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Summary

The work presented in this Habilitationsschrift centres on the interaction between
integrable systems theory and differential geometry.

There are two main themes to the work presented here. The first concerns the
study of the properties of integrable systems of partial differential equations that
arise in a geometrical setting. The main examples in this context are the self-
dual Yang-Mills equations and the equations that govern hyper-complex, self-dual
Ricci-flat or Grassmann manifolds. Such topics are the main themes of papers
[1, 2, 4, 6, 7]1. The second main theme concerns the application of techniques
from differential geometry and global analysis in the construction and study of
certain integrable systems. These are the main topics of papers [3, 5].

1Numbered citations refer to the papers contained in this thesis. Please see the Table of
Contents on Page 2.
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Introduction

In classical finite-dimensional Hamiltonian mechanics, there is a generally ac-
cepted notion of what constitutes an “integrable system”. Specifically, let (M, ω)
be a 2n-dimensional, symplectic manifold and H ∈ C∞(M) the Hamiltonian of
the system. If there exist n conserved quantities that are in involution, and func-
tionally independent on M \ S (where S is of measure zero), then the system is
defined to be integrable2. Moreover, the set M \S is fibred by n-dimensional tori,
and Hamiltonian motion generated by the function H is simply linear motion on
these tori.

When one moves from ordinary differential equations to partial differential equa-
tions, there are various inequivalent “definitions” of what an integrable system
of partial differential equations should be. These generally centre around the
system in question having one or more of the following properties:

• the system admits an infinite-dimensional symmetry algebra;
• the system admits an inverse scattering transform;
• there is an associated linear problem;
• the system admits a Lax pair formulation;
• the system has soliton solutions;
• . . . .

In essence, rather than there being a universal definition of the concept of inte-
grability, one recognises integrable systems by their characteristic features and
behaviour (see the Prefaces in [Gue97, HSW99]).

There are two large classes of differential equations that are generally regarded
as being integrable. The first are particular types of harmonic map equations,
whereas the second are the self-dual Yang-Mills equations on self-dual four-
manifolds. Since the harmonic map equations may be constructed as a symmetry
reduction of the self-dual Yang-Mills equations3, we will concentrate on the lat-
ter. It has then been proposed by Ward [War90] (see also [MW96]) that the
self-dual Yang-Mills equations and, in particular, the twistor theoretic nature of

2in the sense of Liouville.
3In fact, the self-dual Yang-Mills equations may also be constructed from the harmonic map

equations, at the expense of considering harmonic maps into infinite-dimensional manifolds and
groups.
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8 INTRODUCTION

these equations [War77] should be looked on as being the underlying character-
istic of a set of differential equations that implies its integrability. In particular,
almost all known integrable systems arise as symmetry reductions of the self-dual
Yang-Mills equations on particular self-dual four-manifolds4.

A substantial proportion of the work contained in this thesis investigates inte-
grable systems that arise from the consideration of self-dual systems in four-
dimensions, and generalisations of such systems that arise in higher dimensions.
The general philosophy is that existence of a (suitable) twistor space formulation
of the problem indicates that one is dealing with an integrable system.

In Paper 1, with I.A.B. Strachan (Glasgow), I studied the equations that arise
when one considers hyper-complex structures on four-dimensional manifolds, and
hyper-symplectic structures that arise in (− − ++) signature. Hyper-complex
manifolds (in 4n-dimensions, for n = 1, 2, . . . ) have a concomittant twistor space
which is simply an S2 bundle over the manifold. Based on work in my Ph.D.
thesis [Gra93], we developed an approach to four-dimensional hypercomplex
manifolds based on the existence of a set of vector fields that obey special com-
mutation relations. These commutation relations may then be interpreted as
Lax equations, therefore exhibiting the integrability of the system in one of the
senses mentioned above. We derived a number of different field equations for such
hypercomplex manifolds. One of these equations is in involution form, and is par-
ticularly well-suited to the study of the symmetry properties and the associated
hierarchy of conservation laws.

A more general class of manifolds is considered in Paper 2. Here, I investigated
some natural connections that arise between right-flat (p, q) Grassmann struc-
tures and integrable systems. In particular, such geometrical structures (which
again have natural associated twistor constructions [BE91]) naturally give rise
to conditions that may be formulated in Lax form, where one has a “Lax p-
tuple” of linear differential operators, depending a spectral parameter that lives
in (q − 1)-dimensional complex projective space. Generally, the differential op-
erators contain partial derivatives with respect to the spectral parameter. Such
structures therefore lead to a natural generalisation of the Lax pair formulation
of conventional integrable systems. Note that an alternative generalisation of
the work in Paper 1 has been considered by David Calderbank in his work on
integrable background geometries [Cal].

Papers 4, 6 and 7 should be viewed as an extended single piece of work. These
papers begin the exploration of potential connections between integrable systems

4The notable exceptions at this point being the KP and Davey-Stewartson hierarchies of
equations.
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theory and topology. In particular, the moduli spaces of solutions to the self-
dual Yang-Mills equations on four-manifolds play a central rôle in Donaldson’s
work on the structure of smooth four-manifolds (see, e.g., [DK90, FU91]). The
motivation for the work contained in these papers is to determine whether the
integrable systems aspects of the self-dual Yang-Mills equations may give insight
into the structure of such moduli spaces. In particular, one might hope that the
symmetries of the self-dual Yang-Mills equations would give rise to geometrical
structures on the moduli spaces, and corresponding group actions that preserve
such structures5. In Papers 4 and 6, we consider the action of symmetries of
the self-dual Yang-Mills equations on the moduli spaces of solutions to these
equations on R4 the curvature of which is L2 (so-called instanton solutions).
Generally, the action of the symmetry group does not preserve the L2 nature of
the curvature, and one of the main results of Paper 6 is that, when we restrict
to transformations that do preserve this condition, then the group orbits turn
out to be rather small. In particular, in the case of the one-instanton moduli
space, the orbits of the symmetry group of the self-dual Yang-Mills equations are
only one-dimensional orbits on the five-dimensional moduli space. In Paper 7,
we studied reducible connections on open subsets of R46. In this case, it was
found that all reducible connections on open subsets of R4 lie in the orbit of the
flat connection on R4 under the action of the non-local symmetry group of the
self-dual Yang-Mills equations. In addition, the reducible connections lie within a
larger class of connections that bear many similarities to harmonic maps of finite
type (see, e.g., [BP94, BP95, Gue97]).

The main conclusion of Papers 6 and 7 is that instanton solutions to the self-
dual Yang-Mills equations on R4 and reducible connections on open subsets of
R4 have very different properties under the action of the symmetries of the self-
dual Yang-Mills equations. The fact that reducible and irreducible connections
play a distinct rôle in Donaldson’s approach to four-manifold topology suggests
that there may be a rather deep link between the global properties of integrable
systems and topological field theory. Such potential links are currently under
investigation.

The remaining papers included in this thesis (Papers 3 and 5) also lie on the
interface between integrable systems theory and differential geometry, with a
slightly different emphasis.

5For example, in unpublished work, I showed that when one considers holomorphic (hence
harmonic) maps CP 1 → CPn, then the construction of [MP97] may used to construct projec-
tive structures on the space of holomorphic maps CP 1 → CP 2 and more general structures for
n > 2. The automorphism group of these structures coincides precisely with the transformations
that arise from the action of “dressing transformations” on harmonic maps.

6Recall that reducible and irreducible connections play rather distinct rôles in Donaldson
theory.



10 INTRODUCTION

In Paper 3, with E. Musso (L’Aquila), I studied constrained variational prob-
lems defined on the space of integral curves of a Frenet system in a homogeneous
space, G/K. The approach used involves the application of the theory of exterior
differential systems, in particular Pfaffian systems, to variational problems as de-
veloped by Cartan [Car71] and formalised by Griffiths [Gri83]. In particular,
we show that if a Lagrangian is G-invariant and coisotropic, then the extremal
curves can be found by quadratures. The proof relies on the reduction theory
of Hamiltonian systems with symmetries and a concrete geometric description
of the Marsden-Weinstein reduced spaces in terms of the phase portraits of the
system. Our approach unifies various known examples of constrained variational
problems, such as the total squared curvature functional, the projective, confor-
mal and pseudo-conformal arc-length functionals, the Delaunay and the Poincaré
variational problems.

Finally, in Paper 5, with M. Dunajski (Cambridge) and I.A.B. Strachan (Glas-
gow), I considered the use of deformations of Lie algebra homomorphisms to
construct deformations of dispersionless integrable systems arising as symmetry
reductions of anti–self–dual Yang–Mills equations with a gauge group Diff(S1).

It is known that certain dispersionless integrable systems may be constructed as
limiting forms of dispersive integrable systems. In recent years, there has been
some interest in essentially reversing such limiting processes, and attempting to
construct dispersive integrable systems from an original dispersionless integrable
system by some sort of “quantisation” procedure. Such a quantisation procedure
has been developed in the work of Kupershmidt [Kup90]. In this approach one
formulates the dispersionless system in terms of an underlying Poisson structure.
One then replaces the Poisson brackets that occur with brackets derived from the
Moyal product. Such an approach has been successfully applied to, for example,
the dKP and SU(∞) Toda equations in 2+1 dimensions, and to Plebanski’s first
heavenly equation [Str92] in four dimensions.

In Paper 5, we constructed deformations of multidimensional integrable systems
which are based on the algebra of vector fields, diff(Σ), of Σ, where Σ ∼= S1 or R.
Since this algebra admits no non-trivial deformations, we adopt an alternative
method to perturbing our system. This is based on the approach of Ovsienko and
Roger [OR98] where a homomorphism from diff(Σ) to the Poisson algebra on
T ∗Σ can be used to construct non-trivial deformations. We shall use this idea to
construct integrable deformations of various equations associated to the algebra
diff(Σ). To complete the circle, the most interesting example of such a system
that we study is a system that arises when one considers symmetry reductions of
the equations for hyper-complex manifolds in dimension 4. Such manifolds, we
recall, were the topic of Paper 1.
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Abstract. In this paper we study hypercomplex manifolds in four dimensions. Rather than
using an approach based on differential forms, we develop a dual approach using vector fields. The
condition on these vector fields may then be interpreted as Lax equations, exhibiting the integrability
properties of such manifolds. A number of different field equations for such hypercomplex
manifolds are derived, one of which is in Cauchy–Kovaleskaya form which enables a formal
general solution to be given. Various other properties of the field equations and their solutions are
studied, such as their symmetry properties and the associated hierarchy of conservation laws.

AMS classification scheme numbers: 35Q58, 32L25, 53A30

1. Introduction

The study of hyperK̈ahler geometries has developed in two distinct directions. Starting with
the work of Calabi [1] there has been a purely geometric vein, where such manifolds are
constructed and studied geometrically without reference to any defining set of field equations.
The second vein starts with such field equations—systems of differential equations, and uses
the solutions of such systems to construct the manifolds.

To show how these two approaches are connected it is necessary to restrict one’s attention
to four dimensions, where the hyperKähler condition is equivalent to the existence of a metric
with an anti-self-dual Weyl tensor and vanishing Ricci tensor. Such metrics were shown by
Penrose to have a corresponding twistor space, and conversely, that from such a twistor space
one may reconstruct the metric. Such a structure appears at first sight to be special to four
dimensions where there is the notion of self-duality, but it was shown in [2] that hyperKähler
metrics have a corresponding twistor space in any 4N -dimensional space.

With more recent work, initiated by Ward [3] (see also [4]), these two threads may be seen
to be intimately interwoven. The existence of a (suitable) twistor space indicates that one is
dealing with an integrable system. Thus any set of field equations for a hyperKähler metric
provides one with an example of a multidimensional integrable system. From a solution to
this integrable system one may construct the associated twistor space (and vice versa), whose
properties may be studied, and hence properties of the metric, without recourse to the particular
differential equation, whose precise form depends on the particular coordinate representation
being used.

0951-7715/99/051247+15$30.00 © 1999 IOP Publishing Ltd and LMS Publishing Ltd 1247
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The study of hypercomplex manifolds has had a similar history. In [5] Finley and Plebański
studied field equations which were derived from the following condition on the self-dual two-
form6i :

dΣi = α ∧Σi , i = 1, 2, 3,

though without mention of the associated complex geometry. Similarly, Boyer [6] studied
the geometric aspects, but did not write down field equations for such metrics. In neither
case was the link with integrable systems made. The aim of this paper is to show that one
may write down systems of differential equations, the solutions of which define hypercomplex
manifolds (here we will restrict our attention to four dimensions, though many of the ideas will
generalize to 4N -dimensions). Since hypercomplex manifolds also have associated twistor
spaces (in four dimensions the hypercomplex condition implies, though is not implied by, the
anti-self-duality of the Weyl tensor [6]) the field equations for these systems will be examples
of multicomponent, multidimensional integrable systems.

Since hyperK̈ahler metrics are obviously K̈ahler they may be written in terms of a single
functions, the K̈ahler potential�:

g = ∂2�

∂xi∂x̃j
dxi dx̃y, i, j = 1, 2.

In four dimensions the hyperK̈ahler conditions result in the differential equation

�x1x̃1�x2x̃2 −�x1x̃2�x2x̃1 = 1

known as Plebánski’s equation. In this form it is hard (though not impossible) to apply ideas
from the theory of integrable systems, which are best suited to evolutionary-type equations.
In [7] the first author showed how, by performing a suitable Legendre transformation one may
obtain an equation in evolutionary, or Cauchy–Kovaleskaya form, namely

ψtt = ψztψxy − ψyzψxt (1)

and the second author [8] showed how to construct the associated integrable hierarchy, based
on the study of the generalized symmetries of this equation.

In this paper the following two-component generalization of (1) will be studied:

gtt = {g, gx} + {gz, h},
htt = {g, hx} + {hz, h}.

(2)

From the purely integrable systems aspect, considered in section 3, one may view this system
as resulting from dropping the volume preserving condition on the vector fields which appear
in the Lax pair used to construct (1). This approach will be followed in section 3. However,
the system has a more geometric interpretation: solutions define hypercomplex metrics. This
aspect will be considered in the next section. It should be pointed out that these hypercomplex
structures are not the most general possible, but a particular subclass. The more general case
will be considered in a future paper.

2. Geometrical description

2.1. Hypercomplex geometry

In this section, we wish to investigate a special subclass of four-dimensional hypercomplex
structures. In particular, assume we are working on a four-manifoldM, and that we have a
local basis for the tangent space, in the form of a set of four linearly independent vector fields,
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{ei : i = 1, . . . ,4}. We wish to study the geometrical structures which arise if we assume that
these vector fields obey the Lie-bracket relations:

[e1, e2] + [e3, e4] = 0,

[e1, e3] + [e4, e2] = 0,

[e1, e4] + [e2, e3] = 0.

(3)

We will show that in this case, the manifoldM is (locally) hypercomplex. Recall that a
manifoldM of dimensionn = 4m is hypercomplex if it admits three integrable complex
structures,I,J,K, which obey the quaternion multiplication relations:

I2 = J2 =K2 = −IdTxM,

I ◦ J =K, J ◦K = I, K ◦ I = J .
Such structures imply that the bundle of linear framesL(M) reduces from aGL(4m,R) bundle
to aGL(m,H) bundle. In the special case of four dimensions, the frame bundle reduces to
aGL(1,H) ∼= H∗ ∼= R+ × SU(2) bundle. SinceSU(2) is a subgroup ofSO(4), this means
that in four dimensions, a hypercomplex structure automatically defines a conformal structure.
In particular, there is a metric, unique up to a scale, with respect to which all the complex
structures are Hermitian:

g(IX, IY ) = g(JX,JY ) = g(KX,KY ) = g(X,Y ),
whereX,Y are arbitrary sections ofTM. The structuresI,J,K along with a representative
metric in the conformal structure,g, define a hyper-Hermitian structure. Each metric in this
conformal structure has an anti-self-dual Weyl tensor, with respect to the canonical orientation
defined by any of the complex structures.

In the case we wish to study, we have a set of vector fields which satisfy the relations of
equation (3). If we define the dual basis{εi} for T ∗M, then we will show that the vector fields
define three integrable complex structures which obey the relations given in equation (4) and
that the metrics with respect to which all these structures are Hermitian are conformal to the
metric:

g = ε1⊗ ε1 + ε2⊗ ε2 + ε3⊗ ε3 + ε4⊗ ε4.

The plan of the section is as follows. In the next section, we prove the assertions made
above concerning the existence of hypercomplex structures, and a compatible conformal
structure. Next the relation between this approach, based on vector fields, and the more
usual approach based on forms is given. The vector field approach is useful for two reasons:
firstly it enables field equations to be derived easily, and secondly it makes the connection with
integrable systems more transparent. We then consider various coordinate versions of these
equations.

Theorem 2.1.On a four-dimensional manifoldM, if there exist four linearly independent,
non-vanishing vector fields{ei : i = 1, 2, 3, 4} on a manifoldM which obey the Lie-bracket
relations

[e1, e2] + [e3, e4] = 0,

[e1, e3] + [e4, e2] = 0,

[e1, e4] + [e2, e3] = 0,

(4)

then the manifold is locally hypercomplex. Moreover, there exists a unique conformal structure,
defined by the representative metric:

g = ε1⊗ ε1 + ε2⊗ ε2 + ε3⊗ ε3 + ε4⊗ ε4 (5)

with respect to which all of the complex structures are Hermitian.
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Proof. Consider maps(I,J,K) onTM defined by

I(e1) = +e2, I(e2) = −e1, I(e3) = +e4, I(e4) = −e3,

J(e1) = +e3, J(e2) = −e4, J(e3) = −e1, J(e4) = +e2,

K(e1) = +e4, K(e2) = +e3, K(e3) = −e2, K(e4) = −e1.

To impose that these structures are integrable, we consider the complexification of the tangent
spaceTcM = TM ⊗ C. Consider first the structureI. The almost complex structure leads
to a direct sum decomposition ofTcM asT (1,0) ⊕ T (0,1) wherev ∈ T (1,0) if I(v) = iv, and
v ∈ T (0,1) if I(v) = −iv. The complex structure is integrable iff the spaceT (1,0) is closed
under the Lie bracket. In the case of the structureI, T (1,0) is spanned by the vector fields
{e1 + ie2, e3 + ie4}, and the only non-trivial Lie bracket we must consider is

[e1 + ie2, e3 + ie4] = [e1, e3] + [e4, e2] + i([e1, e4] + [e2, e3]).

For the right-hand side to lie inT (1,0) implies a number of algebraic relations which, together
with the analogous equations forJ andK and the quaternionic relations, implies that

[e1, e2] + [e3, e4] = −A2e1 +A1e2 − A4e3 +A3e4,

[e1, e3] + [e4, e2] = −A3e1 +A4e2 +A1e3− A2e4,

[e1, e4] + [e2, e3] = −A4e1− A3e2 +A2e3 +A1e4

for some set of functions{A1, A2, A3, A4}. Thus by construction the corresponding metric (5)
is hypercomplex. It will be useful in what follows to combine these functions into a one-form
A = Aiεi and regard this as a connection onM.

Unlike the conditions for a metric to be hyperKähler, the hypercomplex conditions are
invariant under conformal changes of the metric. Ifg 7→ e23g then the corresponding
transformation for the connectionA is

A 7→ A− d3.

The subclass of hypercomplex structures examined in this paper are defined by the conformally
invariant condition dA = 0, i.e. the connection defined byA is flat. Thus locally one may
define, for this subclass of hypercomplex structures, the conformal factor so thatA = 0. This
fixes the conformal structure.

It is a straightforward exercise using the explicit form of the complex structures given
above to show that metricg given above is Hermitian with respect to each of the complex
structures, and that it is the unique symmetric tensor (up to a rescaling) with this property.�

The hypercomplex condition determines a metric up to a conformal factor. The zero
curvature condition on the connectionA may be used to fix the conformal factor. This
determines the metric uniquely, up to trivial transformations. In terms of a null tetrad in
which

g = ε1⊗S ε2 + ε3⊗S ε4

the conditions (4) become

[e1, e2] + [e3, e4] = 0,

[e1, e3] = 0,

[e2, e4] = 0.

(6)

This form will be used in later sections and is also used in the following example.

Example. Consider the following vector fields

e1 = ∂w e2 = (1 + |w|2)∂w + zw∂z,

e4 = ∂z e3 = (1 + |z|2)∂z + zw∂w.
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It is easy to verify that these satisfy the conditions (6). Hence, by the above theorem, the
corresponding Hermitian hypercomplex metric onC2 is conformal to

g = (1 + |z|2) dw dw + (1 + |z|2) dz dz− zw dz− zw dz dw.

Note, this metric is locally conformal to the Fubini–Study metric onCP2. However this
construction does not extend fromC2 to CP2. If it did it would contradict Boyer’s [6]
classification of compact hyper-Hermitian manifolds. Other examples, with tri-holomorphic
Killing vectors, have been constructed in [9].

For the metric to be hyperK̈ahler the corresponding K̈ahler forms defined by

ΩI (X, Y ) = g(IX, Y ),
ΩJ (X, Y ) = g(JX, Y ),
ΩK(X, Y ) = g(KX, Y ),

must be closed, or equivalently,∇I = ∇J = ∇K = 0. It was shown in [10] that these
conditions are equivalent to the vector fieldsei being volume preserving, that is

Leiω = 0

whereω is some volume form.

2.2. Dual description

The starting point for the study of four-dimensional hypercomplex manifolds has traditionally
been the equation

dΣi = α ∧Σi , i = 1, 2, 3 (7)

where theΣi are self-dual two-forms on the manifoldM. In this paper we have so far used a
dual description, using vector fields rather than forms. This section is intended to bridge the
gap between these two approaches. It is first necessary to fix some notation. The connection
one-forms are defined by

dεi + Γij ∧ εj = 0,

so, in components,Γi j = 0kijεk. The skew-symmetric parts of0kij are related to the structure
functions defined by the Lie bracket [ej , ek] = cjkiei by

0[j
i
k] = 1

2cjk
i .

This formula enables one to connect these two approaches.

Proposition 2.1. The connection between equations (5) and (7) is given by the formulae

α = A− χ
where

A = Aiεi ,
χ = cij jεi .

Proof. Consider the self-dual two-formΣ1 = ε1 ∧ ε2 + ε3 ∧ ε4. Then

dΣ1 = d(ε1 ∧ ε2 + ε3 ∧ ε4)

= − 0[a
1
b]ε

a ∧ εb ∧ ε2 + 0[a
2
b]ε

a ∧ εb ∧ ε1

−0[a
3
b]ε

a ∧ εb ∧ ε4 + 0[a
4
b]ε

a ∧ εb ∧ ε3
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= − 1
2cab

1εa ∧ εb ∧ ε2 + 1
2cab

2εa ∧ εb ∧ ε1− 1
2cab

3εa ∧ εb ∧ ε4

+1
2cab

4εa ∧ εb ∧ ε3

= ε1 ∧ ε2 ∧ (cabaεb +A3ε
3 +A4ε

4) + ε3 ∧ ε4 ∧ (cabaεb +A1ε
1 +A2ε

2)

= (ε1 ∧ ε2 + ε3 ∧ ε4) ∧ (A− χ),
= (A− χ) ∧Σ1.

The manipulations for the remaining self-dual forms are identical. �

The hypercomplex condition on the metric is invariant under conformal changes of the
metric. Thus one needs to calculate the transformation properties of these forms under such a
change.

Lemma 2.1. Under the conformal changeg 7→ e23g the formsα,A,χ transform as

α 7→ α + 2d3,

A 7→ A− d3,

χ 7→ χ− 3d3.

Proof. The proof of this is entirely straightforward, following directly from the definition
of the various forms. It is interesting to note that from these one may construct two linearly
independent conformally invariant two-forms. �

Locally, if dα = 0 then a conformal factor may be found so the resulting metric is
hyperK̈ahler. The metrics studied in this paper come from the conformally invariant condition
dA = 0. This leaves another conformally invariant condition dχ = 0, the significance of
which will be investigated elsewhere.

2.3. Local coordinate representations

The aim of this section is to give some local coordinate descriptions of the equations (4). The
main point that we make use of is that equations (4) may be interpreted as the integrability
conditions for null planes in the complexified tangent space of the manifold, and that we can
introduce coordinates which naturally describe these surfaces.

With this approach in mind, we consider the complexified tangent bundle,TcM = TM⊗C.
From the vector fields{ei}, we define the complex basis forTcM:

u = e1 + ie2,

v = e1− ie2,

w = e3 + ie4,

x = e3− ie4.

(8)

In the case where we are considering the complexification of a real Riemannian structure, we
would impose the reality condition thatu andv would be related by complex conjugation,
as wouldw andx. More generally, we require the existence of a real structure onTcM to
define real slices of different signatures. Since we will be interested in the metrics of both
Riemannian and ultra-hyperbolic signatures, we will generally assume, for the moment, that
the vector fieldsu, v,w,x are complex, and simply impose the relevant reality conditions
later.
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In terms of the vector fieldsu, v,w,x, the relations (4) take the form:

[u,w] = 0,

[u, v] + [w,x] = 0,

[v,x] = 0.

The first of these equations states that at each point (on a suitable local neighbourhood of)M,
the plane spanned by the vector fieldsu andw is integrable. It follows that we can introduce
coordinates(t, y) on each of these surfaces with

u = ∂t , w = ∂y.
If we now consider the space witht andy held constant, the last of equations (11) tells us
that this space forms an integrable plane as well. As such, we can introduce coordinates(x, z)

on these planes, and the coordinates(t, x, y, z) should give a suitable coordinate system on
some local region ofM. Note that the coordinates(x, z) are not fully determined by these
conditions. The different choices of coordinates correspond to different coordinate expressions
for the vector fieldsv andx, and in fact there are several geometrically distinct coordinate
systems that we wish to investigate.

2.3.1. Case I. The first case we consider is where we take the coordinates(x, z) to be null.
This is the analogue of the usual complex coordinate description of Kähler metrics. Using the
second of equations (11), we introduce functionsa andb and letv andx take the form

v = ay∂x − by∂z, x = −at∂x + bt∂z.

This is the generalization of the form used in [11] for the case of half-flat metrics. The functions
a andb must now satisfy the equation

{a, ax} = {b, az}, {a, bx} = {b, bz}, (9)

where we have defined the Poisson bracket by

{f, g} = ftgy − fygt .
Equations (9) are a generalization of the first heavenly equation which describes half-flat
metrics [12]. To see this, we note that the vectors in (4) define a metric which is conformal
to a half-flat metric if the vectorsei are divergence free with respect to some volume element
ω [10]. Takingω = dt ∧dx∧dy∧dz, we find that there exists a function� such thata = �z,
b = �x . We can therefore integrate equations (9) once and rescale our coordinates(y, z) such
that� satisfies the equation

{�x,�z} = 1,

which is the first heavenly equation [12].
In this case, we may reconstruct the metric,g, which takes the form:

g = 4(btay − atby)−1[dt ⊗ (at dz + bt dx) + dy ⊗ (ay dz + by dx)].

We see that in this form, the coordinates(t, x, y, z) are all null, and are tailored to the geometry
of the spheres worth of integrable null planes through each point of the space. If the functions
and the coordinates are real, the metric will be of ultra-hyperbolic signature.
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2.3.2. Case II. Here we introduce functionsφ andψ and take

v = ∂x + φy∂t − ψy∂y, x = ∂z − φt∂t +ψt∂y.

The functionsφ andψ must now satisfy the equations

φtx + φyz + {φt , φ} + {ψ, φy} = 0,

ψtx +ψyz + {ψt, φ} + {ψ,ψy} = 0.

In terms of these coordinates and functions, the metric is

g = 4[(dt + φt dz− φy dx)⊗ dx + (dy − ψt dz +ψy dx)⊗ dz].

In this case, the coordinates(t, y) are again null labelling some of the null planes in the space.
The coordinates(x, z) are not null, however, and label the ‘rate of change’ of the null planes
(see [13] for more on the geometrical interpretation of these coordinates. )

These equations have been previously investigated in connection with anti-self-dual
structures [5], and are a direct generalization of the second heavenly equation for half-flat
metrics [12].

2.3.3. Case III. Finally, we consider the analogue of the expansion used to reduce the half-flat
case to evolution form [7]. We therefore introduce functionsg andh such that

v = ∂t + gy∂x − hy∂z, x = −gt∂x + ht∂z.

We find that the functionsf andg must satisfy the equations

gtt + {gx, g} + {h, gz} = 0,

htt + {hx, g} + {h, hz} = 0.
(10)

In this coordinate system, the metric takes the local form

g = 41−1[dt ⊗ (gt dz + ht dx) + dy ⊗ (gy dz + hy dx)−1−1(gt dz + ht dx)2]

with 1 = (htgy − gthy). In this system, the coordinates(t, y) still span null planes, however
the geometrical interpretation of the(x, z) coordinates is not particularly clear. The main
advantage of this coordinate system, however, is that the equations of motion are in evolution
form. This form of the equations is therefore the natural starting point for the study of symmetry
algebras [7], and the associated integrable hierarchy [8]. We shall therefore concentrate on
this form of the equations from now on.

3. Integrable description

In this section the system (2) will be studied, viewing it as an integrable system and hence
applying various known results from the theory of integrable systems to it. In particular a
Lax pair will be given for the system, a hierarchy of conservation laws constructed and the
Lie-point symmetry structure calculated.

3.1. Lax pair

A characteristic feature of an integrable system is the ability to express it as the compatibility
condition for an otherwise over-determined linear system. To obtain the system (2) in such a
way consider the following vector fields on complexified tangent bundle,TcM = TM ⊗C of
a four manifoldM:

u = ∂t , w = ∂y,
v = ∂t + gy∂x − hy∂z, x = −gt∂x + ht∂z.
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With these define the new vector fields

L0 = u− λx,
L1 = w + λv,

whereλ ∈ CP1 is an auxiliary parameter. The compatibility conditions for the otherwise
over-determined linear systemL09 = L19 = 0 result in the following system of equations:

[u,w] = 0,

[u, v] + [w,x] = 0,

[v,x] = 0.

(11)

With the explicit vector fields given above these reduce to the system (2):

gtt = {g, gx} + {gz, h},
htt = {g, hx} + {hz, h},

(12)

where, for convenience, the Poisson bracket{f, g} = fygz − fzgy has been used. In the
previous section the geometry underlying this construction was given; solutions define a
hypercomplex metric on the manifoldM. Here we just consider the system as an example of
a four-dimensional integrable system and study it thus.

One interesting reduction of this system is to impose the conditiongy = hz. One may
solve this constraint by introducing a functionψ such thath = ψy, g = ψz. With this it is
possible to integrate (2) and obtain a single evolution equation (1). With this constraint the
basic vector fieldsei = (u, v,w,x) become volume preserving, that is

Leiω = 0

whereω is the volume formω = u∧ v ∧w∧x. In this case the metric is hyperKähler rather
than hypercomplex, withψ being related to the K̈ahler potential by a Legendre transformation.
Conversely, one may regard the system (2) as a generalization of (1) when one relaxes the
volume preserving condition on the vector fields in the associated Lax pair.

3.2. Formal solutions

The system (1) is in Cauchy–Kovaleskaya form, so their formal solution may be written as a
power series in thet-variable:

h =
∞∑
n=0

hn(x, y, z)t
n,

g =
∞∑
n=0

gn(x, y, z)t
n

and the differential equations reduce to recursion relations between the coefficientshn, gn.
Thus a formal solution may be derived from the coefficients(g0, h0, g1, h1), or equivalently,
in terms of the initial data(g, h, gt , ht )|t=0 on thet = 0 hypersurface inM. This shows that
the general solution depends on four arbitrary functions of three variables.

One simple, but explicit, solution may be obtained from the ansatz

g = ty +G(t, x, z),

h = t.
With this the non-linearities in (12) disappear and one is left with a linear equation forG,
which after a simple change of variable, is just the three-dimensional Laplace equation. Other
simple solutions may be obtained by taking known hypercomplex metrics and re-expressing
them in the above form. Some examples of solutions obtained in this way will be given later.
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3.3. Symmetry structure

While symmetry techniques may be applied to any system of differential equations, the Lie-
point symmetries of integrable systems have a particularly rich structure compared with non-
integrable systems. Indeed, possible integrable systems may often be identified by an increase
in the dimension of the Lie-algebra of symmetries, as compared with nearby non-integrable
systems.

Let x = (x1, . . . , xp) and u = (u1, . . . , uq) be sets of independent and dependent
variables, and consider a set of differential equations of degreek, given by

1i(x, u(k)) = 0, i = 1, . . . , m.

Lie-point symmetries are generated by the vector field

v =
p∑
i=1

ξi(x, u)
∂

∂xi
+

q∑
α=1

φα(x, u)
∂

∂uα
,

where the coefficients are determined by the criterion

pr(k)v(1)|1=0 = 0

wherepr(k)v is the kth prolongation of the vector fieldv. These ideas, and notation, are
standard, see [14].

To apply such a procedure to the system (2) it is convenient to convert the system from a
second-order system in two independent variables to a first-order system in four independent
variables by introducing potentials and integrability conditions. Therefore let:

A = gt , B = gy, C = ht , D = hy,
in which (2) becomes

Ay − Bt = 0,

Cy −Dt = 0,

At +AxB − BxA +CBz −DAz = 0,

Ct +CxB −DxA +CDz − CzD = 0.

(13)

Since these are first order the calculation of the first prolongation of the vector field is easy,
the evolutionary form of the system also giving a distinguished variablet to eliminate in the
course of the calculations.

The result is that we get five families of symmetries, the vector fields which generate these
families being (wherek is a constant,φ,ψ are functions of the coordinatey, anda1, a2 are
functions of coordinates(x, z)):

v1[k] = k(−t∂t + 2A∂A +B∂B + 2C∂C +D∂D),

v2[φ] = −φ∂t +Aφy∂B +Cφy∂D,

v3[ψ ] = −tψy∂t − ψ∂y +ψy(A∂A +B∂B +C∂C +D∂D) + tψyy(A∂B +C∂D),

v4[a1] = −a1∂x − (a1xA− a1zC)∂A − (a1xB − a1zD)∂B,

v5[a2] = −a2∂z − (a2zC − a2xA)∂C − (a2zD − a2xB)∂D.

The first of these generators simply generates a scaling symmetry of the equations. Therefore,
if A,B,C,D constitute a solution of the equations, then so doÃ, B̃, C̃, D̃ defined by

Ã(t, x, y, z) = e2kA(ekt, x, y, z),

B̃(t, x, y, z) = ekB(ekt, x, y, z),

C̃(t, x, y, z) = e2kC(ekt, x, y, z),

D̃(t, x, y, z) = ekD(ekt, x, y, z).
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Similarly, the second generator generates a translation in thet coordinate along with a
redefinition of fields, so that in this case

Ã(t, x, y, z) = A(t + φ, x, y, z),

B̃(t, x, y, z) = B(t + φ, x, y, z) + φyA(t + φ, x, y, z),

C̃(t, x, y, z) = C(t + φ, x, y, z),

D̃(t, x, y, z) = D(t + φ, x, y, z) + φyC(t + φ, x, y, z).

These are the only symmetries that it is possible to generally exponentiate explicitly. The
non-zero commutators for this Lie algebra are

[v1[k], v2[φ]] = v2[kφ],

[v2[φ], v3[ψ ]] = v2[ψφy − φψy ],
[v3[ψ ], v3[χ ]] = v3[χψy − ψχy ],
[v4[a], v4[b]] = v4[axb − abx ],
[v4[a], v5[b]] = v4[azb] − v5[abx ],

[v5[a], v5[b]] = v5[azb − abz],
wherek, l are arbitrary constants,ψ, φ are arbitrary functions ofy, anda, b are arbitrary
functions ofx andz.

From the structure of these commutators one may decompose the Lie algebraL generated
by these vector fields into a direct sumL = L1⊕ L2, where

L1 = {v1[k], v2[φ], v3[ψ ]},
L2 = {v4[a], v5[b]}.

The sub-Lie-algebraL1 decomposes further as a semidirect productL1 = S F R where

S = {v3[ψ ]},
R = {v1[k], v2[φ]}.

The subalgebraL2 is isomorphic to vector fields on a two-dimensional surface and corresponds
to coordinate transformation in thex, z-variables. This is to be expected, since in the
hyperK̈ahler case the vectors are all divergence free and the symmetries turn out to be related to
symplectic diffeomorphisms of two-dimensional planes. In our case, we have simply dropped
the divergence-free condition from the vector fields, and the symmetry group becomes related
to the larger group of diffeomorphisms, since there is no natural symplectic structure any
more. Similarly, the vector fieldsv2 generate coordinate transformations and the vector fields
v1 generate constant rescalings of the metric. The only vector fields which generate genuinely
new metrics are those inS.

3.4. Conservation laws

In this section a hierarchy of conservation laws of the form

gµν∇µj (n)ν = 0, n = 0, 1, . . .

will be constructed. This expression is clearly covariant, but in the calculations it will be
necessary to use a particular form of the metric and the associated field equations. Explicitly
we consider metrics of the form

g = 21−
1
2 [dt ⊗ (at dz + bt dx) + dy ⊗ (ay dz + by dx)] (14)
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where1 = (atby − aybt ) and witha andb being solutions of the field equations (9). The
conformal factor in (14) has been fixed so that detgij = 1; such a fixing does not change the
hypercomplex or Hermitian properties of the metric. One obvious extension of these results
would be to introduce the notion of a conformally invariant conservation law.

The starting point of this construction, a generalization of a procedure first applied to
nonlinearσ -models [15], is the solution9 to the Lax pair

[λ∂t + at∂x − bt∂z]9 = 0,

[λ∂y + ay∂x − bx∂z]9 = 0,
λ ∈ CP1. (15)

Expanding9 as a power series inλ, i.e. as9 =∑∞n=0 λ
n9n and equating coefficients yields

the following equations for the90-term:

[at∂x − bt∂z]90 = 0,

[ay∂x − by∂z]90 = 0,
(16)

and the recursion relations

∂t9n = (−at∂x + bt∂z)9n+1,

∂y9n = (−ay∂x + by∂z)9n+1.
(17)

The first set of equations imply that90 = 90(t, y) and so we take the seed solution to be

90 =
(
t

y

)
(here we have assembled two independent solutions into a vector). This seed solution
will generate, via the recursion relations (17), the full solution to the Lax pair (15). This
function defines the twistor surfaces in the corresponding twistor space. Another family of
conservation laws may be obtained starting from the expansion9̃ = ∑∞

n=0 λ
−n9̃n and the

relationship between9 and9̃ on the equator ofCP1 defines the twistor space, via a patching
construction [13,16].

Proposition 3.1. The currentsj (n)µ defined by

j
(n)
t = 0, j (n)x = 1

1
2 ∂x9n+1,

j (n)y = 0, j (n)z = 1
1
2 ∂z9n+1,

are conserved.

Proof. With the particular metric (14)

gµν∇µj (n)ν = ∂t [−ay∂z9n+1 + by∂z9n+1] + ∂y [+at∂z9n+1− bt∂z9n+1],

= ∂t [∂9n] − ∂y [∂t9n],
= 0.

This proof uses the condition detgij = 1, so the Christoffel symbols0µνµ = 0. �

4. Comments

Underlying the integrability of the multidimensional systems presented here is the existence
of a twistor space. This paper has, though, only concentrated on the field equations and the
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associated Lax pairs with little mention of the properties of the corresponding twistor space—in
terms of a double fibration

{Lax pair}
↙ ↘

{hypercomplex manifold} {twistor space}
we have said little about the structure of the right-hand side. Such twistor spaces have the
special property that they fibre overCP1 [6], unlike those for more general anti-self-dual Weyl
spaces or scalar-flat K̈ahler spaces. This is manifested in the simpleλ-dependence in the Lax
pairs for hypercomplex manifolds—the Lax pairs for scalar-flat Kähler [17] and general anti-
self-dual Weyl spaces [4,18] involve∂λ-terms. The hypercomplex manifolds studied here come
from the conformally invariant condition dA = 0, and so one would expect the corresponding
twistor space to exhibit certain extra properties. General hypercomplex manifolds (without
this condition) will be studied in the sequel to this paper, this also containing the connection
between the approach developed here and the Obata connection.

One characteristic feature of integrable systems is the existence of an associated hierarchy.
Such hierarchies may be constructed by studying the generalized symmetry structure of the
original systems of equations [14]. Such hierarchies have been constructed for hyperKähler
metrics in [16]. It remains to see how such ideas may be extended to the hypercomplex systems
studied here.

Further connections between hypercomplex systems and twistor theory have been
investigated by Dunajski [19].
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Appendix

While many of the ideas in this paper will generalize to 4N -dimensional manifolds, when
N = 1 another generalization is possible. Underlying the integrability of the structures
studied in this paper is the existence of a suitable twistor space, and hypercomplex manifolds
automatically have such twistor spaces. However in four dimensions the existence of a twistor
space follows from the Weyl tensor being anti-self-dual, and the hypercomplex condition here
implies, not is implied by, this condition. Thus a possible generalization is to study metrics
with anti-self-dual Weyl tensor and which are also scalar flat. Such a system has another
reduction to scalar flat K̈ahler metrics. These different systems and their interconnections are
summarized in the following diagram: {

a.s.d. Weyl
(R = 0)

}
↙ ↘{

hypercomplex
(R = 0)

} {
Kähler
R = 0

}
↘ ↙{

HyperKähler
Ricci flat

}
.

The conditions(R = 0) in brackets indicate how the conformal factor for otherwise
conformally invariant conditions have been fixed.
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An analogous system of equations to (1) for the scalar-flat, anti-self-dual-Weyl systems
is given by

gtt + (e−ψ {g, h})z = e−ψ {g, hz − gy},
htt + (e−ψ {g, h})y = e−ψ {h, hz − gy},
(e+ψ)tt + {g,ψy} − {h,ψz} = 0

(these certainly imply the geometric conditions though whether they are implied by them is
unclear). The corresponding metric is given by

g = 2dy

{
ht dt + hx dx − hte

ψ

1
[ht dy + gt dz]

}
+2dz

{
gt dt + gx dx − gte

ψ

1
[ht dy + gt dz]

}
.

where1 = htgx − gthx . The two reductions above are easy to see from this system:

• Whenψ = 0, this system reduces to

gtt = {h, gz} − {g, gy},
htt = {h, hz} − {g, hy},

that is, to the hypercomplex systems studied in the main body of this paper. The further
reductionh = θy, g = θz reduces this to the hyperKähler equation (1).
• Imposing the K̈ahler condition on this system givesh = θy, g = θz and the first set of

equations simplify to

θtt + e−ψ {θz, θy} = 0,

(e+ψ)tt + {θz, ψy} − {θy, ψz} = 0.

These are the analogues of the well known scalar-flat Kähler equations [20], written in
evolutionary form. It is easy to find solutions, such as the one which gives the Burns
metric. The further reductionψ = 0 reduces this to the hyperKähler equation (1).

One interesting class of solutions to all these systems comes from imposing anSU(2)symmetry
on the metrics. Such metrics are often referred to as Bianchi IX metrics. This symmetry
reduces the field equations from partial differential equations down to systems of coupled
ordinary differential equations which may be integrated directly. These ideas may also be
applied to other Bianchi metrics.
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Abstract

We consider some natural connections which arise between right-flat(p, q) paraconformal struc-
tures and integrable systems. We find that such systems may be formulated in Lax form with
a “Lax p-tuple” of linear differential operators, depending a spectral parameter which lives in
(q − 1)-dimensional complex projective space. Generally, the differential operators contain partial
derivatives with respect to the spectral parameter. © 2001 Elsevier Science B.V. All rights reserved.
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1. Introduction

It has long been known that in four-dimensional Riemannian geometry there is a connec-
tion between conformal structures with anti-self-dual Weyl tensor, and three-dimensional
complex manifolds:

Theorem 1.1 (Atiyah, Hitchin and Singer [1]).If a manifold M admits a conformal structure
with W+ = 0, then the projective spin-bundle P(V+) is a complex 3-manifold. Conversely,
given a complex 3-manifold Z with a real structure (i.e. anti-holomorphic involution) σ
and a 4 parameter family of embedded rational curves with normal bundle N ∼= H ⊕ H ,
on which σ acts as the anti-podal map, then the space of real rational curves admits an
anti-self-dual conformal structure. All anti-self-dual conformal structures arise in this way.

Moreover, if one considers anti-self-dual Yang–Mills fields on an anti-self-dual back-
ground, then solutions may be constructed in terms of holomorphic vector bundles on this
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complex 3-manifold. The existence of such a complex 3-manifold is looked on as being
central to the notion of integrability of the anti-self-duality equations [9,16,17].

If one tries to generalise notions of anti-self-duality to higher dimensional Riemannian
manifolds, there are several (inequivalent) paths one may choose to follow.

A common choice is to investigate Riemannian manifolds in higher dimension with re-
duced holonomy group [15], and gauge fields related to these structures [4]. In the case of
(irreducible, non-symmetric) Riemannian manifolds, one may then invoke Berger’s clas-
sification of the possible holonomy groups of the Levi–Civita connection. Apart from the
generic case of SO(n) holonomy group, the holonomy groups allowed by Berger’s clas-
sification correspond to Kähler, quaternionic-Kähler, Ricci-flat Kähler and hyper-Kähler
manifolds, along with two exceptional possibilities of Ricci-flat metrics with holonomy
groupG2 and Spin7 in dimensions 7 and 8. This may not be the most natural approach if
ones interest is in integrable systems, however, since, of these possibilities, the only sys-
tems which appear to be integrable are those which govern Kähler, quaternionic-Kähler
and hyper-Kähler structures. The equations for Ricci-flat Kähler metrics are not integrable
in dimensions greater than 4. Little is known concerning the integrability of theG2 and
Spin7 holonomy equations, although they contain as special cases the (non-integrable) equa-
tions for six-dimensional and eight-dimensional Ricci-flat Kähler structures, respectively.
Therefore, it is extremely unlikely that these two systems are integrable.

An alternative path is not to start with the geometrical condition of anti-self-duality of
the four-dimensional metric, but to simply consider systems in higher dimensions where
there is a suitable generalisation of the complex 3-manifold which appears in four dimen-
sions. Generically, we will denote such a complex manifold byZ, and the idea is that
one reconstructs the geometrical manifold, denotedM, as a parameter space of particular
sub-manifolds ofZ. Natural geometrical structures then arise on the manifoldM as a result
of the integrability of the complex structure onZ. Any additional holomorphic structures
that exist onZ then lead to more specialised geometrical structures onM. The complex
manifoldZ will be referred to as a twistor space, and the essence of the work of Ward and
others [9,16,17] is that it is the existence of a twistor construction for a problem which
should be interpreted as a sign of its integrability. Substantial evidence for this claim comes
from the fact that many standard integrable systems in two and three dimensions may be
constructed as symmetry reductions of the equations for anti-self-dual Yang–Mills fields
and anti-self-dual conformal structures in four dimensions [9,17]. In this approach it is the
existence of the complex manifoldZ that is central, the equations on the space–time then
being simply a manifestation of the complex structure onZ.

We aim here to study (local) properties of structures for which there is a complex manifold
construction, the right-flat Grassmann structures, and to see what new features of integrable
systems these structures suggest. In particular, we begin by reviewing, in explicitly local
terms, the construction implicit in Theorem 1.1. What we find is that even in this simplest
situation, there are features of the equations which arise which are unusual from the point of
view of integrable systems. In the generic case of an anti-self-dual manifold, the spin-bundle
does not fibre overP1, the complex projective line. In integrable systems terms this means
that the operators in our Lax pair contain partial derivatives with respect to the spectral pa-
rameter. Therefore the spectral parameter itself is very much part of the geometrical problem,
a property which is unusual (but not unknown) in conventional integrable systems theory.
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We then study, in a similar fashion(p, q) right-flat Grassmann structures in dimension
n = pq. In this case, we find that as opposed to a Lax pair of operators depending on a spec-
tral parameterλ ∈ P1, the right-flat condition on a Grassmann structure is determined by a
Laxp-tuple of differential operators depending on a spectral parameter taking values in the
higher-dimensional projective spacePq−1. As in the case of anti-self-dual structures in four
dimensions, these differential operators generally contain derivatives in the spectral param-
eter, corresponding to the fact that the complex manifoldZ does not fibre holomorphically
overPq−1.

The moral of our story is that if one takes the ideas of Ward and others seriously that it is
the connection with complex manifold theory which is central to integrable system theory,
then one must substantially generalise what one considers to be an integrable system.

2. Anti-self-dual conformal structures

We begin by reviewing, in local terms, the construction implicit in Theorem 1.1. Consider
an oriented Riemannian four-manifoldM. We may then define a canonical almost complex
structure on the projective spin-bundle. First, we use the Levi–Civita connection to split the
tangent bundle ofP(V+) as the direct sum of a vertical part along the fibres,V (P(V+)),
and the horizontal part,H(P(V+)), which is the pull-back of the tangent bundle ofM,
p∗TM. The vertical fibres are complex projective lines, and so inherit a natural almost
complex structure. In the horizontal direction, a non-zero spinorπ ∈ (V+)x identifiesTxM
by Clifford multiplication with the two-dimensional complex vector space(V−)x . At the
points ofP(V+) corresponding toπ , we put this almost complex structure onHx(P(V+)).
It follows that this almost complex structure is integrable if and only if the Weyl tensor of
the conformal structure is anti-self-dual [1].

To cast this in more explicit terms, fix a Riemannian metric,g, in the conformal structure.
If we complexify the tangent space, and extend the metric by complex linearity to a complex
metric (again denotedg) on TM ⊗ C, then locally, we may introduce a null basis{εi |i =
1, . . . ,4} for T ∗M ⊗ C in which the metric may be written as

g = ε1 ⊗ ε2 + ε2 ⊗ ε1 + ε3 ⊗ ε4 + ε4 ⊗ ε3. (2.1)

We can then define the Levi–Civita connection,�, of the tetrad by the equation

dεi +
4∑

j=1

�i
j ∧ εj = 0, i = 1, . . . ,4.

If we adopt an affine complex coordinate,λ, on the fibre(P(V+))x ∼= P1, then we define an
almost complex structure onP(V+) by defining the distributionΛ ⊂ T ∗(P(V+)) spanned
by the 1-forms

σ1 = ε3 + λε1, σ2 = ε2 − λε4, σ3 = dλ+ Γ14 + λ(Γ12 − Γ34)+ λ2Γ23.

This almost complex structure onP(V+) is integrable if and only if the distributionΛ is
involutive, i.e. dΛ ⊂ Λ1 ∧ Λ. It is straightforward to show that this is the case if and
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only if the Weyl tensor of the metricg defined above is anti-self-dual. It also follows
straightforwardly that this construction is unaffected by conformal changes of metric, and
so depends only on the conformal equivalence class of the metric [1].

The connection with integrable systems comes from taking a dual formulation of this
result [9]. The anti-holomorphic tangent space ofP(V+) is spanned by the vector fields

v1 = 1

1 + λλ̄

[
e4 + A4

∂

∂λ
+ Ā4

∂

∂λ̄
+ λ

(
e2 + A2

∂

∂λ
+ Ā2

∂

∂λ̄

)]
,

v2 = 1

1 + λλ̄

[
e1 + A1

∂

∂λ
+ Ā1

∂

∂λ̄
− λ

(
e3 + A3

∂

∂λ
+ Ā3

∂

∂λ̄

)]
,

v3 = ∂

∂λ̄
,

whereei are vector fields onM dual to the 1-formsεi

〈εi , ej 〉 = δij ,

and

A = −Γ14 − λ(Γ12 − Γ34)− λ2Γ23, Ā = −Γ23 + λ(Γ12 − Γ34)− λ2Γ14.

The complex structure defined by these vectors is integrable if they are closed under Lie
brackets. We now note that the complex structure defined by these vector fields is the same
as defined by the following basis:

L1 = D4 + λD2, L2 = D1 − λD3, v = ∂

∂λ̄
,

where we have defined the vector fields

Di = ei + Ai

∂

∂λ
. (2.2)

The only non-trivial part of the integrability of the complex structure we have defined is
that the Lie bracket ofL1 andL2 must lie inT (0,1). Therefore for integrability we require
the existence of functionsα(x : λ), β(x : λ) with the property that

[D4 + λD2,D1 − λD3] = α(D4 + λD2)+ β(D1 − λD3). (2.3)

A power counting argument implies that the functionsα andβ are quadratic polynomials
in the variableλ. If this condition is satisfied, then the projective spin-bundle is a complex
3-manifold, and so the conformal structure must be anti-self-dual. Conversely, if the con-
formal structure is anti-self-dual, then the projective spin-bundle is a complex 3-manifold
and so, locally, we may choose bases where the above equations are satisfied. We therefore
have the following theorem.

Theorem 2.1. Given an anti-self-dual conformal structure and any representative metric
in the conformal class written in the form (2.1), then there exists a 1-form A, which is a
quadratic function of an arbitrary P1-valued parameter λ and two quadratic functions of
λ, α and β which obey Eq. (2.3),where the differential operators Di are as in Eq. (2.2).
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It is possible to decompose Eq. (2.3) into components in the tangent space of the manifold
M and components in the vertical direction∂/∂λ. The components inTM tell us that the
functionsα, β and the components of the formA correspond to parts of the Levi–Civita
connection. The parts of the Levi–Civita connection they define are precisely the parts
required to construct the self-dual part of the Weyl tensor,+W . The vertical component of
Eq. (2.3) then tell us that the five individual components of+W vanish identically, so the
Weyl tensor is anti-self-dual.

Eq. (2.3) tells us that the operatorsL1 andL2 constitute a Lax pair for the problem, and
therefore that the system is integrable. However, these operators contain derivatives with
respect to the spectral parameterλ, a feature which does not usually occur in standard inte-
grable systems theory. The origin of these derivative terms lies in the nature of the complex
manifoldP(V+). Eq. (2.3) are the integrability condition which ensures the existence of three
linearly independent solutions of the over-determined set of equations for a functionf (x : λ)

L1f = L2f = 0.

Solutions of these equations correspond to meromorphic functions onP(V+). The fact
thatλ itself is not a solution of these equation is a consequence of the fact that generally
P(V+) does not fibre overP1 (equivalentlyλ is not a meromorphic function onP(V+)).
In the case of hyper-Kähler or hyper-complex structures, where the spin-bundle does fibre
over P1, the λ derivatives are not present in the Lax pair [5,8]. In these cases, one can
reconstruct the transition functions of the bundle from the solutions of the above equations
[11].

Although, Eq. (2.3) describes the most general anti-self-dual conformal structures locally,
there are various special cases of these equations:

• Letting Ai = λφi , we recover the class of Hermitian anti-self-dual spaces, which are
conformal to scalar-flat̄∂-Kähler metrics [14].

• LettingA4+λA2 = A1−λA3 = 0 defines hyper-complex structures in four dimensions
[5].

• LettingAi = λφi , and assuming the vector fieldsei are divergence free with respect to
some volume element defines a scalar-flat Kähler metric up to a known conformal factor
(this is an extension of a result of Park [13]).

• LettingA4 + λA2 = A1 − λA3 = 0 and assuming the vector fieldsei are divergence
free with respect to some volume element defines a hyper-Kähler metric up to a known
conformal factor [8].

Similar results hold for complex anti-self-dual conformal structures and real conformal
structures of signature(−,−,+,+) with suitable generalisations and modifications of the
reality conditions.

3. Grassmann structures

Anti-self-dual conformal structures in four dimensions are a special case of a more
general type of structure, a right-flat Grassmann structure. Recall that for integersp, q ≥ 2,
a (p, q) Grassmann structure (or paraconformal structure in the terminology of Bailey and
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Eastwood [2]) consists of a complex manifoldM of complex dimensionn = pq and an
isomorphismα between the (holomorphic) tangent bundle ofM and the tensor product of
a rankp complex vector bundleU with a rankq vector bundleV

α : TM → U ⊗ V. (3.1)

Given such an isomorphism, we may introduce an isomorphism

ΛpU ∼= ΛqV (3.2)

between the highest exterior powers of these bundles.
Given connections, both denoted∇, on the bundlesU andV , we may define a unique

induced connection onTM, again denoted∇, by demanding that covariant differentiation
commutes with the isomorphismα. This affine connection naturally has torsionT defined
by

∇XY − ∇YX − [X,Y] = T(X,Y) ∀X,Y ∈ Γ (TM),

and curvature tensorR given by

([∇X,∇Y] − ∇[X,Y])V = R(X,Y)V ∀X,Y,V ∈ Γ (TM).

A scale for a Grassmann structure consists of a non-vanishing section,ε, of the bundle
ΛpU . The isomorphism (3.2) then implies the existence of a non-vanishing section,ε′, of
the bundleΛqV . It can be shown [2] that given the sectionsε andε′, there exist unique
connections onU andV (and therefore onTM) with the property that the torsion is trace-free,
and which annihilate the formsε andε′:

∇ε = ∇ε′ = 0.

We shall generally assume the existence of a scale, and work with the unique connections
which preserve it.

3.1. Algebraic decomposition of the torsion and curvature

If we consider the space of 2-forms onM, we have

∧2(T ∗M) ∼= ∧2(U∗ ⊗ V ∗) ∼= (∧2(U∗)⊗ S2(V ∗))⊕ (S2(U∗)⊗ ∧2(V ∗)),

where∧ andS denote skew-symmetric and symmetric powers of the relevant bundles,
respectively. Viewing the torsion as aTM valued 2-form onM, it decomposes into two
parts

T = T+ ⊕ T−,

where

T+ ∈ TM ⊗ (∧2(U∗)⊗ S2(V ∗)), T− ∈ TM ⊗ (S2(U∗)⊗ ∧2(V ∗)).

One can show that the trace-free parts of these parts of the torsion are independent of the
connection chosen on the vector bundlesU andV [2].
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There is a similar decomposition of the curvature tensorR. Given the direct product
nature ofTM, the curvature decomposes as a direct sum

R = R− ⊗ IdV + IdU ⊗ R+,

whereR− andR+ denote the curvatures of the connections∇ onU andV , respectively.
R+ may be viewed as a section ofΛ2(M)⊗ End(V ), and

Λ2(M)⊗ End(V )∼= ((Λ2U∗ ⊗ S2V ∗)⊕ (S2U∗ ⊗Λ2V ∗))⊗ (V ⊗ V ∗)
∼= (Λ2U∗ ⊗ (V ⊗ V ∗ ⊗ S2V ∗))⊕ (S2U∗ ⊗ (V ⊗ V ∗ ⊗Λ2V ∗)).

We now wish to consider the component ofR+ which is a section ofΛ2U∗ ⊗ (V ⊗ V ∗ ⊗
S2V ∗). If we completely symmetrise in theV components, then the trace-free part of the
remaining object will be referred to as the positive part of the Weyl tensor:

W+ ∈ Γ (trace-free part ofΛ2U∗ ⊗ (V ∗ ⊗ S3V ∗)).

Definition 3.1. A (p, q) Grassmann structure is right-flat if

T+ = 0, p > 2, W+ = 0, p = 2.

In the casep > 2, the vanishing of the torsion implies automatically thatW+ = 0,
whereas ifp = 2, the torsionT+ automatically vanishes, so the conditionW+ = 0 is
non-trivial [2]. A complex four-dimensional spin-manifold with a metric is a particular case
of a Grassmann manifold withp = q = 2 since, due to the structure of the complexified
rotation group, the complexified tangent bundle decomposes as a product of spin-bundles. In
this case,W+ may be identified with the self-dual part of the Weyl tensor of the conformal
structure [1]. In higher dimensions, withp = 2k andq = 2, special cases of right-flat
Grassmann structures include quaternion-Kähler and hyper-Kähler structures.

3.2. Twistor spaces

In the case of right-flat Grassmann structures, there is an associated complex manifold
Z of dimension(p + 1)(q − 1) which defines the structure. This manifold is constructed
as follows.

Consider a(p, q) Grassmann structure on a complex manifoldM as above, and assume
we have a local basis{εa|a = 1, . . . , n} for T ∗M. The isomorphism (3.1) implies we may
write this as{εAA′ |A = 1, . . . , p,A′ = 1, . . . , q}. Given anyπx ∈ Vx , we define the
annihilator

π⊥
x := {φx ∈ V ∗

x |〈φx, πx〉 = 0} ⊂ V ∗
x .

Let Λ ⊂ Ω(V ) be the distribution on the total space of the bundleV generated by the
1-forms

σA := φA′εAA′
, φ ∈ Γ (π⊥), (3.3)

σA
′
:= dπA′ + γ A

′
B ′πB ′

, (3.4)
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where�A′
B ′ denote the components of the connection onV . Complex conjugation gives

the complex conjugate distribution̄Λ. The sub-bundle ofT (V ) annihilated byΛ andΛ̄ is
spanned by the distributionsT andT̄ , whereT ⊂ T (V ) is spanned by the vector fields

vA := πA′
DAA′ , A = 1, . . . , p. (3.5)

The distributionΛ is closed (dΛ ⊂ Λ1 ∧ Λ) if and only if the distributionT is closed
under Lie brackets [T , T ] ⊂ T . It is straightforward to show from Eq. (3.5) that given
λ, χ ∈ Γ (U)

[vλ⊗π , vχ⊗π ] ≡ −T(λ⊗ π, χ ⊗ π)+ (R(λ⊗ π, χ ⊗ π)π)A
′ ∂

∂πA′ (modT ).

(3.6)

Therefore, if we wish the spaceT to be closed under Lie bracket, we require

〈φ,T(λ⊗ π, χ ⊗ π)〉 = 0 ∀φ ∈ Γ (π⊥) ∀λ, χ ∈ Γ (U), (3.7)

R(λ⊗ π, χ ⊗ π)π = 0 ∀λ, χ ∈ Γ (U). (3.8)

It is straightforward to show that if we fix the connections∇ onU andV so as to preserve
the scale, as mentioned in Section 3, then Eq. (3.8) implies that the Grassmann structure is
right-flat. Therefore, the distributionT is integrable (equivalentlyΛ is closed under exterior
differentiation) if and only if the Grassmann structure is right-flat.

We wish to consider the projective version of this construction. Treating the sectionπ

as homogeneous coordinates on the projective spacePq−1 ∼= P(V )p for eachp ∈ M, we
may introduce complex coordinates on the regionU1 = {π ∈ Cq |π1 �= 0}

λi = πi

π1
, i = 2, . . . , q.

The projections of the 1-forms above are

σA := εA1 + λ2εA2 + · · · + λqεAq, A = 1, . . . , p, (3.9)

σ i := dλi − Ai, i = 2, . . . , q, (3.10)

whereA is the projective version of the connection. We again denote the distribution inP(V )
defined by these 1-forms byΛ. Similarly, a distribution, again denotedT ⊂ T (P(V )), is
spanned by the projection of the vector fields (3.5)

vA := D1 + λ2D2 + · · · + λqDq, A = 1, . . . , p. (3.11)

The distribution spanned by these vector fields is integrable if and only if the Grassmann
structure onM is right-flat. The integrability of this distribution implies we have a set of
integrablep-dimensional planes inP(V ). Quotienting outP(V +) by this distribution1

therefore defines a quotient manifoldZ of dimension(p + 1)(q − 1), which we denote by

1 We are assuming that there is nothing globally pathological about the fibration, and that such a quotient operation
is justified.
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Z. We therefore have a mapp : Z → M, where the image of a point inZ is ap-dimensional
plane inP(V ) (in twistorial terminology, anα-plane). We can then define the distribution
p∗Λ ⊂ Λ(Z), which is involutive onZ. Since the dimension ofp∗Λequals the dimension of
Z, this distribution therefore determines an almost-complex structure onZ. Moreover, since
p∗Λ is involutive, this almost-complex structure is integrable. ThereforeZ is a complex
manifold of dimension(p + 1)(q − 1).

We now wish to invert this process and construct the manifoldM from a generic complex
manifoldZ. Given a pointp ∈ M, its image in the manifoldZ constructed above is a copy of
Pq−1 ⊂ Z, corresponding to the fibreP(V )p. We therefore wish to reconstruct the manifold
M as the parameter space of embeddedPq−1’s in Z. In order to carry out this construction,
we need to determine the normal bundle,N , of such an embedded sub-manifold.

In the notation of Eq. (3.4), the co-normal bundle,N∗, is spanned by the forms{φAεAA′ |φ ∈
π⊥ ⊂ V ∗, A = 1, . . . , p}. The co-normal bundle is therefore isomorphic top copies of the
bundleπ⊥ ⊂ V ∗, which annihilates the elementπ ∈ V . Givenx ∈ Pq−1, πx is an element
of the complex line inCq corresponding to the pointx, i.e. an element of theLx , whereL
denotes the tautological bundleL := H−1. We define the Universal Quotient bundle,Q,
so that the short sequence of vector bundles

0 → L → C
q → Q → 0

is exact, whereCq denotes the trivial rankq vector bundle overPq−1. The bundleπ⊥
is therefore isomorphic toQ∗, the dual of the quotient bundle. From the fact thatQ ∼=
H ⊗ TPq−1 [6], we deduce that

N∗ ∼=
p⊕
1
Ω1(1), (3.12)

where for a general manifoldX,Ωr denotes the bundle ofr-forms onX, and in the particular
case ofX = Pq−1, we define

Ωr(k) := Ωr(Pn)⊗Hk.

The dual of Eq. (3.12) provides the normal bundle ofPq−1 ⊂ Z

N ∼= (
p⊕
1
H−1)⊗ T (Pq−1). (3.13)

The Grassmann manifoldM is reconstructed as the set of embeddedPq−1’s in Z. Given
that we know the form of the normal bundle of an embeddedPq−1 corresponding to a
point x ∈ M, the number of deformations of the projective space follows from Kodaira’s
theorem: ifH 1(Pq−1, N) = 0, then the space of embeddedPq−1’s is a complex analytic
manifoldM, and the tangent space,TxM, is isomorphic toH 0(Pq−1, N). To calculate
these cohomology groups, we need some results concerning vector bundles over complex
projective spaces [12]. Serre duality states that for a holomorphic vector bundleE over a
(projective algebraic) complexn manifoldX, we have the isomorphism

Hq(X,E) ∼= (Hn−q(X,KX ⊗ E∗))∗,
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whereKX denotes the canonical bundle ofX. On such a manifold we also have the identi-
fication

(Ωr)∗ ∼= (Ωn)∗ ⊗Ωn−r .

For a complex projective space

KPn
∼= H−(n+1),

so in this case, we have

Hq(Pn,Ω
p(k)) ∼= (Hn−q(Pn,Ωn−p(−k))∗. (3.14)

Results of Bott [3] then tell us that

dimCH
q(Pn,Ω

p(k))

=




(
n+ k − p

k

)(
k − 1

p

)
, q = 0, 0 ≤ p ≤ n, k > p,

1, k = 0, 0 ≤ p = q ≤ n,(−k + p

−k
)(−k − 1

n− p

)
, q = n, 0 ≤ p ≤ n, k < p − n,

0, otherwise.

(3.15)

Applying these results, we first show thatH 1(Pq−1, N) = 0. From Eqs. (3.12) and (3.14),
we find that

H 1(Pq−1, N)∼= (Hq−2(Pq−1,K ⊗N∗))∗ ∼= (Hq−2(Pq−1, H
−q ⊗ p⊕

1
Ω1(1)))∗

∼=
p⊕
1
(Hq−2(Pq−1,Ω

1(1 − q)))∗ ∼=
p⊕
1
H 1(Pq−1,Ω

q−2(q − 1)) ∼= 0,

where the last equality follows from Eq. (3.15). ThereforeTxM is isomorphic to
H 0(Pq−1, N), where

H 0(Pq−1, N) ∼=
p⊕
1
H 0(Pq−1,Ω

q−2(q − 1)) ∼= Cpq,

by a similar argument to that given above. Therefore, given an embeddedPq−1 in a complex
manifoldZ of complex dimension(p+1)(q−1)with normal bundle as in Eq. (3.13), there
will exist ann = pq parameter family of such spaces. In the usual fashion, the integrability
of the complex structure onZ then implies thatM carries a right-flat Grassmann structure.

4. Integrable systems interpretation

The integrability of the distributionT defined by the vector fields (3.11) implies the
existence of functionsCAB

C with the property that

[vA, vB ] =
p∑

C=1

CAB
CvC, A,B = 1, . . . , p, (4.1)
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where, we recall, the vector fieldsvA are defined by

vA = D1 + λ2D2 + · · · + λqDq

with

Di = ei − Ai
j ∂

∂λj

with theAi
j quadratic polynomials in the spectral parametersλi . As such, thep vector fields

vA are sections of the tangent bundle ofP(V ), and correspond to differential operators which
depend on a set of(q−1) spectral parameters(λ2, . . . , λp). More properly, these parameters
correspond to a section of the line bundleH overPq−1, so our “spectral parameter” now
lives in Pq−1, unlike the usual case where we have a single spectral parameter inP1. A
power counting argument implies that the functionsCAB

C are quadratic polynomials in the
complex coordinatesλi , corresponding to sections of the bundleH 2.

As in the description of anti-self-dual conformal structures in four dimensions, the dif-
ferential operatorsvA contain partial derivatives with respect to these spectral parameters,
corresponding to the fact that the complex manifoldZ generally does not fibre holomor-
phically overPq−1.

The integrability of the distributionT is equivalent to the fact that the distributionΛ is
involutive. Integrability ofT implies the integrability of a distribution ofp-dimensional
planes inP(V ), and the existence of(p + 1)(q − 1) functionsf α such that the planes are
level sets of these functions. Equivalently, the distributionΛ is spanned by the differentials
{df α}. If we then quotient out by thep-dimensional distribution to construct the manifold
Z, then the functionsf α descend to holomorphic functions on the manifoldZ, and{df α}
generateΛ(1,0)(Z).

In terms of the Grassmann manifoldM, the1
2p(p−1) equations (4.1) are the integrability

condition for over-determined set of equations for a functionf (x : λ):

vAf = 0, A = 1, . . . , p. (4.2)

When Eq. (4.1) are satisfied, there exist(p + 1)(q − 1) linearly independent solutions of
these equations{fα}. The sub-space{fα = constant} ⊂ P(V ) are then theα planes of our
right-flat Grassmann structure. The functions{fα} then descend to holomorphic functions
on the quotient manifoldZ.

In integrable systems terminology, Eq. (4.2) is the associated linear problem for the
right-flat Grassmann structure. The compatibility condition Eq. (4.1) then ensures the in-
tegrability of the system. There are several non-standard elements of this construction,
however. Firstly, the analogue of the spectral parameter of standard integrable systems
theory in these equations is the set of affine coordinates{λi} on the(q − 1)-dimensional
complex projective spacePq−1.

Secondly, as opposed to the usual “Lax pair” formulation of integrable systems, we are
here forced to consider a “Laxp-tuple” of operators, i.e. the vector fieldsvA, which must
define an integrable distribution for the complex structure on the manifoldZ to be integrable.

As in the simpler case of anti-self-dual conformal structures in dimension 4 (and sim-
ilarly three-dimensional Einstein–Weyl structures), the differential operators we consider
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generally contain derivatives in the spectral projective space, corresponding to the fact that
the complex manifoldZ generally does not fibre over the complex projective spacePq−1.

4.1. Relations with Ward’s systems

Eq. (4.1) are, in some sense, an analogue of a construction due to Ward [16] for gauge
fields. Ward considered principalG-bundles with a connectionA ∈ Γ (Λ1⊗g). We consider
a fieldψ in a representation ofG, and consider the over-determined set of linear equations

DVαψ = 0, α = 1, . . . , p, (4.3)

where Dψ denotes the covariant derivative of the fieldψ with respect to the connectionA,
and theVα are vector fields. Moreover, the vector fieldsVα are taken to depend on a set
of complex parameters{λA|A = 1, . . . , q}, being a homogeneous polynomial of degree
N in these parameters. (The vector fields may therefore be identified with a section of
TM ⊗ HN , whereH denotes the Hopf bundle over the complex projective spacePq−1.)
For fixedλA, Eq. (4.3) are actuallyp dimg differential equations for dimg unknowns, and
so are over-determined ifp > 1. Since the system is over-determined, the existence of a
maximal family of solutions places a set of algebraic constraints on the curvatureF of the
connection

F(Vα,Vβ) = 0, α, β = 1, . . . , p. (4.4)

In the cases where the set of polynomial vector fieldsVα are suitably non-degenerate,
Eq. (4.4) can be completely solved by twistorial techniques [16].

The connection with Grassmann structures arises if we consider the case of linear poly-
nomials corresponding toN = 1. In this case, the non-degeneracy condition mentioned
above is analogous to the defining isomorphism (3.1). If we assume the underlying mani-
fold of the theory isRpq with coordinates{xa : a = 1, . . . , pq}, and that the connection is
constant (i.e. independent of thexa), then the integrability conditions above become a set
of algebraic equations on the connection

[A(Vα),A(Vα)] = 0, α, β = 1, . . . , p.

If we now take the connectionA to have values in the tangent bundle of an auxiliary manifold
M̄, then we may write

A(Vα) =
n∑

a=1

q∑
A=1

σaαAλ
Aea, (4.5)

where{ea|a = 1, . . . , n} denotes a basis of vector fields on the manifoldM̄. The integra-
bility conditions (4.4) then reduce to a set of relations on the commutators of the vector
fields{ea} on M̄

q∑
A,B=0

n∑
a,b=1

λAλBσaαAσ
b
βB [ea, eb] = 0, (4.6)
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where [, ] denotes the Lie bracket of vector fields. Imposing Eq. (4.6) for all values of the
parametersλA, we recover Eq. (4.1) withCAB

C = 0 in the case when the derivatives with
respect to the spectral parameter are not present.

If we allow derivatives with respect to the spectral parameter, then, in the terminology
of Park [13], our equations for general right-flat Grassmann structures may therefore be
considered as aPq−1-extension of Ward’s equations for a constant connection on flat space
with values in the tangent bundle of an auxiliaryn-manifoldM̄.

A special case of these equations without derivatives with respect to the spectral param-
eters is Joyce’s interpretation of the equations for hyper-complex conformal structures in
four dimensions [7], which in turn is a generalisation of the description of anti-self-dual
Ricci-flat structures due to Mason and Newman [8].

In terms of Ward’s classification of systems in dimensions up to 11, Grassmann structures
of typep = k, q = 2 correspond to Ward’s systemsAk, p = 2, q = m + 1 correspond
to hisCm, andp = q = 3 correspond to his systemD. The geometrical analogue of
Ward’s systems with higher order homogeneous polynomials correspond to twistor spaces
Z containing embeddedPq−1’s with more complicated normal bundle, sections of which
can be identified with a collection of sections of the bundleHn. Unfortunately, there does
not seem to be any simple geometrical interpretation of these systems in general.

5. Remarks and conclusions

If we wish to take seriously the idea that at the heart of classical integrable systems
is a connection with complex geometry, then implicit in the formulation of Grassmann
structures given in Eq. (4.1) are several generalisations of standard notions of integrability.

Firstly, the analogue of the spectral parameter of standard integrable systems theory in
these equations is the set of affine coordinates{λi} on the(q − 1)-dimensional complex
projective spacePq−1. In other words, the spectral parameter lives in a general complex
projective space.

Secondly, as opposed to the usual “Lax pair” formulation of integrable systems, we are
here forced to consider a “Laxp-tuple” of operators, i.e. the vector fieldsvA, which must
define an integrable distribution for the complex structure on the manifoldZ to be integrable.

Finally, as in the simpler case of anti-self-dual conformal structures in dimension 4
(and similarly three-dimensional Einstein–Weyl structures), the differential operators we
consider generally contain derivatives in the spectral projective space, corresponding to the
fact that the complex manifoldZ generally does not fibre over the complex projective space
Pq−1.

The only case in which we recover a standard Lax pair construction with spectral param-
eter inP1 is the case(p, q) = (2,2), when the twistor space fibres overP1. Geometrically,
this corresponds to the description of (complexified) hyper-complex structures in four di-
mensions.

The second observation above is consistent with the complex-manifold approach to
hyper-complex and quaternionic-Kähler manifolds of real dimension 4k, where the points of
the manifold correspond to rational curves(q = 2)with normal bundle⊕2k

1 H in a complex
manifoldZ of dimension 2k + 1. One could further generalise this picture by considering
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more general embedded complex sub-manifolds thanPq−1, with more complicated normal
bundles (see, for example [10]). The geometrical structures induced on the space of such
sub-manifolds is, however, rather unclear, and does not appear to have any straightforward
interpretation in terms of integrable systems. Even if we restrict ourselves to embedded
rational curves, Grothendieck’s theorem implies that the most general normal bundle is of
the formN ∼= ⊕n

i=1H
mi for integersmi , but the geometrical interpretation of the induced

structure on the space of rational curves for generalmi is far from apparent.
Finally, we should note that we have considered only complex Grassmann structures. If we

consider an analytic real Grassmann manifold, where the complexified tangent bundle splits
as a tensor product, then we may complexify the manifold and use the complex construction
of the twistor space given above. However, there does not seem to be any straightforward
definition of the twistor space in the case of non-analytic real Grassmann manifolds. The
hope would be that analyticity follows from existence of a right-flat Grassmann structure, in
the same way that in four dimensions the existence of an anti-self-dual conformal structure
implies the existence of a real analytic structure [1]. From the twistorial point of view,
we require that the complex manifoldZ admit a real structure (i.e. an anti-holomorphic
involution),σ , and that there be an-parameter family of real embeddedPq−1’s which are
invariant under this map. These invariantPq−1’s then correspond to points of the manifold
M. Since the manifoldM is then a real sub-manifold of a complex-analytic manifold, it
then necessarily admits a real-analytic structure. The existence (or not) of fixed points ofσ

then allows us to attribute a signature to the induced Grassmann structure onM, with the
fixed point set generically defining a real projective space, which determines the set of null
planes at a given point inM. A real structure onZ with no fixed points would define the
analogue of a Riemannian structure of Theorem 1.1.
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Abstract

In this paper we study constrained variational problems in one independent variable defined on
the space of integral curves of a Frenet system in a homogeneous spaceG/H . We prove that if the
Lagrangian isG-invariant and coisotropic then the extremal curves can be found by quadratures.
Our proof is constructive and relies on the reduction theory for coisotropic optimal control problems.
This gives a unified explanation of the integrability of several classical variational problems such as
the total squared curvature functional, the projective, conformal and pseudo-conformal arc-length
functionals, the Delaunay and the Poincaré variational problems.
© 2003 Elsevier B.V. All rights reserved.
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1. Introduction

The present paper is an outcome of our attempt to understand the general mechanisms
underlying the integrability of constrained variational problems for curves of constant type
in homogeneous spaces[10,11,17,18]. The Pfaffian differential systems arising from curves
of constant type lead to the notion ofgeneralized Frenet systemfor curves of a homoge-
neous spaceG/H . Roughly speaking, a generalized Frenet system of orderk onG/H is
aG-invariant submanifoldS ⊂ Jk(R,G/H) of the jet spaceJk(R,G/H), which may be
linearized by a left-invariant affine sub-bundle ofT(G). From the geometrical viewpoint
the integral curves of such systems are canonical lifts of curves of constant type onG/H .
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The most elementary example is the classical Frenet–Serret differential system for generic
curves in Euclidean space. We then consider aG-invariant Lagrangian and we investigate the
corresponding Euler–Lagrange system. The general construction of the momentum space
and of the Euler–Lagrange system of a constrained variational problem in one independent
variable is due to Griffiths (we refer to[5,12,16]as the standard references on the subject and
to [6] as the original source of inspiration of the approach developed by Griffiths). We ad-
here to the terminology introduced in[5,12]and say that a LagrangianL is non-degenerate
if the momentum space Yis odd-dimensional and if the canonical 2-form onY has maximal
rank. We prove that if the LagrangianL isG-invariant andcoisotropic(seeDefinition 4.3)
then the extremal curves of the variational problem can be found by quadratures. The proof
relies on the reduction theory of Hamiltonian systems with symmetries (see[2,9,14,15]
for the standard theory in the symplectic category and[1,5,24,27]for generalizations to
contact geometry, time-dependent Hamiltonian systems and Poisson manifolds). One of
the ingredients of the proof is a concrete geometric description of the Marsden–Weinstein
reduced spaces in terms of thephase portraitsof the system. This procedure is constructive
and applies to several concrete examples (see Refs.[5,7,12,16,20–23]).

The paper is organized as follows. In the next section we recall the basic definitions
and properties of linear control systems on Lie groups and Frenet systems of curves in
homogeneous spaces. InSection 3, we examine variational problems defined by invariant
Lagrangians for linear control systems on Lie groups. From a geometrical viewpoint we
deal withkth order variational problems for curves of constant type in a homogeneous space
that depend on the generalized curvatures. Since all the derived systems have constant rank,
the extremal curves of the variational problem are the projections of the integral curves of
the Euler–Lagrange system. Therefore, we focus our attention on the momentum space and
on the Euler–Lagrange system. First we investigate the geometry of the momentum space
Y of a regular invariant Lagrangianof a linear control system of a Lie groupG. We show
thatY is of the formG×F, whereF is an immersed submanifold ofg× g∗ (we callF the
phase spaceof the variational problem). Next we study non-degenerate Lagrangians. We
prove that ifL is non-degenerate, then the phase spaceF can be realized as a submanifold
of g∗. We define the linearized phase portraits and the Legendre transform and analyze the
structure of the characteristic vector field of a non-degenerate Lagrangian. InSection 4we
studycoisotropic Lagrangians. We prove that the integral curves of the characteristic vector
field passing through a point of the bifurcation set are orbits of one-parameter subgroups
of the symmetry groupG. Therefore, from this point on, we focus our attention on the
regular partYr of the momentum space. We show thatYr is of the formG × Fr, where
Fr is an open subset of the phase space. We prove thatFr intersects the coadjoint orbits,
O(µ), of G transversally and thatPr(µ) = Fr ∩ O(µ) are smooth curves (referred to
as thephase portraits). Subsequently we introduce the moment mapJ : Yr → g∗ and
prove that the Marsden–Weinstein reductionJ−1(µ)/Gµ can be naturally identified with
the phase portraitPr(µ). We also show that everyµ ∈ J(Yr) is a regular element ofg∗
which implies that the isotropy subgroupsGµ are Abelian, for everyµ ∈ J(Yr). We then
examine more closely the phase flowφ and the characteristic vector fieldξ. We prove
that if the Lie algebrag possesses a non-degenerate Ad-invariant inner product then the
differential equation fulfilled by the phase flow can be written in Lax form. From the
Noether conservation theorem we know that the characteristic vector fieldξ is tangent to
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the fibersJ−1(µ) of the moment map. We define a canonical connection formθµ on the
Marsden–Weinstein fibrationsJ−1

r (µ) → P(µ) whose horizontal curves are the integral
curves of the characteristic vector field. Since the base is one-dimensional and the structure
groupGµ is Abelian, the horizontal curves can be found by a single quadrature. This
shows that the extremal curves of an invariant coisotropic Lagrangian are integrable by
quadratures. As a byproduct, we prove that if the canonical connectionθµ is complete,
which is generically the case whenµ is a regular value of the moment map, then the
connected components ofJ−1

r (µ) are Euclidean cylinders and the characteristic vector
field ξ can be linearized onJ−1

r (µ). We would like to stress that the connection formθµ

can be constructed explicitly from the data of the problem, so that the integration process
can be performed in a completely explicit way.

Finally, in two appendices, we summarize the background material that we use from
the theory of Pfaffian differential systems and constrained variational problems in one
independent variable.

Throughout the paper, we demonstrate how our general results apply to the specific ex-
ample of isotropic curves inR(2,1). We show how to derive the Frenet system for such
curves, and show that the variational problem is coisotropic if we take the Lagrangian to
be a linear function of the curvature. We prove that the phase portraits may be parameter-
ized in terms of elliptic functions, and construct the sections of the Marsden–Weinstein
fibration required to reduce the integration to quadratures. Other concrete geometrical
examples where the general scheme described in this paper are implemented may be
found in [5,6,20–23]. In all of these cases the generic phase portrait is an elliptic curve,
so that the extremal curves can be integrated in terms of elliptic functions and elliptic
integrals.

2. Linear control systems on Lie groups and Frenet systems in homogeneous spaces

2.1. Linear control systems on Lie groups

LetG be a Lie group with Lie algebrag. The natural pairing betweeng andg∗ will be
denoted by(η, V) ∈ g∗ × g→ 〈η;V 〉 ∈ R. We letΘ ∈ g∗ ⊗ g be the Maurer–Cartan form
ofG. If we fix a basis(e0, . . . , en) of g, thenΘ = θJ ⊗ eJ , where(θ0, . . . , θn) is the basis
of g∗ dual to(e0, . . . , en).

Definition 2.1. Let A ⊂ g denote an affine subspace ofg of the formP + a = {P + A :
A ∈ a}, whereP ∈ g anda ∈ Grh(g)with P /∈ a. The set of such affine subspaces ofgwill
be denoted asPh(g). We callM := G× A theconfiguration spaceof the affine subspace
A, and denote byπG : M → G andπA : M → A the natural projections onto the two
factors.

We now fix a left-invariant formω ∈ g∗ such that〈ω;P〉 = 1 andω ∈ a⊥ (i.e.〈ω;A〉 = 0,
for all A ∈ a). We may fix a basis(e0, . . . , en) of g such that

P = e0, a = span(e1, . . . , eh),
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and we letθ0, . . . , θn be the components of the Maurer–Cartan form with respect to
(e0, . . . , en). Such a basis may be chosen so thatθ0 = ω. Using the projectionπG, we
may pull-back the differential 1-formsω, θ1, . . . , θn toM, to define a set of 1-forms onM
which, by the standard abuse of notation, we again denote byω, θ1, . . . , θn ∈ Ω1(M).1 Let
k1, . . . , kh denote the affine coordinates onA defined by the affine frame(P, e1, . . . , eh).
We then define the 1-forms

ηj :=
{
θj − kjω, j = 1, . . . , h,

θj, j = h+ 1, . . . , n.

We then define the Pfaffian differential system(A, ω) onM to be the Pfaffian differential
ideal generated by the 1-forms{ηj : j = 1, . . . , n} with the independence condition given
byω.2

Definition 2.2. (A, ω) is the linear control system associated toA ∈ Ph(g).

Note that the idealA has constant rank, being generated by a rankn sub-bundle,Z ⊂
T ∗(M). The sub-bundleZ is of the formG× Z, where

Z = {(Q, η) ∈ A× g∗ : 〈η;Q〉 = 0} ⊂ A× g∗,
and where the embedding ofZ as a sub-bundle ofT ∗(M) is given by

(g,Q, η) ∈ G× Z→ π∗G(η)|(g,Q) ∈ T ∗(g,Q)M.
We may use the left-invariant trivialization to identifyT(G) andG× g. The tangent space
toM at (g,Q) is then identified withg ⊕ a. With this identification at hand, the integral
elements of(A, ω) at(g,Q) are the one-dimensional subspaces ofg⊕a of the form(Q, v),
wherev ∈ a.

A smooth curveγ = (α, β) : (a, b)→ M, where(a, b) ⊆ R is a parameterized integral
curve of the control system(A, ω) if and only if α : (a, b)→ G is a solution of the linear
systemα(t)−1α′(t) = β(t). Thus, as a control system, the points of the affine spaceA
play the role of the inputs. Note that if we assign a smooth mapβ : (−ε, ε) → A and a
point g0 ∈ G, then there exists a unique integral curve of the control system,γ = (α, β),
satisfying the initial conditionα(0) = g0.

Consider the linear subspacesak ⊂ g defined recursively by

a1 = a + span(P), a2 = a1+ [a1, a1], . . . , ak = ak−1+ [ak−1, ak−1].

The smallest integerN such thataN = aN+1 is called thederived lengthof A. Note that
Zs := A × a⊥s is contained inZ, for s = 1, . . . , N. We setZs = M × Zs, s = 1, . . . , N

1 We will generally follow the usual practice in the method of moving frames and omit the pull-back signs to
simplify notation. This should cause no confusion as we will clearly specify the manifolds that we are working
on.

2 More invariantly, if we fixω ∈ g∗ with ω ∈ a⊥ and 〈ω;P〉 = 1, then we define theg-valued 1-form
Θ̂ ∈ Ω1(M, g) by the formulaΘ̂|(g,Q) := π∗G(Θ − Qω)|(g,Q). A is then the differential ideal generated by

{〈µ; Θ̂〉 : µ ∈ g∗}.
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and we consider the sequence of sub-bundles

ZN ⊂ ZN−1 ⊂ · · · ⊂ Z1 ⊂ Z.
If we denote byAs the Pfaffian differential ideal generated byZs, then

AN ⊂ AN−1 ⊂ · · · ⊂ A1 ⊂ A
is the derived flag of the control system (see Refs.[4,12] for more details about derived
flags). We have thus proved the following proposition.

Proposition 2.3. All the derived systems of a linear control system on a Lie group G have
constant rank.

2.2. Frenet systems in homogeneous spaces

LetH ⊂ G be a closed Lie subgroup and consider the homogeneous spaceG/H . The
left-action ofG onG/H induces an action ofG on the jet spaceJk(R,G/H), called the
kth prolongationof the action ofG onG/H .

Definition 2.4. A differential relation(in one independent variable) of order konG/H is
a submanifoldS of Jk(R,G/H) such that dt|S is nowhere vanishing. We define the Pfaffian
differential system(I,dt) onS, given by restriction toS of the canonical contact system on
Jk(R,G/H). A smooth curveγ : (a, b)→ G/H is said to be oftype Sif jk(γ)|t ∈ S, for
all t ∈ (a, b).

Note that the integral curves of the Pfaffian differential system(I,dt) are thek-order jets
jk(γ) of curvesγ : (a, b)→ G/H that satisfy the differential relationjk(γ)|t ∈ S, for all
t ∈ (a, b).

Definition 2.5. A Frenet systemof orderk onG/H is a triple(S,A, Φ), where:

(a) S ⊂ Jk(R,G/H) is aG-invariant differential relation of orderk endowed with the
induced contact system(I,dt),

(b) A ∈ Ph(g),
(c) Φ : S → M is a smooth equivariant map fromS onto an open subsetΦ(S) of M =
G× A, the configuration space,

with the properties that:

• If γ : (a, b)→ G/H is a smooth curve of typeS thenΓ = Φ ◦ jk(γ) is an integral curve
of the control system(A, ω).
• If Γ : (a, b) → M is an integral curve of(A, ω) such that Im(Γ) ⊂ Φ(S), thenγ =
πG/H ◦ Γ : (a, b)→ G/H is a curve of typeS andΓ = Φ ◦ jk(γ).

The method of moving frames[11,12]gives an algorithmic procedure for the construction
of the Frenet systems for curves of constant type in homogeneous spaces (see[10,17,18]).
We refer the reader to[12] for the explicit construction of the Frenet system of generic
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curves in the affine spaceR3, to [7,23] for the Frenet system of generic curves inRP2,
to [20,26] for the Frenet system of generic curves in the conformal 3-sphere and to[22]
for the Frenet systems of generic Legendrian curves in the strongly pseudo-convex real
hyperquadricQ3 of CP2.

Definition 2.6. Let F := πG ◦ Φ : S → G andK := πA ◦ Φ : S → A denote the two
components of the mapΦ. We callF theFrenet mapandK thecurvature map.

Let γ : (a, b)→ G/H be a curve of typeS, thenΓ = Φ ◦ jk(γ) : (a, b)→ M is called
thecanonical liftof γ. The maps

Fγ := F ◦ jk(γ) : (a, b)→ G, Kγ := K ◦ jk(γ) : (a, b)→ A

are called theFrenet frame fieldand thecurvature functionof γ, respectively.

Definition 2.7. The generalized arc-lengthof a curveγ : (a, b) → G/H of type S is
the smooth functionsγ : (a, b) → R, unique up to a constant, such that dsγ = Γ ∗(ω),
whereΓ : (a, b) → M is the canonical lift ofγ. Each curveγ ⊂ G/H of typeS may
be parameterized in such a way that dsγ = dt. In this case, we say that the curveγ is
normalized.

Proposition 2.8. Let (S,A, Φ) be a Frenet system. ThenΦ(S) = G×UΦ, whereUΦ is an
open subset ofA.

Proof. We setUΦ = πA(Φ(S)). Thus,UΦ is an open subset ofA such thatΦ(S) ⊆ G×UΦ.
Take any(g0,Q0) ∈ G×UΦ. SinceQ0 ∈ UΦ then there existsg1 ∈ G such that(g1,Q0) ∈
Φ(S). Now letΓ : (−ε, ε) → M be an integral curve of the control system(A, ω) such
thatΓ(0) = (g1,Q0). SinceΦ(S) is an open set we may, by restricting the value ofε if
necessary, assume that Im(Γ) ⊂ Φ(S). Then, the projection ofΓ ontoG/H is a curve
γ : (−ε, ε) → G/H of typeS such thatΓ = Φ[jk(γ)]. Using theG-invariance ofS it
follows thatg0g

−1
1 γ is another curve of typeS. Thus, from the equivariance ofΦ it follows

thatg0g
−1
1 Γ(0) = (g0,Q0) belongs toΦ(S). This shows thatG× UΦ ⊆ Φ(S). �

The elements of the open subsetUΦ may therefore be considered as the “geometrical
inputs” of the control system(A, ω). In particular, the curvature functionK gives a complete
set of local differential invariants for curves of typeS. More precisely, ifγ, γ̃ : (a, b) →
G/H are normalized curves of typeS with Kγ = Kγ̃ , thenγ andγ̃ are congruent to one
other, in the sense that there exists ag ∈ G such thatgγ(t) = γ̃(t), for all t ∈ (a, b).
Moreover, given any smooth mapK : (a, b) → UΦ ⊂ A there exists a normalized curve
γ : (a, b)→ G/H of typeS, unique up to congruence, such thatKγ = K.

If we fix an affine frame(P, e1, . . . , eh) of A and if we letk1, . . . , kh be the corresponding
coordinates, we may identify the configuration spaceM withG×Rh. Thus, we may write
Kγ = (k1

γ , . . . , k
h
γ ), wherek1

γ , . . . , k
h
γ are smooth functions that depend on thek-jet of γ.

These functions can be viewed as thegeneralized curvaturesof γ.
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2.3. Isotropic curves inR(2,1)

An example that will illustrate our considerations concerns variational principles for
isotropic curves in three-dimensional Minkowski space. LetR(2,1) denote Minkowski
3-space endowed with the Lorentzian inner product

〈v,w〉 = −(v1w3+ v3w1)+ v2w2 =: gijv
iwj.

We fix the spatial orientation by requiring that the standard basis(e1, e2, e3) is positively
oriented, and we fix the time orientation defined by the positive light cone

L+ = {v ∈ R(2,1) : 〈v, e1+ e3〉 < 0}.
Let G be the restricted Poincaré groupE(2,1), i.e. the group of isometries ofR(2,1) that
preserve the given orientations. The groupG may conveniently be described as the space
of pairsg = (q,A) whereq ∈ R(2,1) andA = (A1, A2, A3) is a 3× 3 matrix such that

det(A1, A2, A3) = 1, 〈Ai,Aj〉 = gij , A1, A3 ∈ L+.
We letg denote the Lie algebra ofG, consisting of all matrices of the form

X(q, v) =




0 0 0 0

q1 v1
1 v1

2 0

q2 v2
1 0 v1

2

q3 0 v2
1 −v1

1


 .

We now define the Maurer–Cartan formΩ ∈ Ω1(G, g), which takes the form

Ω =




0 0 0 0

ω1 ω1
1 ω1

2 0

ω2 ω2
1 0 ω1

2

ω3 0 ω2
1 −ω1

1


 ,

such that

dq = ωiAi, dAi = ωji Aj, i = 1,2,3.

Differentiating these relations, we obtain the structure equations

dωi = −ωij ∧ ωj, dωik = −ωij ∧ ωjk, i, k = 1,2,3.

Recall that the Maurer–Cartan formsω1, ω2, ω3, ω1
1, ω

2
1, ω

1
2 are linearly independent and

generate the space,g∗, of left-invariant 1-forms onG.

Definition 2.9. A null (or isotropic) curvein R(2,1) is a smooth parameterized curve

α : (a, b) ⊂ R→ R(2,1)
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such thatα′(t) ∈ L+ for all t ∈ (a, b). We shall assume thatα is without flex points, in the
sense that

α′(t) ∧ α′′(t) �= 0 ∀t ∈ (a, b).

The linear differential formωα := ‖α′′(t)‖1/2 dt is nowhere vanishing, and is invariant
under changes of parameter and the action of the groupG. Without loss of generality we
may assume thatα is normalized, in the sense that

‖α′′(t)‖1/2 = 1 ∀t ∈ (a, b).
(This condition fixes the parametert up to an additive constant.) Thecurvatureof α is
defined by

k(t) = −1
2‖α′′′(t)‖2 ∀t ∈ (a, b).

At each point of the curve we may define the frameg(t) = (α(t), A(t)) ∈ G given by

A1(t) = α′(t), A2(t) = α′′(t), A3(t) = α′′′(t)+ 1
2‖α′′′(t)‖2α′(t).

This frame defines a canonical lift

g : t ∈ (a, b)→ g(t) = (α(t), A(t)) ∈ G
of the curveα to the groupG, referred to as theFrenet frame fieldalongα. An application
of the method of moving frames shows that the Frenet frame field is the unique lift ofα to
G with the property that

g∗(Ω) =




0 0 0 0

1 0 κ 0

0 1 0 κ

0 0 1 0


 dt.

We illustrate the construction of the Frenet system for isotropic curves inR(2,1), viewed as
a homogeneous space of the groupG. Let

t, X = (x1, x2, x3), X1 = (x1
1, x

2
1, x

3
1), X2 = (x1

2, x
2
2, x

3
2), X3 = (x1

3, x
2
3, x

3
3)

be the standard coordinates on the jet spaceJ3(R,R(2,1)) ∼= R×R(2,1)×R(2,1)×R(2,1)×
R(2,1). The differential relationS ⊂ J3(R,R(2,1)) is defined by

X1 ∈ L+, ‖X2‖ = 1, (X1, X2) = (X2, X3) = 0, X1 ∧X2 ∧X3 �= 0.

Holonomic sections ofS are third-order jetsj3(α) of normalized isotropic curvesα :
(a, b)→ R(2,1). We defineκ : S → R by

κ(t, X,X1, X2, X3) = −1
2‖X3‖2.

κ[j3(α)] is then the curvature of the isotropic curveα.
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The affine spaceA = P + a ⊂ g is then the straight line

k ∈ R→ Q(k) = e0+ ke1 ∈ g,
where

e0 =




0 0 0 0

1 0 0 0

0 1 0 0

0 0 1 0


 , e1 =




0 0 0 0

0 0 1 0

0 0 0 1

0 0 0 0


 .

It is convenient to identify the configuration spaceM = G × A with G × R by means of
the map

(g, e0+ ke1) ∈ G× A→ (g, k) ∈ G× R.

With this identification at hand, the linear control system(A, ω) is generated by the linear
differential forms

η1 = ω1
2 − kω, η2 = ω1

1, η3 = ω2
1 − ω, η4 = ω2, η5 = ω3,

along with independence condition

ω = ω1.

We now consider a smooth curveΓ : (a, b)→ M and let

g : t ∈ (a, b)→ (α(t), A(t)) ∈ G, k : t ∈ (a, b)→ k(t) ∈ A,

be the two components ofΓ . ThenΓ is an integral curve of the control system(A, ω) if
and only ifg : (a, b)→ G is the Frenet field along the isotropic curveα : (a, b)→ R(2,1),
andk is the curvature of the curveα. The mappingΦ : S → M = G × R linearizing the
differential relationS is defined by

S : (t, X,X1, X2, X3) ∈ S → ((X;X1, X2, X3+ 1
2‖X3‖2X1),−1

2‖X3‖2) ∈ M.

Remark 2.10. Using the structure equations forE(2,1) we find that

dω = (κη4− η2) ∧ ω − η1 ∧ η4, (1a)

dη1 = −π ∧ ω + η1 ∧ η2+ κη1 ∧ η4, (1b)

dη2 = (κη3− η1) ∧ ω − η1 ∧ η3, (1c)

dη3 = (2η2− κη4) ∧ ω + η1 ∧ η4+ η2 ∧ η3, (1d)

dη4 = (κη5− η4) ∧ ω − η1 ∧ η5, (1e)

dη5 = η4 ∧ ω + η2 ∧ η5− η3 ∧ η4, (1f)

where

π = dκ + κ2η4.
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2.4. Coadjoint action ofE(2,1)

For later convenience, we now discuss the coadjoint action ofE(2,1) on e(2,1)∗, the
dual of its Lie algebra. Our discussion follows the discussion of the coadjoint representation
of E(3) given in Guillemin and Sternberg[14].

Using the Maurer–Cartan forms, we identifyg∗ with R(2,1)⊕R(2,1) by means of the map

(p, v) ∈ R(2,1) ⊕ R(2,1)→ piω
i − v1ω2

1 + v2ω
1
1 + v3ω

1
2 ∈ g∗.

The coadjoint action ofG ong∗ then takes the form

g · (p, v) = (Ap,Av− (Ap)× q), (2)

for all

g =
(

1 0

q A

)
∈ G = E(2,1),

where× denotes the vector cross product

〈v× w, u〉 = det(v,w, u) ∀v,w, u ∈ R(2,1).

We now define the map

C : (p, v) ∈ g∗ → (‖p‖2, 〈p, v〉) ∈ R2,

the components which,C1 andC2, generate the space of Casimir functions. We recall the
following standard material:

• LetG be a Lie group, andg∗ the dual of the Lie algebra ofG. Letµ ∈ g∗. Theisotropy
groupof G atµ is the closed subgroup ofG defined by

Gµ := {g ∈ G : Ad∗(g)µ = µ} = {g ∈ G : 〈µ;Ad(g−1)A〉 = 〈µ;A〉, ∀A ∈ g}.
• The Lie algebra ofGµ is

gµ = {A ∈ g : ad∗(A)µ = 0} = {A ∈ g : 〈µ; [A,B]〉 = 0, ∀B ∈ g}.
• Therankof the groupG is defined as

rank(G) = inf {dim(gµ) : µ ∈ g∗}.
• An elementµ ∈ g∗ is regular if dim(gµ) = rank(G), otherwiseµ is asingularelement

of g∗. The set of regular elements ofg∗ will be denoted byg∗r , while g∗s will denote the
set of singular elements.
• By a theorem of Dixmier (cf.[8,9]), the isotropy groupGµ and the isotropy Lie algebra
gµ of a regular elementµ ∈ g∗r are Abelian.

In the case ofE(2,1), g∗r is the open subset ofg∗ consisting of elements

g∗r = {(p, v) ∈ g : p �= 0}.
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The co-adjoint orbit,O(p0,v0), through a regular element(p0, v0) ∈ g∗r is therefore the
four-dimensional sub-manifold

O(p0,v0) = {(p, v) ∈ R(2,1) ⊕ R(2,1) : ‖p‖2 = ‖p0‖2, 〈p0, v0〉 = 〈p, v〉}.
There are three types of regular orbit:

• orbits of positive type:O(p0,v0) with C1 = ‖p0‖2 > 0;
• orbits of negative type:O(p0,v0) with C1 = ‖p0‖2 < 0;
• orbits of null type:O(p0,v0) with C1 = ‖p0‖2 = 0;

The orbits of negative and null type also break into sub-classes according to whetherp0 is
future-directed, with〈p0, e1+ e3〉 < 0, or past-directed, with〈p0, e1+ e3〉 > 0.

3. Variational problems

3.1. Non-degenerate invariant variational problems

Definition 3.1. Given an affine subspaceA ∈ Ph(g), aninvariant Lagrangian of typeA is
a smooth real-valued functionL : A→ R.

An invariant LagrangianL gives rise to a variational problem defined on the integral
curves of the linear control system(A, ω). From this point of view the LagrangianL is
considered as acost function. It is then an optimal control problem to minimize the cost

L : Γ →
∫
γ

Γ ∗(Lω)

among the integral curves of(A, ω). If (A, ω) comes from a Frenet system(S,A, Φ) on
the homogeneous spaceG/H then the LagrangianL defines a geometric action functional
L̃ : S→ R acting on the space of the normalized curves of typeS:

L̃ : γ ∈ S→
∫
γ

L(K[jk(γ)(t)])dt.

Note that the geometric action functionalL̃ depends only on the generalized curvatures of
γ.

Example 3.2. The simplest invariant variational problem for a Frenet systems is thearc-
length functional, which is defined by a constant Lagrangian (see[7,12,20,22,23]for
more details about the arc-length functionals for generic curves in the conformal and
pseudo-conformal three-dimensional sphere, in the real projective plane and in the affine
plane). Another typical example of an invariant Lagrangian is theKirchhoff variational
problemfor the Frenet system of generic curves inR3, defined by the action functional

L : γ ⊂ R3→
∫
γ

(κ2(u)+ aτ(u))du.
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The extremal curves are the canonical lifts of the Kirchhoff elastic rods ofR3. Whena =
0, we get the total squared curvature functional. Other examples of invariant variational
problems for curves inR3 have been considered in Ref.[19].

Given an invariant LagrangianL : A → R, we construct the corresponding affine
sub-bundleZ̃ ⊂ T ∗(M) over the configuration spaceM = G× A. The fiber ofZ̃ over the
point (g,Q) ∈ M is given by the affine space

Z̃|(g,Q) = {η ∈ g∗ : 〈η;Q〉 = L(Q)}.
Note thatZ̃ is of the formG× Z̃, where

Z̃ = {(Q, η) ∈ A× g∗ : 〈η;Q〉 = L(Q)}.
The Liouville 1-formψ is given by

ψ|(g,Q,η) = π∗(η)|(g,Q,η) ∀(g,Q, η) ∈ Z̃,
whereπ : G× Z̃→ G denotes the projection onto the first factor.

Remark 3.3. Pick a basis(e0, e1, . . . , eh, eh+1, . . . , en) of g such that

P = e0, a = span(e1, . . . , eh), ω = θ0,

where(θ0, . . . , θn) is the dual basis ofg∗. We use the following index range:i, j = 1, . . . , h,
a, b = h+ 1, . . . , n. The map

(g, k, λ) ∈ G× Rh × Rn→ (g, e0+ kjej, L(e0+ kjej)ω
+ λj(θj − kjω)+ λaθa) ∈ Z̃

gives an explicit identification betweenG × Rh × Rn and Z̃. With this identification at
hand, the tautological 1-form can be written as

ψ = (L(k1, . . . , kh)− kjλj)ω + λjθj + λaθa.

Definition 3.4. An invariant LagrangianL : A→ R is said to beregular if the correspond-
ing variational problem(A, ω, L) is regular, i.e. if the Cartan system ofΨ = dψ, with the
independence conditionω, is reducible (seeDefinition A.6). For a regular Lagrangian we
denote byY ⊂ Z̃ the momentum space of the variational problem(A, ω, L).

Remark 3.5. We have seen that all the derived systems of(A, ω) have constant rank. This
implies that the extremal curves of a regular invariant variational problem are the projections
of the integral curves of the Euler–Lagrange system onY (cf. [3]).

Proposition 3.6. LetL : A→ R be a regular Lagrangian with momentum space Y. Then
Y = G× F, whereF is an immersed submanifold ofA× g∗.

Proof. First we claim that the momentum space,Y , isG-invariant. To show this, for any
g ∈ G, we consider the submanifoldg ·Y ⊂ Z̃. TheG-invariance of the exterior differential



E. Musso, J.D.E. Grant / Journal of Geometry and Physics 50 (2004) 303–338 315

formsψ, Ψ andω implies that left translationLg : Z̃ → Z̃ sends integral elements of
(C(Ψ), ω) into integral elements of(C(Ψ), ω). Hence, for every pointp ∈ g · Y , there exists
an integral element of(C(Ψ), ω) tangent tog · Y . Since the momentum spaceY is maximal
with respect to this property, it follows thatg · Y ⊆ Y . Thus the groupG acts onY . Since
this action is free and proper, the quotient spaceF = Y/G exists as a manifold. The natural
projectionπ : Y → F is constant along the fibers of the map(g,Q, η) ∈ Y → (Q, η) ∈
A× g∗. Thus it induces a smooth one-to-one immersionj : F→ A× g∗. We conclude the
proof by observing that the map(id, j) : G× F→ Y is a smooth diffeomorphism. �

Definition 3.7. We callF thephase spaceof the system. Note that a pointp ∈ F is of the
form p = (Q, η), whereQ ∈ A, η ∈ g∗. We define the maps

Λ : (Q, η) ∈ F→ η ∈ g∗, H : (Q, η) ∈ F→ Q ∈ A ⊂ g.
We refer toΛ as theLegendre transformandH as theHamiltonian. LetF(p) := Tp(F) ⊂
a ⊕ g∗ be the tangent space ofF atp. We then define

R(p) := dΛ|p[F(p)] ⊂ g∗, S(p) := dH|p[F(p)] ⊂ a ∀p ∈ F.

Definition 3.8. A regular invariant LagrangianL : A→ R is said to benon-degenerateif
the momentum spaceY is odd-dimensional, of dimension 2m+ 1, and if the restriction of
the canonical 2-formΨ to Y , ΨY , has the property thatω ∧ (ΨY )m is non-vanishing.

Examples of invariant non-degenerate variational problems include the total squared
curvature functional in two- and three-dimensional space forms[5,12], the Kirchhoff varia-
tional problem inR3, the Poincareé and the Delaunay functionals[12,16,21], the projective,
the conformal and the pseudo-conformal arc-length functionals (cf.[7,20,22]).

Given a non-degenerate variational problem, it follows thatω∧ (ΨY )m defines a volume
form onY , and thatΨY is of maximal rank onY . Therefore there exists a unique vector field
ξ ∈ X(Y) such thatiξ(ΨY ) = 0 andω(ξ) = 1.

Definition 3.9. ξ is thecharacteristic vector fieldof the non-degenerate variational problem
(A, ω, L).

If (A, ω, L) is non-degenerate then the Euler–Lagrange system is simply the Cartan
system of the canonical 2-form restricted to the momentum space:E = C(ΨY ). Therefore,
for such variational problems, the integral curves of the Euler–Lagrange system are the
integral curves of the characteristic vector fieldξ (see Ref.[12]). We therefore have the
following theorem.

Theorem 3.10. LetΓ : (a, b)→ Y be an integral curve of the characteristic vector field
ξ of a non-degenerate variational problem(A, ω, L). Thenγ = πM ◦Γ : (a, b)→ M is a
critical point of the action functionalL.

Proposition 3.11. If L is non-degenerate then the Legendre transformΛ : F → g∗ is an
immersion.
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Proof. Let ξ be the characteristic vector field of the momentum space. The Liouville form
ψ, the canonical 2-formΨ and the independence conditionω areG-invariants, therefore
the characteristic vector field is alsoG-invariant. Sinceξ|(g,p) ∈ T(g,p)Y ∼= g ⊕ F(p) ⊂
g⊕ a ⊕ g∗, this implies that there exist smooth mapsAξ : F→ g andΦξ : F→ a ⊕ g∗
with the property that

ξ|(g,p) = Aξ(p)|g +Φξ(p) ∀(g, p) ∈ Y,
whereΦξ(p) ∈ F(p) for all p ∈ F. Sinceξ satisfies the transversality condition 1=
ω(ξ) = 〈ω;Aξ〉, thenAξ : F → g is a nowhere vanishing function. If we now consider
{0} ⊕ ker[dΛ|p] ⊂ g ⊕ F(p) then it is simple to check that every such vector lies in the
kernel of the canonical 2-formΨ . Since this null-distribution is generated byξ, we therefore
have

{0} ⊕ ker[dΛ|p] ⊂ span[Aξ(p)+Φξ(g)].
SinceAξ is non-vanishing, however, this holds if and only if ker[dΛ|p] = {0}. �

From now on we will assume that the Legendre transformΛ is a one-to-one immersion,
so that the phase space,F, can be considered as a submanifold (not necessarily embedded)
of g∗. Consequently, we will think of the momentum space as an immersed submanifold
of G × g∗. The notation introduced in the preceding paragraphs can then be simplified as
follows:

• the Legendre mapΛ is the inclusion ofF into g∗;
• the tangent spaceF(η) of F atη ∈ F is a linear subspace ofg∗ andR(η) = F(η);
• the tangent spaceT(g,η)(Y) is identified withg⊕ F(η) ⊂ g⊕ g∗;
• the Liouville form and the canonical 2-form onY are the restrictions toY of the Liouville

form and the standard symplectic form onT ∗(G);
• the characteristic vector fieldξ can be written as

ξ|(g,η) = Aξ(η)|g +Φξ(η) ∀(g, η) ∈ Y,
whereAξ : F→ g andΦξ : F→ g∗ are smooth functions such thatΦξ(η) ∈ F(η), for
all η ∈ F.

From now on, we will adhere to these simplifications.
With this notation at hand, we may use the left-invariant trivialization ofT(G) to identify

the tangent space

T(g,η)(Y) ∼= TgG⊕ TηF ∼= g⊕ F(η) ⊂ g⊕ g∗.
We then have the explicit isomorphism

A+ v ∈ g⊕ F(η)→ A|g + v ∈ T(g,η)(Y),
whereA ∈ g = Tid(G) andA|g = (Lg)∗A ∈ Tg(G). With this identification, the Liouville
formψ becomes the cross-section ofT ∗(Y) defined by

ψ|(g,η)(A+ v) = 〈η,A〉 ∀(g, η) ∈ Y ∀A+ v ∈ g⊕ F(η). (3)
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Then, from the standard formula

dψ(X, Y) = 1
2{X[ψ(Y)] − Y [ψ(X)] − ψ([X, Y ])},

it follows that the canonical 2-formΨ = dψ ∈ Ω2(Y) takes the form

Ψ |(g,η)(A+ v;B + w) = −1
2〈w;A〉 + 1

2〈ad∗(A)η+ v;B〉, (4)

for all η ∈ F and for allA+ v, B + w ∈ g⊕ F(η).

Definition 3.12. Given a left-invariant 1-formµ ∈ g∗, let O(µ) ⊂ g∗ be the coadjoint
orbit passing throughµ, and let O(µ) := ad∗(g)µ ⊂ g∗ denote the tangent space to the
orbit O(µ) atµ. The linearized phase portraitof the pointη ∈ F is the linear subspace
Π(η) := F(η) ∩ O(η) of g∗. The subsetP(µ) = F ∩ O(µ) is referred to as thephase
portrait of µ ∈ g∗.

The following result shows that the characteristic vector fieldξ may be written in terms
of the HamiltonianH:

Theorem 3.13. The characteristic vector fieldξ is given by

ξ|(g,η) = H(η)|g − ad∗[H(η)]η ∀(g, η) ∈ Y. (5)

Proof. Given a pointη ∈ F, we set

Ann(F(η)) = {A ∈ g : 〈v;A〉 = 0, ∀v ∈ F(η)}
and let

ρ(η) : Ann(F(η))→ O(η)

be the linear map

ρ(η) : A ∈ Ann(F(η))→ ad∗(A)η ∈ O(η). (6)

It then follows fromEqs. (3) and (4)that a tangent vectorA+v ∈ g⊕F(η) to the momentum
spaceY at the point(g, η) belongs to the kernel ofΨ if and only if

A ∈ ρ(η)−1(Π(η)), v = −ρ(η)A. (7)

We now let(g0, η0) ∈ Y and letΓ : (−ε, ε)→ Y be the integral curve of the characteristic
vector fieldξ with initial conditionΓ(0) = (g0, η0). We writeΓ(t) = (g(t), η(t)), where
g : (−ε, ε)→ G andη : (−ε, ε)→ F are smooth maps such that

g(t)−1g′(t)dt = g∗(Θ)|t , g−1(t)g′(t) = Aξ[η(t)], g(0) = g0, η(0) = η0.

On the other hand3

t ∈ (−ε, ε)→ (g(t),H[η(t)]) ∈ G× A = M
3 It is a general fact that ifπ : Y → M is the momentum space of a regular variational problem(I, ω, L) on the

configuration spaceM and ifΓ : (a, b)→ Y is an integral curve of the Euler–Lagrange system, thenγ = π ◦ Γ
is an integral curve of the Pfaffian differential system(I, ω) onM (see[12]).
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is an integral curve of the linear control system(A, ω). We then have

g∗(Θ)|t = H[η(t)]g∗(ω)|t = H[η(t)]dt|t .
Therefore, we conclude that

Aξ[η(t)] = H[η(t)] ∀t ∈ (−ε, ε).
Sinceξ belongs to the kernel ofΨ , we conclude fromEq. (7)that

Φξ[η(t)] = −ad∗[H(η(t))]η(t) ∀t ∈ (−ε, ε).
This yields the required result. �

Definition 3.14. Thephase flowis the flow of the vector fieldΦξ : η ∈ F→−ad∗[H(η)]η ∈
g∗.

Remark 3.15. We use the notationφξ : D ⊂ R × F→ F to indicate the phase flow. We
observe the following facts:

• The domain of definitionD of the phase flow is of the form

D = {(t, η) ∈ R× F : t ∈ (ε−(η), ε+(η))},
whereε− : F→ R− ∪ {−∞} andε+ : F→ R+ ∪∞.
• For everyη ∈ F, the curve

φη : (ε−(η), ε+(η))→ φξ(t, η) ∈ F
is the maximal integral curve ofΦξ with the initial conditionφη(0) = η.
• Φξ(η) ∈ Π(η) andφη(t) ∈ P(η), for everyη ∈ F and everyt ∈ (ε−(η), ε+(η)).
• If we fix a point(g0, η0) ∈ Y = G× F, then the maximal integral curve of the charac-

teristic vector fieldξ with the initial condition(g0, η0) is given by

Γ(g0,η0) : t ∈ (ε−(η0), ε
+(η0))→ (h(g0,η0)(t), φη0(t)) ∈ G× F,

whereh(g0,η0) is the (unique) solution of the equation

h−1h′ = H[φη0(t)], h(0) = g0.

• We setD̃ = {(t; (g, η)) ∈ R× Y : t ∈ (ε−(η), ε+(η))}. The flowΓ of the characteristic
vector fieldξ is the local one-parameter group of transformationsΓ : D̃ ⊂ R× Y → Y

given by

Γ(t, g, η) = (h(g,η)(t), φ(t, η)) ∀(t; (g, η)) ∈ D̃.

Remark 3.16. The phase flowφξ : D→ F satisfies theEuler equation

∂φξ

∂t

∣∣∣∣
(t,η)

= −ad∗[H[φξ(t, η)]]φξ(t, η), φξ(0, η) = η, ∀(t, η) ∈ D. (8)
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If there exists aG-equivariant isomorphismg ∼= g∗, then we can identifyg andg∗. (For
example, ifG is semisimple, then take the pairing defined by the Killing form ofg.) Using
this identification, the Euler equation can be written in the Lax form

∂φξ

∂t

∣∣∣∣
(t,η)

= −[H[φξ(t, η)], φξ(t, η)], φξ(0, η) = η, ∀(t, η) ∈ D.

Definition 3.17. We denote byFs = {η ∈ F : Φξ(η) = 0} the set of all fixed points of
the phase flow and byFr the complement ofFs. We callFs andFr thesingularand the
regular parts of the phase space, respectively. We callΣ = G × Fs ⊂ Y thebifurcation
setand refer toYr = Y \ Σ as theregular partof the momentum space. The intersection
Pr(µ) = Fr ∩ O(µ) ⊂ P(µ) is called theregular part of the phase portraitP(µ). The
connected component̃P(µ) of Pr(µ) containingµ is referred to as thereduced phase
portrait of µ.

The following result, which may be verified by applying the uniqueness theorems for
ordinary differential equations, characterizes integral curves of the characteristic vector
field that intersect the bifurcation set.

Proposition 3.18. Letp = (g, η) ∈ Σ be a point of the bifurcation set. The integral curve
Γξ(−, p) : R→ Y of the characteristic vector fieldξ passing through p is the orbit of the
one-parameter subgroup generated byH(η):

Γξ(t, p) = (exp(H(η)t)g, η) ∀t ∈ R.

This result implies that if(A, ω) comes from a Frenet system of curves inG/H , then
the curveγ ⊂ G/H of typeS that corresponds toΓξ(−, p), wherep ∈ Σ, has constant
curvature (i.e.Kγ = constant).

Since this result completely characterizes the behavior of integral curves that intersect
the bifurcation setΣ, we shall henceforth restrict our attention to the regular parts of the
phase space and momentum space. Therefore, to simplify the notation,F, Y andP(µ) will
be used to denote the regular parts of the phase space, the momentum space and the phase
portraits, respectively.

3.2. The Poincaré variational problem for isotropic curves inR(2,1)

We now return to our example of isotropic curves inR(2,1) considered inSection 2.3. Letm
be a non-zero constant and consider the variational problem on the spaceV of parameterized
integral curvesΓ : t ∈ (a, b)→ (g(t), k(t)) ∈ G×R of the Pfaffian system(A, ω) defined
by the action functional

Lm : Γ ∈ V→
∫
Γ

(1+mk)ω.

Geometrically, this amounts to an analogue of the Poincaré variational problem where we
minimize the arc-length functional (defined by the integral of the canonical line-element
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of the null curve) amongst normalized null curvesα ⊂ R(2,1) subject to the additional
constraint that the integral of the curvaturek along the curve be held constant.

The affine sub-bundlẽZ ⊂ T ∗(M) is given byM × Z̃, whereZ̃ ⊂ g ⊕ g∗ is the
submanifold consisting of all(Q(k), η) ∈ A ⊕ g∗ such that〈η;Q(k)〉 = 1 + mk. (See
Section 2.3for the definition of the mapQ : R→ g.) Therefore(Q(k), η) belongs toZ̃ if
and only if

η = η(k, λ1, . . . , λ5) := (1+mk)ω + λ1η
1+ λ2η

2+ λ3η
3+ λ4η

4+ λ5η
5,

whereλ1, . . . , λ5 ∈ R. For simplicity, we identifyZ̃ with G× R6 by means of the map

(g : k, λ1, . . . , λ5) ∈ G× R6→ (g,Q(k), η(k, λ1, . . . , λ5)) ∈ Z̃.
Thus the Liouville form onZ̃ is given by

ψ = (1+mk)ω + λ1η
1+ λ2η

2+ λ3η
3+ λ4η

4+ λ5η
5.

From the structure(1), we find that

Ψ ≡mπ ∧ ω − (1+mκ)η2 ∧ ω +
∑

dλα ∧ ηα − λ1π ∧ ω + λ2(κη
3− η1) ∧ ω

+ λ3(2η
2− κη4) ∧ ω + λ4(κη

5− η3) ∧ ω + λ5η
4 ∧ ω,

whereΨ := dψ and where≡ denotes equality modulo span({ηα ∧ ηβ}α,β=1,...,5). Let

(∂ω, ∂η1, . . . , ∂η5, ∂λ1, . . . , ∂λ5, ∂π)

denote the parallelization of̃Z dual to the coframing

(ω, η1, . . . , η5,dλ1, . . . ,dλ5, π).

We then have

i∂λi Ψ = ηi, i = 1, . . . ,5,

along with

i∂ωΨ ≡ −α, i∂πΨ ≡ −β, i∂
ηi
Ψ ≡ −βi, i = 1, . . . ,5,

where

α = (m− λ1)dk, (9a)

β = (m− λ1)ω, (9b)

β1 = dλ1+ λ2ω, (9c)

β2 = dλ2+ (1+mk− 2λ3)ω, (9d)

β3 = dλ3+ (λ4− kλ2)ω, (9e)

β4 = dλ4+ (kλ3− λ5− k)ω, (9f)

β5 = dλ5− kλ4ω, (9g)
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and where≡ denotes equality modulo span(η1, . . . , η5). From these equations, we deduce
that the Cartan system(C(Ψ), ω) is generated by the differential 1-forms(η1, . . . , η5, α, β,

β1, . . . , β5).

Theorem 3.19. The momentum space,Y , is the nine-dimensional sub-manifold ofZ̃ defined
by the equations

λ2 = λ1−m = λ3− 1
2(1+mk) = 0,

and the Euler–Lagrange system(E, ω) is the Pfaffian differential system on Y with inde-
pendence conditionω generated by the linear differential forms(η1, . . . , η5, σ1, σ2, σ3),
where

σ1 = 1
2mdk + λ4ω, σ2 = dλ4− (λ5+ 1

2k(1−mk))ω, σ3 = dλ5− kλ4ω.

Proof. We letV1 ⊂ T(Z̃) be the sub-variety of one-dimensional integral elements of the
Cartan system(C(Ψ), ω) and denote bỹZ1 ⊂ Z̃ the projection ofV1 under the bundle map
T(Z̃) → Z̃. FromEqs. (9a) and (9b)we then deduce that̃Z1 is the submanifold defined
by λ1 = m. Denote byC(Ψ)1 the restriction toZ̃1 of the Cartan system. ThenC(Ψ)1 is
generated by the linear differential forms(η1, . . . , η5, λ2ω, β2, . . . , β5). We then consider
the sub-varietyV2 ⊂ T(Z̃1) consisting of integral elements of(C(Ψ)1, ω) and letZ̃2 ⊂ Z̃1
denote the projection ofV2. We therefore have that̃Z2 is the sub-manifold of̃Z1 defined
by λ2 = 0. Denote byC(Ψ)2 the restriction toZ̃2 of C(Ψ)1. ThenC(Ψ)2 is generated by the
linear differential forms(η1, . . . , η5, (1+mk−2λ3)ω, β3, β4, β5). We proceed as above and
letV3 ⊂ T(Z̃2) be the sub-variety of integral elements of(C(Ψ)2, ω) and definẽZ3 ⊂ Z̃2 to
be the image ofV3 under the projectionT(Z̃2)→ Z̃2. It follows thatZ̃3 is the sub-manifold
of Z̃2 defined by the equationλ3 = (1/2)(1+mk) and that the restrictionC(Ψ)3 of C(Ψ)2
to Z̃3 is the Pfaffian differential system generated by(η1, . . . , η5, σ1, σ2, σ3). If we let
V4 ⊂ T(Z̃3) be the set of integral elements of(C(Ψ)3, ω) then the bundle mapV4→ Z̃3 is
surjective. HenceY = Z̃3 and(C(Ψ)3, ω) is the reduced space of(C(Ψ), ω). �

Corollary 3.20. The momentum space Y associated with the Poincaré variational problem
for isotropic curves inR(2,1) is rank3, affine sub-bundleY = G×F ⊂ T ∗(G) ∼= G× g∗,
whereF ⊂ g∗ is defined by

F = 1
2(ω

1+ ω2
1)+mω1

2 + span(ω2
1 − ω1, ω2, ω3).

The variational problem is non-degenerate, and the characteristic vector field takes the
form

ξ = ∂ω − 2λ4

m
∂k − λ4∂λ3 +

(
λ5+ 1

2
k(1−mk)

)
∂λ4 + kλ4∂λ5. (10)

Proof. It follows from the preceding theorem that the restriction of the Liouville to the
momentum space takes the form

ψY = (1+mk)ω +mη1+ 1
2(1+mk)η3+ λ4η

4+ λ5η
5

= 1
2(ω

1+ ω2
1)+mω1

2 + 1
2mk(ω2

1 − ω1)+ λ4ω
2+ λ5ω

3. (11)
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The form ofY andF follow directly from this equation. The dimension ofY is equal to 9,
and a straightforward calculation shows that

ω ∧ (ΨY )4 = −12m2ω ∧ dk ∧ dλ4 ∧ dλ5 ∧ η1 ∧ η2 ∧ η3 ∧ η4 ∧ η5,

which is nowhere vanishing. Hence the variational problem is non-degenerate. The form of
the characteristic vector field follows from a direct calculation. �

Remark 3.21. Since the variational problem is non-degenerate, the Euler–Lagrange system
E coincides with the Cartan system ofΨ . The characteristic line-distributionΞ ⊂ T(Y) ofΨ
is transverse to the independence conditionω, and is generated by the characteristic vector
field ξ.

Remark 3.22. Using the explicit form of the Liouville form, we may identifyY = G×R3,
where(k, λ4, λ5) serve as coordinates onR3. The explicit form for the characteristic vector
field and the 1-formsηi andω then imply that the mapH : Y → g is given by

H[η(k, λ4, λ5)] =




0 0 0 0

1 0 k 0

0 1 0 k

0 0 1 0


 ∈ g.

A smooth mapΓ : (a, b)→ Y is an integral curve of the Euler–Lagrange system if and
only if it satisfies

Γ ∗(ηi) = 0, i = 1, . . . ,5, Γ ∗(σi) = 0, i = 1,2,3

with the independence condition

Γ ∗(ω) �= 0.

Without loss of generality, we may choose a parameterization of our integral curve such
that

Γ ∗(ω) = dt.

In this case, we may writeΓ : t ∈ (a, b) → (g(t), k(t), λ4(t), λ5(t)) ∈ Y = G × R3.
From these relations, and the explicit form of the differential formsηi andσi, we deduce
the following result.

Proposition 3.23. The smooth mapΓ : (a, b)→ Y , parameterized such thatΓ ∗(ω) = dt,
is an integral curve of the Euler–Lagrange system if and only if the real-valued functions
k(t), λ4(t), λ5(t) satisfy the relations

dk

dt
= −2λ4

m
,

dλ4

dt
=
(
λ5+ 1

2
k(1−mk)

)
,

dλ5

dt
= kλ4, (12)
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andg(t) ∈ G is a solution of

g(t)−1 dg(t)

dt
= H(η(t)) =




0 0 0 0

1 0 k(t) 0

0 1 0 k(t)

0 0 1 0


 . (13)

Remark 3.24. Although, in the present case, the Lie groupG is not semisimple, it is
naturally embedded in SL(4,R). Using the Killing form onsl(4,R) we deduce that the
Eulerequation (12)may be written in Lax form

L′ = [L,H],

where

L(k, λ4, λ5) =




0 0 0 0
1
2(1+mk) −λ4 −λ5 0

0 1
2(1−mk) 0 −λ5

−m 0 1
2(1−mk) λ4


 .

Proposition 3.25. If Γ : (a, b) → Y is an integral curve of the Euler–Lagrange system,
with Γ ∗(ω) = dt, then the curvaturek(t) satisfies the third-order ordinary differential
equation

m
d3k

dt3
− 3mk

dk

dt
+ dk

dt
= 0. (14)

Conversely, any non-constant solutionk : (a, b)→ R of this equation determines a param-
eterized integral curve of the Euler–Lagrange system, unique up to the action ofE(2,1).

Proof. Eq. (14)for k(t) follows directly from(12). Conversely, given a solution of(14),
we can uniquely reconstructλ4(t), λ5(t) from (12), andg(t) is determined, up to initial
conditions, by(13). �

Remark 3.26. Under the identificationg∗ ∼= R(2,1)⊕R(2,1) introduced inSection 2.4, the
Liouville form (11)maps to(p, v) ∈ R(2,1) ⊕ R(2,1), where

p = −λ5e1+ λ4e2− 1
2(1−mk)e3, v = −1

2(1+mk)e1+me3,

and{ei} is the standard basis ofR(2,1). The Casimir operators therefore take the form

C1 = ‖p‖2 = λ2
4− λ5(1−mk), C2 = 〈p, v〉 = mλ5− 1

4(1−m2k2), (15)

and are constant along integral curves of the Euler–Lagrange system.

The explicit form of the Casimir operators implies the following result.
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Proposition 3.27. If Γ : (a, b)→ Y , parameterized such thatΓ ∗(ω) = dt, is an integral
curve of the Euler–Lagrange system then the curvaturek(t) satisfies the first-order ordinary
differential equation(

dk

dt

)2

= k3− 1

m
k2− 1

m2
(4C2+ 1)k + 1

m3
(4mC1+ 4C2+ 1).

Remark 3.28. Lettingh(t) := (1/4)(k − (1/3)m), we deduce thath satisfies(
dh

dt

)2

= 4h3− g2h− g3,

where

g2 = 1

m2

(
C2+ 1

3

)
, g3 = 1

m3

(
mC1

4
+ C2

6
+ 1

27

)
.

Hence the curvaturek and the functionsλ4, λ5 corresponding to any solution of the Euler–
Lagrange system may be expressed in terms of Weierstrass elliptic functions with invariants
g2, g3.

Remark 3.29. A short calculation using the explicit form ofη = ψY given in(11)and the
coadjoint action ofg on g∗, which can be derived from(2), shows that in the present case
the linearized phase portraitΠ(η) = F(η)∩O(η) is one-dimensional, and is spanned by the
vector ad∗[H(η)]η = λ4(ω

2
1−ω1)− (λ5+ (1/2)k(1−mk))ω2− kλ4ω

3. Hence the regular
parts of the phase portraits are one-dimensional in the current problem. We now introduce
a more general class of variational problems for which this is the case.

4. Coisotropic variational problems

Consider a smooth manifoldM equipped with an exterior differential 2-formΨ . The
kernel ofΨx will be denoted byN(Ψ)x. Suppose that a Lie groupG acts onM. Denote by
AJ the fundamental vector field onM corresponding toA ∈ g and, for eachx ∈ M, let
gJ(M)x ⊂ Tx(M) be the vector subspace{AJx : A ∈ g}. We denote bygJ(M)⊥x thepolar
spaceof gJ(M)x with respect toΨx:

gJ(M)⊥x := {v ∈ Tx(M) : Ψx(v,A
J) = 0, ∀AJ ∈ gJ(M)x}.

Definition 4.1. The action ofG onM is coisotropicwith respect toΨ if

gJ(M)⊥x ⊂ gJ(M)x +N(Ψ)x ∀x ∈ M.

Remark 4.2. The notion of a coisotropic action arises naturally when studying collective
complete integrability of Hamiltonian systems (see[13,14,25]).

Definition 4.3. An invariant LagrangianL : A → R is said to becoisotropic if it is
non-degenerate and if the action ofG on the regular part of the momentum spaceY is
coisotropic with respect toΨY , the restriction of the canonical 2-formΨ to Y .
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(Recall that we are now using the notationY , F andP(µ) to denote the regular parts of
the momentum space, phase space and phase portraits, respectively.)

Proposition 4.4. A non-degenerate invariant LagrangianL : A→ R is coisotropic if and
only if the linearized phase portraitΠ(η) is spanned byad∗[H(η)]η, for everyη ∈ F.

Proof. Using the left-invariant trivialization, we find that the polar space ofgJ(Y)(g,η) is
given by

g(η)⊥ := gJ(Y)⊥(g,η) = {A+ V ∈ g⊕ F(η) : V = −ad∗(A)η}.
First, assume thatL is coisotropic, i.e.

g(η)⊥ ⊂ g+ span(H(η)− ad∗[H(η)]η).

Let V ∈ Π(η). ThenV ∈ F(η) and there exists anA ∈ g such thatV = −ad∗(A)η. Then
A+ V belongs tog(η)⊥ and henceV must be a real multiple of ad∗[H(η)]η.

Conversely, assume thatΠ(η) is spanned by ad∗[H(η)]η. Given any element,A+ V , of
the polar spaceg(η)⊥, thenV ∈ Π(η) so there existss ∈ R such thatV = s · ad∗[H(η)]η.
Therefore, we can write

A+ V = −s(H(η)− ad∗[H(η)]η)+ (A+ sH(η)).
SinceA+ sH(η) is an element ofg, it follows thatA+V ∈ g+span(H(η)−ad∗[H(η)]η).
Thereforeg(η)⊥ ⊂ g+ span(H(η)− ad∗[H(η)]η), as required. �

Remark 4.5. Note that if η ∈ F thenΠ(η) is one-dimensional and the mapρ(η) :
Ann(F(η))→ O(η) defined in(6) is injective.

Proposition 4.6. LetL : A→ R be an invariant coisotropic Lagrangian and letY = G×F
be the corresponding momentum space. Suppose thatF is non-empty, we then have:

• dim(Y) = dim(G)+ rank(G)+ 1;
• the regular part of the phase space, F, intersects the coadjoint orbits transversally;
• the regular partsP(µ) of the phase portraits are smooth and one-dimensional;
• everyη ∈ F is a regular element ofg∗. In particular, the isotropy groupGη and the

isotropy algebragη are Abelian.

Proof. For eachη ∈ F, let k(η) be the dimension of the isotropy Lie algebragη. Note that

dim(F(η) ∩O(η)) = 1, dim(O(η)) = dim(G)− k(η),
dim(Ann(F(η))) = dim(G)− dim(F(η)).

We then have

dim(F(η))+ dim(O(η))− 1≤ dim(G),
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which in turn implies that dim(F) ≤ k(η) + 1. On the other hand, from the injectivity of
the mapρ(η) : Ann(F(η))→ O(η), it follows thatk(η) ≤ dim(F). Therefore we have

k(η) ≤ dim(F) ≤ k(η)+ 1.

Notice that dim(G)+ k(η) is even and that dim(Y) = dim(G)+ dim(F) is odd. Thus, we
must havek(η)+ 1= dim(F). In particular,k(η) = k is constant and

dim(Y) = dim(G)+ k + 1.

This implies that

dim(g) = dim(F(η))+ dim(O(η))− 1.

ThusF intersects the coadjoint orbits transversally. Since dim(F(η)∩O(η)) = 1, it follows
thatP(η) = F ∩O(η) is a smooth curve such thatTη[P(η)] = Π(η). Moreover, from the
transversality condition, it follows thatF cannot be contained in the setg∗s of the singular
element ofg∗. Thus,F ∩ g∗r is non-empty. Therefore, there exists anη ∈ F such that
k = k(η) = rank(G). This gives the required result. �

Remark 4.7. The regular part of the phase space,F, is foliated by the nowhere vanishing
vector fieldΦξ and the leaves are the phase portraits. Furthermore, ifX ⊂ F is a local
section of such a foliation thenX is also a local section of the coadjoint representation.

Definition 4.8. LetL : A→ R be a coisotropic Lagrangian. Themoment mapJ : Y → g∗
of the Hamiltonian action ofG onY is defined by

J(g, η) = Ad∗(g)η ∀(g, η) ∈ Y.

Proposition 4.9. LetL : A→ R be a coisotropic Lagrangian. Then:

• J(Y) ⊂ g∗r ;
• J : Y → g∗ is a submersion;
• J−1(µ) is a (k + 1)-dimensional submanifold of Y such that

T(g,η)[J
−1(µ)] = ker[dJ |(g,η)] = span[ξ|(g,η)] + gη.

so that the characteristic vector fieldξ|J−1(µ) is tangent ofJ−1(µ), andGµ acts freely

and properly onJ−1(µ).
• Yµ := J−1(µ)/Gµ is a one-dimensional manifold andJ−1(µ)→ Yµ is a principalGµ

bundle.
• Yµ ∼= P(µ), the phase portrait.

Proof. From Proposition 4.6we know that eachη ∈ F is an element ofg∗r , and hence
J(g, η) ∈ g∗r for all (g, η) ∈ Y . The differential of the moment map is given by the formula

〈dJ |(g,η)(A+ V);B〉 = 〈ad∗(A)η+ V ;B〉 ∀A+ V ∈ g⊕ F(η), ∀B ∈ g. (16)
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This implies that

Im[dJ |(g,η)] = F(η)+O(η)

for all η ∈ F. SinceF andO(η) intersect transversally, this implies thatJ is a submersion.
ThereforeJ−1(µ) is a sub-manifold ofY and the tangent spaceT(g,η)[J−1(µ)] is naturally
isomorphic to ker[dJ |(g,η)]. From the formula(16) and the fact that the Lagrangian is
coisotropic, we deduce that

ker[dJ |(g,η)] = span[ξ|(g,η)] + gη
for all η ∈ F, as required. Note that this relation implies that the characteristic vector field
ξ belongs to ker[dJ ], and therefore thatξ|(g,η) is tangent toJ−1(µ). We shall denote the
restriction ofξ to the fiberJ−1(µ) by ξµ.

The isotropy groupGµ acts onJ−1(µ) by (g, η) $→ (hg, η) for eachh ∈ Gµ. This
action is clearly free and proper, so the quotient spaceYµ := J−1(µ)/Gµ exists as a
one-dimensional manifold. The map

πµ : (g, η) ∈ J−1(µ)→ [(g, η)] ∈ Yµ
givesJ−1(µ) the structure of a principal fiber-bundle with structure groupGµ. Moreover,
the vector fieldξµ is horizontal with respect to the fibrationJ−1(µ)→ Yµ.

We also consider the fibration ofJ−1(µ) overP(µ) defined by

π̃µ : (g, η) ∈ J−1(µ)→ η ∈ P(µ).
The structure group is again the isotropy subgroupGµ. Furthermore,̃πµ is constant along
the fibers of the fibrationπµ, and therefore descends to a diffeomorphism ofYµ onto
P(µ). �

Definition 4.10. We adopt standard terminology, referring toYµ as theMarsden–Weinstein
reductionof Y atµ, and toπµ : J−1(µ)→ Yµ as theMarsden–Weinstein fibrationatµ. We
may considerπµ : J−1(µ)→ Yµ as a principalGµ bundle overYµ, where the right-action
of Gµ onJ−1(µ) is given byRh(g, η) = (hg, η), for all h ∈ Gµ, for (g, η) ∈ J−1(µ).

Definition 4.11. Letµ ∈ J(Y). The restriction of the Marsden–Weinstein fibrationJ−1(µ)

to the reduced phase portraitP̃(µ) is said to be thereduced Marsden–Weinstein fibration.
We shall denote this fibration bỹπµ : Pµ→ P̃(µ).

Remark 4.12. The vector fieldΦξ : η $→ −ad∗[H(η)]η is tangent to the phase portraits.
We denote byΦµξ the restriction ofΦξ to P̃(µ). Note that the vector fieldsξµ andΦµξ are

related by the fibratioñπµ : Pµ→ P̃(µ).

Remark 4.13. On the reduced phase portraitP̃(µ) there exists a unique nowhere van-
ishing 1-formσµ such thatσµ(Φµξ ) = 1. Takeη ∈ P̃(µ), then the integral curveφη :

(ε−(η), ε+(η))→ g∗ is a maximal parameterization ofP̃(µ) such thatφ∗η(σµ) = dt.
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Definition 4.14. OnPµ we consider thegµ-valued 1-formθµ defined by

θµ|(g,η) := Ad(g)(Θ−Hσµ).
This defines a connection on the reduced Marsden–Weinstein fibrationPµ → P̃(µ). We
call θµ thecanonical connectionof the reduced Marsden–Weinstein fibrationPµ→ P̃(µ).

4.1. Isotropic curves inR(2,1)

In the case of our problem for isotropic curves inR(2,1), we have defined a map

R3 ↪→ g∗ ∼= R(2,1) ⊕ R(2,1), y = (k, λ4, λ5) $→ (p(y), v(y)), (17)

where

p =




−λ5

λ4

−1
2(1−mk)


 , v =



−1

2(1+mk)

0

m


 .

Given the form(10) of the characteristic vector fieldξ, we see that the regular part of the
phase spaceF is given by the complement of the set of points with

λ4 = 0, λ5+ 1
2k(1−mk) = 0. (18)

To show that the action ofE(2,1) on the regular part of the momentum space,Y , is
coisotropic, we consider a general vector field onY :

Z1 ∂

∂k
+ Z2 ∂

∂λ4
+ Z4 ∂

∂λ5
+Xi ∂

∂ωi
+ Y1 ∂

∂ω1
1

+ Y2 ∂

∂ω2
1

+ Y3 ∂

∂ω1
2

.

This vector field lies ing(Y)⊥|(g,k,λ4,λ5) if and only if

1
2mZ1 = −1

2(1−mk)Y1− λ4Y
2, (19a)

Z2 = 1
2(1−mk)Y3+ λ5Y

2, (19b)

Z3 = λ4Y
3− λ5Y

1, (19c)

and

−1
2(1−mk)X1+ λ5X

3−mY3+ 1
2(1+mk)Y2 = 0, (20a)

−λ4X
1− λ5X

2− 1
2mZ1− 1

2(1+mk)Y1 = 0, (20b)

−1
2(1−mk)X2− λ1X

3+mY1 = 0. (20c)

If (k, λ4, λ5) lies in the regular part ofF then conditions(19) and (20)are linearly indepen-
dent. Therefore in this case

dimg(Y)⊥ = 3.
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It is easily checked that the characteristic vector fieldξ belongs tog(Y)⊥, as do the
following vector fields:

S1 = −λ4
∂

∂ω1
1

+ 1

2
(1−mk)

∂

∂ω2
1

− λ5
∂

∂ω1
2

−m ∂

∂ω3
,

S2 = λ5
∂

∂ω1
− λ4

∂

∂ω2
+ 1

2
(1−mk)

∂

∂ω3
.

Hence we have that

g(Y)⊥ = span(ξ, S1, S2) ⊂ span(ξ)⊕ g.
Hence the action is coisotropic.

The momentum map and the basic invariants.From the form of the coadjoint action of
E(2,1) given earlier, we deduce that the moment map takes the form

J(g; y) = (Ap(y),Av(y)− (Ap(y))×Q)
for all g = (Q,A) ∈ E(2,1). Note thatJ(Y) ⊆ g∗r . The basic invariants, which correspond
to constants of motion of the system, are the Casimir operators

C1(g, y) := ‖p(y)‖2 = λ2
4− λ5(1−mk),

C2(g, y) := 〈p(y), v(y)〉 = mλ5− 1
2(1−m2k2).

If we chooseµ = (m1,m2) ∈ g∗r , wherem1,m1 ∈ R(2,1), thenJ−1(µ) is the set

λ2
4 =

m2

4
k3− m

4
k2−

(
1

4
+ 〈m1,m2〉

)
k +

(
‖m1‖2+ 1

4m
+ 〈m1,m2〉

4

)
, (21a)

λ5 = 1

m

(
1

4
(1−m2k2)+ 〈m1,m2〉

)
. (21b)

If we perform the substitution

k =
(

4

m

)2/3

χ+ 1

3m
, (22)

then the first equation becomes the cubic relation

λ2
4 = 4χ3− g2χ− g3, (23)

where we have defined the “modified Casimirs”

g2(m1,m2) =
(

4

m

)2/3(1

3
+ 〈m1,m2〉

)
,

g3(m1,m2) = −
(
‖m1‖2+ 2

3m
〈m1,m2〉 + 4

27m

)
.
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Parameterization of the phase portraits.We define the discriminant of the cubic polyno-
mial appearing inEq. (23)

D(m1,m2) = 27g2
3 − g3

2.

There are two non-degenerate cases that we must consider.
Case I: D(m1,m2) > 0. In this case the cubic polynomial has one real root and two

complex-conjugate roots. We may parameterize the curve by takingχ(t) = ℘(t; g2, g3)

with t ∈ (0,2ω1), whereω1, ω2 andω3 = (1/2)(ω1 + ω2) are the half-periods of the℘
function. From(22), we then find thatk may be written in terms of elliptic functions and,
solving(21) then givesλ4 andλ5 in terms of elliptic functions.

Case II: D(m1,m2) < 0. In this case the cubic polynomial has three distinct real roots,
and the curve(23) has two disjoint components. The “compact” component may be pa-
rameterized byχ(t) = ℘3(t; g2, g3) := ℘(t + ω3; g2, g3) with t ∈ R. This solution is
periodic, with period 2ω1. The “unbounded” component of the curve is parameterized by
χ(t) = ℘(t; g2, g3), t ∈ (0,2ω1).

In the degenerate cases where the discriminant vanishes atD = 0, the cubic is singular,
and our curve is rational. In this case, the℘ and℘3 functions degenerate into elementary
functions.

5. Integrability by quadratures

Proposition 5.1. The integral curves of the characteristic vector fieldξ with momentum
µ ∈ J(Y) are the horizontal curves of the canonical connectionθµ onPµ.

Proof. Consider a horizontal curveΓ : (a, b) → Pµ of the canonical connection. We
write Γ(t) = (h(t), η(t)), whereh : (a, b)→ G andη : (a, b)→ P(µ) are smooth curves.
Without loss of generality we can assume thatη∗(σµ) = dt, so that

η′(t) = Φµξ |η(t) = −ad∗[H(η(t))]η(t) ∀t ∈ (a, b).
SinceΓ is horizontal, we then have

0= Γ ∗(θµ) = g(t)(h−1(t)h′(t)−H[η(t)])g(t)−1 dt.

This implies thatΓ ′(t) = ξ|Γ(t), for all t ∈ (a, b).
Conversely, ifΓ : (a, b)→ Y is an integral curve ofξwith momentumµ thenΓ(t) ∈ Pµ,

for all t ∈ (a, b). Furthermore, we know that

Γ ′(t) = H(η(t))− ad∗[H(η(t))]η(t).

Thush−1(t)h′(t) = H[η(t)] and henceΓ ∗[θµ] = 0. �

Since the structure group of the Marsden–Weinstein fibrations is Abelian and the base
manifolds are one-dimensional, the horizontal curves of the canonical connection can be
found by a single quadrature. The explicit integration of the horizontal curves requires four
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steps:

• Step 1: take a smooth parameterizationη : (a, b)→ P̃(µ) of the phase portrait.
• Step 2: computevµ : (a, b)→ R such thatη∗(σµ) = vµ dt.
• Step 3: take any mapg : (a, b)→ G such that(g−1, η) : (a, b)→ Y is a cross-section

of the reduced Marsden–Weinstein fibrationπ̃µ : Pµ→ P̃(µ). This involves solving the
equation

Ad∗(g(t)−1)η(t) = µ

for g(t).
• Step 4: compute the gauge transformation

h(t) = exp

[∫ t

t0

(g−1(u)H[η(u)]g(u)vµ(u)+ g−1(u)g′(u))du
]
∀t ∈ (a, b).

(24)

Note that the fact that(g(t)−1, η(t)) is a section ofπ̃µ : Pµ → P̃(µ), along with the
definitions ofH[η] andvµ imply thatg−1(t)H[η(t)]g(t)vµ(t)+ g−1(t)g′(t) ∈ gµ for all
t ∈ (a, b). Henceh(t) ∈ Gµ, for all t ∈ (a, b).
Conclusion. The image of the curveΓ : (a, b)→ Y defined by

Γ(t) = (h(t)g(t)−1, η(t)) ∀t ∈ (a, b) (25)

is contained inPµ andΓ is horizontal for the canonical connectionθµ. Any horizontal
curve ofPµ arises in this way.

Remark 5.2. In the case where the symmetry groupG is a classical matrix group, with
G ⊂ Aut(V) for V a finite-dimensional vector space, and the Lagrangian is a polynomial
function, then we have:

• The phase spaceF is an algebraic subset ofg∗.
• The generic coadjoint orbit is defined by polynomial equationsFj(η) = 0, j = 1, . . . , k,

wherek is the rank ofg and whereF1, . . . , Fk is a basis of the Ad∗-invariant polynomial
functionsg∗ → R.
• The phase portraits are real-algebraic curves.

In the simplest cases the phase portraits are rational or elliptic curves, so they can be easily
parameterized by means of elementary or elliptic functions (see the examples considered
in Refs.[5,12,16,20–23]). The third step in the construction above can be treated in a rather
easy way ifg is semisimple and if the momentumµ is a regular semisimple element of
g∗. In this case the construction of a cross-section of the Marsden–Weinstein fibration is a
linear-algebra problem involving the structure of the Cartan subalgebras ofg.

Definition 5.3. Considerµ ∈ J(Y). We say thatµ is acomplete momentumif ε−(η) = −∞
andε+(η) = ∞ for some (and hence for all)η ∈ P̃(µ).
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Proposition 5.4. If µ ∈ J(Y) is a complete momentum, then the connected components of
the reduced Marsden–Weinstein fibrationPµ→ P̃(µ) are Euclidean cylinders andξµ is a
linear vector field.

Proof. LetQ(µ) be a connected component ofPµ and letη : R → P̃(µ) be an integral
curve of the phase flow that parameterizes the reduced phase portrait. SinceR is contractible,
Q(µ) → P̃(µ) is a trivial fiber bundle. This implies that there exists a smooth mapg :
R → G such that(g−1, η) : R → G × P̃(µ) is a cross-section ofQ(µ) → P̃(µ). Fix
(g0, η0) ∈ Q(µ) and lett0 ∈ R such thatη(t0) = η0 and consider the curveΓ(g0,η0) : R→
Q(µ) defined by

Γ(g0,η0)(t) = (g0g(t0)k(t), η(t)) ∀t ∈ R,
where

k(t) = exp

[∫ t

t0

(g(u)−1H[η(u)]g(u)+ g(u)−1g′(u))du
]
g(t)−1 ∀t ∈ R.

Then,Γ(g0,η0) is the integral curve ofξµ with initial condition Γ(g0,η0)(t0) = (g0, η0).
This shows that the restriction of the vector fieldξµ toQ(µ) is complete. Now fix a basis
(e1, . . . , ek) of gµ and leteJ1, . . . , e

J
k denote the corresponding fundamental vector fields

onQ(µ). Then{ξµ, eJ1, . . . , eJk} is a set of complete, linearly independent and commuting
vector fields onQµ. It is then a standard fact thatQ(µ) is a(k + 1)-dimensional cylinder,
that isQ(µ) = Rk+1/K, whereK ⊂ Rk+1 is a subgroup ofRk+1 generated overZ by
m ≤ k + 1 linearly independent vectorsa1, . . . , am:

K =


m∑
j=1

njaj : nj ∈ Z


 .

The vector fields{ξµ, eJ1, . . . , eJk} are then the push-forward of linear vector fields
b0, b1, . . . , bk onRk+1. This yields the required result. �

Remark 5.5. If P̃(µ) is compact and the isotropy subgroupGµ is compact, then the con-
nected components of the reduced Marsden–Weinstein fibrationPµ are(k+1)-dimensional
tori.

5.1. Cross-sections of the Marsden–Weinstein fibration for isotropic curves inR(2,1)

Finally, we show how the above integration procedure may be carried out in our example.
Giveny = (k, λ4, λ5) ∈ R3, we have defined the vectors(p, v) ∈ R(2,1) ⊕ R(2,1) ∼= g∗.

With respect to the standard basis(e1, e2, e3) for R(2,1) these take the form

p =
3∑
i=1

piei := −λ5e1+ λ4e2− 1

2
(1−mk)e3,

v =
3∑
i=1

viei := −1

2
(1+mk)e1+me3.
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Lettingµ = (m1,m2) ∈ Im J ⊆ g∗r , we wish to construct the mapg : (a, b) ⊂ R → G

with the property that(g−1, η) is a section of the reduced Marsden–Weinstein fibration
π̃µ : Pµ → P̃(µ). We must consider separately the cases where the coadjoint orbit is of
positive, negative or null type.

Positive type. For an orbit of positive type, whereC1 = ‖p‖2 > 0, we may assume, up
to the action ofG onO(µ), thatµ = (m1,m2) is in the standard form:

m1 =
√
C1




0

1

0


 , m2 = C2√

C1




0

1

0


 ,

whereC2 := 〈p, v〉.
We now wish to constructg = (Q,A) ∈ E(2,1) with the property that

η = (p, v) = Ad∗(g)µ.

Since‖p‖2 > 0, we may define theR(2,1)-valued map

A2 := p√
C1
= p

‖p‖
with the property that‖A2‖2 = 1. We can now completeA2 to a frame field(A1, A2, A3)

by adding anyR(2,1)-valued functionsA1, A3 with the property that

〈Ai,Aj〉 = gij , i, j = 1,2,3,

and we fix the orientation of this basis by the requirements that

A2× A1 = A1, A2× A3 = −A3, A3× A1 = A2.

More explicitly, we can define the vectorS = λ4e1+ (λ5− (1/2)(1−mk))e2− λ4e3, with
the property that(p, S) = 0. We then defineA = (A1, A2, A3) : Pµ→ SO(2,1) by

A1 = 1√
2

(
p

‖p‖ ×
S

‖S‖ +
S

‖S‖
)
, A2 = p

‖p‖ ,

A3 = 1√
2

(
p

‖p‖ ×
S

‖S‖ −
S

‖S‖
)
.

Defining the mapQ : Pµ→ R(2,1) by

Q = − 1√
C1
A2× v = 〈v,A3〉

‖p‖2 A1− 〈v,A1〉
‖p‖2 A3,

we let

g := (Q,A) : Pµ→ P̃(µ).
It then follows that(p, v) = Ad∗(g)µ, as required. Therefore the map(p, v) ∈ P̃(µ) →
(g(p, v)−1, (p, v)) ∈ Pµ is a cross-section of the Marsden–Weinstein fibration.
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Negative type. For orbits of negative type we haveC1 := ‖p‖2 < 0. We treat the
case where the vectorp is future-directed, although the past-directed case may be treated
similarly. The standard form of elements in this case isµ = (m1,m2), where

m1 =
√
|C1|

2




1

0

1


 , m2 = − C2√

2|C1|




1

0

1


 .

To define a suitable basis, we fix a vectorS ∈ R(2,1) with ‖S‖2 = 1 and〈p, S〉 = 0. (For
example, the vectorS = e2+ p2/p3e1.) We then define a basis

A1 = 1√
2|C1|

(p− p× S), A2 = S, A3 = 1√
2|C1|

(p+ p× S).

LettingA := (A1, A2, A3) ∈ SO(2,1), and

Q := 1

|C1|p× v =
1√

2|C1|
(〈v,A1− A3〉A2− 〈v,A2〉(A1− A3)),

we then defineg := (Q,A). It follows thatη = Ad∗(g)µ, and hence that the map(p, v) $→
(g(p, v)−1, (p, v)) is a cross-section of the Marsden–Weinstein fibration.

Null type. Finally, orbits of negative type haveC1 := ‖p‖2 = 0 with p �= 0. Again we
treat the case where the vectorp is future-directed, the past-directed case being similar. In
this case, we may use the action ofE(2,1) to reduceµ = (m1,m2) to the standard form

m1 =




1

0

0


 , m2 = −C2




0

0

1


 .

We now define the null basis vectorA1 := p, and extend to a basis(A1, A2, A3) by defining,
for example,

A2 = e2+ p
2

p3
e1, A3 = − 1

p3
e1.

We let

Q := A3× v = 〈v,A2〉A3− 〈v,A3〉A2,

and then defineg = (Q,A). Again it follows thatη = Ad∗(g)µ and therefore that the map
(p, v) $→ (g(p, v)−1, (p, v)) is a cross-section of the Marsden–Weinstein fibration.

The explicit parameterizations of the orbits given inSection 4.1have the property that
η∗(σµ) = dt, and hencevµ = 1. From the explicit forms of the cross-sections,g, it is
straightforward to check for each type of orbit thatg(t)−1g(t)′ + g(t)−1H[η(t)]g(t) lies in
gµ for all t in the relevant range, as required. We may then, by direct integration, compute
the gauge transformation(24). The integral curves of the Euler–Lagrange system are then
given by(25).
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Appendix A. Pfaffian differential systems with one independent variable

Definition A.1. LetM be a smooth manifold. APfaffian differential system(I, ω) with
one independent variable onM consists of a Pfaffian differential idealI ⊂ Ω∗(M) and a
non-vanishing 1-formω ∈ Ω1(M) such thatω �≡ 0 (mod I).

Definition A.2. An integral elementof (I, ω) is a pair(x, E) consisting of a pointx ∈ M
and a one-dimensional linear subspaceE ⊂ Tx(M) such thatη|E = 0,∀η ∈ I andω|E �= 0.
We denote byV(I, ω) the set of integral elements of(I, ω). We say thatI has constant rank
if it is generated by the cross-sections of a sub-bundleZ of T ∗(M).

Definition A.3. A (parameterized) integral curveof (I, ω) is a smooth curveα : (a, b) ⊆
R→ M such that

α∗(η) = 0 ∀η ∈ I, γ∗(ω) = dt.

We denote the set of integral curves of the system byV(I, ω).

Definition A.4. We say that the Pfaffian system in one independent variable(I, ω) is
reducibleif there exists a non-empty submanifoldM∗ ⊆ M such that:

• for each pointx ∈ M∗ there exists an integral element(x, E) ∈ V(I, ω) tangent toM∗;
• if N ⊆ M is any other submanifold with the same property thenN ⊆ M∗.
We callM∗ the reduced space. We define onM∗ the reduced Pfaffian system, denoted by
(I∗, ω), which is obtained by restricting the original system(I, ω) toM∗.

A basic result is the following, a proof of which may be found in[12].

Proposition A.5. The Pfaffian systems(I, ω) and(I∗, ω) have the same integral curves.

There is an algorithmic procedure for constructing the reduction of a Pfaffian system[12].
To construct the reduced spaceM∗, we consider the projectionM1 ⊆ M of V(I, ω) toM. If
M1 is a non-empty submanifold ofM, we then define(I1, ω1) to be the restriction of(I, ω)
toM1. We then constructV(I1, ω1), the set of integral elements of(I1, ω1). Repeating this
construction, we inductively define

Mk = (Mk−1)1, Ik = (Ik−1)1, ωk = (ωk−1)1.
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This process defines a sequenceM ⊇ M1 ⊇ · · · ⊇ Mk ⊇ · · · of submanifolds ofM.
If M∗ := ⋂

k∈NMk �= ∅ thenM∗ is the reduced space of the system. Notice that this
procedure requires that, at each stage, the subsetMk ⊆ Mk−1 is a non-empty submanifold.

A.1. Cartan systems

Let Ψ ∈ Ω2(M) be an exterior differential 2-form onM. We define theCartan idealto
be the Pfaffian differential idealC(Ψ) ⊆ Ω∗(M) generated by the set of 1-formsηV := iVΨ
obtained by contractingΨ with vector fields onM. If θ1, . . . , θn is a local coframing onM
and ifΨ = aij θ

i ∧ θj, thenC(Ψ) is locally generated by the 1-formsaij θ
j. A Cartan system

is a pair(C(Ψ), ω) consisting of a Cartan idealC(Ψ) and a 1-formω ∈ Ω1(M) such that
ω|p /∈ C(Ψ)|p, for all p ∈ M.

Definition A.6. A Cartan system(C(Ψ), ω) is regular if:

• it is reducible and the reduced phase spaceM∗ is odd-dimensional;
• the 2-formΨ∗ := Ψ |M∗ ∈ Ω2(M∗) is of maximal rank onM∗.

An important fact is that if(C(Ψ), ω) is regular then the Cartan idealC(Ψ∗) onM∗ is the
restriction toM∗ of the Cartan idealC(Ψ) onM:

I∗ := C(Ψ)|M∗ = C(Ψ∗).
Again, a proof of this result may be found in[12].

If (C(Ψ), ω) is regular, then there exists a unique vector fieldξ onM∗ such thatiξΨ∗ = 0
andω(ξ) = 1. We callξ thecharacteristic vector fieldof the Cartan system(C(Ψ), ω). The
integral curves of the characteristic vector field coincide with the parameterized integral
curves of(C(Ψ∗), ω), and hence with those of(C(Ψ), ω).

A.2. Contact systems on jet spaces

Given a manifoldM, we denote byJk(R,M) the bundle of thek-order jets of mapsγ :
R → M. The k-jet of γ at t will be denoted byjk(γ)|t . Local coordinates(x1, . . . , xn)

on M give standard local coordinates(t, x1, . . . , xn, x1
1, . . . , x

n
1, . . . , x

1
k, . . . , x

n
k ) on the

jet spaceJk(R,M). With respect to such a coordinate system ak-jet with coordinates
(t, x1, . . . , xn, x1

1, . . . , x
n
1, . . . , x

1
k, . . . , x

n
k ) is represented byjk(γ)|t , whereγ is the curve

defined by

γ : s $→ (x1, . . . , xn)+ (x1
1, . . . , x

n
1)(t − s)+ · · · +

1

k!
(x1
k, . . . , x

n
k )(t − s)k.

Thecanonical contact systemI onJk(R,M) is defined to be the Pfaffian differential ideal
generated by the formsηia = dxia−xia+1 dt, i = 0, . . . , n,a = 0, . . . , k−1 (wherexi0 = xi).
The independence condition of the system is given by the 1-form dt. The integral curves
Γ : (a, b) → Jk(R,M) of I such thatΓ ∗(ω) = dt are the canonical liftsjk(γ) of maps
γ : (a, b)→ M.
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Appendix B. Constrained variational problems in one independent variable

Definition B.1. Let (I, ω) be a Pfaffian differential system on a smooth manifoldM and let
L : M → R be a smooth function. The triple(I, ω, L) is said to be aconstrained variational
problem in one independent variable. The functionL is referred to as theLagrangianof
the variational problem.

The LagrangianL gives rise to the action functionalL : V(I, ω)→ R defined (perhaps
not everywhere) on the space of the integral curves of(I, ω) by

L(γ) =
∫
γ

γ∗(Lω).

Definition B.2. By an extremal curveof (I, ω, L) we mean an integral curveγ that is a
critical point of the functionalL when one considers compactly supported variations ofγ

through integral curves of the system.

Let us suppose that the Pfaffian idealI is generated by a sub-bundleZ ⊂ T ∗(M). We then
let Z̃ ⊂ T ∗(M) be the affine sub-bundleLω+ Z. We denote byψ ∈ Ω1(Z̃) the restriction
to Z̃ of the tautological 1-form onT ∗(M), and callψ theLiouville formof the variational
problem. We letΨ be the 2-form dψ and we consider oñZ the Cartan systemC(Ψ) together
with the independence conditionω.

Definition B.3. We say that(I, ω, L) is aregular variational problemif the Cartan system
(C(Ψ), ω) is reducible. The reduced spaceY ⊂ Z̃ of (C(Ψ), ω) is called themomentum
spaceof the variational problem. The restriction of the Cartan system(C(Ψ), ω) to Y is
called theEuler–Lagrange systemof the variational problem, and denoted(E, ω).

The importance of the Euler–Lagrange system comes from the following theorem (cf.
[3,12]).

Theorem B.4. Let Γ : (a, b) → Y be an integral curve of the Euler–Lagrange system.
Thenγ = πM ◦ Γ : (a, b) → M is a critical point of the action functionalL, where
πM : Y → M denotes the restriction to Y of the projectionT ∗(M)→ M.

This theorem allows us to find critical points of the variational problem from the integral
curves the Euler–Lagrange system. However, not all the extremals arise this way for a
general variational problem. It is known that if all the derived systems ofZ have constant
rank, then all the extremals are projections of the integral curves of the Euler–Lagrange
system[3]. Other results in this direction have been proved by Hsu[16].

Definition B.5. A variational problem(I, ω, L) is said to benon-degenerateif the Cartan
system(C(Ψ), ω) is regular, in the sense ofDefinition A.6.
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SYMMETRIES AND MODULI SPACES OF THE SELF-DUAL
YANG-MILLS EQUATIONS

JAMES D.E. GRANT

Abstract. We review the construction of infinite-dimensional symmetry algebras of the

self-dual Yang-Mills equations on R4 and the ADHM description of the moduli space of

instantons on S4. We report on recent work describing the action of the corresponding

symmetry (pseudo)-group on the instanton moduli spaces.

1. Introduction

In Hamiltonian mechanics, one has a well defined notion of an integrable system. Such a

system is defined by a 2n-dimensional symplectic manifold (X,ω) with the dynamics being

determined by a function H : X → R. The system is completely integrable in the sense of

Liouville if there exist n functions preserved by the flow generated by the Hamiltonian that

have vanishing Poisson brackets with one another and that are functionally independent on

X, perhaps minus a set of measure zero, S. From a more global perspective, this implies that

there is an action of an n-dimensional Abelian Lie group on X \ S that, in the case that this

group is compact, corresponds to a Hamiltonian torus action. Thus the space X \S is foliated

by n-dimensional tori.

When one considers systems of partial differential equations, it is more difficult to define a

suitable notion of integrability. One approach has been to study systems that admit infinite-

dimensional symmetry algebras. In order to make contact with the finite-dimensional theory,

however, one would like to know whether there is a corresponding group action on the space

of solutions of the system and, if so, what the corresponding orbit structure is. As an example

for particular types of harmonic maps, the action of the corresponding symmetry group (the

dressing action) on the space of solutions is well understood (see [Gu] and references therein).
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173.



2 JAMES D.E. GRANT

A set of equations that is of particular interest from the point of view of integrable systems

theory is the self-dual Yang-Mills equations, which is a system of partial differential equations

defined on an arbitrary oriented four-manifold, X. If the four-manifold is self-dual then the

self-dual Yang-Mills equations are generally considered to be integrable in the sense that

there is a twistor-theoretic method of constructing solutions which is analogous to the inverse-

scattering methods ubiquitous in standard integrable systems theory [AHS, WW, MW]. Most

known integrable systems can be derived as symmetry reductions of the self-dual Yang-Mills

equations on a self-dual manifold for particular choices of gauge group and manifold X [MW].

It is therefore important to know whether there is a corresponding group action on the space of

solutions to the self-dual Yang-Mills equations corresponding to the above symmetry algebra

and, if so, what the orbits of this group action are.

The purpose of this article is twofold. Firstly to review the relevant literature and results

on the various aspects of the self-dual Yang-Mills equations that this problem entails, and

secondly to briefly present some preliminary results on the action of non-local symmetries

on instanton moduli spaces (for full details see [Gr1]). The problem of understanding the

orbit structure lies at the interface between local considerations (i.e. symmetry algebras of

differential equations) and global ones (moduli spaces of instanton solutions). One of our

aims at this point is give a unified notation appropriate to both points of view. For simplicity

we restrict ourselves to the self-dual Yang-Mills equations on R4 and take the gauge group

to be SU(2). In this case one can construct explicitly an infinite-dimensional algebra of non-

local symmetries of the self-dual Yang-Mills equations [Ch, D]. Since for standard integrable

systems (e.g. the KdV equation) it is necessary to restrict oneself to a suitable class of

solutions in order for inverse-scattering methods to work (e.g. periodic solutions or solutions

with rapid asymptotic fall-off), we restrict ourselves to instanton solutions of the self-dual

Yang-Mills equations on R4 (i.e. solutions with curvature that is L2). By conformal invariance

and a theorem of Uhlenbeck [U], this means we may equivalently consider the instanton

problem on S4. In this case we have a full description of the moduli space of solutions of the

self-dual Yang-Mills equations given by the ADHM construction [ADHM, At1]. Our main

result (see Section 4) is that the tangent space to each instanton moduli space is generated by

non-local symmetries of the form given in [Ch, D]. As such, since the instanton moduli spaces

are connected [Do], the corresponding symmetry pseudo-group acts transitively on them.
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We end by discussing some further lines of research that we are pursuing.

2. The self-dual Yang-Mills equations

Let (X,g) be a connected, oriented, Riemannian four-manifold. Since X is oriented, we

have a volume form ν ∈ Ω4(X), and thus we may define a Hodge ∗ operation

∗ : Ωp(X) → Ω4−p(X), p = 0, . . . , 4,

by the relation

α ∧ ∗β = 〈α,β〉ν, ∀α,β ∈ Ωp(X).

When restricted to Ω2(X) on a Riemannian four-manifold, the map ∗ has two important

properties:

• It is conformally invariant;

•
(
∗|Ω2(X)

)2
= Id|Ω2(X). We therefore have a direct sum decomposition

Ω2(X) = Ω2+(X)⊕ Ω2−(X) (∗)

of the space of two-forms into self-dual and anti-self-dual two-forms.

Let π : E → X be a vector bundle over X with structure group G. A connection on E may

be represented by a g-valued one-form A ∈ Ω1(X, g), with curvature FA ∈ Ω2(X, g). Using

the decomposition of Ω2(X) we may therefore write

FA = F+
A + F−A,

where F±A ∈ Ω2±(X, g) are the self-dual and anti-self-dual parts of the curvature.

Definition 2.1. A connection on a vector bundle π : E → X is a solution of the self-dual

Yang-Mills equations if its curvature obeys the condition

∗FA = FA.

(Equivalently F−A = 0.)

If we take E to be TX, the tangent bundle of X, with the Levi-Civita connection then

the curvature of the connection is the Riemann tensor, R. Viewing this as an element of



4 JAMES D.E. GRANT

S2
(
Ω2(X)

)
we may decompose it in block diagonal form relative to the decomposition (*) to

yield

R =

W+ + s
12 Ric0

Ric0 W− + s
12


where W± denote the self-dual and anti-self-dual parts of the Weyl tensor, Ric0 denotes the

trace-free part of the Ricci tensor, and s denotes the scalar curvature of the metric g.

Definition 2.2. A Riemannian manifold (X,g) is self-dual if the anti-self-dual part of the

Weyl tensor vanishes:

W− = 0.

From now on we fix X to be S4 with its standard (self-dual) conformal structure. For

simplicity we take G = SU(2) ∼= Sp(1), although it is straightforward to generalise our results

to other groups.

2.1. Instanton numbers and index theorem results.

Lemma 2.3. [BPST, AHS] Let π : E → S4 be a rank-2 Hermitian complex vector bundle

associated to a principal SU(2) bundle P → S4. Such bundles are characterised by the second

Chern class

c2(E) := − 1
8π2

∫
X
‖FA‖2 dvolX ,

where A is any connection on E and FA ∈ Ω2(S4,End(E)) is its curvature. If
∫
X ‖FA‖2 dvolX <

∞, then p2(E) = −k where k is an integer, referred to as the instanton number. If the con-

nection A is a self-dual, then k ≥ 0, with equality if and only if the connection is flat.

There is a natural action of the group of gauge transformations (i.e. maps S4 → SU(2))

on the space of connections. We therefore define the moduli space of k-instanton solutions:

Mk :=
{(E,A) : FA = ∗FA, c2(E) = −k}

Gauge transformations
.

Theorem 2.4. [AHS] Mk is a manifold (possibly with singularities corresponding to reducible

connections) of dimension 8k − 3.
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2.2. The ADHM construction. The ADHM construction [ADHM, At1] allows us to con-

struct the (8k − 3)-parameter family of solutions of the self-dual Yang-Mills equations on S4

using quaternionic linear algebra. Viewing S4 as HP 1 then a point p ∈ S4 corresponds to

a quaternionic line Σ ⊂ H2. Choosing a complex structure on H2, we can identify it with

C4, with Σ corresponding to a complex surface. Since, as a subspace of H2, Σ is invariant

under right multiplication by the unit quaternion j, this implies that as a subspace of C4 it

is invariant under the corresponding anti-linear anti-involution

σ : C4 → C4 : (z1, z2, z3, z4) 7→ (−z2, z1,−z4, z3).

Under the natural projection C4 → CP 3 the surface Σ projects to a rational curve which we

denote by σ(p) ∼= CP 1 ⊂ CP 3. Curves that arise in this way are called real lines in CP 3.

The involution on CP 3 induced by σ leaves the real lines invariant, and acts as the anti-podal

map on each real CP 1.

Theorem 2.5. [Wa] There is a bijective correspondence between a). Solutions of the self-dual

Yang-Mills equations on S4 and b). holomorphic vector bundles on CP 3 that are (holomor-

phically) trivial when restricted to each real line. We refer to this correspondence as the Ward

correspondence.

Remark. The holomorphic bundle over CP 3 will carry additional structures depending on the

particular group G that we are considering. For the case G = SU(2), we require that the

determinant bundle detE is trivial and that E admits a positive real form.

The ADHM construction uses methods from algebraic geometry to construct holomorphic

vector bundles on CP 3 and therefore, via the Ward correspondence, self-dual Yang-Mills

connections on S4. For each z = (z1, z2, z3, z4) ∈ C4, we define a linear map

A(z) : W → V,

where W,V are complex vector spaces of dimension k, 2k+2 respectively, which is of the form

A(z) =
4∑

i=1

ziAi.
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The space W is assumed to admit an anti-linear involution σW : W → W . The space

V is assumed to have a non-degenerate, skew-symmetric form (·, ·) and an anti-linear anti-

involution σV : V → V that is compatible with the form in the sense that

(σV u, σV v) = (u, v), ∀u, v ∈ V.

We then require that the map A(z) satisfies the compatibility condition that

σV (A(z)w) = A(σ(z))σW (w), ∀w ∈W (2.1)

and impose the following conditions:

• For all z ∈ C4, the space Uz := A(z)(W ) ⊂ V is of dimension k;

• For all z ∈ C4, Uz is isotropic with respect to (·, ·) i.e. Uz ⊆ U⊥z , where ⊥ denotes the

complement with respect to the form (·, ·).
If we then define the quotient Ez := U⊥z /Uz, then the dimension and isotropy constraints

on Uz imply that the collection of Ez defines a holomorphic, rank-2 complex vector bundle

E → CP 3 with structure group SL(2,C). The reality condition (2.1) then imply that the

bundle is trivial on restriction to any real line and that the structure group reduces from

SL(2,C) to SU(2).

The power of the ADHM construction is that all k-instanton solutions of the self-dual

Yang-Mills equations arise in this fashion.

2.3. Patching matrix description. Given a finite point x := (x1, x2, x3, x4) ∈ R4 ⊂ S4,

then we may view

x := x1 + ix2 + jx3 + kx4 = u+ jv ∈ H

as an affine coordinate on R4 ∼= H ⊂ HP 1, where

u := x1 + ix2, v := x3 − ix4.

As mentioned above, the point x therefore defines a quaternionic line Σ(x) ⊂ H2 and thence

a real line σ(x) ∼= CP 1 ⊂ CP 3 which takes the form

σ(x) =
{

[z1, z2, z1 u− z2 v, z1 v + z2 u] : (z1, z2) ∈ C2 \ {(0, 0)}
}
.
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On a fixed real line σ(x), x ∈ R4, we introduce the affine coordinate z = z2/z1 ∈ CP 1. The

image of point ∞ ∈ S4 is the real line

l∞ :=
{
[0, 0, z3, z4] : (z3, z4) ∈ C2 \ {(0, 0)}} .

Given an instanton solution on S4, we may consider the restriction of the solution to

R4 ⊂ S4. (Uhlenbeck’s theorem [U] implies that there is no loss of information in doing so.)

We may therefore consider the corresponding restriction of the bundle E|CP 3\l∞ which, for

convenience, we denote by E → CP 3 \ l∞. We may split the region CP 3 \ l∞ into coordinate

regions

S0 :=
{
((u, v), z) ∈ C2 × CP 1 : z 6= ∞} = C2 × U0,

S∞ :=
{
((u, v), z) ∈ C2 × CP 1 : z 6= 0

}
= C2 × U∞,

where

U0 :=
{
[z1, z2] ∈ CP 1 : z1 6= 0

}
, U∞ :=

{
[z1, z2] ∈ CP 1 : z2 6= 0

}
.

Since S0,S∞ ∼= C3, a result of Grauert (see e.g. [OSS]) implies that the bundle E restricted

to either of these regions is trivial. Therefore the bundle E is characterised by the transition

functions G : S0 ∩ S∞ → SL(2,C).

We may construct the map G directly from the ADHM data. With respect to bases on

V,W , A(z) can be viewed as a (2k + 2) × k matrix with complex coefficients. The columns

of A(z) then define a set of k vectors v1(z), . . . , vk(z) ∈ C2k+2 that span the space Uz. These

vectors obey the reality condition

σV (vi(z)) = vi(σ(z)), i = 1, . . . , k.

Since Uz is isotropic with respect to the symplectic form (·, ·), we deduce that

(vi(z), vj(z)) = 0.

We now restrict to a real line σ(x) = {x} × (U0 ∪ U∞) ⊂ CP 3 \ l∞. On the subset {x} × U0

the annihilator U⊥z is spanned by {vi(z)} along with two vectors {eA(z) : A = 1, 2} that span

U⊥z /Uz. We therefore have

(vi(z), eA(z)) = 0,
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and may, without loss of generality, assume that

(e1(z), e2(z)) = − (e2(z), e1(z)) = 1. (2.2)

We may also define a basis {fA(z) : A = 1, 2} for U⊥z /Uz on the region {x} × U∞ by the

relations

f1(z) := −σV (e2 (σ(z))) , f2(z) := σV (e1 (σ(z))) .

This basis has the property that

(f1(z), f2(z)) = 1, (vi(z), fA(z)) = 0.

Given that {eA(z)} and {fA(z)} are both bases for U⊥z /Uz for z ∈ U0 ∩ U∞, there exist

functions GA
B(z), λA

i(z) with the property that

fA(z) = GA
B(z)eB(z) + λA

i(z)vi(z). (2.3)

The matrix G is then the transition function of our bundle E. The definition of the vectors

{fA} in terms of the {eA} implies that

G∗ = G,

detG = 1,

where G∗(z) := tG(σ(z)).

Finally note that since the bundle E is holomorphic over CP 3 \ l∞ the transition functions

are holomorphic with respect to the natural complex structure on CP 3 restricted to CP 3 \ l∞.

In terms of the coordinates introduced above this implies that

G = G (u− zv, v + zu, z) .

3. Symmetries of the self-dual Yang-Mills equations

In terms of the complex coordinates u, v introduced on C2 ∼= R4 above, the standard flat

metric on R4 takes the form

g =
1
2

(du⊗ du+ du⊗ du+ dv ⊗ dv + dv ⊗ dv) .

The corresponding volume form is then

ε = dt ∧ dx ∧ dy ∧ dz =
1
4
du ∧ du ∧ dv ∧ dv.
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In terms of these coordinates, the self-dual Yang-Mills equations for a connection, A, cor-

respond to the following conditions on the components of the curvature tensor, FA, of the

connection:

Fuv = 0; (3.1a)

Fuu + Fvv = 0; (3.1b)

Fuv = 0. (3.1c)

Introducing the vector fields

X(z) := ∂v + z∂u, Y(z) := ∂u − z∂v,

which depend on an arbitrary parameter z ∈ C ∪ ∞ = CP 1, then the self-dual Yang-Mills

equations (3.1) are equivalent to the condition that

FA (X(z),Y(z)) = 0, ∀z ∈ CP 1.

3.1. Non-local symmetries of the self-dual Yang-Mills equations. An important prop-

erty of the self-dual Yang-Mills equations is that they are the compability condition for the

following overdetermined equations [Ch, BZ, T, Cr]

(∂v + z∂u)ψ(x, z) = − (Av + zAu)ψ(x, z), (3.2a)

(∂u − z∂v)ψ(x, z) = − (Au − zAv)ψ(x, z), (3.2b)

for a map ψ : R4 × U → SL(2,C), where U ⊂ CP 1 is a suitable domain. In particular we

may find a solution ψ0 : R4 × U0 → SL(2,C) that is analytic in z for z 6= ∞. Given such a

solution we may then construct a solution ψ∞(x, z) : R4 × U∞ → SL(2,C) that is analytic in

z for z 6= 0 by taking

ψ∞(x, z) =
(
ψ0(x, σ(z))−1

)†
,

where

σ(z) := −1
z
.

Note that σ may be viewed as the anti-podal map on CP 1 viewed in terms of affine coordinates.
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Equations (3.2) for ψ0 and ψ∞ imply that we may write the components of the connection

in the form

Au = − (∂uψ∞(∞))ψ∞(∞)−1, Av = − (∂vψ∞(∞))ψ∞(∞)−1, (3.3)

Au = − (∂uψ0(0))ψ0(0)−1, Av = − (∂vψ0(0))ψ0(0)−1. (3.4)

If we define J := ψ∞(∞)−1·ψ0(0) then the remaining part of the self-dual Yang-Mills equations

imply that J obeys the Yang-Pohlmeyer equation

∂u

(
JuJ

−1
)

+ ∂v

(
JvJ

−1
)

= 0. (3.5)

It is known that the only local symmetries of the self-dual Yang-Mills equations on flat R4

are gauge transformations and those generated by the action of the conformal group. On the

other hand, there exists a non-trivial family of non-local symmetries of the self-dual Yang-

Mills equations [Ch, D]. Let J(t) denote a 1-parameter family of solutions of (3.5) that is

assumed to depend smoothly on the parameter t ∈ I, where I is a open subinterval of the

real line that contains the origin. Taking the derivative of (3.5) with respect to t we find that

we require

∂u

(
J∂u

(
J−1∂J

∂t

)
J−1

)
+ ∂v

(
J∂v

(
J−1∂J

∂t

)
J−1

)
= 0. (3.6)

The construction of [Ch, D] proceeds as follows. Let χ(z) be a solution of the system[(
∂v − JvJ

−1
)

+ z∂u

]
χ(x, z) = 0,[(

∂u − JuJ
−1
)− z∂v

]
χ(x, z) = 0.

If we then define
∂J

∂t
= χ(x, z)T (x, z)χ(x, z)−1 · J, (3.7)

where the function T obeys the relations

(∂v + z∂u)T = (∂u − z∂v)T = 0, (3.8)

then ∂J/∂t is a solution of the linearisation (3.6). Without loss of generality, we may take

χ(x, z) = ψ∞(∞)−1 · ψ∞(z),

which is analytic for z 6= 0, and has the property that χ(x,∞) = Id. If we expand the

right-hand-side of (3.7) as a Laurent series in z then the coefficients in the expansion define a

(generally infinite) family of solutions of the linearisation equations for J . Moving from one
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coefficient in this expansion to the next defines a map between solutions of the linearisation

equations which, in integrable systems terminology, defines the recursion operator of the

self-dual Yang-Mills equations and its related integrable hierarchy [MW].

Such symmetries of the self-dual Yang-Mills equations with gauge group G = GL(n,C) have

been studied within the Sato/Segal-Wilson approach to integrable systems by Takasaki [T],

and thus have the interpretation of an infinite-dimensional family of projective transforma-

tions on an infinite-dimensional Grassmannian. It is not clear, however, how to implement

this approach for G = SU(n), as the transformations generally do not preserve the unitarity

of field J . Takasaki’s approach has, however, been used to study dressing actions on harmonic

maps, where the reality conditions are more straightforward [AJS-A].

In order to maintain unitarity of J , we will consider the symmetry

∂J

∂t
= χ(x, z)T (x, z)χ(x, z)−1 · J + J · (χ(x, z)−1

)†
T (x, z)†χ(x, z)†

= ψ∞(∞)−1
[
ψ∞(z)T (x, z)ψ∞(z)−1 + ψ0(σ(z))T (x, z)†ψ0(σ(z))−1

]
ψ0(0), (3.9)

where T (x, z) obeys the condition (3.8).

If we now consider the symmetry (3.9) with T (x, z) a constant element of g⊗ C, then the

algebra of such symmetries is isomorphic to the Kac-Moody algebra of g ⊗ C. The natural

question is whether there is a corresponding group action on the space of solutions. A partial

solution to this problem was given by Crane [Cr], who showed that taking T to be constant,

one could define an action of the (analytic) loop group of GC (i.e. the group of analytic maps

from S1 to GC) on the space of solutions of the self-dual Yang-Mills equations. As Crane

showed by example, however, this action does not preserve the instanton condition that the

curvature of the connection be L2. More generally, for a holomorphic bundle on CP 3 \ l∞
defined by the patching matrix G(u− zv, v + zu, z), a general T (u− zv, v + zu, z) generates

a transformation of the form

G(u− zv, v + zu, z) 7→ g(u− zv, v + zu, z) ·G(u− zv, v + zu, z) · g∗(u− zv, v + zu, z),

where

g∗(u− zv, v + zu, z) := g

(
u+

v

z
, v − u

z
,−1

z

)†
.

The function g is an arbitrary holomorphic functions of its arguments. If g is analytic for

z 6= ∞, this transformation is simply a holomorphic change of basis on the bundle over CP 3,
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and leaves the self-dual Yang-Mills field unchanged. However, if g has poles at finite values

of z, it will have a non-trivial effect on the connection and generates a distinct solution of

the self-dual Yang-Mills equations. This action has been given a cohomological description

by Park (see [Pa] and references therein), which has been further investigated by Popov and

Ivanova (see [Po, Iv] and references therein).

4. One-parameter families of ADHM data

We now consider a one-parameter family of ADHM data A(t, z) : W → V , where t ∈ I is

a parameter with values in an open subset I ⊆ R that contains the origin. We assume that

A(t, z) is a smooth, continuous function of t. Such a one-parameter family of data defines a

one-parameter family of holomorphic vector bundles E(t) → CP 3 and hence a one-parameter

family of instanton solutions of the self-dual Yang-Mills equations on S4. We now wish to

investigate how the elements of the explicit constructions of the previous sections depend on

A(t, z).

The image A(t, z) (W ) is now spanned by the vectors {vi(t, z)}. On a fixed real line the

vector space U⊥z /Uz is spanned by {eA(t, z)} for each z ∈ U0, which we assume are normalised

such that (2.2) is satisfied for each t ∈ I. Constructing the vectors {fA(t, z)}, we then define

the patching matrix G(t, z) and the functions λA
i(t, z) as in equation (2.3).

A short calculation (see [Gr1]) implies that the t-derivative of the patching matrix obeys

the relation
∂

∂t
G(t, z) = d(t, z)G(t, z) +G(t, z)d(t, z)∗, (4.1)

where d(t, z) is a matrix with components

dA
B(t, z) =

2∑
C=1

εBC

(
∂

∂t
fA(t, z), fC(t, z)−

k∑
i=1

λC
i(t, z)vi(t, z)

)
,

where εBC = −εCB and ε12 = 1 are the components of the volume form on the bundle and

we have defined d∗(t, z) = d(t, σ(z))†.

At the formal level, it follows from equation (4.1) that

G(t, z) = α(t, z)G(0, z) (α(t, z))∗ , (4.2)

where α(t, z) satisfies the first order ordinary differential equation

α̇(t, z) = d(t, z)α(t, z), α(0 : z) = Id.
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The form of G(t, z) given in equation (4.2) is then precisely of the form given in [Cr]. More

precisely, the differential equation (4.1) satisfied by G(t, z) is a flow generated by symmetries

of the form (3.9). Therefore given any smooth path in γ : I → Mk, where I is an open

sub-interval of R, then the tangent vector to γ at any point is the fundamental vector field

corresponding to a symmetry of the form given in [Ch, D].

At the global level the transformations generated by (3.9) are generally only locally defined

and therefore form a pseudo-group (or groupoid) rather than a Lie group. Since the moduli

spaces Mk are connected [Do], the above calculations imply that this pseudo-group acts tran-

sitively on each Mk. Since the moduli spaces are finite-dimensional, the tangent space at each

point will be generated by a finite-dimensional sub-algebra of the algebra of symmetries (3.9)

at each point. An implicit description of this sub-algebra may be derived from the ADHM

data via equation (4.1). Whether this finite-dimensional sub-algebra gives rise to a transitive

action of a finite-dimensional group on each moduli space Mk, and whether the transitive

action of a pseudo-group on the Mk leads to any information concerning the global structure

of the moduli spaces is currently under investigation.

5. Open problems

Outside of clarifying some of the technical issues surrounding our results, we mention some

natural ways in which the current work could be extended. A reformulation of the ADHM

construction due to Atiyah [At2] and Donaldson [Do] shows that there is a 1−1 correspondence

between (framed) instantons solutions of instanton number k and based holomorphic maps

f : CP 1 → ΩG of degree k. Given that such maps are in many ways analogous to harmonic

maps from CP 1 → CPN , it seems likely that the dressing action on instanton moduli spaces

may be most clearly understood within this formalism.

Although the generalisation from G = SU(2) to arbitrary G is essentially trivial, a natural

question is whether the results we have found hold for other four-manifolds. In the case where

the base manifold is CP 2 with G = SU(2) we can analyse the one-instanton moduli space,

M1(CP 2). This moduli space is isomorphic to a cone on CP 2, with the vertex of the cone

corresponding to the unique, homogeneous, reducible SU(2) connection on the bundle L⊕L−1.

Preliminary investigations [Gr2] indicate that in this case the corresponding symmetry group

action has two, distinct orbits, the first consisting of the irreducible connections and the second
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consisting of the reducible connection which is a fixed point of the group action. Given that

on a general four-manifold the space of reducible connections is central to Donaldson’s theory

of four-manifolds [DK], this might suggest an interesting correspondence between topological

field theory and group actions in integrable systems.
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I. INTRODUCTION

A dispersionless limit of partial differential equations �PDEs� is taken by rescaling the inde-
pendent variables Xa→Xa /� and taking the limit �→0. This is a delicate procedure, as the limit
of the solutions of a given PDE does not usually correspond to solutions of the limiting disper-
sionless equation. Moreover, inequivalent PDEs may have the same dispersionless limit, so the
problem

• Recover the original PDE from its dispersionless limit

is, of course, ill posed. Some progress can nevertheless be made if the dispersionless equation is
integrable, and one insists that its dispersive analog is also integrable. In the next section, we shall
explain how dispersionless limits of solitonic PDEs are equivalent to the Wentzel-Kramers-
Brillouin �WKB� quasiclassical approximation of the associated linear problems. This suggests
that the reconstruction of the dispersive solitonic system should involve a quantization of some
kind.

Such a quantization procedure has been developed in the seminal work of Kupershmidt.15 This
procedure is based on the Moyal product and works well if the Lie algebra underlying the disper-
sionless linear problem is the algebra sdiff��2� of divergence-free vector fields on a two-surface
�2. This is the case for the dispersionless Kadomtsev-Petviashvili �dKP� and SU��� Toda equa-
tions in 2+1 dimensions. Similar progress can also be made in higher dimensions and, indeed, one
of us has constructed integrable deformations of Plebanski’s first heavenly equation29 by replacing
the underlying Poisson bracket with the Moyal bracket.

The idea of deforming integrable systems while retaining the integrability of the resulting
equation has now been studied from a number of different points of view:

• Takasaki studied properties of the deformed heavenly equations and described how solutions
may be described in terms of a Riemann-Hilbert splitting in a Moyal algebra valued loop
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c�Electronic mail: i.strachan@maths.gla.ac.uk

JOURNAL OF MATHEMATICAL PHYSICS 48, 093502 �2007�

48, 093502-10022-2488/2007/48�9�/093502/11/$23.00 © 2007 American Institute of Physics

Downloaded 27 Nov 2008 to 131.130.16.167. Redistribution subject to AIP license or copyright; see http://jmp.aip.org/jmp/copyright.jsp



group.33 Extensions of this led to Moyal-KP hierarchies34 and deformations of the self-dual
Yang-Mills equations.32 The deformed Riemann-Hilbert procedure was recently fully devel-
oped by Formanski and Przanowski.9,10

• Nekrasov and Schwarz introduced instantons on noncommutative space-time.22 This led to
the development of noncommutative soliton equations. These may be viewed as a deforma-
tion of the standard, commutative, soliton equations. Many of these may be studied as
reductions of the noncommutative self-dual Yang-Mills equations.12,16

• Associated with any Frobenius manifold is a hierarchy of integrable equations of hydrody-
namic type. Integrable deformations of these equations arise naturally when one studies the
genus expansion in the corresponding topological quantum field theories.3

In the present paper, deformations of multidimensional integrable systems are based on the
algebra1 Diff���, the Lie algebra of vector fields on �, where ��S1 or R. It turns out, however,
that this algebra admits no nontrivial deformations.17 However, an alternative method of deform-
ing these integrable systems may be developed. This method is based on the approach of Ovsienko
and Rogers24 where a homomorphism from Diff��� to the Poisson algebra on T*� can be used to
construct nontrivial deformations. We shall use this idea to construct integrable deformations of
various equations associated with the algebra Diff���.

It should be pointed out that the original, undeformed, equations have a natural interpretation
in terms of the twistor theory, via the nonlinear graviton construction and its variants. It would
seem desirable to develop a “deformed” version of the twistor theory that would encode solutions
of the deformed equations as some sort of deformed holomorphic conditions. This idea was what
was behind the paper,31 but the problem remains open �though see Ref. 20 for some ideas on how
Nijenhuis structures may be deformed�.

II. DISPERSIONLESS LIMIT IN 2+1 DIMENSIONS

Certain dispersionless integrable systems can arise from solitonic systems in a following way.
Let

A� �

�X
� =

�n

�Xn + a1�Xa�
�n−1

�Xn−1 + ¯ + an�Xa� ,

B� �

�X
� =

�m

�Xm + b1�Xa�
�m−1

�Xm−1 + ¯ + bm�Xa�

be differential operators on R with coefficients depending on local coordinates Xa= �X ,Y ,T� on
R3. The overdetermined linear system,

�Y = A� �

�X
��, �T = B� �

�X
�� ,

admits a solution ��X ,Y ,T� on a neighborhood of initial point �X ,Y0 ,T0� for arbitrary initial data
��X ,Y0 ,T0�= f�X� if and only if the integrability conditions �YT=�TY or

AT − BY + �A,B� = 0 �2.1�

are satisfied. Nonlinear system �2.1� for a1 , . . . ,an ,b1 , . . . ,bm can be solved by the inverse scat-
tering transform �IST�. Integrable systems which admit a Lax representation �Eq. �2.1�� will be
referred to as solitonic or dispersive.

The dispersionless limit37 is obtained by substituting

1In the remainder of this paper, the superscript, denoting the dimension of the manifold, will be dropped.
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�

�Xa = �
�

�xa , ��Xa� = exp���xa/���

and taking the limit �→0. In the limit, the commutators of differential operators are replaced by
the Poisson brackets of their symbols according to the relation

�k

�Xk� → ��x�k�, �A,B� → �A

��

�B

�x
−

�A

�x

�B

��
= �A,B	, � = �x,

where A ,B are polynomials in �, with coefficients depending on xa= �x ,y , t�. The dispersionless
limit of system �2.1� is

At − By + �A,B	 = 0. �2.2�

Nonlinear differential equations of the form of Eq. �2.2� are called dispersionless integrable sys-
tems. One motivation for studying dispersionless integrable systems is their role in constructing
partition functions in topological field theories.14

A natural approach to solving Eq. �2.2� would be an attempt to take a quasiclassical limit of
the IST which linearizes Eq. �2.1�. This does not yield the expected result, as the quasiclassical
limit of the Lax representation for Eq. �2.1� is the system of Hamilton-Jacobi equations

�y = A��x,x
a�, �t = B��x,x

a� ,

with “two times” t and y, and the initial value problem for Eq. �2.2� would require a reconstruction
of a potential from the asymptotic form of the Hamiltonians. This classical inverse scattering
problem is so far open.

There are alternative methods of solving Eq. �2.2�.13,8,35,6 In particular, the minitwistor ap-
proach of Ref. 6 works as follows. System �2.2� is equivalent to the integrability �L ,M�=0 of a
two-dimensional distribution of vector fields

L = �t − B��x + Bx��, M = �y − A��x + Ax��, �2.3�

on R3�RP1. Assume that L ,M are real analytic and complexify R3 to C3. The minitwistor space
Z is the two complex dimensional quotient manifold

Z = C3 � CP1/�L,M�, � � CP1, xa � C3.

That is to say that the local coordinates on Z lift to functions on C3�CP1 constant along L ,M.
The minitwistor space is equipped with a three parameter family of certain rational curves. All

solutions to Eq. �2.2� can in principle be reconstructed from a complex structure of the minitwistor
space.

In fact, the twistor approach outlined above is capable of solving a wider class of equations.
We shall therefore generalize the notion of the dispersionless integrable systems by allowing
distributions of vector fields more general than Eq. �2.3�. The derivatives A� ,Ax ,B� ,Bx of the
symbols �A ,B� of operators can be replaced by independent polynomials A1 ,A2 ,B1 ,B2 in � with
coefficients depending on �x ,y , t�,

L = �t − B1�x + B2��, M = �y − A1�x + A2��. �2.4�

If A1 ,B1 are linear in � and A2 ,B2 are at most cubic in �, then the rational curves in Z have normal
bundle O�2� �the line bundle over CP1 with transition functions �−2 from the set ��� to ��0,
i.e., Chern class 2� and the three-dimensional moduli space of such curves in Z can be param-
etrized by �x ,y , t�. Allowing polynomials of higher degrees would lead to hierarchies of disper-
sionless equations. We take the integrability of this generalized distribution �Eq. �2.4�� as our
definition of the dispersionless integrable system. The definition is intrinsic in a sense that it does
not refer to an underlying dispersive equation.
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III. Diff„S1
… DISPERSIONLESS INTEGRABLE SYSTEMS

In this section, two integrable systems associated with the gauge group Diff�S1� will be given.
The first has been extensively studied in Refs. 26, 8, 4, 19, 7, 18, and 25 so only a new gauge-
theoretic description will be given—the reader is referred to these earlier papers for more details.
The second system, which arises from a Nahm-type system, is new and this system is discussed in
more detail.

A. A „2+1… dimensional dispersionless integrable system

An example of a dispersionless system which is integrable in the sense of the outlined twistor
correspondence is given by the following distribution:

L = �t − w�x − ��y, M = �y + u�x − ��x. �3.1�

A linear combination of this distribution leads to a special case of Eq. �2.4� with A2=B2=0. Its
integrability leads to the pair of quasilinear PDEs,

ut + wy + uwx − wux = 0, uy + wx = 0, �3.2�

for two real functions u=u�x ,y , t�, w=w�x ,y , t�. This system of equations has recently been
studied in Refs. 26, 8, 4, 19, 7, 18, and 25 in connection with the Einstein-Weyl geometry,
hydrodynamic chains, and symmetry reductions of anti-self-dual Yang-Mills equations. From the
twistor point of view, Eq. �3.2� is invariantly characterized4 by requiring that the minitwistor space
Z fibers holomorphically over CP1. The second equation can be used to introduce a potential H
such that u=Hx, w=−Hy. The first equation then gives

Hxt − Hyy + HyHxx − HxHxy = 0. �3.3�

System �3.2� arises as a symmetry reduction of the anti-self-dual Yang-Mills equations in
signature �2,2� with the infinite-dimensional gauge group Diff��� and two commuting transla-
tional symmetries exactly one of which is null.7 This combined with the embedding of
SU�1,1��Diff��� gives rise to explicit solutions to Eq. �3.2� in terms of solutions to the nonlinear
Schrödinger equation and the Korteweg–de Vries equation.7

The Lie algebra of the group of diffeomorphisms Diff���, where �=S1 or R, is isomorphic to
the infinite-dimensional Lie algebra of functions on � with the Wronskian,


f ,g� ª fgx − fxg , �3.4�

as the Lie bracket, where f ,g�C���� and x is a local coordinate on �. An alternative gauge-
theoretic interpretation can be given to Eq. �3.2�. Observe that the first equation in Eq. �3.2� can be
interpreted as the flatness of a gauge connection on R2, where the gauge group is Diff���. Indeed,
choose local coordinates �t ,y� on R2 and consider A��1�R2� � C���� of the general form

A = − wdt + udy ,

where u ,w :R2→C���� depend on �x ,y , t�.
The flatness of this connection yields

dA + A ∧ A = �ut + wy + 
u,w��dt ∧ dy = 0,

as claimed. Therefore, the connection is a pure gauge and can be written as A=g−1dg, where
g=g�x ,y , t��Map�R2 ,Diff���� and

w = − g−1gt, u = g−1gy .

The second equation in Eq. �3.2� yields the following system:
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�g−1gy�y − �g−1gt�x = 0, �3.5�

where g=exp�A� is a finite diffeomorphism of � and terms like g−1gt should be understood as

g−1gt = At − 
A,At� +
1

2

A,
A,At�� + ¯ .

B. A „3+1… dimensional dispersionless integrable system

In this section, we shall present another example of an integrable system associated with the
Lie algebra of Diff�S1�. We shall first write it as a Nahm system,

ėi =
1

2
�ijk�e j,ek�, i = 1,2,3, �3.6�

where ei are vector fields on an open set in R4 given by

ei =
�

�yi − Ni�x,yj�
�

�x
,

and �x ,yj� are local coordinates. Rewrite Eq. �3.6� as

�xNi + �ijk� jNk −
1

2
�ijk
Nj,Nk� = 0. �3.7�

We shall now discuss the origin and possible applications of Eq. �3.7�.

�1� Any solution to Eq. �3.7� defines a hyper-Hermitian conformal structure represented by the
metric

g = n2 + 	ijdyidyj , �3.8�

where

n = dx + Nidyi.

The three complex structures Ii, i=1,2 ,3 satisfying the algebra of quaternions,

IiI j = − 	ij1 + �ijkIk,

are given by

Ii�n� = dyi.

These formulas together with the algebraic relations satisfied by I j determine the complex
structures uniquelly, e.g.,

Ii�dyj� = − 	ij�n� + �ijkdyk.

One way to impose integrability of the complex structures is to use the explicit form of the
complex structures on the basis �dy1 ,dy2 ,dy3 ,n� and demand that the space ��1,0� is closed
under exterior differentiation. We begin by defining a basis of self-dual two forms,

�i = n ∧ dyi +
1

2
�ijkdyj ∧ dyk.

The integrability of the complex structures is then equivalent to the anti-self-duality of the
two-form dn,

�i ∧ dn = 0. �3.9�
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This condition is equivalent to Eq. �3.7�.

A dual formulation leads to the Lax pair of vector fields, which is a special form of the
hyper-Hermitian Lax pair.5,11,2 To see it, set e4=�x and define complex vector fields

w = e1 − ie2, z = e3 − ie4.

System �3.7� is equivalent to the commutativity of the Lax pair,

�w − �z̄,z + �w̄� = 0, �3.10�

for all values of the parameter �.
�2� System �3.7� arises as a symmetry reduction of the anti-self-dual Yang-Mills equations on R4

with the infinite-dimensional gauge group Diff�S1� and one translational symmetry. In fact,
any such symmetry reduction is gauge equivalent to �3.7�. To see it, consider the flat metric
on R4, which in double null coordinates w=y1+ iy2, z=y3+ iy4 takes the form

ds2 = dzdz̄ + dwdw̄ ,

and choose the volume element dw∧dw̄∧dz∧dz̄. Let A�T*R4 � g be a connection one-form
and let F be its curvature two form. Here, g is the Lie algebra of some �possibly infinite
dimensional� gauge group G. In a local trivialization, A=A
dy
 and F= �1/2�F
�dy
∧dy�,
where F
�= �D
 ,D�� takes its values in g. Here, D
=�
+A
 is the covariant derivative. The
connection is defined up to gauge transformations A→b−1Ab−b−1db, where
b�Map�R4 ,G�. The anti-self-dual Yang-Mills �ASDYM� equations on A
 are F=−�F or

Fwz = 0, Fww̄ + Fzz̄ = 0, Fw̄z̄ = 0.

These equations are equivalent to the commutativity of the Lax pair,

L = Dw − �Dz̄, M = Dz + �Dw̄, �3.11�

for every value of the parameter �.

We shall require that the connection possesses a symmetry which in our coordinates is given
by � /�y4. Choose a gauge such that the Higgs field A4 is a constant in g. Now choose
G=Diff�S1�, so that the components of the one-form A become vector fields on S1. We can
choose a local coordinate x on S1 such that A4=�x and Ai=−Ni�x, where Ni=Ni�x ,yj� are
smooth functions on R4. The Lax pair �Eq. �3.11�� is identical to �Eq. �3.10�� and the
ASDYM equations reduce to the first order PDEs �Eq. �3.7��.

�3� Example: An ansatz N�x ,yj�= f�x�A�yj�, where N= �N1 ,N2 ,N3�T, reduces Eq. �3.7� to a pair
of linear equations

ḟ = cf , cA + � ∧ A = 0,

where c is a constant. If c=0, then N may be absorbed into a redefinition of the coordinate
x in the metric �Eq. �3.8��. Therefore, we assume that c�0. We set c=1 by rescaling yj and
solve for f =exp�x�, reabsorbing another constant of integration into A. Now define a new
coordinate �=exp�−x�. Rescaling the metric �Eq. �3.8�� yields

ĝ = �dy2 + �−1�d� − A · dy�2. �3.12�

This metric is hyper-Hermitian if and only if the vector A�yj� satisfies the Beltrami equation

A + � ∧ A = 0. �3.13�

This is a slight improvement of the result of Ref. 36 where it is shown that Eq. �3.12� is ASD
if and only iff Eq. �3.13� holds.
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The Beltrami equation implies that A is divergence-free and satisfies �A+A=0, where
�=�2 is the scalar Laplacian on R3 acting on components of A. Existence of solutions of Eq.
�3.13�, at least in the analytic case, can be proved by an application of the Cartan-Kähler
theorem �c.f. Example 3.7 in Chap. III of Ref. 1�.

�4� System �3.7� can be put in the hydrodynamic form

�xN = M curl N ,

where

M = − � 1 N3 − N2

− N3 1 N1

N2 − N1 1


−1

.

A different analytic continuation of Eq. �3.7� can be obtained at the level of the hyper-Hermitian
geometry. This comes down to looking for conformal structures �Eq. �3.8�� of signature  ��.
To achieve this, we regard y1 ,y2 ,N1 ,N2 as imaginary and define

Y1 = iy1, Y2 = iy2, Y3 = y3, N1 = iN1, N2 = iN2, N3 = N3.

The desired system for Ni=Ni�Y j ,x� arises from Eq. �3.7�.
Clearly, there are many further properties of these dispersionless systems that may be studied.

We now turn our attention to the construction of nontrivial integrable deformations of Eqs. �3.2�
and �3.7�.

IV. DISPERSIVE DEFORMATIONS

Given a dispersionless integrable system, it is natural to ask whether it arises as a limit of
some dispersive �or solitonic� system. One would expect the reconstruction of a solitonic system
to involve a quantization of some kind because taking a dispersionless limit of Eq. �2.1� was
equivalent to a quasiclassical limit of the wave function ��Xa�. This is indeed the case, and the
paradigm example is provided by the connection between the Kadomtsev-Petviashvili �KP� equa-
tion and its dispersionless limit dKP. One can reconstruct KP from dKP by expressing the latter in
the form of Eq. �2.2� and replacing the Poisson brackets by the Moyal bracket.15,35,30,31,27 The
infinite series involved in a Moyal product truncates in this case because the symbols A and B are
polynomials in momentum �. The deformation parameter can then be set to 1 and can be removed
from the construction. It seems, however, that this beautiful example is rather exceptional and that
the reconstruction of dispersive systems �if at all possible� is in general nonunique and can lead to
systems which involve a formal power series.

Generalizing the definition of the dispersionless systems to non-Hamiltonian distributions
�L ,M� such as Eq. �3.1� makes things even worse, as the Poisson bracket is not present, and the
connection with known quantization procedures of a classical phase space has been lost. It could
be argued that Eq. �3.3� should be regarded as its own deformation as it admits a dual �classical
and quantum� description. It is a solitonic system �Eq. �2.1�� with

A = HX
�

�X
, B = HY

�

�X

or a dispersionless limit �Eq. �2.2�� with A=�Hx ,B=�Hy.
One attempt to find a dispersive analog of Eq. �3.2� would be to use the centrally extended

Virasoro algebra in place of diff���. Recall that such a procedure has been used to produce
dispersive systems from dispersionless systems in a different context. Namely,23 one can view the
periodic Monge equation ut=uux as the equation for affinely parametrized geodesics with respect
to the right-invariant metric on Diff�S1� constructed from the L2 inner product on the Lie algebra.
Going to the central extension, one finds that affinely parametrized geodesics on the Virasoro-Bott
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group correspond to solutions of the Korteweg de Vries �KdV� equation �for a recent review of
such constructions, see Ref. 21�. In the current situation, we view a general element of the
extended algebra as a pair

�f ,a� ª f�x�
d

dx
− iac ,

where a�R does not depend on x and c is a constant. Assuming that x is a periodic variable, the
modified commutation relation is

�f�x,g�x�c = 
f ,g��x +
ic

48�
� �fxxxg − fgxxx�dx ,

and we see that the central term is a function of �t ,y� only. Applying this procedure to Eq. �3.3�
with

H�x,y,t� = �
k

hk�y,t�Lk, �4.1�

where Lk are generators of the centrally extended Virasoro algebra satisfying

�Lk,Lm� = �k − m�Lk+m +
c

12
k�k2 − 1�	k,−m, �4.2�

would modify only one equation in the infinite chain of PDEs for the functions hk.
In the remaining part of this paper, we shall present a construction2 which leads to nontrivial

dispersive analogs of Eq. �3.2�, or its equivalent form Eq. �3.3�, and Eq. �3.7�.

A. Deforming Lie algebra homomorphisms

To find a nontrivial deformation, one would wish to deform the Lie algebra of vector fields on
�, but this algebra is known not to admit any nontrivial deformations.17

We shall choose a different route24 and deform the standard homomorphism between diff���
and the Poisson algebra on T*�, the point being that the homomorphisms between Lie algebras
can admit nontrivial deformations even if one of the algebras is rigid. A deformation of Eq. �3.3�
is achieved in two steps, each introducing a parameter. In the first step, we shall deform the
embedding of diff��� into the Lie algebra of volume-preserving vector fields on T*�. This intro-
duces the first parameter 
. The second step is a deformation quantization of the first one. The
Poisson algebra on T*� is the quasiclassical limit of the Lie algebra of pseudodifferential operators
on �, so �working at the level of symbols� one quantizes the deformed homomorphism by using
the deformed associative product of symbols of pseudodifferential operators rather than a point-
wise commutative product of functions. This introduces the second parameter �. In what follows,
we shall be interested in the polynomial deformations rather than the formal ones.

2An alternative approach which we have not explored would be to consider a quantum deformation of the Virasoro algebra
as in Ref. 28 and its free boson realization,

�Tm,Tn� = − �
l=1

�

f l�Tn−lTm+l − Tm−lTn+l� −
�1 − q��1 − t−1�

1 − s
�sn − s−m�	m+n,0, �4.3�

where s=qt−1 and coefficients f l are given by

f�z� = �
l=0

�

f lz
l = exp��

n=1

�

1

n

�1 − qn��1 − t−n�
1 + sn zn� .

The ordinary Virasoro algebra �Eq. �4.2�� is recovered as a→1. Applying Eq. �4.3� to Eq. �4.1� would lead to a q-deformed
analog of Eq. �3.3�
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The standard embedding � :vect���→C��T*�� is given by contracting a vector field
Xf = f�x��x with a canonical one-form � on T*�. In our case, T*�=R�� and the Lie algebras
C��S1� �with the Wronskian bracket� and vect�S1� �with the Lie bracket� are isomorphic so we can
regard � as defined on C����.

If � is a local coordinate on the fibers of T*� and �=�dx, the map � is explicitly given by

���f����,x� ª �f�x� .

It is a Lie algebra homomorphism as

���f�,��g�	 = ��
f ,g�� .

Given 
�R, define24

��
�f����,x� = ���f����,x + 
/�� = �f�x + 
/�� = �� f�x� + f��x�



�
+

1

2!
f��x��


�
�2

+ ¯ � .

Note that ��
�f� ,�
�g�	=�
�
f ,g��, so that �
 is also a Lie algebra homomorphism between
diff��� and sdiff�T*��.

The next step is motivated by the canonical quantization �→� /�x. For any functions
F ,G�C��T*�� which are also allowed to depend on a parameter 
, define the Kupershmidt-
Manin product

F�G = �
k=0

�
�k

k!

�kF

��k

�kG

�xk �4.4�

�this is equivalent, under an �-valued change of variable to the Moyal product� and set

�F,G	� =
1

�
�F�G − G�F� . �4.5�

The Poisson bracket is recovered in the limiting procedure

lim
�→0

�F,G	� = �F,G	 ,

but the deformed bracket is equal to the Poisson bracket for all � if F ,G are linear in �. This is
why the first deformation parameter 
 is needed.

We are now ready to propose the dispersive analog of the dispersionless equations Eqs. �3.3�
and �3.7�.

�1� Let Ĥ�� ,x ,y , t ;
 ,��=�
�H� take values in an algebra of formal power series in � with an
associative product defined by Eq. �4.4�. The deformed analog of Eq. �3.3� is

Ĥxt − Ĥyy − �Ĥx,Ĥy	� = 0. �4.6�

�2� Let Ni
ˆ �� ,xi ;
 ,��=�
�Ni� take values in an algebra of formal power series in � with an

associative product defined by Eq. �4.4�. The deformed analog of Eq. �3.7� is

�xN̂i + �ijk� jN̂k −
1

2
�ijk�N̂j,N̂k	� = 0. �4.7�

Given a solution Ĥ of Eq. �4.6� such that �
�
−������−1Ĥ�=0 and �−1Ĥ is smooth in �
 /��, we
can construct H�x ,y , t� satisfying Eq. �3.3� by taking any of the two limits 
→0, �→0, and
similar remarks hold for Eq. �4.7�. Conversely, formal power series �in the deformation param-
eters� solution may be constructed from a solution to the original, undeformed, equation in an
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analogous manner to the way developed in Ref. 29 The extent to which such formal series
converge in a suitable space of functions is as yet, however, unclear.

These deformed equations formally retain their integrability; the various manipulations hold at
the level of the Lax pair as well as at the level of the equations themselves. However, as remarked
in the Introduction, a direct twistor theory correspondence for these equations is lacking, though
one should be able to adopt the methods developed by Takasaki33 and Formanski-Przanowski9,10

to study the geometry of the corresponding Riemann-Hilbert problem �in some suitable Moyal
algebra valued loop group�.
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Abstract: We consider the action on instanton moduli spaces of the non-local symme-
tries of the self-dual Yang–Mills equations on R4 discovered by Chau and coauthors.
Beginning with the ADHM construction, we show that a sub-algebra of the symmetry
algebra generates the tangent space to the instanton moduli space at each point. We
explicitly find the subgroup of the symmetry group that preserves the one-instanton
moduli space. This action simply corresponds to a scaling of the moduli space.

1. Introduction

The self-dual Yang–Mills equations have been investigated from two rather distinct
points of view in the last few decades. The first direction is in the study of the topology
of four-manifolds, and the work of Donaldson (see, e.g., [13,14]). In this approach,
a fundamental role is played by the analysis of moduli spaces of solutions of the
self-dual Yang–Mills equations with L2 curvature (so-called “instanton solutions”)
on given four-manifolds. The analysis of such moduli-spaces then yields powerful
information concerning differentiable structures on the underlying four-manifold. The
second, seemingly unrelated, development is in the theory of integrable systems. In
particular, it has been shown that many known integrable systems of differential equa-
tions may be derived as symmetry reductions of the self-dual Yang–Mills equations (see,
e.g., [21]).

The purpose of the current paper, and its companion [15] which studies reducible
connections, is to investigate whether properties of the self-dual Yang–Mills equations
that follow from its integrable nature may be used to yield global information about inst-
anton moduli spaces. In particular, it is known that the self-dual Yang–Mills equations on
R4 admit an infinite-dimensional algebra of non-local symmetries [6–8]. In this paper,
we investigate the action of these symmetries on the instanton-moduli spaces on R4 and,
in particular, investigate, on the one-instanton moduli space, the sub-algebra of sym-
metries that preserve the L2 condition on the curvature of the connection. Thinking of
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such symmetries as generating flows on the moduli space of all self-dual connections,
M, and of the k-instanton moduli space, Mk , as a subspace of M, then it is known
that the non-local symmetries in general do not lie tangent to the subspaces Mk and,
therefore, do not preserve the L2 nature of the curvature (see, e.g., [9, Chap. V], but
also Remark 4.4 below). Our results are rather double-edged. In Theorem 4.1, we show
that the full tangent space to the moduli spaces Mk is generated by the fundamental
vector fields of the symmetry algebra acting on the moduli space of self-dual connec-
tions M. When we attempt to “exponentiate” these tangent vectors into a group action
on Mk , however, our conclusion is that the family of transformations that preserves the
L2 nature of the connection is rather small. In particular, the symmetries have orbits
of rather high codimension in the moduli spaces. More specifically, in Theorem 5.1,
we deduce that the only symmetries of the self-dual Yang–Mills equations that act on
five-dimensional one-instanton moduli space M1 correspond to a scaling of the instan-
ton solutions. Such a collapse to orbits of large codimension is not unfamiliar from the
theory of harmonic maps into Lie groups [1,17,20,28], where one has similar non-local
symmetry algebras [10].

The paper is organised as follows. In Sect. 2, we summarise the relevant background
material that we require from both the integrable systems approach to the self-dual
Yang–Mills equations and the ADHM approach to the instanton problem. Since our
considerations are aimed at making a connection between the local aspects of the self-
dual Yang–Mills equations and the global aspects, and the literature in these fields
generally have completely different notation, it was deemed necessary to give an inte-
grated, relatively detailed description of both approaches in a consistent notation. This
accounts for the length of this section1. In Sect. 3, we show how the ADHM construction
may be used to yield explicit patching matrices for holomorphic bundles over subsets of
CP3, to which we may apply the results of [9] concerning the action of the symmetry
algebra of the self-dual Yang–Mills equations. In Sect. 4, we show that one-parameter
families of ADHM data yield transformations that fall into the category of transfor-
mations considered in [9], with the important proviso that these transformations are
significantly restricted by the assumption that they are generated by flows on the full
moduli space of self-dual connections. In Sect. 5, we show that our constructions can
be carried out explicitly on the one-instanton moduli space, and that the only symme-
tries (consistent with a particular technical assumption) that have a well-defined action
on the one-instanton moduli space are scalings. Finally, in an Appendix, we give a
direct derivation of the action of the non-local symmetries of the self-dual Yang–Mills
equations on the twistorial patching matrix from the action on the self-dual connec-
tion.

Finally, note that the symmetries that we investigate can also be constructed, by the
same methods, on hyper-complex manifolds. Since we wish to consider symmetries that
generalise to manifolds other than R4, and there exist hyper-complex manifolds with
no continuous (conformal) isometries, we will not consider symmetries (such as those
discussed in [26]) that follow from the existence of a non-trivial conformal group on our
manifold.

1 For more information on the local aspects of the self-dual Yang–Mills equations that are relevant to
us, see [9, Chaps. II & III]. For more information concerning the ADHM formalism see either [4] or [2,
Chaps. II-IV].
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2. Preliminaries

2.1. Quaternions and twistor spaces. We will deal exclusively with the self-dual Yang–
Mills equations on R4 and S4, and make constant use of isomorphisms R4 ∼= C2 ∼= H,
which we first fix. As such, let x := (x1,x2,x3,x4) ∈ R4. We may then view

u :=
(
x1 + ix2

)
, v :=

(
x3 − ix4

)
as coordinates on C2 and defining an isomorphism R4 → C2; x �→ (u, v). In terms of
these coordinates, the flat metric on R4 takes the form

g = 1

2
(du ⊗ du + du ⊗ du + dv ⊗ dv + dv ⊗ dv),

and the corresponding volume form is

ε = dx1 ∧ dx2 ∧ dx3 ∧ dx4 = 1

4
du ∧ du ∧ dv ∧ dv.

Let P → R4 be a principal SU2 bundle2 over R4, and E → R4 the rank-two com-
plex vector bundle associated to P via the fundamental representation of SU2. (We
will switch between the principal bundle and vector bundle pictures without comment.)
An SU2 connection on E , A ∈ Ω1(R4, su2) is a solution of the self-dual Yang–Mills
equations if its curvature satisfies

�F = F.

In terms of the complex coordinates introduced above, this equation is equivalent to

Fuv = 0, Fuu + Fvv = 0, Fuv = 0. (2.1)

We introduce complex vector fields X(z),Y(z) ∈ C∞(R4, T M ⊗ C) depending on
a parameter z ∈ C ∪ {∞} ≡ CP1:

X(z) := ∂u − z∂v, Y(z) := ∂v + z∂u . (2.2)

Then Eqs. (2.1) are equivalent to the requirement that

F (X(z),Y(z)) = 0, ∀z ∈ CP1. (2.3)

Since R4 ⊂ R4 ∪ {∞} ∼= S4 ∼= HP1, a point x ∈ R4 ∼= C2 determines a quatern-
ionic line in H2. In particular, we define x := u + jv ∈ H. In terms of homogeneous
coordinates (p, q) ∈ H2 on HP1, the point x determines the quaternionic line

lx :=
{
(q, p) ∈ H2

∣∣∣ q = xp
}

in H2. Now, let p = z1 + j z2, q = z3 + j z4 with z := (z1, . . . , z4) ∈ C4, and view
z as homogeneous coordinates on CP3. Right-multiplication by j on H2 defines an
anti-linear anti-involution

σ : C4 → C4; (z1, z2, z3, z4) �→ (−z2, z1,−z4, z3), (2.4)

2 We restrict to SU2 for simplicity. All of our considerations are equally valid for any classical Lie group.
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which descends to define an involution on the projective space:

σ : CP3 → CP3; [z1, z2, z3, z4] �→ [−z2, z1,−z4, z3] .

The image of the quaternionic line lx in CP3 corresponding to x ∈ R4 is given by the
embedded projective line

Lx ≡ L(u,v) =
{

[z1, z2, z3, z4] ∈ CP3
∣∣∣ z3 = z1u − z2v, z4 = z1v + z2u

}
. (2.5)

Similarly, the embedded line corresponding to the point ∞ ∈ S4 is

L∞ :=
{

[0, 0, z3, z4]
∣∣∣ (z3, z4) ∈ C2\ {(0, 0)}

}
.

The lines L p, for p ∈ S4, are invariant under the action of σ , and are referred to as real
lines. We will make particular use of the projection

π : CP3\L∞ → R4; Lx → x.

On a fixed real line, Lx, x ∈ R4, we introduce the affine coordinate z = z2/z1 ∈ CP1.
Finally, on the subset U1 := {[z1, z2, z3, z4] ∈ CP3

∣∣ z1 �= 0
}
, we may introduce

coordinates w1 := z3/z1, w2 := z4/z1, w3 := z2/z1 ≡ z. By definition, the coor-
dinates (w1, w2, w3), viewed as functions on U1, are holomorphic with respect to the
complex structure that U1 inherits as an open subset of CP3. From Eq. (2.5), the inter-
section Lx ∩ U1 consists of the set of points with (w1, w2, w3) = (u − zv, v + zu, z).
We will therefore often view (u, v, z) as coordinates on the set U1 ∼= C2 × C, with
the functions (u − zv, v + zu, z) being holomorphic with respect to the complex struc-
ture on U1. One may then check that, in this coordinate system, a basis for anti-ho-
lomorphic vector fields on the set U1 is given by the vector fields {X(z),Y(z), ∂z},
with X(z),Y(z) as in Eq. (2.2). A similar argument may be carried out on the set
U2 := {[z1, z2, z3, z4] ∈ CP3

∣∣ z2 �= 0
}
. In practice, the construction on U2 means that

we may use the formulae for X(z),Y(z) with z taking values in CP1. As such, we will
often, henceforth, identify the set CP3\L∞ with the set C2 × CP1. When we speak of
a function being, for example, “holomorphic” on C2 × C ⊂ C2 × CP1, we will mean
holomorphic on the set U1 with the induced complex structure mentioned above.3

Notation. Given ε > 0, we define the following open subsets of CP1:

V0
ε :=

{
z ∈ CP1

∣∣∣ |z| < 1 + ε
}
, V∞

ε :=
{

z ∈ CP1
∣∣∣∣ |z| > 1

1 + ε

}
,

and their intersection

Vε := V0
ε ∩ V∞

ε =
{

z ∈ CP1
∣∣∣∣ 1

1 + ε
< |z| < 1 + ε

}
.

We define the involution on the projective line σ : CP1 → CP1; z �→ − 1
/

z which,
geometrically, is simply the anti-podal map. Note that σ(V0

ε ) = V∞
ε and σ(Vε) = Vε .

3 From a CP1 point of view, we are viewing U1 ∪U2 = CP3\L∞ as the total space of the normal bundle
O(1) ⊕ O(1) of the rational curve L0 ⊂ CP3\L∞, where 0 denotes the origin in R4. X and Y are then
linearly independent sections of this normal bundle. Unfortunately, this picture is not particularly well-suited
to the calculations that we wish to perform.
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Given any subset V ⊂ CP1 and a map g : V → SL2(C), we define a corresponding map
g∗ : σ(V) → SL2(C) by

g∗(z) := (g(σ (z)))† .

(Throughout, † : SL2(C) → SL2(C) will denote complex-conjugate transpose.) Simi-
larly, given any map f : U × V → SL2(C), we define a corresponding map f ∗ : U ×
σ(V) → SL2(C) by

f ∗(x, z) := ( f (x, σ (z)))† .

2.2. Holomorphic bundles. An important property of the self-dual Yang–Mills equa-
tions is that they are the compatibility condition for the following overdetermined system
of equations [9, Theorem 1]:

(∂u − z∂v) Ψ (x, z) = − (Au − z Av) Ψ (x, z), (2.6a)

(∂v + z∂u) Ψ (x, z) = − (Av + z Au) Ψ (x, z), (2.6b)

∂zΨ (x, z) = 0, (2.6c)

for a map Ψ : R4 × V → SL2(C), where V is a subset of CP1. In particular, given
ε > 0, there exists a solution, Ψ0 : R4 × V0

ε → SL2(C) that is analytic in z for z ∈ V0
ε .

This solution is unique up to right multiplication

Ψ0(x, z) → Ψ̃0(x, z) := Ψ0(x, z)R(u − zv, v + zu, z),

where R : C2 × V0
ε → SL2(C) is holomorphic with respect to the complex structure

that C2 × V0
ε inherits as a subset of U1. Given Ψ0(x, z), we define

Ψ∞(x, z) := (
Ψ ∗

0 (x, z)
)−1

.

It is straightforward to check that Ψ∞(x, z) is also a solution of (2.6) that is analytic in
z on R4 × V∞

ε . Defining the fields

ψ0(x) := Ψ0(x, 0), ψ∞(x) := Ψ∞(x,∞),

then Eqs. (2.6) imply that we may write the components of the connection in the form

Au = − (∂uψ∞(x)) ψ∞(x)−1, Av = − (∂vψ∞(x)) ψ∞(x)−1, (2.7a)

Au = − (∂uψ0(x)) ψ0(x)
−1, Av = − (∂vψ0(x)) ψ0(x)

−1. (2.7b)

We then define the Yang J -function J : R4 → SL2(C) by

J := ψ∞(x)−1 · ψ0(x). (2.8)

Noting that, from the definition of Ψ∞, we have ψ∞(x) = (
ψ0(x)

†
)−1

, it then follows
that J † = J . A short calculation shows that the remaining part of the anti-self-dual part
of the curvature may be written in the form

Fuu + Fvv = −ψ∞
[
∂u

(
Ju J−1

)
+ ∂v

(
Jv J−1

)]
ψ−1∞

= −ψ0

[
∂u

(
J−1 Ju

)
+ ∂v

(
J−1 Jv

)]
ψ−1

0 .
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If the connection, A, satisfies the self-dual Yang–Mills equations it therefore follows
that the field J satisfies the Yang–Pohlmeyer equation

∂u

(
Ju J−1

)
+ ∂v

(
Jv J−1

)
= 0. (2.9)

Conversely, given J : R4 → SL2(C) that satisfies the Yang–Pohlmeyer equation and

admits a splitting of the form (2.8) for some ψ0 and ψ∞ such that ψ∞ =
(
ψ−1

0

)†
,

then the connection constructed as in Eqs. (2.7) will satisfy the self-dual Yang–Mills
equations.

Finally, the quantity

G(x, z) := (Ψ∞(x, z))−1 · Ψ0(x, z), (2.10)

will be referred to as the patching matrix. It defines a holomorphic map C2 × Vε ⊂
CP3\L∞ → SL2(C), and hence the transition function of a holomorphic vector bundle
over CP3\L∞. The splitting (2.10) implies that this bundle is trivial on restriction to real
lines. The above is an explicit version of the Ward correspondence [30], which defines
a 1 − 1 correspondence between self-dual Yang–Mills fields and holomorphic bundles
over appropriate subsets of CP3 that are trivial on restriction to real lines.4 Given such a
bundle, the transition functions necessarily admit a splitting of the form (2.10), and the
connection may then be reconstructed from the resulting fields Ψ0, Ψ∞ via Eqs. (2.7).

2.3. Non-local symmetries of the self-dual Yang–Mills equations. If we consider a one-
parameter family of solutions, J (t), of (2.9), depending in a C1 fashion on a parameter
t ∈ (−ε, ε), then we deduce that J̇ := d

dt J (t) must satisfy the linearisation of (2.9):

∂u

(
J∂u

(
J−1 J̇

)
J−1

)
+ ∂v

(
J∂v

(
J−1 J̇

)
J−1

)
= 0. (2.11)

Such a J̇ defines a symmetry of the self-dual Yang–Mills equations. It is known that
the only local symmetries5 of the self-dual Yang–Mills equations on flat R4 are gauge
transformations and those generated by the action of the conformal group (see, e.g.,
[25]). On the other hand, there exists a non-trivial family of non-local symmetries of the
self-dual Yang–Mills equations [6–8]. To describe these, we define the auxiliary maps
χ0 : R4 × V0

ε → SL2(C), χ∞ : R4 × V∞
ε → SL2(C),

χ0(x, z) := ψ0(x)
−1 · Ψ0(x, z), χ∞(x, z) := ψ∞(x)−1 · Ψ∞(x, z),

which are analytic in z for z ∈ V0
ε and z ∈ V∞

ε , respectively. These maps have the
property that χ0(x, 0) = χ∞(x,∞) = Id.

The following result, based on the results of [6–8], may then be extracted from Sect.
III.A of [9]:

Proposition 2.1. Let T : R4 × S1 → SL2(C) be a map that extends continuously to a
map T : R4 ×Vε → SL2(C) (for some ε > 0) that is analytic in z for z ∈ Vε and satisfies

(∂v + z∂u) T (x, z) = (∂u − z∂v) T (x, z) = 0

4 See [9] for more details of the Ward correspondence from this point of view.
5 i.e. depending only on the connection and its derivatives pointwise
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for (x, z) ∈ R4 × Vε . Then, given any λ ∈ Vε , the quantity

J̇ := χ∞(x, λ)T (x, λ)χ∞(x, λ)−1 · J + J · χ0(x, σ (λ))T (x, λ)
†χ0(x, σ (λ))

−1

= ψ∞(x)−1
[
Ψ∞(x, λ)T (x, λ)Ψ∞(x, λ)−1

+Ψ0(x, σ (λ))T (x, λ)
†Ψ0(x, σ (λ))

−1
]
ψ0(x) (2.12)

is a solution of the linearisation (2.11).

In the case where the function T is independent of x, it defines an element of the
loop group ΛSL2(C) that admits a holomorphic extension to an open neighbourhood
of S1 in C∗. The algebra of symmetries generated by such T is then isomorphic to the
Kac-Moody algebra of sl2(C).

The action of such symmetries on the patching matrix is given by the following result:

Theorem 2.1. Let T : R4×S1 → SL2(C) be as in the previous proposition. The induced
flow on the patching matrix of the corresponding bundle over CP3\L∞ is given by

Ġ(x, z)=−T (x, z)G(x, z)− G(x, z)T ∗(x, z)+ ρ∞(x, z)G(x, z)+ G(x, z)ρ0(x, z),

(2.13)

for (x, z) ∈ R4 × Vε . In this equation, ρ0 : R4 × V0
ε → sl2(C) and ρ∞ : R4 × V∞

ε →
sl2(C) are analytic functions of z on the respective regions and satisfy

(∂v + z∂u) ρ0(x, z) = (∂u − z∂v) ρ0(x, z) = 0,

(∂v + z∂u) ρ∞(x, z) = (∂u − z∂v) ρ∞(x, z) = 0.

Moreover, the functions ρ0, ρ∞ may be absorbed into holomorphic changes of bases
on the regions V0

ε and V∞
ε . When this absortion process is carried out, the transforma-

tion (2.13) takes the simpler form

Ġ(x, z) = −T (x, z)G(x, z)− G(x, z)T ∗(x, z). (2.14)

Remark 2.1. These transformations have been investigated from the viewpoint of twis-
tor-theory and have a natural sheaf-theoretic interpretation [18,19,24,25]. In the liter-
ature, it is standard to assume (2.13) (and the group-theoretic version (2.15) below)
as the transformation law of the patching matrix, and to work backwards to derive the
transformation law of J and the connection (see, e.g., [18,19,25]). Since a direct proof
of (2.13), starting from (2.12), does not appear in the literature, we have included a proof
in Appendix A.

Remark 2.2. The transformation (2.14) is independent of the parameter λ that appears
in Eq. (2.12). As such, the transformation depends only on the function T . In Eq. (2.13),
the functions ρ0, ρ∞ will generally depend on the parameter λ, but the corresponding
dependence of Ġ on λ may be removed by a holomorphic change of frame. This situa-
tion is different from that in, for example, the theory of harmonic maps from a domain
X ⊆ R2 to a Lie group G. In this case, one has a similar family of non-local symme-
tries [10] depending on a function T (λ). There, however, the transformation properties
of the extended harmonic map depends explicitly on the value of the parameter λ (see,
e.g., [28, §3]). Power-series expanding in λ then gives a family of flows acting on the
extended solution, and hence on the space of harmonic maps.
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The exponentiated form of the transformation law (2.14) is given by the following:

Theorem 2.2 [9, Chap. IV.C]. Let g : R4 × S1 → SL2(C) be a smooth map that admits
a continuous extension to a holomorphic map g : C2 × Vε ⊂ CP3\L∞ → SL2(C), for
some ε > 0. Then we define the action of g on the patching matrix G(x, z) by the law

G(x, z) �→ g(x, z) · G(x, z) · g∗(x, z). (2.15)

If g extends holomorphically to R4 × V0
ε , then the corresponding transformation is a

holomorphic change of basis on the bundle over CP3\L∞, which leaves the self-dual
connection, A, unchanged.

Remark 2.3. The infinitesimal form of (2.15), where g(x, z) = exp(−tT (x, z)) is
Eq. (2.14).

2.4. The ADHM construction. We wish to study the action of the symmetries mentioned
above on the moduli spaces of instanton solutions of the self-dual Yang–Mills equations
on R4 or, equivalently, S4. As such, we are concerned with connections whose curvatures
are L2, in which case we have ∫

R4
|F|2 d4x = −8π2k,

where k ∈ N0 is the second Chern number, c2(E), of the bundle E (also called the inst-
anton number of the connection). A self-dual connection with L2 curvature on R4 nec-
essarily extends to a self-dual connection on S4 [29]. We will refer to such connections,
defined on either R4 or S4 as an instanton. The moduli space of instanton solutions, with
instanton number k, modulo gauge transformations is a manifold of dimension (8k − 3)
(away from singularities due to reducible connections), which we denote by Mk . For
later considerations, it will be important to think of Mk as being finite-dimensional
submanifolds of the (infinite-dimensional) space of all self-dual connections on R4, not
necessarily having L2 curvature, which we denote by M. The symmetries of the self-
dual Yang–Mills equations that we consider may be viewed as defining flows on the
space M, and our main question is when these flows preserve the sub-manifolds Mk .

Via the Ward correspondence [5,30], self-dual connections of instanton number k
correspond to holomorphic bundles over CP3 that are trivial on real lines. All such bun-
dles may be constructed directly in terms of quaternionic linear algebra by the ADHM
construction [4], which we now briefly recall.

For each z = (z1, z2, z3, z4) ∈ C4, we define a linear map

A(z) : W → V,

between complex vector spaces W, V of dimension k, 2k + 2 respectively, which is of
the form

A(z) =
4∑

i=1

zi Ai .

The space W is assumed to admit an anti-linear involution σW : W → W . The space V is
assumed to have a symplectic form (·, ·) and an anti-linear anti-involution σV : V → V
that are compatible in the sense that

(σV u, σV v) = (u, v), ∀ u, v ∈ V .
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We require that the map A(z) satisfies the compatibility condition

σV (A(z)w) = A(σ (z)) σW (w), ∀w ∈ W, ∀z ∈ C4, (2.16)

where σ : C4 → C4 is as in Eq. (2.4). Finally, we impose the following conditions:

– For all z ∈ C4, the space Uz := A(z)(W ) ⊂ V is of dimension k;
– For all z ∈ C4, Uz is isotropic with respect to (·, ·) i.e. Uz ⊆ U⊥

z , where ⊥ denotes
the complement with respect to the form (·, ·).
If we then define the quotient Ez := U⊥

z /Uz, then the collection of Ez defines a
holomorphic, rank-2 complex vector bundle E → CP3 with structure group SL2(C).
The reality condition (2.16) then implies that the bundle is trivial on restriction to any
real line and that the self-dual connection on S4 determined by the Ward correspondence
is an SU2 connection.

3. Patching Matrix Description of ADHM Construction

In order to make contact between the action of the non-local symmetries of the self-dual
Yang–Mills equations in the form of (2.13) and the ADHM construction, we first need
to reformulate the ADHM construction in terms of patching matrices.

We assume given an instanton solution of the self-dual Yang–Mills equations on S4,
with corresponding holomorphic bundle E → CP3. We then consider (without any
loss of information [29]) the restriction of this solution to R4 ⊂ S4 and the restric-
tion of the bundle E to π−1(R4) ≡ CP3\L∞, which, for convenience, we denote by
E → CP3\L∞. We split the set CP3\L∞ as the union of two regions

S0 :=
{
((u, v), z) ∈ C2 × CP1

∣∣∣ |z| < 1 + ε
}

= C2 × V0
ε ,

S∞ :=
{
((u, v), z) ∈ C2 × CP1

∣∣∣∣ |z| > 1

1 + ε

}
= C2 × V∞

ε .

Since S0,S∞ ∼= C3, the bundle E restricted to either of these regions is holomorphi-
cally trivial [9,23]. The bundle E is therefore characterised by the transition function
G : S0 ∩ S∞ → SL2(C), which is the patching matrix from Sect. 2.2.

The map G may be constructed directly from the ADHM data, at the expense of
fixing bases on the spaces V and W . In particular, let {ai }k

i=1 be a basis of vectors in W
that are real with respect to σW , in the sense that

σW (ai ) = ai , i = 1, . . . , k.

(So, in practice, we are looking on W as being the complexification of the fixed point
set of σW .) The vectors

vi (z) := A(z)ai ∈ V, i = 1, . . . , k

define a collection of k vectors that span the space Uz ⊂ V . Due to the reality of the
vectors ai , these vectors obey the reality condition

σV (vi (z)) = vi (σ (z)), i = 1, . . . , k, ∀z ∈ C4. (3.1)

Since Uz is isotropic with respect to the symplectic form, we deduce that(
vi (z), v j (z)

) = 0, i, j = 1, . . . , k, z ∈ C4. (3.2)
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We now view z as homogeneous coordinates on CP3, and construct bases for [z] ∈
S0 ⊂ CP3\L∞. Given [z] ∈ S0, the annihilator U⊥

z is spanned by {vi (z)} along with
two vectors

{
eA(z)

∣∣ A = 1, 2
}

that span U⊥
z /Uz. We therefore have

(vi (z), eA(z)) = 0, i = 1, . . . , k, A = 1, 2, [z] ∈ S0, (3.3)

and, without loss of generality, may assume that

(e1(z), e2(z)) = − (e2(z), e1(z)) = 1. (3.4)

Although not strictly necessary, it will sometimes be useful to extend the vectors {eA(z),
vi (z)} to a full basis for V by adding a set of vectors {wi (z)|i = 1, . . . , k} with the
property that(

wi (z),w j (z)
)

= 0,
(

vi (z),w j (z)
)

= δ
j
i ,

(
wi (z), eA(z)

)
= 0. (3.5)

We may also define a basis
{
fA(z)

∣∣ A = 1, 2
}

for U⊥
z /Uz for [z] ∈ S∞ by the

relations

f1(z) := −σV (e2(σ (z))) , f2(z) := σV (e1(σ (z))).

This basis automatically has the property that

(f1(z), f2(z)) = 1, (vi (z), fA(z)) = 0. (3.6)

Given that {eA(z)} and {fA(z)} are both bases for U⊥
z /Uz for [z] ∈ S0 ∩ S∞, there

exist functions G A
B(z), λA

i (z) defined on this region with the property that

fA(z) = G A
B(z) eB(z) + λA

i (z) vi (z). (3.7)

(From now on, the summation convention will be assumed over repeated indices.) The
matrix G(z), defined for [z] ∈ S0 ∩ S∞ is then the transition function of our bundle E .

Before deriving some properties of the patching matrix that we will require, we define
the SL2(C)-invariant tensor ε by εAB = −εB A with ε12 = 1 and the SO2(C)-invariant
tensor δ with components

δAB =
{

1 A = B,
0 A �= B.

Proposition 3.1. The patching matrix, G, as defined above obeys the conditions

det G(z) = 1, G∗(z) = G(z),

for [z] ∈ S0 ∩ S∞, where G∗(z) := G(σ (z))†. The functions λA
i obey the reality

condition

λA
i (σ (z)) = δAB GC

BεC DλD
i (z), λA

i (z) = −G A
BδBCε

C DλD
i (σ (z))

for [z] ∈ S0 ∩ S∞.
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Proof. Firstly, we have

1 = (f1(z), f2(z)) =
(

G1
B(z) eB(z) + λ1

i (z) vi (z),G2
B(z) eB(z) + λ2

i (z) vi (z)
)

=
(

G1
1(z)G2

2(z)− G1
2(z)G2

1(z)
)
(e1(z), e2(z)) = det G(z),

where the four equalities follow from Eqs. (3.6), (3.7), (3.3) and (3.4), respectively.
Therefore, det G(z) = 1, as required.

The definition of the vectors fA(z) may be rewritten in the form

fA(z) = −δABε
BCσV (eC (σ (z))). (3.8)

We now apply σV to this equation, substitute Eqs. (3.7) and (3.1), and use the anti-
linear, anti-involutive nature of σV . After some manipulation of δ and ε tensors, and
using the fact that det G = 1, we then find that

fA(z) = (
G∗(z)

)
A

B
[
eB(z)− δBCε

C DλD
i (σ (z))vi (z)

]
.

Comparing with (3.7) then gives the required equalities. ��
Remark 3.1. We will be primarily interested in Eq. (3.7) when it is restricted to a real
line Lx ⊂ CP1\L∞. Since the patching matrix, G, defined above is holomorphic on
CP3\L∞, when restricted to a neighbourhood of the line Lx ≡ L(u,v), then G will restrict
to a function (which we denote by G(x, z)) that is holomorphic in (u − zv, v + zu, z)
for z ∈ Vε , for some ε > 0.

4. One-Parameter Families of ADHM Data

We now consider a one-parameter family of ADHM data A(z) := A(t : z), with t ∈ I a
parameter, I a sub-interval of the real line containing the origin. We assume that A(t : z)
is a C1 function of t .

We wish to investigate how the elements of the above explicit construction depend on
A(t : z). The image A(t : z) (W ) is now spanned by the vectors {vi (t : z)}, and U⊥

z /Uz
is spanned by {eA(t : z)}, which we assume normalised such that (3.4) is satisfied for
each t ∈ I . Constructing the vectors {fA(t : z)}, we then define the patching matrix
G A

B(t : z) and the functions λA
i (t : z) as in (3.7).

Proposition 4.1. Given a one-parameter family of ADHM data, A(t : z), and patching
matrices as defined in (3.7), then there exists a matrix-valued function d(t : z) with the
property that

Ġ(t : z) = d(t : z)G(t : z) + G(t : z)d∗(t : z). (4.1)

Proof. To investigate the t-dependence of these quantities, we consider their derivatives
with respect to t . The derivatives of the relevant vectors are given as follows:6

v̇i = Ai
j v j + Bi j w j + εABsAi eB, (4.2a)

ẇi = Ci j v j − A j
i w j − εABrA

i eB, (4.2b)

ėA = cA
BeB + rA

i vi + sAi wi , (4.2c)

6 Everything depends on (t : z), but we drop explicit mention of this dependence for the moment.
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where Ai
j , . . . sAi are functions of (t, z), that satisfy the relationships

Bi j = B ji , Ci j = C ji , cA
A = 0.

It is straightforward to check that these are the most general forms of v̇i , ẇi , ėA that
preserve the relations (3.2), (3.3), (3.4) and (3.5).

We also define functions that characterise the time-dependence of the vector fields
fA:

ḟA = dA
BfB + tA

i vi + u Ai wi . (4.3)

From this expression and Eq. (3.7), we deduce that

Ġ A
B = dA

C GC
B − G A

C cC
B + λA

iεBC sCi , (4.4)

along with the relations

λ̇A
i = dA

CλC
i + tA

i − G A
BrB

i − λ
j
A A j

i ,

u Ai = G A
BsBi + λA

j B ji .

Also, equating ḟ1 with −ė2, and ḟ2 with ė1, we find that

dA
B = u Aiλ

Bi + εACδ
C DcD

EδE Fε
B F ,

and

u Ai = εABδ
BC sCi .

These equations, along with (4.4) imply that the t-derivative of the patching matrix obeys
the relation (4.1) with

d = ui ⊗ λi + εACδ
C DcD

EδE Fε
B F ,

as required. ��
Remark 4.1. The quantities that occur in Eq. (4.1) may all be constructed directly from
the vector fields eA, vi since

(vi , ėA) = sAi , (ėA, eB) =
∑

C

cA
CεC B .

Therefore the construction does not actually require the introduction of the basis vec-
tors {wi }.
Corollary 4.1. Given a one-parameter family of ADHM data and patching matrix defined
as above, then there exists a map d : I × C2 × Vε → SL2(C) that is holomorphic in
(u − zv, v+ zu, z) for z ∈ Vε such that the restriction of the patching matrix to real-lines
Lx evolves according to

Ġ(t : x, z) = d(t : x, z)G(t : x, z) + G(t : x, z)d∗(t : x, z), (4.5)

for (x, z) ∈ C2 × Vε .
Proof. Restrict (4.1) to Lx. ��
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Remark 4.2. Let α(t : x, z) satisfy the first order ordinary differential equation

α̇(t : x, z) = d(t : x, z) α (t : x, z), α(0 : x, z) = Id.

Given an initial patching matrix G(x, z), it follows that the one-parameter family of
patching matrices

G(t : x, z) := α(t : x, z)G(x, z) α∗(t : x, z) (4.6)

satisfies Eq. (4.1) with initial conditions G(0 : x, z) = G(x, z). Conversely, by unique-
ness of solutions of (4.1), it follows that G(t : x, z), as defined in Eq. (4.6), is the unique
one-parameter family of patching matrices determined by the flow (4.1) with initial data
G(x, z).

Note that these transformations (4.5) and (4.6) are of the same form as those gen-
erated by the symmetries of the self-dual Yang–Mills equations given in Eq. (2.13)
and Theorem 2.2, with the important proviso that the function d(t : x, z) occurring
in (4.5) depends explicitly on the parameter t . The symmetries (2.13) should be viewed
as defining a flow on the space, M, of self-dual connections defined by the map T .
In solving (2.13), we are simply constructing the integral curves of this flow, with t a
parameter along the integral curve. As such, in (2.13), it is important that the function
T (x, z) is independent of the parameter t .

Viewing the function T as defining a flow on M and the instanton moduli spaces
Mk as submanifolds of M, we directly deduce:

Theorem 4.1. Let A ∈ Mk be a k-instanton self-dual connection (modulo gauge trans-
formation) on R4, with Mk viewed as a submanifold of the space, M, of all self-dual
connections on R4. Then for each vector v ∈ TAMk , there exists a function T such that
the fundamental vector field on M corresponding to T via Eq. (2.13) coincides with v
at the point A ∈ Mk .

Proof. Any element v ∈ TAMk is generated by a one-parameter family of ADHM data,
A(t : z), with A(0 : z) corresponding to the connection A. This one-parameter family of
ADHM data then gives rise to a one-parameter family of patching matrices G(t : x, z)
evolving according to (4.5), where G(0 : x, z) is the patching matrix corresponding to
A and Ġ(0 : x, z) corresponds to the tangent vector v. Taking T (x, z) := −d(0 : x, z)
gives a symmetry that, via (2.13) (with ρ0 = ρ∞ = 0) generates the tangent vector v.

��
Remark 4.3. Theorem 2.1 states that, given a function T , there is a corresponding fun-
damental vector field on M, the space of self-dual connections, corresponding to T .
We shall denote this fundamental vector field by XT . Theorem 4.1 states that, given a
connection A ∈ Mk and a tangent vector v ∈ TAMk , then there exists such a function
T such that XT |A = v. It is important to note, however, that the integral curve of XT
starting at A ∈ Mk will, generally, not remain within the sub-manifold Mk of M. In
order to determine which one-parameter groups of symmetries gives flows that remain
in the moduli space Mk , we need to determine which transformations of the form (4.5)
are generated by transformations of the form (2.13), with T (x, z) independent of t .

From the form of (4.5) and (2.13), it appears natural to identify d(t : x, z) with
−T (x, z)+ρ∞(t,x, z). We impose that T is independent of t . The map ρ∞ simply gen-
erates a change of holomorphic frame for z ∈ V∞

ε . At this point, we should recall that
we have partially fixed our holomorphic frames in deriving our patching matrix from the



418 J. D. E. Grant

ADHM data. As such, if we wish to employ our approach with one-parameter families
of ADHM data, we must allow for one-parameter families of changes of frame in order
to compensate for this fixing of frames. As such, we should allow ρ∞ to be t-dependent
(i.e. ρ∞ = ρ∞(t,x, z)). Note that such a t-dependent change of frame does not affect
the corresponding self-dual connection A(t).

As such, we may use ρ∞ to absorb any part of d(t : x, z) that is holomorphic on
C2 × V∞

ε , leaving an irreducible part of d(t : x, z), denoted d0(t : x, z), that has sin-
gularities in the region V∞

ε that cannot be removed by absorption into ρ∞. In order to
arise from a symmetry of the self-dual Yang–Mills equations, d0(t : x, z) must then be
independent of t . Since d(t : x, z) is determined by first t-derivatives of the ADHM data,
A(t : z), imposing that d0(t : x, z) is constant in t will impose conditions on the first
t-derivatives of the A(t : z) data that must be satisfied in order for this one-parameter
family of data (and corresponding self-dual connections) to arise from a symmetry of
the self-dual Yang–Mills equations. Explicit calculations, in the next section, suggest
that these conditions are quite restrictive.

Remark 4.4. The fact that the flow on the moduli space does not generally preserve
the L2 nature of the curvature is well-known (see, e.g., [6–8] where this effect is men-
tioned). In [9, Chap. V], an explicit example of a transformation acting on a one-instanton
patching matrix is given to demonstrate this phenomenon. In the notation of (4.6), this
transformation takes the form

α(t : x, z) = 1√
1 − t2

(
1 t/z
t z 1

)
.

From this expression, we deduce that

d(t : x, z) = 1(
1 − t2

)3/2

(
t 1/z
z t

)
.

Following the programme of the previous remark, we then isolate the part of d that has
singularities in the region z ∈ V∞

ε , namely

d0(t : x, z) = 1(
1 − t2

)3/2

(
0 0
z 0

)
.

Since d0 depends explicitly on t , we deduce that the counterexample provided in [9, Chap.
V] falls outside of the class of transformations generated by transformations (2.13) with
T independent of t .

Remark 4.5. If one drops the reality condition that our connections are SU2 connec-
tions, rather than SL2(C) connections, then Takasaki has argued [27] that the action of
the non-local symmetry group generated by transformations of the form

J̇ (x) = χ∞(x, λ)T (x, λ)χ∞(x, λ)−1 · J

is transitive on the space of SL2(C) solutions of the self-dual Yang–Mills equations. If, as
here, we restrict to symmetries of the form (2.12) that explicitly preserve the SU2 nature
of the connection, then the symmetry group need not act transitively on the moduli space
of solutions, even though the symmetries have been shown to generate the tangent space
at each point. Moreover, if we explicitly impose that we only consider symmetries that
preserve the L2 nature of the connection, then the explicit calculations carried out in the
next section for the one-instanton moduli space suggest that the orbits of the symmetry
group are actually of high codimension in the moduli space.
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5. The One-Instanton Solution

In the case of a one-instanton solution, it is straightforward to carry out the ADHM con-
struction and the construction of deformations explicitly. We find that the one-parameter
subgroups of ADHM data with d(t : x, z) of the form −T (x, z) + ρ∞(t,x, z) are rather
small.

First, we fix some notation. In the case k = 1, then we may write

v(z) := A(z) =
⎛⎜⎝A1(z)

A2(z)
A3(z)
A4(z)

⎞⎟⎠ ∈ C4,

where Ai (z) = ∑4
j=1 A j

i z j , i = 1, . . . , 4. Letting

σV

⎛⎜⎝αβγ
δ

⎞⎟⎠ :=

⎛⎜⎜⎝
−β
α

−δ
γ

⎞⎟⎟⎠,
then (3.1) implies that the functions Ai (z) must satisfy the reality conditions:

A1(σ (z)) = −A2(z), A2(σ (z)) = A1(z),

A3(σ (z)) = −A4(z), A4(σ (z)) = A3(z).

In particular, using the symmetry transformations inherent in the ADHM construction [2,
Chap. II], we may fix

A1(z) = λz1, A2(z) = λz2, (5.1a)

A3(z) = αz1 − βz2 − z3, A4(z) = βz1 + αz2 − z4, (5.1b)

where λ is a positive, real number and α, β are complex numbers. Finally, we may take
the symplectic form on V ∼= C4 to be

(a,b) = a1b2 − a2b1 + a3b4 − a4b3, a,b ∈ C4.

Theorem 5.1. The only transformations of the ADHM data (λ, α, β) that arise from a
non-local symmetry of the self-dual Yang–Mills equations (2.12) according to (4.5) with
d(t : x, z) of the form −T (x, z) + ρ∞(t : x, z) are of the form

λ �→ λ(t) := λ√
1 − kλ2t

, α, β constant, (5.2)

where k ∈ R is a real constant.

Proof. On a region with A1(z) �= 0 (and hence A2(z) �= 0), then we find that Uz =
v(z)⊥/v is spanned by the vectors

e1(z) =
(

0,
A4(z)
A1(z)

, 1, 0

)
, e2(z) =

(
0,− A3(z)

A1(z)
, 0, 1

)
,
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which have the property that (e1, e2) = 1. Such a basis, including the normalisation
property, is unique up to a translation eA �→ eA + λAv, and an SL2(C) rotation of the
vectors eA(z). Taking the conjugates of these vectors, we find that

f1(z) = −e2(z) =
(

− A4(z)
A2(z)

, 0, 1, 0

)
, f2(z) = e1(z) =

(
A3(z)
A2(z)

, 0, 0, 1

)
.

These expressions imply that on the overlap where the two above regions overlap, we
have the patching matrix (see [9, Chap. V])

G =
(

1 + A3(z)A4(z)
A1(z)A2(z)

A4(z)2
A1(z)A2(z)

− A3(z)2
A1(z)A2(z)

1 − A3(z)A4(z)
A1(z)A2(z)

)

and

λ1(z) = − A4(z)
A1(z)A2(z)

, λ2(z) = A3(z)
A1(z)A2(z)

.

We may take the vector w(z) to be

w =
(

0,
1

A1(z)
, 0, 0

)
,

which is unique up to w �→ w + φv.
If we now let v(z) depend smoothly on a parameter t ∈ (−ε, ε), then we may cal-

culate the parameters of the deformation A, B,C, . . . as defined in (4.2) and (4.3). The
parameter d is the one that we primarily require and a straightforward calculation shows
that

d(t : z) = ∂

∂t

(
A4(t : z)/A2(t : z)
−A3(t : z)/A2(t : z)

)
× (

A3(t : z)/A1(t : z) A4(t : z)/A1(t : z)
)
.

Taking Ai (t : z) as in (5.1), with λ replaced by λ(t), etc, then, restricted to the line Lx,
the deformation parameter that we require takes the form

d(x, z) = 1

z

∂

∂t

(
(β−v)+z(α−u)

λ

− (α−u)−z(β−v)
λ

)
×
(
(α−u)−z(β−b)

λ
(β−v)+z(α−u)

λ

)
.

This expression may be written in the form

d(x, z) = 1

z

[
A(u − zv)2 + B(u − zv)(v + zu) + C(v + zu)2

]
+

(
D

z
+ E

)
(u − zv) +

(
F

z
+ G

)
(v + zu) +

H

z
+ I + J z,
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where

A = λ̇

λ3

(
0 0
1 0

)
, B = λ̇

λ3

(−1 0
0 1

)
, C = λ̇

λ3

(
0 −1
0 0

)
,

D = 1

λ3

(−λβ̇ + βλ̇ 0
λα̇ − 2αλ̇ −βλ̇

)
, E = 1

λ3

( −λα̇ + αλ̇ 0

−λβ̇ + 2βλ̇ −αλ̇
)
,

F = 1

λ3

(
αλ̇ −λβ̇ + 2βλ̇
0 λα̇ − αλ̇

)
, G = 1

λ3

(−βλ̇ −λα̇ + 2αλ̇

0 −λβ̇ + βλ̇

)
,

H = 1

λ3

(
α(λβ̇ − βλ̇) β(λβ̇ − βλ̇)

α(−λα̇ + αλ̇) β(−λα̇ + αλ̇)

)
,

I = 1

λ3

(
αλα̇ − βλβ̇ − ααλ̇ + ββλ̇ βλα̇ + αλβ̇ − 2αβλ̇

βλα̇ + αλβ̇ − 2αβλ̇ α(−λα̇ + αλ̇) + β(λβ̇ − βλ̇)

)
,

J = 1

λ3

(
β(−λα̇ + αλ̇) α(λα̇ − αλ̇)

β(−λβ̇ + βλ̇) α(λβ̇ − βλ̇)

)
,

where˙denotes differentiation with respect to t .
According to the philosophy of Remark 4.3, we note that the coefficients D, F , H

and I correspond to terms that are analytic for z ∈ V∞
ε , and therefore may be absorbed

into the ρ∞ term. The remaining part of the parameter d is then

d0(x, z) = 1

z

[
A(u − zv)2 + B(u − zv)(v + zu) + C(v + zu)2

]
+E(u − zv) + G(v + zu) + J z.

All of the terms in d0 have singularities at z = ∞ ∈ V∞
ε . In order for such transfor-

mations to arise from a T that is independent of t with d = −T + ρ∞, we therefore
require that the remaining coefficients A, B, C , E , G and J must be independent of t
(i.e. constant). An analysis of the explicit form of these coefficients given above shows
that this condition is only possible if

λ̇

λ3 = k

2
, α̇ = β̇ = 0,

where k is a constant. Integrating these equations yields (5.2). Therefore the only transfor-
mation on the one-instanton moduli space that arises from a symmetry of the form (2.12)
with d(t : x, z) = −T (x, z) + ρ∞(t,x, z) is a scaling of the moduli space. ��
Remark 5.1. The group of transformations on the one-instanton moduli space is therefore
only one-dimensional. Such a collapse to a finite-dimensional action is familiar from the
theory of harmonic maps (see, e.g., [1,17,20,28]), where the orbits of the group action
are also, generically, of high codimension.

6. Final Remarks

Our first main result is Theorem 4.1, which states that the tangent space to the instanton
moduli spaces, Mk , are generated by symmetries of the self-dual Yang–Mills equations.
Nevertheless, our second main result, based on an analysis of the one-instanton moduli
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space, is that the subgroup of the symmetry group that preserves the L2 nature of the
connection, and hence has orbits that lie in a particular Mk , is rather small. In particular,
the orbits of this subgroup on the space Mk are of high codimension. We have restricted
ourselves to one-parameter families of ADHM data that arise from transformations of
the form (2.13) and (4.5) with d(t : x, z) = −T (x, z) + ρ∞(t,x, z). Note that this
is a sufficient, but not necessary, condition for Eqs. (2.13) and (4.5) to be consistent.
It is conceivable that there might be a larger group of transformations acting on the
moduli spaces, Mk , consistent with these equations, but we have not investigated this
possibility.

It is hoped that there is a more elegant way of carrying out the calculations in the
previous section. In particular (also regarding the remark in the previous paragraph) one
would like to pull the infinitesimal action on the patching matrix (2.13) directly up to
the space of ADHM data. An alternative approach to extending our analysis would be
to investigate our approach from the point of view of Donaldson’s reformulation of the
ADHM construction [12], where one views instantons as defining holomorphic bundles
over CP2. Restricting our constructions to the CP2 picture is straightforward, but it is
again to directly calculate the action of the symmetry transformations on the data. Work
of Nakamura [22] concerning dynamical systems defined on the space of data of the
Donaldson construction may be relevant in this regard. The approach where one might
expect the symmetries to have the simplest form would be within Atiyah’s reformula-
tion [3] of the instanton moduli spaces in terms of holomorphic maps CP1 → ΩG.
In this case, the connection with harmonic map theory is quite strong. In the case of
the self-dual Yang–Mills equations, however, one expects the symmetry group to act
directly on the map in the Atiyah construction, whereas for harmonic maps the “dress-
ing action” acts purely on the spaceΩG. It is also quite difficult to see directly how the
action on the patching matrix or ADHM data transfer to the Atiyah picture, due to the
non-holomorphic transformations required in passing from the ADHM construction to
this approach.

More broadly, thinking of (λ, α, β) as coordinates on the five-dimensional ball (with
(α, β) compactified to the four-sphere and λ the radial coordinate) then the flow in (5.2)
is simply a radial scaling. In particular, for k > 0, the flow converges to the fixed point

λ = 0 as t → −∞, and diverges to +∞ as t →
(

1
kλ2

)
−. Such flows are, in some

respects, reminiscent of Morse flows, and it would be of interest to know whether our
approach has a Morse-theoretic interpretation. In addition, it would be interesting to
relate our work to other examples of systems where one has a symmetry algebra, but no
corresponding group action e.g. Teichmüller theory.7

As mentioned in the Introduction, the original motivation for this work was to deter-
mine whether the integrable systems approach to the self-dual Yang–Mills equations
could give information about instanton moduli spaces as used in the more topological
context of Donaldson theory. In this regard, the results of this paper should be viewed
alongside the results of the companion paper [15]. In [15], reducible connections were
studied on open subsets of R4, and were found to bear a strong resemblance to harmonic
maps of finite type (see, e.g., [16, Chap. 24]). In particular, all reducible connections
lie in the orbit, under flows (2.13), of the flat connection on R4. Therefore instanton
solutions on R4 and reducible connections (which are necessarily not L2 on R4) appear
to have quite different behaviour under the symmetry group of the self-dual Yang–Mills
equations. Since reducible and irreducible connections play a different role in Donald-

7 The author is grateful to Prof. K. Ono for this suggestion.
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son’s work [11], corresponding to the smooth and singular parts of the moduli space
respectively, it is striking that such connections also seem to have different behaviour
from the point of view of integrable systems. In this respect, it would be of particular
interest to investigate the one-instanton moduli space on CP2, where one has L2 and
reducible connections in the same moduli space.

Acknowledgements. This work was supported by START-project Y237–N13 of the Austrian Science Fund
and a Visiting Professorship at the University of Vienna. The author is grateful to the anonymous referee,
whose detailed comments led to the significant improvement of this paper.

A. Action of Symmetries on the Patching Matrix

It appears that the direct derivation of the infinitesimal flow, (2.13), from the flow of
the J -function, (2.12), has not appeared in the literature. We therefore give a proof of
this result here. The closest to our derivation that we have found is the corresponding
construction for harmonic maps into Lie groups given in [28, §3-4].
For ease of notation, we define the quantities

α(x, λ) := Ψ∞(x, λ)T (x, λ)Ψ∞(x, λ)−1, (A.1a)

α(x, λ)† := Ψ0(x, σ (λ))T (x, λ)
†Ψ0(x, σ (λ))

−1, (A.1b)

and recall the solution of the linearisation equation, (2.12), in this notation:

J̇ (x) = ψ∞(x)−1
[
α(x, λ) + α(x, λ)†

]
ψ0(x). (A.2)

Proposition A.1. There exists a function h∞(x, z) ≡ h∞(u − zv, v + zu, z) with the
property that

Ψ̇∞(x, z)Ψ∞(x, z)−1 − ψ̇∞(x)ψ∞(x)−1 = λ

λ− z
(α(x, λ)− α(x, z))

+
1

1 + zλ

(
α(x, λ)† − α(x, σ (z))†

)
− Ψ∞(x, z)h∞(z)Ψ∞(x, z)−1,

(A.3)

for all z ∈ CP1 such that z �= 0, λ, −1
/
λ. Similarly, there exists a function h0(x, z) ≡

h0(u − zv, v + zu, z) such that

Ψ̇0(x, z)Ψ0(x, z)−1 − ψ̇0(x)ψ0(x)
−1 = z

λ− z
(α(x, λ)− α(x, z))

− zλ

1 + zλ

(
α(x, λ)† − α(x, σ (z))†

)
+ Ψ0(x, z)h0(z)Ψ0(x, z)−1,

(A.4)

for all z ∈ CP1 such that z �= ∞, λ, −1
/
λ.

Proof. From (A.2), we deduce that

ψ̇0(x)ψ0(x)
−1 − ψ̇∞(x)ψ∞(x)−1 = α(x, λ) + α(x, λ)†. (A.5)
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From the defining relations for ψ0(x, z), ψ∞(x, z) we deduce that the derivative of the
components of the connection are given by(

Ȧu − z Ȧv
) = − (Du − zDv)

(
Ψ̇0(x, z)Ψ0(x, z)−1

)
= − (Du − zDv)

(
Ψ̇∞(x, z)Ψ∞(x, z)−1

)
,(

Ȧv + z Ȧu
) = − (Dv + zDu)

(
Ψ̇0(x, z)Ψ0(x, z)−1

)
= − (Dv + zDu)

(
Ψ̇∞(x, z)Ψ∞(x, z)−1

)
.

This expression implies that

(Du − zDv)
[
Ψ̇∞(x, z)Ψ∞(x, z)−1

]
= Du

[
ψ̇0(x)ψ0(x)

−1
]

− zDv
[
ψ̇∞(x)ψ∞(x)−1

]
,

(Dv + zDu)
[
Ψ̇∞(x, z)Ψ∞(x, z)−1

]
= Dv

[
ψ̇0(x)ψ0(x)

−1
]

+ zDu

[
ψ̇∞(x)ψ∞(x)−1

]
.

We need to solve these equations for Ψ∞(x, z) with the boundary condition that
Ψ̇∞(x, z) → ψ̇∞(x) as z → ∞. These equations may be rewritten in the form

(Du − zDv)
[
Ψ̇∞(x, z)Ψ∞(x, z)−1 − ψ̇∞(x)ψ∞(x)−1

]
= Du

[
α(x, λ) + α(x, λ)†

]
,

(Dv + zDu)
[
Ψ̇∞(x, z)Ψ∞(x, z)−1 − ψ̇∞(x)ψ∞(x)−1

]
= Dv

[
α(x, λ) + α(x, λ)†

]
.

We now note that

(Du − λDv) α(x, λ) = (Dv + λDu) α(x, λ) = 0.

Therefore, for all z �= λ,

Duα(x, λ) = λ

λ− z
(Du − zDv) α(x, λ),

Dvα(x, λ) = λ

λ− z
(Dv + zDu) α(x, λ).

Similarly, (
Dv + λDu

)
α(x, λ)† = (

Du − λDv
)
α(x, λ)† = 0,

from which we deduce that, for all z �= −1
/
λ,

Duα(x, λ)
† = 1

1 + zλ
(Du − zDv) α(x, λ)

†,

Dvα(x, λ)
† = 1

1 + zλ
(Dv + zDu) α(x, λ)

†.
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Hence,

(Du − zDv)

[
Ψ̇∞(x, z)Ψ∞(x, z)−1 − ψ̇∞(x)ψ∞(x)−1

− λ

λ− z
α(x, λ)− 1

1 + zλ
α(x, λ)†

]
= 0,

and, similarly, (Dv + zDu) [. . . ] = 0. It then follows that there exists a function H∞(u−
zv, v + zu, z) with the property that

Ψ̇∞(x, z)Ψ∞(x, z)−1 − ψ̇∞(x)ψ∞(x)−1 = λ

λ− z
α(x, λ) (A.6)

+
1

1 + zλ
α(x, λ)† − Ψ∞(x, z)H∞(z)Ψ∞(x, z)−1.

Taking

H∞(x, z) = h∞(x, z)− Ψ∞(x, z)−1
[

λ

λ− z
α(x, z) +

1

1 + zλ
α(x, σ (z))†

]
Ψ∞(x, z)

cancels the poles in the first two terms in the right-hand-side of (A.6), and yields
Eq. (A.3). A similar argument for Ψ0(x, z) yields Eq. (A.4). ��
Lemma A.1.

Ġ(z) = T (z)G(z) + G(z)T ∗(z) + h∞(z)G(x, z) + G(x, z)h0(z).

Proof. Firstly,

Ġ(z) = ∂

∂s

[
Ψ∞(x, z)−1 · Ψ0(x, z)

]
= Ψ∞(x, z)−1

[
Ψ̇0(x, z) · Ψ0(x, z)−1 − Ψ̇∞(x, z) · Ψ∞(x, z)−1

]
Ψ0(x, z).

Now use Eqs. (A.1), (A.3), (A.4) and (A.5). ��
The left-hand-side of (A.4) is analytic for |z| < 1+ε. Any singularities in this region that
occur in the first two terms on the right-hand-side must therefore be cancelled by corre-
sponding singularities in the function h0. It turns out that this consideration is enough
to determine h0 up to addition of a function of (u − zv, v + zu, z) that is holomorphic
on the region |z| < 1 + ε. Similar remarks apply to h∞ and Eq. (A.3).

Proposition A.2. There exists a function ρ0(x, z) ≡ ρ0(u − zv, v + zu, z), holomorphic
for |z| < 1 + ε with the property that on the region 1

1+ε < |z| < 1 + ε we have

Ψ̇0(x, z)Ψ0(x, z)−1 − ψ̇0(x)ψ0(x)
−1 = 1

λ− z
(zα(x, λ)− λα(x, z))

− 1

1 + zλ

(
zλα(x, λ)† + α(x, σ (z))†

)
+ Ψ0(x, z)ρ0(z)Ψ0(x, z)−1. (A.7)
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Proof. Rearranging Eq. (A.4) yields

h0(z) = χ0(z)
−1χ̇0(z)− z

λ− z
Ψ0(z)

−1 (α(x, λ)− α(x, z)) Ψ0(z)

+
zλ

1 + zλ
Ψ0(z)

−1
(
α(x, λ)† − α(x, σ (z))†

)
Ψ0(z).

Since Ψ0 is analytic for |z| < 1 + ε and the poles at z = λ, σ (λ) have been can-
celled, it follows that h0 is analytic for 1

1+ε < |z| < 1 + ε. We may therefore split

h0(z) = h(0)0 (z)+ h(∞)
0 (z), where h(0)0 is analytic for |z| < 1 + ε and h(∞)

0 is analytic for
|z| > 1

1+ε . For |z| > 1
1+ε , we have

h(∞)
0 (z) = − 1

2π i

∮
γ−

h0(w)

w − z
dw,

where γ− = {w ∈ C : w = 1
1+ε′ }, where ε′ < ε is chosen such that |z| > 1

1+ε′ . Using
the fact that χ and Ψ0 are analytic for |z| < 1

1+ε′ , we find that

h(∞)
0 (z) = 1

2π i

∮
γ−

1

w − z

[
wλ

1 + wλ
T ∗(w)− w

λ− w
G(w)−1T (w)G(w)

]
dw

for |z| > 1
1+ε′ . Differentiating under the integral sign, we find that

(∂u − z∂v) h(∞)
0 (z) = ∂u K (x), (∂v + z∂u) h(∞)

0 (z) = ∂vK (x),

where

K (x) := 1

2π i

∮
γ−

[
1

w − σ(λ)
T ∗(w) +

1

w − λ
G(w)−1T (w)G(w)

]
dw.

Note that this expression is independent of z. In order to construct the function h0, we
must find a function h(0)0 , holomorphic (in z) for |z| < 1 + ε′ with the property that

(∂u − z∂v) h0
0(z) = −∂u K (x), (∂v + z∂u) h0

0(z) = −∂vK (x).

To construct such a function, we define the contour γ+ = {w ∈ C : |w| = 1 + ε′} and
deduce that

K (x) = 1

2π i

∮
γ+

[
1

w − σ(λ)
T ∗(w) +

1

w − λ
G(w)−1T (w)G(w)

]
dw

−T ∗(σ (λ))− G(λ)−1T (λ)G(λ).

We then find that, for |z| < 1 + ε′,

−∂u K (x) = − 1

2π i

∮
γ+

[
1

w − σ(λ)
∂u T ∗(w) +

1

w − λ
∂u

(
G(w)−1T (w)G(w)

)]
dw

+∂u T ∗(σ (λ)) + ∂u

(
G(λ)−1T (λ)G(λ)

)
= (∂u − z∂v)Φ(x, λ, z),
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where

Φ(x, λ, z) := − 1

2π i

∮
γ+

w

w − z

[
1

w − σ(λ)
T ∗(w) +

1

w − λ

(
G(w)−1T (w)G(w)

)]
dw

+
σ(λ)

σ (λ)− z
T ∗(σ (λ)) +

λ

λ− z
G(λ)−1T (λ)G(λ),

with a similar expression for −∂u K (x). Again cancelling the poles at z = λ, σ (λ), we
deduce that, for |z| < 1 + ε′, we may take

h(0)0 (z) = ρ0(z) +
λ

λ− z

(
G(λ)−1T (λ)G(λ)− G(z)−1T (z)G(z)

)
− 1

2π i

∮
γ+

w

w − z

[
1

w − σ(λ)
T ∗(w) +

1

w − λ

(
G(w)−1T (w)G(w)

)]
dw

+
σ(λ)

σ (λ)− z

[
T ∗(σ (λ))− T ∗(z)

]
,

where ρ0 = ρ0(u − zv, v + u, z) is analytic for |z| < 1 + ε′. Finally, we note that, in the
region 1

1+ε < |z| < 1 + ε we have

h0(z) = h(0)0 (z) + h(∞)
0 (z) = z

λ− z
G(z)−1T (z)G(z)− zλ

1 + zλ
T ∗(z) + ρ0(z). (A.8)

Substituting this expression into (A.4) yields (A.7). ��
Theorem A.1. On the region 1

1+ε < |z| < 1 + ε we have

Ġ(z) = −T (z)G(z)− G(z)T ∗(z) + ρ∞(z)G(x, z) + G(x, z)ρ0(z).

Proof. The reality conditions for Ψ0 and Ψ∞ imply that h∞(z) = h∗
0(z). The result then

follows from Lemma A.1 and Eq. (A.8). ��
Remark A.1. Since the functions ρ0, ρ∞ are holomorphic in (u − zv, v + zu, z) and
analytic for |z| < 1 + ε, |z| > 1

1+ε , respectively, they simply generate holomorphic
changes of basis on these regions. As such, modulo holomorphic changes of basis, the
symmetry (2.12) generates the flow

Ġ(z) = −T (z)G(z)− G(z)T ∗(z)

for the patching matrix. Since T is independent of t , the corresponding one-parameter
group of transformations determined by T with initial conditions the patching matrix
G0(x, z) is of the form

G(t;x, z) = exp (−tT (x, z))G0(x, z) exp
(−tT ∗(x, z)

)
.

In particular, we recover the group action constructed on heuristic grounds by
Crane [9]: Given a map h : X × S1 → SL2(C) that extends to a holomorphic map
h̃ : X ×Vε → SL2(C) (where holomorphic means with respect to the complex structure
X × Vε as a subset of CP3) then the group action on the patching matrix is of the form

G(x, z) �→ (h · G) (x, z) := h̃(x, z)G(x, z)h̃∗(x, z).
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To David E. Williams

Abstract: We construct the most general reducible connection that satisfies the self-
dual Yang–Mills equations on a simply-connected, open subset of flat R4. We show
how all such connections lie in the orbit of the flat connection on R4 under the action
of non-local symmetries of the self-dual Yang–Mills equations. Such connections fit
naturally inside a larger class of solutions to the self-dual Yang–Mills equations that are
analogous to harmonic maps of finite type.

1. Introduction

Reducible connections play an important rôle in Donaldson’s study of four-manifold
topology [11]. In particular, the singular ends of the moduli space of global solutions
of the self-dual Yang–Mills equations on a four-manifold are due to the existence of
connections on which the group of gauge transformations (modulo its centre) do not act
freely. In the current paper, we study reducible connections from a different point of
view, that of integrable systems theory.

In this paper and its companion [13] we investigate the non-local symmetry algebra
of the self-dual Yang–Mills equations on R4 discussed in [7–9] and corresponding group
actions on spaces of solutions of the self-dual Yang–Mills equations on open subsets of
R4. In [13] we studied instanton moduli spaces, as explicitly described by the ADHM
construction [1,2], and group actions that preserved the L2 nature of the curvature of
the connection. In the current work, we investigate reducible connections defined on a
simply-connected, open subset of R4. Given that reducible and irreducible connections
play a different rôle in Donaldson’s work, our main motivation was to study whether
such connections have different properties from an integrable systems point of view.
This does, indeed, seem to be the case.

In the case of instanton solutions on R4, it was argued in [13] that the symmetry group
that acts on the moduli space has orbits of high codimension in the moduli space. (In
other words, the orbits are quite small.) Our conclusion for reducible connections, how-
ever, is quite different. After explicitly constructing the most general reducible self-dual
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connection on a simply-connected, open subset of R4 (there are no reducible self-dual
connections on R4 with L2 curvature), we deduce that all reducible connections lie
in the orbit of the flat connection on R4 under the action of the non-local symmetry
group of the self-dual Yang–Mills equations. Also, the reducible connections lie within
a larger class of solutions that arise quite naturally from the symmetries of the self-dual
Yang–Mills equations. Solutions in this larger family are determined by a holomorphic
function, T , defined on an open subset of CP3 that obeys the condition

[
T, T ∗] = 0.

Such formulae bear a strong resemblance to those arising in the theory of harmonic maps
of finite type (see, e.g., [14, Chap. 24]). This result is distinct from the instanton case
discussed in [13], which bears more of a resemblance to the theory of harmonic maps
of finite uniton number [25].

The organisation of this paper is as follows. In the following section, we set up nota-
tion and recall the non-local symmetries of the self-dual Yang–Mills equations on R4

constructed in [7–9]. We also recall the main results of [10] concerning the twistori-
al interpretation of these symmetries in terms of their action on the patching matrix
of holomorphic bundles over open subsets of CP3. In sect. 3, we determine the most
general reducible self-dual connection on a simply-connected, open subset of R4. We
show that these may be constructed directly from harmonic functions. We then show the
patching matrix of such connections may be constructed directly. In Sect. 4, we deduce
that all such patching matrices, and therefore all reducible self-dual connections, lie in
the orbit of the flat connection on R4. In particular, we see there is a larger class of
patching matrices that appear quite naturally from the group action of [10] that contains
all reducible connections. Analogies between this larger class of solutions and harmonic
maps of finite type are briefly investigated in Sect. 5. After some final remarks, in an
Appendix we study some properties of a simplified version of the group action of [10].

As in the companion paper [13], we study only the non-local symmetries of the self-
dual Yang–Mills equations constructed in [7–9], and not symmetries that require the
existence of a non-trivial conformal group on our manifold. We also specialise to the
case of SU2 structure group, although the generalisation to any classical Lie group is
straightforward.

2. Preliminaries

2.1. The self-dual Yang–Mills equations on R4. Let U be a connected, simply connected
open subset of R4 with its flat metric. From the Cartesian coordinates (t,x, y, z) on R4,
we define complex coordinates

u := t + ix, v := y − i z

on R4 ∼= C2. In terms of these coordinates, the metric on R4 is

g = 1

2
(du ⊗ du + du ⊗ du + dv ⊗ dv + dv ⊗ dv) ,

and the standard volume form is

ε = dt ∧ dx ∧ dy ∧ dz = 1

4
du ∧ du ∧ dv ∧ dv.

In terms of these coordinates, a local basis for the bundle of anti-self-dual two-forms
(with respect to the above metric and volume form) on U is given by {du∧dv, 1

2 (du∧du
+ dv ∧ dv), du ∧ dv}.
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Let π : P → U be a principal SU2 bundle over U . Since we are, essentially, work-
ing locally, a connection on P may be represented by an su2-valued one-form A ∈
�1(U, su2), with curvature F ∈ �2(U, su2). In terms of the complex coordinates above,
the connection satisfies the self-dual Yang–Mills equations on U if and only if

Fuv = 0, (2.1a)

Fuu + Fvv = 0, (2.1b)

Fuv = 0. (2.1c)

Since U is simply-connected, (2.1a) and (2.1c) imply the existence of maps
ψ0, ψ∞ : U → SL2(C) with the property that

Au = − (∂uψ∞) ψ−1∞ , Av = − (∂vψ∞) ψ−1∞ , (2.2a)

Au = − (∂uψ0) ψ
−1
0 , Av = − (∂vψ0) ψ

−1
0 . (2.2b)

The fields ψ0, ψ∞ are determined by Eqs. (2.2) up to transformations

ψ0(x) �→ ψ̃0(x) := ψ0(x)R(u, v), ψ∞(x) �→ ψ̃∞(x) := ψ∞(x)S(u, v),

where R, S are arbitrary analytic functions of (u, v), (u, v) respectively. We may use
this freedom to set, without loss of generality, ψ∞(x) = (

ψ0(x)
−1

)†
,∀x ∈ U . The

remaining freedom in the choice of ψ0, ψ∞ is then of the form

ψ0(x) �→ ψ̃0(x) := ψ0(x)R(u, v), ψ∞(x) �→ ψ̃∞(x) := ψ∞(x)
(

R(u, v)−1
)†
.

(2.3)

In terms of these fields we define the Yang J-function, J : U → SL2(C), by

J (x) := ψ−1∞ (x) · ψ0(x), x ∈ U.

It follows from the reality properties of ψ0, ψ∞ that J is Hermitian

J (x) = J (x)†, x ∈ U,

and that, under the transformation (2.3), J transforms according to the rule

J (x) �→ J̃ (x) := R(u, v)† J (x)R(u, v). (2.4)

Substituting into Eq. (2.1b), we find that the connection, A, satisfies the self-dual
Yang–Mills equations if and only if J satisfies the two (equivalent) versions of the
Yang–Pohlmeyer equation

∂u

(
Ju J−1

)
+ ∂v

(
Jv J−1

)
= 0, (2.5a)

∂u

(
J−1 Ju

)
+ ∂v

(
J−1 Jv

)
= 0. (2.5b)
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2.2. Associated linear problem. Let� be a non-empty, open subset of CP1 := C∪{∞},
and consider the following overdetermined system of equations for a map� : U ×� →
SL2(C)

(∂v + z∂u)�(x, z) = − (Av + z Au)�(x, z), (2.6a)

(∂u − z∂v)�(x, z) = − (Au − z Av)�(x, z), (2.6b)

∂z�(x, z) = 0. (2.6c)

An important property of the self-dual Yang–Mills equations is that they are the integra-
bility condition for this system. In particular, if the connection A satisfies the self-dual
Yang–Mills equations on U , then there exists ε > 0 and a solution �0 : U × V0

ε →
SL2(C) of this system that is analytic in z for z ∈V0

ε , where V0
ε :={

z ∈CP1
∣∣ |z|<1 + ε

}
.

Notation. We define the involution σ : CP1 → CP1 by σ(z) = − 1
/

z. Given a subset
V ⊂ CP1 and a map g : V → SL2(C), we define a corresponding map g∗ : σ(V) →
SL2(C) by

g∗(z) := (g(σ (z)))† .

Similarly, given any map f : U ×V → SL2(C), we define a corresponding map f ∗ : U ×
σ(V) → SL2(C) by

f ∗(x, z) := ( f (x, σ (z)))† .

Given the solution, �0, of (2.6), we may now construct another solution �∞ : U ×
V∞
ε → SL2(C), where V∞

ε := {
z ∈ CP1

∣∣ |z| > 1
1+ε

}
, by �∞(x, z) := �∗

0 (x, z)−1.
The solution �∞ is analytic in z for z ∈ V∞

ε .

Remark 2.1. Note that, for the construction of the connection in Eq. (2.2), we may take
ψ0(x) := �0(x, 0) and ψ∞(x) := �∞(x, 0). We will assume, from now on, that ψ0
and ψ∞ are defined in this way.

Definition 2.1. The patching matrix (or clutching function, in Uhlenbeck’s terminol-
ogy [25]), G : U × Vε → SL2(C) is defined by

G(x, z) = �∞(x, z)−1 ·�0(x, z), (2.7)

where Vε := V0
ε ∩ V∞

ε = {
z ∈ CP1

∣∣ 1
1+ε < |z| < 1 + ε

}
.

Remark 2.2. Viewing U × Vε as a subset of π−1(U ) ⊆ CP3, the patching matrix is
the transition function of the holomorphic vector bundle over CP3 corresponding to our
self-dual connection A [3,27]. Since U × V0

ε and U × V∞
ε are open subsets of C3, any

holomorphic bundle over them is trivial. As such, the bundle over π−1(U ) is completely
determined by the patching matrix G (see, e.g., [10]). The fact that the patching matrix
splits as in (2.7) implies that the bundle is trivial on restriction to a line π−1(x), for each
x ∈ U [27]. Since the patching matrix obeys the reality condition G(t, z) = G∗(t, z),
the bundle admits a Hermitian structure, and the corresponding self-dual connection is
an SU2 connection, rather than an SL2(C) connection.
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2.3. Non-local symmetries. In order to study symmetries of the self-dual Yang–Mills
equations, we let J (·, s) : Us → SL2(C) be a one-parameter family of solutions of the
Yang–Pohlmeyer equations (2.5). Here, s ∈ I with I an open interval in R containing
the origin, J is assumed to depend in a C1 fashion on the parameter s, and Us ⊆ R4 is
the open subset of R4 on which the solution is well defined (i.e. non-singular)1. Taking
the derivative with respect to s of (2.5), we find that J (·, s) must satisfy the linearised
equation

∂u

(
J∂u

(
J−1 J̇

)
J−1

)
+ ∂v

(
J∂v

(
J−1 J̇

)
J−1

)
= 0, (2.8)

where J̇ := ∂ J
/
∂s. It is known that the only local symmetries of the self-dual Yang–Mills

equations on flat R4 are gauge transformations and those generated by the action of the
conformal group (see, e.g., [22]). However, there exists a non-trivial family of non-local
symmetries of the self-dual Yang–Mills equations [7–9], defined as follows. We define
maps χ0 : U × V0

ε → SL2(C), χ∞ : U × V∞
ε → SL2(C) by the relations

χ0(x, z) := ψ0(x)
−1 ·�0(x, z), (x, z) ∈ U × V0

ε ,

χ∞(x, z) := ψ∞(x)−1 ·�∞(x, z), (x, z) ∈ U × V∞
ε .

χ0 is analytic in z for all z ∈ V0, with χ(x, 0) = Id, for all x ∈ U , and is a solution of
the system [(

∂v − Jv J−1
)

+ z∂u

]
χ0(x, z) = 0,[(

∂u − Ju J−1
)

− z∂v
]
χ0(x, z) = 0,

for all (x, z) ∈ U ×V0
ε . Similarly, χ∞ is analytic in z for all z ∈ V∞

ε , with χ∞(x,∞) =
Id, for all x ∈ U . Note that we have

χ∞(x, λ) = (χ0(x, σ (λ)))
−† , for all (x, λ) ∈ U × V∞

ε .

Based on the work of [7–9], we have the following result from [10]:

Proposition 2.1. Let T : U × Vε → sl2(C) obey the relations

(∂v + λ∂u) T (x, λ) = (∂u − λ∂v) T (x, λ) = 0,

and be analytic in λ on a neighbourhood, Vε , of the unit circle S1 ⊂ C. Then

J̇ (x, s) = χ∞(x, λ)T (x, λ)χ∞(x, λ)−1 · J

+ J · χ0(x, σ (λ))T (x, λ)
†χ0(x, σ (λ))

−1

= ψ∞(x)−1
[
�∞(x, λ)T (x, λ)�∞(x, λ)−1

+�0(x, σ (λ))T (x, λ)
†�0(x, σ (λ))

−1
]
ψ0(x) (2.9)

is a solution of the linearisation equation (2.8), for all x ∈ U, and all λ ∈ Vε .
1 We will often notationally suppress the dependence of the domain U on s.
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Remark 2.3. In the case where the function T is independent of (u, v), it defines an
element of the loop group 
SL2(C) with a holomorphic extension to an open neigh-
bourhood of S1 in C∗. The algebra of symmetries generated by such T is then isomorphic
to the Kac-Moody algebra of sl2(C) [7–9].

The natural question is how to exponentiate the above algebra into a group action on
the space of solutions of the self-dual Yang–Mills equations. A solution to this problem
is given by the following result

Theorem 2.1. [10, Chap. IV.C]. Let g : X × S1 → SL2(C) be a smooth map that admits
a continuous extension to a holomorphic map g : X × Vε ⊂ CP3 → SL2(C), for some
ε > 0. Then the action of g on the patching matrix, G(x, z), is defined by

G(x, z) �→ (g · G) (x, z) := g(x, z) · G(x, z) · g∗(x, z). (2.10)

This equation defines an action of the set of such maps g on the space of self-dual
connections on X. If g extends holomorphically to z ∈ V0

ε , then the corresponding
transformation is a holomorphic change of basis on the bundle over π−1(X), which
leaves the self-dual connection, A, unchanged.

Remark 2.4. The above group action on the solution space have been given a cohomo-
logical description by Park (see [20] and references therein), which has been further
investigated by Popov and Ivanova (see [17,18,22] and references therein).

Remark 2.5. The group action (2.10) is slightly unusual since, in integrable systems the-
ory, it is usually adjoint or coadjoint orbits of Lie groups that turn out to be relevant. If we
consider the case where G and g are constant, and study the action of SL2(C) on itself by
(g,G) �→ g · G := gGg†, then the generic orbits of this action are five-dimensional. As
such, the orbits do not carry the invariant symplectic structures that one would associate
with, for example, coadjoint orbits. A brief investigation of this orbit structure is given
in Appendix A.

The connection between Theorem 2.1 and the transformation (2.9) is given by the
following:

Theorem 2.2. Given T : U × Vε → sl2(C) as in Proposition 2.1, the corresponding
flow on the space of patching matrices is given by

Ġ(x, z) = −T (x, z)G(x, z)− G(x, z)T ∗(x, z) + ρ∞(x, z)G(x, z) + G(x, z)ρ0(x, z)

(2.11)

for (x, z) ∈ R4 × Vε . In this equation, ρ0 : R4 × V0
ε → sl2(C) and ρ∞ : R4 × V∞

ε →
sl2(C) are analytic functions of z on the respective regions and satisfy

(∂v + z∂u) ρ0(x, z) = (∂u − z∂v) ρ0(x, z) = 0,

(∂v + z∂u) ρ∞(x, z) = (∂u − z∂v) ρ∞(x, z) = 0.

Remark 2.6. It follows from a similar argument to that given in the proof of Proposition 1
(b) of [10] that the terms ρ0 and h∞ in the above formula may be absorbed into a change
of holomorphic frame on the sets z ∈ V0

ε and V∞
ε , respectively.

Remark 2.7. The group action (2.10) was derived in [10], arguing by analogy with
the action of dressing transformations in harmonic map theory. It has been investi-
gated further in, for example, [17,18,22]. The first direct derivation of the infinitesimal
result (2.11) from the generator (2.9), to my knowledge, appears in [13].
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3. Reducible Connections

Recall [12, Chap. 3] that a connection, D, on an SU2 bundle π : E → U is reducible
if the group of gauge transformations G := C∞(U,SU2) modulo its centre does not
act freely on the connection D. We now proceed to derive the most general form of a
reducible connection on a simply-connected, open subset of R4. In doing so, we make
extensive use of the classical Pauli matrices, which we define as follows:

τ ≡ (τ1, τ2, τ3) =
((

0 1
1 0

)
,

(
0 −i
i 0

)
,

(
1 0
0 −1

))
.

Proposition 3.1. Let U be a simply-connected, open subset of R4, a ∈ C∞(U,R) a
harmonic function. We define the connection

A = 1

2

(
∂a − ∂a

)
τ3 ∈ �1(U, su2). (3.1)

Then the connection, A, is reducible and satisfies the self-dual Yang–Mills equations on
U. Conversely, up to gauge transformation, all reducible self-dual connections on U
arise in this way.

Proof. A connection is reducible if and only if there exists a parallel section, η, of the
adjoint bundle ad su2 [12, Theorem 3.1]. In terms of local coordinates (u, v) ∈ C2 ∼= R4,
and relative to a local trivialisation of the bundle E , this condition implies that

∂

∂xa
η + [Aa, η] = 0.

It follows from Eqs. (2.2) that, for a parallel section η, the map A : C2 → sl2(C) defined
by the equation η = ψ0(x)A(u, v)ψ0(x)

−1 is holomorphic. In a similar fashion, using
(2.2) and the relationship between ψ0 and ψ∞, one may verify that
η = −ψ∞(x)A(u, v)†ψ∞(x)−1. These relations imply that

J A(u, v) + A(u, v)† J = 0. (3.2)

Note that this equation and the fact that det J �= 0 implies that det A(u, v) = det A(u, v)∗.
Therefore det A(u, v) is real. Since A is holomorphic in u and v, it follows that det A is
a real constant.

Let A = (R + iI) · τ , with R, I : U → R3. The fact that A depends holomorphically
on (u, v) implies that

∂t R = ∂xI, ∂xR = −∂t I, ∂yR = −∂zI, ∂zR = ∂yI. (3.3)

Moreover, we find that

det A = |I|2 − |R|2 − 2i〈R, I〉.
Since det A is real, we deduce that 〈R, I〉 = 0. We now let J = 
+λ·τ , with λ : U → R3

and the condition that det J = 1 implies that we require
2 = 1 + |λ|2. Imposing (3.2),
we find that we require


R = λ × I. (3.4)
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This equation implies that


2|R|2 = |λ × I|2 = |λ|2|I|2 − 〈I,λ〉2.

Therefore

det A = |I|2 − |R|2 = 1

|λ|2
(

2|R|2 + 〈I,λ〉2

)
− |R|2

= 1

|λ|2
(
|R|2 + 〈I,λ〉2

)
≥ 0.

For λ �= 0, equality occurs in this inequality if and only if R = 0 and 〈I,λ〉 = 0.
From (3.4), it follows that, in this case, R = I = 0, so A = 0. Moreover, if λ = 0,
then (3.2) implies that R = 0, so det A = |I|2, which is, again, strictly positive unless
I = 0 and, hence, A = 0.

To summarise, the fact that det A is real, along with (3.2), implies that det A is a non-
negative constant. Moreover, det A = 0 if and only if A = 0. Since we are assuming
A �= 0 and since any constant multiple of a parallel section is also parallel we may, with-
out loss of generality, assume that det A = 1. In this case, it follows that the eigenvalues
of A are ±i .

Note that we still have the freedom to rotate the ψ’s, as given in (2.3). It follows that
A transforms under the adjoint action of R−1:

A(u, v) �→ Ã(u, v) := R(u, v)−1 A(u, v)R(u, v) = AdR−1 A. (3.5)

We now write A in the form

A(u, v) =
(

a(u, v) b(u, v)
c(u, v) −a(u, v)

)
,

where a, b, c are holomorphic functions of (u, v). On a neighbourhood of any point
(u, v) at which a(u, v) �= −i , the holomorphic change of frame

R+(u, v) =
(

a + i b
c a + i

)
has the property that

R+(u, v)
−1 A(u, v)R+(u, v) = iτ3.

Similarly, for a(u, v) �= +i ,

R−(u, v) =
( −b a − i

a − i c

)
gives a holomorphic change of frame with the property that

R−(u, v)−1 A(u, v)R−(u, v) = iτ3.

As such, given any point p ∈ X , there exists a neighbourhood of p and a holomorphic
frame such that A = iτ3 in that frame.
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From (3.2), it follows that there exist real functions α, β such that J = α Id + βτ3.
Since det J = 1, we haveα2 = 1+β2. Since J is continuous,αwill have constant sign, so
we assume that α > 0. Therefore, since U is assumed simply-connection, we may con-
sistently define a real-valued function a with the property that α = cosh a, β = sinh a.
It then follows that

J = exp (aτ3) . (3.6)

We therefore have

J−1 Ju = au τ3, J−1 Jv = av τ3.

Imposing the Yang–Pohlmeyer equation implies that a is harmonic:

(∂u∂u + ∂v∂v) a = 0.

From (3.6), we see that, up to a gauge transformation, we may take

ψ0 = exp
(a

2
τ3

)
, ψ∞ = exp

(
−a

2
τ3

)
.

The form of the connection given in Eq. (3.1) then follows from Eq. (2.2). The parallel
section, η, is equal to iτ3. ��
Example 1. The case

J (x) = exp
{(

|u|2 − |v|2
)
τ3

}
corresponds to a = |u|2−|v|2 and, therefore, defines a reducible connection. In this case,
the connection is non-singular on R4. However, the curvature is not L2, and therefore
the connection cannot be extended to S4 [26].

In this particular case the connection is algebraically special, in the sense that, in
addition to satisfying the self-dual Yang–Mills equations (2.1), the curvature satisfies

Fuv = 0, Fvu = 0.

It can be shown that all algebraically special connections arise in this way, and are thus
reducible.

Recall [16] that there is a 1 − 1 correspondence between harmonic functions on
U ⊆ R4 and sheaf cohomology classes in H1(Û ,O(−2)), where Û :=π−1(U )⊆ CP3.
In the present case, such a cohomology class may be represented by a holomorphic
function2 f : U × C∗ → C. In terms of homogeneous coordinates on CP3, we have
f (λz) = λ−2 f (z). The corresponding harmonic function on U ⊆ R4 is then given by
the contour integral

a(x) = 1

2π i

∮
γ

f (u − wv, v + wu, w)dw, (3.7)

where γ := {w ∈ C ⊂ CP1 : |w| = 1}.
2 By holomorphic, we mean with respect to the complex structure induced on U × C∗ as a subset of CP3.
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Proposition 3.2. Given the connection as in Proposition 3.1, the patching matrix for the
holomorphic bundle on Û may be taken as

G(x, z) = exp

[
1

2

(
F(x, z) + F∗(x, z)

)
τ3

]
,

where

F(x, z) := 1

2π i

∮
γ

w + z

w − z
f (u − wv, v + wu, w)dw, (3.8)

and the holomorphic function f is a representative of the cohomology class in
H1(Û ,O(−2)) corresponding to the harmonic function a.

Proof. We assume that there exists �0(x, z) of the form exp
( 1

2 F(x, z)τ3
)
, with

F(x, 0) = a(x). From (2.6) for � and the explicit form of the connection, we deduce
that F must be analytic in z and satisfy the relations

(∂u − z∂v) F(x, z) = (∂u + z∂v) a(x), (∂v + z∂u) F(x, z) = (∂v − z∂u) a(x).

From (3.7) we then calculate

(∂u + z∂v) a(x) = (∂u + z∂v)
1

2π i

∮
γ

f (u − wv, v + wu, w)dw

= 1

2π i

∮
γ

(w + z) (∂2 f ) (u − wv, v + wu, w)dw

= 1

2π i

∮
γ

w + z

w − z
(w − z) (∂2 f ) (u − wv, v + wu, w)dw

= 1

2π i

∮
γ

w + z

w − z
(∂u − z∂v) f (u − wv, v + wu, w)dw

= (∂u − z∂v)
1

2π i

∮
γ

w + z

w − z
f (u − wv, v + wu, w)dw.

Along with a similar calculation for (∂v − z∂u) a(x), we have the above candidate for
F given in (3.8). By its definition as a contour integral, it follows that F is analytic in
z, for z in the interior of γ . Since the function w+z

w−z f (u − wv, v + wu, w) is continu-
ous for w ∈ γ , and γ is compact, the Dominated Convergence Theorem implies that
limz→0 F(x, z) = a(x). As such, F has all of the required properties. ��
Remark 3.1. Note that the patching matrix in Proposition 3.2 takes the form G(x, z) =
exp (ϕ(x, z)τ3), where ϕ is a holomorphic function of (u − zv, v + zu, z) that satisfies
ϕ∗(x, z) = ϕ(x, z).

Example 2. In the case of our algebraically special connection, where a = |u|2 − |v|2,
we may take f (x, z) = 1

z2 (u−zv)(v+zu). We then find that F(x, z) = |u|2 −|v|2 −2uv

and G(x, z) = exp
[

1
z (u − zv) (v + zu) τ3

]
.
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4. Orbit of the Flat Connection

Let T : U × S1 be analytic on a neighbourhood of U × S1 in U × C∗ ⊂ CP3, with the
property that [

T, T ∗] = 0. (4.1)

Given a solution of the self-dual Yang–Mills equations, described by patching matrix
G(x, z), we may consider the one-parameter family of connections generated by T via
the flow (2.11). Since the functions ρ0, ρ∞ can be removed by a holomorphic change
of basis on the regions U × V0

ε and U × V∞
ε we may, without loss of generality, fix the

holomorphic bases by setting ρ0 = ρ∞ = 0. The unique solution of (2.11) with initial
conditions G(x, z) is then

Gt (x, z) = exp (−tT (x, z)) G(x, z) exp
(−tT (x, z)∗

)
.

In general, one would perform a Birkhoff splitting of Gt , which would yield connections
At generated from the connection, A, corresponding to the patching matrix G. (Gener-
ally, there will be jumping points at which G does not admit a splitting of the form (2.7),
so we will need to shrink the set U accordingly. The set of such points will, generically,
be of strictly positive codimension in U .)

A case of particular interest to us is when the initial connection is flat, in which case
we may take G(x, z) = 1. We then have

Gt (x, z) = exp
(−t

(
T (x, z) + T (x, z)∗

))
as the patching matrix of connections that lie in this orbit of the flat connection. As a
special case of this construction, letting T = − 1

2ϕ(x, z)τ3, where ϕ : U ×Vε → SL2(C)
satisfies

(∂u − z∂v) ϕ = (∂v + z∂u) ϕ = 0

and is analytic in z ∈ Vε for some ε > 0. Then, assuming that ε is chosen sufficiently
small that G(x, z) is analytic on U × Vε , we deduce that

Gt (x, z) = exp (tϕ(x, z)τ3) , (x, z) ∈ U × Vε .
In light of this construction, and the classification of patching matrices arising from

reducible connections in the previous section, we deduce:

Theorem 4.1. Let A be a reducible connection on an open subset U ⊂ R4. Then A lies
on the orbit of the flat connection on U under the action of the non-local symmetry group
of the self-dual Yang–Mills equations.

Remark 4.1. As mentioned earlier, the set U on which the self-dual connection is defined
will generally shrink under the action of the symmetry group. In the case of reducible
connections, where one may start from the flat connection on R4, then there do exist
reducible connections defined on the whole of R4. (Our algebraically special connec-
tion is an example of such.) Since there are no non-trivial reducible connections on
S4, however, Uhlenbeck’s theorem [26] implies that the curvature of such a connection
cannot be L2. (This property may also be checked directly from the explicit form of the
connection.)
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Remark 4.2. Takasaki [24] has argued that, if we drop the reality conditions on self-dual
connections and consider SL2(C) connections rather than SU2 ones, then the group
action generated by transformations of the form

J̇ (x, s) = χ∞(x, λ)T (x, λ)χ∞(x, λ)−1 · J (4.2)

is transitive on the space of local solutions of the SL2(C) self-dual Yang–Mills equations.
In the current context, we are explicitly restricting ourselves (via the form of Eq. (2.9))
to transformations that preserve the SU2 nature of the connection, in which case there
is no reason to believe that the group action should be transitive. In an analogous situa-
tion in the theory of harmonic maps into Lie groups, one can show that transformations
analogous to (4.2) map real extended harmonic maps to real harmonic maps if and only
if the action is trivial [4, Prop. 3.4] (i.e. g ·� = �). It is, similarly, expected that trans-
formations of the form (4.2) will map SU2 connections to SU2 connections if and only
if the connections coincide.

5. Harmonic Maps of Finite Type

It is clear from the discussion in the previous section that the reducible connections on
a simply-connected, open subset U ⊆ R4 are a special case of a more general type of
connection. In particular, given a map T : U ×Vε → SL2(C) satisfying the commutator
condition (4.1), then the patching matrix

G(x, z) = exp
(
T (x, z) + T (x, z)∗

)
(5.1)

will generate a solution of the self-dual Yang–Mills equations on a subset of U .
The forms of condition (4.1) and the patching matrix (5.1) are reminiscent of formu-

lae that appear when one considers harmonic maps of finite type into Lie groups (see,
e.g., [14, Chap. 24] and [5,6] for harmonic maps into k-symmetric spaces). Recall that,
in this context, we consider Lie groups G, G1, G2 such that G = G1 ·G2 (in the sense that,
given g ∈ G, there exist unique g1 ∈ G1, g2 ∈ G2 such that g = g1g2). At the Lie algebra
level, we have a direct sum decomposition g = g1 + g2, and we denote the projections
onto the two summands by π1, π2. In the case where AdG1g2 ⊆ g2, then various Lax
flows on g can be solved explicitly. In particular, let J1, J2 be invariant vector fields on
g3 and consider the Lax equations

∂s X (s, t) = [X (s, t), (π1 ◦ J1) (X (s, t))] , (5.2a)

∂t X (s, t) = [X (s, t), (π1 ◦ J2) (X (s, t))] , (5.2b)

for a map X : R2 �→ g with initial conditions

X (0, 0) = V ∈ g.

These equations are compatible, and the solution to this problem may be written in the
form

X (s, t) = AdF(s,t)−1V,

where F : R2 → G1 takes the form

F(s, t) = exp (s (π1 ◦ J1) (V) + t (π1 ◦ J2) (V)) , (s, t) ∈ R2.

3 I.e. J1, J2 : g → g satisfy J1(Adgv) = AdgJ1(v) for all g ∈ G and v ∈ g and similarly for J2.
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The connection with harmonic maps arises if we let G be a compact Lie group and use
the standard loop-group decompositions (see, e.g., [14, Chap. 12] and [23, Chap. 8]) to
take G := 
GC, G1 := �G, G2 := 
+GC. If we now impose that the initial conditions
for the Lax equation (5.2) correspond to an element of the loop group of G (rather than
GC) and that their Laurent expansion lies between degrees −d and d:

V =
[
λ �→ f (λ) ≡

d∑
n=−d

αnλ
n

]
∈ 
GC,

then it turns out that the map X also has Laurent expansion that lies between degrees −d
and d. Moreover, F : R2 → �G is automatically the extended solution corresponding
to a harmonic map ϕ : R2 → G. (In particular, ϕ(s, t) = F(s, t)|λ=−1.) Such harmonic
maps are of finite type.

In the context of self-dual Yang–Mills connections, the analogue of harmonic maps
of finite type for self-dual Yang–Mills fields would appear to be patching matrices of
the form

G(x, z) = exp�(x, z),

where � : U × Vε → SL2(C) satisfies

1) (∂u − z∂v)�(x, z) = (∂v + z∂u)�(x, z) = 0;
2) �∗(x, z) = �(x, z)
3) �(x, z) is analytic in z for z ∈ Vε for some ε > 0, and there exists d ∈ N0 such that
� has a finite Laurent expansion of the form

�(x, z) =
d∑

n=−d

an(x)z
n, (x, z) ∈ U × Vε,

for some ai : U → gC, i = −d, . . . , d on this set.

In particular, fixing a point p ∈ U , then the finite Laurent expansion at p is analogous to
the initial condition V having finite Laurent expansion. Moreover, Condition 1) above
is then the analogue of the Lax equations (5.2) satisfied by the map X in the harmonic
map case.

Definition 5.1. We will call a solution of the self-dual Yang–Mills equations for which
there exists a patching matrix that satisfies the above criteria a self-dual connection of
finite type4.

Remark 5.1. The conditions above imply that the maps ai satisfy the conditions

∂ua−d = 0, ∂ua−d = 0, (5.3a)

∂uan+1 = ∂van, ∂van+1 = −∂uan, n = −d, . . . , d − 1, (5.3b)

∂vad = 0, ∂uad = 0. (5.3c)

For d = 0, we deduce that G is constant, and therefore the corresponding self-dual
connection A is flat. For d ≥ 1, the algebraic condition (4.1) imposes non-trivial restric-
tions on the coefficients ai . Note that our algebraically special connection is a self-dual
connection of type 1.

4 Or, of type d, when we wish to be more specific
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Remark 5.2. Let A be a reducible connection defined by a harmonic function a as in (3.1).
Letting a0(x) := a(x) then A is a self-dual connection of finite type if and only if there
exists d > 0 and functions a−d , . . . , ad such that Eqs. (5.3) hold. In particular, this
condition implies that

∂da

∂ur∂vs = 0, for all r, s such that r + s = d.

Therefore,� is necessarily a polynomial of degree less than or equal to d in (u, u, v, v).
As such, the space of self-dual connections of type d is necessarily finite-dimensional.

Remark 5.3. The most restrictive case is when we impose that G splits in the form (2.7)
with

�0(x, z) = exp

(
a0(x)

2
+

d∑
n=1

an(x)z
n

)
,

�∞(x, z) = exp

(
−a0(x)

2
−

−1∑
n=−d

an(x)z
n

)
.

Such a splitting only occurs if
[
ai (x), a j (x)

] = 0, for all i, j = −d, . . . , d. Since
SL2(C) is of rank one, it follows that there exists a constant element α ∈ SL2(C) such
that ai (x) = ϕi (x)α, for functions ϕi : U �→ C. A change of basis (rotating so that
α �→ τ3) implies that such patching matrices give rise to reducible connections when a0
is real.

Remark 5.4. One of the main differences between the integrable systems approach to
harmonic maps and the self-dual Yang–Mills equations is the form of the symmetry
group action on the solutions. In the case of harmonic map equations from a domain
X ⊆ R2 to a Lie group G, one interprets the harmonic map equations as implying
the existence of a holomorphic map E : X → �G into the based loop group of G.
The “dressing action” on the space of harmonic maps is then induced by the action of
various groups on the group �G [15,25]. In particular, the symmetry group acts only
on the space where the map E takes its values, rather than on the map E itself. In the
case of the self-dual Yang–Mills equations, the object of study is the patching matrix
G : U ×Vε → sl2(C), and the group action (2.10) acts non-trivially on the map G. This
difference is the main issue that makes the case of self-dual Yang–Mills equations more
complicated. As remarked earlier, the particular form of the group action (2.10) implies
that many of the techniques used to study orbits in the harmonic map case have no direct
analogue in the self-dual Yang–Mills case.

6. Final Remarks

Our main result is that reducible connections that satisfy the self-dual Yang–Mills
equations on simply-connected, open subsets of R4 lie in the orbit of the flat con-
nection under the action of the non-local symmetry group of these equations found
in [7–9]. In particular, such connections lie within a larger class of solutions, dis-
cussed in Sect. 4, defined by a holomorphic function T (x, z) with the property that[
T (x, z), T ∗(x, z)

] = 0. This condition defines a class of solutions of the self-dual
Yang–Mills equations that seem quite natural from the integrable systems point of view,
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and suggests a connection with the theory of harmonic maps of finite type. Whether
the analogy with such harmonic maps may be extended, and techniques developed in,
for example [5,6], may be adapted to the study of our class of self-dual connections, is
under investigation.

It is clear that the work here (and in the sister paper [13]) may be extended in several
ways. The investigation of the symmetry group on the one-instanton moduli space on
the four-manifold CP2 would be of particular interest, since, in this case, the standard
reducible connection is also L2, so we have reducible and irreducible connections in the
same moduli space. Such an investigation would yield further information concerning
the different behaviour of reducible connections studied here and the instanton connec-
tions studied in [13] under the symmetry group. In a different direction, given that the
reducible connections and the class discussed in Sect. 4 seem quite a natural family of
solutions to investigate from the point of view of integrable systems, it would be of inter-
est to investigate whether there are similar families of self-dual Ricci-flat four-manifolds
(for example, those with algebraically special self-dual Weyl tensor) that arise naturally
from the symmetries of, for example, Plebanski’s equations [21].

We should also point out that we have exclusively considered the self-dual Yang–Mills
equations on Riemannian manifolds, due to the original motivation of Donaldson theory.
It is more usual to investigate the integrable systems aspects of the self-dual Yang–Mills
equations on manifolds of signature (− − ++) (see, e.g., [19] for an extensive treatment
of this topic). It would be of interest to investigate the action of symmetries on, for
example, reducible connections in the case of signature (− − ++).

Viewed in conjunction with the results of the companion paper [13], where instan-
ton solutions of the self-dual Yang–Mills equations were investigated, it appears that
the action of the non-local symmetry group on the space of solutions of the self-dual
Yang–Mills equations is quite different in the two cases. In the case of instanton moduli
spaces, evidence was found that the orbits of the symmetry group that preserve the L2

nature of the curvature of the connection are rather small. In the present case, however,
all reducible connections are contained in a single orbit. It appears that the distinction
between instanton connections and reducible connections for the self-dual Yang–Mills
equations are, in this sense, similar to the distinction between harmonic maps of finite
uniton number [25] and harmonic maps of finite type. Since the original motivation for
the current work (and [13]) was to investigate connections between integrable systems
theory and Donaldson’s use of the self-dual Yang–Mills equations in connection with
four-dimensional topology [11], it is rather striking that the behaviour of reducible con-
nections and irreducible connections should be so different from the integrable systems
point of view. Whether these results point to a deeper relationship between integra-
ble systems theory and topological field theory would certainly seem worthy of further
investigation.
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A. Constant Group Action

The group action G(x, z) �→ h(x, z)G(x, z)h∗(x, z) is a little unusual. In order to
gain some insight into this action, we consider some similar actions on simpler groups,
analogous to the case where G and h are constant.
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A.1. SL2(R). Consider the action of SL2(R) on itself given by

SL2(R)× SL2(R) → SL2(R); (h, g) �→ h · g := hght ,

where t denotes transpose. The subgroup PSL2(R) ∼= SO0
2,1 acts effectively. We decom-

pose g into symmetric and skew-symmetric parts

g = U + αε,

where U is symmetric, α ∈ R and ε =
(

0 1
−1 0

)
. It then follows that α is invariant under

the action of h and U transforms according to U �→ h · U := hUht . The fact that g lies
in SL2(C) implies that

det U = 1 − α2.

Writing

U =
(

t + x y
y t − x

)
,

then det U = −‖u‖2, where u = (t,x, y) ∈ R2,1. The orbits of the group action are
then parametrised by α ∈ R and consist of vectors u ∈ R2,1 with

‖u‖2 = α2 − 1.

Since the restriction on u is insensitive to the sign of α, we consider the orbits for α ≥ 0:
α = 0 Here there are two orbits consisting of symmetric elements of SL2(R). We have

‖u‖2 = −1, so u lies on the two-sheeted hyperboloid in R2,1, with each sheet consti-
tuting an orbit. In this case, giving the orbits the induced hyperbolic metric, the group
SL2(R) acts isometrically.
0 < α < 1 In this case, there are two orbits, i.e. the two components of the hyperboloid

‖u‖2 = −1 + α2 ∈ (−1, 0) in R2,1. Again, the group SL2(R) acts isometrically with
respect to the induced metric on the orbits.
α = 1 In this case, ‖u‖2 = 0, so either u = 0 or u is null. In the first case, the group

orbit consists of the point u = 0. In the latter case, the future and past null-cones of the
origin give two distinct group orbits.
α > 1 In this case, there is one orbit, consisting of the one-sheeted hyperboloid ‖u‖2 =

−1 + α2 ∈ (1,∞) in R2,1. In this case, SL2(R) acts isometrically with respect to the
induced (Lorentzian) metric on the orbit.

A.2. SL2(C). In particular, we consider the action of SL2(C) on itself given by

SL2(C)× SL2(C) → SL2(C); (h, g) �→ h · g := hgh∗, (A.1)

where ∗ denotes complex-conjugate transpose. The subgroup PSL2(C) ∼= SO3,1 acts
effectively. It is straightforward to check that

I [g] := 1

2
tr

(
g

(
g−1

)†
)

is invariant under the transformation g �→ h · g. It is useful to split g into Hermitian and
skew-Hermitian parts:
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g = U + V, where U∗ = U, V ∗ = −V,

and to note that this decomposition is preserved under (A.1) (i.e. (h · g)U = h ·gU , etc.).
A straightforward calculation implies that

det U = 1

2
(I + 1) .

In particular, letting U = t + xτ1 + yτ2 + zτ3 and u := (t,x, y, z) ∈ R3,1, we deduce
that

‖u‖2 = −1

2
(I + 1) . (A.2)

Similarly, letting V = i (T + Xτ1 + Y τ2 + Zτ3) and v := (T, X, Y, Z) ∈ R3,1, we find
that

det g = −‖u‖2 − 2i〈u, v〉 + ‖v‖2.

Since g ∈ SL2(C), we therefore deduce that

‖v‖2 = −1

2
(I − 1) , (A.3)

〈u, v〉 = 0. (A.4)

If I > 1 then u and v would be non-zero, orthogonal, time-like vectors in R3,1. Since
this cannot occur, we deduce that I ≤ 1. We investigate the distinct cases separately:
I = 1 In this case, ‖u‖2 = −1 and ‖v‖2 = 0. As such, u lies on the two-sheeted hyper-

boloid in R3,1. The condition that ‖v‖2 = 0 and is orthogonal to the non-zero, time-like
vector u then implies that v = 0. As such, we have two distinct orbits, corresponding
to the two components of the two-sheeted hyperboloid. These orbits correspond to the
Hermitian elements of SL2(C). Giving the orbits the hyperbolic metric induced from
R3,1, the group SL2(C) acts isometrically.

Note that for I < 1, the vector v is always space-like, and lies on the one-sheeted
hyperboloid �I := {

w ∈ R3,1 : ‖w‖2 = 1
2 (1 − I )

}
in R3,1.

−1 < I < 1 We have ‖u‖2 = −(I + 1)/2 in R3,1. Since u is orthogonal to v, we may
view u as a time-like vector of length

√
(I + 1)/2 lying in the two-sheeted hyperboloid

in Tv�I . As such, we have two distinct orbits, consisting of the two components of the
two-sheeted hyperboloid bundle in T�I . In this case, the group action on the orbit is the
action induced by the isometric action of SL2(R) on the Lorentzian metric induced on
the one-sheeted hyperboloid.

Alternatively, we may view u as a time-like vector lying on the two-sheeted hyper-
boloid ‖u‖2 = −(I +1)/2 in R3,1. We then view v as a tangent vector to the hyperboloid
of length 1√

2
(1 + |I |). Therefore the orbits in this case may be identified with the radius

1√
2
(1 + |I |) sphere sub-bundle of the tangent bundle of the hyperbolic space of radius

1√
2
(I + 1). Again, there are two orbits corresponding to the two components of the

hyperboloid. In this case, the group action on the orbit is the action induced by the
isometric action of SL2(R) on the induced metric on the two-sheeted hyperboloid.
I = −1 In this case, ‖u‖2 = 0 and ‖v‖2 = 1. As such, we may view u as a null vector

in Tv�−1. There are then three distinct orbits. The first consists of u = 0, and is simply
the hyperboloid �−1. This orbit consists of the skew-Hermitian elements of SL2(C).
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The other orbits consist of the sub-bundle of T�−1 consisting of the past and future null
cone of the origin in each tangent space.
I < −1 In this case, ‖u‖2 = (|I | + 1)/2 > 0 in R3,1. Therefore there is one orbit,

consisting of the one-sheeted hyperboloid sub-bundle of T�1. The SL2(C) action is that
induced by the isometric action on the induced Lorentzian metric on �I .
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