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Notation

Translations: T, f(1) = f(t — x),
Modulations: M,, f(t) = ™ f(t),
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Al Notation

Translations: T f(t) = f(t — x),
Modulations: M,, f(t) = > f(¢),

Definition (Cross-ambiguity function)

Al 8)w) = [ e+ D= D"

Symmetric time-frequency shifts: A = (x,w) € R*,

P(A) = Mw/2 T, Mw/Z = Tx/ZMwa/Z .

A(f,8)(x,w) = (£, p(N)g) - )
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Al Alternative TF representations

Cross-ambiguity function

A(f,8)(x,w) /f +3)g(t — 5)e ™ dr.
J
Short-time Fourier transform
Vef(x,w) = Rdf(t)mefz’”“’ dr.
J

Cross-Wigner transform

W(f7 g)(-x; w) = /Rdf(x—}- %)g(x—_%)e*ZWiw-t dt.
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TF concentration

2o, 1€ (0,1),
f(t) _ ) e2milt +627ri(—2)~t’ te (172)’

0, else.

Plot of the spectrogram of f w.r.t.
the box function by = x(_1/2,1/2)-
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TF concentration

e2mior te(0,1),

f(t) _ e2milt +627ri(—2)~t’ te (172)’

0, else.

Plot of the spectrogram of f w.r.t.
the box function by = x(_1/2,1/2)-

We measure concentration in mixed /:?-norms.
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e Lebesgue spaces

Definition (Mixed-norm Lebesgue spaces 1/4(R>))
F:R{xRT—C

1Fllpg = o = 1)l |

(f(frora) )"

Ré Ry
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TR Lebesgue spaces

Definition (Weighted mixed-norm Lebesgue spaces Lk (R>?))
F:RIxRY— C

1l g = o2 = 1m0l |

) (/ </ Pl i o dx)q/Pdw)l/q

RE Ry
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Lebesgue spaces

Definition (Weighted mixed-norm Lebesgue spaces Lk (R>?))
F:RIxR!—C

1l g = [l 1= pm(=. ol ||

([ (freameor a)”a)”

RI Ry

We assume that the weight is moderate, i.e., there is a submultiplicative
weight v : R?? — R, and C > 0 such that for all x,y € R*¢

ty) € Copply)y s ) © by .
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& wien Modulation spaces
Reminder:
Ap.8)(x,w) = (9, My T My ) and [|Fll,,,, = [w = [F(+.o)m(=.w)] ||
Definition (Modulation spaces)
MiA(RY) = {¢ € S'(RY) | A(p, 80) € Ly (R*)} }
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A Modulation spaces

Reminder:
Ap,8)(x,w) = (p,Ms T: Mg g) and ||F||

S )

q

Definition (Modulation spaces)

MEI(RY) = {ip € S'(RY) | Al 80) € Lh/(R*)} |
@ M)Y(RY) is independent of the choice of the window.
@ Different windows induce equivalent norms
11l o o, = 1A(25 8, ., - |
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AL Alternative definitions

Definition (Modulation spaces)

MLA(R?) = {p € S'(RY) | Alp, 80) € L (R*)}

Modulation spaces via the STFT

M2A(RY) = {p € S'(RY) | Vg o € L4(R?)}

Modulation spaces via the Wigner transform

MEA(RY) = { € S'(RY) | W(p, g0) € Li(R)}
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Symmetric TF shifts

Notation:
plr,w) =My T My,

A= (xw) € R¥
v=(n,§) eR?”

M, T, =™ T, M,
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© g Symmetric TF shifts
Notation: N o .
B _ e = 2dx2d
plxw) = My T My v=(n¢ erR? «7—<—1 0>€]R

M, Te = ™ T M,,

pNp() = T p(A 1) = T p(A 1)

The symmetric time-frequency shifts are not a representation of
R?? on L?(RY)!
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Relations: 0
i I
pNPY) = T34 0) 7-(% )
Definition (The symplectic group Sp(2d, R))
Sp(2d,R) = {S e R*** . ' 7§ = T} . }
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T Symplectic group: Sp(24, R)

(o)

Relations:
p(Np(v) = e ™V p(\ +v) J

Definition (The symplectic group Sp(2d, R))

Sp(2d,R) = {S e R** . §' 75 = T} .
v
Examples (Building blocks)
Let L € GL(d,R), P,Q € R™4 suchthat P = P!, Q = Q'
L 0 I P 1 0
Dy = (0 L_,) Up = (O 1) Vo = (Q 1)
v
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s Metaplectic group: Mp(2d, R)

Definition
The metaplectic group is the double cover of the symplectic group. )

Theorem
For all S € Sp(2d,R) there is a unitary operator S with

p(SA) = Sp(A) §1,  AeR¥
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Definition
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Theorem
For all S € Sp(2d,R) there is a unitary operator S with
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s Metaplectic group: Mp(2d, R)

Definition
The metaplectic group is the double cover of the symplectic group. )

Theorem
For all S € Sp(2d,R) there is a unitary operator S with

p(SA) = Sp(A) S, AeR¥

7™MP . Mp(2d, R) — Sp(2d, R)

is a group homomorphism, with ker(7™P) = {id, —id}.
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AL Examples
Examples
e (16 L9z> > Dof(n) = ldet L2 F(L "),
I 0 it-Ot
Vo = (Q I) v Vo f(r) = ™2 (1),
J = (_OI (I)) ~ F.

I. Shafkulovska (NuHAG) Metaplectic action on M?+4(R%) August 2, 2023




S5 wiversitat
" wien

RS Symplectic covariance

Theorem

Letf € S'(RY), g € S(RY), and S € Mp(2d, R) be given. Let
S € Sp(2d, R) be the projection of S onto Sp(2d,R). Then
Sf € S'(RY), Sg € S(RY), and

A(Sf,S9)(\) = A(f,8)(ST'N),  AeRX
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Problem

Symplectic covariance:  A(Sf,Sg)(A) = A(f,g)(ST'N), A eR¥.
Problem
LetS € Mp(2d,R), p,q € [1, 0] be given. Is the operator

S:MPA(RY) —» MPARY),  fSf

o well-defined? e bounded?
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Problem

Symplectic covariance:  A(Sf,Sg)(A) = A(f,g)(ST'N), A eR¥.
Problem

LetS € Mp(2d,R), p,q € [1, 0] be given. Is the operator

S:MPA(RY) —» MPARY),  fSf

m

o well-defined? e bounded?

Let g € S(RY). If A(f, g) € Li;Y(R?), does this imply

Ly (R*) 3 A(Sf,h)
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Problem

Symplectic covariance:  A(Sf,Sg)(A) = A(f,g)(ST'N), A eR¥.
Problem

LetS € Mp(2d,R), p,q € [1, 0] be given. Is the operator

S:MPA(RY) —» MPARY),  fSf

m

o well-defined? e bounded?

Let g € S(RY). If A(f, g) € Li;Y(R?), does this imply

L29(R™) 5 A(Sf,h) = A(Sf, Sg)
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Symplectic covariance:  A(Sf,Sg)(A) = A(f,g)(ST'N), A eR¥.
Problem

LetS € Mp(2d,R), p,q € [1, 0] be given. Is the operator

S:MPA(RY) —» MPARY),  fSf

m m

o well-defined? e bounded?

Problem

Let g € S(RY). If A(f, g) € Li;Y(R?), does this imply

129(R) 5 A(Sf,h) = ASF,Sg) = A(f,g)(S™" +) ?
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RS
Symplectic covariance:  A(Sf,Sg)(A) = A(f,g)(ST'N), A eR¥.
Problem

LetS € Mp(2d,R), p,q € [1, 0] be given. Is the operator

S:MPA(RY) —» MPARY),  fSf

m m

o well-defined? e bounded?

Problem

Let g € S(RY). If A(f, g) € L1;(R*), does this imply
129(R%) 5 A(SF,h) = A(SF,Sg) = A(f,g)(S™" *) ?

Ds f(1) = f(S™"1).

I. Shafkulovska (NuHAG) Metaplectic action on MP+7(R%)

August 2, 2023



Commutative diagram

A, S9N = A, 8) (SN,  AeR™ |

Ds

)
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A The classification

Theorem (Fihr, S., "22 [2])

Letp,q € [1,00], S € Mp(2d, R) be given. Let S € Sp(2d,R) be the
projection of S onto Sp(2d,R). Then the following statements are
equivalent:
@ S:MPe(RY) — MP4(RY) is well-defined.
@ S:MP4(RY) — MP4(RY) is well-defined and bounded.
@ One of the following conditions holds:

@ p=gor

@ p #qandsS is a block upper triangular matrix.
If one, hence all, of the statements hold, then
Dy : I4(R*!) — 174(R*?) is an isometric automorphism (up to a
multiplicative constant), and S has a bounded inverse.
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F=f®ge PR

Proof idea

A B
—1 __
S _(C D

)

//|f

w)|P dx

q/p
dw
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Proof idea

F=f®ge P(RY) o1 _ (/é g)
q/p q/p
/ /|f w)|P dx dw—/lg /|f(x)|p dx dw
R4
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AL Proof idea
A B
_ D,q (TR2d -1 _
F=f®gelPR*) S (C D)
q/p q/p
/ / FOg)P dx | dw= / 8w / FOP dr|  dw
R4 R4
q/p
/|g(Cx—|—Dw)|q /\f(Ax—l—Bw) Par| dw <oo?
R4 R4
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Lifting theorems

Theorem (Isomorphism relations)
The Lebesgue spaces L, (R*?) and 174(R?*?) are isomorphic via

B, : [D9(R¥M) - [PUR™),  f—m-f.
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Lifting theorems

Theorem (Isomorphism relations)
The Lebesgue spaces L, (R*?) and 174(R?*?) are isomorphic via

B, : [D9(R¥M) - [PUR™),  f—m-f.

M54 (RY) s MP4(RY) 2
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o Toeplitz operators

Definition
Let a € S(R*) be a symbol and g € S(R?*) a fixed window. Then the
Toeplitz operator Tp,(a) is defined by the formula

(Ipg(a) fi, o) wey = (aA(fi,8), Alf2, 8)) 2 (r20)

for all £, 5 € L*(RY).
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D Toeplitz operators
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Definition

Let a € S(R*) be a symbol and g € S(R?*) a fixed window. Then the

Toeplitz operator Tp,(a) is defined by the formula

<Tpg(a)f1 7f2>L2(le) = <[,1 A(fl ) g)a A(fZa g)>L2(]R2d)

for all fi,/> € L*(RY).

Theorem (Lifting theorem, Grochenig, Toft, "11 [4] )

Assume that m is an even, v-moderate weight function with
v(A) = (1 + |A|DY for some N € N and g € S(RY). Then the Toeplitz
operator Tp,(m) is an isomorphism from Mi;4(R?) onto M4, (R?) for

every v-moderate even weight m, and every p,q € [1, c0].
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Theorem

Letv(z) = (1 + ||z]|)" for some N € N and m be av-moderate, even
weight, p, q € [1,00]. IfS € Mp(2d, R) with projection 7 (S) = §

satisfies m = mo S~', then the following statements are equivalent:
@ S is a bounded operator from M5 (R?) to Mb;4(RY).

Q S is a bounded operator from MP+4(R%) to MP4(R9).
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Thank you for your attention!
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