Exercise: Show that TC Remarks:

Yn ——>C = yn —2> C. (1) Fc(A) is not continuous at A=c.

(ii) In general, we have

Solution: Yo —P> Yy = yn —— .
L _ - - -
yn——¢ = F, (1) > Fc(4) = lew)(4) VA=C The last exercise therefore establishes the equivalence of
convergence in probability and convergence in law
= P(|y, —¢|<¢) = P(c—&<yn<Ct+s) (distribution) in the case of convergence to a constant.
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The mean of a sample Xxi,...,xn from an AR(1) process

(Xt—) =@ (Xr1—p2)+Ut

with mean 1, AR-parameter ¢ satisfying |¢|<1, innovations
ur with variance o2>0, and autocovariances

}/(k) E(Xt_ﬂ)(XHk—y)_ ¢‘ ‘ 2

IS a consistent estimator of ..

We establish (weak) consistency! by using the fact that
mean square convergence implies convergence in
probability.

We have

! For strong consistency, almost sure convergence is required rather
than convergence in probability.
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Now assume that =0 and the innovations u; are an i.i.d.

sequence of N(0,5?) random variables.

Exercise: Show that Eujukuium < Euj = 30%

Solution:  j=k,Im:  Eujukuium=Eu;Eukuium=0
Jj=k=l=m: EUJUkUIUm—EUj Eu, =o’c?=c*

j=k=l=m: Eujuuiun=Euj=3c*

Exercise: Show that E x; < co.
Hint: Use the MA(c0) representation
Xt = Z¢Jutfj
j=0
of the AR(1) process

Xt=@X1+Ut.
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Rewriting the MA(o0) representation of the AR(1) process

Xt=@Xt-1+Ut
as

where w;j=¢ for j>0 and ;=0 for j<0, we obtain

AK) = Cov(Xt,Xtk) = Exexek = E Zw jUt—j _ZW iUk j
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Lemma:

E XsXs+hXiXt+h = 7(n)%+(t=8)%+ y(t—s+h) y(t—s—h)

Proof:
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Exercise: Show that for any sequence W-(n-1),. ..
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If it is known that x=0, the simplified sample covariance
n-h

=5k > Xk =i z(xt #) (s — 1), h>0,

t=1
is a consistent estimator of y(h), because
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Note that || +1k-nl <| g% = ¢% because

|k+h | +]k=h|>] (k+h)+(k=h) | = | 2k | =2k. 2V

Remark: We have shown above that the first and second
sample moments of a Gaussian AR(1) process converge in
probability to their theoretical counterparts. Such a process
is said to be ergodic for the first and second moments.



The OLS-estimator of the parameter ¢ is given by

n n n
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The random variables
) Zy = UpXyq
satisfy
Ezi=EuiX.1=EuiExi1=0
and
E (Zt|zt—1v Z_5,...)=E (U Xt—1|ut—lxt—2 Up Xt 300+
=Eut E(X,_a|Us_1Xi_2U;_pX¢_g,---) =0,
because ut is independent of X1 and Ut-1Xt-2, Ut-2Xt-3, ...

Thus, the sequence of random variables z; is a martingale
difference sequence?. 20

2 In contrast, for a martingale sequence it is required that
Elz,| < oo, E(z|z;-1,2t-2,..) = 2,1

Exercise: Show that the sequence of random variables z;

is white noise.
2W

Exercise: Show that the sequence of random variables

2 2,2
W, :(ut -0 )Xt—l

is a martingale difference sequence. 2D

Exercise: Show that the sequence of random variables w;

is white noise.
2N

Remark: Since the random variables u: are Gaussian, the
sequences of random variables z: and w, respectively, are
not only weakly stationary but also strictly stationary,
which means that the joint distribution of any finite
subsequence of random variables with indices ty,...,t is
the same as that of the random variables with indices

t]_+z', e ,tk+z'.



Weak laws of large numbers state conditions under which
the sample mean converges in probability towards the
population mean. The weak law of large numbers for

strictly stationary martingale difference sequences &t
requires only absolute integrability.

Thus,
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The central limit theorem for martingale difference
sequences states that
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Now it is straightforward to derive the asymptotic distribution

of the OLS-estimator ¢.

The numerator of the statistic

IO
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converges in law to
4
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and its denominator converges in probability to

hence
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