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We derive sufficient conditions for sampling with derivatives in shift-invariant spaces generated by an exponential B-spline. The
sufficient conditions are expressed by a new notion of measuring the gap between consecutive points. As a consequence, we
can construct sampling sets arbitrarily close to necessary conditions.

Sampling in shift-invariant spaces

We consider shift-invariant spaces: given a generator φ ∈ Lp(R), we
denote its integer translates by Tℓφ(x) = φ(x − ℓ), ℓ ∈ Z and with
V p(φ) ⊆ Lp(R) the subspace

V p(φ) :=
{∑

ℓ∈Z

cℓTℓφ ∈ Lp(R), c ∈ ℓp(Z)
}
. (1)

Let X ⊆ R be a δ-separated set, i.e., 0 < δ ≤ |x − y | for all distinct
x , y ∈ X , and µX : X → {0, . . . , S} its multiplicity function. We
call (X , µX) a sampling set with multiplicities for V p(φ) if there exist
positive constants 0 < Ap ≤ Bp such that for all f ∈ V p(φ) holds

Ap∥f ∥pp ≤
∑
x∈X

µX (x)∑
s=0

∣∣∣f (s)(x)∣∣∣p ≤ Bp∥f ∥pp . (2)

The aim is to determine sufficient conditions for (X , µX) to be a
sampling set with multiplicities.

Exponential B-splines

An exponential B-spline (EB-spline) Em,α : R −→ R of order m for
parameters α ∈ Rm is a function of the form

Em,α(x) :=
m

⊛
s=1

eαsxχ[0,1)(x), (3)

where ⊛ denotes the convolution product.

Theorem (Schoenberg-Whitney conditions)

Let φ be an EB-spline of order m. Further let t0 ≤ t2 ≤ · · · ≤ tD and set

di := max {ℓ : ti = · · · = ti−ℓ} , 0 ≤ i ≤ D. (4)

The collocation matrix

M

(
t0, . . . , tD
φ, . . . ,TDφ

)
:=
(
LdiTℓφ(ti)

)
0≤i ,ℓ≤D

(5)

has a non-negative determinant. The collocation matrix is invertible if
and only if for all 0 ≤ i ≤ D holds

ti ∈

{
(i , i +m), di < m − 1

[i , i +m), di = m − 1.
(6)

Figure: Non-vanishing shifts of φ(x) =⊛4
j=1 e

xχ[0,1)(x) on [0, 4]. The sampling
points are x1 = 0.5, x2 = 3, x3 = 3.9, with multiplicities µX (x1) = µX (x2) = 2,

µX (x3) = 0. The first sampling point lies in the support of the first three shifts of φ
(dot-dashed), the second point is in the support of the next three shifts of φ
(dashed), and the last point - inthe the support of the last shift of φ (solid).

Main contribution (Maximum gap theorem)

Let φ be an EB-spline of order m and let X ⊆ R be a separated set
with µX : X → {0, . . . ,m − 1}. If the multiplicity function satisfies

dist
(
{x ∈ X : µX(x) = m − 1} , Z

)
> 0 (7)

and the weighted maximum gap satisfies

mg(X , µX) := sup
j∈Z

xj+1 − xj
1 + min{µX(xj), µX(xj+1)}

< 1, (8)

then (X , µX) is a sampling set for V p(φ).

Proof sketch

(i) Weak limits reduce the sampling problem to a uniqueness
problem:

A set X with a multiplicity function µX is a sampling set with
multiplicities for V p(φ) if and only if any of its weak limits of

integer translates is a uniqueness set for V∞(φ).

(ii) Solve the problem locally: On an interval [M ,M + L], M , L ∈ Z,
the restriction of a prototypical function f ∈ V∞(φ) is given by

f|[M ,M+L]
=

M+L−1∑
ℓ=M−m+1

cℓTℓφ, (9)

i.e., it is a linear combination of L+m− 1 shifts of the EB-spline.

(iii) Prove that for a sufficiently large L, there are L +m − 1 samples
available on [M ,M + L].

(iv) Prove that these samples satisfy the Schoenberg-Whitney
conditions.

(v) Recover f on R by induction.

Gabor frames

A time-frequency shift π(λ) acts as π(λ)f (t) = e2πiωtf (t − x), λ =
(x , ω) ∈ R2. Given a separated set Λ ⊆ R2, we call the collection

G(φ,Λ) := {π(λ)φ : λ ∈ Λ} (10)

a Gabor frame if there exist positive constants 0 < A ≤ B such that for
all f ∈ L2(R) holds

A∥f ∥22 ≤
∑
λ∈Λ

∣∣⟨f , π(λ)φ⟩∣∣2 ≤ B∥f ∥22 . (11)

Corollary (Implications for Gabor frames)

Let φ be an EB-spline of order m ≥ 2. Assume X ⊆ R is a discrete set
with mg(X , 0) < 1. Then G(φ, (−X )× Z) is a Gabor frame. In
particular, G(φ, aZ× Z) is a Gabor frame if and only if 0 < a < 1.
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