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Abstract: The division algorithm for ideals of algebraic power series
satisfying Hironaka’s box condition is shown to be finite when expressed
suitably in terms of the defining polynomial codes of the series. In
particular, the codes of the reduced standard basis of the ideal can be
constructed effectively.

1. Introduction

Let H : A}Ljp — A’ be a polynomial map between affine spaces over a field K. Assume
that H satisfies at 0 the assumption of the implicit function theorem,

0yH (0,0) € Gl,(K) and H(0,0) =0,

where y = (y1,...,9yp) denote coordinates on A%,. Then there is a unique formal power
series solution o = (hy, ..., hy) of the system H (z,y) = 0 at 0, say

H(xz,h(z)) =0and h(0) = 0.

Actually, the components h; are algebraic power series in the sense that each h; satisfies
a univariate polynomial equation over the polynomial ring K[z, ..., z,]. Conversely, any
algebraic power series h; vanishing at 0 arises in this way: There is a system of polynomial
equations H(x,y) = 0 satisfying the assumption of the implicit function theorem so that
the unique solution h has first component h;. This is known as the Artin-Mazur theorem
[4, 7, 8]. The characterization allows one to encode algebraic power series by a polynomial
vector H € K[z, y]P as above. The advantage of this code in comparison with taking the
minimal polynomial lies in the fact that the latter determines the algebraic series only up to
conjugation, so that extra information is necessary to specify the series, typically a sufficiently
high truncation of the Taylor expansion. In contrast, the polynomial code H determines the
series h; completely and is easy to handle algebraically.

Phrased more abstractly, the Henselization of the localization of K[z1, . . ., 2] at the maximal
ideal (z1,...,x,) can be realized as the inductive limit of essentially étale extensions [5, 8,
16, 38, 49]. Therefore any algebraic power series belongs to such an extension — which, by
definition, can be described by a code as above.

It is then natural to ask to what extent operations with algebraic power series can be expressed
in terms of their code; and, if this is the case for a certain operation, what will be the respective
formulation of the operation in terms of the code.

In the present article we answer this question for the division of algebraic power series and
for the construction of reduced standard bases of ideals. When just considered for formal
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power series, the division is an infinite algorithm in the infinitely many coefficients of the
series. If the involved series are algebraic and satisfy Hironaka’s box condition (to be defined
below, see section 3), Lafon in the principal ideal case and Hironaka in general have shown
that the remainder of the division is again an algebraic series [27, 33], cf. also [8, Thm. 8.2.9,
p. 169]. As a consequence, the reduced standard basis of the ideal is also formed by algebraic
series. This fact was used for instance by Hironaka in order to construct idealistic exponents
of singularities on étale neighborhoods and to control the behaviour of the local resolution
invariant v* under blowup [27, 28, chap. III].

The beforementioned box condition is the natural extension to the case of ideals of the notion
of x,-regularity of a series. It postulates the existence of a specific Rees decomposition
— namely one which is generated by monomials in an appropriate coordinate system — of
the quotient module of the power series ring modulo the given ideal, cf. [43] and section 2.
Algorithms to determine Rees decompositions have been proposed by Sturmfels-White [52].
They rely on the construction of (not necessarily reduced) standard bases.

Starting with a system of algebraic generators of an ideal with box condition it is not at all
clear how to construct, from the polynomial codes of the generators, the codes of the algebraic
series defining the reduced standard basis, or, respectively, the codes of the quotients and the
remainder of the division of a given algebraic series by the ideal. This question will be the
subject of the article. The main result is the following (see Theorem 11.1 for the precise
statement).

Theorem. Let I be an ideal of K[[x1,...,x,]] generated by algebraic power series
91, - gr- Assume that the initial ideal in(I) of I satisfies Hironaka’s box condition. There
exists a finite algorithm which computes, for any algebraic power series f, from the polyno-
mial family codes of f and g1, ..., g, the family codes of algebraic power series aq, . .., a,
and c so that

f=ag+-+ag +c
is the formal power series division of f by g1, .. ., gr.

For the principal ideal case, i.e., the Weierstrass division, such an algorithm has been pro-
posed and proven to work by Alonso-Mora-Raimondo [4]. This algorithm is already quite
complicated. The general case, i.e., the division of one series by several series, is substantially
more intricate and resisted for a long time.

In this paper we will describe explicitly how to operate with the codes of algebraic power
series in order to perform the division in general. This, of course, reproves Lafon’s and
Hironaka’s existential results. But, more importantly, it provides a precise manual of how to
express algebraic operations with algebraic power series in terms of their codes. This is by
no means trivial, and the resulting algorithm, when carried out in a concrete example, turns
out to have high complexity (we give one explicit computation in the appendix).

From a logical or operational point of view, the algorithm is very interesting. It is built on
two simultaneous inductions, both on the number of variables, which resemble the induction
which appears in the proof of the Artin approximation theorem [6]. Coordinates in the affine
space and generators of the ideals have to be chosen very carefully so as to make the argument
work. But once this is done appropriately, the proofs develop quite naturally. In this sense,
we are not only able to codify algebraic power series — we know and understand how this
codification mimics their manipulation in the division process.

Behind the curtain, there resides a finiteness principle which is ubiquituous in algebraic ge-
ometry and commutative algebra: The Noether normalization lemma, or, phrased differently,
the finiteness of certain morphisms. In our context, this finiteness is first met in the notion
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of x,,-regularity of power series in the Weierstrass division, and then also in Hironaka’s box
condition and our concept of echelon (which is a Rees decomposition of a prescribed combi-
natorial type). It is the prerequisite for a subtle induction on the number of variables, but has
the drawback that in the induction step one has to consider modules instead of ideals. This
aggravates the notation, though modules are the natural context to work with.

The nicest part of our algorithm is what we call virtual division, a trick which has already
appeared in various disguises in the literature, e.g. in the work of Artin, Malgrange, Mora,
Pfister-Popescu and Alonso-Mora-Raimondo: When dividing formal power series expand
them with respect to one variable and write the coefficient series in the remaining variables as
new unknown variables. If this is done with the necessary caution, the successive operations
in the division of the formal power series can be carried out in terms of these virtual series and
will then be finite processes. To make this approach work in reality, a precise understanding
of the structure of the division algorithm is mandatory.

To resume and rephrase the above, our division algorithm for the codes of algebraic power
series shows that the division is a finite process once you succeed to interpret certain packages
of infinitely many data (i.e., coefficient series) as single objects which undergo a uniform
transformation under division. The complexity of the algorithm shows that this encryption is
by no means obvious.

The emphasis of the paper is theoretical — actual computations become quickly unfeasable.
We rather provide insight and methods of how to manipulate algebraic power series abstractly
within finite algorithms. This may turn out to be useful in other situations where one aims at
or needs finiteness assertions: passage to étale neighborhoods, Noetherianity, semicontinuity
of invariants of complete local rings, recursion theory for generating series, ...

Example. Let us briefly explain the method of this paper in the special case of the construction
of the code of the Weierstrass normal form of an x,,-regular power series g(z) of order d.
Assume for simplicity that g is actually a polynomial, say g(z) = G(x) € K|[xz] (capital
letters will be reserved throughout for polynomials). Introduce new variables ug, ..., uq—1
and define a polynomial B € K[z,,u] as B(z,,u) = ¢ + Z?;S w; - . This is our
candidate presentation for the Weierstrass normal form of G. It then suffices to determine
(algebraic) series ug(z'),...,uq—1(2') € K[[z']] = K]|[x1,...,2Zn—1]] such that the series
b(z) obtained from B by substitution of u; by u;(x’), say

b(w) = Blan, u(z')) = 2 + S92 uj(2') - 2,

equals the Weierstrass normal form of G. Instead of constructing the series u; (") directly, we
shall develop a procedure to determine their code (in the sense described above, see section
6 for details). To do this, observe first that xﬁ is the initial monomial of G with respect to
the lexicographic order <;., on N™ for which (1,0,...,0) > ... > (0,...,0,1), i.e,, the
exponent of z¢ is the smallest element with respect to <, of the support of G (this uses
that u;(0) = 0 since b has order d at 0). The usual power series division of the monomial
x% by G with respect to this initial monomial then yields a formal power series remainder
r(z) = Z;—l;é uj(x) - 24, such that z& — r(zx) is the Weierstrass normal form of G. This
division is in general an infinite process.

The key point now is to view z¢ alternatively as the leading monomial of the polynomial B
with respect to a suitable monomial order <,, on N x N¢, i.e., the exponent of z¢ becomes
the largest element with respect to <, of the support of B. Indeed, just take for <,, an order
such that u; << z,, for j = 0,...,d — 1. Then u; - 2J, < 2% for j < d and hence z2 will
be the largest monomial of G with respect to <,,. This now allows us to divide G by B
polynomially with respect to the leading monomial z%, say

G=Q -B+R,
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with quotient a polynomial @ in K[z, u] and with remainder a polynomial R in K[z, u]
of the form R = Z;l;é Uj(x',u) - zJ, for some polynomial coefficients U; € K[2',u].
If g were not a polynomial but just an algebraic series, one would have to take for G the
polynomial code of it, see section 13 for the precise procedure. This polynomial division
is, of course, a finite process. A rather tedious computation then shows that the Jacobian
matrix 9, U of the vector U = (Up,...,Us_1) € K[z',u]? with respect to the u-variables
is invertible when evaluated at 0. It thus defines, by the implicit function theorem, a unique
vector u(z') = (uop(z'), ..., uq—1(x")) of algebraic series u(x’) such that U (2, u(z")) = 0.
This just means that U is a code for u(z’). But, by construction, R(x,u(z")) = 0, so that
G(z) = Q(z,u(z")) - B(z,u(z")). By comparison of the initial monomials it follows that
Q(x,u(x")) isinvertible as a power series, hence b(x) = B(x, u(z’)) is indeed the Weierstrass
normal form of GG as required.

This example gives an idea of how the codes of reduced standard bases and of the quotients
and the remainder of a division can be constructed. In practice and for the required generality
the technicalities become unfortunately much more involved.

At the same time, there remain puzzling mysteries when the involved algebraic series are
no longer z,-regular (in which case the Weierstrass normal form has to be defined as the
reduced standard basis of the ideal). For instance, the polynomial 2y — z(z + y + 2y?) with
initial monomial xy has an algebraic series as its normal form, whereas the normal form of
xy — z(x? +y? + 2%y?) is a transcendent series (over a ground field of characteristic zero; it
is a so called Mahler series). Both facts are easy to prove by direct computation. In contrast,
the normal form of xy — 2(1 + y)(1 + 2y), a polynomial which appears in the counting of
Gessel walks, is again an algebraic series, but this seems to be very intricate to prove. The
algebraicity of the normal form was eventually shown by Bostan-Kauers — a substantial part
of their proof relies on heavy computer machinery [10] (see [11, 12] for alternative proofs).
However, modifying slightly the input polynomial, taking now xy — z(1 + y)(1 + xy?), it is
almost immediate to detect the algebraicity of the normal form using a suitable division.

These examples suggest that there are hidden structural patterns which cause the phenomena
to happen and which should explain the occurrence of algebraic or transcendent normal forms.
Little seems to be known in this respect. For instance, the classification of the generating
functions of lattice walks in the first quadrant, studied among others by Bousquet-Mélou,
Mishna and Petkovsek, does not seem to reveal a systematic background [13, 15, 35].

Organization of the paper. After some preliminary recalls on the formal power series and
polynomial division covering sections 2 to 5, we introduce and study in sections 6 to 8 codes
of algebraic series and of the ideals generated by them. These are polynomial data which
completely determine the series and ideals they encode. For later purposes the codification is
carried out from the beginning for vectors of algebraic series and the modules they generate.

Section 9 describes how to compute the codes of standard bases of ideals and modules from
a given (arbitrary) generator system (Theorem 9.1). This is straightforward, and based on
Lazard’s homogenization method, respectively Mora’s tangent cone algorithm. Both were
refined and extended by Gribe and Greuel-Pfister. Our two main results (sections 10 and
11) concern the construction — in terms of the defining codes — of reduced standard bases
of modules of algebraic power series vectors (Theorem 10.1), and of the quotients and the
remainder of an algebraic power series division (Theorem 11.1).

The proofs of these two theorems are mutually interwoven (sections 12 to 15). First, the
construction of the reduced standard basis is performed in the x,,-regular case (i.e., in the case
where the initial module of the given module of algebraic power series vectors is generated by
monomial vectors depending only on the last variable x,,). This is by far the most complicated
step. It clearly shows how important it is to codify the series in a very systematic manner.
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Otherwise it would be hopeless to prove that the resulting polynomial vectors represent again
codes (i.e., satisfy the assumption of the implicit function theorem). In the case of principal
ideals, the proof provides the code of the Weierstrass normal form of the given series, cf. [4].

The preceding construction of the codes of the reduced standard basis in the x,,-regular case
is then used to establish the division of algebraic series on the level of codes in the x,,-
regular case. This is not too difficult. It relies on the effectivity of the division algorithm in
localizations of polynomial rings, proven by Lazard, Mora, Gribe and Greuel-Pfister.

Once the two theorems are established in the x,,-regular case, the general case is carried out
by induction on the number of variables. It is here that Hironaka’s box condition comes into
play. One key feature is its persistence under taking hyperplane sections (in a well defined
sense), and this is used to know that the associated modules in n — 1 variables satisfy again
the box condition. So induction applies to prove both theorems simultaneously.

In the last section, we illustrate the instances and the complexity of the algorithm in the
computation of a concrete example.

Acknowledgements. The authors are very indebted to T. Mora, W. Seiler, G.-M. Greuel, G.
Rond and O. Villamayor for many valuable comments and helpful suggestions during the
preparation of this article. W. Seiler pointed out an inaccuracy in an earlier version of the
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and Complutense Madrid, and during the special semester on Artin Approximation within the
Chaire Jean Morlet of the third author at CIRM, Luminy.

2. Monomial modules

The letters n, p, r, s are reserved for fixed integers in N. The letters ¢, k£ and ¢ will generally
varyintheranges 1 <i<p, 1 <k <randl1</¢<s.

We denote by K[x1,...,x,] = K[z] and K[[z1,...,z,]] = K[[z]] the polynomial, respec-
tively formal power series ring in n variables © = (x1,...,,) over a field K. Elements
of K[x]* and K[[z]]* will be called polynomial respectively formal power series vectors.
Capital letters will be reserved for polynomials, lower case letters for power series. We set

' = (x1,...,2,—1) and denote by y = (y1, ..., y,) additional variables.

Vectors g € K[[z]]° will be expanded into g = ), carz®ey with coy € K and e, =
(0,...,0,1,0,...,0) the canonical K-basis of K°. The vectors z%¢; are called monomial
vectors. Note that all their entries but one are zero: a vector all whose entries are monomials
will not be considered here as a monomial vector. The support of g is the set supp(g) =
{(a, ) e N" x {1,..., s}, cae # 0}. We sometimes abbreviate pairs («a, £) by al.

Brackets (g1,...,g-) denote submodules of K[[z]]® generated by power series vectors
g1 - -, gr € K[[z]]®. We abbreviate this by (gy) if the range of k is clear from the context.

A monomial submodule of K|[[x]]° is a submodule M of K|[[z]]° generated by mono-
mial vectors. It is a cartesian product M = II7_; M, of monomial ideals M, in K{[z]].
The elements of M are the power series vectors with support in ¥ = {(«a,¢) € N" x
{1,...,s}, % € M}. The canonical direct monomial complement of a monomial sub-
module M of K[[z]]® is the subvectorspace co(M) of K[[z]]* of power series vectors with
support in ¥ = (N™ x {1,...,s}) \ X. This provides the direct sum decomposition of
K-vectorspaces M & co(M) = K|[[z]]*.



We say that a monomial submodule M of K [[x]]® is x,,-regular if it is generated by monomial
vectors in K [[z,]]®, say M = (M N K[[x,]]®). We shall then always assume for simplicity
— applying if necessary a permutation of the components of K[[x]]® — that M is generated by
vectors of the form x‘flk -ep withdg, > 0and 1 < k < r for some » < s. In this case the
complement co(M) is a cartesian product

co(M) = H;:l (@?LglK[[x’]] . x{l) x K[[z]]*~"

of a finitely generated free K [[x']]-module with a finitely generated free K [[x]]-module. We
say that M satisfies Hironaka’s box condition if co(M) can be written as a cartesian product
of direct sums of finite free monomial K[z, ..., z;]]-modules

co(M) = [Tiy @7 rer,, Klfo1,...,25]] - 27

with finite sets I'y ; C N™. Being x,,-regular is a special case of the box condition. For cyclic
submodules of K [[z]]®, both notions coincide. They obviously depend on the numbering of
the variables z1,...,x,. Notice that for s = 1 and 0 # M C K][z]] a non trivial ideal,
the indices of the boxes F}; run from 1 to n — 1. Also notice that the box condition for a
monomial submodule M C K]{[x]]° is equivalent to the box condition for each of the factors
of M (which are monomial ideals in K [[z]]). The ideal (xy) in the power series ring K [[x, y]]
in two variables is the simplest example of a monomial ideal not satisfying the box condition.

W. Seiler informed us that in the case of ideals the box condition is equivalent to his notion of
d-regular coordinates [48]. We say that a monomial submodule M of K[[z]]® is an echelon
if it can be written as

M = szl EB?:O @6€Ae,j K[[‘Tl’ cee 7xj]] -a?
with finite sets A ; C N™. This can be rewritten as
— S é
M = 69[:1 Bsea, K[[‘rlv cee 7$n5“ K

where Ay = | ; Ay ; and where, for each J, the index n; takes a value between 0 and n.
This notion is a special case of a Rees decomposition of M [43]. We call the collection
of monomial vectors 2 - e, with § € Ay and 1 < £ < s a Janet basis of the echelon M
with scopes n;s (also known as levels or classes). Our definition differs slightly from Janet’s
original definition in the sense that we only allow nested groups of variables in the coefficients
[30, 31], cf. also [44]. We refer to the related notions of Pommaret bases and involutive bases
[21, 46, 47], and the more general concepts of Rees and Stanley decompositions of rings [3,
9,43, 52].

For the following result, see also Janet [30, 31] and Seiler [47].

Theorem 2.1. Monomial submodules of K|[x]]® satisfying Hironaka’s box conditon are
echelons.

Proof. Let M be such a module, and let M,, = (M N K[[x,]]®) be the submodule of K|[x]]*
generated by the x,-pure monomial vectors of M. By definition, M,, is x,-regular. Let
xd . e, with 1 < k < r be a minimal generator system of M,, (after possibly permuting the
components of K[[z]]*). Then M,, = &;_, K[[x]] - & - e}, which shows that the monomial

dk . ¢, form a Janet basis of M,, with scopes n; = mn. The direct sum decomposition

vectors

Kl[a])* = My & (@) 5" Kl[o']] @ em) & (@fcysr Kllo] - em)

yields a decomposition M = M,, & M’ where M’ is now a K [[z']]-submodule of the finitely
generated free K [[2']]-module &7, _, EB;@O_ YK ([[2']] - 7 - en. We use here that, because of
the box condition, M has zero intersection with @5 _ . | K[[z]] - ep,.
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It is checked that the box condition persists under the above decomposition, i.e., that M’
satisfies it again. By induction on the number of variables, M’ is an echelon. Its Janet basis
has scopes < n — 1. From M = M,, & M’ now follows that also M is an echelon.

Remark. Notice that the decomposition of M as an echelon
M = HZ:I @;’L:O @&’EA@,]‘ K[[Ilﬂ ce vxj]] -z?

provides a partition of the exponent sets of power series vectors in M. Such partitions are
used to make also the quotients of a power series division unique by imposing on them the
respective support conditions, cf. [20].

Example. The assertion of the theorem does not hold for arbitrary modules as was pointed
out by W. Seiler. Take the ideal I of K[z, y, z] generated by the three monomials zy, xz and
yz. It is easy to see that it does not satisfy the box condition. And it is not an echelon, since,
for instance, among the monomials of I which are not multiples of zy one has monomials
2%z and y?z of arbitrary degree d in  and y. As the situation is symmetric with respect to
any permutation of the variables, I does not admit the required decomposition of an echelon.

Remark. Echelons appear as a special instance of nested Artin approximation when restricting
to the case of linear equations. Nested means that the components of the solutions only depend
on nested sets of variables. In this setting, algebraic series play an important role, as they are
a prerequisite in Popescu’s nested Artin approximation theorem [40, 41, 50, 51]. In contrast,
Gabrielov has given an example with convergent but not algebraic series f and g1, ..., g, so
that f = > @;g; with formal series a; € K[[z1, ..., Zs,]], for some given s; < n, but so that
the analogous decomposition of f with convergent coefficients a; does not exist [19]. The
phenomenon does not occur for algebraic f and g; (for instance, by Popescu’s theorem). The
deeper reason behind Gabrielov’s example is described in [1].

3. Monomial orders and initial modules

Division theorems are based on ordering the summands c,¢2“e, of the expansion of a power
series vector g = »_, Cqorx®ey according to the indices (o, /) € N™ x {1,...,s} with
non-zero coefficients cqr: A monomial order on N* x {1,...,s} is a total order <,, on
N™ x {1,...,s} which is compatible with the semi-group structure of N”, having 0 as
its smallest element, and which is Noetherian. This means that if («, ¢) <, (8,m) then
(a4 7,£) <y (B4 ,m) for any v € N”, and, secondly, that any decreasing sequence
becomes stationary. The order is degree compatible if |a| < || implies (o, £) <, (8, m),
where |a| denotes the sum of the components of «. An extension of <, is a monomial order

<conN"TP x {1,...,s} whose restrictions to N x {§} x {1, ..., s} coincide forall § € N?
with the order induced by <,, on N” x {¢} x {1,..., s}. We will always identify monomial
orders on N™ x {1,..., s} with the induded ordering of the monomial vectors in K[[x]]®.

The initial monomial vector in(g) of g = > cqex®ey € K[[z]]® with respect to <,, is the
vector 2 - e, of the expansion of g for which (c, £) is minimal with respect to <,,. We shall
assume that z“ - e, has coefficient 1 in the expansion of g. We then write g = z“ - e, — g and
call g the tail of g.

For a submodule I of K[[z]]®, the initial module of I with respect to <,, is the monomial
submodule in(J) of K[[z]]® generated by all initial monomial vectors of elements of I. This
is a monomial submodule which depends on the choice of <,. We denote by co(I) the
canonical direct monomial complement of in(I) in K[[z]]°. Elements g1, ..., g, of K[[z]]*®
form a standard basis w.r.t. <, if their initial monomial vectors generate the initial module
in(7) of the module I generated by g1, .. ., g.. They are a reduced standard basis if the tails
g, belong to co(I). We do not require that a reduced standard basis is minimal.
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We say that a submodule I of K[[z]]® is x,-regular, respectively satisfies Hironaka’s box
condition, or is an echelon with respect to the monomial order <,, on N™ x {1,...,s},ifits
initial module in([) is x,-regular, respectively satisfies the box condition, or is an echelon.
A Janet basis of a submodule I of K [[x]]® which is an echelon w.r.t. <,, is a generator system
g1, ..., gr of I whose initial monomial vectors in(gj) form a Janet basis of in([).

For a polynomial vector G € K|z|®, define the leading monomial vector lm(G) as the
monomial vector z%e, of the expansion of G which is maximal with respect to the chosen
monomial order. Similarly as for initial modules, one obtains now the leading module lm(7)
of a submodule I of K{[z]*.

4. Division of formal power series and polynomials

We recall the division theorem for modules of formal power series of Grauert, Hironaka and
Galligo [2, 20, 24, 27, 29]. For extensions of this result to more general settings see [3, 9, 21,
47, 53].

Theorem 4.1. Let I be a submodule of K|[[x]]® with initial module in(I) with respect to
a monomial order <, on N™ x {1,...,s}. Let co(I) be the canonical direct monomial
complement of in(I) in K[[x]]®. Then I ® co(I) = K|[[x]]°.

Sketch of proof. The sum I @ co([) is direct by definition of co(I). To see that it equals
K|[[z]]*, choose a standard basis g1, ...,g, of I. It suffices to show that the linear map
u: K[[z]]" x co(I) — K[[z]]®, (a1,...,ar,b) = > argr + bis surjective. By definition of
standard bases, the map v : K[[z]]" x co(I) — K|[[z]]°, (a1,...,a.,b) = > ar-in(gx) +b
is surjective. Writing u = v + w, the assertion follows by restricting v to a direct complement
L of its kernel and by showing that u|;, = vz, + w)z, is an isomorphism with inverse the
geometric series (vj,) ™" Z;’;O((m ) 'w)7. This series then induces the required linear
map K([[z]]° — L inverse to ur,, see [29, Thm. 5.1] for details.

The division theorem can be formulated more explicitly as follows: If g1, . .., g, generate I,
each vector f € K[[z]]® has a decomposition f =), argi + h with unique h € co(I). The
power series expansions of the quotients aj, and the remainder ~ can be computed up to any
given degree by a finite algorithm (take the expansion of the geometric series above up to the
respective degree). The requirement that h belongs to co(/) makes the remainder independent
of the choice of gy,..., g, (but it depends on the monomial order <;). If gy, ..., g, form a
standard basis, the quotients a; can be made unique by imposing suitable support conditions
on them [20]. A reduced standard basis of I is given as * - ep — hqe With («, £) varying in
some finite subset V' C N™ x {1,..., s}, where the vectors % - ¢, are generators of in([)
and the vectors h,¢ denote the remainder of the division of x® - e; by I.

For modules which are echelons one can formulate a more precise statement:

Theorem 4.2. Let I be a submodule of K|[[x]]° with initial module in(I) w.r.t. a monomial
order <, on N" x {1,...,s}. Assume that I is an echelon, and let =* - ¢ be a Janet basis
of in(I) with scopes 1y, (v, £) varying in some finite set V.C N® x {1,...,s}. Choose any
elements go¢ of I with initial monomial vectors ©© - ey. Then

I®co(l) = (Baev K[[x1,- -, Zn,,]] * gar) ® co(I) = K|[z]]*.

Proof. First notice that in(I) = @aeev Kl[[21,...,Tn,]] - * - e is a direct sum, by the
definition of echelons. This allows us to modify the map u from the proof of the division
theorem by restricting it to the K -subspace

[Toeev Kllz1,...,20,,]] X co(I).
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The map v is then by construction an isomorphism, and the same reasoning as before shows
that this holds also for u. This proves the claim.

In the polynomial case, the division admits an analogous formulation. The same proof as
above applies, because the evaluation of the geometric series (vjz) ™" 372 ((vjr) " w))?
on a polynomial vector (a1, ...,a,,b) € K[z]" x co(I) terminates at sufficiently large j.

Theorem 4.3. Let I be a submodule of K|[x]® with leading module lm(I) with respect to

a monomial order <, on N" x {1,...,s}. Let co(I) be the canonical direct monomial
complement of lm(I) in K[x]*. Then I & co(I) = K|[z]®.

Again, there is a more precise version in case the leading module Im(]) is an echelon.

Theorem 4.4. Let I be a submodule of K|[x|* with leading monomial module lm(I) with
respect to a monomial order <, on N™ x {1,...,s}. Assume that lm(I) is an echelon. Let
Gy, be a polynomial Janet basis of I with leading monomial vectors Im(GYy,) of scope ny.
Then any F' € K|[x]® admits a unique division

F:ZkAka-‘rC

with Ay € K[z1,...,2n,] and C € co(I). The decomposition can be obtained from the
polynomial vectors F and Gy, by a finite algorithm.

5. Algebraic power series

Algebraic power series are formal power series h(z) = > cnn Co®® in several variables
x = (x1,...,x,) with coefficients in a field K which satisfy an algebraic relation of the form

P(z,h(2)) = pah® + pa_1h® ' + ...+ pith+po =0,

where the coefficients p; = p;(x) are polynomials, and p; # 0. We refer to [6, 8, 16, 32,
33, 38, 39, 42, 45, 55] for the respective background. An algebraic power series vector is a
vector in K[[x]]® whose components are algebraic series.

Typical algebraic series are rational functions as x - (1 + x)~1, roots of polynomials as
\/1 + x2y, inverses f~! of polynomial mappings f : K™ — K™ satisfying at a point p
the assumption of the Inverse Function Theorem as f(z,y) = (z + 23,y — xy?) at 0, or
solutions y(z) of polynomial equations f(x,y) = 0 satisfying at a point p the assumption of
the implicit function theorem with respect to the variables y as f(x,y) = y + xy + 23y at 0.

The ring of algebraic series in n variables is thus the algebraic closure of the polynomial ring
K[z1,...,x,] inside the formal power series ring K[[z1,...,z,]]. It can equivalently be
interpreted as the Henselization of the polynomial ring at 0.

Note that the minimal polynomial of an algebraic series h determines h only up to conjugacy:
there may be other power series solutions to the equation, the conjugates of h, and h can be
distinguished from these for instance by a sufficiently high truncation of its Taylor expansion.
The simplest example thereof is the equation y? — 2y + x = 0 with algebraic solutions

hy=1+1—2z.

Lafon proved in 1965 that the Weierstrass division preserves the algebraicity of the involved
series [33], see also [8]. This was reproven in 2000 by Bousquet-Mélou and Petkovsek
working with the recursions defining the coefficients of the series [14]. The result of Lafon
was extended by Hironaka in 1977 to the division by ideals with several generators satisfying
the box condition [27]. We formulate here the division directly for modules.

Theorem 5.1. Let I be a submodule of K|[[x]]® generated by algebraic power series vectors.
Assume that I satisfies Hironaka’s box condition with respect to a monomial order <, on

9



N™ x {1,...,s}. For any algebraic power series vector f € K|[x]|® the remainder c of the
formal power series division of f by I with respect to <,, is an algebraic power series vector:

The theorem implies in particular that any submodule of K[[z]]® with box condition which
is generated by algebraic power series vectors admits a reduced standard basis consisting of
algebraic power series vectors. Without box condition the remainder of the division need not
be algebraic. In [27, p. 75], Hironaka cites the following example of Gabber and Kashiwara,
which was rediscovered by Bousquet-Mélou and Petkovsek in combinatorics when counting
lattice paths [14, 15].

Example 5.2. Divide zy by g = (v — y*)(y — 2%) = 2y — 23 — y® + 22y as formal power
series with respect to the initial monomial zy. The remainder of the division lies in co(xy) =
K[[z]] + K[[y]] and equals the lacunary series b = 3, (=1)%z32" + 37, . (—1)ky>2"
which is transcendent . Alternatively, we may write zy = a - g + r(x) + s(y) with series
a € Kl[z,y]], » € K[[z]], s € K[[y]]. The symmetry between z and y in this expression
yields 7(z) = s(x). Substituting y by 22 produces 3 = a - 0 + 7(x) + r(«?) which also
gives the expansion of 7.

6. Codes of algebraic power series

In this section we introduce the necessary terminology for working effectively with algebraic
power series. The variables x = (z1,...,2,) andy = (y1,. .., Yp) are fixed throughout.

A mother code (over = and y) is a polynomial row vector H = (H,...,H,) € K|z, y]’
with H(0,0) = 0 whose Jacobian matrix D, H with respect to y is invertible at 0,

D,H(0,0) € Gl,(K).

The invertibility of D, H(0,0) can be rephrased by saying that for any degree compatible
monomial order on NP the initial ideal of the ideal (H:(0,y),...,Hp(0,y)) of K[[y]] is
generated by y1, ..., y,. There then exists a linear coordinate change in the y;’s so that the
initial monomials in(H;(0,y)) of H;(0,y) equal y;. For any degree compatible monomial
order on N™ "7 so that y; < x; for all i and j it then follows that the initial monomials in(H,)
of H; equal y,. Instead of changing the y;’s one could also change H by multiplying it from
the right with a suitable matrix in Gl,(X) making D, H (0,0) unipotent upper triangular. In
the sequel we shall always assume that in(H;) = y; with respect to the chosen monomial
order on N*+P,

The baby series vector of a mother code H € K|z, y]P is the formal power series vector
h = (h1,...,hp) € K[[x]]? vanishing at 0 which is the unique solution of H(z, h(x)) = 0.
The existence and uniqueness of h are ensured by the implicit function theorem for formal
power series. The components h; of the baby series vector h are algebraic series. This can
be seen by the algebraic implicit function theorem [32, p. 91], or Artin’s Approximation
Theorem [6], or by the following argument: Consider the system H (x,y) = 0 as equations
for the last variable 7,. After a renumeration of the components of H, the last derivative

0y, H,(0,0) does not vanish. There then exists a unique solution hy,(z,y1,...,yp—1) of
H,(z,y1,...,Yp—1,Yp) = 0 vanishing at 0, and h,, is algebraic over K[z, y1,...,Yp—1).
By induction on n and the transitivity of algebraicity we conclude that h = (h1,...,hy) is
algebraic.

An algebraic power series vector h = (hq,...,h,) € K[[z]]P is a baby series vector if it

admits a mother code H € K|z, y]? defining it.

A father code is a vector G = (GYy, . .., G;) of polynomial vectors G; € K|z, y]® (there are
no further conditions on the G;). We consider GG as a row vector with entries the column
vectors G, say as a matrix in K[z, y]**".
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A family code is a pair (H, G) where H € K|z, y]P is a mother code and G € K|z, y]**" a
father code, both carrying on the same sets of variables. We say that algebraic power series
vectors g1, . . ., gr € K|[[z]]® have family code (H,G) € K|z, y|P x Klx,y]**" if

gr = Gr(z, h(z))

for 1 < k < r, where h € K|[[z]]" is the baby series vector of the mother code H. The
vectors g hence belong to K[z, h]* C K|[x]]°. We call & the baby series vector underlying
g1, ---,gr, of, the other way round, g1, ..., g, the algebraic power series vectors produced
from h by the father code G.

For convenience (and by abuse of notation) we often use the definite article “the” for codes
of algebraic series.

Example 6.1. Take g; = 2% 4 22h, go = x2? + xzh with baby series h = 1 — /1 — 22,
mother code H = 2y —y? — 22 and father code G = 23+ 2%y, G5 = 222 +x2y. Notice that
the second series solution 1 ++/1 — 22 of H = 0 has non-zero constant term and is therefore
not considered as a baby series of H.

Example 6.2. Let H be the vector (Hy, Hy) with Hy = y? — 2y; — y2 — w2 and Hy =
29y3 —2yo—y1 —x1. The vector H is the mother code of the baby series vector (hy, ha) where
hy and hy are related by hy = 1 — /1 + 22 + hy and hy = (1 — \/1 + x3(x1 + h1)) /2.
The mother code H defines the same baby series vector as the mother code H' = (Hj, Hj)
given by

H| = —x1 + 23 + 229 — 42993 + (3 + 423)y1 + (=223 — 2 + 422)y% + 2297,
Hy = =y + 2y1 + y2 + @2

Now, D, H'(0,0) is unipotent upper triangular and H does not depend on y,. Hence, the
expansion of the series h; can be computed up to a any order from the equation H; = 0.
From H), = 0 we get hy = —x9 — 2hy + h3.

7. Construction of codes

Codes of algebraic power series as above were introduced by Alonso, Mora and Raimondo.
Their construction is based on an effective version of the Artin-Mazur theorem [7, p. 88, 4,
appendix, 8, Thm. 8.4.4, p. 173].

Theorem 7.1. For any algebraic series g € K|[x]] there is a finite algorithm to construct
Sfrom an algebraic relation P(x,t) = 0 satisfied by g and the Taylor expansion of g up to
sufficiently high degree a family code (H,G) € K|z, y|P x Klz,y] of g, for some p.

Proof. Let P(x, g(x)) = 0 be a minimal hence irreducible algebraic relation for g. Denote by
X C A the zero-set of P in affine (n + 1)-space A% over K. We assume that g(0) = 0
so that (0,0) € X. Let Y be the normalization of X. Choose an embedding Y C A™*?
so that the normalization map 7 : ¥ — X is induced by the projection AP — A"+l
(z,y) — (x,y1) on the first n + 1 components.

The Taylor expansion of g specifies a unique point b € Y which maps to 0 € X and through
which, by the universal property of normalization, passes a lifting (x,g(z)) of (z, g(z)).
From Zariski’s Main Theorem [36, p. 209, 56] we know that Y is analytically irrreducible at
b. But as Y contains the graph of g and has dimension n, it is smooth at b. By the Jacobian
criterion it is therefore possible to choose polynomial equations Hy, ..., H, defining Y in a
Zariski neighborhood of b in A" P and satisfying at b the assumption of the implicit function
theorem, i.e., of a mother code. Let (hy, ..., hy) be the associated baby series vector. By the
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special choice of m we get g = hy, say g = G(h1,...,h,) with father code G = y;. This
proves the theorem.

The construction of the normalization is effective [18] and implemented for instance in the
computer-algebra program Singular [26].

When handling several algebraic power series it is more economic to work with one mother
code and several father codes instead of choosing separate mother codes for each series. This
goes as follows.

Let be given mother codes H’ € K[z, y/]Pi for j = 1,...,r in distinct sets of variables y/ =
(yl,... ;43 defining baby series vector h/ = (hl,..., hy.) € K([z]]?7. The direct sum H
of the H7’s is given as the row vector H = (H',..., H") € Ij_ K[z,y|" = Klz,y]?,
where y denotes the collection of all 7 and p = p;. This H is again a mother code,
because the Jacobian matrix D, H (0,0) of H with respect to y at 0 has block diagonal form
with invertible blocks equal to D,; H7(0,0) on the diagonal. The vector h = (h',... h")
obtained by listing all baby series vectors i’ of the mother codes H7 in a row is the baby series
vector of H. This passage to direct sums of mother codes allows us to treat several baby series
vectors k7 simultaneously as one baby series vector i (with many components). Accordingly,
finitely many algebraic series can always be considered as produced by certain father codes
from the same baby series vector h = (h1,. .., hy) of one mother code H € K|z, y|?. This
allows us to work throughout with vectors in K[z, hq, ..., hy)°.

Note that mother codes as defined above may require large sets of variables and are thus
computationally very expensive.

8. Codes for modules of algebraic series

Let be given algebraic power series vectors g1, . . ., g, € K[[z]]® vanishing at 0 with mother
code H € K|z, y|P, baby series vector h € K|[[z]]P and father code G € K[z, y]**" so that
g = Gi(x,h(x)). The submodule (g;) of K[[z]]® generated by the series g; admits the
following polynomial description.

Lemma 8.1. Let ((y; —h;)-es, gi) and (H;-eq, Gy) be the submodules of K [[x, y]]® generated
by the vectors (y; — h;) - eg and gy, respectively H; - ep and Gy, for 1 < i <p, 1 </ <,
1 <k<ryr. Then

((yi = hi) - eo,gx) = (Hi - eo, Gy).

Proof. We fix a monomial order <,, on N” x {1,..., s} and choose an extension <. of <,, to
NP x {1,..., s} which is degree compatible with respect to N” and satisfies y; e, <. x;-¢e¢
foralll1 <i<p 1<j<nandl < /¢ < s. After a suitable multiplication of H with a
constant matrix in GL, (K) we may assume that in(H; - e¢) = y; - eq.

The ideal (H;) of K|[x,y]] generated by Hj,..., H, is contained in the ideal (y; — h;)
because of H(x,h(x)) = 0. Take a monomial order <5 on N™*? so that y; <5 x; for all
1 <i<pand1 < j < n. The initial ideals of (H;) and (y; — h;) coincide because, by

the choice of <, they are both generated by y, ... ,y,. By the Division Theorem for formal
power series, the two ideals coincide. As gy is obtained from Gy by replacing y; by h;,
the submodules of K [[z, y]]® generated by ¢1, ..., g,, respectively G, . .., G,. are congruent

modulo (y; — h;) = (H;). This proves the lemma.

Wecall I = (H;-es,Gy) C K[[z,y]]*, or, more accurately, its polynomial generators H; - e
and G, the family code of the submodule I = (g ) of K[[x]]°. Observe that I N K[[z]]® = I.

Lemma 8.2. Let be given a monomial order <, on N" x {1,..., s} and an extension <.
of <, to N"*P x {1,..., s} which is degree compatible with respect to NP and satisfies
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Yicer <cxj-egforalll <i<pl<j<mandl <{<s. Let I = (H; - ¢, G,y and
I = (gi) be the respective submodules of K|z, y]]* and K[[x]]®. Then

in(1) N K[[z]]* = in(1).
Proof. We consider a minimal reduced standard basis of I. Let gr be an element of this
basis which does not have an initial monomial vector of the form y; - e,. From reducedness
it follows that gy, is independent of y1, ..., yp, say gx € I N K[[z]]° = I. In particular, the
vectors g, form a standard basis of I and hence in(I) N K[[z]]® = in(]).

9. Construction of standard basis

The first construction we need is a direct consequence of Mora’s tangent cone algorithm [37],
respectively Lazard’s homogenization method [34], cf. also with [4, Thm. 1.3, 17, p. 202, 22,
23, 25, Thm. 6.4.3]. It provides an algorithm to construct a family code of a (not necessarily
reduced) standard basis of a module of algebraic power series vectors.

Theorem 9.1. Let I be a submodule of K|[x]|® generated by algebraic power series vectors
g1, .., 9r € K[[z]]° which are given by their family code. Let <, be a monomial order on
N™ x {1,...,s}. There is a finite algorithm to compute family codes of the elements of a
standard basis of I with respect to <,, from family codes of g1, ..., gr. In particular, it is
possible to compute the initial module in(I) of 1.

Proof. Let g1, ..., g, have mother code H € K|z, y]?, baby series vector h € K[[z]]? and
father code G € Klz,y]**". Extend <,, to a monomial order <. on N"*? x {1,... s}
which is degree compatible with respect to N” and satisfies y; - e, <. x; - e, forall ¢, j and 4.
We assume w.l.0.g. that the initial monomial vectors of H; - e, with respect to <. are y; - ey.

AsT = (H; - ep, Gy) is generated by polynomial vectors, Mora’s tangent cone algorithm or
Lazard’s homogenization method apply to construct a polynomial standard basis for it. This
basis is in general not reduced. We may choose a minimal basis consisting of the vectors
H; - ey with in(H; - ¢g) = y; - e, and of other polynomial vectors él, . G, € K[z, y)®
with initial monomial vectors in K[[x]]°. The latter form the father code of algebraic power
series vectors g1, ..., g € Kl[z]]°, say gx = Gr(x, k). Note that Gy, is congruent to gy,
modulo the submodule (H; - e;) of K[[x]]°. By Lemma 8.2, the g;, form a standard basis of
1. This proves the theorem.

10. Construction of reduced standard basis

The central part in establishing the division algorithm for modules of algebraic power series
vectors is the construction of a reduced standard basis. The mere existence follows from
Hironaka’s theorem. The effective part in the special case of principal ideals, i.e., the
construction of the code of the Weierstrass form of an x,,-regular algebraic power series, has
been established by Alonso, Mora and Raimondo [4, Thm. 5.5]. The general statement is as
follows:

Theorem 10.1. Let I be a submodule of K|[x]]® generated by algebraic power series vectors.
Assume that I satisfies Hironaka’s box condition with respect to a monomial order <,, on
N™ x {1,...,s}. Then family codes of a reduced standard basis of I can be computed by a
finite algorithm from family codes of any algebraic power series vectors g1, . . ., gr € K|[z]]®
generating 1.

The proof of this result is given in sections 13 to 15. In the formal power series case, a reduced
standard basis can be constructed up to any given degree by dividing monomial generators of
the initial module by the module itself. For algebraic series, this construction would require
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to dispose already of an effective division algorithm. To avoid this logical cycle, reduced
standard bases have to be constructed in a different way.

The clue relies in the concept of a virtual reduced standard basis. Such a basis consists
of polynomial vectors whose coefficients are unknown and written as new variables. Upon
replacing the variables by suitable series in x, the virtual reduced standard basis will transform
into an actual reduced standard basis of the module. The resulting coefficient series of the
actual reduced standard basis — more precisely, their codes — are computed by dividing the
polynomial generators of the module {(y; — h;) - e, gr.) = (H; - es, Gi) by the virtual basis
using the polynomial division algorithm. The definition requires that both the generators and
the virtual basis are polynomial vectors, and that the initial monomial vectors of the virtual
reduced standard basis can be interpreted as the leading (i.e., maximal) monomial vectors
w.r.t. another, suitably chosen monomial order. The choice of this order is rather subtle, see
section 13. The remainders of the division then allow us to extract the codes of the required
coefficients series.

11. Effective division for algebraic power series

Our main result asserts that the division by modules of algebraic power series vectors with box
condition can be made effective, i.e., can be performed by applying finitely many operations
to the codes. The case of principal ideals I, say the effective Weierstrass Division Theorem
for algebraic power series, is due to Alonso, Mora and Raimondo in [4, Thm. 5.6].

Theorem 11.1. Let I be a submodule of K |[[z]]® generated by algebraic power series vectors.
Assume that I satisfies Hironaka’s box condition with respect to a monomial order <, on
N™ x {1,...,s}. Let be given family codes of algebraic power series vectors gi, ..., g, €
K|[[z])® generating I. There exists a finite algorithm which computes, for any algebraic power
series vector | € K|[[z]]®, from a family code of f family codes of algebraic power series
ai,...,a in K[[z]] and of an algebraic power series vector ¢ € co(I) C K|[[z]]® so that

f= 22:1 argr +c¢
is the formal power series division of f by g1, ..., g

The remainder c is unique by the formal division theorem 4.1. It only depends on the chosen
monomial order <,,. The quotients ay, are also unique if one imposes the appropriate support
conditions on their exponent sets, cf. [20]. This is made precise in the explicit construction of
the series ay, in sections 14 and 15. Due to the uniqueness we may call f = >, _, argi + ¢
the formal power series division of f by g1, ..., g,.

We shall prove Theorem 11.1 by first constructing from g, . . ., g, via Theorems 9.1 and 10.1
family codes of a reduced standard basis of I. The division algorithm for a reduced standard
basis will then be established by induction on the number of variables.

12. Logical structure of the proofs of Theorems 10.1 and 11.1

Both theorems will be established independently of Hironaka’s existential division theorem.
We start with establishing Theorem 10.1, the construction of the codes of a reduced standard
basis, in the special case of x,,-regular modules. This is the hardest part of the whole story.
It relies on introducing the virtual reduced standard basis of the module, which allows us to
perform polynomial divisions for constructing the required codes. This section is inspired
by Mora’s tangent cone algorithm and the techniques of Alonso, Mora and Raimondo in [4].
Extracting from the virtual reduced standard basis the actual reduced standard basis uses in
an essential way the assumption of z,,-regularity.
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From Theorem 10.1 for z,-regular modules we deduce the division algorithm of Theorem
11.1 for z,-regular modules. The algorithm uses again a polynomial division, this time by
the codes of the reduced standard basis. For its termination it is necessary that the basis is
already reduced.

The general cases of Theorems 10.1 and 11.1 are then deduced simultaneously from the
special cases by induction on the number of variables and using Hironaka’s box condition
together with the notion of Janet basis. One selects from the given (not yet reduced) standard
basis of the module those elements which are x,,-regular. Such elements exist because of the
box condition. Considering the module generated by these elements, one may construct the
codes of its reduced standard basis via Theorem 10.1 in the special case. Then Theorem 11.1
allows us to reduce effectively the remaining elements with respect to the first set of elements.
By induction on the number of variables, the tails of the first elements can now be divided
conversely by the remaining elements, yielding eventually the codes of the whole reduced
standard basis of the module. Once this is achieved, it is relatively simple to establish also
the division of Theorem 11.1 in the general case.

13. Proof of Theorem 10.1 for z,-regular modules

In the situation of Theorem 10.1, we first treat the case where [ is x,,-regular with respect to
<,. As seen in Lemmata 8.1 and 8.2, it suffices to construct family codes of the elements
of a reduced standard basis of the submodule I = (H; - e, G) = {((yi — hi) - eq, gi) of
K[z, y]]* with respect to the chosen extension <. of <,, to N"*? x {1, ..., s}. Note here that
I is not xy-regular, since also the y; - e, appear in the initial module. This is, however, not
a serious drawback. The construction of the family codes is somewhat involved and goes in

several steps. Let us first specify the setting.

(a) We suppose that the generators g, of I vanish at 0 for all 1 < k& < r. Hence this
also holds for all H; - e, and G,. We may assume by Theorem 9.1 and its proof that the
polynomial vectors H; - e, and GG, form a minimal standard basis of I. AsTis ZTn-regular
and in(H; - ep) = y; - ey, the initial module in(f ) is generated by y; - e, and monomial vectors
ka - €m, forsome dy, > 0,1 <my <sand1 <k <r. By the minimality of the standard
basis, all my, are different. Hence r < s. After a suitable permutation of the components of
K[[x]]* we may assume that my, = k, say in(G) = x% - e, for all k. The permutation of
the components is only made for notational convenience. It will not affect the induction we

shall apply later on when proving Theorems 10.1 and 11.1 in the general case.

T

The canonical direct monomial complement co(7) of in(I) in K[[x, y]]® is of form

co(T) = (@1 @5t KI@l] -2 em) & (Scyis Kllal] - em).
Write the minimal reduced standard basis of I as
bie =i -0 — b — Sy S it (2) - @ e — Yy Vitm () €,
b= e =B = 30y S5 kg (@) - @ - em = Yoy Ok () - €ms
with polynomial vectors b3, and b}, in
(ea:”“:l Wy | K, em) D (Dhmri1 K - em)

and power series Uipm; (Z'), Viem (Z), Wkmj(2’) and vy, (z) vanishing at 0. It is necessary
here to split off b7, and b} because the mother codes of algebraic power series are only defined
for series vanishing at 0. Note that w;¢p,;(2") and wg,;(2") do not depend on x,,, and that
b7, and b7 vanish at 0 because the H; - e, and G, do. In particular, these vectors have zero
entries in the last s — 7 components. Since in.(b;) = v; - e¢ and in.(b) = x% - e}, the ¢-th
component of b7, and the k-th component of b7 are both zero.
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The series b;; have different shapes according to whether 1 < ¢ < rorr+1 < ¢ < s.
Namely, for r+1 < ¢ < s, it follows from the x,,-regularity of I that the vectors (y; — h;) - eg
are already reduced. Hence we have b;y = (y; — h;) - e forr + 1 < £ < s. This will be used
later on. We are grateful to D. Wagner for specifying an inaccuracy which appeared at this
place in an earlier draft of the paper.

In a first step, we determine the vectors b3, and by . Afterwards, family codes of the coefficient
series Uigmj ('), Viem (), Ukmj(2") and Vg, (z) will be constructed. This will show in
particular that they are algebraic series.

(b) In order to compute b7, and b7, one can construct the reduced standard basis of Tuptoa
sufficiently high degree by applying its formal power series construction modulo a sufficiently
high power of the maximal ideal of K[[x,y]]. As bg, and b}, are polynomials, they can thus
be read off from the respective truncated expansions.

(c) The series w;rm; (x'), Viem (), Ugmj(z") and vy, (x) will be determined by a trick which
has already appeared several times in the literature, see e.g. [4]: Define the virtual reduced
standard basis of I as the polynomial vectors

dm—1 ;

BM =Y € — bfg - Z:rz:l Z]‘:O Uimyj * l’% *Cm — an:r—&-l Vitm * €m»

dpm—1 ; s

By = l’gk cCg — bz - Z:n:1 E]‘:o Ukmj * xﬁl *em — Z:n:T+1 Vkm * Em»
where w;¢m j, Viem, Wkm; and vy, are now new variables (to be abbreviated by v and v). From
these we shall construct certain polynomials U, j, Viem, Ukm; and Vi, in Kz, y, u, v]. All
these together will constitute a mother code (U, V') of the baby series vector (u(z'), v(z))
of components w;gp,; ('), Wkm;(z'), respectively vigm (), Vim (x). And, consequently, B,

and By will be father codes of the series vectors b;p and b; we were looking for, with
biﬁa bk € K[l‘, Y, u(x'), U(x)}s'

We have noticed above that, for r + 1 < £ < s, the vectors b;s equal (y; — h;) - e;. As the
polynomial vectors B;, are father codes of b;, they will therefore have, for r +1 < ¢ < s,
only one non-zero entry, namely in the £’s component. Hence we may set all variables w;¢pm, .,
Vigm forr +1 < m < s and m # £ equal to 0. This will be used below when proving the
independence of Uy, ; and Uy, ; on v.

(d) The construction of the codes U and V uses the polynomial division algorithm from
Thm. 4.4 with respect to a suitably chosen monomial order. To this end, compare monomial
vectors u v z*y? - e,, by considering the integer vector

(6,@71 - dma 0/7 —m,7, 6)

lexicographically. Here, the tuples v and J are taken as ordered vectors, e.g. by choosing
some ordering of their components. It is easily checked that this defines a monomial order
< on NIT7HP 5 L1 s}, where g is the number of u and v variables. The leading (=
maximal) monomial vectors of B;y and By, w.r.t. <, are y; - e, and xﬁk - eg.

We now divide each H; - ey and G, polynomially as described in Thm. 4.4 by all B, and By
with respect to this monomial order, say, with leading monomial vectors y, - e) and 2~ - ¢,
and the scopes n,y = q+n+candn, =g+n(withl <:<p,1 <A <sand1 <k <7).
The division yields in finitely many steps remainders R;; and R} in the canonical direct
monomial complement

~ ~

Klu,o]@eo(T) = (&5, (@25 Klu o)[[]) - #8) - em ) © (Scyyr Kluse][[2]) - em)

of K[u,v)®in(I) in K[u,v][[x,y]]*. Expanding these remainders as polynomial vectors in
z, yields

r dm—1 1 s
Ry = Zmzl Zj:no Uilmj : -f% cem T+ Zm:r-ﬁ-l Viem - €m.»
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r dm—1 i s
- m Ll .
R =30 Zj:() Ukmy - @}, - €m + Zm:r+1 Viem - €ms

with polynomials Us gy, Ugmj in K [u, 2] and Vign,, Vi in K [u, v, z]. Note here that Uy,
and Uy,; do not depend on v because v;¢y, and vy, only appear in the last s — r components
of Bj, and By, and because w;¢p,; and v;¢, can a priori be set equal to 0 for m # /.

(e) We show that U and V have no constant terms. Replacing in R;; and Ry, the variables u
and v by the series u(z") and v(z) produces power series vectors 7;; and r, which belong to
co(I) because u(z) does not depend on ,, and U does not depend on v. But, by construction,
r;¢ and 7y, also belong to I. From the formal power series division it follows that both r;, and
ri are identically zero. This in turn implies by the direct sum decomposition of co(f ) that
replacing in U and V the variables u and v by u(z’) and v(z) gives zero. As u(z’) and v(z)
have no constant term, also U and V' have no constant term.

(f) We show that U and V' form a mother code of certain baby series. By the description of
mother codes it suffices to find a monomial order <g on N?+t"*P x {1 ..., s} such that the
respective initial monomials of Us gy (w,0), Vigm (u,v,0), Ugm;(u,0) and Vi, (u, v,0) are
Uitmj> Vitms Ukmy and Vg, (recall that g is the number of u and v variables). By taking an
order which is compatible with the degree in the u and v variables it suffices to prove the
above for the linear parts of Us¢pm;(,0), Viem(u, v,0), Ugm; (u, 0) and Vi, (u, v, 0).

These linear parts are given by the first substitution step of the polynomial division as
the coefficients of xﬁl cem (wWith1 < 5 < d, —1,1 < m < r) respectively e,, (with
r+1 < m < s), when dividing H; - e, and G} by the vectors B, and B, (1 < ¢ < p,
1 <X < s, 1 <k < r) with leading monomial vectors y, - e\ and xfl“ - e, and scopes

q + n + 1, respectively ¢ + n. Here, the y variables are ordered naturally y1, . .., ¥, so that
the scope ¢ + n + ¢ of y, - e allows multiplication of B, with polynomials in x1, ..., x,,
Y1, -..,%y, and all v and v variables.

Recall that the polynomial vectors b9, and by, of K[x]° appearing in B, and B, vanish at
zero and hence do not contribute to the linear terms of Us gy, (u, 0), Vigm (4, v,0), Ugm;(u,0)
and Vi (u, v, 0).

Before we enter in the (rather laborious) construction of the monomial order < on Na+tn+P
{1,..., s} we give a heuristic argument of how it is found and why it should exist.

We already mentioned that the required condition on the Jacobian matrices of U and V' only
refers to the linear part of U and V' with respect to the u- and v-variables. Therefore we
may set in U and V' the x- and y-variables equal to 0. Next, these linear parts are given by
subtracting from the vectors H; - e, and G, suitable constant multiples of the vectors B, and
B, forall ;, A and k. As in(H; - e;) = in(B;¢), it is clear that the variables ¢, ; appear in
Uiemj with coefficient 1, for all m and j. The same holds for the other u- and v-variables and
the respective components of U and V.

The starting point for the specification of a suitable order < is the following observation
(we restrict to Usgy,j, the same comments apply to the other components of U and V): If
variables u, m; appear, for some ¢, A, in the linear part of Uy, ;, they should be larger than
Uiem;, With respect to the prospective <¢. These variables stem from a suitable subtraction of
a constant multiple of B, from H; - ey. Asin(B,y) = y, - ), the subtraction has to eliminate
a (constant multiple of the) monomial vector y, - ey from the expansion of H; - e;,. And as
in(H; - eg) = y; - es, we know that only those B,y will be subtracted from B;, for which
y, - ey is larger than y; - e, with respect to the order <. on N**? x {1,... s}.

It is therefore appropriate to choose a monomial order < on N? so that u,x,; is larger than
Uiem; With respect to <¢, for all m and j, whenever in(H, - eyx) >, in(H; - e;). Similar
arguments apply to the other variables, by repeating the preceding considerations for the
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divisions of H; - e, by B, and for the divisions of G by B, and B,;. They specify further
conditions to be imposed on <¢, and one has to show that such an order actually does exist
(i.e., that the conditions do not contradict each other). From <. and < one then defines
the requested monomial order <¢ on N9T"+P x {1,... s} via the lexicographic order on
N x (N"*? x {1, ..., s}) x N7 induced by <y, <. and <¢:

(77057576) <e (’ylvalvﬂ/agl) if (h/|7 (aaﬁag)vq/) <lex (|’>/|7 (a”ﬂ’7[’)’7’)_

The details are explained in the next paragraphs for the linear terms of Usemj, Viem, Ukm;
and V.

Linear terms of Uiemj(u,0): These occur after the first substitution step of the polynomial
division as the coefficients of:cfl-em withl1 <i<p,1</l<s,1<m<r,1<j<d,—1)
when dividing H; - ey by the vectors B, and B, with leading monomial vectors y, - ) and
Z"' -e,, and scopes ¢+ n+¢, respectively g+n (where ¢, A and k vary in the ranges 1 < ¢ < p,

1 <X <s,1 <k <r). Notice that the polynomials Uy, ; do not depend on y and v.

T

Let 2Py - e, be a monomial vector of the expansion of H; - ey, with p € N, 0 € NP If it is
a multiple of the leading monomial vectors y, - ey, respectively xd~ - e, of B, , respectively
B,,, subject to the correct scope conditions, it will be replaced in the polynomial division by
the according multiple of the tails B, respectively B,. After the substitution we have to
look at the coefficient of x, - e,, and set z = 0 and y = 0. We distinguish three cases.

(1) The substitution of the monomial vector y; - e, of H; - e, by Bis produces in the coefficient
of xﬁL - €, the summand ¢, ;. The order < has to be chosen so that this variable is the
smallest one among the u- and v-variables appearing linearly in this coefficient (after having
setx = 0and y = 0).

(i) A general monomial vector zy” - e, of H; - e; is a multiple of the leading monomial
vector y, - ey of B, with scope ¢ + n + ¢ and contributes to the coefficient of x{l - ey (for
some 1 <m < rand0 < j <d, — 1, and after having set x = 0 and y = 0) if and only
itA=2p=1(0,...,0,p,) with p,, < jand 0 = e,, say zy? - ey = xfy, - ex. The only
contributions can be constant multiples of u,x,;» With j "+ pn = j. Note then that for this to
happen we must have zf~y, - ey >. in(H; - e)) = y; - ey (otherwise this monomial does not
appear in H; - ey) and j' < j. Therefore <. should satisfy

Uamj’ ¢ Uirmy for j/ < jand xlry, - ex >c y; - ex,

say j' < jand & -in(H, - ey) > i -in(H; - ey).

n

(iii) A general monomial vector x”y° - e, of H; - e, is a multiple of the leading monomial
vector xflf -e,; of B, with scope ¢+ n and contributes to the coefficient of x{L -e,, (after having
setz =0andy = 0)ifandonlyifk = ¢, p = (0,...,0, p,) with p,, = d +t forsome ¢t > 0
ando = (0,...,0),say zy? -e5 = £ -e,.. The only contributions can be constant multiples
of Wy j With t + j” = j. Note then that we must have zf" - e, >. in(H, - e.) = y; - e, and
j' < j. Therefore <. should satisfy

Umj’ >¢ Winmg for j/ < jandaf - e, > y; - e,

say j < jand 2 -in(G,) >. x -in(H; - e,).

n

Linear terms of Vigm (u,v,0): These occur after the first substitution step of the polynomial
division as the coefficients of e, (with1 < i < p,1 </{ < s,74+1 < m < s) when dividing
H; - ey by the vectors B,y and B,, with leading monomial vectors y, - e and xf; - e, and
scopes g+ mn+ ¢, respectively g+ n (where ¢, A and k vary intheranges 1 < ¢ <p,1 < X < s,
1<k<r).

Let 2”y? - e, be a monomial vector of the expansion of H; - ey, with p € N”, 0 € NP. Ifitis
a multiple of the leading monomial vectors y, - ey, respectively 2%~ - e, of B, , respectively
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By, subject to the correct scope conditions, it will be replaced in the polynomial division by
the according multiple of the tails B,, respectively B,. After the substitution we have to
look at the coefficient of e,,, and set z = 0 and y = 0. We distinguish three cases.

(i) The substitution of the monomial vector y; - e, of H; - e, by B;, produces in the coefficient
of e, the summand v;¢,,,. The order <, has to be chosen so that this variable is the smallest
one among the u- and v-variables appearing linearly in this coefficient (after having set x = 0
and y = 0).

(i) A general monomial vector x°y° - e, of H; - e, is a multiple of the leading monomial
vector y, - e) of B, with scope ¢+ n + ¢ and contributes to the coefficient of e,, (after having
setz =0andy = 0)ifandonlyif ¢ = A\, p = (0,...,0) and 0 = ¢,, say 2Py’ ey =y, - €x.
The only contributions can be constant multiples of v, ,,. For this to happen we must have
Y. - ex >c in(H; - ey) (otherwise this monomial does not appear in H; - e). Therefore <,
should satisfy

Viam >¢ Vixm fory, - ex >c y; - ex,
say in(H, - ex) >, in(H; - ey).

(iii) A general monomial vector x”y° - e, of H; - e, is a multiple of the leading monomial
vector a:ﬁlf -e,, of B,; with scope ¢+ n and contributes to the coefficient of e,,, (after having set
z=0andy =0)ifandonlyif x = £, p = (0, ...,0, p,) with p,, = d,, and o = (0,...,0),
say 2Py - ey = xd~ - e,.. The only contributions can be constant multiples of v,,,,. Note then

that we must have 2% - e,, >. in(H; - e,;). Therefore < should satisfy
Vkm >¢ Vikm for 2= - e, > in(H; - ey),
say in(Gy) >¢ in(H; - e,,).

Linear terms of Upmj(u,0): These occur after the first substitution step of the polynomial
division as the coefficients of xﬁL sl Withl1 <E<Z<r,1<m<r,0<j<d,—1) when
dividing G, by the vectors B, and B, with leading monomial vectors y, - e and :cff ey
and scopes ¢ + n + ¢, respectively ¢ + n (where ¢, A and k vary in the ranges 1 < ¢ < p,
1<A<s,1<k<r).

Let zy? - e) be a monomial vector of the expansion of G, with p € N, 0 € NP_ Ifitisa
multiple of the leading monomial vectors y, - ey, respectively xd~ - e, of B, ), respectively
B,,, subject to the correct scope conditions, it will be replaced in the polynomial division by
the according multiple of the tails B, , respectively B,. After the substitution we have to
look at the coefficient of x, - e,, and set z = 0 and y = 0. We distinguish three cases.

(i) The substitution of the monomial vector m‘fl’c - eg, of G, by By, produces in the coefficient
of x{l - € the summand uy,;. The order < has to be chosen so that this variable is the
smallest one among the u- and v-variables appearing linearly in this coefficient (after having
setx = 0and y = 0).

(ii) A general monomial vector 2Py - e,; of G}, is a multiple of the leading monomial vector
y, - ex of B, with scope ¢ + n + ¢ and contributes to the coefficient of 5531 - e, (after
having set © = 0 and y = 0) if and only if k = A\, p = (0,...,0,p,) and 0 = e,, say
2Py’ - ex = Py, - ex. The only contributions can be constant multiples of w, ., s with
pn + 3 = j, say p, = j — j'. For this to happen we must have z2"y, - ex >. in(Gy)
(otherwise this monomial does not appear in G,). Therefore < should satisfy

Urmj’ >¢ Ukmj for j/ < jand afry, - ey >, :cfﬁ - €k,
say j < jand z -in(H, - ex) >. 4 - in(Gy).

(iii) A general monomial vector z”y - e,; of G, is a multiple of the leading monomial vector

dx . ¢ of B, with scope g + n and contributes to the coefficient of xﬁL - e, (after having set

Ln,
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2 = 0and y = 0) if and only if p = (0,...,0, p,) with p,, > d, and ¢ = (0,...,0), say
Py ey = xPr - e, with p,, = d,, +t for some ¢ > 0. The only contributions can be constant
multiples of w,;, ;s with t + j' = j. Note then that we must have zd=** - ¢,; >_ in(G}) and

n
therefore <, should satisfy

Upmjr >¢ Ukmj for j/ < jand zd~*t . ¢, >_ in(Gy),

say j < jand 2 - in(G,) >c @ -in(Gy).

Linear terms of Vi, (u,v,0): These occur after the first substitution step of the polynomial
division as the coefficients of e,,, (with 1 < k < r,r+ 1 < m < s) when dividing G}, by the
vectors B, and B,; with leading monomial vectors y, - e and a:;i;' - e, and scopes ¢ +n + ¢,
respectively ¢ + n (where ¢, A and k vary intheranges 1 <1 <p,1 <A <s,1 <k <7).

Let zy? - e, be a monomial vector of the expansion of G, with p € N, 0 € NP_ Ifitisa
multiple of the leading monomial vectors y, - ey, respectively xd~ - e, of B, ), respectively
B,;, subject to the correct scope conditions, it will be replaced in the polynomial division by
the according multiple of the tails B, , respectively B,. After the substitution we have to
look at the coefficient of e,,, and set x = 0 and y = 0. We distinguish three cases.

(i) The substitution of the monomial vector :c‘ff - eg, of G, by By, produces in the coefficient
of e, the summand vy,,,. The order <. has to be chosen so that this variable is the smallest
one among the u- and v-variables appearing linearly in this coefficient (after having set z = 0
and y = 0).

(ii) A general monomial vector z”y? - e,, of G}, is a multiple of the leading monomial vector
y, - ex of B,y with scope ¢ + n + ¢ and contributes to the coefficient of e,, (after having set
z=0andy =0)ifandonlyif x =\, p = (0,...,0) and 0 = e,, say 2y - ex =y, - €x.
The only contributions can be constant multiples of v, ,,. For this to happen we must have
Y. - ex > in(Gy) (otherwise this monomial does not appear in G). Therefore <, should
satisfy

Vidm >¢ Vkm for Y, Ex > 1n(Gk),
say in(H, - ey) >, in(Gg).

(iii) A general monomial vector z”y? - e,, of G, is a multiple of the leading monomial vector

f{" - e, of B, with scope ¢ + n and contributes to the coefficient of e,, (after having set

2 = 0and y = 0) if and only if p = (0,...,0, p,) with p,, = d,;, and ¢ = (0,...,0), say

Py’ - e, = x;’f - e,. The only contributions can be constant multiples of v,,,,. Note then

that we must have 2% - e, >. in(G},) and therefore <. should satisfy

T

Vkm >< Vkm for x,df’ cCx e IH(Gk),
say in(G,;) >. in(Gy).

This concludes the computation of the required inequalities for the order <, on N9. It will be
a monomial order on N7, where ¢ is the number of the variables » and v, and has to be graded
lexicographic subject to the following relations

Ubm! >¢ Uity if // < jand 2 -in(H, - e)) >. 27 -in(H; - eq),
Witmj' >¢ Ukmy if / < jand 2 - in(H; - e) >c @ - in(Gy),
Wikmj' <¢ Wkmj if j/ > jand 2 - in(H; - e) <c @ - in(Gy),
Umj’ >¢ Ukmj if j/ < jand2J -in(G,) >. 27 -in(Gy),
Viem >¢ Vitm ifin(H, - e;) > in(H; - er),
Viem >¢ Vkm if m(HZ . 6@) > in(Gk),
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Vikm <¢ Vkm ifin(H; - ex) <. in(Gg),

Ukm >¢ Ukm ifin(G,;) >. in(Gy).
The indices vary in the regions

1<i,t<p,

1<V <s,

1<m<r,

1<y, <dp —1and

1<k,r<r
for the u variables, respectively in the regions

1<i,0<p,

1</ <s,

r+1<m<sand

1<k,r<r

for the v variables. It is checked that the inequalities for <, do not contradict each other, i.e.,
that there actually does exist a monomial order < fulfilling the eight conditions.

We now extend <. to a monomial order <¢ on N9t"+7 x {1, ... s} defined by

(77047676) <f (7/70/76/56/) if ("”7 (aaﬁag)a’}/) <lex (|7/|7 (O/7Bl7£/)a’}/)'

Here, <¢, denotes the lexicographic order on N x (N"*P7 x {1,... s}) x N¢, where ||
and |y'| are compared as elements of N with the natural order, («, 8,¢) and (o/, 5, ¢') as
elements of N" 17 x {1, ..., s} with the order <., and y and 7' as elements of N with respect
to the order <. The inequalities which were imposed on < ensure that — as shown above
— the initial monomials with respect to <¢ of the linear terms of Us¢p,;(u, 0), Viem (u, v, 0),
Ukmj(u, 0) and Vi, (u, v,0) are wigmj, Vigm, Ukm; and Ug.,. This was needed to show that
U and V satisfy the properties of a mother code.

(g) We show that u(z’) and v(x) are the baby series of U and V. By definition, u(z’) and
v(x) vanish at zero. We have already seen in part (d) above that 7,y = R;¢(x, u(z’), v(z)) and
rp = R (x,u(z’),v(z)) are zero. Asu(z’) does not depend on z,, and U does not depend on

v it follows from the decomposition of co([) that U (x, u(z’)) and V (z, u(z’), v(x)) are zero.
This is what had to be shown and concludes the proof of Theorem 10.1 in the x,,-regular case.

14. Proof of Theorem 11.1 for z,-regular modules

We will prove this special case of Theorem 11.1 by first constructing from the family codes
of the given generators g, ..., g, of I —using Theorems 9.1 and 10.1 in the special case — the
family codes of the reduced standard basis of I. This is done via the extension I of I from
Lemmata 8.1 and 8.2. The father code F' of the power series vector f is then divided by the
father codes B;, and By, of the reduced standard basis b;, and b;, of the module I (see section
13 for the notation). The crucial point here is that the monomial orders can be chosen so that
the initial monomial vectors of b;¢ and by, coincide with the leading monomial vectors of B,y
and By. In this way the power series division of f by b;; and by, is transcribed properly into
the polynomial division of F' by B, and By, as it appears in Theorem 4.4. From the quotients
and the remainder of this polynomial division we get the family codes of the algebraic series
ar and c in the statement of Theorem 11.1.
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So let us carry out this program. By Theorem 9.1 we may assume that the module I
is given by a minimal standard basis g1,...,g, € K[[z]]® with initial monomial vectors
e ep. Let (H,G) € K[z,y? x K[x,y]**" be the family code of gi,...,g, and let
h = (h1,...,hy) be the baby series vector of the mothercode H = (Hj, ..., H,) € K|z, y?,
so that g = Gg(z, h(x)).

By Lemma 8.1 the submodule I = ((y; — h;) - eg, gi) of K[z, y]]* equals (H; - eg, G).
Let <. be an extension of <, to N7 x {1,... s} withy; - e, <. z; - e, forall 4, j and £
as defined in Lemma 8.2. By Theorem 10.1 in the x,,-regular case we may assume that we
already dispose of a reduced standard basis b;¢, by of T with initial monomial vectors Yi * €y
and xﬁk - e, with respect to <.. The father code of b, by is given by the virtual reduced
standard basis B;¢, By of :f, the mother code is the vector (U, V') of components Ui¢rmj, Viem,
Ukm; and V,,,. We denote by (u(z), v(z)) with components ;g (2'), Vigm (), Ukm; (z)
and vy, () the corresponding baby series vector.

We wish to divide an algebraic power series vector f € K[[x]]° by the submodule I = (gi)
of K[[z]]°. We may assume that f has the same baby series vector h as g1, ..., g,. Write
f = F(x,h(z)) € K[z, h]® with father code F' € K|[z,y]®. We divide F' by the polynomial
vectors B,y and By, according to the polynomial division algorithm (Theorem 4.4) with leading
monomial vectors ¥; - e, and % - e;, and scopes q + n + i, respectively q + n (recall that n
is the number of z-variables, ¢ is the number of u- and v-variables). We get a decomposition

F:Z/Nl,;g~Big+zgk~Bk+C
with some polynomials A;; in K [w, v, z,9], Ay, in K [u,v, ], and a polynomial vector
C € K[u,v]®co(I). Replacing in this equation y by h(z), u by u(z’) and v by v(z) yields
a decomposition

=G b+ g by +c
for some algebraic power series d;¢, @, € K[[x]] and an algebraic power series vector ¢ €

K|[[x]]*. The vectors b;¢ and by, are obtained from B;; and By, by the same substitution of the
variables. In particular, b;, results from b,y by setting y = h(z).

(a) The vector ¢ has mother code U and V' and father code C'. Expand C' into
C=3 S Cong(u, @) - 2 e+ Y0y Con (1,0, 2) - €,

with polynomials C,;(u, z") and Cy, (u, v, ). Observe that, similarly as in section 13, part
(c), the polynomials C,,;(u, z’) will not depend on v. Substituting in C' the variables v and
v by u(2’) and v(z) we obtain for ¢ the decomposition

c=3r_, 2?20_1 Crnj(u(a’), ') - 2d, - e+ >0 g O (u(a’), v(x), ) - .
Therefore ¢ € co(I) as required.

(b) We will show that the vectors b belong to the module (b, ), thus getting a decomposition
f = E ap by +c¢

for some power series aj, € K|[[z]]. To this end, recall that {(y; — h;) - €g, gr) = (bie, br) (as
submodules of K[[z,y]]®) and that the vectors by do not depend on the y-variables. Thus the
replacement of y; by h; does not affect them and gives (by) C (gx). As the initial modules
of these two modules are equal (being generated by xflk - e, for 1 < k < r), the Division
Theorem for power formal series yields the equality (gr) = (bg). This shows that the b
belong to the submodule ((y, — h,) - ex, bg) of K[[z,y]]*. Therefore, upon replacing y; by
hi in by we get byp € (by) C K[[z]]° as claimed.

(c) We finally show that the power series a;, € K|[z]] are algebraic and that their codes can
be computed algorithmically. For this we will express constructively the father codes B;; of
b;p in terms of By, and H; - ey.
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The problem which we have to solve here is the following: Assume given a submodule J
of K|[[z]]® generated by polynomial vectors Py, ..., P, and let @ be a polynomial vector.
We shall use Algorithm 1.7.6 of [25] computing the polynomial weak normal form of a
polynomial with respect to a polynomially generated ideal in a power series ring, together
with the comment at the bottom of page 58. By definition of the polynomial weak normal
form [25, def. 1.6.5], we get the construction of a decomposition SQ = > WyP, + R
with polynomials S, W}, and R such that S(0) # 0, where R equals the remainder of the
formal power series division of SQ by P;,..., P.. In case that () already belongs to the
ideal generated by P, ..., P. in the power series ring, this decomposition specializes to
Q=> WkPk with rational coefficients Wk = W} /S in the localization of the polynomial
ring at 0.

Apply this technique to the polynomial vectors B;, and the submodule J = (By, H; - ¢4, U -
ee, V - eg) of K[[x,y,u,v]]® (with the obvious abbreviations for U and V). By definition,
J is generated by polynomial vectors. We have to check that B;, € J. For this, recall that
I = (H;-ep,Gy) = (big,by,) as submodules of K[[z,y]]* and that by € (bg) in K[[z]]*.
Then, by construction of U and V', we get the equalities

(Big, B, Hi - e, U - e,V - eg) = (big, b, H; - e, U - €4,V - €p)
= (bi,H; - ep,U-ep,V-ey)
= (Bi,H; - e),U e,V - ep)
=J.

We conclude that B;, € J. This shows that we can write B;, as a linear combination of the
By, H, - ey, U - ey, V - ey with constructible rational power series coefficients, say

Bi¢ =01 Witk Bie modulo H, U and V,

where Wy, € K|[[z,y, u,v]] are rational functions. Upon replacing y; by h;(z), u by u(z’)
and v by v(z) only the By, will subsist (the evaluations of the other polynomial vectors H, - e,
U - ey, V - ey vanish). This shows that the TV, are (rational) father codes of the coefficients
w;ek, in the linear combinations b,y = > iox Wickby, expressing by in terms of by,. The mother
codes are the components of the polynomial vectors H, U and V.

By definition of a, in terms of a;, and ay it now follows that the series a, are algebraic and
that their family codes can be constructed by a finite algorithm. This establishes Theorem
11.1 for x,-regular modules.

15. Proofs of Theorems 10.1 and 11.1 in the general case

The idea for proving both theorems in the general case is to split a given minimal standard
basis of I into two groups specified by the variables appearing in their initial monomial
vectors. The first group consists of generators whose initial monomial vectors are pure x,,-
powers. The remaining generators have initial monomial vectors which involve also some
other variable.

So let be given, by Theorem 9.1, vectors g1, ..., g, which form a minimal standard basis
of I. Adding suitable monomial multiples of the g, we may assume that g1, ..., g, form
a minimal Janet basis of I with scopes nq,...,n,.. We order g1, ...,g, and permute the
components of K [[x]]* so that, for some 1 < ¢ < r, the vectors g1, . . ., g; are x,-regular with
initial monomial vectors xfllk - ey, and so that the initial monomial vectors of the remaining
Jt+1, - - - , gr involve at least one of the variables z1, . .., z,_1. Itis easy to see that the scopes

Ngt1y---,Np Of gri1, ..., g, are all < n. This implies that
=3 K[[2]] - gk + Yheypr Kl[2]] - gk
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Therefore no g;11, . .., g, need to be multiplied in the subsequent divisions by z,,.

By Theorem 10.1 in the x,-regular case we may assume that g;, ..., g; form already the
reduced standard basis of the submodule Iy = (g1,...,g:) of K[[z]]®. By Theorem 11.1
in the x,-regular case we know how to divide g;41,...,9, by ¢g1,...,g; through a finite
algorithm for the respective family codes. This allows us to assume that g;+1, .. ., g, belong
to

M = co(lo) = 325, X570 ' K] - @ - em + 3251 Kllal] - em-

It follows from the box condition that the initial monomial vectors of g4 1, ..., g, have their
non-zero entry in one of the first ¢ components, and hence belong to the subspace

My =%, 25 K] - 2, - em

of M. Setting I’ = >, _, ., K[[+']] - gr we have I’ C M and in(I") C M. The monomial
order on N x {1,..., s} induces via the inclusion M C K{[x]]° in a natural way an ordering
of the monomial vectors in M.

We may now apply induction on n as follows.

First notice that in(I”), as a submodule of the free finite K [[2']]-module M, satisfies again
Hironaka’s box condition with respect to the induced ordering of the variables. Secondly, no
division occurs in the second summand My = Y_> _, .| K[[z]] - e, of M. Therefore, by
induction on the number of variables and discarding the (irrelevant) fact that the summand
M is not finitely generated as K [[z']]-module, we may assume to know how to construct the
reduced standard basis of the K [[z’]]-submodule I’ of M by a finite algorithm on the level
of codes. Notice that this basis, when considered as vectors in K [[x]]*, remains reduced with
respect to g1, . . ., g¢ because its elements belong to M = co(1).

So we may assume that g; 1 1, . . ., g already form a reduced standard basis of I’. By induction
on n we may apply the division algorithm of Theorem 11.1 to I’ as a submodule of M. Thus
we know how to divide effectively algebraic power series vectors in M by I’.

Apply this to the tails g, = 2% - e — gr of g1, . . ., gr. They belong to M since g1, .. ., g; are
a reduced standard basis of Iy and M = co(Iy). We divide these g, by I'. This allows us to
assume from the beginning that ¢y, . . ., g; are reduced with respect to g¢41, - .., gr, i.€., that
g, €co(I')forl <k <t AsI' C M = co(ly), the new ¢1,...,¢g; form again a reduced
standard basis (the module they generate may be different from I, but its initial module is
the same). In total, we have found the reduced standard basis g1, ..., g, of I. This proves
Theorem 10.1.

As for Theorem 11.1, any algebraic power series vector f € K|[[z]]* we wish to divide by
I = {q,...,9r) can first be divided by Iy = (g1,...,q:) using Theorem 11.1 in the x,,-
regular case. It thus yields a remainder in M = co(ly). Then, using induction on n and the
fact that I’ satisfies the box condition in M, we may divide this remainder as vector in M by
I'. The resulting remainder can be interpreted, via the inclusion of M in K[[z]]*, as a vector
in co(I) C K][[z]]®. It will coincide with the remainder of the formal power series division
of f by I in K[[x]]*. It does not matter here that the second summand »_7 _, ., K[[z]] - e;,
of M is not finitely generated as K [[z']]-module, because no division occurs in the last s — ¢
components of f.

This establishes the division algorithm for algebraic power series vectors f in K[[z]]® by
submodules I with box condition. Theorem 11.1 is proven.
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16. Example

In this section we show in a concrete situation how the algorithms of Theorem 10.1 and 11.1
work in practice (for more examples, see [54]). We will consider an ideal in three variables
generated by algebraic power series involving a single baby series. Our objective will be
the computation of the codes of the reduced standard basis of the ideal. As it will turn out,
the reduced standard basis will consist of polynomials, so that, at the end, there will be no
mother codes needed and the father codes of the basis coincide with the elements of the basis.
Nevertheless, the example is significant, since it is not at all clear how to construct the codes
of the reduced standard basis without using the techniques developed in the paper.

The example is chosen so as to illustrate the various aspects of the algorithm (reduction,
division, passage to vectors, induction on the number of variables). Some steps could also be
performed directly using some ad hoc tricks due to the simplicity of some of the generators
of the ideals and modules involved. This will be indicated correspondingly. Nevertherless,
all portions of the algorithm will show off at least once.

As a general rule, each step in the computations below will be followed by a renaming of the
involved objects so as to keep the presentation as systematic as possible. In the subsequent
step, letters will always refer to this renamed object and not to the original object defined at
earlier stages of the exposition.

The initial variables will be denoted z, y and z, corresponding to =1, x5 and x3 in the text,
with this ordering. This will affect x,,-regularity, being here first z-regularity, then, later,
y-regularity and finally x-regularity. Also, the involved polynomial divisions will use this
ordering of the variables.

The additional auxiliary variables appearing in the mother codes will be denoted by t1, to, . . .
(instead of y1, yo, . .. as in the text). The respective baby series will be h1, ho, . ..

We consider the ideal I in K[z, y, z]] generated by three power series g1, g2, g3 given as
g1 :z2+xyz+%myz2+...:
= 22 + ayh(z2),
92 = yz + 2’z + 9z,
93 = y* + xyz.
Here,
hz)=1-V1—z=13z+42"+...
is the only involved baby series. Its mother code H is taken as
H=2t—1+2

(so that h = h(z) is the unique formal power series solution of H(z,t) = 0 satisfying
h(0) = 0.) Later on, when other mother codes will appear, we shall set ¢ = ¢1, h = h;y and
H = H,. The father codes of g1, go, g3 are

G =22+ a2yt
Go = yz + 222 + %2,
Gz = y? + zyz.

The last two G5 and G3 do not involve ¢ because g, and g3 are polynomials and hence
G2 = g2 and G3 = g3. For our purposes it will be sufficient to have just one generator which
is a true series.
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We wish to compute family codes of the elements of the reduced standard basis of I =
{g1,92,93) C K]|[z,v,2]] with respect to a given monomial order on N3. We shall choose
the graded lexicographical order <,, on N3 with z > y > 2. This yields the initial monomials

in(gl) = 22,
in(g2) = yz,
in(g3) = y*.

It will turn out these do not yet generate the initial ideal in(7) of . The missing monomial is
2%z, which is the initial monomial of the element

ga = 22 — 23y2? + 2tyh(2)
of I with father code
Gy = ztz — 23y2? + 2tyt.

Actually, g1, ..., g4 form a standard basis of I with respect to <,,. This basis is obviously
not reduced.

Overview: For the convenience of the reader, let us list the various steps which will appear
in the calculations (below, “computation of ...” will always mean “computation of the code
of ..)

Step 1: Computation of a standard basis of I. In addition to g1, g2, g3 we will get a fourth
generator g4 of I, the one from above.

Step 2: Specification of all x,,-regular elements of this basis and computation of the reduced
standard basis of the ideal I; generated by them. Here, z,, is z; as only g¢; is z-regular,
I, = {(gy) is principal and its reduced standard basis can be computed with the algorithm
of [4, Thm. 5.5] or, equivalently, as described in Theorem 10.1 above in the x,,-regular case
for principal ideals. The reduced standard basis of I; will again be denoted by ¢g;. Its tail
belongs to co(I1) = K|[x, y]]?, where co(I1) = K[z, y]] & K|[z, y]]z denotes the canonical
monomial direct complement of I; in K [[x, y, z|] with respect to the chosen monomial order.

Step 3: Reduction of g2, g3, g4 by It = {g1). This is the division of g2, g3, g4 by g1 with
the algorithm of [4, Thm. 5.6] or, equivalently, as described in Theorem 11.1 above in the
x,-regular case for principal ideals, z,, being here z. The reduced series will again be denoted
by g2, g3, 9.

Step 4: Interpretation of ga, g3, g4 as vectors in co(I;) = K[z, y]]* and computation of the
reduced standard basis of the submodule Iy = (ga, g3, g4) of K|[[z,y]]? generated by them.
By Step 1, the vectors go, g3, g4 already form a standard basis of I, so they need not be
completed again. Step 4 consists of four substeps.

Substep 4A: Specification of all y-regular elements among g2, g3, g4 and computation
of the reduced standard basis of the submodule I3 of K[[x,y]]? generated by these as
described in Theorem 10.1 for the z,,-regular case (only g2 and g3 will be y-regular, so
that I3 = (go, g3).) The reduced standard basis of I3 will again be denoted by g2, g3. Its
tails belong to co(I3) = K|[x]]3, where co(I3) = (K[[z]] ® K|[[z]]y) x K[[z]] denotes
the canonical monomial direct complement of I3 in K [[z, y]]? with respect to the chosen
monomial order.

Substep 4B: Reduction of g4 by Is = (g2, g3). This is the division of g4 by go, g3 in
K[z, y]]* as described in Theorem 11.1 above in the x,,-regular case, z,, being now y.
The reduced vector will again be denoted by g4.

Substep 4C: Interpretation of g4 as a vector in co(l3) = K|[z]]* and computation of
the reduced standard basis of the submodule I, of K[[x]]? generated by it as described
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in Theorem 10.1 in the z, -regular case, x,, being here x. The situation will be so simple
that the reduced standard basis of I, can be read off directly without using Theorem
10.1. It will again be denoted by g4.

Substep 4D: Reduction of go, g3 by Iy = (g4). This is the division of the tails g, g5 of
g2, g3 by g4 in K[[z]]? as described in Theorem 11.1 in the z,,-regular case, z,, being
here x. Again, the situation will be so simple that the reduction can be read off without
using Theorem 11.1. The reduced vectors will again be denoted by g2, g3.

The reduced standard basis of I obtained in step 4 is thus gs, g3, g4.

Step 5: Reduction of g; by Is = (g2, g3, 94). This is the division of the tail g, of g1 by go,
g3, g4 in K[[z,y]]* as described in Theorem 11.1 in the general case. This step consists of 2
substeps.

Substep 5A: Reduction of g; by I3 = (go, g3). This is the division of the tail g, of g by
92, g3 in K[[z,y]]? as described in Theorem 11.1 in the x,,-regular case, x,, being here
y. The reduced vector will again be denoted by g;. Its tail belongs to co(I3) = K|[z]]3.

Substep 5B: Reduction of g; by I4 = (g4). This is the division of the tail g; of g; by
g4 in K[[2]]? as described in Theorem 11.1 in the z,,-regular case, x,, being here z. The
reduced vector will again be denoted by ¢;.

Conclusion: The vectors g1, g2, g3, g4 obtained after step 5 now have to be reinterpreted
as power series in K [[z,y, z]]. By construction, they form the reduced standard basis of the
ideal I we started with.

Computations: We start now with the explicit description of the various stages of the
construction of the reduced standard basis of the ideal I.

Step 1: Computation of a minimal standard basis of 1.

Let] = (H,Gy) = (t—h, gi) be the ideal of K [[x,y, z, t]] associated to I as in Lemma 8.1
(here, no e;’s appear, since we work with ideals instead of modules; the index k varies between
1 and 3). We may apply Mora’s tangent cone algorithm or Lazard’s homogenization method.
Let u be a homogenizing variable, and denote by H", G! the homogenized polynomials of
H and G, in K[z, vy, z,t,u].

We extend the monomial order <,, on N® first to an order <. on N* (the set of exponents of
series in K[[x, v, z,t]]) such that in. H = ¢ and in. G, = in, gy, and then <. to an order <j,
on N° (the set of exponents of series in K|[[z,y, z,t,u]]) such that 7(Imj,(H")) = in.(H)
and 7(lmy,(G?) = in.(G}), where Imy, denotes the leading monomial of a polynomial with
respect to < and 7 : N* x N — N4,

A polynomial Grébner basis with respect to <; on N° of the ideal J C Klz,vy, z,t, u]
generated by H", G, G and G% is given by
ut — %uz — %tQ, wy? + zyx, uzy + 2y% + 22, uz? + tyx,
zy3 — 22yx + zny, t2y2 + 2tzyr — 22yx, 22y2 — ty2x + 2222,
2oy + 2tzy? — tyla + 2tza?, 222 + 28%yx — tzyx,
z3ya: — tzyx2 + tyx3,zy2x2 — 2223 + 22, tygx — tzyx2 + ty:c3,
2323 — ty2x3, t2yx3 + 2tzat — 2224, uzat — zny?’ + tym4,
tz2yx3 — %tzzaz‘L + 2tza® — 222° + %tyx‘r),
t3zat — 4?2225 — Stzya® + 42%yxd + 4tzab — 2220,
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Now substitute u by 1 and ¢ by h(z) to get a standard basis of I. It is given by g1, g2 and g3
as above and the series g4, with

gs = 22 — 23y2? + 2tyh(z) =
=2tz — Py +aty(z+ 122+ .. )
and initial monomial 2*z. This series has as father code the polynomial
Gy =2tz — 23yz? + x4yt.

The standard basis shows that the ideal I satisfies Hironaka’s box condition with respect to a
monomial order such that z < y < z. The initial ideal is generated by 22, yz, y? and x*z.
Moreover, it can be seen that the series g1, g2, g3, g4 form a Janet basis of I with scopes 3, 2,
2 and 1 respectively.

Step 2: Computation of the reduced standard basis of the ideal I; = (g1).

Clearly, g1 = 2% + zyh is the only z-regular series among g1, ..., g4. Weset I; = (g1) C
K[[z,y, 2]]. The monomials xyz™ appearing in zyh(z) are multiples of the initial monomial
22 of gy, therefore g; is not reduced (or in Weierstrass form). Let us apply the algorithm
described in Theorem 10.1 for z,,-regular series in order to find a reduced standard basis of
the ideal ;. This algorithm coincides with the algorithm in [4, Thm. 5.5]. The minimal
reduced standard basis by, by of the ideal I = (H,G4) C K][[z,y, z,t]] has the following
form (with the notation of the proof of Theorem 10.1).

bi1 =t — b3y — urr10(z’) — w11 (2’)2,
bl = 22 — bcl) — ullo(x’) — ulll(x')z,

where b%;, by belong to K & Kz, the letter =’ stands for the variables (x, y), and u1110(2’),
ui111(2’), ur10(2’), w111 (') are power series vanishing at 0. To simplify let us write
b=1t—b"—ug(z) —up(z)z,
c=22—c® —wo(z') —wy(2)z.
We first compute b° and c° by setting = and y equal to 0 in the ideal I. We get the ideal
(H(0,0,2,t),G1(0,0,2,t)) = (H,2?) = (t — h,2%) C K[[t,2]].

From the mother code of h(z) we can compute its Taylor expansion up to any given degree.
In this case we have h = %z + ézQ + - - -. It follows that the (minimal) reduced standard basis
of the ideal (t — h,z%) ist — 3z and z2. This implies that b° = 2z and ¢® = 0.

Next we have to find a family code for the series uo(z,y), ui(x,y), wo(x,y), wi(x,y). We
will divide — using the polynomial division — the polynomials H and GG; by the virtual reduced
standard basis
B:t—bo—uo—ulzzt—%z—uo—ulz,
C=22—c®—wy—wiz=2%—wy—wiz

of the ideal I; with initial monomials ¢ and 22, where ug, u1, wo, w; are now just unknowns.
The remainders R, .S of these divisions are

R = (—2uj +ug+2uous + iwl +ugwy +udwy )z —2ug +ud + %wo +ugwo +udw,
S = (%xy + xyus + wr)z + Tyug + wo.

Let Uy, U, respectively Wy, Ws, be the coefficients of z and 1 in R and S. It is easy
to prove that they form a mother code with baby series wuo(x,y), u1(z,y), wo(z,y) and
wi(x,y). In the present example the solutions vanishing at 0 of this mother code can
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be described in an equivalent and more explicit way as follows. From the four equations
U =U; =W =W,y = 0 we get

uo(z,y) = wo(z,y) =0,

wy(z,y) = —gzy — zyur(z,y),

ur(z,y) = — 352y + 152°Y° — 10532°y° + O(z'y?),
where the last series is the unique solution vanishing at 0 of the equation

Hy(z,y, 2,t2) = 8xyts + 122yt3 + 16(1 + xy)ts + 2y = 0

in a new variable 5. In this way, H2 becomes the mother code of the algebraic series u1 (x, y),
its father code being the polynomial ¢5. The father code of wy (z, ) is —%xy — zyts.

The reduced standard basis of the ideal I; = (g;) is given by substituting in the polynomial
C = 2% — wy — w2 the variables wy and w; by the series wo(z,y) = 0 and wy(z,y) =
— 22y — zyus (2, y). We get the algebraic series 2% + (2y + zyus (z, y))z with father code
(0, —%xy —ayty, ,Y,2) = 2%+ (%xy + zyta)z. We denote this series in the sequel again
by g1, and call its father code G;. The corresponding baby series u1(x,y) is denoted by
ha(z,y) with mother code Hy(z,y, 2, t2) from above. For later reference we collect the new
data in a table.

g1 =22 + (5zy + zyha(z,y))2,
Gy =22+ (%xy + zyts)z,
ho(z,y) = —1—16xy + %ﬁyg — %x?’y?’ + ...,
Hy(z,y, 2,t2) = Sxyts + 12zyt3 + 16(1 + xy)ts + 2.
Note here that the original baby series h = hy has been eliminated.
Step 3: Reduction of g, g3, g4 by It = {(g1).

We will apply the algorithm described in the proof of Theorem 11.1 for x,,-regular series to
divide g2, g3, g4 by g1. It will be useful to add a new variable ¢3 and define
Hs(x,y,z,t1,ta,t3) = t3 + Sy + ayts.

In this setting (H;, Ha, H3) is the mother code of the baby series (hy, ha, h3) where hy = h(z)
and hy = w1 (2, y) have been previously defined and where h3 equals w1 (x, y) from above. It
is clear from in(I;) = (2?2) that g = yz + 222 +y*2 and g3 = y? + zy= are already reduced
with respect to I7. Let us reduce g4. We shall use polynomial division. Let fl = (B,C) be
the ideal in K[[z,y, z,t1, ta, t3]] associated to I as in Lemma 8.1 (it is checked that this is
exactly the ideal of the lemma), with virtual reduced standard basis

thl—%z—tgz,
C = 2% —tsz2.
Dividing the father code G of g; by B and C with initial monomials #; and 22 we get
Gy =2tz — 23y2? +ti2aty =
= z*yB — 2%yC + Dy,

where Dy = (3yz? + yx'ty + ' — yadts)z. Let us replace G4 by Dy and call it again
G4. Tt is the father code of a new algebraic series, denoted again by g4, and defined by
g4 = G4(l‘, Y, 2, hl, hg, h3) We have

91 = (3yz* + yathy + 2t — yadhy)z.
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The series g, g3, g4 are now reduced with respect to I; = (g;). For later reference we collect
the actual data in a table.

g1 = 2% + (3ay + zyha(2,9))2,

G = 22 + (3zy + ayts)z,

g2 = Gy = yz+ 222+ 122,

95 = G3 = y* + ayz,

gy = (%ym‘1 + yathy + 2t — yz3h3)z,
Gy = (%y:zc4 + yxtty + 2t — yadts)z,

hy =324+ 322+ ..,

hy = — Loy + sa?y? — Soady +
hs = —3ay — xyhs,

Hy =2t — 13 + 2,

Hy = 8zyt3 + 12zyt3 + 16(1 + zy)ts + v,
Hs =t + %xy + xyts.

Step 4: Computation of the reduced standard basis of the submodule Iy = (g2, 93, gs) of
co(l1) = Kl[z, y]]*.

The canonical direct monomial complement co(l2) equals K{[z,y]] ® K|[z,y]]z and is
therefore isomorphic to K|[z,y]]* as K[[z,y]]-module. The three series g2, g3, gs4 are
mapped under this isomorphism onto the vectors

92 = (0,y + 2% + ¢?),
93 = (y*, zy),
g1 = (0,2* + Saty + atyhy — 23yhs).

The monomial order <, on N* induces via the inclusion K [[z, y]] & K[z, y]]z C K[[z,y, z]]
a monomial order, also denoted by <, on N2 x {1,2}. The respective initial monomial
vectors are

in(QB) = (y2’0)’
in(ga) = (0,2%).

We see that g5 and g3 are y-regular, whereas gs is not. By the proof of Theorem 10.1 we first
treat the submodule generated by g5 and gs.

Substep 4A: Computing the reduced standard basis of the submodule I3 = (g2, g3) of
INENIS

The vectors g2, g3 are not the reduced standard basis of I3 but form at least a minimal standard
basis. The father codes of g, and g3 are G5 = (0, y+22+52) and G3 = (y?, zy) respectively.
They do not depend on the variables ¢;. From the proofs of Thms. 2 and 3 follows that we
have to consider the virtual reduced standard basis of fg = I5. Said differently, we do not
need to consider the vectors B;,. Thus

9 2 dpy—1 ;
B2 =Yy -e1r— bg - Zm:l Zj:O u2mjyjema
o 2 dp—1 i
B3 = Yy-ex — b3 - Zm:l Z]‘ZO u3mjyje'm’

30



where d; = 2,ds = 1 and the vectors b3, b3 belong to (K x K) & (Ky x (0)). The vectors
b3, b3 are obtained by specializing  to 0 in G and G3. From G2(0,y) = (y%,0),G3(0,y) =
(0,y + y?) we conclude that b3 = b3 = (0, 0).

We then apply the polynomial division to reduce G and G5 by the virtual reduced standard
basis B, and B3 of I3 with initial monomial vectors y? - e; and y - e5. The corresponding
remainders are

((ug11u211 + U211U220 + U211 + U210)Y + U210U220 + U210 + U310U211 5
2 2
U320U211 +U300 +U220+27),
(w2112 + u311)y + U210 + U310, U220T + U320)-
Therefore, the system
U311U211 + U211U220 + U211 + U210 = 0,
U210U220 + U210 + U310U211 = O,
2 2 __ 0
U320U211 + U39 + U220 + 7 = 0,
U211 + ugrr = 0,
U210 + uz10 = 0,
U220 + U320 = 0

is the mother code for the series u210(), u211(x), 220 (), usio(x), usz11(x), use(x). From
this system we get

u210(x) = ug11(x) = uz1o(x) = uz11(z) =0,
U220($) = h4(93),
U320(£C) = —h4(x)x,

where

ha(z) = —% + \/ﬁ = —z? — 2% — 22° — 528 + O(21?)
is the unique solution vanishing at O of the equation

Hy=t]+ts+2%>=0.
The reduced standard basis of the submodule I3 = (go, g3) of K|[[z,y]]? is

0,y — ha(x)),

(42, wha(2)).

We denote these vectors again by g» and gs. For later reference we collect the actual data in
a table.

g1 =22+ (32y + ayho(2,9))z,

G1 =22 + (3ay + ayts)z,

g2 = Go = yz + 222 + 22,

g3 = G3 =y + zyz,

g1 = (3ya* + yathy + 2 — yadhs)z,
Gy = (Gya* + yzits + 2* — yaity)z,

hi = %Z+§zz+...,

he = =gy + 752°Y% — 1053 7%Y° + .,
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hs = —3xy — xyhs,
hy=—a22 —2*— 225 — 528 + ..,
Hy =2t — 13 + 2,
Hy = 8xyts + 12zyt3 + 16(1 + xy)ts + v,
Hj = t3 + say + zyts,
Hy=t3+ty+22=0.
Substep 4B: Reduction of g4 by the submodule I3 = (go, g3) of K[z, y]]*.

We reduce the vector g4 = (0, 3ya* + ya*hy + a* — yahs) by Is = (g2, g3). We point out
that it is not enough — as the special shape of go = (0, y — h4(x)) may suggest — to replace y
by hy(z) in g4 because the power series ho(z,y) and h3(z,y) depend on z, y.

Ihe virtual reduced standard basis B;y, B, B3 with i = 2,3,4, £ = 1,2, of the submodule
Is = (H; - es,Go, Gs) of K[[z,y, 2, ta2, t3,t4]] as in Lemma 8.1 is

By =t;-eq—b%— 2 _, Z?ZJI Uitmj - Y - €ms
By = (0,y — ha(x)),
Bz = (y?, zha(x)),

using here the computation we made in Substep 4A. To calculate the reduced standard basis
of f:), we use polynomial division: We divide H,y, ¢ = 2,3,4, £ = 1,2, and G5 and G3 by
B, t =2,3,4, A = 1,2, and Bs, B3 with leading monomial vectors ¢, - ey, y - €2, y2 -e1
respectively. From the remainders of these divisions we get — by a rather tedious computation
—asystem defining the mother code for the series u;¢p,; (x). Another, more direct computation
then shows that this system can be transformed into an equivalent system of form Hs = Hg =

0 where
Hjy = 8xtqty + 16xt4t2 4 (16 + 16xt4)ts + x4,
Hg = (16 + 12t4t5@ + 8tatix + 16xty + g5t5a® — 3t32? — Jt3ts2?)te+

3 1 43,5 3 42,..4
+adty + S5tia® — ittt

and where we have set t5 = w2220, ts = u2120. The baby series vector of the mother code
(Hsy, Hg) will be denoted by (hs, hg).

Now we can apply polynomial division to reduce G4 with respect to the virtual reduced
standard basis B;¢, By, Bs of I3. The division gives

Gy=) AyBig + AyBy + A3Bs + Cy,
Cy=(0,((ts +t3)ts + 1+ 23 4 Lt4)2%),

where C} is the father code of the reduction of g4 by g2, g3. We denote this reduction again
by g4. Itis the vector obtained from C} by substituting the variables ¢4, t5 by the power series
h4 and h5.

Substep 4C: Computation of the reduced standard basis of the submodule I, = (g4) of
co(l3) = K[[z]]3.

By Substep 4B we have achieved that g, belongs to the canonical direct monomial complement
co(l3) = (K[[z]] & K[[x]]y) x K[z]]

of I in K[[z,y]]?. We will identify co(I3) with K[[x]]® as K[[z]]-modules. Thus
ga = (0,0, ((ha + h3)(hs + ) + 1)zt).
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The reduced standard basis of I, is (0,0, z%) since h4(0) = 0 implies that ((hy + h3)(hs +
1) + 1) is invertible in K[[z]]. Here we could also apply the algorithm of Theorem 10.1 to
compute the reduced standard basis of I4. In this case the computations are trivial because
the base ring is the principal ideal domain K[[z]]. We set again g4 = (0,0, 2*) with father
code G4 = (0,0, z%).

Substep 4D: Reduction of go, g3 by Iy = (g4).

We apply the division algorithm of Theorem 11.1 in order to divide the tails g, and g5 of go
and g3 by g4 (this is sufficient since in(g2) and in(gs3) do not contribute to the remainders.) As

Jo» G5 and g4 belong to co(I3) = (K|[[z]] ® K[[z]]y) x K][x]] we may treat them as vectors
in K[[x]]3. We thus have

(O 0, hy),
= (0,0, —zhy),
ga = (0,0,2%).
Using that hy = —x2 — 2* — 225 — - it can be seen by inspection that the remainders of

the division of g, and g5 by g4 are (0,0, —z?) and (0,0, 23).

This can also be seen alternatively by applying the polynomial division. Namely, as g,, g5
as well as g4 belong to (0) x (0) x K|[[z]] we can work with the respective last components
in K[[z]]. Let us consider the polynomials Gy = t4, G5 = —at, and G4 = 2* as the father
codes of the last components of g,, g3 and g4 respectively.

Since the only baby series appearing in g, g3, g4 is hy we have to consider the virtual reduced
standard basis By, By of the ideal I5 C K]|[z,4]] generated by Hy = t3 + ¢, + 2 and
G4 = z*. One has

_ 2 3
By =t4 — 4110 — U4111T + V411277 + Ua1132°,
_ .4 2 3
By = 2% — U410 — Ua11% + U4127° + Ug137°.

We get ugq10 = ugq11 = ug12 = ug13 = O since the initial monomial of the baby series by of
B, should be z*. On the other hand, the remainder of the polynomial division of Hy by B4y
and By is

(ua113 + 2ugr11uar12)®® + (1 + wari + wa11)@? + warn1 @,

which implies Ug111 = u4113 = 0 and u4112 = —1. The reduced standard basis of fr is
by1 = t4 + 22 and by, = 2*. Finally, we have to divide G5 and G35 by B,; and B, using the
polynomial division with leading monomial vectors ¢4 and z*. One has

Gy =ty = By — 22,
G3 = —aty = —x By + 25.
Rephrasing everything as vectors in K[z, y]]?, the reductions of g, g3 by g4 are
0,y +2?),
(y?, —=°).
We set again go = (0,y + 2?), g3 = (y2, —a3), rewrite g4 as g4 = (0,2%), together with

their father codes Go = (0,y + = ) G3 = (y?,—23) and G4 = (0,2%). This is the reduced
standard basis of I3; it coincides with what we have got at the beginning of this substep.

Conclusion of Step 4: To finish Step 4 we have to rewrite the preceding vectors as al-
gebraic power series in z, y, z in order to obtain the reduced standard basis of the ideal
I, = (g2,93,94) of K[[z,y,z]]. The corresponding reduced standard basis is given by the
polynomials (we write again g;, g2 and g3)
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g2 = yz + a2,

— .2 3
93_y — Iz,

g = w2

They coincide with their father codes.
Step 5: Reduction of g; by the submodule I = (g2, g3, g4) of K[[x,y]]%.

Recall that g1 = 2%+ (5ay-+xyhs)z. Itsuffices to divide the tail g, = —(3ay+zyhs)z of g1
by Iz = (g2, 93, 94). We consider g, and ga, g3, g4 as vectors in co(I1) = K[[z,y]]?. Their
father codes are G1 = (0, —zyts — 33y), G2 = (0,y + x?), G3 = (y2, —2?), G4 = (0,2%)
respectively. The computation splits into two parts. Following Theorem 11.1 we will divide
first g, by I3 = (g2, g3) as vectors in K [[x, y]]? because go, g3 are the y-regular power series

among gs, g3, g4. Afterwards, g, will be divided by I, = (g4) asavectorinco(l3) = K[[z]]3.

Notice here that it is necessary to work with power series vectors in the canonical direct
monomial complements co(l;) and co(I3). This is possible because, by the preceding steps,
g1 is reduced with respect to itself (hence g, belongs to co(11)), g2, g3 and g4 are reduced
with respect to g1 (hence also belong to co(I)), and g4 is reduced with respect to g, and g3
(hence belongs to co(I3) C co(Iy)).

Substep 5A: Reduction of g; by I3 = (ga, g3).

We have to divide g; by g2 and g3 as described in Theorem 11.1. We will use the polynomial
division to divide the father code G; of g, by the virtual reduced standard basis Bai, Baa,
B>, B3 offg = (Hy - e1, Hy - €3,Go,G3) in K[[z,v,12]]%. Notice that the only baby series
appearing in g, g2, gs is ha. Therefore, the only mother code appearing in I, is Hy. We have

Ba1 = (t2 — ua2110 — U2111Y, —U2120)>
Bag = (—u2210 — u2211Y, t2 — u2220),
By = (0,y — u220),

Bz = (y?, —u320),

where the form of By and Bjs follows from the computation made in Substep 4D. The
remainder of this polynomial division is B = (0,2%(u2220 + %)). The algebraic series
u2220(2) is defined by the mother code

H7 = 8233 + 12232 — (16 — 1623)t7 + 23,

where we have set t7 = us990. This mother code H7 results from the division of Hs - ey and
G2, G5 by B;», Be, B3 and an appropriate simplification. Let us write i for the baby series
U220 () with mother code Hy. It then follows that the reduction of g; = (0, —1zy — zyts)
with respect to I3 is (0, 23(h7 + 3)). We write this reduction again as g, = (0,23(h7 + 1)).
Note that it belongs to co(I3).

Substep 5B: Reduction of g1 by I, = (g4).

We have to divide the tail g; of g; by g4 as described in Theorem 11.1. For this we will
consider g; and g4 as vectors in co(l3) = K[[z]]>. We have g, = (0,0,z3(h7 + 1)) and
g4 = (0,0,2%). Since h7(0) = 0 the reduction of g, with respect to gy is (0,0, 2z%). Asin
Substep 4D this reduction can be also computed by using the polynomial division. We omit
the details.

Conclusion of example: Starting with the family code H; = 3 — 2t; + 2, G1 = 22 + ayty,
Gy = yz + 222 + y?2, G3 = y? + zyz of the generators g;, go and g3 of the ideal
I C K[[z,y,z]] with baby series h = 1 — /T — 2z = 3z + £2? + ... we have found the
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reduced standard basis of I with respect to <, as the polynomials (denoted again by g1, g2,
g3 and ga)

g1 = 2% — %x?’z,

g2 = yz + 172,

— .2 3
93_y — Iz,

gy = x4z

They coincide with their father codes, and all baby series and mother codes have disappeared.
We leave it as a challenge to the interested reader to find this basis of I directly without using
the algorithms of the paper.
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