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Motivation

Motivation

@ practical way of performing loop integrals (quantum corrections)
in NC gauge theory

for generic NC geometries, no symmetries
@ understand better nature of UV/IR mixing in NC field theory
@ derive supergravity from matrix models («+> string theory)

@ quantum corrections on fuzzy Sj,

(— emergent 4D gravity in IKKT model)
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Outline

@ coherent states on S2 and R2

@ string states

@ some trace computations

@ 1-loop computations on Sz, UV/IR mixing

@ |IB supergravity in the IKKT model
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Motivation

Fuzzy S%

(X3, XP] = ie®e X, XX, = %(N2 —-1) =Ry

X2 =Jg, .. irrepof SU(2) on H = CV
N—1

functions on S% ... A = End(H) = /6% (21 +1)
matrix Laplacian -

O¢ = [X?, [Xa, ¢l ¢ € End(H)
quantized space, SO(3)-invariant symplectic form w
/ w = 2 dim(H) = 27N
J 82

2
fuzzy sphere contains N quantum cells of area Ay = 2N ~ [2 . J
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coherent states

S? as group orbit:  let p € S? ... north pole

sU@R) - 82
g — g-p=ix
stabilizer £ ¢ SU(2) = S? = SU(2)/U(1)

coherent states on S%;:

|p) € Hn ... highest weight vector in H

def.
[xX) = 9gx-|p), gx € SU(2) ... coherent states
x2 = (x|X3x) = (X?) e &, XXy = T(N—=1)2=:r3

|x) ... one-to-one correspondence to points x on S? (up to phase)
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coherent states

relation with R2, Q.M: focus at north pole p € S?

2
rescale R — oo s.t. § = 28 = const

(X, X = i9e"  +O()

==

coherent state at “origin” = north pole:
|0) = |p), al0) ~ (X1 +iX2)|0) =0 highest weight state
shifted (rotated) coherent states:
|x) = Uy,|0) where Uy, = exp(ig;iJ'), x' = Rélg;

localization: ,
_ |x—x/\

<X’|X> = efixfafixlje 0

covers area Ay =0
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coherent states

back to S5

coherent states are optimally localized:

A= X - (X7 = R =

_. y2 . 2p
= Lyc = 7By

(X[ = (BN~ exp(—*(N—1)) = & on(x,)
¢ = K(Xay)

s

char. angle ¢n = TN
char. angular momentum / ~ v'N
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coherent states

overcompleteness:

dmH

1,=c ax|x){x CN = ——
" "’/52 X)X, N~ Nols?

(by SU(2) invariance)
trace of any operator O € End(H)

trO

dm#* [
= Vols? /3 dx(x|O1x)

generalizes to any quantized coadjoint orbit
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coherent states

operators and symbols

For an operator O € End(H), define symbol of O as

O(x) = (x|0[x)
... de-quantization of O, “semi-classical limit”

conversely:

0= cN/ dxO(x)|x) (x|
SZ
in particular

v
Y

CN /32 de,’n(x)\x) (x|

however very delicate for large momenta, misleading in UV

H. Steinacker
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coherent states

wavefunctions and UV / IR sectors

@ IR (“semi-classical”) sector:

non-local matrix elements decay at distances |x — y| ~ Lnc

(X[Oly) ~ (X|O]x) (x]y) ~ ClN (x|O]x) Sn(x.¥)
XX ) =~ F(x)(xly) = () (x]y)

max. angular momentum / < v/N, uncertainty A% = [, J

optimally localized function ) (Pl = 5= on(X; P)
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coherent states

@ UV sector:
most O € End(H) have | > +/N, not in semi-classical sector.

best described by non-local string states
Uny = X)yl € End(H)
most extreme “function” on S&:
Yai = Ip){-pl.

has Iyy = N, maximally de-localized

most NC “functions” are non-local
= non-local contributions in loops!
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string states

string states

Iso Kawai Kitazawa hep-th/0001027; H.S., arXiv:1606.00646

) = txy=1X(y|  €End(H)
Gl = vhy =K
momentum operators
PIO = [X%0],
00 = PIP,0

expectation values
(;| P2 |j(/) = 7vZJy.,x[Xaa 'l/)x,y] = i(X) - i(y)
GIPoPaly) = iy x[X2[Xa ey = Ex

Evy = (X(x) — X(y))? + 247

energy of string state = length 2+ zero point energy
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string states

general matrix elements

G1P*Pa

JX/;) = (XIXEXAX) YY) 4+ (XX (YIXEXAy) — 2(x| X3 X" (y' | Xaly)
(202 + X2 + 72 — 2%7)) (X|X') (' |y)
Exy (XIX")y'|y)

Q

Q

nearly diagonal

good localization properties in both position and momentum !! )
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string states

propagator

claim:

_ _ 1 _
M

is excellent approximation to the propagator
because:

@+ @A) = Gy ) et (@) )
& [ ax'ay' ) gz By + )X 0 01Y)

%)

completely regular since E,, > A2

X

%
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Trace formulas

trace formula for End(#H)

(dim#)?
Trendg)O = (VoMY / dxdy (5| O[})
MxM
proof:
rhs = unique functional on End(End(#)) invariant under G, x Gg
=Tr
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Trace formulas

example:
2
TI‘End('H)[Xa, [Xa, ]l = (VrQIT)Z f dXdX/tr(|X><X/|)(‘X/a7Xa|2+2A2)(‘X/><X‘)
S2x 82
- % [ dxdx/(|x'% — x32 +242)
) S2x 82
= % [ ax(lxi(e) - xA(x)2 +282)
52

221y
~ MU [ dx(les — X124+ O(F)
S2

= IN2(N—1)2(1+0(4))
using r2 = x3x, = (N —1)? and A% ~ §
good agreement with exact result:
N-1

Trena(3) [ X%, [Xa, ] = Zj(j+ )2/ +1) = %NZ(N2 —1).
j=0
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Trace formulas

more generally:

for any smooth function f

Treng()f(0) = (\,0'}'7; [ OX [ dy f(RZ|Xx — y|? +2A2)
= Vols2 132 dxf(rd|es — x|? + 2A2?)
W Jo dosindf(r3(1 — cos 0)? + sin® 0) + 2A2)
— N7 duf(2r3(1 — u) + 242)
~ oy di2ji(? +20%) & SN (2 + (i + 1) + 24%)
= T, f(Og +24%)
= Ty, f(Og)

= 27k

shift by 2A2 = N — 1 negligible for N > 1
UV dominates!
works because spec(01) = spec(Og) also in UV
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One-loop propagator

one-loop propagator for ¢* on S%

Sl6) = (300 + 126+ L6*) = Sof] + Sl

1-loop effective action (= Gaussian approx.)

Felo] = SI¢] + $Trenar log (S"[4])
(1, 8"6lw) = yer((0 + u2)w + §622 + Guigno)

expanded:
r17loop[¢)] = Trlog(.(O0+ /Lz). + %(bz + %¢¢)
Trlog(o + 42) + Tr(. (80P + %qb.qb)) + 0(¢%)
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One-loop propagator

assume ¢ = ¢(X) slowly varying, IR regime
= ¢yx = ¢(¥)Yyx in string basis
Tr(.¢2) = %M Idedytr(l/)yﬁxqbzwx,y)

= Vollzlj\/l) Jax (x|¢?|x) .
M
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One-loop propagator

assume ¢ = ¢(X) slowly varying, IR regime

= ¢y = ¢(¥)yx in string basis

Tr(02) = ot S Oxdy vy xdPi,y)
L
= VOIQIM) j\{ldx<X|¢>2|x).
Similarly, “planar” contribution
(o ¢?) = %M%dxdyu(wyﬁx(m+,L2)*1(¢2wx,y))
N2

%

1 2
Vol(M)2M[MdXdyr,%IX—y\2+2A2+p2 tr(Yy x"x,y)

_ N? 1 2
= VoI(M?) M.XfMdXdyW<X\¢ )

= Vom/t) J dx ?(x)
M
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One-loop propagator

1-loop “planar” mass renormalization

2 _ N2 d 1
KN VoI(7) é[;yr,fl\e—y\brﬁ?
N2 .ﬂ-d . 1
= = ¥ siny .
2ry jo (1—00519)2-&-sin'192+‘r‘72

N

= 2[1 o 2u+p

N

Z 2j+1

L f(j+1)+p?
j=0
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One-loop propagator

“nonplanar” contribution

Te((0+12)'66) = wtem fdedytr(wyxmw) (b))
= %@MIMMV XI(0 + 12) " 6lx) ([6y)

2

_ N g
- VoI(M)ZM;{MdXdy,—ﬂX Y\2+M2¢( )QS( )
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One-loop propagator

one-loop quantum effective action:

g 1 2 2, o(x)e(y) 4
Si-oon ~ S0+ § vt A{ o0 + ¢ o / oy e O
long-range non-locality ~ from UV sector (UV/IR mixing)

applies to any compact fuzzy space
check for S2,: agrees with traditional mode expansion

1 -
Stton = So+ [ 5 Ok~ 1-h(EN)® + o(1/N)

Chu Madore HS hep-th/0106205

where
|

1 £
[ et -n=3

—1

x|

less transparent, requires asymptotics of 6J symbols etc.

H. Steinacker String states, loops and effective actions in NC field theory and matrix models



One-loop propagator

Moyal-Wey! plane limit R2 R? =r?R = Mo

¢

N2 #(x)9(
Tnp =~ ev(ﬁ(/\/t)2 f dxdy‘ el g

X—y[2+p?
_ #(x)p(y)
- 67rg92 f dXd-y\X );/\2—&-;1
where VolM = 47TF1’2 = 7TN¢9
plane wave basis ¢(x) = [ SKg, (e + e~kx).

Tve =~ 535 [ Pko(k)? [ dPz el

2a

= GW%HZ fd2k¢(k)2 f d2 pp/Gl/+#2 e/k9 p/

replacing z' = 0/p;, and G/ = 67 i/ 5.,

.. familiar form in NCFT, IR divergence for k — 0 from UV loop,
UV/IR mixing
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One-loop propagator

significance of UV/IR mixing:

UV sector in loops = virtual long strings |x) (y|
lead to long-range non-locality in [ dxdy%
MM !

interpret NCFT as (non-critical) string theory!
open strings beginning and ending on D-branes

universal, same on any fuzzy space M, any dimension
accumulates at higher loops, inacceptable as fundamental theory
except in SUSY case: cancellations!
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One-loop propagator

higher loops

t'Hooft double line formalism, ribbon graphs

lines labeled by positions x, preserved by propagators (!!)
much simpler than in ordinary QFT, directly in position space !

H.S., arXiv:1606.00646
(to be developed)
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One-loop propagator

claim:
analogous (quasi-) coherent states exist on generic fuzzy spaces
(=quantized symplectic manifolds M C R")
L. Schneiderbauer HS arXiv:1601.08007; cf. Ishiki arXiv:1503.01230

defined as ground states of point branes on M
Ox® = > [X%[X%,]] =), (X3X% + dX4Xx? — 2X90X?)

0 --- 0
B Do (X = x2)29)
= 0 --- 0 a

(0] (X7 — x?)? 0

a

... shifted harmonic oscillator for |¢) on M

a
x2= <)(() )?a>, a=1,...,d

conjecture: formula / approx. for Trengy, holds quite generally
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IKKT model

maximally SUSY case: IKKT model

Ishibashi, Kawai, Kitazawa, Tsuchiya 1996
SIX, W] = = Tr (IX%, XNXY XY Tnaarmoyr + BralX?, V1)

X2 =Xa" € Mat(N,C), a=0,..,9 (N = c0)
gauge symmetry X2 — UX2U~', SO(9,1), SUSY

1) nonpert. def. of 1B string theory (on R'%)  (/KKT)
2) N =4 SUSY Yang-Mills gauge thy. on “noncommutative "R}
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IKKT model

maximally SUSY case: IKKT model

Ishibashi, Kawai, Kitazawa, Tsuchiya 1996
SIX, W] = = Tr (IX%, XNXY XY Tnaarmoyr + BralX?, V1)

X2 =Xa" € Mat(N,C), a=0,..,9 (N = c0)
gauge symmetry X2 — UX2U~', SO(9,1), SUSY

1) nonpert. def. of 1B string theory (on R'%)  (/KKT)
2) N =4 SUSY Yang-Mills gauge thy. on “noncommutative "R}

@ aim: evaluate & interpret 1-loop effective action
on background: R} and generic (curved) branes M C R
@ will see: non-local UV/IR mixing = IIB supergravity

(as predicted in string theory)
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IKKT model

background: generic fuzzy space
X2 ~ x2 - M — R10
fluctuation around background X% — X2 + A3(X9)

one-loop effective action = Gaussian approx. around background

Z[X] = / dAdWeSXHAY] _ gTulx]

Gauss

where
lear[X] = S[X] + Tioop[X]

expand bare action to O(A?):

S[X + Al = S[X]+ g% Tr(zAa(m + 12)Xa + Aa((O + p2)62 + 2i[©%, ] — [X3, [X?, .]])Ab]

with 9% = [X2, X?]
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IKKT model

one-loop effective action in IKKT model

MooplX] = ;Tr(log(m + 12— Mo, 1) — Llog(o — M [©%, ]) — 2log(r)
_ %Tr Zn>0n((‘:‘ 1( ( [@ab ]+,u ))n 1( o- 1M [eab7 ])n)
SUSY 1 _
= am(ieT e, ) — f(o M e, ) +o(o [eab,.D)
+312Tio ! + O(u)
= %Tr(qu[@a””,.‘.Dq[@a‘*b“,‘]]]])
(— 40b, 2y Ibpas Obyay Iy, — 49by ap b, Obsa5 Iga; — 49by a5 Obsa, O, Ot
+9b,a, 9bra, Ibya, Ibsa; + Iby a3 Ibgay Iboa, 9bsa, + Ibyay Ibya gb2339b332)
—%;LZTr(Dq)
where "
Yoo 1 ]
(My")g = i(056a0 — 050pa)
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IKKT model

use string states to evaluate this !!

S (107 SR S—pY}Y
07O, (W) ~ ey 00%(x.Y)X)Y]

on slowly-varying background, where
30%(x,y) = ©0%(x) — ©%(y)
evaluate trace as

1 (dim )2 50%1°1 (x,y)50%25%2 (x,y) 50353 (x,y)§©% (x,y)
r]loop;4[X] ~ 4 (VoIM)2 MfM Q)(Qy (Ix—y[?+2n2)*
X

3( - 4gb1 anggasgb;a&gb431 + gb1 angga1 gb3a4gb4a3)

= % J dXdYP(X)P(Y)%

i 2
rlloop;uz[x] ~ g / dXdyp(X)p(y)|X,yl‘lé+2A2
MxM

where
S4[60] = —4tr6©* + (tro©?)?
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induced IIB supergravity

induced |IB supergravity

physics of effective action:

@ conjecture (IKKT): gives IIB supergravity on R'°
(relation with string theory !)
@ in particular:
”D-branes” = (soliton) solutions of 1IB sugra
(open) strings end on D-branes, lead to NC gauge theory

@ direct verification (starting from M.M.) so far only for special
geometries:

e interaction between flat oo branes
e long-distance interaction between "D-blobs*
o ...

IKKT, Kabat-Taylor, van Raamsdonk, Chepelev-Tseytlin, ...
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induced IIB supergravity

rewrite as
Mol X] ~ % [ axdyp(x)o(y) (2854(00x)) Dx —y)
+16(0%(x)04r(x)OP(x) + 62(x)0% (x)O¢r(x) DL, (X, ¥) ©%(y)
—8Ta(x)DLp) (X, ¥) T(y)
+407(x)0% (X)DYS) ion(X,¥) €7 (1)09(y) ).

Here

Déi)cd( X,¥) = (GacObd + 9adGbc — §Yabded) D(X — )
.. graviton propagator in 10D
(9acGbaegth + GacGbnJed Tty — GacGbgJeddm) D(X — ¥)
.. prop. for rank 4 AS tensor

AS
;bef);cdgh(x'/ ,V)

s
Dé?; c)d(x ¥) = (GacGbd — 9adTGbc) D(x — ¥)
.. prop. for rank 2 AS tensor
_ 3 1 3 1
Dx—y) = 215 (Ix—y21A2)F ™ 275 [x—y[8
.. 10D propagator
T3 — ©%9% . "closed string” 10D e-m tensor

.. consistent with interpretation in terms of |1IB sugra
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induced IIB supergravity

similarly for fields on fuzzy branes:

ol =0l 4+ 77
expand lMigop:4[X] in F
leading interaction between separated blobs F(x) = Fa(x) + Fs(x):

vl Fa Fel~ 7 [ axayp(x)o(y) (~8TR(0Diel(x. 1) TE (1))
MxM

gravitational interaction of gauge fields etc.

however, is not physical gravity, decays like r—8, short range!

way out:
@ compactify extra dimensions — “orthodox string theory”

@ conjecture: 4D gravity emerges on suitable 4-dim. NC branes
works indeed e.g. on fuzzy Sy, ! H.S., arXiv:1606.00769
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induced IIB supergravity

summary & outlook

@ coherent states |x), “string states” |x)(y| useful on fuzzy spaces

@ greatly simplify loop computations on NC spaces, position space

works for generic (curved) geometries
@ explains UV/IR mixing < long-range non-locality

@ supersymm. IKKT model — mild non-locality, 1I1B supergravity

candidate for theory of fundamental interactions including gravity
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