n

n

)
F

= Fm+1

(
m + n − 1

n − 1

)
F

+ Fn−1

(
m − 1 + n

n

)
F

a m

n

(Sagan and Savage 2011)

Josef Küstner
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q-Fibonomial numbers

Definition

The q-Fibonomial numbers are defined as[
m + n

n

]
F

:=
[Fm+n]!q

[Fm]!q[Fn]!q

where [Fn]!q :=
∏n

k=1[Fk ]q.

The q-Fibonomial numbers are polynomials with nonnegative integer
coefficients for all m, n ≥ 1:[

1 + n

n

]
F

= [Fn+1]q,

[
m + 1

1

]
F

= [Fm+1]q,

[
m + n

n

]
F

= [Fm+1]qFn

[
m + n − 1

n − 1

]
F

+ qFm+1Fn [Fn−1]qFm

[
m − 1 + n

n

]
F
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q-Fibonomial numbers: Combinatorial model

[
m + n

n

]
F

= [Fm+1]qFn

[
m + n − 1

n − 1

]
F

+ qFm+1Fn [Fn−1]qFm

[
m − 1 + n

n

]
F

1 1 2 3 5

1

1

2

3
q2·3

q1·2

q1·1 q5·1q3·1

q5·2

q8·3 ω

( )
= 1,

ω

( )
= qFiFj ,

ω


 = qFiFj ,

ω


 = qFi+1Fj
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Example

For m = n = 2:[
2 + 2

2

]
F

=
[F4][F3]

[F2][F1]
=

[3][2]

[1][1]
= 1 + 2q + 2q2 + q3.

In a 2× 2 rectangle there are 6 tilings:

1 q q q2 q2 q3
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Elliptic Fibonomial numbers

Definition

The elliptic Fibonomial numbers are defined as[
m + n

n

]
Fa,b;q,p

:=
[Fm+n]!a,b;q,p

[Fm]!a,b;q,p · [Fn]!a,b;q,p
, (1)

where [Fn]!a,b;q,p :=
∏n

k=1[Fk ]a,b;q,p.

[
m + n

n

]
Fa,b;q,p

= [Fm+1]a,bq1−Fn ;qFn ,p

[
m + n − 1

n − 1

]
Fa,b;q,p

+

va,b;q,p(Fm+1Fn,FmFn−1)[Fn−1]a,bq1−Fm ;qFm ,p

[
m − 1 + n

n

]
Fa,b;q,p

.
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Elliptic Fibonomial numbers: Combinatorial model

1 2 3 4 5

1

2

3

4
ω1(3, 4)

ω1(2, 3)

ω1(2, 2) ω1(2, 5)

ω2(5, 4)

ω2(4, 3)

ω2(3, 2)

ω

( )
= 1,

ω

( )
= ω1(i , j),

ω


 = ω1(j , i),

ω


 = ω2(i , j)

ω1(i , j) := va,bq1−Fj ;qFj ,p(Fi ,Fi−1),

ω2(i , j) := va,b;q,p(Fi+1Fj ,FiFj−1)

[m + n]a,b;q,p = [m]a,b;q,p + va,b;q,p(m, n)[n]a,b;q,p

Josef Küstner
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Open problem(s)

The q-Fibonacci analog of the m, n-Catalan number is defined as

1

[Fm+n]q

[
m + n

n

]
F

and is proven to be a polynomial in q with integer coefficients for all
m, n ≥ 1 if gcd{m, n} = 1.

These polynomials seem to have only nonnegative integer coefficients.

Find a combinatorial interpretation!
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