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1) Alternating sign matrix (ASM)

An alternating sign matrix (ASM) of size n is an n×n matrix with entries
1, 0,−1, such that
I all row- and column-sums are equal to 1,
I in each row and column, the non-zero entries alternate.

Example An ASM of size 6.
0 0 1 0 0 0
0 0 0 0 0 1
0 1 −1 0 1 0
1 −1 1 0 0 0
0 0 0 1 0 0
0 1 0 0 0 0


Theorem(Zeilberger, 1996) The number of ASMs of size n is given by

n−1∏
i=0

(3i + 1)!

(n + i)!
.

3) An antisymmetrizer formula

For a positive integer n we define

An(α, β, γ; x) :=

ASymx1,...,xn

[
n∏

i=1
x i−1
i

∏
1≤i<j≤n

(α + βxi + γxixj)

]
∏

1≤i<j≤n
(xj − xi)

,

where ASym denotes the antisymmetrizer, i.e.,

ASymx1,...,xn f (x) =
∑
σ∈Sn

sgn(σ) · f (xσ(1), . . . , xσ(n))

and x = (x1, . . . , xn).

Theorem The number of n× n ASMs that have the unique 1 in the top
row in column i and with inversion number a and complementary inversion
number b is the coefficient of uav bz i−1 in An(v , 1− u− v , u; z , 1, . . . , 1).

5) Totally symmetric plane partitions

A Totally symmetric plane partition (or short TSPP) T inside an (n, n, n)-
box is a subset of {1, . . . , n}3 such that
I if (i , j , k) ∈ T then every (i ′, j ′, k ′) ∈ T for i ′ ≤ i , j ′ ≤ j , k ′ ≤ k ,
I if (i , j , k) ∈ T , all permutations of the coordinates (i , j , k) are in T .

We denote by TSPPn the set of all TSPP inside an (n, n, n)-box.

Example All TSPP inside an (2, 2, 2)-box.

∅

7) The main Theorem

Theorem For all positive integers n, we have

An(α, β, γ; x) =
∑

T∈TSPPn−1

ωπ(T )(α, β, γ)sπ(T )(x),

where
ωπ(T )(α, β, γ) = α(n2)−

∑l
i=1 biβ

∑l
i=1(bi−ai)γ

∑l
i=1(ai+1),

for π(T ) = (a1, . . . , al |b1 + 1, . . . , bl + 1).

2) Refined enumeration of ASMs

Given an ASM A = (ai ,j)1≤i ,j≤n of size n, we regard the four refinements
I the position of the unique 1 in the top row ρ(A),
I the inversion number inv(A),
I the complementary inversion number inv′(A),
I and the number of −1’s denoted by N (A) .

inv(A) :=
∑

1≤i ′<i≤n
1≤j ′≤j≤n

ai ′,jai ,j ′ and inv′(A) :=
∑

1≤i ′<i≤n
1≤j≤j ′≤n

ai ′,jai ,j ′,

The refinements are connected by inv(A) + inv′(A) +N (A) =
(
n
2

)
.

Example All ASMs of size 3 and their weight uinv(A)v inv′(A)zρ(A)−1.1 0 0
0 1 0
0 0 1

 1 0 0
0 0 1
0 1 0

 0 1 0
1 0 0
0 0 1

 0 1 0
1 −1 1
0 1 0

 0 1 0
0 0 1
1 0 0

 0 0 1
1 0 0
0 1 0

 0 0 1
0 1 0
1 0 0


v 3 uv 2 uv 2z uvz u2vz u2vz2 u3z2

4) Modified balanced partitions

Let λ be a partition with non-negative parts and denote by l the side length
of its Durfee square, i.e., l = maxi{λi ≥ i}. The Frobenius notation of λ
is

(λ1 − 1, λ2 − 2, . . . , λl − l |λ′1 − 1, λ′2 − 2, . . . , λ′l − l),

where λ′ = (λ′1, . . . , λ
′
m) denotes the conjugate partition.

Example The Frobenius notation of the partition (5, 5, 4, 2, 1) is
(4, 3, 1|4, 2, 0)

A modified balanced partition of size n is a partition λ =
(a1, . . . , al |b1, . . . , bl) with parts at most n − 1 such that ai < bi for
1 ≤ i ≤ l .

Example All modified balanced partitions of size 3.

∅

∅
(|)

(1, 1)

(0|1)

(1, 1, 1)

(0|2)

(2, 1, 1)

(1|2)

(2, 2, 2)

(1, 0|2, 1)

6) Refined TSPPs

For T ∈ TSPPn−1 we define

diag(T ) = (|{(k, k, 1) ∈ T}|, . . . , |{(k, k, n − 1) ∈ T}|)
= (a1, . . . , al |b1, . . . , bl),

and
π(T ) = (a1, . . . , al |b1 + 1, . . . , bl + 1).

Example

T

diag(T ) π(T )

The 32nd International Conference on Formal Power Series and Algebraic Combinatorics, July 6-July 24 2020, Online florian.aigner@univie.ac.at



ASMs and TSPPs - A complement
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A1(α, β, γ; x) = 1

A2(α, β, γ; x) = α + γ s(1,1)

A3(α, β, γ; x) = α3 + α2γ s(1,1) + αβγ s(1,1,1) + αγ2 s(2,1,1) + γ3 s(2,2,2)

A4(α, β, γ; x) = α6 + α5γ s(1,1) + α4βγ s(1,1,1) + α4γ2 s(2,1,1) + α3γ3 s(2,2,2)

+ α3β2γ s(1,1,1,1) + 2α3βγ2 s(2,1,1,1) + α3γ3 s(3,1,1,1) + 2α2βγ3 s(2,2,2,1)

+ α2γ4 s(3,2,2,1) + αβ2γ3 s(2,2,2,2) + αβγ4 s(3,2,2,2) + αγ5 s(3,3,2,2) + γ6 s(3,3,3,3)

n #(different Schur polynomials) sum of coefficients

1 1 1

2 2 2

3 5 5

4 14 16

5 42 66

6 132 352

Catalan numbers Totally symmetric plane partitions

∅

1 s(1,1) s(1,1,1) s(2,1,1) s(2,2,2)

s(1,1,1,1) s(2,1,1,1) s(2,2,2,1) s(2,1,1,1) s(2,2,2,1) s(2,2,2,1)

s(3,1,1,1) s(3,2,2,1) s(3,2,2,2) s(3,3,2,2) s(3,3,3,3)
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