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1 Introduction

The problem of the existence and construction of a resolution of singularities is one of the
major questions in algebraic geometry. The question of existence was solved in general,
for algebraic varieties defined over fields in characteristic zero, by Heisuke Hironaka in
his famous paper in the year 1964. But Hironaka’s proof is not constructive. And it took
more than 25 years to develop a constructive way from this. However, the resolution of
singularities of algebraic curves is not so difficult and it was already well known in the
19th century. These days different constructive methods of proving resolution of singu-
larities of algebraic curves are known.

The purpose of this thesis is to present a new constructive method of resolving sin-
gularities of plane algebraic curves over C. To get some new ideas how to resolve the
singularities of a particular polynomial equation defining a plane algebraic curve, we work
with parametrizations of the branches of the curve in each of its singularities. From each
such parametrization we get additional information about the singularity itself. With
help of this information we construct from the implicit equation the so-called modified
higher curvatures that will play the key role in resolving the singularities of the curve
and in some cases they will even completely determine the resolution.

To be more precise, let X C A% be a plane algebraic curve with a singularity at the
origin. Comnsider an analytic parametrization v(t) = (x(¢),y(t)) of a singular branch of
X at the origin. The aim is to construct an analytic function z(¢) from ~ such that the
following three conditions are satisfied:

1) The triple (x(t),y(t),z(t)) parametrizes a branch of an algebraic space curve X5,

2) the branch of X, parametrized by (x(t),y(t),z(t)) is regular at the point lying over
(07 O)a

3) X, is birationally equivalent to X.

As for the first and third condition, we introduce the concept of a geometric in-
variant of X. Let z(¢) be a meromorphic function that can be written as a rational
function in x(t),y(t) and their higher derivatives. Let us write z(¢t) = z(x(¢),y(t)) to
indicate that z depends on x and y. We call z(t) a geometric invariant if it is invari-
ant under reparametrization, i.e., if for every reparametrization ¢ €Aut(C{t}) we have

z((xo @)(t), (y o ) (1)) = [2(x(t), y(t))llt=p()- For example the expression

X1(1) -y/() = X (1) -y (1)
(D) +y'(1)?

is a geometric invariant. It turns out that every geometric invariant z is indeed a ra-

tional function in x and vy, i.e. z(t) = % with polynomials g,h € Clz,y]. Thus,

(x(t),y(t),z(t)) parametrizes a branch of an algebraic space curve X, C V(f,g — z - h),
where f € C[z,y] is the defining polynomial of X. In our example of a geometric invariant



the equality

X" (t) - y'(t) — X () - y"(t) _ f:ﬁ.rf*j = 2fyfafy + fyyfg?
(< (t) +y'(t))? (fo = fy)?

) (x(2),y(t))

holds. In particular, the map X — X, (x,y) — (x, Y, igg%) is birational. Furthermore,
we will see that the polynomials ¢ and h are always polynomials in the higher partial
derivatives of f, so each geometric invariant of a plane algebraic curve is completely

determined by modified differential operators.

To fulfill the second condition we use a criterion for the regularity of parametrized
curves that tells us that a branch at the origin of an algebraic space curve Y C A"
is regular if and only if the branch admits a parametrization n(t) = (y1(t),...,yn(t))
for which the minimum of the t-adic orders of the y;(¢), denoted by ord(n), is equal to
one. For the construction of a geometric invariant z(t) of t-adic order one we proceed as
follows. We construct from the parametrization « a finite sequence of geometric invariants
z1, ...,z of X with

0 < ord(zj+1(t)) < ord(z;(t)) < max{ord(x(t)),ord(y(t))}
foralli=1,...,k—1and
ord(zx(t)) < min{ord(x(t)),ord(y(t))}.

We call them the modified higher curvatures of X. Let us denote the corresponding
modified differential operators by k;. Here

Ry
KR = 552)
with the modified differential operators mgl), /<;§2) corresponding to z;(t), i.e.
(1)
k; (f
(s )0y(0) = [ ) . y0) = 20,

where (k;(f))(x(t),y(t)) denotes the modified differential operator x; applied to f and
consecutive substitution of variables (x,y) — (x(¢),y(t)). Taking the zy, which is of
smallest t-adic order, and adding this as the third component to the parametrization of
X produces a parametrization (x(t),y(t),zx(t)) of an algebraic space curve X,,. After
the projection X,, — A2, (z,y,2) — (y,2) we get, as image of this projection, a plane
algebraic curve that has one branch parametrized by ~x(t) = (y(t),zx(¢)). Then the
inequality
ord(yx) < ord(y)



holds and we proceed by induction on the order of the parametrization ~g.

The modified differential operators x; are universal and can be applied to an arbitrary
polynomial in two variables. Even more, for an arbitrary plane algebraic curve V(g)
parametrized by (u(t),v(t)) at the origin we have

ord((ri+1(9))(u(t), v(t))) < ord((xi(g))(u(t),v(t)))

for all - € N and

0 < ord((;(9))(u(t), v(¢))) < minford(u(£)), ord(v(t))}

for some j € N. Therefore, the process of constructing the modified higher curvatures
of a plane algebraic curve with increasing t-adic order does not depend on the curve
itself and can be used for an arbitrary plane algebraic curve. But the length of the finite
sequence of modified higher curvatures depends on the parametrization of the curve and
so on the curve itself and therefore varies from case to case.

Applying the above procedure to each singular branch of X at the origin produces an
algebraic space curve X with regular branches at the origin. Furthermore, by construc-
tion of the modified higher curvatures, the curve X is birationally equivalent to X.

The whole procedure of making singular branches regular can be described as a
blowup of X with a suitable center. Here, the center is completely determined by the
modified differential operators corresponding to the modified higher curvatures that de-
fine the curve X. Finally, for the separation of the regular branches of X we draw inspi-
ration from the modified higher curvatures of X and generate a new system of geometric
invariants from which we then select those which are relevant for us. Again, the modi-
fied differential operators corresponding to these new geometric invariants determine the
center of the blowup of X which describes the process of separating the regular branches
of X.

Repeatedly applying the procedure described above to all singularities of X produces
a resolution of singularities of X.
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3 Preparation for resolution of singularities

3.1 Basic concepts of algebraic geometry

In this thesis, some familiarity with the basic concepts of algebraic geometry is assumed.
However, the most important definitions and statements will be recalled in this section.
Some of them will be for example the definition of the singular and regular locus of an
algebraic variety, the definition of a blowup of an algebraic variety and the definition of
a parametrization of an algebraic curve and its branches.

Let Z = V(I) C A" be an algebraic variety and I C Clzy,...,x,] its defining ideal.
In this thesis A" denotes Af, the affine space over C. Assume that 0 € Z and consider
the primary decomposition of I in the convergent power series ring C{z1,...,z,} locally
at the origin, I = I1y N ---NI,. Foreach j =1,...,m, let Z; = V(I;) be the analytic
variety defined by the ideal I;. The germs (Z;,0) of the zero sets Z; at 0 are called the
branches of Z at the origin. An ideal J C C{z1,...,z,} is called defining ideal of
(Z;,0) if the analytic variety V' (J) is a representative of the germ (Z;,0). If Z has more
than one branch at the origin, it is called analytically reducible at the origin. Otherwise,
we call Z analytically irreducible at the origin.

Let us now consider an algebraic space curve X C A" and a point a € X. Let (Y, a)
be a branch of X at @ and J C C{x1,...,z,} a defining ideal of this branch. Then a map

v D(x1() N .. N D(xn(t)) — X
b (x1(B), ..., X ())

that is defined by convergent power series x;(t) € C{t} is called a parametrization of
the branch (Y,a) if g(xi(t),...,x,(t)) = 0 in C{t} for all elements g € J and if there
exists a point b in the interior of (D(x1(¢)) N ... N D(x,(t))) so that (xq(b),...,x(b)) = a.
Here D(x;(t)) is the area of convergence of x;(t). We say that v parametrizes X at a
if v is a parametrization of one of the branches of X at a and the Zariski-closure of
Im(v) equals X. Sometimes we also say that the n-tuple fo convergent power series
v(t) = (x1(¢), ..., xn(t)) parametrizes the branch (Y, a) or the curve X at a, respectively.

Remark 3.1.1. For each branch (Y,a) of X, a parametrization of (Y,a) can be con-
structed according to the Newton-Puiseux algorithm. Each parametrization of (Y, a)
even parametrizes the curve itself. For more details see the appendix.

Definition 3.1.2. Let Y C C" be an analytic variety and a € Y a point. Assume that
dim,(Y') = k. The point a is called a regular point of Y if there exists U C C™ an open
neighbourhood of a and an ideal J = (g1,...,9m) C C{z1,..., 25} so that Y NU = Vi7(J)
and the Jacobian matriz of J evaluated in a,



W (q) ... D9(q)

ox1 Oxn

Dj(a) = : : ,
Agr 9gm
Yn(a) ... Yn(q

has rank n — k. Otherweise, a is said to be a singular point of Y. Here Vi (J) = {b €
Ulgi(b) =0 for alli=1,...,m} is the zero set of J in U.

There are more equivalent definitions of regular and singular points of analytic vari-
eties. One of them is for example the following:

Definition 3.1.3. Let Y C C" be an analytic variety and a € Y a point on'Y. The point
a is called a regular point of Y if there exists U C C™ an open neighbourhood of a and
V C C" an open neighbourhood of 0 and bikholomorphic map ¢ : U — V sending Y NU
to LNV for some linear subspace L C C™.

Proofs for the equivalence of both definitions can be found in most differential geom-
etry books.

A branch (Y, a) at the point a of an algebraic curve X C A" is called regular if each
representative of (Y, a) is as an analytic variety regular at a. Otherwise we call (Y,a) a
singular branch of X.

Proposition 3.1.4. Let X C A" be an algebraic curve with 0 € X. Let (Y,0) be a
branch of X at the origin. Then the branch (Y,0) is regular if and only if (Y,0) admits
a parametrization y(t) = (x1(t),...,xn(t)) with v(0) = 0 and min{ordy(x;)} = 1. Here
ordy(x;) denotes the t-adic order of x;(t).

Proof. =: Assume that (Y,0) is regular. Let Y be a representative of (V,0). Let U,V C
C"™ be open neighbourhoods of 0, L C C™ a linear subspace and ¢ : U — V a biholomor-
phic map sending Y NU to LNV as in Definition 3.1.3. We may w.l.o.g. assume that L
is the line parametrized by v(t) = (¢,...,t) going through the origin. Then ¢~!() has
components of t-adic order equal to one and parametrizes (Y, 0).

<: Let v(t) = (x1(¢),...,xn(t)) be a parametrization of (Y,0) so that v(0) = 0 and
ord(x;) = 1. Then for each representative Y of (Y,0) the map

4,0:)7—>L

(yla"'vyn) = (y1707"'70)7
with L = V(z;,i = 2,...,n) C C" one-dimensional linear subspace, is biholomorph with
the inverse map defined by »=1(¢,0,...,0) = (x1(t),...,x,(t)). Therefore, the conditions

)

from Definition 3.1.3 are satisfied and Y is regular at the origin. O

A Noetherian local ring R with maximal ideal m is called regular if m can be gener-
ated by d elements, where d is the Krull-dimension of R. The field K = R/m is called the
residue field of R and a minimal system of generators of m is called a regular parameter
system for R.



Definition 3.1.5. A point a of an algebraic variety Z C A™ is said to be reqular if the
local ring Oz = (C[Z]mz’a of Z at a is a regular local ring. Here mz, is a maximal
ideal of the coordinate ring C[Z] defined as myz, = {g € C[Z]|g(a) = 0}.

There is also another equivalent definition of the singular and regular locus.

Definition 3.1.6. Let Z C A" be an algebraic variety defined by the ideal I :== (f1,..., fm)
Clxy, ..., xp] with I = VI. A point a € Z is called singular if for the rank of the Jacobian
matriz Dy evaluated ot the point a the following inequality holds:

rk(Dz(a)) < codim,(Z).

Here vk denotes the rank of the matriz and codim,(Z) the local codimension of Z in
a. Otheruise the point a is said to be a reqular point. The set of all singular points
of Z is denoted by Sing(Z) and called the singular locus of Z. Its complement in Z,

Reg(Z) := Z\ Sing(Z2), is called the regular locus of Z. The variety Z is called reqular if
each point on Z is a regular point.

For the proof of the equivalence of both definitions see [Har77| Thm.5.1., p.32.

Theorem 3.1.7. The ring Oz, is reqular if and only if its completion 6;@ 15 a regular
local Ting.

Proof. |[AM69] Prop.11.24., p.124. O

However, it is not clear how to decide based only on a parametrization at a point a
of an algebraic curve X C A" whether a is a regular or singular point of X. We will
discuss this problem in the next section.

Let R be a Noetherian ring and I an ideal in R. The height of I is defined as the
maximal length % of a chain of prime ideals In C I C ... C I = 1.

Krull’s principal ideal theorem 3.1.8. If R is a Noetherian ring and I is a principal,
proper ideal of R, then I has height at most one. Moreover, if I = (f) and f is a non-zero
divisor in R, then I has height 1.

The geometrical meaning of the height of an ideal I in the polynomial ring C[x1, ..., ;]
is the following: Let Z = V(I) C A" be the algebraic variety defined by I. Then the
height of I coincides with the codimension of Z. We have Z = Z, C Zy1 € ... € Zp =
V(0) = A", where Z; = V(I;),I; as in the definition above. Furthermore, the Krull-
dimension of Z equals the Krull-dimension of the coordinate ring of Z, C[Z]. Namely
the chain of prime ideals (0) = po € p1 S --- & pr. € C[Z] corresponds to the chain of
irreducible varieties Z, C Zy_1 C --- C Zo C Z = V(1) with Z; = V(p;).

Let C(Z) be the function field of Z. Then we say that C(Z) has transcendence
degree d over C if d is the maximal number of elements of C(Z) that are algebraically
independent over C.

c



Lemma 3.1.9. For an algebraic variety Z C A" the equality
dim(Z) = transdegc(C(2))
holds.
Proof. [CLO15] Thm.7., p.511. O

Corollary 3.1.10. Let Z1 C A" and Zs C A™ be irreducible algebraic varieties which
are birationally equivalent. Then dim(Z;) = dim(Z3).

Proof. [CLO15] Cor.8., p.512. O

Lemma 3.1.11. Let ¢ : A — A™ be a morphism. Let Z C A" be an algebraic variety
of Krull-dimension d. Then

4> dim(7(2)),
where dim(¢(Z)) denotes the Krull-dimension of ¢(Z).

Proof. 'Y := ¢(Z) is reducible, we consider for each irreducible component Y; C Y the
restricted morphism ¢~!(Y;) — Y and reduce the problem in this way to the case that
p:Z —Y is a dominant map with Y an irreducible variety.

Let Z; be the irreducible components of Z. Then we have Y = (Jp(Z;), as Z is the
union of finitely many Z;’s, and so we have already Y = ¢(Z;) for one j. Therefore,
considering the restriction ¢|z; : Z; — Y, the problem is reduced to the case where
¢ :Z —'Y is a dominant morphism between two irreducible varieties.

We proceed now by induction on the Krull-dimension of Y. The case k = 0 is clear. Let
us assume that the statement is true for some d € N. Let Y be an algebraic variety of
Krull-dimension d + 1. We construct a chain of maximal length of irreducible algebraic
subvarieties of Y,

Yo & S Yo=Y
The preimages ¢~ !(Y;) are algebraic varieties and we have
e Yar) S ST () = (YY) = Z.

We apply the induction hypothesis to the irreducible subvariety Y7 of Y of Krull-dimension
d. For the dominant morphism ¢~!(Y7) — Y; and the varieties ¢ ~!(Y;) and Y7 we then
have

dim(p~" (Y1) > dim(¥1)

from which then, using the irreducibility of Z, follows
dim(Z) > dim(¢~*(Y1)) + 1 > dim(Y;) 4+ 1 = dim(Y").
O

Lemma 3.1.12. Let Z C A" be an algebraic variety and C[Z] its coordinate ring. If
dim(Z) = 0, then C[Z] is a finite-dimensional C-vector space.



Proof. [AM69] Prop.6.10., p.78 and Thm.8.5., p.90. O

Proposition 3.1.13. Let X, Xo C A? be plane algebraic curves defined by polynomials
f1, fo € Clx,y| of total degrees ny1 and na, respectively. Then X; and Xs intersect in
finitely many points if and only if f1 and fo have no common irreducible factor. Even
more, if X1 and Xo intersect in finitely many points, then we have

| X1 N Xo| < dime Clz, y]/(f1, f2) < ny - na.

Proof. =: Let us assume that g # 0 is a common irreducible factor of fi; and fo. Then
0 #V(g) € X1NXsand so | X1 N Xs| = 0.

<: If Xj and X3 have no common irreducible component, then Cz,y]/(f1, f2) has Krull-
dimension zero and according to Lemma 3.1.12 it is a finite-dimensional C-vector space.
For each finite set {p1,...,pxr} of common points of X; and Xy we can define the poly-

nomials
JF J#i
that satisfy hi(p;) # 0 and h;(p;) = 0 for all j # i. Here p; = (pj,,pj,). We then have

that if
k

ZCi ~hi = ufi +vfa,

i=1
with some polynomials u,v € C[z,y] and constants ¢; € C, then after substituing the
points p; we get ¢; - hi(p;) = 0 wich implies ¢; = 0 for all : = 1,..., k. Hence, the images
of hj,i=1,...,k in C[z,y]/(f1, f2) are linearly independent. And so the inequality

| X1 N Xo| < dime Cla, y]/ (1, f2)

was shown.

Let C[z,y]q be the C-vector space of polynomials of total degree at most d. Then
dime(Clz,yla) = 1+ + (d+1) = 2(d+ 1)(d + 2). For d > ny + ny we consider the
following sequence of linear maps

C[mvy]d—nl X C[xvy]d—ng —¢ C[xay]d —7 (C[Zﬁ,y]d/(fl, f2) — 01

where a(u,v) = uf; + vfo and 7 is the quotient map. Since f; and fs have no common
factor, the kernel of « consists of the pairs (wfa, —wf1) with w € C[z, y|g—n,—n,- Hence,
dimc (ker(a)) = (d —n1 — na 4+ 1)(d — ny — ny + 2). Using the Rank-nullity theorem we
get dimg(Im(a)) = 2(d—ny +1)(d—n1 +2) + 3(d—n2+1)(d—ny +2) — 3(d —ny —
ng+1)(d —ny —na +2). The surjectivity of 7 together with Im(«) C ker(7) implies that

dime(Clz, yla/(f1, f2)) < dime(Clz, yla) — dim(Im(a)) =
- %(d+1)(d+2) _ %(d—m F1)(d =y +2)—

1 1
—§(d—n2—|—1)(d—n2+2)—§(d—n1—n2+1)(d—n1—n2+2):nl-ng.

10



And so the inequality dimc(Clz,y]c/(f1, f2)) < n1 - ne is fulfilled for all ¢ € N and
consequently dimc(Clz, y]/(f1, f2)) < nq - na. O

A sequence 7, ...,Tq in a commutative ring R is called regular if r; is a non-zero-
divisor in R/(r1,...,ri—1) foralli=1,...,d.

Definition 3.1.14. Let X C A™ be an algebraic variety with the coordinate ring C[X]
and let Z be a subvariety of X. Let I = (g1,...,9x) C C[X] be the defining ideal of Z.
Assume that the set X\Z is Zariski-dense in X. The morphism

§: X\Z — Pkl
a (gi(a): - : gr(a))

is welldefined. The Zariski-closure X of the graph A of § inside X x P*~1 together with

the restriction 7|5 : XX of the projection map 7 : X x P*~1 — X is called a blowup
of X along Z. Sometimes also called a blowup of X with center Z.

Remark 3.1.15. The definition of a blowup does not depend, up to an isomorphism
over X, on the choice of the generators g; of I. It can be shown that a blowup of X
along Z is unique up to a unique isomorphism. Therefore, it is called the blowup of X
along Z.

For more details see [Haul2|.

11



3.2 Rational and geometric invariants of parametrized plane curves

The aim of this section is to introduce the concept of geometric invariants which will then
play the key role by the process of resolving singularities of plane algebraic curves. Fur-
thermore, we will establish in this section a criterion that works only with parametriza-
tions of algebraic curves and that distinguishes between the regular and singular locus
of algebraic curves.

A reparametrization

o C{t} — C{t}
t = p(t)

is a C-algebra automorphism of the convergent power series ring C{t}. The image ()
of t is then a power series of t-adic order equal to one and so ¢ is a local map, i.e.,
we have ¢(m) C m for m = (t) the maximal ideal of the local ring C{t}. Furthermore,
o(mF) = p(m)¥ € m* for all k € N and so ¢ is continuous with respect to the t-
adic topology. Every convergent power series g can be written as limit of polynomials
gi € Clt],i € N, g = limg;, where g; = ¢ mod m’. As ¢ is continous, we have the
equalities
e(g(t)) = (lim g;(t)) = lim p(gs(t))

and the map ¢ is completely determined by the image of t. The automorphism group of
C{t}, (Aut(C{t}),0), acts on C{t}? via

Aut(C{t}) x C{t}? — C{t}?
(0, (z,9) = @ x (z,y) := (¢(z), p(y)) = (2(p(t), y(¢(1))).

This induces the following left group action of Aut(C{¢}) on C{{t}} :

Aut(C{t}) x C{{t}} — C{{t}}

(#3) e (0) =0 = oy

Let us associate to every rational function in an even number of variables

P
R=— G(C(ug,vg,...,uk,vk)

Q
the map
YR : C{t}? — C{{t}}

(x,y) = R* (z,y) := m

12



For a polynomial in an even number of variables
P(ug,...,v5_1) = an cugt ug? -uZikfl vk
the image of the map 1 p is defined as
P (a(t),y(t) =D ca - a(t)™ - y(t)*2 - D gy .yl (g)oos,

Here for a convergent power series z(t) € C{t}, z(t)) denotes the i-th derivative of z(t)
with respect to t.

Remark 3.2.1. In general, an n-tuple of convergent power series does not necessarily
parametrize an algebraic curve. For example the pair (¢, e!) € C{t}? cannot parametrize
any plane algebraic curve. As e’ is not an algebraic power series, for every polynomial
in two variables f € C[z,y| we have f(t,e') # 0 in C{t}. However, in the differential
geometry, analytic curves in C" are defined via their parametrizations by n-tuples of
convergent power series. So the pair (t, ') parametrizes a plane analytic curve.

A rational function R € C(ug,...,vx) in 2(k 4+ 1) variables, for any k € N, is called
a rational invariant of order k if the associated map ¥ r is Aut(C{¢})-equivariant. In
other words, R € C(uy, .. .,vg) is a rational invariant if and only if for every reparametriza-
tion ¢ € Aut(C{t}) and every pair of convergent power series (z,y) € C{t}? the equality

Yr(p * (2(t),y(1)) = ¢ * Yr(z(t), y(t))
holds in C{{t}}. Note that we have the equalities
YR (2(1),y (1)) = Rx (2(p(1)), y(o(1)))
and
o xr(2(t),y(t) = [R* (2(t), y(O)] li=p(o)-

Notice that to be a rational invariant does not depend on the pair of convergent power
series (z(t),y(t)). For each non-negative integer k € N we set

Ag :={R € C(ug,vp . ..,u,vg)|R is a rational invariant}

as the set of all rational invariants of order k. And furthermore, we define the set of all
rational invariants (of an arbitrary order)

A::UAk.

keN
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Remark 3.2.2. The sets A and Ay, k € N are fields.

Example 3.2.3. 1) For any polynomial in two variables p € Clu,v], R1(u,v) = p(u,v)
is a rational invariant of order 0.

uy . . . .
2) Ry(ug, v, u1,v1) = — is a rational invariant of order 1 because of
U1

Ro x (a(p(t)), y(0(0)) = 22 5= : (§ = [Ry % (2(), y ()] lemptty

U2V — U1V . . . .
3) R3(uo,vo, .. .,u2,v2) = ——————— is not a rational invariant. We have
v
1

Ry % (x(p()), y(p(1))) =

but

(Rae (0, ()] g = ALV EO)

UV1 — U1V . . . . .
4) Ry(uo,vo, . ..,ugv2) = ———5—— is a rational invariant of order 2 since
v
1

Ryx (x2(p(1)), y(p(t))) = : (oD : /() =

Notice that there is a relationship between Ry and Rs, namely for each pair of convergent
power series (r,y) € C{t}? we have:

0
R3x (z,y) = = Ra % (z,y).

ot
And we introduce the concept of the modified derivative. A rational function in an
even number of variables R € C(ug,vp ..., ug,vg) is called the modified derivative of

S € C(ug,vg .. .,up_1,vx_1) if for each pair of convergent power series (z,y) € C{t}? the
equality

0
R*(w,y) = ES*(xay)
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holds in C{{t}}. We denote the modified derivative of S by dS. For a polynomial in an
even number of variables

P: Z Ca,ﬁ'ugo ...... uziil.fugo...vfk_)_ll’
where N is a finite subset of N2* the modified derivative has the form

k-1
_ 2 : 2 : ) o;—1 | a1+l ak—1 . Bo Br—1

(a,B)eN =0
k—1 5

- Bo Bi—1  Bit1+1l Br—1
+ Z Zﬁi-USO-"ugif-vo B AL A T T

(a,B)EN =0

And using
OR — OP-Q—P-0Q
= e

for a rational function R = g, with P, Q polynomials, this extends to a formula of the
modified derivative of an arbitrary rational function in an even number of variables.

For a plane algebraic curve X € A? we define the set of the geometric invariants of
X of order k as

Ax = {R* (x(t),y(t))|R € Ak, (x(t),y(t)) is a parametrization of X}

and the set of all geometric tnvariants of X to be the set

Ax = {R« (x(t),y(t))|R € A, (x(t),y(t)) is a parametrization of X}.

Remark 3.2.4. As the geometric invariants of a plane algebraic curve are invariant
under reparametrization they depend only on the local geometry at a certain point of
the curve itself.

Let us consider a parametrization y(t) = (x(t),y(t)) of a plane algebraic curve X C
A2 Let z € Ay be a geometric invariant of a plane algebraic curve Y C A2, Then adding
z as the third component to v gives the parametrization (x(t),y(t),z(t)) of new analytic
curve X, C C3. However, it is not clear yet whether this triple parametrizes an algebraic
space curve or not. To clarify this problem, the following can be helpful.

15



Lemma 3.2.5. Let X = V(f) C A? be a plane algebraic curve and (x(t),y(t)) a
parametrization of X. Then there exists some p(t) € C{{t}} so that the equality

(X(®),Y' (1) = p(t) - (= fy(x(£), y(1)), fo (x(t), ¥(1)))
holds in C{{t}} .

: : _ Y(t) _ _ fa(x().y(t))
Proof. We apply the chain rule to the equality f(x(t),y(t)) = 0 and get O = T hxOy)

in C{{t}}. This implies the existence of a factor p(t) € C{{t}} as in the lemma. O

Theorem 3.2.6. Let R be a rational function in 2(k 4+ 1) variables. Then the following
are equivalent:

(1) There exist two modified differential operators P, Q of order k,

P(h)=> as [] <ig{;h>ai’j,

aEN  0<ij<k

g o\
Q=2 bs [] (Mayh) :

BeM  0<ij<k

with constants aq,bg € C and N, M finite subsets of N(k+1)2, so that for each plane
algebraic curve X =V (f) C A% and every parametrization (x(t),y(t)) of X the equality

s (x(0,y(0) = o) (o))
holds in C{{t}}. Here (%) (x(t),y(t)) denotes the modified differential operators P

and Q applied to f and consecutive substitution of variables (x,y) — (x(t),y(t)).

Proof. We proceed by induction on the order k. We set

fo = fa(X(8), (1), fy := fy(x(2),y(1)) etc. and X' = x(t),y" = y(t) etc.
Recall the existence of a factor p € C{{t}} so that the equality
<,y =p- (=fy fa)
holds in C{{t}}. Furthermore, for each pair of convergent power series (r(t), s(t)) € C{t}?
we have

<§t7"(90(t)), gtsw(t))) =" (1'(¢(t)), 8'(o(1)))-

And we see from the above two equalities that for each rational function in 4 variables
S1(up,vo,u1,v1) € C(ug,vo,ur,v1) and every parametrization (x(¢),y(t)) of X the fol-
lowing are equivalent:

16



(1) S1x (r((t)), s(p(t)) = [S1x (1, 8)] [i=p(z), 1-€- S1 € As.
(ZZ) Sl(X,y,X/,y/) = Sl(ny, _fy7 fx)

And the claim is shown for each rational invariant of order 1. To see how the mechanism
of the proof works, let us now discuss the case of rational invariants of order 2. Let
us consider a rational function in 6 variables Sa(uo,...,v2) € C(ug,...,v2). For every
parametrization y of X, S induces a rational function in v,~" and 7", So*(x,y). Similarly
as before, the derivative of the above equalities with respect to ¢ and the substitution of
(X,y") =p- (—fy, f) into the first one yields

(Xllyy//) :p/ : (_fya f:v) +p2 : (facyfy - fyyfxa _fxacfy + fﬂcyfx)

and

82 82

<6t7”(90(t))7 atS(W(t))> =" (' (p(1)), 8" (0(1) + ¢ - (" (0 (1)), 8" (£(1)))-
Successively, using the chain rule and substituing (x',y") = p- (—fy, f») after each deriva-
tive gives for v*) and %i(r(cp(t)), s(¢(t))) again two equalities which are completely sym-
metric in the derivatives of p and ¢. Thus, for an arbitrary rational function Sy, k € N
in 2(k 4 1) variables the following are equivalent:

(1) Sk * (r(e(t)), s(0(t))) =[Sk * (r, )] li=p(t), 1-6. Sk € Ag.
(”) Sk(x,y,x/,y’, s >X(k),y(k)) = Sk(x,y, _fy, fxa fmyfy - fyyfma _fx:pfy =+ f:vyfx» o )7

and the claim follows. O

Theorem 3.2.7. Let X C A? be an irreducible plane algebraic curve parametrized by
v(t) = (x(t),y(t)). Let R; € Aji = 1,...,k be rational invariants and z;(t) = R; x
(x(t),y(t)) the corresponding geometric invariants of X. If ordg(z;(t)) > 0 for all i, then
(x(t),y(t),z1(t),...,zk(t)) parametrizes an algebraic space curve X, that is birationally
equivalent to X. Here ordy(z;(t)) denotes the t-adic order of the power series z;(t).

Proof. Let f € C[z,y] be the defining polynomial of X. Let P,,, Q,, be the to z; corre-
sponding modified differential operators, i.e.

(PO
2(t) = <in< f)) (1), y(1)).

Then the map
7 X — A2

o (B8 e (BB e

is defined on X\ (U V(Qz (f))). But since Q,(f) is not divisible by the polynomial f for
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all i = 1,...,k, otherwise z; would not be well-defined, according to Proposition 3.1.13
the set X N (UV(Q(f))) is finite and so 7 is defined on a dense subset of X. Hence,
X and X, are birationally equivalent. It follows then from te Corollary 3.1.10 that X, is
an algebraic space curve. O

Corollary 3.2.8. Let X C A? be an irreducible plane algebraic curve parametrized by
y(t) = (x(t),y(t)). Let zi(t),...,zm(t) € Ax be geometric invariants of X that stem
all from the parametrization ~(t). Then the m-tuple (z1(t),...,zn(t)) parametrizes an
algebraic space curve Z C A™.

Proof. According to Theorem 3.2.7, (x(¢),y(t),z1(%),...,zn(t)) parametrizes an alge-

braic space curve X. Now apply Lemma 3.1.11 to W()Z'), where 7 : A™2 — AT
(X, 9,21y 2m) = (2150 Zm)- O

Let X C A? be a plane algebraic curve. Assume that X has a singular branch
(Y,0) at the origin. Let (x,y) be a parametrization of (Y,0). W.lLo.g. we may assume
that (x(0),y(0)) = 0. The goal is to find a rational invariant R such that the triple
(x,Y,2) := (x,y, Rx(x,y)) parametrizes a regular branch (Y7, (0,0,z(0))) of a space curve
X,. In general, even though we know the modified differential operators defining z, it
is not easy to find the defining equations of the curve X,. Thus, the definition of the
singular locus that uses Jacobian matrix is not helpful at the moment. And so, for further
work, it is necessary to develop a criterion which can read off from parametrizations of
algebraic curves how their singular locus looks like.

Theorem 3.2.9. Let X = V(I) C A" be an algebraic curve. Let I C Clxy,...,zy]
be a radical ideal. Assume that 0 € X and that X is analytically irreducible at the
origin. If X can be parametrized at the origin by an n-tuple of convergent power series
(X1 ..y %n) € C{t}™ with x;(0) = 0 for all i = 1,...,n and ordg(x;(t)) = 1 for al least
onei € {1,...,n}, then X is reqular at the origin.

Proof. Let (x1,...,%,) be a parametrization of X with x;(0) =0 for all i = 1,...,n and
min{ordy(x;(t))} = 1. We can assume ordy(x;(t)) = 1. Using Proposition 5.1.16, the
density of the image of the parametrization

n

v m D(x;(t)) = X

i=1
a— (xp(a),...,xx(a))
implies the injectivity of the map
v Clzy, ..., zn)/I — C{t}
T — %(t).
The map v* induces

v : Ox0=Cllar,. .., an)]/T = C[[t]
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ZTi > Xi(t).

Since X is analytically irreducible at the origin, the ring 6)(\70 is an integral domain.
As 7* maps between two integral domains, ker(?) must be a prime ideal. Then either
ker(v*) = (%;,i = 1,...,n), because of 0 € X, or ker(7*) = (0). But the case ker(7*) =
(Zjyi = 1,...,n) is not possible because the image of v is Zariski-dense in X. Hence,
ker(f/y;) = (0) and 7* is injective. We now show the regularity of 6;) which implies,
according to the Theorem 3.1.7, the regularity of Ox . Our claim is that for each i =
2,...,n there exist power series F;(Z1) so that the equality T; = F;(Z1) - T1 holds. This
implies then that the maximal ideal mx o can be generated by a single element and as
the the Krull-dimension of C[[z1,...,z,]]/I equals one, the statement follows.

As ordp(x1(t)) = 1 it follows that there exists a power series g(t) with ordg(g(t)) = 1
so that the equality g(x;) = ¢ is fulfilled. And so we have G;(x1) := (x;(g(x1)) = x; for
all i = 2,...,n. Because of x;(0) = 0, we get G;(0) = 0 for all i = 1,...,n. Thus, we
can write Gi(x1) = Gi(x1) - xi* for a suitable power m > 0 and G;(x1) € C[[x1]]*. Let
us consider the term G;(Z1) — @; € Cl[[z1,...,xy]]/]. Evidently, we have the equality
?(Gi (Z1) — ;) = Gi(x1) —x; = 0. From the injectivity of :y; follows G;(T1) —%; = 0 and
from the equality G;(Z1) - T)* = T; we get T; € (Z;) for all i = 2, ..., n which finishes the
proof. O

For a parametrization v = (xq, ..., x,,) of an algebraic curve X C A" at a point a € X,
with (x1(b), ...,xn (b)) = a for some b € C, we call the value

ordy(y) := min{ordy(x;(¢))}

i€[n]

the order of ~ at b. Here ordy(x;(t)) is the (¢t — b)-adic order of x;(t).

Remark 3.2.10. Let X C A" be an algebraic curve and a € X a point of X.

(1) The regularity of X at a does not imply that each parametrization v of X at a with
~v(b) = a has order 1 at b.

(74) Only the existence of a parametrization v at a of X with v(b) = a,ordy(y) = 1 does
not automatically imply the regularity of X at a.

To illustrate the problem of the remark let us consider the following three examples:

Example 3.2.11. 1) Let X be the plane algebraic curve that is parametrized by y(t) =
(t,t?). The defining equation of X is f(z,y) = 22 —y. As X is analytically irreducible
at the origin, 7(0) = (0,0) and ordy(y) = 1, the proposition applies and tells us that X
is regular.

2) Let X be the plane algebraic curve parametrized by v(t) = (¢2,t*). Then X is defined
by the equation f(z,y) = 22 —y as well and  parametrizes the same curve as in example

1). Obviously the curve X is regular. But ordg(y) > 1.

3) Let X be the plane algebraic curve parametrized by y(t) = (t2—1,#3—t). The defining
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polynomial of X is f(x,y) = 2%+ 23 —y?. We have y(—1) = v(1) = (0,0) and the Taylor
expansions of y(t) at 1 and —1 are

yt) =2t -1)+t—-1)%2t—1)+3(t—1)2+(t—1)%)
and
y(t) = (=2t 4+ 1)+ (t+ 1320t +1) =3t + )2 + (t+1)3).

Because of the terms +2(¢ &= 1) in each component of v we have ordyi(vy) = 1 and so
the branches of X that are parametrized by ~ are regular. However the curve X itself
is singular at the origin. The reason for that is the analytical reducibility of X at the
origin. X has namely at the origin two branches defined by convergent power series

g =xvVr+1l—y,g=avVr+1+yeC{zy}
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3.3 Modified higher curvatures of plane algebraic curves

The goal of this section is to introduce one system of rational invariants that will then
later play the key role in the resolution of singularities. We will also study the geometric
invariants of plane algebraic curves corresponding to this system of rational invariants,
the so-called modified higher curvatures, and the behavior of their t-adic orders.

From now on let X C A? be a plane algebraic curve and v(t) = (x(t),y(t)) a
parametrization of X at the origin with 4(0) = 0. We denote a = ordg(x(t)),b =
ordo(y(t)) and assume that b < a.

Proposition 3.3.1. The rational function
u
Ry = 171 € C(uo, vo, u1,v1)
1

s a rational invariant. This induces the geometric invariant

of X.
Proof. See Example 3.2.3. O

Lemma 3.3.2. Furthermore, we have in C{{t}} the equality

x'(t) fy
s(t) = = ——=(x(%),y(?)).
(1) = 5 = =760 y()
Proof. Follows directly from Lemma 3.2.5. O

Remark 3.3.3. The evaluation of the geometric invariant s(¢) at 0 can be also interpreted
as one of the affine chart expressions of the projective point (y'(0) : X'(0)) € P{ which is
known from differential geometry and called the slope of the tangent vector of X at 0.
The other chart expression is given by ﬁ and stems from the geometric invariant ﬁ
Both these expressions give us equivalent geometric informations about X at the points

parametrized by (x(¢),y(t)) and therefore, it is enough to work with only one of them.

We will call in this thesis also the geometric invariants s(t) and % the slope of the
tangent vector. As for the t-adic order of s, we have the equality

ordg(s(t)) = ordg(X'(t)) —ordo(y'(t)) =a—1—(b—1) =a —b.

The task now is to find further rational invariants. We can consider for example the
modified derivative of Rs,

U2V1 — ULV2

2
vy

ORs =
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But, as we have already seen in Example 3.2.3, ORs is not a rational invariant. It turns
out that a small modification in the denominator of ORs does yield a geometric invariant.
The multiplication of 0Rs with the term

vt

S(UOaUOaulavl) = m

is such a possible modification. The rational function we get in this way,

U2V1 — ULV2

R, = ,
(u1 + 7)1)3

is then a rational invariant. We namely have

R x (x(0(1)), y(0(1)) = ORs  (x((1)), y(())) - S x (x(p(1)), y(¢(1))) =
(

= ¢/(t) - [0Rs % (x(8), yO)]lt=e(2) - o (t)3 (X/zgp(t))g—of—(y’((p(t)))g

Proposition 3.3.4. The rational function

U2V1 — ULV2

R, =
(ug 4+ v1)3

€ C(ug,...,v92)

s a rational invariant that induces the geometric invariant

xX"(t) - y'(t) = X'(t) - y"(1)
(X(8) +y'(1))?

k(t) ==
of X.
Lemma 3.3.5. We have the equality

Ii(t): fﬂcxfg‘i‘zfxyfxfy_fyyfq%
(=fy + f2)?

)wmwm
in C{{t}}.

Proof. The invariance under reparametrization has been already shown.
Let us write x = x(t),y = y(t) and f» = f(x(t),y(t)), fy = fy(x(t),y(t)), etc. We have

1(4) — _& ,:_(fyx'xl+fyy'y/)'fx+(fxx‘xl+fxy'y/)'fy
S(t) fx f2 :

Furthermore,
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y'” /2

(X +y)3 () (= fy + fa)

When we substitute (xX',y") = p(t) - (= fy, f=) into the first equality for s'(¢) and use that
fzy = fyz we get for k the following equality

fzxfg - 2fmyfrfy + fyyf:?'

w(t) = f + 5P

Note that we have the equality ordg(k(t)) = a — 2b.

Remark 3.3.6. The expression

is closely related to

_ XI()y'(1) =X ()y"(?)

V()2 +Y(1)?)°

which is the formula for the curvature of X of (x(t),y(¢)) known from differential geom-
etry. Hence we call k(t) the modified curvature of X.

In the same way we got a new geometric invariant of X from the modified deriva-
tive of the slope of the tangent vector, we can define further geometric invariants of X
recursively.

Proposition 3.3.7. Let R € C(ug, v, ..., uk, vg), for some k € N, be a rational invari-
ant. Let G(ug,vo,u1,v1) € Clug, v, u1,v1], G # 0, be a polynomial in four variables that
satisfies the equality

G x (2(p(t), y(e(®)) = [G* (), y(0)lli=pr) - ¢ (t)

for all pairs of convergent power series (z(t),y(t)) € C{t}? and all reparametrizations
v € Aut(C{t}). Then the rational function

OR

o € C(uo,vo, - - -, Up41, Vi41)

is a rational invariant as well. Furthermore, for all pairs of convergent power series
(z(t),y(t)) € C{t}? that satisfy ordg(R * (x(t),y(t))) > 0 we have the inequality

onda(Fo (1), 1)) > ond ( (7 ) w a0.0(00)).
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Proof. For each pair of convergent power series (z(t),y(t))) € C{t}? and each reparametriza-
tion ¢ € Aut(C{t}) we have

gt(R* (@(p(t), y(@(1))) = [OR * (x(t), y(t))]li=p () - ¥ (D).
With the conditions on G we get

oRY 2 (R (a(o(). y(0(6)
(G) (el vl = = o) u(e®)
9RO £ _[(ORY

= O @) 1Ol PO [(G) ( “)’y“”} =t

Hence, the rational function %% is a rational invariant.
(x(t),y(t)), the equalities

Regarding the order of R %

ordo(9R » ((t), y(1))) = orde(R » ((t), y(1))) — 1

and

ordg(G * (z(t),y(t))) >0
imply

onda ( (57 ) (2(0,0(0))) < orda(x o(0) y(2) ~ 1 < orda( X » u(2) y(0)

O
Thus, in the way described in Proposition 3.3.7 we can generate a sequence of ge-

ometric invariants of X of decreasing order. We can recursively construct the rational
invariants

U1
RS — € C(UO,UO,Ul,Ul),
U1
OR;
= € C(ug,vo, ..., u, v
uy + vy ( 0, Y0, ) ) )7
OR,
R,.{1 w + o1 EC(UQ,UQ,...,Ug,Ug),
OR, _
Rnn = —n=1 € (C(UO)UO) -y Unt2, Un+2)’
u1 +v1

that induce the following geometric invariants of X:
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s(t) := o) with ordg(s(t)) = a — b,

: 705) with ordg(x =a—
W(t) = g Wit ordo(s(0) 2,
k1(t) == t;’“f% with ordo(k1(t)) = a — 3b,

. with ordo(k,(t)) =a — (2 +n)b,

We call each k;(t),7 € N a modified higher curvature of X.
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4 Resolution of singularities of plane algebraic curves via
geometric invariants

4.1 Resolution of analytically irreducible plane algebraic curves

In this section we will put into practice the knowledge about rational and geometric
invariants we gained in the last chapter. We will use certain properties of geometric
invariants to get an idea how to construct an algorithm that resolves with help of rational
invariants singularities of analytically irreducible plane algebraic curves. More precisely,
for an analytically irreducible plane algebraic curve X C A? with a singularity at the
origin the algorithm will construct a rational invariant R = % so that the Zariski-closure
of the graph A of the map

§: X\Z — P?

(z,y) = (Bi(z,y) : Ra(z,y))

is the blowup of X with center Z = X N V(Ry, R2) and is regular at the points lying
over the origin. Repated use of this algorithm to each singular point together with an
additional ingredient will then construct for an arbitrary analytically irreducible plane
algebraic curve a regular blowup of the curve with a suitable center.

As already mentioned, we will use some important properties of geometric invari-
ants for the construction of the algorithm. We will even prove with help of Puiseux
parametrizations and geometric invariatns of plane algebraic curves that the algorithm
really works. The main component of the proof will be Theorem 3.2.9 which uses orders
of parametrizations of an algebraic curve to decide whether a point on the curve is reg-
ular or singular. To guarantee that the Theorem 3.2.9 applies in the situation described
above let us prove the following proposition:

Proposition 4.1.1. Let X C A2 be a plane algebraic curve parametrized by (x(t),y(t))
at the origin. Consider rational invariants R; € Aji = 1,...k and the correspond-
ing geometric invariants z;(t) = R; * (x(t),y(t)) € Ax with ordg(z;) > 0 for all i. If
X is analytically irreducible at the origin, then the algebraic curve X, C AF*2 that is
parametrized by (x(t),y(t),z1(t),...,zk(t)) is analytically irreducible at the points lying
over (0,0).

Proof. Let f € Clx,y] be the defining polynomial of X. For alli € {1,...,k} let P,,, Q)
be the to z; corresponding modified differential operators. Let ¢ € X, be a point lying
over (0,0). If X, were not analytically irreducible at ¢, then X, would have at least two
distinct branches (Y1, ¢) and (Y2, c) at this point. We distinguish two cases:

1) Assume that there exists a representative ¥; of (Y1, ¢) and a representative Y5 of (Y, ¢)
such that 7(Y2) = m(Y7) for the projection

7 AZTE 5 A2
(T, Y, 21,y 2k) = (2,Y).
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This means that the only differences between the points of Y; and Y5 are their (21, 2K)-

coordinates. But the (21, ..., z;)-coordinates of almost all points lying on X, are uniquely

determined by z; = (SZ;((]}))) (x,y). Hence, 7|y, is injective locally at ¢ and this situation

can not appear.

2) Assume that for all representatives ¥; of (Y1,c¢) and Y3 of (Ya,c) the images 7(Y71)
and 7T(§~/2) are representatives of two distinct branches of X at the origin. But this is a
contradiction to the assumption that X itself is analytically irreducible at the origin. [

Remark 4.1.2. The statement of Proposition 4.1.1 is in general no longer true for
algebraic space curves parametrized by (x,y, z), with an arbitrary convergent power series
z(t) € C{t}. To illustrate the problem let us consider the following example:

The pair (0,t? — 1) parametrizes the y-axis in A% which is an anlytically irreducible curve
at each point (0,¢),c € C. We set z(t) = t3 —t. Then the curve X, that is parametrized
by (0,t% —1,t3 —t) is the node in the yz-plane and is analytically reducible at the origin.

Corollary 4.1.3. Let X C A? be a plane algebraic curve and 0 € X. Assume that X is

analytically irreducible at the origin. Let zi,. ..,z € C{t} be geometric invariants of X
that stem all from the same parametrization v = (x,y) of X at the origin. Let X, be the
algebraic space curve parametrized by (X,y,z1,...,zx). Consider the map

7 AT 5 A2

(x,y,21, .-, 2K) = (,9)

and the restriction of this map w|x,. Then the fiber

7[51(0,0) = {(0,0,1(0),..., z(0))}
consists of only one point.

Proof. Assume that the fiber 7r|)_(1 (0,0) consists of at least two different points c1, c2,¢1 #
Co. Let

() = (7 5108), - sppr (), 2(8) = (E™,71(8), - .., st ()

be the Puiseux parametrizations of the branches (Y7,¢1) and (Y2, c2) of X at ¢; and ca,
respectively. Then (t",s1(t)), (t™,r1(t)) parametrize two distinct branches of X at the
origin, according to the discussion in the case 1) in the proof of Proposition 4.1.1. But
this is a contradiction to the assumption of the analytical irreducibility of X at 0. O

We consider from now on an irreducible plane algebraic curve X = V(f) C A? with
a singularity at the origin. Assume that X is analytically irreducible at the origin. Let
v(t) = (x(t),y(t)) be a parametrization of X at the origin with a = ordg(x(t)) > 0,b =
ordo(y(t)) > 0. W.lo.g. we may assume b # a. Because if we had the equality a = b,
then we could use the coordinate change (z,y) — (z,z — ¢ - y) for a suitable constant
¢ € C to reach a parametrization with components of different ¢t-adic orders. Let R € A
be a rational invariant which induces the geometric invariant z = R * (x,y) of X with
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ordo(z(t)) = 1. We conclude then from Theorem 3.2.9, Proposition 4.1.1 and Corollary
4.1.3 that adding z as the third component to the parametrization v gives us the triple
(x,y,z) that parametrizes an algebraic space curve X, that is regular at the origin and
that is birationally equivalent to X. Thus, the goal is to construct from ~ such a geo-
metric invariant z of X of t-adic order one.

We already know, using Theorem 3.2.7, that each triple ~;(t) = (x(¢),y(t), ki(t)),i €
N U {0, -1} parametrizes an algebraic space curve if ordo(k;(t)) > 0. Here r_1(t) :=
s(t), ko(t) := k(t). Even more, we have ordg(~;(t)) > ordg(vi+1(¢)) for all i € NU{0, —1}
which can be interpreted as a betterment of the singularity of X at the origin. But we are
still missing a geometric invariant of X of order one to be able to construct a resolution
of X at the origin. To do so, we proceed stepwise. Firstly, we construct by iterative use
of the formulas for modified higher curvatures a geometric invariant of X of t-adic order
equal to ged(a, b).

Proposition 4.1.4. Applying iteratively in a particular manner the formulas for modified
higher curvatures to the parametrization (x,y) yields a geometric invariant of X of t-adic
order equal to ged(a,b).

Proof. Let us w.lo.g. assume that a > b. Let i; € N be chosen such that ¢; =
ordo(ki, (t)) > 0 and ¢; — b < 0. Then the triple (x,y, k;,) parametrizes an algebraic
space curve Xp. Let us consider the projection map

7 A% — A?

(z,y,2) = (y,2).

Then 7(X1) is a plane algebraic curve according to Lemma 3.1.11 and it is parametrized
by v1(t) = (y(t), ki, (t)). Here m(X1) denotes the Zariski-closure of 7(X1). Then we have
the inequality

b = ordo(y) > ordg(11) = c1.

We proceed now in the same way on m(X;). We choose i € N such that co :=
ordo(kiy(t)) > 0 and ca — ¢ < 0, where r4,(t) denotes a modified higher curvature
of m(X7) that stems from the parametrization (y(t), ki, (¢)). Then again the triple
(y(t), ki, (t), ki, (t)) parametrizes an algebraic space curve X9 and 7(X3) is a plane alge-
braic curve parametrized by y2(t) = (K4, (1), ki, (t)) with

¢1 = ordo(v1) > ordo(y2) = ca.

For j > 3 we define recursively x;; as the modified higher curvature that stems from the
parametrization v;-1(t) = (ki;_,(t), %i;_,(t)) of the plane algebraic curve m(X;-1) and
that satisfies the inequalities ¢; := ordg(k;;(t)) > 0 and ¢j—c;—1 < 0. The algebraic space
curve X; let be the curve parametrized by the triple (i, _,(t), i, ,(t), 5, (t)). Notice
that c; is exactly the value we get in the j-th step of the Euclidean algorithm applied to
the constants a and b. Therefore, there exists k € N so that ordg(k;, (t)) = ged(a,b) = d.
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It can be shown by induction that ;,(f) is a geometric invariant of X for all n € N.
Notice that for such a k;, (t) there exist polynomials in two variables P, @ € Clz,y| so

that the equality
P(Ki,_(t), i, (1))
Q(F‘;in72 (t)v Kin_1 (t))

is fulfilled. By the induction hypothesis there exist polynomials in two variables Ry, ..., Ry €
C[z,y] so that we have the equalities

_ Rau(x(®),y(1)

Ki,, (t) =

Ra(x(1),y(t))

Ry t) = y K, _ t) = .
O Rty T R vi0)
Thus,
Rl (X,Y) RS(Xzy)
K, (1) = P (RQ(X’Y)’ R4(va))
n o Q (Rl(xvy) R3(X7Y))
Ra(xy)’ Ra(xy)
from which it follows that also x;, (t) is a geometric invariant. O

We denote from now on the modified higher curvature of t-adic order d = ged(a, b)
constructed in the way described in the proof of Proposition 4.1.4 by «*(x,y).

Corollary 4.1.5. Let z1,...,z, be geometric invariants of X that stem all from the
parametrization (x,y) with k; = ordg(z;(t)). Then a geometric invariant of X of t-adic
order ged(ky, ..., kpy) can be constructed from zi,...,z,, by repeated use of the formulas

for modified higher curvatures.

Proof. According to Corollary 3.2.8, the m-tuple (z1,...,z,) parametrizes an algebraic
space curve Z C A™. Let us consider the projection

7 A™ — A2
(1, oy Tm) = (Tm—1, Tm)-

Then 7(Z) is a plane algebraic curve and it is parametrized by the pair (z;,—1,2zm)-
We compute the modified higher curvature k*(zp,—1,zm,). As for its t-adic order we
have ordg(k*(zm—1,2m)) = ged(km—1, km). For each i = 1,...,m — 1 we can construct
recursively the modified higher curvature

K*(ziy K" (zig1, K (.. ., K" (Zm—1,2Zm))))
of t-adic order equal to
ged(ki, ged(kigpr, ged(. . ., ged(km—1,km)))) = ged(ki, . .., km).

Hence, the modified higher curvature

K (21, zm) = K" (21, K" (- . ., K (Zm—1,2Zm)))
is of t-adic order ged(kq, ..., k). Finally, it can be shown in the same way as in the
proof of Proposition 4.1.4 that k*(z1,...,2,) is a geometric invariant of X. O
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For each finite set of geometric invariants zy,...,z, of X that stem from the same
parametrization of X we denote by x*(z1,...,z,) a modified higher curvature of t-adic
order ged(ordo(z;(t)),7 = 1,...,k) that is constructed in the way we described in the
proof of Corollary 4.1.5.

Lemma 4.1.6. Let s(t) € Puiseuxc(t) be a Puiseuz series and n = v(s) its polydromy
order. Assume that s(t") € C{t}. For a reparametrization ¢ let us denote s,(t) =

o(s(t™)). Then the polydromy order of sw(t%) equals n as well.

Proof. We assume indirectly that the polydromy order of sw(t%) is smaller than n. Then
there is a constant ¢ € N, ¢ # 1 so that n and each i € supp(s,) are divisible by ¢ and

we can write ‘
p(s(t™) = ait®
i>0

for some constants a; € C. Hence each term of s(t") = ¢~ 1(p(s(t"))) is (up to a mul-
tiplication with a constant) a product of the monomials ;" and has a power that is
divisible by ¢. But as n is the polydromy order of s(t), there exists a subset {i1,...,i.} C
supp(s(t™)) of the support of s(¢t") such that ged(n,i1,...,4,) = 1, a contradiction. [

Theorem 4.1.7. Let n(t) = (u(t),v(t)) be a Puiseuz parametrization of X at the origin.
Then a geometric invariant z(t) of t-adic order one of X can be constructed from the
parametrization 1n(t) by iterative use of the formulas for modified higher curvatures.

Proof. We may assume that a is the polydromy order of v(té). Let b = ordg(v(t)).
According to Proposition 4.1.4 there exists a modified higher curvature z; = k*(u,v) of
t-adic order d; = ged(a,b). Then the triple (u,v,z;) parametrizes an algebraic space
curve X;. Furthermore, there is a reparametrization o1 such that o1(z;) = t%. Thus,
applying the reparametrization ¢; to the triple (u,v,z;) gives us another parametrization
of Xl,

(pr(u), 1(v), 1),

with ordg(pi1(u(t))) = a,ordo(pi(v(t))) = b. Via a polynomial triangular coordinate
change, the curve X; is isomorphic to the curve parametrized by

(p1(u),o1(v) — k- (1) 1) = (x1,y, t™)

for ¢ = % and suitable £k € C with ordo(y(t)) > b. If ged(a,ordy(y(t)),d1) = di, we
reapply a triangular coordinate change to increase again the order of y(t). By Lemma
4.1.6 this process must terminate after finitely many steps when achieving y; so that

ged(a, ordg(y1(t)), d1) < di.

Furthermore, by Lemma 4.1.6 we find a finite subset {i1,...,4,, } C supp(yi) of the
support of y; so that the equality ged(a,d,1,...,4,) = 1 holds. Now, according to
Corollary 4.1.5 there exists a modified higher curvature zo = x*(x1,y1,t%) of t-adic
order equal to do = ged(a, ordy(y1(t)),d1). We apply again a suitable reparametrization
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and a triangular coordinate change to the algebraic space curve Xs parametrized by
(x1,y1,t%, z5) and get an isomorphic algebraic space curve parametrized by (x2, ya, s1, %)
for suitable xg,y2,s1 € C{t} with ordp(x2) = a,ordg(y2) = ordo(y1), ordo(s1) = d; so that
the inequality

ged(a, ordg(y2),d1, d2) < di

holds. By an iterative use of this procedure we achieve an m-tuple
(Xm—3; Ym—3,51, - - - » Sm—3, Zm—2)
of geometric invariants of X that satisfy
ged(ordg(Xm—3), ordo(ym—3), ordp(s1), - - . ,ordg(sm—3), ordo(zm—2)) = 1.
Now, from Corollary 4.1.5 the rest follows. O

Let us now assume that X has more than the only one singularity at the origin. Let
S1y- .-y 8m = Sing(X)\{0} be the other finitely many singularities of X. We consider at
each singularity s; a Puiseux parametrization +;(t) = (x;*,y;*) of X with ~;(b;) = s; for
some b; € C and construct then for each i = 1,..., m according to Theorem 4.1.7

s _ PG y:)

Z;' = s s
Qi(x;" ;')

a geometric invariant of X of (¢ — b;)-adic equal to one. Here P;,Q; € Clz,y] for all
PO (va)
QO(X,y)
stems from the parametrization (x,y) of X, then the (m + 3)-tuple

_ (4 Po(x,y) Pi(x,y) Pn(x,y)
n(t) = < Y Qolxy) Qilxy) Qm(X,Y)>

i=1,....m. Ifz= denotes the geometric invariant of X of t-adic order one that

parametrizes one chart expression of the blowup X of X with the center
(Po- [T Qi PrQo- [ Qir- - PmQo - T @inQo- ] @0)-
i>1 i#1 i#m i>1

Even more, since for each i = 1, ..., m there is according to Corollary 4.1.3 only one point
$; lying on the curve parametrized by 7(t) over s;, and since the curve parameatrized by
n(t) is at each point §; parametrized by

P0<X817y8i) Pl(XSi7ySi) Pm(x8i7y5i)>
QO(XSi,ySi)7 Q1(Xsi7ysi)’ 7Qm(xsi7y8i)

with 7;(b;) = §; and with one component z;* satisfying ordy, (z;*(¢)) = 1, it is regular at

771' (t) — <X8i, ySi ,

each point. And the regularity of X follows. Thus, we have already proven the following
statement:
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Theorem 4.1.8. Let Sing(X) = {s1,...,8m}. Then by repeatedly using the formulas
for modified higher curvatures to the parametrization (X,y) geometric invariants

)
(1) = (“Ej: ;) (c(t).y(8)).i = 1......m,

can be constructed so that the (m + 2)-tuple

(X, ¥y Ksyy - vy Ks,,)

parametrizes one of the affine chart expressions of a regular blowup X of X with a
suitable center. Here mgf)(f) € Clz,y],j = 1,2 denotes a modified differential operator
©))

ks, applied to f.

However, there is still a little problem with the implicit equations for X. Even though
we can compute the center of the blowup and also the exceptional divisor, to find the
defining equations of X is in general a very complicated process. The reason for that
is that it is generally not straightforward to factor out the equations of the exceptional
divisor from the equations of the total transform of X.
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4.2 Resolution of analytically reducible plane algebraic curves

We will now use the knowledge we have from the previous section about the resolution of
analytically irreducible curves to discuss how the resolution of an analytically reducible
curve can be constructed with the help of rational invariants. The most important part
here will play the discussion of the separation of different branches at one point via geo-
metric invariants.

Let X C A? be a plane algebraic curve with a singularity at the origin. Let us assume
that X is analytically reducible at the origin and that (Y7,0), ..., (Y, 0) are the branches
of X at the origin. Note that we have already seen in the section 4.1 how to resolve each of
the branches of X at the origin. Hence, we can transform the original question asking for
the resolution of an arbitrary analytically reducible plane algebraic curve to the problem
of searching for a resolution of a space algebraic curve with regular branches. It is clear
that two regular branches of an algebraic space curve can meet at a point in different
ways. We will in this section distinguish between two types of how the branches can meet.

At first notice that the concept of geometric invariants was defined only for plane
aglebraic curves. Hence, for the construction of the resolution of algebraic space curves
a new strategy has to be figured out.

1. Two branches with different tangent vectors at the meeting point:
In this case the separation of these two branches can be done via the Nash modification
that takes the slope of the tangent vector as a new coordinate.

2. Two branches with the same tangent vectors at the meeting point:
Let Z C A™ be a blowup of X with a suitable center and let (Z1,0) and (Z2,0) be
two distinct branches of Z with the same tangent vector at the origin. We consider the
projection
A" — A?
(X1, .., 2pn) — (z1,22).
Let (X1,0), (X2,0) be the projections of the branches (Z1,0) and (Z2,0) of Z under m, re-
spectively. Then (X7i,0), (X2, 0) are two distinct branches of X at the origin. Let us con-
sider the Puiseux parametrizations (x1(t),y1(t)), (x2(¢),y2(t)) of the branches (X7,0) and
(X2,0), respectively. Then the goal is to find a rational invariant R € C(ug, vo, . . . , ug, Uk)
such that
[R+ (i (), y1(8)]i=0 # [R* (x2(t), y2(t))]]e=0-
This means that we must have ordo(R x (x;(t),yi(t))) = 0 for at least one 7 = 1,2 and
if we had ordo(R * (x;(t),yi(t))) = 0 for both i = 1,2, then it would be necessary that
the geometric invariants R * (x1(t),y1(¢)) and R * (xa(t),y2(t)) have different constant
terms. We denote a; = ordg(x;(t)), b; = ordg(y;(t)) for i = 1,2. If we have the inequality
3 # 1= then there exist positive integers ¢,d € N such that

b1
C-al—d-blzo,c-ag—d-bg#o.
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Then we have for the rational invariant R = Z—é € C(uo,vp) the following:
0

OrdO(R* (Xl(t)7 Y1 (t))) =0, OI‘do(R* (XQ(t)u yQ(t))) # 0.

There is also the possibility to use the formulas for modified higher curvatures for
the construction of the searched rational invariant. Remember that for the modified
higher curvature x; that stems form the parametrization (xi,y1) we have the equality
ordg(k;(t)) = a1 — (j + 2)by. Thus, we can construct from the parametrization (xq,y1)
the modified higher curvature rq_o(t) of t-adic order a3 — d - by and then continue with
the pair ( x1) and construct from this the modified higher curvature k.3 of t-adic

1
Kd—2’
order ordg (7%73(75)) =d-by—c-a; = 0. Then k._3 is clearly a geometric invariant of X as
well and the corresponding rational invariant S satisfies the required conditions. Thus,
if n(t) = (x,y,21,...,2z,—2) is a parametrization of Z, then the addition of the geometric
invariant S % (x,y) or R« (x,y) as a new component to the parametrization 7(t) sepa-
rate the both branches (Z1,0), (Z2,0) and the (n+ 1)-tuple (x,y,z1,...,zp—2, S *x (X,y))
parametrizes one chart expression of a blowup of X with a suitable center. However, if
there are more than two branches at the origin, this strategy does not apply. Also in the
case that the equality ‘Z—i = Z—; holds it is still open how to separate the branches.
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5 Appendix

5.1 Puiseux parametrizations of plane algebraic curves

The aim of this section is to present the concept of Puiseux parametrizations of branches
of plane algebraic curves. We will present in this section the Newton-Puiseux algorithm
which constructs these parametrizations.

Let us now briefly introduce the concept of Puiseux series. The field of Puiseux
series over C is defined as

Puiseuxc(x) := U C((x%))

n>1
The elements are Laurent series with rational exponents with a fixed denominator m € N,

[e.e]

s(z) = Zai-xi,io €Z,

=10

with coefficients a; € C, called Puiseux series over C. The choice of m is not unique
but after reduction of all fractionary exponents we may take the minimal one, i.e., m
and the set of integers {i € Z|a; # 0} have no non-trivial common divisor. The minimal
value m is called the polydromy order of s(x) and denoted by v(s).

Let us fix the coordinates x,y in A% and let f(z,y) € Clz,y] be a non-constant

squarefree polynomial and X = V(f) C A2 the corresponding plane algebraic curve. We
suppose from now on 0 € X. Let f = f1--- f, fi # f; for i # j be the factorization of f
into irreducible factors f; € Clx,y]. If r > 2, the curve X is reducible and in this case X
cannot be parametrized by a pair of convergent power series (x(t),y(t)) (for the definition
of a parametrization of an algebraic curve or its branches see Section 3.1). This can be
seen indirectly in the following way:
Assume the existence of a parametrization (x(t),y(t)) of X. Then the equality f(x(t),y(t))
0 holds in C{t}. But then f;(x(¢),y(t)) = 0 for one ¢ € {1,...,r}. This means that
(x(t),y(t)) parametrizes already the irreducible component X; C X and, as X; is the
Zariski-closure of the image of the map

v D) N D(y(t)) = X

a— (x(a),y(a)),

it parametrizes none of the other irreducible components X;,j # ¢. Therefore, the
pair(x(t),y(t)) cannot parametrize the whole curve X.

We will therefore look only at irreducible plane algebraic curves for searching for a
parametrization. But even in this case, there could be a similar problem with analytical
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irreducibility. We hence look at the decomposition of the curve X in its branches at
one point. We will ask whether there exists a parametrization of each branch of X at 0.
Moreover, we will look for a special type of parametrizations called Puiseux parametriza-
tions. A Puiseux parametrization of a branch (Y,0) of X at 0 is a parametrization of
the branch of the form (x(t),y(t)) = ("™, s(t)) or (x(t),y(t)) = (s(t),t™), for some m € N
and s(t) € C{t}. Note that for a parametrization (t"*,s(t)) of X we have the equality
f(t, s(ti)) = 0 in Puiseuxc(t). Hence, the Puiseux parametrizations are closely related
to Puiseux series. However, as required s() to be a power series and not allowed to be a
Laurent series with a negative order in ¢, we do not have a 1:1 correspondence between
Puiseux series and Puiseux parametrizations.

Let g(z1,...,2,) € C[[x1,...,2z,]] be a power series. An n-tuple of Puiseux series
(x1(t),...,2n(t)) € Puiseuxc(t)" is called a zero of g if the equality

g(xi(t),...,zn(t) =0

is fulfilled in Puiseuxc(t). A Puiseux series s(t) € Puiseuxc(t) is said to be an x;-root
of g if we have after substituing s(¢) for the variable x; and ¢ for all other variables the
equality

g(t,...,t,s(t),t,...,t) =0

in Puiseuxc(t). Let J C Cl[[z1,...,xy,]] be an ideal. An n-tuple of Puiseux series
(x1(t),...,xn(t)) € Puiseuxc(t)™ is said to be a zero of J if it is a zero of all power
series g € J. For an algebraic plane curve X = V(f) it is clear, using the fact that the
ring of Laurent series is an integral domain, that a Puiseux series s(t) is an z- or y-root
of f if and only if it is an x- or y-root of a power series defining one of the branches of
X.

Proposition 5.1.1. For every zero (t",s(t)) or (s(t),t™),m € N of a polynomial f €
Clz,y] with s € C[[t]] the power series s is convergent.

Proof. From the equalities f(s(t),t™) =0 and f(t™,s(t)) = 0 we conclude that s(t) is a
zero of f(xz,t"™) or f(t™, x), respectively. As they are polynomials in x with coefficients
in the polynomial ring C[t], the power series s is algebraic and hence convergent. O

Let g(z,y) € Cl[z,y]] be a formal power series without constant term such that
9(0,y) = y™ - h(y) for some integer n € N and some formal power series h(y) with
h(0) # 0. A power series of this form is said to be y-regular of order n. The z-regularity
is defined in the same way.

We will show that each y-regular power series g € C[[x,y]] possesses a y-root y(z).
Let us briefly look at one concrete example, at the polynomial f(x,y) = 22 —y> which is
y-regular of order 3. Then we see in general it is not possible y(z) to be a power series.
The only y-roots of f are y(x) = ij%, where ( = e’ is a third primitive root of unity
and j = 0,1,2. And we see that y(x) is a polynomial with fractional exponents. Thus, in
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general there is no hope to find a y- root which would be a power series. However, there
is still the possibility that y(z) € (C[[xmﬂ for some fixed integer m. And this is what we

will show. Even more, we will show that this root is of the form y(z) = ¢(a:%), where
¢(z) € C{z} and m is the y-regularity order of g.

Lemma 5.1.2. For each power series g € C[[z,y]], there exists a change of coordinates
(x,y) — (z + A\y,y),\ € C such that g is y-regular of order o = ordg(g). Here ordy(g)
denotes the t-adic order of g.

Proof. Let us write the power series g as follows:
g = Z amxiyj.
i+j>o
Let

hom, (g E a”my = E ajo— Jx] 0=j

i+j=o0

be the homogeneous part of g of degree 0. We apply the change of coordinates A :
(z,y) — (x + Ay, y) for a constant A € C and we get

hOmOgo)\ Za]0]$+)\y oj_zzaj()](-Z:))\jixz 0—1i

=0 j=i

ai,0—i(N)

with .
doo(t) =D ajojt!
=0

Indeed ag, is a non-zero polynomial in the variable A, thus a,o has only finitely many
zeros in C. For a generic A € C we therefore have Ggo(A\) # 0 and so we can find a
change of coordinates so that the term y° appears with a non-zero coefficient in the
Taylor expansion of g(z + Ay, y). O

Thus we can w.l.0.g assume that each power series g € C[[z,y]] we are working with
is y-regular. Let us sketch the main ideas of the Newton-Puiseux algorithm. We show
the existence of a y-root ¢(t) of each y-regular power series g € C[[z,y]] of order n by
induction on the integer n. But first let us discuss the case that g = ¢y for some m € N.
Then ¢ is parametrized by the pair (¢,0) which is a Puiseux parametrization. For an
arbitrary power series g € C[[z]] of y-regularity order n = 1 we have ¢,(0,0) # 0 and
according to the Implicit functions theorem there exists a unique power series y(x) €
C[[z]] with g(z,y(x)) = 0,y(0) = 0. Let us now consider n > 1. For a power series
g € Cl[z,y]] we will seek a y-root y(x) of the form

y(x) = glam) = a¥(co + po(am)),
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with constants ¢ € C\{0},v € Q" and ¢¢(z) € C[[z]] without constant term. The
substitution of the searched y-root y(z) into g with o = ordg(g) must satisfy

g(z,y(x Z a; jr'y(z) = Z a; o ( co—|—<;50(:cm)) =0.

i+j2o0 i+j2o0

Thus, we look for constants v, ¢y and a Puiseux series gbo(x%) as above such that the last
equality holds. When we set ¢ = min{i + vj|a; ; # 0}, we can write

9(z,y(z)) = 2" Z ai,jcy )+ o Z awZ( .>co¢0 W”)J Pt

i+rvi=pn i+rvij=p

+azt Z a; ;o T ey + gbo(x%))j =zt Z ai,jcé + x“h(:ﬂ%)
itvi>p itvj=p
for some h(z) € Cl[[z]]. Notice that h(z) has no constant term as ¢¢ has not niether.
Therefore, to achieve the equality g(z,y(z)) = 0, we must have

> ai ;) =

+vj=p

And we conclude that at least two distinct constants am, p, ar; with m+vn = u = k+vl
are non-zero (by assumption ¢y # 0).

Let us now recall the concept of the Newton polygon which is the key tool of the
Newton-Puiseux algorithm. The set A'(g) := {(4,7)|a;; # 0} C R%, lying in the (4, j)-
plane is called the Newton cloud of g. The Newton polygon of g, N'P(g), is defined as
the boundary of the convex hull of the set N (g) := N (g) + RZ,. The bounded edges,
i.e., edges of finite length, of the Newton polygon are called segments. We denote the
segments of the Newton polygon by si,$o,...,8. The first segment s; is the closest
one to the j-axis. The points on the Newton polygon where two edges meet are called
vertices. We can note that the line defining the first segment of the Newton polygon is
of the smallest slope. Furthermore each line defining one segment s; is of smaller slope
than the line defining the segment s;41 lying on the right side of the segment s;. Notice
that there is a geometric interpretation of p = min{i 4+ vjla;; # 0}. The constant p
is the minimal value d € R for which the line ¢ + vj = d crosses the Newton polygon.
And hence it is also the minimal value lying on the intersection of the i-axis and the line
1+ vj = d crossing the Newton polygon. By the defintion of u, the line i +vj = p meets
the Newton polygon in exactly one vertex or contains one whole segment of the Newton

polygon.
In the case that the line ¢ + vj = p contains one whole segment s of the Newton

polygon, the value —% equals the slope of the segment s;. We call the number v the
inclination of the segment s.
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Remark 5.1.3. The first segment of the Newton polygon has the smallest inclination.

Remark 5.1.4. The polynomial

> ai ;)

i+vj=p

then consists of the terms ai,jcé, where (7, j) lies on the segment of the Newton polygon
with the inclination v.

But now back to the induction step in the proof of the existence of Puiseux parametriza-
tions. The induction step from n — 1 to n consists of several parts. For the simplicity, we
handle these parts separately. But all parts are connected and each part uses the results
and definitions from the previous parts. So the individual parts cannot be understood
individually without reading the previous parts. The following steps work only for a
power series g # 4", m € N. Hence, for the further procedure we will consider only
y-regular power series g with at least one finite segment of the Newton polygon.

15¢ part :

Let vy = % be the inclination of the first segment of the Newton polygon NP(g) of
the power series

gley) = 3 aija'yl, 0= ord(g).
i+j>o0
We chose a constant ¢y € C such that ¢y # 0 and the equation
> =0
i+voj=p

is fulfilled. As g # y™ for all m € N, the first segment of N'P(g) lies above the j-axis
and this choice of ¢g is possible. We study now the effect of the change of variables

r =t

y = (co+ 1)

on the power series g. The substitution of the new variables into g and using the definition
of v as before together with the fact

i+ > pe h+1j > ph

yields

h l hH—j hi+lj i
g(z7, 2 (co + 1)) 5 aijry " (co+ ) = 5 a;jry (co+ ) =
i+j>o0 hi+lj>ph
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h hi+lj—ph ;
=z Z a; ;T Fh(co + 1) .
hi+1j>ph

= (Ilzyl)

So we get the following factorization

B~
g(zh, 2t (co+ 1)) = 2" G(z1,y1)

with

900,) = D aijlco+ ).
i+voJ=p

Since ¢(0,y) = y"h(y), h(0) # 0, we know that ap, 7# 0. Therefore, the point (0,n) is
the left-boundary point of the first segment of NP(g) and it is also the point lying on
the line ¢ + 1pj = p. Thus, the term ag,(co + y1)"™ must appear in the Taylor expansion
of §(0,y1) and so the y;-order of §(0,y;) is smaller or equal to n. Because of the choice of
co as a root of the polynomial Zi+u0j:u ai ;ch, the yi-order of §(0,y1) is strictly greater
than 0. Even more, there is a necessary and sufficient condition for y;-order of §(0,y;)
to be equal to n:

Proposition 5.1.5. The y;-order of g(0,y1) is equal to n if and only if co is a root of
multiplicity n of the polynomial

Proof. <: Let ¢y be a root of

Z ai,jtj =0

i+voj=p
of multiplicity n. Then we have the equality
> ot =t
i+voj=p
with some constant b # 0 and finally

90,51) = > aijlco+ 1)) =blco+y1 — co)" = by
i+voj=p

=-: If the multiplicity m of the root ¢ is strictly smaller than n, then we have the
factorization

> aigt =0t —co)™(t —do)™0 - (t —dy)",
i+voj=p
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with m 479 + --- 4+ 15, = n and some constants b # 0, d; # d; for i # j and d; # ¢y for
all i = 1,...,s. After substituting ¢ — co + y1 into Y a; jt/ we get for g the following

90,1) = > aijlco+u1) =bleg—do)® - (co — ds)" yi™
i+voj=p #£0

And so §(0,y1) has yj-order m < n. O

Let us now discuss the case that the yj-order of the power series §(0,y1) equals n,
i.e., ¢g € Cis a root of multiplicity n of the polynomial a; ;t7. Then we have
the following equality

+roj=p

> aigt =b(t—c)" =b> " F(=1)¢,
k=0

i+voj=p

with some constant b # 0. Comparing the terms ag,t" (we already know that (0,7n) lies
on the line i + 1vpj = p) and bt", we get b = ag,. Furthermore, comparing the terms
a“,,,o(n,l)’n,lt”_l and —agncot™ ! yields the equality Ap—vy(n—1),n—1 = —@0,nC0 # 0.
This implies the existence of a positive integer ¢’ such that i’ + v9(n — 1) = u. Then
i =pu— &)/T.L/—V() = 1y and we get the following proposition:

=
Proposition 5.1.6. If the y1-order of §(0,y1) equals n, then vy is a positive integer.

Furthermore, comparing the coefficients of t° in the above equality ensures that
ayon,0 = (—1)"apncy # 0. Thus, the first segment of NP (g) connects the points (0,n)
and (von,0) which correspond to the monomials y™ and z*°™. Analogously, we can com-
pute the other coefficients a; ; with (4, j) € N'P(g) satisfying the condition i + vpj = p
and we see that:

Remark 5.1.7. If the y;i-order of §(0,y1) equals n, then g can be written in the following
way

g(z,y) = Z ai 'y’ + Z ;'Y = aon(y — coz™)" + Z ai 'y’
i+voj=p i+voJ > i+voi>p

and the first segment is therefore the only bounded segment of N'P(g).
2" part -
If the y;-order of g(0,y1) equals n, we apply to g the following change of variables

=X
Yy =y + coz.
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Substituting these newly defined variables into g and using Remark 5.1.7 yields

qi(,y) = gla,y + cor™) = oy + Y aigat(y + cox™) =
i+rvoj>p

J .
_ J k. i+wok, j—k
a3 (1) anachatntyi
i+voj>p k=0
Notice that the point (0,n) is a vertex of N'P(g1). Furthermore, the other terms appear-
ing in the above sum are of the form z0%yi=F with i +vok+vo(j—k) = i+19j > pu = von

(because of the special choice of c¢g). But this is equivalent to nij > v from which we

conclude that the inclination of the first segment of NP (g1) is strictly greater than .
Here vy is the inclination of the first segment of NP(g). And we obtain the following
proposition from our observation:

Proposition 5.1.8. If the yi-order of §(0,y1) equals n, then g1 is y-reqular of order
n. Moreover, NP(g1) still contains the point (0,n) and vy > vy, where vy denotes the
inclination of the first segment of N'P(g1).

3"part :  induction step

a) If g(x1,y1) = y7, then ¢(t) =t is a y-root of g. Or if the yj-order of §(0,y;) is
strictly smaller than n, then by the induction hypothesis there exists a positive integer
1 1

my and a Puiseux series ¢1(z,"") € Cl[[z;"']] fulfilling the equality

(a1, ér (™)) = 0.

For g we then have:

1

glalh, 2l (co+ dr(a™)) = 24" g(ar, g1 (a™)) = 0.

Setting = xf, m = mh and gb(a;i) = x%(co + gbl(az%)) = 2" (co + ¢1(xi)) yields
g(x, gzﬁ(a:i)) = 0 which finishes the proof in this case.

b) Let us now discuss the case that the yj-order of §(0, y1) equals n and §(z1,y1) # yT-
Because of Proposition 5.1.8, the inclination of the first segment of N'P(g1), which we
denote by vy, is strictly greater than vy. Now we have to apply the procedure described
in parts 1 — 3 again to the power series g;. We then get the corresponding power series
g1(z2,y2) and observe its behavior after substituing xo = 0. If its yg-order is strictly
smaller than n or gi(x2,y2) = ¥4, we can apply the induction hypothesis. We then find

1 1

a positive integer mo and a Puiseux series ¢g (332"72 ) € (C[[ac;T2 |] fulfilling the equality
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1

91(x9, da(52)) = 0.

For g1 we then have

1

g1(zh, 25 (c1 + ¢l 72))) = xé‘“”g ($2,¢2($;72)) =0,

where v| = }ll—ll is the inclination of the first segment of NP(g1) and p; the correspond-
ing minimal value d € R for which the line i+v1j = d crosses N'P(g1). Finally for g we get

1 1
g(zh 2 (e1 + ga(x)?)) + coxh™) = g1 (zh*, 2% (e1 + pa(25'2))) = 0.
l
And the claim follows when setting z = 23, m = myh; and d)(x%) = zhr (c1+¢2(;vm )+
coz?® = coz*® + 2 (1 + a(am)).

If this is not the case and the ys-order of ¢i(0, y2) is equal to n again and gi(z2, y2) # y5,
we have to define the power series go(x,y) realizing the change of the variables

T x
Yy =y —+ cor”® + !

Because of Proposition 5.1.8, the inclination vy of the first segment of N'P(go) is strictly
greater than v; and we get the inequalities 1y < 11 < vo. Now two cases have to be
discussed. The first one is the situation where after finitely many repetitions of steps
1-3 we come to some p € N so that the power series §,—1(0,y,) has strictly smaller
yp-order than n or gp—1(xp,yp) = Yy, Then, by the induction hypothesis, there exists

a power series with fractional exponents ¢,(xp" 7)€ Cllxp ]] which fulfills the equality
1

Gp—1(zp, gbp(xpi'p )) = 0. And analogously as above we can show that the searched y-root
of g has the form

1

y(@) = cox” + 1z + -+ 2P (epo1 + Pp(z 1)),

But it is also possible that the y;-order of g;(0, yj41) remains equal to n and §;(z4+1,yj+1) #
yJT-LJrl for every j € N. This is the second case we have to discussat the moment. In this
case we have an integer sequence vy < vy < --- < v < ... of the inclinations of the first
segments of the associated Newton polygons N'P(g;) and the formal power series

boo(x) = oz + 12 + - + ¢z + -+ € Cl[z]].
Therefore, the inclination of the first segment of the Newton polygon of the limit goo(x, y)

is equal to co. Here goo(x,y) can be obtained from g(x,y) with the change of variables

T
Y=Y+ doo().
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Furthermore, we have
g(x,cox” + 1z + -+ + ¢jat) = gj(,0)

which converges to goo(z,0) as j tends to co. But because of vo, = 00, the power series
Joo must be divisible by y” and we can write

Joo(z,y) = y"h(z, ),

for some unit of the power series ring h € C[[z,y]]*. Thus, we finally get the equality

g(z, ¢oo($)) =0
which finishes the proof of the existence of a y-root of a power series g.

Remark 5.1.9. The choice of the constants ¢;’s determines completely the Puiseux series
produced by the Newton-Puiseux algorithm.

Newton-Puiseux theorem (first version) 5.1.10. Let g € Cl[[z,y]] be a y-regular

power series. Then there exists a y-root g, namely g(x,y(x%)) = 0, with y(z) € C[[z]]
for and some positive integer m € N.

And using Lemma 5.1.1 we see that the Newton-Puiseux algorithm even produces
parametrizations of branches of plane algebraic curves.

Newton-Puiseux theorem (second version) 5.1.11. Let X C A2, be a plane alge-
braic curve. Then each branch of X at an arbitrary point of X can be parametrized by a
pair of convergent power series.

There is an even more general theorem saying that the field of Puiseux series is
algebraically closed:

Newton-Puiseux theorem 5.1.12. The algebraic closure of the field C{{z}} (resp.

C((x))) is the field U5, C{{z7}} (resp. Uys, Cl(x)) ).
Here C{{x}} := Quot(C{z}).

Now, to show that each Puiseux parametrization of a branch is indeed a parametriza-
tion of the curve itself, we need to show the Zariski density of the image of the Puiseux
parametrization. To see the density of the parametrization, the following lemma can be
helpful :

Lemma 5.1.13. Let X, Y C A" be two irreducible algebraic curves with X # Y and
0€ XNY. Let (X;,0),i € I be the branches of X at 0 and (Y;,0),j € J the branches of
Y at 0, with suitable index sets I and J. Then (X;,0) # (Y;,0) for alli eI and j € J.
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Proof. We assume indirectly that there exist some ¢ € [ and j € J so that (X;,0) =
(Y;,0). Let Z be a representative of this equivalence class. Then the Zariski-closure of
Z must equal X and also Y as Z is a representative of a branch of X and of a branch of
Y and as X and Y are irreducible. But this is impossible as X # Y. O

Lemma 5.1.14. Let I,J C C{z1,...,xn},I # J, be two prime idelas of height n —
1. Then I and J cannot have the same zero y(t) = (z1(t),...,zn(t)) € C{t}", with
convergent power series x;(t) # const. for alli =1,...n.

Proof. Let us indirectly assume that v(t) is a zero of I and J. Let us consider the map

v C{xy1,...,zn} — C{t}
T Jfl(t)

Ty > T ().

At first notice that v* is a map between two integral domains. Hence, ker(v*) is a prime
ideal in C{z1,...,z,}. As z;(t) # const. for all i = 1,...n, the height of ker(y*) is at
most n — 1. Since (x1(t),...,x,(t)) is a zero of I, the height of ker(y*) equals n — 1.
Then we have I,J C ker(y*). But then ker(y*) = I = J because I, J and ker(y*) are
prime ideals of the same height. O

Corollary 5.1.15. Two not associated irreducible convergent power series g1, g2 € C{x,y},
g1, 91 # 0, cannot have the same zero y(t) = (x(t),y(t)) € C{t}2, with convergent power
series x(t),y(t) # const.

Proposition 5.1.16. Let X = V(I) C A" be an algebraic curve and I C Clxy,...,zy]
its defining ideal. Consider the following map

7

D(z;(t)) —» X
=1
1 t ey Ty

= (21(2), (t)),

where x;(t) € C{t} are convergent power series for alli =1,...,n. Let

v Clzy, ..., xn] /T — C{t}
T; — Iz(t)
Tp — Tn(t)

be the induced map. Then the image of v is Zariski-dense in X if and only if v* is
injective.
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Proof. =: If the map " was not injective, then there would exist a polynomial h €
Clxy, ..., zp]\I so that h(z1(t),...,2n(t)) = 0 in C{x1,...,x,}. Then ker(y*) would be
a prime ideal of height at least 1. But then the Zariski-closure of the image of v is an
algebraic variety of codimension n and therefore strictly contained in X.

<: Assume that the image of 7y is not Zariski-dense in X. Then the Zariski-closure of the

image of 7 is an irreducible algebraic curve Y = V/(J) for some ideal J C Clzy,...,Zy)
with I C J. But the n-tuple (z1(t),...,2,(t)) must be then a zero of the ideal J and
consequently the map v* is not injective. O

Hence, for the density of the image of a non-constant map v : D(z1(t)) N D(z2(t)) —
X, with v(t) a root of a convergent power series g; defining a branch (Xj;,0) of a plane
algebraic curve X = V(I) C A2, it is sufficient to show the injectivity of the corresponding
map ~* defined as in Proposition 5.1.16. But according to Lemma 5.1.13 and 5.1.14 and
Corollary 5.1.15, the map ~* is injective. And we deduce the following lemma:

Lemma 5.1.17. Let X C A? be a plane algebraic curve. Let (X;,0) be the branches of
X at the origin and g; € C{x,y} the defining power series of the branches. Then we have
the correspondences:

{ (@:(8), 1i(t)) zeros of g }<_>{ (zi(t), yi(t)) Puiseuz parametrizations }

constructed by the
Newton — Puiseux alg. of the branches (Xi,0)

FEven more:

{ (z:(t), yi(t)) zeros of gi }(_> { (z:(t), ys (1)) Puiseuzx }

constructed by the N
X
Newton — Puiseu alg. parametrizations of

Proof. Notice that an irreducible convergent power series g € C is either y- or z-regular.
Hence, after a suitable coolrdinate change, the Newton-Puiseux algorithm applies to each
branch of X. Let (z,¢(zn)) be a zero of g € C{z,y}, where g defines a branch of X.
Then z — x™ is the correspondence between Puiseux parametrizations of the branches of
X or X itself and the zeros of the defining power series of the branches of X constructed
due to the Newton-Puiseux algorithm. The rest follows from the discussion before. [

And we conclude the existence of a parametrization of an arbitrary irreducible plane
algebraic curve.

Theorem 5.1.18. Each irreducible plane algebraic curve can be parametrized by a pair
of convergent power series (x(t),y(t)). In addition, each branch of a plane algebraic curve
can be parametrized by a Puiseuxr parametrization.

Even more, for a parametrization (x(¢),y(t)) of a branch of a plane algebraic curve
the orders ordg(x) and ordy(y) can be read off from the Newton-Puiseux algorithm.

Lemma 5.1.19. Let X C A? be a plane algebraic curve and (Y,0) one of the branches
of X at the origin with defining power series g € C{z,y}. Let v = % be the inclination
of the first segment of NP(g). If g # y*. k € N, then for a Puiseur parametrization
(x(t),y(t)) of (Y,0) we have x(t) = t" and ordy(y) = L.
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Proof. This is a direct consequence of the construction of y-roots according to the
Newton-Puiseux algorithm d

Lemma 5.1.20. If y(t) is a y-root of a y-reqular polynomial f, then it is one of the
series the Newton-Puiseux algorithm gives rise to.

Proof. If y(t) = 0 then f =y - g(x,y) and the parametrization of V(y) was discussed at
the beginning of the Newton-Puiseux algorithm.

So let y(t) # 0. We write y(t) = t%(Co +y1(t)) with £ the inclination of the first segment
of the Newton polygon of f, some constant ¢y # 0 and power series y; € C][t]]. Then
using the definition of f from the Newton-Puiseux algorithm we see that if f(¢,y(t)) = 0,
then f(t" t'(co + y1(t"))) = " f(t,551) = 0 and so we get f(t,y1) = 0. And the claim
follows by iteration. O

We will now discuss some more properties on Puiseux parametrizations of plane al-
gebraic curves. Finally, we show that if a polynomial f factors into a product of formal
power series f = gi* ---gir, g; € C[[z,y]], then the factorization is already unique up to
a multiplication with a unit and all the factors (except the unit) are already convergent
power series.

For each n-th root of unity ¢ € {{ € C|{" = 1} we define the automorphism

1 1
o¢ : C((z=)[[y]] = C((z))[[y]]
1 1
xn +— (xn
y—=y.
For a Puiseux series
s(x) = Z aix%,
i>ip
with i9 € Z,n € N fixed, the image of s under o is then
UC(S) = Z Ciaix%7
i>io
and is called a conjugate of s. It is clear, by definition, that the image under o¢ of a

Puiseux series of polydromy order n is again a Puiseux series of polydromy order n . The
set of all conjugates of s is called the conjugacy class of s.

Lemma 5.1.21. The number of different conjugates of a Puiseux series equals its poly-
dromy order.
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Proof. Let

s(z) = Z axn
i>io
be a Puiseux series of polydromy order n = v(s). We select the indices i1, ..., i, € Z such
that a;; # 0 for all j = 1,...,7 and ged{n,i1,...,3,} = 1. If the equality o¢(s) = oy (s)
holds for some 7" = (" = 1, then the equalities n'a;; = (“a;; and so n* = (% are
satisfied for all j = 1,...,7. But from ged{n,ii,...,i,} = 1 it follows that n = ¢. Thus
s(z) has n different conjugates. O

Lemma 5.1.22. A Puiseuz series y(x%) € C[[x%]] is y-root of g € Cl[x,y]] if and only
if g(x,y) = (y —y(x)) - h(zn,y) holds for some h € Cllzn,y]].

Proof. Consider the automorphism
1 1
p: Cllzn,y]] = Cllzm, y]]

1
9= #(9) = g(z,y+ylz)).
Then p(y — y(x%)) =y and (¢(9))(z,0) = g(x,y(x%)) Thus we can w.l.o.g. assume
that y(az%) = 0. But in this case we have g(x,y) =y - h(z,y) for some h € C[[z,y]]. O

Lemma 5.1.23. If a Puiseur series y(m%) € (C[[a:%]] is a y-root of a power series g €
C[[z,y]], then all its conjugates are again y-roots of g.

Proof. By the previous lemma we have g(z,y) = (y — y(:z:%)) : h(a;%,y) for some h €
C[[x%,y]] Furthermore, we have the equality g(z,y) = oc(9(z,y)) = (y — y(CJ;%)) :

h(Cx%,y) for each n-th root of unity (. Using the previous lemma again we get the
claim. O

For a Puiseux series s € (C[[:c%]] of polydromy order v(s) = n, we define the following
power series

v(s)
9s = [ [ —0ci(s)) € Cllally],

i=1
where ( is a primitive n-th root of unity and so o¢(s), ..., o¢n (s) are the different conjugates
of s. The fact gs € C[[z]][y] can be seen in the following way. Note that for each
j,k = 1,..,n there exists i € {1,...,n} such that op(0e(s)) = oci(s) € (C[[a:%ﬂ is
fulfilled. Furthermore, for i # j we have o.i(s) # 0.i(s). Thus, we conclude the equality
0¢i(gs) = gs for all j = 1,...,n from which it follows that the polydromy order of gs
equals 1 and so gs(z) € C[[z]][y]. Then using Lemmata 5.1.21, 5.1.22 and 5.1.23 we can
show the following:

Lemma 5.1.24. A Puiseuz series s € (C[[a:%]] is a y-root of a power series g € C[[x,y]]

if and only if the equality g(x,y) = gs(z,y)-h(z,y) is fulfilled for some h(x,y) € C[[z,y]].
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Proof. «: This direction is straightforward with Lemmata 5.1.22 and 5.1.23.

= Let the equality g(z,s(z)) = 0 be fulfilled. Then g = (y — s) - hy for some h; €
(C[[x%,y]] By Lemma 5.1.23, o¢(s), with ¢ a primitive n-th root of unity, is a y-root of
g and hence of h;. Thus we get hy = (y — o¢(s)) - he for some hy € (C[[a:%,y]] and so
g = (y—s)-(y—o¢(s))-ha. Iteratively, we obtain g = (y—s) -+ (y—0¢n-1(s))-hn = gshy, for
some h, € C[[ZB%,ZI/H and since g € Clz,y] and g5 € C[[z]][y], we have h,, € C[[z,y]]. O

Lemma 5.1.25. Let s € C[[x%“ be a Puiseuzr series. Then the power series gs is
irreducible in the power series ring C[[x, y]].

Proof. If we had gs = hy - hy for some power series hi, ho € C[[z,y]], then s would have
to be a y-root of hy or hs. Let us assume that s is a y-root of hy. But then g, has to
divide the power series hy and so ho = 1. ]

With these last results we are now able to show the convergence of power series
appearing in the factorization of a polynomial in the power series ring.

Corollary 5.1.26. Let X = V(f) be a plane algebraic curve with 0 € X. Then there exist
unique Puiseuz series si, ..., sk, unit u € Cl[x,y]]* and non-negative integers l1,lo > 0
such that f factors into f=w-ahy'2 . gg - gs., with gs, € C{z,y} for alli=1,... k.
Especially, the branches of X at 0 are unique.

Proof. The existence of unique non-negative integers I, lo that fulfil the equality f =
a:llyl2f with some polynomial f, which is not divisible by x and y, is clear. So let us
further assume that f is not divisible by y and w.l.o.g. let f be y-regular. We proceed
now by induction on the order of y-regularity of f. If f is y-regular of order one, then by
the Implicit functions theorem there exists a Puiseux series s of polydromy order 1 that
is a y-root of f and hence f = (y—s)-u = g5 u for some power series u with u(0,0) # 0.
As for the case that the y-order of f is strictly bigger than 1 we shall construct, using the
Newton-Puiseux algorithm, a Puiseux series s; that is a y-root of f. Then f satisfies the
equality f = gs, - f1 for some power series f1 € Clz,y]. As s; is a convergent power series,
gs, is convergent as well. Obviously the order of y-regularity of f; is strictly smaller than
the y-regularity order of f. Hence the induction hypothesis applies to f; and we get the
claim. The uniqueness of such a factorization is then clear. ]
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5.2 Puiseux parametrizations of algebraic space curves

In the previous section we saw how to construct parametrizations of irreducible plane al-
gebraic curves according to the Newton-Puiseux algorithm. We will discuss now whether
for every algebraic space curve X C A" and a point a € X there exists a parametrization
of X at a. The key role in the answer to this question will play the knowledge about
Puiseux parametrizations of plane algebraic curves from the previous section.

There is also a modification of the Newton-Puiseux algorithm for plane algebraic
curves to algebraic space curves. This modified algorithm replace the inclination of the
first segment of the Newton polygon by the so-called tropism of the defining ideal of an
algebraic space curve. The algorithm is very similar to the Newton-Puiseux algorithm
for plane algebraic curves. However, some steps are more technical and need more esti-
mations and arguments.

Let X € A™ be an algebraic space curve. Assume that 0 € X. We will investigate
the branches of X at the origin by looking at the projections of the branches to the
coordinate planes. We define for each ¢ = 2,...,n the map

mis A" — A2

(1, ymy) = (21, 25)

to be the projection of A™ to the (x1,z;)- coordinate plane. For a branch (Y,0) of X at

the origin we define 7;((Y,0)) := m;(Y) for a representative Y of (Y,0). Here m;(Y) is the

Zariski-closure of 7rz(}7) As two different plane algebraic curves have distinct branches
and any two different branches can meet only at finitely many points, the definition

of m;((Y,0)) does not depend on the choice of a representative Y of (Y,0). Hence, the
definition is well-defined.

Lemma 5.2.1. Let (Y,0) be a branch of X at the origin. If (Y,0) # (V(x1),0), then

dimm;((Y,0)) =1 foralli=2,...,n.

Proof. Let J = (g1,...,9x) € C{z1,...,2,} be the defining ideal of the branch (Y,0). It
is enough to show that the image of one representative Y of (Y,0) under each projection
m; contains infinitely many points. This implies dim 7;((Y,0)) > 0. And as the dimension
under morphisms cannot increase the claim follows. We will show this by a contradiction.
Let Y = V(J). Let us assume that there exists some j € {2,...,n} for which the
projection 7Tj(§~’) consists only of finitely many points {(0,0), (a1,b1),-.., (@m,bm)} C
A2, This means that Y consists only of points with the first coordinate from the set
{0,a1,...,am}. Because of (Y,0) # (V(z1),0) we have ¥ ¢ V(x1) and so a; # 0 for

at least one a;. Thus, we can write J = (z1(z1 —a1)--- (z1 — am), 91, .- ., gr) With at
least one a; different from 0. We claim that (x1(x1 — a1) - (21 — am), 91,---,9%) =
(1,91, --+,9%) N (x1 —a1,91,---,9k) N - N (x1 — am,91,--.,9%). The inclusion " C”
is easy to see, so let us discuss the other inclusion, ” D" . Let h € (21,91,...,9%) N

50



(x1 — a1, 91,---,95) N+~ N (21 — @m,g1,--.,9k). Then there are following possibilites
of what this h could be. Either h € (g1,...,9x) or h # 0 in ((z1,91,...,9%) N (1 —
a1, g1y -5 9k) NN (x1 — am, 915 -+, 9x%))/(91,- - -, gr). As for the second case, as h €
(1,91, --,9k), we have h = x1-ho+(g1, . .., gx) for some hy € C{z,y}. Analogously from
h € (r1—ai,g1,...,9%) we get h = x1(x1 —a1)-h1+ (g91,-..,9x) for some hy € C{z,y}.
Iteratively we get h = x1(x1 —a1) -+ (£1 — am) - b + (91, - - -, g&) for some h,, € C{z, y}.
Thus, h € (z1(x1 —a1) - (x1 — am), 91, - - - ,g@ and the claim follows. But this is a
contradiction to the analytical irreducibility of Y. O

Lemma 5.2.2. Let (Y,0) be a branch of X with (Y,0) # (V(x1),0). Then for each
representative Y of (Y,0) and alli = 2,...,n, we have m(f/) C V(gi), with g; € C{x1,2;}
an irreducible x;-reqular convergent power series.

Proof. Using Lemma 5.2.1 we already know that m(f’) defines a branch at the origin
of a plane algebraic curve. Hence m;(Y) = V(g;) for some convergent power series
gi € C{x,y}. Clearly V(g;) contains the origin and so g; has no constant term. Let
us write g; = Zcmxkyl with cp0 = 0. Then g; = 2% - y" - g; for some s,7 € N and
some convergent power series §; € C{x, y} with §;(0,y) # 0 and so g; is y-regular. Thus,
we have three possibilities, either (m;(Y),0) = (V(z),0) or (m(Y),0) = (V(y),0) or
(m(Y),0) = (V(§:),0). But because of the assumption (Y, 0) # (V(z1),0), the case that

(m:(V),0) = (V(x),0) is not possible, 0

From these two lemmata we conclude directly a generalization of the Newton-Puiseux
theorem to algebraic space curves.

Generalized Newton-Puiseux Theorem for algebraic space curves 5.2.3. Let
(Y,0) be a branch at the origin of an algebraic space curve X C A™. Assume that
(Y,0) # (V(21),0). Then there exist convergent power series so(t), ..., s,(t) € C{t} and
a positive integer m € N such that the n-tuple (t™, sq, ..., s,) parametrizes (Y,0) at the
origin.

Proof. Let Y be a representative of (Y,0). As Y is not contained in the zj-coordinate
hyperplane, each projection m;(Y'),i = 2,...n, is a branch of a plane algebraic curve and
is defined by a convergent power series §; € C{w,y} that is y-regular. For the branch
(mi(Y),0) = (V(g:),0) we get according to the Newton-Puiseux algorithm a Puiseux
parametrization (£, s;(t)),s; € C{t} with s;(0) = 0. From the Puiseux parametriza-
tions (¢, s;(t)) of the projections m;(Y") for all i = 2,...n, we can easily reconstruct a
parametrization of (Y,0). We set now m = mg - --m,, and obtain n-tuple of convergent
power series

m m

(t™, sa(t™m2), ..., sp(tmn))

parametrizing the branch (Y, 0) at the origin. O
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As we are always able to transform an algebraic space curve to an algebraic space
curve all whose branches at the origin are not contained in the z;-coordinate hyperplane,
we are able to construct in this way a parametrization of each branch of an arbitrary
algebraic space curve. Even more, using the results from the last section, we know that
these are already parametrizations of the curve itself. And so the following theorem was
proven:

Theorem 5.2.4. Each branch at a point a, (Y,a), of an algebraic space curve X C A"
can be parametrized by an n-tuple of convergent power series (s1(t),...,sn(t)), si(t) €
C{t} for alli=1,...,n.
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