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fermions: index, (would-be) zero modes, chirality




Background: extra dimensions, Kaluza-Klein, etc.

e start with higher-dimensional theory on M* x K, (K ... “small”)
internal excitations (“KK-modes”) on K not visible for energies E < %

= effective 4-D theory on M* at low energies

e GUT models from compactified higher dim’s (Cremmer-Scherk '77)

Higgs from gauge field in extra dimensions

Problems:

e higher-dimensional (gauge) theories are typically non-renormalizable

e what determines or stabilizes extra dimensions?



recent developments

e Connes-Lott: “minimal” NC internal space Z, (“2 points”)
e use of matrices to describe internal spaces (Madore, Dubois-Violette, ...)

e “deconstructing dimensions:” (Arkani-Hamed, Cohen, Georgi)

4-dimensional gauge theory dynamically develops extra dimensions

e “coset space dimensional reduction” on fuzzy sphere

(Aschieri, Madore, Manousselis, Zoupanos)

Nnew: Quantization = extra term in action,

mechanism for selecting & stabilizing unique vacuum (with flux)



The model I

SU(N) gauge theory on 4-dimensional Minkowski space M*

Action:

Syar = [ d'yTr (i Bl Fu + (Du6a) Dyt ) = V(9)

where A, ... su(N)-valued gauge fields, D,, =9, + [4,,.], and

3 antihermitian scalars in the adjoint of SU(N') with global SO(3)
symmetry

¢a :_¢27 CL:1,2,3

ba  — UlaU, U=U(y) € SUWN)

V() ... most general renormalizable potential respecting the symmetries

V(§b> =1r (91%%%% + 92§ba§bb¢a¢b — 935abc§ba¢b§bc + 94%%)
+ 25 Tr(0aPa)Tr(Dppn) + GTT(0ads)Tr(Patds) + gr.
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Main features:

e 4D renormalizable gauge theory on M?

dynamically develops extra-dimension: M* x S%

e dynamical choice of unique vacuum geometry, symmetry breaking,
SU(ny) x SU(ny) x U(1) arises naturally

e magnetic fluxes on internal space

= (would-be) zero modes, massless fermions

... within framework of renormalizable 4-D gauge theory



potential can be rewritten as

V(¢) =1r (a2(¢a¢a + Z; 1>2 + C+ g% F;LbFab) =+ ./%‘ JabYab

for suitable constants a, b, ¢, d, g, h, where

Fab — [¢a7 ¢b] — 8a,bcgbc

~

b =b+ % TT(¢CL¢&)7
Jab — Tr(qbaqbb)
R = 292

g3

= action for Yang-Mills on a fuzzy sphere!

SSB, vacuum = minium of V (¢), Higgs effect
(¢p,) depends on parameters of the potential

(¢o) forms fuzzy sphere, fluctuations = gauge fields on 5%
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Type I vacuum and emergence of fuzzy sphere'

assume for simplicity d = h = 0.

V(g)="Tr <a2(¢aq§a +h1)? 4 o Fijab> >

32
= global minimum V' (¢) = 0 achieved if

Fab — [¢a; ¢b] - 5abc(bc — 07 _¢a§ba — Ba
= ¢, representation of SU(2) with Casimir b = C»(N) for some N € N

b = XNV @1, “type I vacuum”

xM generator of the N-dimensional irrep of SU(2),

defines fuzzy sphere S&:
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include fluctuations: hq = XM @1, + A,
Ao = (Aa)Nsnv =X, Aaa(y, ) Aa ... u(n)-valued functions on M* x S3;

Fab — [Qba, be] — 5abc¢c
= —iJ, Ap + iJpAq + [Aa, Ap] — €apeAe ... Field strength on S%

fluctuations A, provide components of higher-dimensional gauge field
Ay = (A, Ay) = A (y,z) on M* x S}

gauge transformations
Pa  — U ¢aU, UeUWN)

A, — U 'AU-U'o.U,
A, — U AU —iU Y JI,U,

... local U(n) gauge transformations on M* x S%.

Sym = fd4y Tr (ﬁ FIIVFMV + (Duqba)TDuﬁba - g% Fleab — a2(¢a¢a + B)2>

.. action for U(n) YM theory on M* x S%
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Vacuum: generic case'

in general, b # C2(N)or N # Nn = vacuum not obvious;

e.0.m." (fc;; =0
5 ~ d ~ 1
a“{¢a, ¢ P+ b+ N Tr(¢-¢+0b)}+ 72 (2[Fab, ®b] + FocEabe) = 0
solutions:

gba = dz’ag (Cn XC(LNl) ® 1”17 ceey O XC(LNk) ® 1nk>

for decomposition of N’ = n1 N1 + ... + nix N into irreps of SU(2), multiplicities n,,

i 1 N s
ai=1—”]% +0(=;)  wherem =N; - N, b= (N —1)

Assume that vacuum is of this form; determine the one with minimal energy
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for m; < N, each block contributes

1 ~ 1
Fop ~ 577% Eabedle, (PaPa +b>2 = O(—==)

N2

therefore

- 1 1 N
V(¢) — TT (a2(¢a¢a —|— b1)2 —|— §_2 ch,_bFab> ~ 2.&2 ? an m??

with constraint ) n; m; = const

discrete minimization problem; minimum of action achieved for

either

one block of size NV (type I vacuum),

or

2 different blocks with sizes Ny = No +£1  (type Il vacuum, generic)
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type I vacuum: I

b.=aXM®1, .. type I vacuum

unbroken gauge group U(n)
interpretation: U(n) Yang-Mills theory on M* x S%

only possible for N' = nN
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type II vacuum: I
(generic case)

a1 XV @1, 0
Do = N : ... type II vacuum
0 a2 X(g 2) X 1n2

where Ny = N1 + 1 and A = Nin; + Nans (always possible) determined by b, etc.
interpretation: SU(n;) x SU(n2) x U(1) Yang-Mills theory on M* x S%

with monopole flux:

1, 0 0 0
bo = a1 XM ® 1 + (k=1)
0 1n, 0 A%V g1,

cf. GUT model SU(5) — SU(3) x SU(2) x U(1),
cf. Cremmer-Scherk 1977 : flux stabilizes vacuum

monopole on S%; is important for low-energy fermions (zero modes!)
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Kaluza-Klein modes and symmetry breaking I

1) type I vacuum ¢, = a XM @1,

unbroken low-energy gauge group (Higgs effect):
K := commutant of ¢, = SU(n)

KK expansion of gauge fields:

decompose 4-dimensional su(N)-valued gauge fields A, (y) into harmonics on S&
using
u(N) = u(N) ® u(n) = (&Y™ (2)) @ u(n)

i.e.

Auy) =220, Y™ (@) @ Apim(y) = Au(x,y) ... u(n)-valued functions on M* x S%

A, im(y) ... KK modes , u(n)-valued gauge/vector fields on M*
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Masses of the KK modes:  from Higgs effect!
/TT(DMQba)TDM(ba — /TT(au(blap,(ba + 2(8/J¢L>[AM7 ¢a] + [A/M (ba]T[AIM Qba])
(term (0,¢!)[A,, ] does not contribute)

= set gu(y) = (¢a(y)) = aXs™ @ Ly,
note: i[X,,A,] = J,A, ... action of SU(2)

= Tr[Xa., A" [Xa, Ay =TrA,(JuJ.)A, = Casimir on KK modes A, ;,,
[ 1r(Du6) Dt = [ Tr@,010,0 + #3207 1) A ) A ) + S
= expected tower of massive KK modes A, ;,,(y), mass

mi = =11 +1)
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Results for KK reduction of type I vacuum:

e single massless 4D su(n) gauge field A, 00(y),

tower of massive 4D u(n) vector fields A,, 1, (y), ([ > 0)

e low-energy effective action

1
SrEa = / d*y i Try, Fl, Fy,

where F),, ... field strength of massless su(n) gauge field

e radius of the internal S%:

1
g2 =~ - R

S

e no massless 4D fields from KK modes of scalar fields
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a1 XC(LNl) 03¢ ]-n1 0

2) type I vacuum ¢, = N
0 a2 XC(L 2) X 1n2

KK expansion of A, gauge fields:

Ylm(Nl)Al Ylm(-l-) A-l—
Ap = Z Im(—) f,lm(y) Im(N2) /;’lm(y) = Au(=,y)
Yo Au,lm<y) y e Au,lm(y)

l,m

2 2
as' g
R2

masses of diagonal KK modes mj; = (I + 1), similar for off-diagonal modes

e massless 4D su(n1), su(nz) gauge fields A,i’,%o (y)
massless 4D u(1) gauge field
low-energy gauge group SU(n1) x SU(n2) x U(1).
cf. SU(5) — SU(3) x SU(2) x U(1) GUT model

massive (“ultraheavy”) gauge fields in the bifundamental

e tower of massive 4D vector fields Aﬁ;{ ()

interpretation: gauge theory on M* x S2,

with magnetic flux k = |[N; — N2| on S?
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Remarks on quantization and renormalization:

e model is renormalizable, even though behaves as gauge theory on M* x S%

e running of parameters a, b, g, ... under RG group

= different vacua (geometry, gauge groups) at different energy scales !
e radius of fuzzy sphere only logarithmically running

e large N gauge theory !
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Adding Fermions I

e Start from 4D: add fermions ;. to 4D gauge theory, (2) of SU(2),

consider most general renormalizable action respecting symmetries

e fermions in adjoint of SU(N)

(since: kinetic term on S% can arise only through [¢q, i o))

Minimal case: doublet of chiral 4-dimensional Weyl spinors
V1,0(y)
V(y) =
V2,0 (Y)

Sk = /d4y Tr Uin" (8, + g[Ap, DV = /d4y Tr ($31,0)"4(@") 7 (8 + g[Au, D)tis

mass term

Kinetic term

S, = /d4y Triac®®e?mip; 3 +he. =0
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only possible (renormalizable) Yukawa interaction

Sy = [dTriac®?c(c4)’" o br,s + h.c.
~  [dyTriac*’ex(Yp); + hc.

where
X(¥) = ~ oufida, ¥}

... fuzzy chirality operator

no 6D behavior obtained
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emergence of 6D: doubling the fermions'

to obtain 6D behavior: need 4 Weyl fermions

sz’,l;a pz',oé

w’i,Q;Oé /r]i,a
transforming under SU (2) x SU(2)r.

can be interpreted as 6D Dirac fermion on M* x S%;.

6D Clifford algebra:
I =TT = (1@~ 0% Qivs) acting on C* @ C*

Consider most general renormalizable action respecting SU(2)r (for simplicity)
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Mass term:

Sy = /d4y Trmips r.ac™e?e ™, s 5 + h.c.

Kinetic term

Sk = /d4yT7°\I!Ti7“(8p, + g[AL, )P

Yukawa coupling

Sy [d*y Trairac®e?e™ivs(D2) — 1)r,s,5 + h.c.
DY = iog [qﬁgN), U+ v ... Dirac operator on S%

combined action

Dy + Dy = Sgp = /d4yT7“$D (i7" (O + g[Apu, .]) + aivs D2y +m + iysm) Up

.. interpreted as Dirac fermion on M* x S%
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Effective 4D action and KK tower of fermions. I

Consider eigenstates of Dirac operator on S%,

Doytsmy = Enzxti ),

Ve € 2)@N)aN)=2)(1)eB)d...4 (2N —1))
(2)®4)®...d(2N)) @ ( (2)®...® (2N —-2))
( Yrm O Y

Weyl fermions naturally pair up into 4D Dirac fermions,

P+,(n),a
\Iji,D,(n) — . —G

v 77:|:,(n)

provides KK tower of massive Dirac fermions with masses

1
m+ D n = |En,:|: + m| ~ 577/ # 0

since E, + #0on S?: no massless fermions in type I vacuum.
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Fermions in type II VacuumI

decompose the spinors according to block structure

\Ijll \Ij12
\Ij21 \1122

U =

diagonal blocks W', ¥*?: same as before, massive

off-diagonal blocks ¥'*, ¥*' in (n1) ® (m2), feel magnetic monopole k # 0

— chiral (would-be) zero modes (index theorem):
Ui e (2@ MN)@(N2) =(2)@((1+|N2 = N[) & B+ [N2— Ni|) ® ...
— ((]NQ —Ni|+2)B... 5 (N1 + NQ)) D <(|N2 — Ni|)® ... (N1 + N2 — 2))
= (V0 © T8 )

zero modes: V) = (|[N2 — N1|) = (k) are chiral on Sy

X(‘I’%g)) ~ —1, X(q’%é)) ~1, Dy = Eoo) =0

24



Results for type II vacuum:

e 2 sets of 4D “special” fermions
Uig) € (n1) x (m2),

o1 B of SU(n1) x SU(n2), opposite 4D chirality
\IJ(O) - (ng) X (?7,1)
“would-be zero modes”; “mirror fermions”

: —12 . o
e However, can acquire a mass term [ 7V ) ¥{, induced by renormalization

(because 6D theory is non-chiral)

e KK tower of massive states as expected.
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6D chiral case.

Assume chiral 6D model: impose something like

'V = ~yxy¥ =V
1 0 Xp12 ,012
YsxV = - —12
0 —1 n

_Xn12
12 12 — .
= only p*,n " € (n1) x (n2) survive
no way to write down any mass term

= exactly massless chiral 4D fermions, “zero modes” (cp. left-handed quarks)

not clear how to impose 6D chirality constraint on the quantum level
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Chirality on the quantum levell

Problem: cannot impose I' = 5y = 1 since x° # 1, field-dependent

better alternative: note 1 N2

@2 — a “ — 2 ~nN — ]_
(6a0” + 5)7 ~ 5
= can use modified chirality operator
. o 2

most natural for constraint
a N
% = (¢pa0® + ¢0)° = e 1
e gives good definition for YM on S%! (Steinacker, Szabo hep-th/0701041)

e suggests SUSY, SU(2N) structure: V¥ = (¢; ) = o0
(Andrews, Dorey hep-th/0601098)

e how to impose it on QFT? might add M7Tr(®* — NTQ)2, M — oo

nevertheless: 6D chirality constraint not clear
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Fluxons I

solution X, = c,, > ci = R? ... localized flux tube on S%

Consider type II vacuum with one fluxon:

o1 XV @1, 0 0
GPa = 0 Q2 XC(LN2) ®1e Dy
0 —D} Ca

assume furthermore a nontrivial D, ("“electroweak” Higgs”)
leads to further breaking SU(3) x SU(2) x U(1) x U(1) — SU(3) x U(1) x U(1)

expect zero modes

0 Y32 P31
Yeff = Y23 0 Y2
Y13 P12 0O

Y31 ~ right-handed quarks, 2 ~ left-handed leptons
Y32 =~ left-handed quarks (not quite)
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Summary and outlook:

e simple 4D gauge theory dynamically develops fuzzy extra dimensions,
behaves like 6D gauge theory on M* x S%

confirmed by full KK analysis

e is renormalizable large N gauge theory, no particular fine-tuning ...

naturally leads to SU(n1) x SU(n2) x U(1)

e can study ideas of compactification within renormalizable framework

magnetic fluxes arise automatically, leads to (“would-be” ?) zero modes
e chirality on quantum level unclear

e running of parameters a, 5, g, ... under RG group

= different vacua (geometry, gauge group) at different energy scales

e many possible generalizations (other fuzzy spaces, etc.)
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Monopoles from matrices

consider U(1) YM on S% with vacuum ¢, = X

different solution of e.o.m:

~

(m) — o x™M = xM 4 4™ pm=N-N

corresponds to classical gauge field AV = T Jrlxg (ydx — xdy)

(except at the south pole, Dirac string)

...magnetic monopole, monopole charge m.
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