(-1)-Enumerations of arrowed
Gelfand-Tsetlin patterns

1) Arrowed Gelfand-Tsetlin pattern

An arrowed Gelfand-Tsetlin patter (AGT) is a triangular array of integers
of the form

di+1; < dji+1,j+1

together with a decoration of the entries by the symbols 0, N\, 7
such that
aj+1j = ajj and aj.q is decorated by " or X,
N
aj+1j+1 = ajj and ajy1 11 is decorated by "\ or .

Example
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2 3 5 /
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1 3 4 0 3
AN AN /!
1 2 4 4 / 8

The above AGT has weight —t%u*v*w x{ x5 x5 x2xe x¢; we marked the spe-

cial little triangle in red.

4A) The main theorem for w = —1

Theorem([4, Thm 1]) For positive integers n, m we have

> Ax(1,1,1,-1;1)

0< A, <A 1<... < \i<m
N

:an—[(m—n+3i+1),-_1(m—n+i+1),-.

i=1 (m_n;i+2)i—1 (1)

In the case m = n — 1, which corresponds to having AGTs with bottom

row (0,1,,...,n— 1) the above becomes
n—1

(2) H (47 + 2)!

(n+2i+ 1)

| =

which appears in recent work by Di Francesco [1], when divided by 2.

bA) A signless interpretation for w = —1

Proposition([4, Prop 3]) For X a partition, A,(1,1,1, —1;1) counts

the number of Gelfand-Tsetlin patterns with bottom row

(An, An_1, ..., A1) such that

» only the bottom row can contain three equal entries

» with weight 2" where r is the number of entries which are not equal
to their north-east or north-west neighbour.

6) Proof sketch

1. Use a generalisation of a bounded Littlewood identity [2, Cor 1.2] to
rewrite the operator formula as a determinant.

2. Guess a LU decomposition for both w =0 and w = —1.

3. Use Sister Celine's algorithm and creative telescoping to prove the
triple sum identity obtained in the LU decomposition.
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2) Weighted enumeration of AGTs

We call the following local configurations special little triangle

X X X X

7N NN SN S N SN S
X X X X X X X X

The sign sgn(A) of an AGT A is

(_1)# of special little triangles in A

We define the weight of A as
I i—1
n Z a,-jj—z ai—1,j+#, in row i—#_in row i
W (A) := sgn(A)t"u? v WX 1_[)(;_1 Fl
=1

Theorem([3, Thm 3.2]) Let A = (A1,...,\,) be a partition and set
X = (x1,...,X,). The weighted enumeration A,(t, u, v, w; x) of all
AGTs with bottom row (\,, A\,_1,..., A1) is given by

Ax(t, u, v, w;x) = H (ux,- + vx,-_1 + w + t)
i—1
X H (tid +uE), + VE)\_,-l + WEAJ.E)\_I_l) sx(x).

1<i<j<n

3) Some special cases

A(1,0,0,0; x) = s)(x),
A(n,n—l ..... 1)(07 17 ]-7 —1; 1) — #I‘I X n ASMS;
./4(2,772,7_2 2)(0, ]., ]., —1; ].) — #(2” + 1) X (2[7 + 1) VSASMS,
)

’’’’’

An—1.n-2..0)(1,1,1,—1;1) = # configurations of the 20-vertex model.

’’’’’

4B) The main theorem for w = 0

Theorem([4, Thm 2|) For positive integers n, m we have

> Ay(1,1,1,0:1) = 3(%) H (2n+ m(;Z - 3i);

0< A\ <\ 1<...<\1<m =1

5B) A signless interpretation for w = 0

Proposition([4, Prop 4]) For A a partition, A,(1,1,1,0;1) counts
the number of arrowed Gelfand-Tsetlin patterns with bottom row
(An, An—1, ..., A1) without the > decoration such that

» each entry appears at most twice in each row,
» an entry can only ‘point’ at another entry with a different value,
» for two equal entries in one row, one must be decorated with

S or N
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