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Al Shift-invariant spaces

@ Translation operator (time shift): 7, f(x) = f(x — ¢).
@ Modulation operator (frequency shift): M, f(x) = e*™“* f(x).

Definition (Shift-invariant spaces)

Let ¢ € IP(R) be a nice function (e.g. in a Wiener-amalgam
space). The L[P-associated shift-invariant space is given by

VP (p) = { Y T e P(R), c € E”(Z)}.
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R Shift-invariant spaces

@ Translation operator (time shift): 7, f(x) = f(x — £).
@ Modulation operator (frequency shift): M, f(x) = e*™“* f(x).

Definition (Shift-invariant spaces)

Let ¢ € IP(R) be a nice function (e.g. in a Wiener-amalgam
space). The [7-associated shift-invariant space is given by

VP(p) = { Y T e P(R), c € BP(Z)}.
LETL

Example (The Paley-Wiener space)

PWA(R) = {f € I2(R) : supp(f) C [L, %}} — V2(sinc).

v
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R Shift-invariant spaces

@ Translation operator (time shift): 7, f(x) = f(x — £).
@ Modulation operator (frequency shift): M, f(x) = e*™“* f(x).

Definition (Shift-invariant spaces)

Let ¢ € IP(R) be a nice function (e.g. in a Wiener-amalgam
space). The [7-associated shift-invariant space is given by

VP(p) = {ZC(T(QO e LP’(R), c e EP(Z)}.
LEL

Definition (Stable integer translates)

clp el < H ZC(TMHU <GCollcllw, c € P(Z).
=

v,
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A Sampling in Sl-spaces

Classical sampling

A set X is sampling for V?(y) if there exist constants
0 <A, B, <oos.t forall f € VP(p) holds

ApllIFIE <> IF P < By IfIL-

xeX
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Classical sampling

A set X is sampling for V?(y) if there exist constants
0 <Ap,B, < cos.t. forall f € V7(¢) holds

ApIFIE < 1@ < By lIFIIE -

xeX

Sampling in Sl-spaces

Sampling with derivatives

A pair (X, ux), where X isasetand ux : X — {0,...,S} is its
multipilcity function, is sampling for V() if there exist

constants 0 < A,, B, < oo s.t. for all f € V”(¢) holds

px (%)
AL <Y [rOw] <8 1A

xe€X s=0

4
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Definition
An exponential B-spline (EB-spline) &, : R — R of order m for
a € R™ is a function of the form

"k

gm,a(x) = H eas.X[O,l)(x)7

s=1

where J]* denotes the convolution product.
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AL EB-Splines
Definition
An exponential B-spline (EB-spline) &, : R — R of order m for
a € R™ is a function of the form
s & Qs ®
Emalx) == H €**X[0,1)(%),

s=1

where J]* denotes the convolution product.

Associated weights and operators:
@ Exponential weights: wy(x) = ¥, w, = el®—4-1¥ 2 < s < m,
@ Differential operators: Dyf =fandfor 0<s<m

Dyf =4 L L:=DD, .. Dy

v
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[NuiHAG]

Schoenberg-Whitney conditions

Theorem

Let ¢ be an EB-spline of order m. Further letty <t, < --- <1tp and
set
di=max{l:t;=---=t,_4}, 0<i<D.

The collocation matrix

to,...,Ip ) ( )
M = (L Too(t;
<go, e, TD<p> aTep(ti) 0<i,(<D

has a non-negative determinant. The collocation matrix is invertible
if and only if
(i,i+m), di<m—1
t; €
[i,i—l—m), di=m—1,

forall0 <i<D.
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[NuiHAG]

Hermite interpolation problem

The collocation matrix is the matrix that describes the Hermite
interpolation problem

D
f= ZCZTK% Lo f(t:) =&, 0<i<D.
=0

The Schoenberg-Whitney conditions characterize when the
Hermite interpolation problem has a unique solution.
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I. J. Schoenberg. On Pdlya frequency functions. I. The totally positive
functions and their Laplace transforms.

I. J. Schoenberg. On Pdlya frequency functions. Il. Variation-diminishing
integral operators of the convolution type.

I. J. Schoenberg, and A. Whitney. On Pdlya frequency functions. lll. The
positivity of translation determinants with an application to the
interpolation problem by spline curves.

H. B. Curry, and I. J. Schoenberg. On Pdlya frequency functions. IV. The
fundamental spline functions and their limits.
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NG AL

/

ON POLYA FREQUENCY FUNCTIONS. III. THE POSITIVITY
OF TRANSLATION DETERMINANTS WITH AN
APPLICATION TO THE INTERPOLATION
PROBLEM BY SPLINE CURVES()

BY
1. J. SCHOENBERG ano ANNE WHITNEY

INTRODUCTION

1. A frequency function A(x), i.e., a non-negative measurable function
satisfying the inequalities

0 <f A(x)dx < =,

is called a Pdlya frequency function provided(?) it satisfies the following
condition: For every two sets of increasing numbers

¢)) T < @ < v < Ky <y <o < Yy n=12---,
we have the inequality
0) D = det ||A(x; — )||1e = 0.
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The present paper is divided into two sections. In §1 we answer (Theorem
1 below) the following question: Given a Pélya frequency function A(x) and a
set of 2n numbers (1), how can we decide when the determinant D, defined by
(2), s actually positive? As an application of our answer to this question we
solve in §2 the general problem of interpolation by so-called spline curves
which were introduced in 1946 by one of us [5] for the purpose of approxima-
tion of infinitely many equidistant data.
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[NuiHAG]

Maximum gap theorem

Theorem (Gréchenig,S. "23 [4])

Let ¢ be an EB-spline of order m and let X C R be a separated set
with ux : X — {0,...,m — 1}. If the multiplicity function satisfies

dist(fxeX:ux(x)=m—1},72)>0

and the weighted maximum gap satisfies

mg(Xa MX) = sup AN < 17

jez. 1+ min{px (%), px (xi41) }

then (X, ux) is a sampling set for VP (). This holds in particular if
pux =S andmg(X) < S.
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AL Constructing sampling sets
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Constructing sampling sets
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[NuiHAG]

Proof idea

Solve the problem locally: On an interval [M,M + L], M,L € Z, the
restriction of a prototypical function f € V°°(y) is given by

M+L—1

s = 2 aTep,

{=M—m+1

i.e., itis a linear combination of L + m — 1 shifts of the EB-spline.
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[NuiHAG]

Proof idea

Solve the problem locally: On an interval [M,M + L], M,L € Z, the
restriction of a prototypical function f € V°°(y) is given by

M+L—1

s = 2 aTep,

{=M—m+1

i.e., itis a linear combination of L + m — 1 shifts of the EB-spline.
e Prove that for a sufficiently large L, there are L + m — 1 samples
available on [M,M + L].
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A Proof idea
Solve the problem locally: On an interval [M,M + L], M,L € Z, the
restriction of a prototypical function f € V°°(y) is given by

M+L—1

s = 2 aTep,

{=M—m+1

i.e., itis a linear combination of L + m — 1 shifts of the EB-spline.
e Prove that for a sufficiently large L, there are L + m — 1 samples
available on [M,M + L].

e Prove that these samples satisfy the Schoenberg-Whitney
conditions.
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A Proof idea
Solve the problem locally: On an interval [M,M + L], M,L € Z, the
restriction of a prototypical function f € V°°(y) is given by

M+L—1

s = 2 aTep,

{=M—m+1

i.e., itis a linear combination of L + m — 1 shifts of the EB-spline.
e Prove that for a sufficiently large L, there are L + m — 1 samples
available on [M,M + L].

e Prove that these samples satisfy the Schoenberg-Whitney
conditions.

e Recover f on R by induction.

A major technical issue is the control of the frame constants!
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AL Optimality of the results
Proposition (Gréchenig, Romero, Stockler "19 [3])
Let ¢ € LP(R) have stable integer translate. Then (X, ux) is a
sampling set with derivatives if D~ (X, ux) > 1, where D~ (X, ux) is
the (weighted) lower Beurling density

. R
D™ (X, pix) ._hgégfgrylgﬂrg > (4 px(x).
x€X,|x—y|<r

[3] K. Gréchenig, J. L. Romero, and J. Stéckler. Sharp Results on Sampling with Derivatives in
Shift-Invariant Spaces and Multi-Window Gabor Frames.
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AL Optimality of the results
Proposition (Gréchenig, Romero, Stockler "19 [3])
Let ¢ € LP(R) have stable integer translate. Then (X, ux) is a
sampling set with derivatives if D~ (X, ux) > 1, where D~ (X, ux) is
the (weighted) lower Beurling density

_ PR
D™ (X, px) = hrrggolfzry%é} Z (1 + px(x)).
xeX’|x_y|<r

mg(X, ux) "' > D™ (X, px).

[3] K. Gréchenig, J. L. Romero, and J. Stockler. Sharp Results on Sampling with Derivatives in
Shift-Invariant Spaces and Multi-Window Gabor Frames.
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Optimality of the results

Proposition (Gréchenig, Romero, Stéckler "19 [3])

Let ¢ € L7(R) have stable integer translate. Then (X, ux) is a
sampling set with derivatives if D~ (X, ux) > 1, where D~ (X, ux) is
the (weighted) lower Beurling density

_ PR B
D™ (X, pix) -—hrlglogf;fy%lﬁl S (1 + px(x)).
xEX,|x—y|<r

Corollary

For all e > 1 there exists a sampling set with multiplicity (X, ux) with
weighted lower Beurling density D~ (X, ux) < 1 +e.

v,

[3] K. Grochenig, J. L. Romero, and J. Stéckler. Sharp Results on Sampling with Derivatives in
Shift-Invariant Spaces and Multi-Window Gabor Frames.
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AL Application to Gabor frames
Definition

A set
G, X x Q) ={M,Typ :x € X,w € Q}

is called a Gabor frame if there exist constants 0 < A, B < oo S.1.

AlIFIE < DD U MuTe) > < BlIfI3,  f € LX(R).

weN xeX
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AL Application to Gabor frames
Definition
A set
G, X x Q) = {M,Trp:x€X,weN}

is called a Gabor frame if there exist constants 0 < A, B < oo S.1.

AlIFIE < DD U MuTe) > < BlIfI3,  f € LX(R).

we xeX

If the inequality is satisfied, there exist functions 1, ,, € L?>(R) with

F=) ) A MuTep) e, f € L(R).

we) xeX
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e Gabor frames and Sl-spaces

Theorem (Groéchenig, Romero, Stéckler "19 [2])

Let o € Wy(R) with stable integer translates. Let X C R be a
separated set. Then the following statements are equivalent:

@ The family G(p, (—X) x Z) is a frame for L*(R).
@ X is a sampling set for the space VP () for some p € [1, ).
@ X is a sampling set for the space VP () for all p € [1, o).

[2] K. Grochenig, J. L. Romero, and J. Stockler. Sampling theorems for shift-invariant spaces,
Gabor frames, and totally positive functions.
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ven Implications for Gabor frames

Corollary

Let ¢ be an EB-spline of orderm > 2. If X C R is separated with
mg(X) < 1, then

G(p, (=X) x Z) = {M,T_xp : x € X,w € Z}
is a Gabor frame. In particular,

G(p,aZ X ) = {M,Tarp : k,w € Z}

is a Gabor frame if and only if0 < a < 1.
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Thank you for your attention!
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Proposition (Gréchenig "15)
Assume that ¢ € M'(R) generates a partition of unity

Zgo(x—@)zl, xeR.

LeZ

Letm,n,r e N, j=1,...,rl, such that
(r—=1m+1<rm+j<rm,

and rn + j and rmare relatively prime. If o = % and 5 =n+j, then
G(p, a, 8) is not a frame.

K. Groéchenig. Partitions of unity and new obstructions for Gabor frames.
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