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Let X be a complex analytic space and p € X. In [2] the isosingular locus of X at p was defined to be
the subset of X with a prescribed singularity type, that is,

ISO(va) = {q eX | Xq = Xp}v
where X, and X, denote the analytic germs of X at p and ¢. The main result of [2] asserts the following:

Theorem (/2, Theorem 0.2, Observation 2.5]). For a complex analytic space X and p € X the set Iso(X, p)
is locally closed and smooth as a (reduced) analytic subspace of X. Furthermore, there exists a germ of an
analytic space Yy such that X, =Y, xIso(X,p),, with Yy having the additional property that there does not
exist an isomorphism of germs Y, ~ Yy’, x Cp.
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Generalizations of this result to the relative case of morphisms between analytic spaces were obtained in
[8,9]. We call an analytic germ (X, p) harmonic if Iso(X, p) = Iso(Sing X, p). In [4] the classical Mather—Yau
theorem (see [10]) was extended from the isolated singularity case to general harmonic singularities. Results
in a very similar spirit appeared recently in the preprint [3].

In this paper, our main goal is to study isosingular loci of an algebraic variety X over an arbitrary
algebraically closed field k. As we do not have the analytic topology at our disposal, we will replace it by
considering the corresponding formal neighborhoods instead. That is, for any z € X (k) the isosingular locus
of X at z is defined to be the set

Iso(X,z) := {z' € X | X ~ X},

where )/i\'z denotes the formal completion of X along the singleton {z}. Note that any isomorphism of such
formal completions induces an isomorphism of residue fields and thus Iso(X,z) C X (k). Our first main
result is an extension of the first part of the above theorem in [2] to algebraic varieties over algebraically
closed fields of arbitrary characteristic.

Theorem A. Let X be a variety over an algebraically closed field k.

(1) For each x € X (k) the subset Iso(X, ) is locally closed in X (k) (endowed with the Zariski topology).
(2) Denote by X®) the unique reduced subscheme of X whose k-points agree with Iso(X,z). Then X*) is
smooth.

The proof follows the analytic case and uses the action of the contact group K as well as a version of Artin’s
celebrated approximation result in [1]. As for remaining part of [2, Theorem 0.2], assuming characteristic 0
we obtain the following result:

Theorem B. Let X be a variety over an algebraically closed field of characteristic 0. For each x € X (k)
there exists a scheme Y of finite type over k, a point y € Y (k) and an isomorphism

o —

X, ~ (X@) %Y,

—

such that }A’y has no smooth factors, that is, there does not exist an isomorphism lA/U ~ 22 X (Al),.

The assertion of Theorem B fails in positive characteristics, as can be seen in the example of the Whitney
umbrella f = xP + yPz in characteristic p > 0, cf. Example 2.8. Let us mention that the proof of Theorem B
crucially relies on the characteristic 0 assumption in that it uses that the orbit map associated to the
truncated contact group Kg is separable for all § large enough, see Lemma 2.3. The fact that this map
may not be separable in positive characteristic was first exhibited by Greuel and Pham in [6,5] for certain
isolated singularities. As we will see in Example 2.9, the results of Section 2 give new examples of this
phenomenon, including the singularity f = zP + yPz mentioned above. Moreover, it prompts the following
question:

Question C. Let k be an algebraically closed field and 0 € X C AN a hypersurface singularity given by
f € klzi,...,zn]. Assume that there exists By > 0 such that the orbit map Kz — o(fg) is separable for
B > Bo (see Section 2). Does the conclusion of Theorem B hold in this case?

Note that we restrict the question to the hypersurface case as even then we do not know of any coun-
terexample.
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Conventions

Throughout this paper we always assume X to be an algebraic variety, that is, a separated scheme of
finite type over an algebraically closed field k. If X is any k-scheme, then for a point = € X (k) we denote
by )?z the formal neighborhood of X at x. That is, )?m is given by the formal completion of X along the
closed subscheme {x} and is thus isomorphic to Spf ((’7;)

1. Contact equivalence and proof of Theorem A

Let k be an algebraically closed field. We start by repeating the main definition: for any point z € X (k)
the isosingular locus of X at x is defined to be the set

Iso(X,z) = {2’ € X | X, ~ X,/ }.
If X is smooth at x, then Iso(X, x) is clearly an open subset of X (k).

Remark 1.1. Let us briefly discuss the situation when k is not algebraically closed. Assume char k = 0 and
consider the Whitney umbrella X defined by 22 + 4%z in Ai. Clearly Sing X is just given by the z-axis.
Taking any point of the form = = (0,0,¢) for ¢t # 0, we see that the formal completion )/(\’m is isomorphic
to the union of two hyperplanes if and only if v/# € k. Thus the isosingular loci of X might not even be
constructible as subsets of X (k).

Since both Theorems A and B are local statements on X, we may assume for the rest of this paper
that X C AY is affine, given by polynomials fi,..., f, € k[x1,...,2x]. To simplify notation, let us write

z=(x1,...,oen) and f = (f1,..., fn)-
Let us start by recalling a general version of the formal inverse function theorem:

Lemma 1.2. Let R be any ring and S = R|[z]] or S = R[z]/(z)? for some B > 0. Let ¢: S — S be a
map of R-algebras given by p; := ¢(x;) and satisfying ©;(0) = 0. Then ¢ is an isomorphism if and only if
det(g—;p;(()))z’]gjv € R*.

Proof. Follows from considering the maps on the associated graded rings. O

To describe the action of the contact group we fix some notation. All schemes are considered relative to
the base field k; in particular, R will always denote a k-algebra. By O we denote the (infinite-dimensional)
scheme whose R-points are formal series in R[[z]]. Similarly, for 3 > 0 we define the (finite-dimensional)
scheme Oy g via On s(R) := R[z]/(z)?*!. Clearly we have Oy = lim; Oy g via the natural maps.

For any ring R we consider the group Autg(R][[z]]) of local R-automorphisms. By Lemma 1.2 we have

0p;

0z

Autg(R[[z]]) = {» € R[z]]" | ¢(0) =0, det(57(0)),;<n € R*}. (la)
Thus the assignment R — Autg(R[[z]]) defines a group scheme Aut Oy . Similarly, for each 8 > 0 we obtain
an algebraic group Aut Oy s whose R-points are elements of Autg(R[z]/(z)?*!).

For any n > 0 the group scheme Aut On acts on OF; as follows: given f € R[[z]]™ and ¢ € Autr(R[[z]]),
we define ¢ - f := fop = f(p1,...,on). For 8 > 0 an action of Aut Oy g on O} s is defined in the same
way. These actions are compatible via the diagram
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Awt Oy x O% —— O (1b)

| |

Aut ONﬁ X 0717\},3 E— Olrif,ﬂ'

Definition 1.3. For N,n > 0 the contact group K = Ky, is defined as the group scheme GL, (On) x Aut Op.
That is, for each R we have

K(R) = GLy(R[[z]]) @ Autr(R[[z]]),

where the semidirect product is taken with respect to the group homomorphism Autg(R[[z]]) —
Aut GL,, (R][z]]) given by

© (M = (mi,j)m- — M o @Y = (mi,j(sola .. 'aQDN))iJ)'

Similarly, for 5 > 0 the truncated contact group Kg is defined as the algebraic group GL,,(On g) x Aut Opn g
and we have K = lim ; Kg.

The action of Aut Oy on OF, together with the natural action of GL,, (On) defines an action p: Kx O, —
v which is given by

p:(M,p;f)— M- (f o).
Similarly we obtain an action pg of Kz on OF 5 and Eq. (1b) implies that p and pg are compatible via the

diagram

Kxon —2 5 on (1c)

L]

ps
]Cﬁ X O}{fﬁ E— O}{,ﬁ.
As a first remark we note that g is smooth independent of the characteristic of the base field k.

Lemma 1.4. For each 8 > 0 the truncated contact group Kg is smooth over k. Moreover, for any f € On g(k)
the map (pg)s: Kg — OF 5 given by (M, @) = M - (f o) has locally closed image o(f), which is smooth
when considered as a reduced subscheme of OY 5 (we call o(f) the orbit of f).

Proof. For the first assertion note that the underlying space of Kg is GL,(On ) x Aut On g and that
we have open immersions GL,(Oy5) <> A" M and Aut Oy5 < ANM, where M := (¥$¥). The second
assertion then follows from [12, Proposition 7.4]. O

The main idea behind the use of the contact group in the proof of Theorem A is that two points of X
have isomorphic formal neighborhoods if and only if the respective Taylor expansions of f at those points
lie in the same orbit of K. We want to review this classical argument in our setting. First, let v: X — O}
be the morphism defined as follows: for each k-algebra R the map y(R) is given by

a€ X(R)C RN — f(z+a) € R[[z]].

In an analogous way we obtain morphisms y3: X — Of 5 for 8 > 0.
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Lemma 1.5. Let x1, 25 € X (k). Then Xo, ~ X,, if and only if v(z2) € o(v(x1)).
Proof. We may assume that 2; = 0 and z2 = a € k. Then

Ox.ay = k[[a])/(f (2 + a)).

The existence of an isomorphism (’)/X?1 o~ (Q/XT2 is equivalent to the existence of an isomorphism ¢ €
Auty (k[[z]]) such that the following equality of ideals holds:

(p(f(2)) = (f(z +a)).

To proceed we make use of a trick of Mather:
Lemma 1.6. Let A, B € k™*™. Then there exists C € k"*™ such that C(1 — AB) + B is invertible.

Proof. Let r = rk(B) and choose a basis {e;}; for k™ such that Bey,..., Be, are linearly independent and
Be; =0 fori>r. Let e;,4,...,¢€;, be such that Be;, e form a basis. Then C is the matrix representing the
linear map given by e; — 0 for i <r and e; — €} for i >r. O

Write R = k[[z]] and m = (z). The above equality of ideals implies the existence of A, B € R™*" with
A-fle(z)) = f(x+a) and B - f(z +a) = f(p(z)). Then, by Lemma 1.6, there exists C € k™*™ with
D = C(1 — AB) + B € R™*™ invertible modulo m, which implies that D is invertible in R"*™. Clearly,
D-fz+a)= flpz)). O

Note the contact group K is not of finite type and neither is the scheme O%. In order to be able to apply
Lemma 1.4 for the action of the truncated contact group Kg we make use of a variant of Artin’s celebrated
approximation results, which is commonly referred to as Universal Strong Artin Approrimation.

Theorem 1.7 (/1, Theorem 6.1]). Let k be a field. For each tuple (n,m,d,a) of non-negative integers there
exists a § > 0 satisfying the following property: let x = (x1,...,2,) and y = (y1,...,Ym) be two sets of
variables and f = (f1,..., fr) € k[z,y]" with deg(f;) < d. Assume there exist polynomials ij = (y1,. .., Ym) €
k)™ with

flz,g(z)) =0 mod ()",
Then there exist algebraic power series y = (y1,...,Ym) with f(z,y(z)) =0 and
y=ylz) mod (z).

Corollary 1.8. Let x1,x9 € X (k). Then there exists a > 0 such that we have y(z2) € o(y(z1)) if and only
if vp(x2) € o(yp(21))-

Proof. Assume z; = 0 and let z2 be given by a = (ay,...,a,) € k™. Consider the system of equations in
variables M = (M;;) and y = (y1,...,yn) over k[z] given by

M- f(y) = flz+a)=0.

The condition ys(z2) € o(ys(w1)) is equivalent to the existence of (M(z),#(x)) such that det(1(0)

)
det(gg; (0)) € k*. Take a > 0. By Theorem 1.7 there exists a 3 > 0 such that, for each solution (M (z),(x))

of this system module (z)?, there exists a solution (M (z),y(z)) with M(z) — M(z),y(z) — y(z) € (z)*.
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Thus, in particular det(M(0)), det(gg; (0)) € k*, which in turn implies that v(xz2) € o(y(z1)). The other

direction follows from the diagram Eq. (1¢). O
Thus we obtain the first assertation of Theorem A:

Proposition 1.9. Let X be a variety over an algebraically closed field k and let x € X (k). Then Iso(X, x) is
locally closed as a subset of X (k).

Proof. Follows from Lemmas 1.4 and 1.5 and Corollary 1.8. O

Remark 1.10. Let us mention that the isosingularity loci Iso(X,z) do not give a stratification of X in
general, since X might have infinitely many points with distinct singularities. Consider the classical example
by Whitney [14, Example 13.2], which is X C A3 defined by f = zy(x + y)(z + 2y). For each point
x = (0,0,a) € Sing X the associated tangent cone is a union of four planes, which have a well-defined
cross-ratio depending on a. As any formal isomorphism induces a linear isomorphism of tangent cones we
see that Iso(X,z) = {z}.

Proposition 1.9 leads us to make the following definition:

Definition 1.11. Let X be a scheme of finite type over an algebraically closed field k. For each = € X (k)
we define X(*) to be the unique reduced subscheme of X whose k-points equal Iso(X,z) and call it the
isosingularity scheme associated to x.

To finish the proof of Theorem A we aim to show that X (*) is smooth. As we will see in the next section,
we cannot conclude directly using that the orbit o(y(z)) is smooth. Our strategy is therefore to use generic
smoothness to establish the existence of 2/ € Iso(X, x) such that X(®) is smooth at 2’ and then extend the
isomorphism X, ~ X,/ étale-locally. To that end, recall that an étale neighborhood (U,y) of z € X (k) is
an étale morphism u: U — X and y € U(k) with u(y) = x. Artin’s approximation results then imply the
following corollary:

Lemma 1.12 (/1, Corollary 2.6]). Let x € X (k) and 2’ € Iso(X, z), that is, X, ~ X,/. Then there exists a
common étale neighborhood (U,y) of x and &', that is, a diagram of étale morphisms

U
X X
and y € U(k) with u(y) =z and u'(y) = 2'.

Lemma 1.13. Let f: U — X be étale and y € U(k) with x = f(y) € X (k). Then f~*(Iso(X,z)) = Iso(U, y)
and the restriction UY) — X*) js étale.

Proof. The first assertion follows from the fact that, for ¢y’ € U(k) and ' = f(y’) the morphism f induces
an isomorphism on completions U, >~ X,,. To see the second claim, consider the fiber diagram

Uxx X@® — x@)

L

UﬁX.
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As a base change of f the morphism U xx X®) — X (@) ig étale again and in particular, since X ig
reduced, so is U x x X@) Thus U® ~ U x x X® and we are done. O

Proposition 1.14. Let X be a variety over an algebraically closed field k and let x € X (k). Then X @) s
smooth over k.

Proof. By definition X *) is geometrically reduced and thus the subset of k-smooth points of X *) is dense
open (see [13], Tag 056V). Thus there exists 2’ € X @) (k) = Iso(X, z) smooth over k. By Lemma 1.12 there

exists a common étale neighborhood (U, y) of z and z’. Thus, by Lemma 1.13, we have (X(®)) ~ (U(y))y ~

—

(X(l ).+ Clearly X(*) ~ X @) and thus (X@))_ is formally smooth over k, which in turn implies that
X @) is smooth at x. DO

2. The proof of Theorem B and separability of the orbit map
This section is devoted to the proof of Theorem B, which will involve studying the orbit map K — o(f).
As both sides are non-Noetherian schemes of infinite dimension, we first need to introduce the right notion

of smoothness in this setting.

Definition 2.1. Let &k be a ring and (R, m) be a local k-algebra. We say that R is formally smooth over k if
for every k-algebra C' with nilpotent ideal J C C' and every diagram
c/J

R
U
k c

—

l@.
/&

such that ¢ (m™) = 0 in C/.J there exists a diagonal arrow ¢: R — C' making the diagram commute.

Note that this is equivalent to saying that (R, m) considered as a topological ring with respect to its
m-adic topology is formally smooth in the sense of [7, (19.3.1)].

Lemma 2.2. Let (R, m) and (S,n) be local k-algebras with R/m = S/n =k

(1) Assume R =lim R, with {(Rn,my)}nen a direct system of local k-algebras smooth over k. Then R is
formally smooth over k.

(2) Assume p: R — S is a local map and R, S are formally smooth over k. If the induced cotangent map

T*p: m/m? — n/n? is injective, then there exists a retraction SR of the completion map @: R—S.

Compare the second assertion with the fact that any submersion between smooth manifolds allows for a
local section.

Proof. Let us start by proving (1). Since R,, is smooth over k, it is in particular formally smooth over k.
By [7, (19.5.4)] this is equivalent to the natural map

Symy, (m,, /mi) — gr(Ry)

being a bijection. The colimit of these maps is given by
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Symy (m/m?) — gr(R)

and thus this map is a bijection, which, again by [7, (19.5.4)], implies that R is formally smooth over k.
To prove (2), let z; € S, j € J, be elements whose images form a basis for n/n? and such that for I C J
the images of z;, i € I, form a basis for the subspace m/m?. Then the bijection Sym, (m/m?) ~ gr(R) from
before induces an isomorphism
E[lz; | i€ 1)) :=limk[z; |iel]/(x; |ic )" — R

=
n

and similarly for S. In particular, the map @ is given by the inclusion
kllzs [ @ € 1] <= kl[z; | 5 € J]],
which has an obvious retraction defined by z; — 0 for j € J\I. O

Let us now go back to the situation of Theorem B, that is, X is a variety over an algebraically closed
field k and for x € X (k) we let X(®) be the associated isosingularity scheme. We keep the notation of the
last section. Our main result will establish the existence of “enough” regular derivations on (’7; Recall
that a derivation d € Dery(k[[z]]) is called regular if there exists g € k[[z]] with d(g) € k[[z]]*.

Lemma 2.3. Assume that there exists By > 0 such that the orbit map Kz — o(fs) is separable for all B > By.
Then, for every tangent vector a € T, X®) there exists a regular derivation d, € Dery(k[[z]]) satisfying

do(f) C (f) and do(z) = a.

Proof. Write Zg := o(fs) and let S > By. By Section 1, Kz and Zg are nonsingular varieties over an
algebraically closed field and thus the orbit map Kg — Zz is generically smooth. Since it is Kg-equivariant
(and the action of g on both sides is obviously transitive) this implies that it is smooth everywhere. In
particular, the tangent map 171K — Ty, Zg is surjective for all 3 > fy. Setting Z := o(f) C O", we get
that Th/C — Ty Z is surjective. As both K and Z are limits of schemes smooth over %k, by Lemma 2.2 the
morphism of formal schemes

@:Elaéf

—

admits a section W Zf — K1. Write ¥ for the composition of the map ~: (X@)  — 2f with U; this gives
a factorization of vy as

—

(x@), Y5 K —2 Z;. (2a)

Let us analyze what this factorization means for the tangent map of v. We may assume for convenience’s
sake that x = 0. To proceed we consider the functorial description of formal neighborhoods via test rings
(A, m), that is, A is a local k-algebra with A/m = k and m™ = 0 for some n. Let a = (a1,...,an) be an

_

A-point of (X®))_, that is, a; € m and f(a1,...,an) = 0. The map ¥(A) is given by
a— (M(a), ¢(a)), M(a) € GL,(A[[z]]), (a) € Auty(A[[z]]),
where M(a) =1 mod m and ¢(a) =z mod m. Composing with ®(A) gives v(A) and thus the identity

f(z+a) = M(a) - f(p(a)). (2b)
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To compute Tpy we take A = kl[e]/(¢2) and let a = as with a € k™. Taking Taylor expansions on both sides
of (2b) gives

f@) + @)= (14 M@ @) + 22 (@) 5@)e),

x oz
with M (@) € k[[z]]"*™ and 3(a) € k[[z]]". Simplifying yields

% @)@~ 3@) = M@ - f(z). (2)
Define d := (% - (a — @(a)) € Derg(k[[z]]). As z + @¢(a) € Auty(k[[z]]), it follows that d(0) = @ and by (2¢)
we have d(f) C (f). O

Remark 2.4. Alternatively, Lemma 2.3 can be derived from the explicit description of the image of 71Kz —
Ty, Zp in [6, Proposition 2.5], see also [6, Lemma 2.8]. Note here that, in our notation, we have T1K =
lim TlKﬂ and TfZ = lim Tf ZB'

B J BB

The proof of Theorem B follows now from Lemma 2.3 together with the following variant of the classical
Nagata—Zariski-Lipman criterion:

Theorem 2.5. Assume that k is of characteristic 0 and X is a variety over k. Let X' C X be a subvariety
which is smooth of dimension m at a point x € X'(k). Assume that for a choice of local coordinates
xy,...,z for X' at x the associated derivations dx, ..., dxz., lift to derivations on X. Then

—

X, ~ (X"), x Y,
for some variety Y and y € Y (k).
Proof. See for example [11, Theorem 30.1]. O

Proof of Theorem B. Assume char k = 0, then the orbit map g — o(fs) is separable since it is dominant.
Thus Lemma 2.3 and Theorem 2.5 together imply that

X, ~ (X@), x Y,
for some variety Y and y € Y (k). Using Lemma 2.6 below it follows that EA/q itself has no smooth factors. O

Lemma 2.6. Let X be a scheme of finite type over an algebraically closed field k and let x € X (k). Assume
that X, ~ )A/y x (Am),. Then dim, X@ > m.

Proof. By Lemma 1.12 we can find a common étale neighborhood U for € X and ¢y’ = (y,0) € Y x A™.
Clearly Iso(Y x A™ y') D {y} x A™ and thus we are done using Lemma 1.13. O

We now want to discuss the existence of a decomposition as in Theorem B for k of positive characteristic.
Let A be a k-algebra and f: A — B a k-algebra map. For simplicity, we define a Hasse-Schmidt derivation
to be a map of k-algebras D: A — BJ[t]] such that D = f mod (t). For B = A and f = id4 we denote
the set of Hasse-Schmidt derivations by Dery (A). Note that if chark = 0 then any ordinary derivation
d € Derj,(A) induces a D € Der;°(A) via D(z) := Y~ 5d*(x)t". See [11, §27] for more details.

The following result is the analogue of Theorem 2.5 in positive characteristics. Note that we call D €
Der°(A) regular if there exists € A such that D(x) = x +¢.
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Proposition 2.7. Let X be a variety over a field k and x € X (k). Then )A(w has a smooth factor if and only
if there exists a regular Hasse—Schmidt derivation D € Dery’ (Ox z).

See [11, Exercise 30.1]. Using Proposition 2.7 we show that the assertion of Theorem B fails to hold in
general.

Example 2.8. Let k be of characteristic p > 0 and X be the Whitney umbrella given by 2P 4+ 4Pz in A3 We
claim that XO is isomorphic to Xm, where x = (0,0,t) for some ¢t # 0. As k is algebraically closed, there
exists s € k with sP = t. Consider now the change of coordinates ¢ given by

T T+YS, Y—y, 2 2.

Then @(zP + yPz) = aP + yP(z + t) and thus Xy ~ X,. In particular, we have that Iso(X,0) is just the
z-axis.

We claim that X, has no smooth factors and sketch the argument here. Assume the contrary, then by
Proposition 2.7 there exists a regular Hasse-Schmidt derivation D € Der?((@). Then D is given by

i>0 i>0 i>0
satisfying o = x and so on. Applying D to the equation P + yPz = 0 yields a system of equations for
T4, i, zi- For simplicity we will give them explicitly only in the case p = 2:
y?z1 =0
T+ +i2=0

From the first equation it follows that z; = 0 and from the second that Z;(0) = 0. Now suppose that g; is
invertible. Then the second equation gives

y Zo +x1
y1

Zz = —

Note that the right hand side has order > 2, which gives a contradiction. Thus it follows that for any
g € Ox, with g(0) = 0 we have that D(g) is not invertible.

One of the main assumptions in the proof of Theorem B was the separability of the orbit map ICg — o( f3)
for 5> 0. As observed already in [6, Example 2.9], this fails in positive characteristics for general isolated
singularities. The example provided there was the cusp singularity f = y? + 22 for char(k) = 2. While
obviously not applicable to the case of isolated singularities, Lemma 2.3 can be used to construct related
examples where the separability of the orbit map fails.

Example 2.9. Let k be algebraically closed with char k = 2 and consider the deformation f = 22 +y3+2y% €

k[z,y, 2] of the cusp singularity f = 22 + y3. Set X = V(f) C A3; we claim that X© = V(z,y) ~ AL If
t #0and x = (0,0,t), then an isomorphism between Xy and X, is given by the map

T T+YS, Y—y, 22,
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where s € k with s2 = t. However, there does not exist d € Dery(k[[z,y, 2]]) satisfying d(f) C (f) and
d(0) = (0,0,1), as can be verified with an argument similar to the one in Example 2.8. Therefore, by
Lemma 2.3 the orbit map Kg — o(fﬁ) is inseparable for infinitely many S > 0.

Note that the same argument also works for f = 2P + yPz and char k = p, as in Example 2.8.

Remark 2.10. An obvious question is whether the proof of Lemma 2.3 directly generalizes to the case of
positive characteristic using Proposition 2.7 in place of Theorem 2.5. However, it is not clear how to use the
factorization in (2a) to construct from each tangent vector a € T, X(®) a regular Hasse-Schmidt derivation
D e Derzo(@). For example, by Theorem A every a € T,X® lifts to a Hasse-Schmidt derivation
O;;z — Kk[[t]], but just using (2b) there is no straightforward way in which to extend the derivation
de Derk(@) to higher order terms.

As mentioned in the introduction, Examples 2.8 and 2.9 prompt the question whether inseparability of the
orbit map is the main obstruction to extending Theorem B to positive characteristics. We expect a further
investigation into this problem to shed more light on the formal structure of singularities for char k = p.
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