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Outline

SU(N) N =4 SYM with cubic (flux) terms

vacuum structure, Higgs effect & emergence of fuzzy sphere
emergence of squashed (fuzzy) coadjoint orbits of SU(3)
zero modes and chiral fermions

spinning squashed branes

would-be zero modes and heavy sector

stacks of branes
towards standard model ?
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Motivation

Motivation

@ guide towards fundamental physics: simplicity
established: relativity, electroweak unification, ...
speculative: GUT models, string theory on R* x K,...
@ both ideas realized within 4D Yang-Mills gauge theory:
dynamically develops extra dimensions R* x Ky
(Higgs mechanism!)

Madore, Myers, Arkani-Hamed etal, Aschieri-HS-Zoupanos, ...

@ aspects of string theory (Kaluza-Klein, intersecting branes ...)
realized in controlled 4-D framework

@ here: simplest of all 4D gauge theories: N' = 4 SYM
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Motivation

N = 4 SYM and squashed fuzzy branes

N = 4 SYM obtained by dimensional reduction from 10D SYM:
1 _
Siy = /d1°x trw( - 4g2 T e+ VA0 + [An )

Fag = 02AB — 0Aa + i[Aa, As], Majorana-Weyl fermion W
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Motivation

N = 4 SYM and squashed fuzzy branes

N = 4 SYM obtained by dimensional reduction from 10D SYM:
1 _
Siy = /d1°x trw( - 4g2 T e+ VA0 + [An )

Fag = 02AB — 0Aa + i[Aa, As], Majorana-Weyl fermion W
reduce to D = 4, separate Ay = (A,, ¢a)

Swet = [ dixglptr( = FrF, — 2D"0D,0, + [0, 00][0;, @)

+tr<w7“(i8# + AL DV + U0, w])
@ 6 scalar fields ¢4, a7 = {1,2,4,5,6,7}

@ D,¢% = (0, + 1[Au, 1)9°
@ (y#,13) =Tr* ... 10D Clifford generators, ¥ — 4 Weyl fermions

symmetries: global SO(6), SU(N) gauge symmetry, N' = 4 SUSY

simplest, most symmetric 4D gauge theory, UV finite
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N = 4 SYM beautiful but too "round” for physics
possibilities to obtain structure:

@ spontaneous symmetry breaking (SSB): still no "interesting®
(chiral) low-energy physics

@ consider rotating background H.S. arXiv:1411.3139

@ add soft susy breaking terms to potential
H.S., J. Zahn arXiv:1409.1440

scalar potential:

V[Qﬂ - 741?trN<[¢a’ ¢b][¢a7 (Db] +2ifab0¢a¢b¢c)

fape --- tot. antisymm., extra flux term added by hand
(soft SUSY breaking)
V[¢] bounded from below
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dimensionless fields ¢, = mY,

saddle points % = O:

3.
DYYa:Z/fabC[Yb, YC] y DY:[Yaa[Yaa']]

fluctuations around background solution Y,
yé — Va + (pa
expand potential up to quadratic terms in fluctuations:
-1 Sa b1 3.
VIY] = VIV 5T (a0 2l0a, w6l ([V2, YOI+ i Y°) + 2 +O(Y2))

(here f = i[Y?, p4] ... cf. gauge-fixing function)

eom for fluctuations p,:

(208 +21(1Y%, Y1+ Sitase¥®), .1~ [¥2,1¥?, 1] ) o = 0.
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warm-up: the fuzzy sphere solution Hoppe, Madore

fabe = €125 ... SU(2) structure constants
— fuzzy sphere solution S,
Yo=c)™, a=1,2,3 ..N—dim. generators of SU(2)
(note: Oy = ?[Ja, [Ua, .]] ... Casimir!)
flux term tr(f YYY) preserves SO(3)123 x SO(3)as6 C SO(6)r
S, breaks gauge inv. and global SO(3)123 spontaneously

SO(3)123 acts on fluctuations ¢,
su(2) x o — @
(ar9) = 15", 9]

expand ¢, into harmonics
pa € Mat(N.C) = (N)® (N) = (1) ©(3) @..a(2N-1)
(YQre{Yiye..o {Yi '}
... fuzzy spherical harmonics (=polynomials in Y3);

H. Steinacker (Spinning) squashed extra dimensions, chiral fermions & hierarchy in A = 4 SYM



observe:
decomposition of Mat(N, C) into harmonics is precisely
decomposition of Poly(S?) into spherical harmonics, up to cutoff

quantization map:

Q: C(8?) — Mat(N,C) = Funy(S?)

/ S\/,In, I <N
Ym = { 0, I>N

gives quantization of S? w.r.t. canonical symplectic form

in particular: Yj is quantization of embedding map

’Ya'\‘ya: 82(_>R3
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observe:
decomposition of Mat(N, C) into harmonics is precisely
decomposition of Poly(S?) into spherical harmonics, up to cutoff

quantization map:

Q: C(8?) — Mat(N,C) = Funy(S?)

/ S\/,In, I <N
Ym = {Q >N

gives quantization of S? w.r.t. canonical symplectic form

in particular: Yj is quantization of embedding map

’Ya'\‘ya: 82(_>R3

note
[Va, ¥b] = AN €abc Yo, g2
ityi+ys = 1. !
AN = ﬁ ~ 2 ... NC parameter, analog of 7
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back to N/ =4 SYM:

S2 - vacuum, SSB — Higgs effect — massive gauge bosons

Du Ya= (au + ’.[Auv '])Ya
decompose
Aux) =AM (x) Yy = Au(x.y)
I,m

kinetic term tr(DquaD”q&a) gives mass term,
/ tr(Dy¢a)' Dydpa = / tr(auﬁbgau(?a + Z m7 AL,(/m)AEL/m)) + Sint-
I,m
= tower of massive KK modes A, m)(x), mass mf, ~ I(/+1)
su(N) -valued fields — functions on R* x S%

— Yang-Mills on R* x S !

mechanism at classical level (weak coupling), not holographic
Andrews, Dorey hep-th/0505107,

Aschieri, Grammatikopoulos,HS,Zoupanos hep-th/0606021
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squashed fuzzy extra dimensions

squashed fuzzy extra dimensions

problem: above backgrounds don’t give chiral low-energy theory
(82 is not “space-filling” in transverse RR®)
3 higher-dim fuzzy spaces, require higher-dim embedding
solution: squashed embedding !!
projected 4- and 6-dimensional coadjoint orbits of SU(3)

squashed fuzzy C[u] solutions H.S., J. Zahn arXiv:1409.1440
add flux term tr(f3°Y, Y, Y,) with
et = —%cabc ... structure constants of su(3)

without Cartan generators
— solutions
YafT , a=1,2,4,56,7

.. generators of su(3) (without Cartan generators T3, Tg) onirrep H,,

flux term tr(f3°Y,Y, Y,), breaks SO(6) — U(1)s x U(1)g € SU(3)
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squashed fuzzy extra dimensions

commutation relations of su(3): ’ [Ta, Tp] = ifabcTC‘

Cartan generators Hz = T3, Hg = Tg commute [H;, Hg] = 0
ladder operators

YiE = N(Ty+iTs),

Yy =3(TeFiTy),

Y =1(Ti£iTy)

. H
corresponding to 3 roots o, a3, a3 :

AP —

-1

CL CR
satisfy Cr S
[Hs, Y] = +ai(Hp) Y+

and

[Yi+7yii] :Han i=1,23 “ r

Y] =Y

[Y1+= Yai] = *Yz

[Y2. Y51 =Y,

Vi Yzl =Y, Ygl1=[Y{,Y5]1=0
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squashed fuzzy extra dimensions

eom: Oy Ya = 3ifane[ Y, o] follows from
Oy Ya=8Y,, iCacb|Ya, Ye] = —4Yp

include fluctuations:
Oa = Ya+ Pa

fluctuation modes ¢, € End(H,,) governed by
3.
(098 + 201 ar Yol + o Ye)s 1 = [Yar [Yo, 1] ) 05 = 0.

background Y; = T;A) breaks gauge invariance,
— dim %2 — 1 trivial zero modes (gauge trafos),

eaten by massive gauge field modes A, (x): Higgs effect
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squashed fuzzy extra dimensions

massive gauge bosons & KK modes

kinetic term tr(D,, YzD" Y?) gives mass term,
/ tr(D,, Ya) D, Ya = / (0 Y30 Ya+ Y MR i AL anAlan) + Sint
AM

using D,,¢a = (0, + i[A,, .])¢a and decomposition

Aulx) =D AN )V

into eigenmodes of . .
Oy Yu = Mo Yu

= tower of massive KK modes A, (awm)(X), mass given by
Moy ~ (N p, A+ p) = (p, p) — (M, M)) >0

(no massless gauge modes)
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squashed fuzzy extra dimensions

internal geometry: squashed fuzzy coadjoint orbits
claim: Y, = T{" ... coadjoint SU(3) orbits projected along Cartans

Cly] —RE L Re

4- or 6-dimensional variety, self-intersecting embedding in R®
multiple covering at origin, spanning all 6 directions

H.S., J. Zahn arxiv:1409.1440
e.g:
3-dimensional section of squashed CP? through y» = y5 = y7 = 0:

Q@

triple self-intersection at origin
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fuzzy coadjoint orbits

fuzzy SU(3) branes

classical coadjoint orbits of SU(3)

Clul ={p=9 "H.g: g € SU@)} = SU3)/x C su(3) =R
C ... stabilizer group of H, € go C g = su(3) (1 € g5 -.. weight)
@ H,3EV — Clu] = SU(3)/uymyxu) - 6-dim.
@ H,2EV — C[u] = SU(B)/su@)xu@) = CP? ... 4-dim.

parametrize C[u]:

p=y®\s €Clul, a=1,..,8

y? o Clu] > R® = su(3)]
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fuzzy coadjoint orbits

quantized (fuzzy) coadjoint orbits:

C[u] is symplectic space (Kirillov-Kostant) — quantize it:
= NNy + no/y ... dominant integral weight
H,. ... corresp. highest weight irrep
fuzzy Cn[u]:
Ve =, (T%)
generate matrix algebra
An = End(H,,)

can show (in general):

decomposition into harmonics of SU(3) agrees with classical
harmonic analysis,

Pol(Clu]) = ©amaHA = H, @ HY = End(H,,) = Aw

up to cutoff Apax
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fuzzy coadjoint orbits

quantization map

Q: PolClu]) — An
Yo o~ Y]

respects SU(3), truncated at cutoff Apay.

Y2 = Q(y?) = m,(T?) interpreted as quantized embedding functions
Y& ~y?: Clu] — RS
commutation relations:
[Y2 YP] =ic2 ye
... quantizes su(3) - invariant Poisson structure (Kirillov-Kostant)

{y%,y°}y=cy°
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fuzzy coadjoint orbits

Fluctuation modes in N/ = 4 SYM

all fluctuations (scalar, gauge fields) take values in
su(N) C u(N) = End(H,,) = functions on R* x Cn[u]

behaves like 8- or 10-dim gauge theory below Ayy

scalar fluctuations: ¢, = Ya+ ¢z governed by

(008 + 20([ Ya, Yol + gifabc Ye),-] = [Ya: [Ye, 1l )5 = 0

can show:

@ respects decomposition into SU(3) multiplets
End(H @ LN

@ no negative modes (!!)
@ 3 zero modes (= flat deformations)
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fuzzy coadjoint orbits

regular zero modes:

M) =X, @pp € (8) @ H, ©a..-highest weight vector in Ha
p = a1+ ag = as ... Weyl vector

include images under Weyl group W
6 zero modes for each Ha

e.g.- pn = |Qu){u| , |u) ... coherent states,
string between coincident sheets of C[u] at/near origin

exceptional zero modes:
3+3 additional zero modes for ¢ € Ha with A = (n,1) and A = (1, n)
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fuzzy coadjoint orbits

fermions

Dirac operator on squashed Cus[u]:
Do)V = Loz AaYa V] =2% 0 (WY 1 +9/1%7. )
spinorial ladder operators

2y =04 —ilAs, 29] = Ay + A,

27 = Ng+ilAy, 27; =N — A7,

2vs =D —iba,  29) = Dq+id,
satisfy {v;,7/} = 9j (A,... internal 6D Clifford alg.)
zero modes:

D@V =0, Vp = 111) @ va
analogous zero modes W, by Weyl group:
Vyn = |81,82,83)W - W, S1, S, 83) = wr...wk| T11)

for each extremal weight A’ in Ha (strings connecting branes!)
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fuzzy coadjoint orbits

chiral fermions

[+ 1t

Wy /o A It

well-defined chirality > I

impose 10 Majorana-Weyl condition — four-dimensional spinors

V=1, @x++¢-Qx-,

Payps =0, st =4ps, 9§ =
Weyl or Majorana spinor on R*, 3 generations (Weyl rotations %”)
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spinning branes

spinning squashed branes

Cn[u] branes can be stabilized by rotation in N' = 4 SYM, no flux!
H.S, arXiv:1411.3139

complex scalar fields « roots a; of su(3)

YE = 3(Ya£iYs) = Yaa,,
Yy = 3(Ys FiY7) = Yia,,
Y = 1(Y1£iY2) = Yia,.
ansatz:
Vit = nerm ()
wj = wj, ... 3 time-like vectors (“frequencies”)

(cf. circularly polarized plane wave solutions)
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spinning branes

have

oOyYis =2(2rf +r2 +r2) Y,
Din 2(r1 +2r2 +r2)Yg,
myyi 2(r2 + 13 +213) Yy

.. gives solution provided

wf = -—2mP(2r2 + rZ +rz)

ws = —2mP(r2 + 2r5 + r2)

ws = —2mP(r3 4 r2 + 2r2)

;

° 2 a2 2 2
r 1 3wi + ws + ws3

2 2 2 2

r5r|l =—= | wf—8ws+w

22 8m2 1 2 3

2 2 2
wi + w5 — 3w;

typically: spinning BG — Lorentz-breaking, bad dispersion relation

here: 3 sector of zero modes with Lorentz-invariant kinematics
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spinning branes

fermionic zero modes:

Dirac operator on spinning squashed Car[u]:

3 ) .
DoV = X AalYa W] =23 r(A7 €= [T, ]+ Afe (T, ))
acl i=1

zero modes as above:

DeVa =0, Vp = | 111) ® va

rotation €'“* drops out!
analogous zero modes W, via Weyl group:

Vyp = [S1,82,83)W - W, |s1, 82, 83) = wi...wk| T171)

for each extremal weight A’ in H (strings connecting branes)

remaining “massive” modes feel rotation,
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spinning branes

chiral fermions

[+ 1t

Wy /o A It

well-defined chirality > I

impose 10 Majorana-Weyl condition — four-dimensional spinors

V=1, @x++¢-Qx-,

Payps =0, st =4ps, 9§ =
Weyl or Majorana spinor on R*, 3 generations (Weyl rotations %”)
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spinning branes

gauge bosons

KK modes determined by
Oy = [Ya, [V, ]]

rotation drops out, same KK tower of massive gauge modes
Lorentz-invariant dispersion relation

particularly interesting “chiral” modes:

A}L/Ff ~ /R

... act as +-1 on weight states C; ,r of fermionic zero modes,
according to their chirality

— signature of a “chiral gauge theory”

fermions with different chirality transform differently under
(spont. broken) gauge fields (cf. standard model in broken phase)

total index = 0
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spinning branes

scalar modes

YE = et XT* 4+ ¢ governed by
o
(H‘; + Oy + 2(Drix + Daiag)) ¢ = 0,
with
(wmix¢)a =423 e/(waiwﬁiwafﬁ))(rarﬂr’yq [Ya*ﬁv ¢ﬁ]

BFo
(Ddiag¢)a = 2ra[Hou ¢a] (nO Sum).

@ zero modes:
mmix¢(0) =0
... oblivious to rotation!! Lorentz-invariant
given by extremal weight states:

6 zero modes in each Hy C End(H,,),

O = WA N), W, €W
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asses of g :

m

in general:
M., m N N r2
2
M., | =2m n m rs
M., ng n o) \rg
sum rule

@ “heavy” modes:

... generic, couple to time-dependent background, break
Lorentz-invariance

can be organized in terms of generalized translations
xH* — x* 4+ c*, Yo — (exp(iwicti)Y)a

assume: no resonances (to be clarified)
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further SSB

second-stage SSB for w; # wj

3 negative modes for would-be zero modes ¢g°)
stabilized by self-interactions

m4 (03 1 (0%
Vin6) = Z5tr(YaDu0” + 5[0 051l 7))
eom
(%+Dy+m¢+2wﬁ)Y +( +Dy+D¢+2lDad) =0
¢, decouple from rotating background Y, if

Do Yo = [ldas 6°], Y] = 0
B#a

— 2 equations

( + 0y + Oo +2md1ag) a = =0
( +D¢+DY+2wdlag)¢(¥ =0
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nontrivial solutions for ansatz ¢, = ¢, T, = eom:

2 1 1 -2 1 1 ri wi
T2 1 1 -2 1 2 w
11 2 1 1 22 1 w%
2 1 1 2 11 wi om2 | 0
1T 2 1 1 2 1 % 0
T 1 -2 1 1 2 e 0

3 solution with ¢3 # 0 and 1 = 0 = po:

r12 72w12 + 2w§ — wg
2 2 2" 2
r22 _ 1 2w12— 2w22 - w23
I3 8m? Wi —wp tws
2 2_ 2. 0.2
©3 —wi — wp + 2w3

1
8

mPef = (25 —wf —wf) ~ — = >0

stable hierarchy!
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towards interesting physics:

stacks of squashed D; = C[u] branes (=reducible rep. of su(3))

ya
(% )
Y

- 0 \U12
v= e )
transform in bi-fundamental representation H; @ 75 of U(Ny) x U(Nz)
— zero-modes as above

off-diagonal fermions

branes linked to point-branes: #, = C,

\U12€IH#®C:'H#

— 3+3 chiral zero-modes attached to extremal weights
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de .dL R’\\\
[ . " \\\
L R -
dL /u/'/
[ R

@ 3 generations, chiralities have different charges for lowest gauge
modes

@ can realize all standard model fermions

e.g: baryons link C[u] with 3 coincident point branes (— color)
@ same solutions in IKKT matrix model

= noncommutative N' = 4 SYM, relation string theory, gravit
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further SSB

conclusion

@ Jrich class of background solutions of V' = 4 SYM
R* x C[u] ... self-intersecting fuzzy compact SU(3) orbits

@ interesting low-energy physics:
space-filling — chiral fermions, scalars & gauge fields
@ spinning branes — hierarchy,
Lorentz-invariant low-energy sector
@ not far from standard model (?!)
cf. H.S., J. Zahn arXiv:1401.2020, H.S. arXiv:1411.3139

@ open issues: stability (resonances?), full SSB
gravity in matrix model version (?)
realization in string theory?
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coherent states on C[u]:  let p € C[y] ... north pole

SU@B) — Cly
g = gvp
stabilizer £ ¢ SU(3) = C[u] = SU(3)/K ... coadjoint orbit
let |u) € H,, ... highest weight vector in 7,

(ulylp) =p ...localized at north pole

def. |¢g) := g [)
projector MM, = [1g) (g € End(H,) ... independent of L C SU(3)

Clu] = SUB)/K  — End(H,)
p = Tp:=Yg)(thg| =:dn(y—p)

(plylp) = tr(Nyy) =p ... sweeps out C[]
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example: fuzzy CP%, (Grosse & Strohmaier, Balachandran etal, ...)
arises for 1 = NAy or = NAy, stabilizer K = SU(2) x U(1)
satisfy the relations

[Ya vb] = é/\,\,fabc ye

SaY2Y? =R

2N/3+1
ds,Yayt =R %/Nw ye.

harmonic decomposition

N
A=End(H,) = Hnn)
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squashed CP%:
projection N = take away Hs, Hg ne
@ (u|y|n) =0, projected to 0 by s,
@ acting with SU(3) on |11): stabilizer SU(2)s  °
= 4D orbit along 4567 plane o | o
@ analogous for 3 Weyl images of 1. o . o Hy
° e | o .

@ three 4D sheets intersecting at origin

@ extremal weight states |..) = coherent states on different sheets
at origin
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6-dimensional squashed C[u]:

6 extremal weights W located at origin, 6-dimensional orbits
= 6-fold covering of R® near origin,
3 + 3 oriented sheets C;, Cr with opposite orientation
(defined by Pfaff(62°))

Cr CL
Hs

squashed C[(N, 1)] ... squashed S? bundle over CP?
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