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Motivation

Motivation

requirements for fundamental theory (spacetime & matter):
@ simple, constructive
@ finite dof (per “volume”), pre-geometric (?)
@ gauge theory
string theory: remarkable features
issues:
@ 10D — compactification (why? 4D? landscape?)
@ definition ?
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Motivation

Motivation

requirements for fundamental theory (spacetime & matter):
@ simple, constructive
@ finite dof (per “volume”), pre-geometric (?)
@ gauge theory

string theory: remarkable features

issues:
@ 10D — compactification (why? 4D? landscape?)
@ definition ?
Matrix Models as fundamental theories of space-time & matter ? )

@ string theory (IKKT model (this talk!), BFSS model)
@ NC gauge theory
@ dim. red. of YM
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matrix model describe dynamical NC spaces J

prototype: fuzzy sphere
consider action
S = Tr([Ya, Yol[Y2, YP] — 2icane Y2YPYE — Yaya), Y2 € Maty(C)
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matrix model describe dynamical NC spaces J

prototype: fuzzy sphere
consider action
S :ﬁ[ﬂAﬂHﬁYﬂ—quWYﬂm—nYﬂ, Y2 € Maty(C)
= Trg(m, Vel — feane Y°) (1Y, Y?] — ie®Y) )
minimum:
[Ya, Yb] = icanc Y°
e Y2 = Jj, ... generator of su(2) acting on C"

describes quantization of S? with symplectic form wy = Nw;

Y YaYa=R?
a
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matrix models as NC gauge theories:

S= Tf([Ya, YO Yo, Vel + ) Yé€ End(H), ab=1,...D

gauge invariance Y2 — UYaU~!

choose NC “background” Y2 = X4
¢ € End(#H) ... function on M

fluctuations — covariant coordinates
— UY3U™" = X2+ (UAPU~" + U[X3, U7T))
NUaaU—1

S:Tr([ya Yb][YaYb]) N/ F,, F
M

fluctuations A2 of NC background in M.M. — gauge fields J
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issue:

UV/IR mixing: high-energy states string-like ~ |x){y| € End(H)

A™Y

quantum fluctuations (UV) — strong non-locality (IR)
exceptin N/ =4 SYM

= IKKT model, M.M. for string theory !
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hence:

@ M.M. describe dynamical NC spaces — gravity ?!
@ fluctuations — gauge theory
@ UV/IR — SUSY — unique model (= IKKT model)

goal:
@ identify backgrounds (=suitable NC space solutions) s.t.
fluctuations give good physics (& gravity!)
@ (long-term)
justify this with numerical simulations
cf. talk Nishimura
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This talk: Lorentz / Euclidean invariance

@ fully covariant 4D quantum space: fuzzy S*
@ leads to higher spin theory in M.M. (cf. Vasiliev)

@ study resulting higher-spin theory (first steps)
HS, arXiv:1606.00769

M. Sperling & HS, arXiv:1704.02863
M. Sperling & HS, : arXiv:1707.00885
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Motivation

The IKKT model

IKKT or IIB model Ishibashi, Kawai, Kitazawa, Tsuchiya 1996
SIY, W] = T (Y2, YLV Y sy + Wl Y, V1)

ya=vyal ¢ Mat(N,C), a=0,..,09, N large
gauge symmetry Y2 — UY2U~', SO(9,1), SUSY

proposed as non-perturbative definition of IIB string theory
@ quantized Schild action for IIB superstring
@ reduction of 10D SYM to point, N large

@ N =4 SYM on noncommutative R}
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Matrix geometry

leads to “matrix geometry”: (=~ NC geometry)

@ S~ Tr[X2 XP]?2 = configurations with small [X2, X?] # 0
should dominate
i.e. “almost-commutative” configurations, geometry

@ dbasis of quasi-coherent states |x),

minimize Y (x| AXZ|x)

X
x

X2 =z~ diag., spectrum =: M c R™"

(x| X3 x") ~ §(x — x")x?, xeM

embedding of branes in target space R0

X~ X2 M= R
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Matrix geometry

basic examples:
@ The fuzzy 2-sphere S%;: Hoppe, Madore
choose X? = J3, ... irrep of SU(2) on # = CN

(X3 XP] = ic®°XC, — XaX;=-(N?>—-1) = R%.

FNJ[

quantized symplectic space (S?, wy)

X8 ~ x2: 32 5 RS

fully covariant under SO(3)

functions on S%: A = End(H) = (21+1)
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Matrix geometry

@ The Moyal-Weyl quantum plane R¢:

(X2 XP = in?1 ... Heisenberg algebra
quantized symplectic space (R*,w)

admits translations, breaks rotations

functions: A = End(H) > ¢ = [ d*k X (k)
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Matrix geometry

generic quantized symplectic space M C R”:

matrices X4 = quantized embedding maps

X2 ~x3: M RP

[X2, XP] ~ i62P(x) ... Poisson tensor

fluctuations X2 — X2+ A2 describe
@ gauge theory on M
effective (open string) metric G* ~ 6/ 6" g1,
dynamical geometry (— "emergent” gravity on M)

review: H.S. arXiv:1003.4134 cf. Rivelles, H-S. Yang
@ 0" breaks Lorentz/Euclidean invariance (in emerg. gravity)
may enter at 1-loop (e.g. R, ,.0""077)
Blaschke, Steinacker arXiv:1003.4132
@ “averaging” over " desirable
cf. Kawai-Kawana-Sakai arXiv:1610.09844
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covariant quantum spaces

4D covariant quantum spaces

@ 3 fully SO(5) covariant fuzzy four-sphere Sy,
Grosse-Klimcik-Presnajder; Castelino-Lee-Taylor; Ramgoolam; Kimura;

Hasebe; Azuma-Bal-Nagao-Nisimura; Karabail-Nair; Zhang-Hu 2001 (QHE!) ...
hidden “internal structure” — higher spin theory
@ here:

e work out lowest spin modes (spin 2!) on S, in IKKT model
e generalized S}

@ Lorentzian versions possible (future work)

basic message:

IKKT model ~ Yang-Mills for higher spin algebra bhs

3 action, suitable for quantization
(£ Vasiliev theory!)
“almost” contains gravity (...)
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covariant quantum spaces

covariant fuzzy four-spheres

5 hermitian matrices X3, a=1,...,5 acting on Hy

> XE=TR?
a

covariance: X, € End(Hy) transform as vectors of SO(5)
[Maba Xc] i(‘Sach - 5cha)7
[Map, Mog] = i(0acMbg — 6agMbe — ObcMag + dpgMac) -
Mgy ... 50(5) generators acting on Hy

denote
[X2, X°] =: i©®
particular realization so(6) = su(4) generators M gp:
Xa=rM*,  a=1,..5, 0*=rPMm®
(cf. :Snyder, Yang 1947)
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covariant quantum spaces

@ basic fuzzy 4-sphere S

Grosse-Klimcik-Presnajder 1996; Castelino-Lee-Taylor
Ramgoolam; Medina-o’Connor, Dolan, ...

choose Hy = (0,0, N)so6) = (C*)®sN

satisfies
XaXs = R2A, R2 ~ %NZ

eabode X X, X X4 Xe = (N+2)R?  (volume quantiz.)

@ generalized fuzzy 4-spheres S}:
H.S, arXiv:1606.00769, M. Sperling & HS, arXiv:1704.02863

choose e.9. Ha = (1,0, N)so(6)

... thick sphere; R? := X,X; not sharp

bundle over S}, with fiber CP2 (— fuzzy extra dim’s!)
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covariant quantum spaces

local description:  pick north pole p € S*

— tangential & radial generators

[
X8 = (X ) , xt o~ XE =1, ..., 4..tangential coords at p

X5 !
separate SO(5) into SO(4) & translations ; -
a  [(MH Pr X s
= (5 %)
rescale )
P, = ﬁg,“,7>” (cf. Wigner contraction)
algebra

[P, X ~is"X ~ s,

[P, P)] =M™ —0

[Xr XY = ig" = irPMP &~ 0
cf. Snyder space !!
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covariant quantum spaces

] 4
basic Sy,
semi-classical picture:
CP® > )
! .
St o xa= wzaGw

Ho-Ramgoolam, Medina-O’Connor, Abe, ...

x2 = h ¥y, ... functions on CP?
X3 =Ur®y,  [U" W] =44 ... functions on fuzzy CP§
fuzzy Sy, is really fuzzy CPy = twisted S? bundle over S*! J

Poisson tensor
0 (x, &) ~ —i[ X", X¥]

rotates along fiber ¢ € S? |

is averaged [0#"(x,&)]o =0 over fiber — local SO(4) preserved,

4D “covariant” quantum space )
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Fluctuations & higher spin

fields and harmonics on Sy,

"functions® on Sj;:

¢pcEndHn)= @ (n-5.25)0s = P H

s<n<N
(n,0) modes = scalar functions on S*:
d(X) = pa,..aX¥ .. X2 = [111]

(n, 2) modes = selfdual 2-forms on S*

Goe(X)MPE = ¢a  apeXP . XM = HE
etc.

SZ
tower of higher spin modes, s =0,1,2,.... N i ¢

from “twisted” would-be KK modes on S? J
(local SO(4) acts non-trivially on S? fiber) st
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Fluctuations & higher spin

relation with spin s fields:

qbeEnd(’HN)%EB(@n (n—s,2s)) = @HE'E

S

CS
3 isomorphism

Cs o T*®SSS4
(/)(S) = ¢E7f?..bs;01...cs(x) g g% O(CT)CS(X) = gbgj)mbs:cm--csxm X

... "symbol“ of ¢ € C®
M. Sperling & HS, arXiv:1707.00885

= symm., traceless, tangential, div.-free rank s tensor field on S*
bey..cs(X)x% =0,

¢c1...cs(X)g°‘°2 =0,
0%¢pe,..ci(x) =0.
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Fluctuations & higher spin

semi-classical limit & higher spin

general functions on Sj;:
6= da(X)Z,  Z2=M..M € bs

where -
@ € hs = (P(0,29) o 1

1

s=0
as vector space, (Poisson) Lie algebra
(M3 P P} = g P PG

relations
2
MabMac — %P?tﬂ 5abcdeMabMCd — gxe

functions on Sy, = hs - valued functions on S* J

cf. Vasiliev theory!

H. Steinacker
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Fluctuations & higher spin

local representation & constraints near north pole R(1,0,0,0,0):

@ spin 1:
o = ga,_apeX® .. x¥G° € (nz2)cc
= AL (X)P* 4wy (X) MY
where
1
= —— A — A s HA =
Wuv 2(n+2)(au v — O AL), oA, =0
@ spin 2:
P@) = Ga abedeX? ... xengbdgee € (n4)cct
= hlu/(X)P'“'PV + wu;aﬁ(X)P/LMQ‘B + Q(xﬂ;;u/(X)MaﬁM'u‘V
where
o*h, =0
Wy = m(a h.s — 9sh,e) ... lin. spin conn. of h,,,
Qapun(X) = —(arayiray Resuws - lin. curvature of h,,
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Fluctuations & higher spin

Fluctuation modes on S}

organize tangential fluctuations at p € S* as

A(x) =AX)+ALX)P? +A,,-(X)MP?  +..

A,Mab . SO(5) connection

A
rank 2 tensor field = ifx—f?\ﬁ?os '
1 , .
Avp(X)=5(hp+ a,) h,, = h,, ... metric fluctuation

2
rank 3 tensor field

Ao (X)MP? ... s0(4) connection

rank 1 field A(x) ... U(1) gauge field
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Fluctuations & higher spin

gauge transformations:

Y2 - UYaU—' = U(X?+ A?)U~" leads to (U=¢eN
§AZ = i[A, X3 + i[A, A7

expand
1
A=A+ é/\abMab + ...

.. U(1) x SO(5) x ... - valued gauge trafos
diffeos from ¢, := i[v,P?, ]

dh,. (OuVy + 0, V) — VPO, hy + (N - D)
0Aupe = 128/1/\0/1()() = VP0,Aup0 + (N A)ppo

etc.
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towards gravity

metric and vielbein

consider scalar field ¢ = ¢(X) (= transversal fluctuation .42( X))
kinetic term
_[Xa7 ¢] [Xua ¢] ~ ea¢ea¢ - ’yﬂyau(ﬁau(ba
vielbein
e* ={X* .} =e"),

et = Panr

Poisson structure — frame bundle! )

metric
V= Gape™t € =A% g
averaging over internal S?:
A4
[e*]o =0, 7)o =" = TQW ... SO(5) invariant !
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towards gravity

perturbed vielbein: Y2 =X24 A2
e? ={Ya. .} ~ e [A]9, ... vielbein
e [A]  ~ 6°P(8Y + Ag,g") + £0°V0°{A, 0, X"}
using {P7, X¥} ~ g (1)

linearize & average over fiber —
P~ e ARl = 3+ 157 ]o

complication:
graviton is combination

A4
By = [0vuw)o = 4 (AHV + 0P Aupy + 0°As )
@ basic Sy : 0°A,,n = NA,,, dominates — bad propagator

@ generalized Sy : modes A,,,, A, independent,
issue should be resolved (?)
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towards gravity

action for spin 2 modes:

expand IKKT action to second oder in A4

S[Y] = S[X]+§TrAa (o+ %,ﬁ)(sg +20[X%, X7, ] = [XE,1XE, 1) Ay

D2

for spin 2 modes A* ~ 0" A, PP + ...
/ AD? A ~ / PPAYA,, — / B B
coupling to matter:
S[matter]| ~ / d*x T,
M

— auxiliary field h,, ~ T,, !

“graviton“ doesn’t propagate, due to constraint A,,,, A,
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towards gravity

possible ways out:

@ there are 4 independent spin 2 modes on S}, !
© 1-loop — induced gravity action ~ [ h,,, 0h*”

can get (lin.) Einstein equations (fine-tuning ...)
© better (?): generalized fuzzy sphere S}

e modes A,,, A, independent
o fuzzy extra dims
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towards gravity

exact treatment of spin 2 modes on Sy}
Marcus Sperling & HS, arXiv:1707.00885

3 independent "graviton“ modes

hulA®] =—c(1+ z%s) T

7 2
hwlA°]l = -3¢ (1 T 37y T 3(n+8)) T
hu[A®] = — 3¢ (1 + 3(n2:1 ) 3(273+7)> T

c= 4 g° Vol(S*)
= B4, dim(H)

combined metric fluct:

h;w — hpu[AB] + h;U/ [Ac] + hl“’ [AD]
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towards gravity

@ leading contrib:

hewx) — _ Gy R? aux. field, too strong

nv

@ subleading contrib:

OhEY) = GyT, ... lin. graviton!

@ strange contrib:

\/7 h (nonloc) _ *GN R THV
AR~ — s 4. ... nonloc., strong
Gy = =2 ¢ Vol(sh) _. 2

= BRRLE, dim(H)
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towards gravity

induced gravity scenario:

assume large induced gravity action [ A2R ~ [ h,, 0h* (1-loop)

@ auxiliary modes ~~ linearized gravitons, mass set by A?

@ remaining modes ~~ sub-leading, very long-range

(cf. conformal gravity)
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generalized S*

generalized fuzzy sphere

basic sphere Sf: A= (0,0,N)so(e), Hn = N|too)(to]

CP® > Y
! L
St 5 X2 =Y
CP? is a S? bundle over S*. J
generalized S: A= (n,0,N)s06), Hr = Nlto) (ol + nlabr) (wr]
o ? e
P\L \\‘/,
O[NM] = CP? 5 8.
S4
St = CP? bundle over CP3 =~ §* x S2 )
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generalized S*

generators of Sj:

X2 = mp(T) ...50(6) generators, A = (n,0, N)
X X2 ~TR2

characteristic equation:

((i/\/l+2)2— (N;n)2> <(i/\/t+3>2 (N+”+3)2> —0, M= \(T)

2 4

new SO(5) vector generators:

T? = (M? - 2iM)%® = T2
ya = (M3 ..)® = yal
T-X =0=T-Y

T2 ~ "momentum"“ generators
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generalized S*

commutation relations

(X2, XP] = iMm2,

(X3, YP] = iY@ = (M — M3,
[Xaa Tb] _ 7,'7‘-ab + i(RZ o C)gab 7
e v =2 (Y#(~2c+R?) — YaTO 4 TaYP 4 i (YaX> — X2Y?) ) |

(T2, TP = [detAY® +i(2c — R?)M3® — j(X3TP — TaxP) + T — gat
(T2, Y] =i(Yax®t — xay®)
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generalized S*

embedding in Euclidean IKKT model (solutions!):

SO(5) - invariant extra potential

Sl = FTr( = D VellVA, V2] + 1R, + 1ERE,)
FA(RE)Z + A2(RE))? + m12Raz) + - - )

new SO(5) covariant solution: e.g. (R(21) =Yg, Vg, etc.)

a a
- () (7). omeos

Y2 similar to X@ = "thick" 4-sphere

S* with fuzzy extra dimensions

interesting for gravity & particle physics = "squashed CP? x S?
(cf. HS arXiv:1504.05703 , HS & J. Zahn arXiv:1409.1440 )

metric in x, y, t space worked out ‘ )
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generalized S*

towards gravity on generalized S}

new modes, A, independent from A,

neglect/ suppress mixing (incomplete) HS, arXiv:1606.00769
— lin. Einstein eq.

3 1 z
g;ul[g + H] ~ 7ﬁgp.u + éa : ah;ul X T;u}

drop background curvature ~ # (& local effects)

more complete treatment needed
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generalized S*

summary

@ 34D covariant quantum spaces, e.g. fuzzy Sy,
— UV-regularized higher spin theory

@ UV cutoff «» NC scale
Poisson structure — frame bundle
o closely related to Vasiliev theory, hs algebra

@ in IKKT model:

e ~ YM for hs, good UV behavior expected

e (lin.) 4-D Einstein equations expected (?) for generalized Sy
(preliminary, needs more work ...)

@ induced gravity may play a role

e IR modifications (massive?), additional modes

e Minkowski version possible, needs more work

@ if it works:

quantum theory of 4D gravity, stringy, no compactification !
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generalized S*

... there is no free lunch

but we have the ingredients!
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generalized S*

eom for extra dimensions:

L2
OpYfy =-2Vh) - ’Tyaz = M{RE, Vi) e
Ve =%V — VG — ARV
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generalized S*

geometry: (quantized) coadjoint SO(6) orbits

(co)adjoint orbits:

ON ={g-Hr-g7"; g SO(6)} Cso0(6) =R'S
embedding functions:

ma . O[N] < R™
X = m? = tr(X L)

¥ ¢ 50(6)
quantized (“fuzzy”) coadjoint orbits Sy:

functions m® — generators M2 on H,,

A ... (dominant) integral weight.
algebra of functions: C>*(0) — End(Ha)
semi-classical limit:  [.,.] — i{.,.}, same geometry as O[A]
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