ON THE FORMAL NEIGHBORHOOD OF DEGENERATE ARCS
CHRISTOPHER CHIU AND HERWIG HAUSER

ABSTRACT. For any k-point = of a variety X and its image T in the arc space
L(X) we prove a structure theorem for the formal neighborhood £(X)z in the
case char(k) = 0. In particular, our result implies that, for « singular, there does
not exist a decomposition for £(X)z as in the theorem of Grinberg, Kazhdan and
Drinfeld.

1. INTRODUCTION

Let X be a scheme of finite type over a field & and let £(X) be the arc space
of X. Any k-point of £(X) corresponds to an arc Spec(k[[t]]) —» X on X. Call
v € L(X) non-degenerate if the image of 7 is not entirely contained in Sing(X).
The following result - proven first by Grinberg and Kazhdan for characteristic 0 and

later by Drinfeld in general - is an important step in understanding the singularities

of L(X).

Theorem 1.1 ([9], [7]). Let v € L(X)(k) be non-degenerate and write L(X)., for
the formal neighborhood of v. Then there exists a scheme Y of finite type over k
and y € Y such that L(X), =2Y, x D*, where D> is the product of countably many
copies of D = Spf(k[[t]]).

The formal scheme Y, is sometimes called a finite-dimensional formal model of
L(X) at 7. The existence of finite-dimensional formal models is used in [4] to define
a canonical function on the space of non-degenerate arcs, which should correspond
to the Frobenius trace on the (hypothetical) intersection complex of £(X). In [5]
and [6] stronger versions of Theorem [I.1|appeared which give a better description of
the local structure at non-degenerate arcs. See also [11] for a version which extends
the isomorphism of Theorem |1.1{to the strata of a certain stratification of £(X).

The assumption that v is non-degenerate in Theorem is essential, as [2] shows.
There the authors proved that, assuming that the base field k& does not contain a root
of —1, the Theorem [1.1| fails for the constant arc in 0 € V(2% + y?). Furthermore,
they ask whether the same holds for the constant arc in 0 € V(y? — 2*). Our main
result clarifies the situation for degenerate constant arcs on arbitrary varities in
characteristic 0. We say that the formal neighborhood X, has a smooth factor if
there exists an isomorphism X, = Z x D (with the product taken in the category

of formal k-schemes). We then have:
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Theorem 1.2. Let k be a field of characteristic 0. Let X a scheme locally of finite
type over k and v € X (k). Assume that X, =Y, x D" and Y, has no smooth factor.
Let v € L(X)(k) be such that v(0) = x and its restriction to Y is the constant arc
Y. Then L(X), = L(Y )y x D™ and L(Y )y admits no smooth factor.

In particular, the theorem implies that for any x € Sing(X) there exists no de-
composition for £(X)z as in Theorem , see Corollary . The assumption in
Theorem that the arc v is constant on Y is essential, as Example |3.5| shows.
Nevertheless, in Example [3.6| we prove that there does not exist a finite-dimensional
formal model for any degenerate arc on the Whitney umbrella V (y? — 2%2).

The proof of Theorem uses a version of the criterion for triviality of germs of

analytic varieties, which we are going to discuss in the next section.

Conventions. Our definition of a formal k-scheme is in agreement with [10].
A test-ring is a local k-algebra A with nilpotent maximal ideal m and such that
A/m = k. In particular, any test-ring is a discrete topological ring with respect
to the m-adic topology. As in [7], for any k-scheme Y and y € Y(k) the formal
neighborhood Y, = Spf(@) can be described by its functor of points from the

category of test-rings to sets.

2. DERIVATIONS AND THE TRIVIALITY CRITERION

Throughout this paper let k be a field of characteristic 0. Let A be any index set
and denote by k[z*] the polynomial ring in the variables z,, a € A. By k[[z4]] we
denote the completion of k[z4] with respect to the (x*)-adic topology. Its elements
are formal power series of the form f =) ., f,, where each f, is a homogeneous
polynomial in k[z*] of degree n. Observe that k[[z4]] is local with maximal ideal
m consisting of all power series of order > 1. Furthermore, when endowed with
the inverse limit topology k[[z]] becomes an admissible topological ring (see [10,

0;(7.1.2)]) with a system of neighborhoods for 0 given by
m” = ker(k[[z]] = k[z4]/(z)™).

Remark 2.1. If A is infinite, then k[[z*}]] is not Noetherian and the inverse limit
topology is no longer equivalent to the m-adic one. Moreover, k[[z*]] is not flat
as a module over k[z4] and we have m 2 (z4) - k[[z*]]. For more details, see [13)

Example 1.8].

Let us remark that the following version of the inverse function theorem holds
independent of the size of the index set A. The proof is the same as in the finite-

dimensional case.

Lemma 2.2 (Formal inverse function theorem). Let o : k[[z4]] = k[[z*]] be a (con-
tinuous) endomorphism. Then ¢ is an isomorphism if and only if the induced map

m/m? —m/m? is an isomorphism of k-vector spaces.
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cont

For any topological k-algebra R define Der}”™(R) to be the module of continuous
k-derivations R — R. Observe that Der{™ (k[[z4]]) is isomorphic to the topological
module of sequences k[[z4]]4 via d — (d(74))aca. We write each d € Der{™ (k[[z]])

as a (possibly infinite) sum
d= Z faaou

acA
where f, = d(z,) and 0, the derivation given by 0,(x3) = dn5. Such a derivation
d is called regular if d # 0 mod m, or equivalently, if there exists a € A with
fo € K[[z]].
Let R = k[[z*]]/I be some quotient, then for any d € Der{®™(R) there exists a
derivation d' € Der{™" (k[[z4]]) with d'(I) C I making the following diagram com-
mute:

Kle4]) —Z— k[[z4]

| |

Klle)/ 1 — K{la*])/1.

We say that d is regular if any lifting of it is.

If p: R— S is an isomorphism of quotients of power series rings, then ¢ induces
a map

¢, : Derf™(S) — Der{®™(R), d — p todo .

It is obvious that ¢, (d) is regular if and only if d is regular.

Let Z be any formal k-scheme. Recall that Z has a smooth factor if there exists
some formal k-scheme Z' and an isomorphism Z = Z' x D, where D = Spf(k|[t]])
denotes the formal disk. Now let Y be a scheme over k, y € Y (k) and Y} be the
formal neighborhood of y. The following proposition is well-known in the case of YV
being locally of finite type (see for example [8, p. 91]). In the general case the proof

is exactly the same and we shall reproduce it here.

Proposition 2.3 (Triviality criterion). Y, has a smooth factor if and only if there

exists a reqular derivation d € Derzont((’jgy).

Proof. Write S = 6y\y There exists an index set A such that S = k[[z4]]/I (as
topological rings), for some closed ideal I.

Assume now that Y, & Z x D, then there exists an isomorphism ¢ : S — S'®k][[t]]
with S" an admissible local k-algebra. Observe that &' = idg ®9, gives a regular
derivation of S’®k[[t]]. Then d := p,(d) € Der{®™(S) is regular by definition and
we are done.

Now assume that there exists d = Y fo0, € Der$™(k[[z*]]) with d(I)C I and
B € A with fs € k[[z*]]*. Applying Lemma [2.4] to the system

9¢q

a_l'g = fa(?% ¢a‘15=0 = (1 - 6015):6047
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shows that there exists an endomorphism ¢ : k[[z4]] — k[[z*]] which is an isomor-
phism by Lemma and such that ¢,(03) = d. In particular, for any g € I we
have that d3(¢(g)) = ¢(d(g)) € I. Taking Taylor expansion with respect to x5 we
see that every ¢(g) can be expressed as a power series in x5 with coeflicients of the
form ¢(g)|s,—0 with g € I. Thus

o(I) C(d(9)]zs=0,9 € I).

The converse inclusion follows from the formula

1) orh
h|x£:O _ Z ( )

zh.
| n* B
n! 8955

n

So we can assume that I is the closure of an ideal generated by elements g € k[[x*]]
which do not depend on the variable z5. Consider the image I” of I under the map
Ek[[z4]] = E[[zA~18Y]], it follows that

Klle*))/1 = klla )/ 1Sk [2g].

Since S" = k[[zA~1F}]] /I’ is again admissible we can define Z = Spf(S’).

Now all that is left to prove is the following lemma:

Lemma 2.4. Let g, € k[[z1]] for « € A and write m for the mazimal ideal in
k[[z4]]. For any collection of elements c, € m there exists a solution ¢ = (¢a)aca
in k[[z4)|@Kk[[t]] of the following initial value problem.:
9¢a
= Ya ; 0a(0) = cq.
e gu0). 6ul0) = ¢
Note that the composition g,(¢) is well-defined since ¢, (0) € m.

Proof. Write ¢o = > 5 Pa,at’, then the above gives a triangular system of equations
for the coefficients ¢, 4. Namely, assume we have constructed ¢ = > @a,q4t? such
that

O — gal@") mod (1)"
holds. Now write
n agba ~in n+1
ga(ﬂ)—ﬁzgat +"(L L)
and observe that g, € R is polynomial in ¢n 4, d < n. Set ¢qni1 = n%lg”; and
Gl = 3 ot and proceed by induction. O

This finishes the proof of the proposition.

An easy application of the triviality criterion yields the following lemma.

Lemma 2.5. Let Y, Y’ be two k-schemes and y € Y (k), v € Y'(k). Suppose there
exist index sets A, B such that

Y, x D4 2Y) x D



ON THE FORMAL NEIGHBORHOOD OF DEGENERATE ARCS 5

If'Y, and Yy’, admit no smooth factors, then the above isomorphism induces an

1somorphism of k-vector spaces
m2 o 2
m,/m? = m, /m?,
. . P —
where m, and m, denote the mazimal ideals of Oy, resp. Oy .

Remark 2.6. Lemma [2.5] also appears as a weaker version in [I, Lemma 7.5], proven
only for Y, Y’ locally of finite type. We shall note here that the proof there does
not immediately generalize to arbitrary schemes Y and Y”. In particular, the proof
makes use of [10, 0;(7.2.4)], which states that for any ideal I of an admissible ring
R which contains an ideal of definition the I-adic topology on R is separated and
complete. As discussed in [13], this does not hold for R = k[[z*]] and I the maximal
ideal of R.

Proof. By assumption we have an isomorphism of complete topological rings
¢ 1 Oy @rk([t"]]) = Oyry ®ik|[u”]).

Now assume there exists f € m, with o(f) = ... +cug+ ..., with c € k*, € B.
Then d = ¢,(0,,) is aregular derivation since d(f) = ¢ mod nTg But Proposition
yields a contradiction, hence the module m,, /m_g maps into m, /mz, via . Applying

the same argument in the opposite direction yields the desired statement. 0

Let us also mention here that from Lemma [2.5| we can easily deduce the following
cancellation theorem: if Y and Y’ are schemes locally of finite type over k and
y € Y(k),y' € Y'(k) such that both Y, and Y, do not have smooth factors, then

the existence of an isomorphism
Y, x D* 2V, x D%

already implies that Y, and Y, are isomorphic (see also [1l, 7.1] and [4, Proposition
1.2], which are proven also for char(k) > 0). The result was finally extended to
arbitrary Y and Y’ in [3].

3. APPLICATION TO THE FORMAL NEIGHBORHOODS OF ARCS

From now on let X be a scheme locally of finite type over k. Then, for any arc
v € L(X)(k), the formal neighborhood £(X'), depends only on the formal structure
at v(0) € X. More precisely, for every test-ring A there is a natural bijection

between the set of A-deformations of v and the set
{7 - Spf(A[[t]]) = Xy0),7 =7 mod mu}.

In particular, we see that for an isomorphism X ) = Y, of formal neighborhoods,
the arc 7 induces an arc 7/ € L(Y')(k) with 7/(0) = y. With these observations the

following lemma is immediate:
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Lemma 3.1. Let v € L(X)(k) and suppose there exist an isomorphism of formal
neighborhoods X0y 2 Y, xY,,. Let (1,72) denote the arc on'Y ;. Y" corresponding
toy. Then L(X), = LY )y, X L(Y),,.

The main result of this section is the following proposition:

Proposition 3.2. Let © € X (k) and write T for the corresponding constant arc.
Then X, has a smooth factor if and only if L(X)z does so.

It is clear that Proposition together with Lemma [3.1] are enough to prove
Theorem [I.2] Before we come to its proof let us quickly mention one consequence

which is a partial converse of the Grinberg-Kazhdan-Drinfeld theorem:

Corollary 3.3. Let x € X (k) and X, =Y, x D", with Y having no smooth factor.
Let v € L(X)(k) be an arc which is constant on Y. Then L(X) has no finite-

(&)

dimensional formal model at 7y, i.e. there does not exist a decomposition L(X), =
Y, x D with Y of finite type.

Proof. By Theorem 1.2, £(X), = L(Y); x D*® and £(Y'); admits no smooth factor.

Assume that £(X), has a decomposition as above, then
L(Y); xD*=Z, xD>.
Using Lemma [2.5] yields a contradiction to Z, being of finite dimension. O

Proof of Proposition[3.3. Suppose that X, has a smooth factor. By Lemma [3.1] we
may assume that X, is isomorphic to D", i.e. x is a smooth point of X. But then
L(X)z is isomorphic to D>, so we are done.

For the converse, we first assume X = V(I)C A" is affine and x = 0. Then
X, = Spf(Ry), where

Ry = k[[z1, ..., zN]]/ Lo,

with Iy = I - k[[z1,...,2n]]. Recall that £(X) can be constructed as follows: let
f € I and consider the power series expansion

F wat™ S et = 3 Fat”,

n>0 n>0 n>0

with F, € k[z),...,2)]. Then L£(X) = Spec(k[z,...,2§]/I.), where I, =
(F, fel).

Remark 3.4. Let f =3 v cax?" -~ 23" be a polynomial in k[zy,...,zy]. Then
F,, is of the form

Fo= o 2 oo

a€ENN X€EN®,  ig[N]
ZiE[N] |As|=n

Note that there occurs no cancellation of monomials in F;,, since k has characteristic
0.
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Finally, we have that £(X)z = Spf(Rw) with

ROO - k[[xll\]> e 71']1\\][]]/[00707

where I = I, denotes the topological closure of I,,. Note that we have maps
E[lwy, .. an])] — K[, .. aN]] — K[[z1, ... an]]

with ¢ being the inclusion x; — x; and o its retraction given by z;; = 0 for j > 1.
Observe that 0(l) = Io.
Now assume L£(X)o has a smooth factor. By Proposition [2.3| there exists a regular
derivation d of k[[zY, ..., 2¥]] with d(I0) C Ino. Write
d= Z 95,0z, ;» 9ij € kl[z), ..., 2]
i€[N],jEN
The regularity of d means that there exists an index [ € N such that some g;; is

invertible. Set g¢; := o(g;;) € k[[z1,...,2n]]. Then we define a derivation dy €
Ders®™ (k[[z1, . .., zn]]) by

N
doy = Z giaaci-
i=1

It is regular by construction. If we prove that do(I) C Iy, then we can use Proposi-
tion [2.3] and we are done. Let f € I. Then

Z gz,j :t” E Z gzlar” E) +d(E> € [oo[)
i€[N],j€[l] 1€[N]
From Remark [3.4] we see that the only terms in F), involving z;,, are of the form

a1 a;—1 an
CaQiT1p " Tiy Tin " TN,

with cazi" - 23" a term of f. Hence we have 0,,,(Fi) = 0, ,(Fp) for all 4. Fur-
thermore, by a similar argument, we see that o(d(F})) = 0. Applying o to d(F}) we
get that

Z 0(9i,l) aczo Z gz zl = (f) € U(]oo,0> = Iy.

1€[N] 1€[N]

O

FExample 3.5. The proposition does not hold true for non-constant arcs, in the fol-

lowing sense: let X be as in the proof, take any arc v on X and write it as

= (Z Ynt" s Z“YN,ntn)

After applying the automorphism z; ,, — ;, + vi, We can assume

Oﬁ(X)W = k[h?? cee 71‘1]\]\7“/1
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Then it is not hard to verify that the derivation

d=> (n+1)(Zine1 + Vins1)0a, ,, € Der?™ (K[}, ..., z\]])

fulfills d(I) C I (in fact d is just the pushforward of the universal derivation coming
from the differential algebra description of £(X), see [12, 3.3.1]). Observe that the
arc v being nonconstant is equivalent to d being regular. Hence, by Proposition [2.3
the formal neighborhood £(X), has a smooth factor, irrespective of the structure
of X 0).

Ezample 3.6. Consider the Whitney umbrella X = Spec(k[z, y, 2]/(y* — 2°z)). Any
degenerate arc is of the form (¢) = (0,0, 2(t)), with z(¢) € k[[t]]. If 2(0) # 0, then

we can apply our previous result to obtain
L(X), 2= LY )ox Sp(k[[t"]]),

where Y = Spec(k[z, y]/(zy)). Now assume that z(0) = 0. By a suitable change of
coordinates we may assume that v(t) = (0,0,¢") for some n > 0. If 7 is just the
constant arc at 0 the formal neighborhood £(X'), has no smooth factors, whereas
for n > 1 Example [3.5 shows there exists at least one smooth factor. Let us now
prove that the conclusion of the theorem of GKD still fails in the case n = 1. The
formal neighborhood of v = (0,0, t) is given by the equations

G(] = yg -+ $(2)Z(),
G1 = 2yoy1 — 2291120 — x%(zl + 1),

Go = yi + 2yoya — T120 — 2ToTazp — 2701 (21 + 1) — 2529,

The universal derivation d is regular (see Example [3.5)) with d(z) invertible. Thus
L(X), is isomorphic to Spf(k[[zN,y", 2N1]/I") with I’ being the closure of the
ideal generated by Gil.,—o. Assume that d’ is a regular derivation with d'(I") C I'.
Now it is easy to show that d'(y,) cannot be invertible, which implies that d’ remains
regular after factoring out m Hence d' yields a smooth factor of X, with
X’ = Spec(k[z,z]/(x*(z + 1))) and 0 denoting the constant arc. Together with
Proposition we obtain a contradiction, thus the singularity of X, is infinite-
dimensional.

A similar argument works for all n > 1. Hence, in this case, we see that those
k-arcs whose formal neighborhood has only a finite-dimensional singular part are

precisely those which are non-degenerate.

In Example we see that the converse of Theorem holds for X = V(2% —
y?z), i.e. that the formal neighborhood of any degenerate arc on X has infinite-
dimensional singularities. However, it is not clear how to extend the arguments

of the example to arbitrary varieties. To the authors’ knowledge, the question of
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whether the converse to Theorem holds is still open in general, and in particular

in the case of positive characteristic.
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