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Introduction

Geometry and physics without space-time continuum

aim:  (toy-?) model for

@ quantum theory of all fund. interactions (gravity!)
@ pre-geometric

— geometry, gravity “emerge” at low energies
@ quantum structure of space-time at Lp
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Introduction

Geometry and physics without space-time continuum

aim:  (toy-?) model for

@ quantum theory of all fund. interactions (gravity!)
@ pre-geometric

— geometry, gravity “emerge” at low energies
@ quantum structure of space-time at Lp

candidates:
@ string theory:
e vast landscape of possible vacua... (?7?)

@ here: Matrix Models

o related to string theory, more predictive
e dynamical NC space-time, matrix geometry
@ accessible, novel tools!
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Introduction

Quantized phase space in quantum mechanics

classical mechanics quantum mechanics
phase space R? “gquantized phase space” R2
functions f(q,p) € A, observables f(Q, P) € A

A = C(R?)...commutative algebra Ay, = L(H)...noncommutative algebr:

(Heisenberg algebra)

Poisson bracket {q,p} =1 [Q,P] =in1l

minimal area = 2xh

quantization map: 9: A - A
Q

o() Q(g) = Qlfg) + O(h)
(7). Q(g)] = Qi{f.g}) + 0
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Introduction

Quantization of Poisson (symplectic) manifolds

(M, {.,.}) ... 2n-dimensional manifold with Poisson structure
{f.9; = 10"(x)9.f .9
quantization map:
Q: C(M) — LMH)

such that
Q(f) Q(g9) = Qfg) +O(0)
[Q(f), Q(g)] = Q(i{f.g}) + O(¢?)
(“nice”) ¢ € L(H) = Mat(co,C) <« quantized function on M )
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Introduction

Quantization of Poisson (symplectic) manifolds

(M, {.,.}) ... 2n-dimensional manifold with Poisson structure
{f.9; = 10"(x)9.f .9
quantization map:
Q: C(M) — LMH)

such that
Q(f) Q(g9) = Qfg) +O(0)
[Q(f), Q(g)] = Q(i{f.g}) + O(¢?)
(“nice”) ¢ € L(H) = Mat(co,C) <« quantized function on M )

here: assume M compact (torus, sphere, ...)

— Hilbert space H = CV finite-dimensional, Ay = Mat(N, C)
(2rh)Tr Q(¢) ~ [, d?x ¢(x)  (Bohr-Sommerfeld)
27N =27Tr1 ~ fM w = Vol(M)

w ... sympletic (volume) form on M
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Introduction

NC (matrix) geometry:

same math as Q.M.,

Poisson (sympletic) manifold M interpreted as physical space(-time)
quantized space(-time) My <« NC algebra of functions 4, J

beyond Q.M:

need metric structure, dynamical (from M.M.!)
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Introduction

math background, NC geometry:

Gelfand-Naimark theorem:

commutative C* - algebra A with 1 is isomorphic to C* - algebra
of (continuous) functions on compact Haussdorf-space M.

NC geometry: A = NC (operator-) algebra
= “functions on quantum space”
+ additional structure (metric, ...)
many possibilities (A. Connes; matrix models; ...)
guideline:

physically relevant models of QFT, gauge theory

here

— matrix-models
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Introduction

Example: the fuzzy torus T3

The embedded 2D torus

x?:T?—RY, a=1,234
via .
x'+ix2 = e,
+ixt = e
so that x? = x3(¢, ) ... functions on T2,
K232 =1, ()P +(x)E=1
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Introduction

Example: the fuzzy torus T3

The embedded 2D torus

x2: T2 — R4, a=1,2,3,4
via
x'+ix2 = e,
+ixt = e
so that x? = x3(¢, ) ... functions on T2,
()(1)2_’_()(2)2:17 (X3)2+(X4)2:1
U x U(l)gsymmetry p > o+a, ¢ —1v+p
invariant Poisson structure
{p,0} =0, < {€% eV} =-0eve"
symplectic form w = 0~ "dyp A dy

H. Steinacker From Matrices to Quantum Geometry



Introduction

The fuzzy torus T5:  unitary matrices
1

01 0 .. 0 prid
00 1 .. 0 e'n
2R .
U= , V= satisfy
0 w01 -
10 .. 0 N

eZTriT
uv = qVU, UN = VN =1, q=e*
generate A = Mat(N, C) ... quantiz. algebra of functions on T3
Zn x Zy action:

Inx A — A similar other Zy
(WK ¢) = UkpU*

A= @#;71:0 u"v™ ... harmonics
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quantization map:

Q: C(T? — A = Mat(N,C)

nogims o, | UV |nlm| < N/2
0, otherwise

satisfies

Q(fg) NQ(9) + Oy):
Qi{f.g}) = [Q(f),2(9)] + O(ze)

in particular

[U,V] = (q— 1)UV ~ @Uv

— Poisson structure {e'¢, ¥} = 27 've/¥ on T2
{(pa 1/)} - 27F =

T2 ... quantization of (T2, Nw) J

i = = = =
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Introduction

need something like a metric on T3
several possibilities:
@ metric encoded in Laplacian Ag¢ = \/‘ﬁaﬂ(\/|g|gﬂ”a,¢)

— define Laplace operator (or Dirac operator ... (Connes)) on A4,
can recover (almost ...) metric g,,,, from spectrum of Ag
(“can you hear the shape of a drum”?)

@ induced by embedding (— matrix models!)

X3~ x3: MR

more transparent, work with Poisson manifolds (M, 6", g,..,)
@ differential calculus (Madore), ...
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Introduction

metric on T3:  encoded in embedding X@ = Q(x?): T2 — R*

U = X'+iX? =9(x"+ ix?) = Q(e%),
V = X3+iX* =9(x®+ix*) = Q(e")
... quantization of embedding maps

Laplace operator:

A(b = [Xa7 [Xb7 ¢]]6ab
= [U,[U" ]l +[V.[VT.¢]] = 2¢ — UpUT — UToU — (%V)
AUV~ ([n]§+ [m]g) urvm ~ (n? +m?)uynvm
where 12 12
q"c—q" sin(nm/N) . ,
[nlq = g2 _q 172 = sin(ﬂT-r/N) ~n (“g-number”)
specA ~ specArz below cutoff = geometry = flat torus
UV cutoff |n| < N/2 J

- = = = -
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Introduction

The fuzzy sphere

classical S? : X3 - §2

L

3
N } = A=C(S?)

fuzzy sphere S%, : (Hoppe, Madore)

let X2 € Mat(N, C) ... 3 hermitian matrices

[X3, XP] = —L_gabe xc CNZ%(N2—1)
c
Xaxa = {,/TV
realized as X2 = ﬁJa ... N—dimirrep of su(2) on CV,
N

generate A = Mat(N, C) ... alg. of functions on S3
SO(3) action:

su2) x A — A
(J%0) = [X49]
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decompose A = Mat(N, C) into irreps of SO(3):
A=Mat(N,CO) = (N)@(N) = (1) @3) @..@(2N-1)
(YWe{(Vi}e..e {YA ')

.. fuzzy spherical harmonics (polynomials in X4); UV cutoff !
quantization map:
A

Q. (82 —
l<N
I>N

>
o§‘<\ Il
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decompose A = Mat(N, C) into irreps of SO(3):

A=Ma(N.C)= (N)e(N) = (1) ®(3) @..o(2N-1)
(Yre{Yile..e {Ya '}
... fuzzy spherical harmonics (polynomials in X4); UV cutoff |

quantization map:

Q: (C(8%») — A = Ma(N,C)
] S\//n, I <N
Ym = { 0, I>N

satisfies
Q(fg) = Q(f)e(9) +0O
Q(i{f.g}) = [Q(f),Q9)] +

SO(3)-inv. Poisson structure {x2, x*}

Il
<N
M
©
jS3
S
>
)
o
=)
V)]
o
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decompose A = Mat(N, C) into irreps of SO(3):

A=Ma(N.C)= (N)e(N) = (1) ®(3) @..o(2N-1)
(Yre{Yile..e {Ya '}
... fuzzy spherical harmonics (polynomials in X4); UV cutoff |

quantization map:

Q: (C(8%») — A = Ma(N,C)
Y, I<N
! m»
Ym = { 0, I>N
satisfies
Qfg) = Q(fQ(9) +O0(3):
Qi{f,g}) = [Q(),Q(9)] + O(x)
SO(3)-inv. Poisson structure {x3, x?} = £ 3¢ x¢ on S?
S?, ... quantization of (S?, Nw) |
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Introduction

metric structure of fuzzy sphere

metric encoded in NC Laplace operator

A: A— A, Ag = [X?, [Xb7 ?10ab

= AV, =L+ 1)V

spectrum identical with classical case Ag¢ = \/\? (V191977 0, 0)

= effective metric of A = round metric on S? )

H. Steinacker From Matrices to Quantum Geometry



Matrix geometry

geometry from matrices:

given a suitable set of matrices X2 € Mat(co,C) = L(H)

algebra A = (f(X?)) C Mat(oo,C)

defines ) )
quantized embedding X2 ~ x2: M — R0

Lemma: )
Af(X) = [Xg, [XE, f(X)]] ~ —e7 Agf(x)
... Matrix Laplace- operator, effective metric (H.S. Nucl.Phys. B810 (2009) )

G'(x) = e 70" (x)0"" (x) gu.(x) effective metric (cf. open string m.)
9u(X) = 0,x20,xPna induced metric on M$ (cf. closed string m.)

—20 |9;,1|
e = o]

H. Steinacker From Matrices to Quantum Geometry



Matrix geometry

classical geometry <«

NC geometry

Poisson-manifolds (M, {, })
C®(M) = {f: M - C}
{xt, xv} =om

additional geom. structures
diff. calculus, metric ...
embedded manifolds x@ : M — RP

NC space (A, H)

NC algebra A, rep. onH
z.B. [X¥*, X¥] = io"1

NC diff. calculus  (A. Connes)
Dirac operator [ , Laplacian A,
matrices X4, a=1,...,.D

field theory: e.g. Agp = Ao
¢ €C*(M)

NC field theory: A¢ = Ao,
pe A

QFT
[ dpeS@)
(M)

NC QFT
[ dee=S)
A

H. Steinacker From Matrices to Quantum Geometry



Matrix geometry

classical geometry <«

NC geometry

Poisson-manifolds (M, {, })
C®(M) = {f: M - C}
{xt, xv} =om

additional geom. structures
diff. calculus, metric ...
embedded manifolds x@ : M — RP

NC space (A, H)

NC algebra A, rep. onH
z.B. [X¥*, X¥] = io"1

NC diff. calculus  (A. Connes)
Dirac operator [ , Laplacian A,
matrices X4, a=1,...,.D

field theory: e.g. Agp = Ao
¢ €C*(M)

NC field theory: A¢ = Ao,
pe A

QFT
[ dpeS@)
(M)

NC QFT
[ dee=S)
A

quantum gravity: e.g. (?)

f dg'ul/ e Senld]

geometries

matrix models
NC embedded manif.
f aX e—SwlX]

matrices

M C RP,
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Matrix models & branes

IKKT (l1B) matrix model

Ishibashi, Kawai, Kitazawa, Tsuchiya 1996
SIX] = —Tr (IX% XEIXT . X2 Tnaarmer + UralX, W)

X2a=Xa" € Mat(N,C), a=0,..,9

N —

gauge symmetry X2 — UX3U~', SO(9,1), SUSY

1) nonpert. def. of IIB string theory (on R'%)  (/KKT)
2) N' =4 SUSY Yang-Mills gauge thy. on “noncommutative "R}

dynamical NC branes M c R'° (— 4D gravity ?  H.S. 2007 ff)
— brane-world scenarios J
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Matrix models & branes

Space-time from matrix models:

eom.. 6S=0 = [X2[X¥ Xna =0

solutions:
@ [X2 XP| = ip21, “quantum plane” R}
@ [X2 XP] ~ i{x3 xb} = i9%(x), generic quantum space
— space-time as 0

3+1-dim. brane solution

Xa~x3: M* s RO

@ intersecting branes, stacks
(as in string theory)

@ compact extra dim M* x T2 etc. ~
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Matrix models & branes

basic solution of [Xj, [X2, X?]] = 0: Xa=c

[Xr, X"l = ifmA, v =0,..73

... Heisenberg algebra A = Mat(oco, C) = functions on (Rj, 0
X" € Mat(oo,C) ... coordinate functions on quantum plane R}
AXEAXY > |grv|

quantization map (Weyl):

Q: C(RY) — A
f(x) = [ d*kf(k)ek" s [ d*kF(k)e"X" = F(X)

derivatives:

(X", F(X)] =: 0", F
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gauge theory

tangential deformations: gauge fields

X3 = X4 A3 = (X“> n (A"()_(“)>

0 0

S = Tr([X3 X®][Xa, Xp]) is gauge-invariant: X2 — U~'X2U

—s fluctuations X* = X* + 6"¥A, transform as
A, — UTAU+iUT'0,U  gauge fields!

(Xt XYl = 0" + 000" (9, A, — Dy A + [Au, Al)
io* + igr 9w F.,  field strength

= eff. action | S = const + [ d*xV/Ge” G G F,, Fyi.»

tangential perturbations — gauge fields on R%, eff. metric G** J

—_—— = = =
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gauge theory

similarly: transversal deformations — scalar fields
a__ ya a __ )_(# _0_
Xi=X2+A _<0 + (X"

transversal fluctuations — scalar fields on R4, eff. metric G*¥ J
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gauge theory

nonabelian gauge theory: stack of coincident branes

tangential fluctuation — su(n) gauge fields  background

L (YN[ Xee, g s s
Yé = ( yi ) ( ¢i®1’7 ) é\\: p

include fluctuations:

/

. X" © 1,
4 (1+Apap)< @1, o

= effective action:

Syw = [d*xVGe  tr(F,F)g+2 [n(x)trFAF

(H.S., JHEP 0712:049 (2007), JHEP 0902:044,(2009) )

IKKT model on stack of branes — SU(n) N =4 SYM coupled to
metric G*”(x) J

== =
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gauge theory

main results:

@ universal effective metric G%(x) on such branes, dynamical

— SU(n) NC Yang-Mills gauge theory coupled to G%(x

@ Poisson structure ¥ invisible (U(1) is sterile)
prospects:

@ intersecting branes — chiral fermions
A. Chatzistavrakidis, H.S., G. Zoupanos (2011)
all ingredients for physics (— brane-world picture)

@ well suited for quantization, predictive
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Quantization

Quantization

Z= / axadw e SIXI1-SlV]

2 interpretations:
@ onR}: NC gauge theory on R}, UV/IR mixing in U(1) sector

almost all models are sick (loops probe UV, too “wild”)
except IKKT model: A =4 SYM, perturb. finite !(?)

Q on M* C R'":  U(1) absorbed in 647 (x), G*(x)
— induced E-H. action

Seff ~ /d4X |G| (A* + cN; R[G] + ...)

@ IKKT — good quantization for theory with gravity! (SUSY)
@ 4 noncompact dimensions preferred (higher dim unstable)
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can be put on computer (Monte Carlo; Lorentzian) !
can measure effective dimensions Kim, Nishimura, Tsuchiya PRL 108 (2012)
result:

3 out of 9 spatial directions expand, 3+1 dims at late times
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towards physics

towards (emergent) gravity

brane gravity (not bulk gravity); propagation on 4D brane
complicated dynamics, not well understood
Einstein equations not established

several mechanisms:

@ tang. modes — NC U(1) gauge fields 0*F,, =0 = ¢éR,, =0
Ricci-flat vacuum perturbations (around R*) V.Rivelles (2003)

@ similar for fluctuations of M* x I c R0
A.Polychronakos, H.S., J.Zahn (2013)

@ T, induces perturbation of R,,,, in presence of extrinsic
curvature

— (Newtonian) gravity (without E-H action !) H.S. (2009,2012)

@ quantum effects — induced gravity (?)
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towards physics

towards particle physics

intersecting brane solutions

chiral fermions at intersection = 4D space
X1y Yaz)
Vet X

stacks of intersecting branes  — close to standard model
A. Chatzistavrakidis, H.S., G. Zoupanos JHEP 1109 (2011)
u@3)

(cf. string theory)
clear-cut, predictive framework

Q

L
] uE@)

1-loop — intersecting branes can form
bound system! "> o)
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towards physics

Summary, conclusion

@ matrix geometry:
can describe space-time & geometry with (finite-dim.!) matrices

— quantum structure of space(time)

@ matrix-models Tr[X2, X2][X?, X®'| naznpey + fermions
dynamical NC branes, emergent gauge theory (& gravity ?!)
background independent, all ingredients for physics

@ not same as general relativity, but might be close enough (?)

@ suitable for quantizing gauge theory & geometry (gravity?)
(IKKT model, N'=4 SUSY in D = 4)
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towards physics
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towards physics

higher-order terms, curvature

Heb = 31X X X, XL
T i HE - pmH,  H = H®n = [XE, XX, Xl
AX = X, [Xo X]

result:

for 4-dim. M c RP with g,,, = G,..,.(Euclidean!):

Tr (2T®AXaAXp — TPAHgp) ~ 25 [d*Xy/G € R
Tr([[X3, X°], [Xe, XPT1[Xa, Xp] — 2AX2AX4)
~ oy JA*X\/G € (36776410°% Ry — 2R + 0408),0)

(Blaschke, H.S. arXiv:1003.4132 )J

(cf. Arnlind, Hoppe, Huisken arXiv:1001.2223)
=- Einstein-Hilbert- type action for gravity as matrix model
pre-geometric version of (quantum?) gravity, background indep-!
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