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The main result, |

Mo := moduli space of stable n-pointed genus-0 curves
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The main result, |

Mo := moduli space of stable n-pointed genus-0 curves
Theorem (AMN: —, Marcolli, Nascimento)
Forn>3

[Mon] = (1=L)" "> 3 " s(k+n—1, k+-n—1—j) S(k+n—1—j, k+1) L*H
J>0 k>0
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The main result, |

Mo := moduli space of stable n-pointed genus-0 curves
Theorem (AMN: —, Marcolli, Nascimento)
Forn>3

[ﬂom] = (1—}]4,)’7*1 ZZSUH_n_L k+n—1—j) S(k+n—1—j, k+1)Lk+j

j=0 k>0

Here [] = class in the Grothendieck group of varieties; L = [Al]
s, S: Stirling numbers of 1st, 2nd kind.
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Recall: My, is a smooth projective variety, dimension n — 3.
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Recall: My, is a smooth projective variety, dimension n — 3.

ﬂog = a point; MOA = P! etc.

For 3 < n <11, [Mon] =

1
L+1
L2 45L+1
L3 +16L% + 16L + 1
L* + 4213 4+ 12712 4+ 42L + 1
L5 4+ 99LL% + 71513 4 71512 + 99L + 1
L8 + 2191L° + 32921L* 4 772313 + 329212 + 219L + 1
L7 + 46615 + 1333315 + 63173L* + 6317313 4 1333312 + 4661 + 1
L8 + 9687 + 495561.° + 42959415 + 861235L* + 429594IL% + 495561.% + 968L + 1
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Recall: My, is a smooth projective variety, dimension n — 3.

ﬂog = a point; MOA = P! etc.

For 3 < n <11, [Mon] =

1
L+1
L2 45L+1
L3 +16L% + 16L + 1
L* + 4213 4+ 12712 4+ 42L + 1
L5 4+ 99LL% + 71513 4 71512 + 99L + 1
L8 + 2191L° + 32921L* 4 772313 + 329212 + 219L + 1
L7 + 46615 + 1333315 + 63173L* + 6317313 4 1333312 + 4661 + 1
L8 + 9687 + 495561.° + 42959415 + 861235L* + 429594IL% + 495561.% + 968L + 1

Coefficient of L in [Mo ,]: rk H*(Mo.,)
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Individual coefficients:
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Individual coefficients:
Corollary (AMN)
For n > 3 (and over C), rk H*(My ) equals

L 0—j
> (—1)£—f—k<€f;_1k)s(k+n—1,k+n—1—j)5(k+n—1—j,k+1)

v
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Corollary (AMN)
For n > 3 (and over C), rk H*(My ) equals

Lo
> (—1)5—f—k<€f;_1k)s(k+n—1,k+n—1—j)5(k+n—1—j,k+1)

v

(Well-known: H°4(Mj ,) = 0.)
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Individual coefficients:
Corollary (AMN)
For n > 3 (and over C), rk H*(My ) equals

Lo
> (1)f—f—k<€ ij__l k)s(k+n1, k+n—1-j)S(k+n—1—j,k+1)

v

(Well-known: H°4(Mj ,) = 0.)

Remark: In particular, the formula must equal 0 for £ > n — 3; this is not
‘combinatorially obvious'.
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Individual coefficients:
Corollary (AMN)
For n > 3 (and over C), rk H*(My ) equals

Lo
> (1)f—f—k<ﬁ ij__l k)s(k+n1, k+n—1-j)S(k+n—1—j,k+1)

v

(Well-known: H°4(Mj ,) = 0.)

Remark: In particular, the formula must equal 0 for £ > n — 3; this is not
‘combinatorially obvious'.

Also clear from geometry, but not combinatorially obvious: [Mp ] is
‘palindromic’.
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Stirling numbers

‘First kind": s(n, k); ‘second kind': S(n, k)
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Stirling numbers

‘First kind": s(n, k); ‘second kind': S(n, k)

Definition
Let (x)n = x(x —1)---(x — n+ 1) (‘falling factorial’). Then s(n, k),
S(n, k) are defined by

n

()n =Y _s(nk)x*, x"="S(nk)(x)k.
k=0

k=0
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Stirling numbers

‘First kind": s(n, k); ‘second kind': S(n, k)

Definition
Let (x)n = x(x —1)---(x — n+ 1) (‘falling factorial’). Then s(n, k),
S(n, k) are defined by

n

()n =Y _s(nk)x*, x"="S(nk)(x)k.
k=0

k=0

Example: (x)3 = x(x — 1)(x —2) = x> — 3x? + 2x, so

s(3,3)=1, s(3,2)=-3, s(3,1)=2.

7/50 Paolo Aluffi The Grothendieck class of ﬁoyn



Stirling numbers

‘First kind": s(n, k); ‘second kind': S(n, k)

Definition
Let (x)n = x(x —1)---(x — n+ 1) (‘falling factorial’). Then s(n, k),
S(n, k) are defined by

n

()n =Y _s(nk)x*, x"="S(nk)(x)k.
k=0

k=0

Example: (x)3 = x(x — 1)(x —2) = x> — 3x? + 2x, so

s(3,3)=1, s(3,2)=-3, s(3,1)=2.
_ k—iin
Fact (exercise): S(n, k) = Zf'(:o ((kl—)/)lll
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Matrix form:
1
-1
2
s=|—-6
24
8/50

s = (s(i,)))ij>1, resp., & = (5(i,)))ij>1:

0
1
-3
11
—50

0

0

1
—6
35

0
0
0
1
-1

0

= OOOOo

Paolo Aluffi

1 0 0 ©
1 1 0 0
1 3 1 0
G=(1 7 6 1
1 15 25 10
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Matrix form: s = (S(I',j)),"jZl, resp., S = (5(i7j))i,j21:

1 0 0 0 0 1 0 0 ©
-1 1 0 0 0 1 1 0 0
2 -3 1 0 0 1 3 1 0
s=]—-6 11 -6 1 0 , 6=(1 7 6 1
24 -50 35 —-10 1 1 15 25 10

Then s - G = id, the infinite identity matrix.
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Matrix form: s = (5(iaj))iJ21v resp., 6 = (5(i7.j))i,j21:

1 0 0 0 0 1 0 0 0 O
-1 1 0 0 0 1 1 0 0 O
2 -3 1 0 0 1 3 1 0 0
s=]—-6 11 -6 1 0 , 6=(1 7 6 1 0
24 -50 35 -—-10 1 1 15 25 10 1

Then s - G = id, the infinite identity matrix.

Notation:
1 0 O
0 g O
I,=|0 0 o (so 1; =id); and

. Q

tri = sum of entries in k-th subdiagonal (so trg = ordinary trace).
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m
@
Il

Paolo Aluffi

OO O

OO+ O
o= OO
= O OO
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id-s-id-&-id =

Paolo Aluffi

OO O

O OO
o= OO
= O OO
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1,-5-1;-6-1;1 =

Paolo Aluffi

=Moo s

O OO
o= OO
= O OO
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1]1"5-111171'6'1]1‘:
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1 0 0 0
1-L L 0 0
1— 3L+ 2.2 3L — 312 L2 0

1]1"5-111171'6'1]1‘:
1—6L+11L%2 — 63 7L —18L2 4+ 11L3 6L2 —6L3 L3
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1 0 0 0
1-L L 0 0
1— 3L+ 2.2 3L — 312 L2 0

1]1"5-111171'6'1]1‘:
1—6L+11L%2 — 63 7L —18L2 4+ 11L3 6L2 —6L3 L3

Eg try(lly-s-Mp-1-&-1p) = (1—L)+ (3L — 3L?) + (6L.% — 6L3) + - - -

=14 2L 4 3L2 + 413 +---
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1 0 0 0
1-L L 0 0
1— 3L+ 2.2 3L — 312 L2 0

1]1"5-111171'6'1]1‘:
1—6L+11L%2 — 63 7L —18L2 4+ 11L3 6L2 —6L3 L3

Eg try(lly-s-Mp-1-&-1p) = (1—L)+ (3L — 3L?) + (6L.% — 6L3) + - - -
=14 2L 4 3L2 + 413 +---

so(1-L)3 1 trg p(ly-s-1p1-6 1) =1=[Mps].
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1 0 0 0
1-L L 0 0
1— 3L+ 2.2 3L — 312 L2 0

1]1"5-111171'6'1]1‘:
1—6L+11L%2 — 63 7L —18L2 4+ 11L3 6L2 —6L3 L3

Eg try(lly-s-Mp-1-&-1p) = (1—L)+ (3L — 3L?) + (6L.% — 6L3) + - - -

=142L+3L2 +4L3 +---

so(1-L)3 1 trg p(ly-s-1p1-6 1) =1=[Mps].
Then:

Theorem (restatement of main result)

[MO,n] — (1 - L)nil -trpo (]]-]L ° 95 . ]]-]L—l -S- ]IIL) .
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Some history

Definition /construction of ﬂo,,,: Knudsen 1983
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Some history

Definition /construction of ﬂo,,,: Knudsen 1983

Several alternative constructions; in particular, Keel 1992
~~ determination of cohomology/Chow ring:

Af (Mo n) = H*(Mo,p), H°%(Mo,,) = 0, recursion for rk H?*.
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Several alternative constructions; in particular, Keel 1992
~~ determination of cohomology/Chow ring:

Af (Mo n) = H*(Mo,p), H°%(Mo,,) = 0, recursion for rk H?*.
Recursion: With ak(n) := rk H**(M,,), we have

ak(3) =1if k =0, 0 otherwise,

and
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Some history

Definition /construction of ﬂo,,,: Knudsen 1983

Several alternative constructions; in particular, Keel 1992
~~ determination of cohomology/Chow ring:

Af (Mo n) = H*(Mo,p), H°%(Mo,,) = 0, recursion for rk H?*.
Recursion: With ak(n) := rk H**(M,,), we have

ak(3) =1if k =0, 0 otherwise,

and

l=k—1
1
a*(n+1) = a¥(n) + & 1(n) + = (”) A(+1a"" 1 (n—j+1)
j=2 £=0

Other proofs of this recursion or equivalent information:
Fulton-MacPherson '94, Getzler '95, Manin '95.
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Manin 1995:
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Manin 1995:

Consider the generating function

anl

Mi=1+z4) Py, (00—
n>3

where Pﬂo,n(t) = the Poincaré polynomial.
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Manin 1995:
Consider the generating function

anl

M:=1+z+ Z Pﬂo,n(t)m

n>3

where Pﬂo,n(t) = the Poincaré polynomial.

Manin (‘Generating functions in algebraic geometry and sums over trees’):
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Manin 1995:
Consider the generating function
nfl

M : —1~|—z+ZPMOn(t)(n_1)
n>3

where Pﬂo,n(t) = the Poincaré polynomial.

Manin (‘Generating functions in algebraic geometry and sums over trees’):
a differential equation and a functional equation determining M.
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Remark:
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Remark: [Mo ] = Pty .. (D) 2=L; so we may equivalently set

zn—l

M::l—i—z—l—Z[Mo,n]m
n>3
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Remark: [Mo ] = P4, .1 (t)|2=L; S0 we may equivalently set

zn—l

M::l—i—z—l—Z[Mo,n]m
n>3

Theorem (Manin 1995; Manin-Marcolli 2016)

am _ M
dz  1+L(1+z)—LM

MY =12M + (1 —L)(1+ (z + 1)L)
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The main result, Il

Our contribution: we solved these equations!
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The main result, Il

Our contribution: we solved these equations!

Theorem (AMN)

> 1’ ((( -1+ @+ L) I 3

>0

ngk l+k—1
K JL
|k|( -L-zL)¢ ]] <
z>o k 7 ( j=0
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The main result, Il

Our contribution: we solved these equations!

Theorem (AMN)

>0 (£+1)! j=0

=9 (§+ D[ (@ -y + (2 + L)) E 11 (1 . ﬂl‘) Lt

@+k Z‘Fk*l J]L
k
|k|( —L-z)¢ ] <1g+1>
£>o k 0 j=0

The second form implies the Stirling expression given earlier for [Mg ,].
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The main result, Il

Our contribution: we solved these equations!

Theorem (AMN)

C+1° [ , Lt _ L ) e
g(ul (A-L)A+(z+1L)) T J]j()(l > L

£>O k 0 Jj=0

The second form implies the Stirling expression given earlier for [Mg ,].
The first implies the second and is independently useful.
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Plan for the rest of the talk

° mO,n
@ Grothendieck classes, recursion
@ Proof — After-the-fact approach

@ One consequence and some contextual comments
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Mo.n

First, Mg ,. In algebraic geometry, we often have the luxury of defining
spaces that parametrize interesting families of other spaces.
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spaces that parametrize interesting families of other spaces.

Examples:
@ Projective space
P(V) = {one-dimensional subspaces of a fixed vector space V'}.
e Grassmannian G(k, V): same, for k-dimensional subspaces
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Mo.n

First, Mg ,. In algebraic geometry, we often have the luxury of defining
spaces that parametrize interesting families of other spaces.

Examples:

@ Projective space

P(V) = {one-dimensional subspaces of a fixed vector space V'}.

e Grassmannian G(k, V): same, for k-dimensional subspaces

@ M,: parametrizing isomorphism classes of genus-g curves
These are moduli spaces, which is a stronger requirement than just
parametrizing objects of some kind.
E.g., there is a ‘universal subbundle’ over the Grassmannian:

SC—>\G(k, V)xV
G(k,V)

such that for W € G(k, V), 7=Y(W) = W as a subspace of V = v=1(W).



Similarly, there is a ‘universal curve' 7 : Cg — M, such that
for [C] € Mg, m1([C]) is a curve C with that isomorphism class.
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Similarly, there is a ‘universal curve' 7 : Cg — M, such that
for [C] € Mg, m1([C]) is a curve C with that isomorphism class.

In fact, Cq is itself a moduli space:
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Similarly, there is a ‘universal curve' 7 : Cg — M, such that
for [C] € Mg, m1([C]) is a curve C with that isomorphism class.

In fact, Cq is itself a moduli space:
Cg = Mg 1 parametrizes genus-g curves C along with a point p € C.
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Similarly, there is a ‘universal curve' 7 : Cg — M, such that
for [C] € Mg, m1([C]) is a curve C with that isomorphism class.

In fact, Cq is itself a moduli space:

Cg = Mg 1 parametrizes genus-g curves C along with a point p € C.
The map 7 : Mg 1 — M, ‘forgets’ the point.

Iterate:

Mg, = {genus g curves C along with n distinct points py,...,p, € C}

Universal (pointed) curve: m: Mg ,11 — Mg ,, ‘forget the last point’.
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Similarly, there is a ‘universal curve' 7 : Cg — M, such that
for [C] € Mg, m1([C]) is a curve C with that isomorphism class.

In fact, Cq is itself a moduli space:
Cg = Mg 1 parametrizes genus-g curves C along with a point p € C.
The map 7 : Mg 1 — M, ‘forgets’ the point.

Iterate:
Mg, = {genus g curves C along with n distinct points py,...,p, € C}

Universal (pointed) curve: m: Mg ,11 — Mg ,, ‘forget the last point’.

Simplest case: g = 0. Smooth genus-0 curves are isomorphic to P, so

Mon={C= P! along with p1,..., p, distinct points on C}
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‘Better’ (?) picture:

— o —0—0——0—0
PPPr Pr Pe ccs Py Pa
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‘Better’ (?) picture:

— o —0—0——0—0
PPPr Pr Pe ccs Py Pa

‘Up to isomorphism’: i.e., up to Mobius transformations. Same as fixing
the first three pointsto be 0 =(0:1), 1 =(1:1), co=(1:0)
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‘Better’ (?) picture:

—o—9o oo """ o o
Pr P P2 Py cc s Pan P

‘Up to isomorphism’: i.e., up to Mobius transformations. Same as fixing
the first three pointsto be 0 =(0:1), 1 =(1:1), co=(1:0)

e n < 2: ignore

o Mgz =pt (only one configuration)
L L L 4
PO P | Py: 00
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‘Better' (?) picture:

— o —0—0—0—0&

P Pr B P ores P Pa

‘Up to isomorphism’: i.e., up to Mobius transformations. Same as fixing
the first three pointsto be 0 =(0:1), 1=(1:1), co=(1:0)

e n < 2: ignore

e Moz =pt (only one configuration)
L L L
PO P | P,z 00
o Mos4 ="
TR~
L L @ L
P= O Pt | P,- 00
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‘Better' (?) picture:

— o —0—0—0—0&

P Pr B P ores P Pa

‘Up to isomorphism’: i.e., up to Mobius transformations. Same as fixing
the first three pointsto be 0 =(0:1), 1=(1:1), co=(1:0)

e n < 2: ignore

e Moz =pt (only one configuration)
L L L
PO P | P,z 00
o M0,4 = Pl AN {0, ]., OO} (p4 7’5 0, 1, OO)
R
L L L L
P= O P | Pyz o0
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o Mos = (Moa x Moa) \ diagonal dim =2
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o Mos = (Moa x Moa) \ diagonal dim =2
® Moge = (Moa x Moa x Moa) ~ diagonals dim =3

@ etc.: Mg, = (n— 3)-dimensional smooth variety, complement of
diagonals in (Mg4)" 3.

18 /50 Paolo Aluffi The Grothendieck class of Hgyn



o Mos = (Moa X Moa) ~ diagonal dim =2
® Moge = (Moa x Moa x Moa) ~ diagonals dim =3

@ etc.: Mg, = (n— 3)-dimensional smooth variety, complement of
diagonals in (Mg4)" 3.

Problem: My, is not compact: no limit as p; — p; for i # j.

18 /50 Paolo Aluffi The Grothendieck class of Hgyn



o Mos = (Moa X Moa) ~ diagonal dim =2
® Moge = (Moa x Moa x Moa) ~ diagonals dim =3
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o Mos = (Moa X Moa) ~ diagonal dim =2
® Moge = (Moa x Moa x Moa) ~ diagonals dim =3

@ etc.: Mg, = (n— 3)-dimensional smooth variety, complement of
diagonals in (Mg4)" 3.

Problem: My, is not compact: no limit as p; — p; for i # j.
Question: What is a natural, ‘modular’ compactification Mg ,?

° ﬂog = Mp3 = a point.
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o Mos = (Moa X Moa) ~ diagonal dim =2
® Moge = (Moa x Moa x Moa) ~ diagonals dim =3

@ etc.: Mg, = (n— 3)-dimensional smooth variety, complement of
diagonals in (Mg4)" 3.

Problem: My, is not compact: no limit as p; — p; for i # j.
Question: What is a natural, ‘modular’ compactification Mg ,?

° ﬂog = Mp3 = a point.
o MOA =7
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o Mos = (Moa X Moa) ~ diagonal dim =2
® Moge = (Moa x Moa x Moa) ~ diagonals dim =3

@ etc.: Mg, = (n— 3)-dimensional smooth variety, complement of
diagonals in (Mg4)" 3.

Problem: My, is not compact: no limit as p; — p; for i # j.
Question: What is a natural, ‘modular’ compactification M ,?
] Mog = M073 = a point.
° HOA = P!, no other choice.
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o Mos = (Moa X Moa) ~ diagonal dim =2
® Moge = (Moa x Moa x Moa) ~ diagonals dim =3

@ etc.: Mg, = (n— 3)-dimensional smooth variety, complement of
diagonals in (Mg4)" 3.

Problem: My, is not compact: no limit as p; — p; for i # j.
Question: What is a natural, ‘modular’ compactification M ,?
] Mog = M073 = a point.
° HOA = P!, no other choice.
o Mog =7
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e Mos = (./\/lo,4 X M074) ~ diagonal dim =2
) Mo,() = (M0,4 X M074 X ./\/lo,4) AN diagonals dim=3
@ etc.: Mg, = (n— 3)-dimensional smooth variety, complement of
diagonals in (Mg4)" 3.

Problem: My, is not compact: no limit as p; — p; for i # j.

Question: What is a natural, ‘modular’ compactification Mg ,?
° ﬂog = Mp3 = a point.
° HOA = P!, no other choice.

o Mog =7
‘Easy’ compactification of Mg s: P! x PL; but this cannot be viewed
as a moduli space of point configurations.
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e Mos = (./\/lo,4 X M074) ~ diagonal dim =2
) Mo,() = (M0,4 X M074 X ./\/lo,4) AN diagonals dim=3
@ etc.: Mg, = (n— 3)-dimensional smooth variety, complement of
diagonals in (Mg4)" 3.
Problem: My, is not compact: no limit as p; — p; for i # j.
Question: What is a natural, ‘modular’ compactification M ,?
° Mog = Mp3 = a point.
° HOA = P!, no other choice.
4 Mog =7
‘Easy’ compactification of Mg s: P! x PL; but this cannot be viewed
as a moduli space of point configurations.

(The limits as points come together depend on the choice of which
points are identified with 0, 1, c0.)
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Amazing fact (Knudsen 1983):
@ For all n there exists a modular compactification Mo,n.

e Each point of Mg, may be viewed as a configuration of n distinct
points on a tree of P's. (More precise statement below.)

@ There are morphisms Mg 11 — Mo, (‘forget the last point’)
realizing the source as the universal curve over the target.
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Amazing fact (Knudsen 1983):
@ For all n there exists a modular compactification MO,H.

e Each point of Mg, may be viewed as a configuration of n distinct
points on a tree of P's. (More precise statement below.)

@ There are morphisms Mg 11 — Mo, (‘forget the last point’)
realizing the source as the universal curve over the target.

The picture to keep in mind is the following. Say two points p, g approach
each other:

I
I
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Amazing fact (Knudsen 1983):
@ For all n there exists a modular compactification MO,H.

e Each point of Mg, may be viewed as a configuration of n distinct
points on a tree of P's. (More precise statement below.)

@ There are morphisms Mg 11 — Mo, (‘forget the last point’)
realizing the source as the universal curve over the target.

The picture to keep in mind is the following. Say two points p, g approach
each other:

I
I

In the limit, the curve ‘sprouts’ a new component P! and p, g end up as
distinct points on this component:
T q

y
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Tq
2

Note that the new component now has three ‘special’ points: p, g, and
the intersection with the other component.
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Tq
2

Note that the new component now has three ‘special’ points: p, g, and

the intersection with the other component.
Up to isomorphism, these three points are 0, 1, co in the new component.

So the limiting p, g cannot move further.
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Tq
2

Note that the new component now has three ‘special’ points: p, g, and
the intersection with the other component.
Up to isomorphism, these three points are 0, 1, co in the new component.

So the limiting p, g cannot move further.

E.g., points of Mg 4 = P! should be viewed as follows:

F| 0 Pr=1 PrZoo } P'J, IF?— I

M

O.\-{
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Tq
2

Note that the new component now has three ‘special’ points: p, g, and
the intersection with the other component.

Up to isomorphism, these three points are 0, 1, co in the new component.
So the limiting p, g cannot move further.

E.g., points of Mg 4 = P! should be viewed as follows:

F| 0 Pr=1 PrZoo } P'J, IF?— I

M

O.\-{

Each component in the limits has exactly 3 special points, so the
configurations in the limits are rigid.
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Mos?

If three points come together, they can end up on a new component:

R

P P2 Py

fs

21 /50 Paolo Aluffi The Grothendieck class of Hgyn



Mos?

If three points come together, they can end up on a new component:

N

Two could approach each other on that component, and this would cause
a new P! to sprout:
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Mos?

If three points come together, they can end up on a new component:

N

Two could approach each other on that component, and this would cause
a new P! to sprout:

®Pr:
P P2
—o—3+—o—
Py s
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Mos?

If three points come together, they can end up on a new component:

R

Two could approach each other on that component, and this would cause
a new P! to sprout:

P P2
—o—3+—o—
Py fs

and now each component has exactly 3 special points, so this
configuration cannot degenerate further.
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Points of Mo,n:

Paolo Aluffi The Grothendieck class of My ,



Points of Moyn:

Trees of P!'s with n marked points, such that each component has > 3
‘special’ points.
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Points of Mo,ni

Trees of P!'s with n marked points, such that each component has > 3
‘special’ points.

This is what ‘stable n-pointed genus-0 curve' means.
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Points of Mo,

Trees of P's with n marked points, such that each component has > 3
‘special’ points.

This is what ‘stable n-pointed genus-0 curve' means.
E.g.: A point of Mg g may look like

Ps
] Py
Pa * P

Pq
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Points of Mo,

Trees of P's with n marked points, such that each component has > 3
‘special’ points.

This is what ‘stable n-pointed genus-0 curve' means.
E.g.: A point of Mg g may look like

] Py
Pa *ﬁ

Pr o, Pe Pe

Pq

Of course these pictures only capture some combinatorial information.
There is a better way to express the same information.
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Dual tree:

@ One ‘internal’ vertex for each component;
@ Edges join vertices if components meet;
@ n marked points — n leaves.
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Dual tree:

@ One ‘internal’ vertex for each component;
@ Edges join vertices if components meet;
@ n marked points — n leaves.

] P
Py *P’

Pq

Example:
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Dual tree:

@ One ‘internal’ vertex for each component;
@ Edges join vertices if components meet;
@ n marked points — n leaves.

Example:
Ps
] Py
Py P
Pr o, Pe Pe
Pa
 — e—
3 Pé6 Py
dual tree: ‘ Pe
Pe i P4

23 /50 Paolo Aluffi The Grothendieck class of Hgyn



A ‘stable tree' is a tree as above for which all internal vertices have
valence > 3.

Fact: ﬂom has a stratification with strata <+ stable trees with n
numbered leaves.
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A ‘stable tree' is a tree as above for which all internal vertices have
valence > 3.

Fact: Mom has a stratification with strata <> stable trees with n
numbered leaves.

Dual trees of points of Mg ,:

with n numbered leaves.
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A ‘stable tree' is a tree as above for which all internal vertices have
valence > 3.

Fact: Mom has a stratification with strata <> stable trees with n
numbered leaves.

Dual trees of points of Mg ,:

with n numbered leaves. This is the largest stratum, dim=n — 3.
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A ‘stable tree’ is a tree as above for which all internal vertices have
valence > 3.

Fact: Mom has a stratification with strata <> stable trees with n
numbered leaves.

Dual trees of points of Mg ,:

with n numbered leaves. This is the largest stratum, dim=n — 3.

Mo
| >_<'3 (HZ | >—<L
T 3

2 2 kA 4 3

I Y
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[|o\ Cig)

dimz2 oz 1 dina=0
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_ 5 T
Mos: >—< >—J—<

(voy Cig)
Y 3

0“»-\: 2 o{:l—\i ' d\'vx: 0

Fact: All strata are products of Mg ;!
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_ 5 T
Mos: >—< >—J—<
|o\

(15
Y 3

dimz2 Az diaz=0
Fact: All strata are products of My ;!

e
P3 ‘ Pe Py
’ '

Pz il P4
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_ 5 T
Mos: >—< >—J—<
|o\

(15
Y 3

dimz2 Az diaz=0
Fact: All strata are products of My ;!

P"(—T— Ps

P3 Po P
‘ ’
Pz id Fa
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_ 5 z
Mo
% o |o\ (15)
dim=2 oz 1 din=0
Fact: All strata are products of Mg ;!
Moz
P*—T— Ps
P ’ (‘/MP,Z M”r‘r
: Fej [
e — MOH
M"’:'é%, ‘ Ps
i P Fa
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_ 5 T
Mos: >—< >—J—<

. 3 (1o} (is)
Aimz2 Az dina=0

Fact: All strata are products of Mg ;!
P Fs Mg

Py | Mos . Moy N

“j a—M,,
My = ‘ P
P2 P Fa

Stratum = M3 x Moz x Moz x Moa x Mgs, dim = 2.
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Construction of Mo,n? Inductive.
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Construction of Mo,n? Inductive.

Mo.n+1 = universal curve over Mg ,:
T 1 Mo,nt1 — Mo, forget ppii1.
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Construction of Mo,n? Inductive.

Mo 1 = universal curve over Mg ,:
T 1 Mo,nt1 — Mo, forget ppii1.
For C € Mo, 7 1(C) = C as a stable n-pointed curve.
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Construction of Mo,n? Inductive.

Mo 1 = universal curve over Mg ,:
T 1 Mo,nt1 — Mo, forget ppii1.

For C € Mo, 7 1(C) = C as a stable n-pointed curve.

Example: ﬂoA =Pl 7 ﬂo,5 — Mo,m forget ps.
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Construction of Mo,n? Inductive.

Mo 1 = universal curve over Mg ,:
T 1 Mo,nt1 — Mo, forget ppii1.

For C € Mo, 7 1(C) = C as a stable n-pointed curve.
Example: ﬂoA =Pl 7 ﬂo,5 — Mo,m forget ps.
The fibers should look like this:

If p4 #0,1, cc: ——o—0o—o—
P«  p=0 Pr=l Fr=oo

If e.g., ps — p1: Fi ?
Fw+ Pr P2
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Construction of Mo,n? Inductive.

Mo 1 = universal curve over Mg ,:
T 1 Mo,nt1 — Mo, forget ppii1.

For C € Mo, 7 1(C) = C as a stable n-pointed curve.
Example: ﬂoA =Pl 7 ﬂo,5 — Mo,m forget ps.
The fibers should look like this:

If p4 #0,1, cc: ——o—0o—o—
P«  p=0 Pr=l Fr=oo

If e.g., ps — p1: Fi ?
Fw+ Pr P2

How to construct Mg 5?
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First approximation: try Mo x P!, where second factor parametrizes ps:

P3

EPL

Py I~
”0.-1
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First approximation: try Mo x P!, where second factor parametrizes ps:

Ps
E Pz

Am

2 o | (4

Py I~
”0.-1

Fiber is as expected for ps # p1, p2, ps.
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First approximation: try Mo x P!, where second factor parametrizes ps:

P3
E Pz

Am

2 o | (4

Py I~
”0.-1

Fiber is as expected for ps # p1, p2, ps.
But not so when ps — p1, p2, or p3. What to do?
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First approximation: try Mo x P!, where second factor parametrizes ps:

; 2 o 1 [
] Flgy
Fiber is as expected for ps # p1, p2, ps.

But not so when ps — p1, p2, or p3. What to do?
Answer: Blow-up the three blue points!

P —

Each exceptional divisor is =2 P1. Fiber over 0: P —

P
vl

N o

as it should be.
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And indeed Mo 5 = Blapis(Moa x P1)
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And indeed Mo 5 = Blapis(Moa x P1)
Keel 1992:
o In general, Mg ,41 = result of sequence of blow-ups of Mg, x P*
along smooth subvarieties of codimension 2.
@ All centers of blow-up are isomorphic to Mo’i+1 X ﬂo,jﬂ
with i 4+ j = n.
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And indeed Mo 5 = Blapis(Moa x P1)
Keel 1992:
o In general, Mg ,41 = result of sequence of blow-ups of Mg, x P*
along smooth subvarieties of codimension 2.
@ All centers of blow-up are isomorphic to Mo’i+1 X ﬂo,jﬂ
with i 4+ j = n.
The general points of the centers look like this:

40/‘/.'7><\‘J'\_‘\/f

~
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And indeed Mo 5 = Blapis(Moa x P1)

Keel 1992:

o In general, Mg ,41 = result of sequence of blow-ups of Mg, x P*
along smooth subvarieties of codimension 2.

@ All centers of blow-up are isomorphic to Mg ;41 X ﬂ0,j+1
with i 4+ j = n.
The general points of the centers look like this:

M%‘;\‘;f

~

Keel's construction easily implies a recursion formula for the Grothendieck

class [Mg ]!
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Class in the Grothendieck ring

Definition (Grothendieck group of varieties)

Free abelian group on isomorphism classes of varieties

K(V =
(Var) ‘'scissor’: [X] =[Y]+ [Z] if Z closed in X, Y =X\ Z

[X]-[Y]:=[X x Y] makes K(Varg) into a ring.
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Class in the Grothendieck ring

Definition (Grothendieck group of varieties)

Free abelian group on isomorphism classes of varieties

K(V =
(Var) ‘'scissor’: [X] =[Y]+ [Z] if Z closed in X, Y =X\ Z

[X]-[Y]:=[X x Y] makes K(Varg) into a ring.
LnJrl _

1
L:= [Al],soe.g., [P"]:ﬁ:1+L+---+]L".
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Class in the Grothendieck ring

Definition (Grothendieck group of varieties)

Free abelian group on isomorphism classes of varieties
‘'scissor’: [X] =[Y]+ [Z] if Z closed in X, Y =X\ Z

K(Vark) =

[X]-[Y]:=[X x Y] makes K(Varg) into a ring.
LnJrl -1
L :=[Al], so e.g., [P"] = < 7 —l+L+ 4L
By definition, K(Vary) is universal w.r.t. all invariants satisfying the scissor
relations, e.g., Euler characteristic (over k = C).
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Class in the Grothendieck ring

Definition (Grothendieck group of varieties)

Free abelian group on isomorphism classes of varieties
‘'scissor’: [X] =[Y]+ [Z] if Z closed in X, Y =X\ Z

K(Vark) =

[X]-[Y]:=[X x Y] makes K(Varg) into a ring.
LnJrl -1
L :=[Al], so e.g., [P"] = < 7 —l+L+ 4L
By definition, K(Vary) is universal w.r.t. all invariants satisfying the scissor
relations, e.g., Euler characteristic (over k = C).

Fact:
n—3

[Mon] =D rk H**(Mo,n) L* .
k=0
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Example: [Mgs] =7?
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Example: [Mos] =?
Recall Mo s & Blaps(PL x P).
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Example: [Mos] =?
Recall Mo s & Blaps(PL x P).

[Blspis(Pt x P1)] = [P! x P1] — 3[P] 4 3[P!]
=(L+1)2-3+3(L+1)
=L2+5L+1.
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Example: [Mos] =?
Recall Mo s & Blzns(P x P1).

[Blspis(Pt x P1)] = [P! x P1] — 3[P] 4 3[P!]
=(L+1)2-3+3(L+1)
=L2+5L+1.

Therefore
rk HO(Mos) =1, rkH*(Mos) =5, rkH*(Mos)=1

(H' = H3 = 0).
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1
L+1
L2 45L+1
L3 +16L2 + 16L + 1
L* + 4213 + 12712 4+ 42L + 1
L% + 99L* + 71513 + 71512 + 99L + 1
L8 + 219LL° + 32921L* 4 7723L3 + 32922 4 219L + 1
L7 + 46615 4+ 1333315 + 63173L* + 6317313 4 1333312 4 4661 + 1
L8 + 96817 + 495561L° + 4295941L° + 861235L* + 42959413 + 495561L% + 968L + 1
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Example: [Mos] =7
Recall Mo s & Blaps(P? x P1).

[Blapis(P! x PY)] = [P x P'] — 3[PY] + 3[P!]
=(L+1)>-3+3(L+1)
=L2+5L+1.

Therefore
rk HO(Mos) =1, rkH?*(Mos) =5, rkH*(Mos) =1

(H! = H3 =0).
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Example: [Mos] =7
Recall Mo s & Blaps(P? x P1).

[Blapis(P! x PY)] = [P x P'] — 3[PY] + 3[P!]
=(L+1)>-3+3(L+1)
=L2+5L+1.

Therefore
rk HO(Mos) =1, rkH?*(Mos) =5, rkH*(Mos) =1

(H! = H3 =0).
Keel's construction — can do the same in general. Reason:
If B C V nonsingular, d = codimg V/, then

[BlgV] =[V]+ (L+---+LI1)B].
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By Keel,
[Mo,n] = [Mo,n-1] - ( +1LZ[B/<]

where By ranges over products ﬂo,;ﬂ X ./\/lo,j+1, with care about
numberings.
Bookkeeping — explicit recursive relation. For n > 4:

o o n—2 n—o\ __
Mo = Mo i)+ 1)+ L 3 (77 2) Mol Moa-1).
i=3
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By Keel,
[Mo,n] = [Mo,n-1] - ( +1LZ[B/<]

where By ranges over products ﬂo,;ﬂ X M()’J'+]_, with care about
numberings.
Bookkeeping — explicit recursive relation. For n > 4:

o o n—2 n—o\ __ o
Mo = Mo i)+ 1)+ L 3 (77 2) Mol Moa-1).
i=3

Example:

w

Wos] = oL+ ) +1 Y- (%) o 1¥oe-

1=

:(L+1)2+L<;’>
—L2+5L+1.
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Proof of the main result

Recursion < differential equation for the generating function
— z"
M =1 +z 4+ Z[MOJH_]_]H :
n>2

M _ m
dz  1+L(1+z)—-LM’

M(0) =1.
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Proof of the main result

Recursion < differential equation for the generating function
— z"
M =1 +z 4+ Z[MOJH_]_]H :
n>2

M _ m
dz  1+L(1+z)—-LM’

M(0) =1.

(Cf. Manin for a more direct way to prove this.) Our result is that

(£+1) :
:Z(M—l)! (1-L)1+(z+ 1)L fH( F+1> L

>0

satisfies this differential equation & initial condition.
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Once you come up with this formula, it should be trivial to check that it
satisfies the differential equation.
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Once you come up with this formula, it should be trivial to check that it
satisfies the differential equation.

It wasn't trivial for us! Even verifying that the expression equals 1 for
z =0 wasn't trivial.

35 /50 Paolo Aluffi The Grothendieck class of Hgyn



Once you come up with this formula, it should be trivial to check that it
satisfies the differential equation.

It wasn't trivial for us! Even verifying that the expression equals 1 for
z =0 wasn't trivial.

Plugging in reduces the question to the binomial identity

> (W(e +£1) - 1> <W(m +m1) - 2) . ni . <W(kk+_1i 2) |

l+m=k—1
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Once you come up with this formula, it should be trivial to check that it
satisfies the differential equation.

It wasn't trivial for us! Even verifying that the expression equals 1 for
z =0 wasn't trivial.

Plugging in reduces the question to the binomial identity

> (W(e+£1)1><w(m+1)2>. 1 :<W(k+1)2>'

P m n+1 k—1

Then what?
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Once you come up with this formula, it should be trivial to check that it
satisfies the differential equation.

It wasn't trivial for us! Even verifying that the expression equals 1 for
z =0 wasn't trivial.

Plugging in reduces the question to the binomial identity

> (W(e +£1) - 1> <W(m +m1) - 2) . ni . <W(kk+_1i 2) |

l+m=k—1

Then what?
Library search: This is a special case of a known identity
(earliest traces of which date back to 1793).
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Once you come up with this formula, it should be trivial to check that it
satisfies the differential equation.

It wasn't trivial for us! Even verifying that the expression equals 1 for
z =0 wasn't trivial.

Plugging in reduces the question to the binomial identity

> (W(e +£1) - 1> <W(m +m1) - 2) . ni . <W(kk+_1i 2) |

l+m=k—1

Then what?
Library search: This is a special case of a known identity
(earliest traces of which date back to 1793).

But how would one come up with the formula to begin with?
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After-the-fact reconstruction
(this is not how it went, but how it should have gone):
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After-the-fact reconstruction
(this is not how it went, but how it should have gone):

recursion <= differential equation <= functional equation

MY =T2M + (1 - L)(1+ (z +1)L).
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After-the-fact reconstruction
(this is not how it went, but how it should have gone):

recursion <= differential equation <= functional equation
MY =T2M + (1 - L)(1+ (z +1)L).
(Again, cf. Manin.) Postulate M = Nw:

NEwE = L2Nw + (1 - L)(1 4 (z + 1)L).

i

This may suggest taking N = ((1 — L)(1+ (z+ 1)L))L.
Divide by N:

wh=L2((1-L)1+ (z+ DL)E T w+1.

That is, )
wWh =D w =12 (1 -L)1+ (z+1L)E L.

Then, you have to come up with the following.
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Lemma
Let y = (x —1)x~™. Then
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Lemma
Let y = (x —1)x~™. Then

> (m(éf—l— 1))6)_/‘__Z1 .

>0

Who ordered that?
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It can be proved using ‘Lagrange inversion’.
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Lemma
Let y = (x —1)x~™. Then

Z <m(£€+ 1)>€)j1 _m

>0

Who ordered that?
It's equivalent to a problem in Pdlya-Szegd (1925).
It can be proved using ‘Lagrange inversion’.

For us: apply with m =, x = w! (so x™ = w):

y=(x— l)x_% = (W]L — l)w_l 2 L2 (1-L)1+(z+ 1)]14))%—1 .
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Lemma

Let y = (x —1)x~™. Then

Z <m(£€+ 1)))/ _m

=~ {+1

Who ordered that?

It's equivalent to a problem in Pdlya-Szegd (1925).
It can be proved using ‘Lagrange inversion’.

For us: apply with m = %, x = wk (so x™ = w):
y=(x—1xt=wr-1)w 2L (1 -L)1+(z+1)L)E .
Then

M= Nw = (1 — L)1+ (z+ L)L w = ((1— IL)(l +(z+1)L))E xm
lemma
=" ((

1
1(041)
1-L)(1+(z+1)L))E L + ) -t

>0 41

‘\(\

L2 ((1 — L)(1 4 (z 4+ 1)L))C

and this is equivalent to the formula in the claim!
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Probably more than you want to know

Where to go from here?

One can dig a lot deeper into H*(Mo,p).
E.g., study generating functions

-1
2k

=) H( Mon _1)

n>3

for individual k, 0 < k < n— 3.
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Probably more than you want to know

Where to go from here?

One can dig a lot deeper into H*(Mo,p).
E.g., study generating functions

-1

2k
=2 H*( MO” - 1).
n>3

for individual k, 0 < k < n— 3.

Theorem (ACM: —, Chen, Marcolli)

For 0 < m < k there exist polynomials p( )( ) € Q[z] such that

— &2 i m (k (k m)z.

m=0
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k
ak(z) = e 3 (~1)"pi) (z)elk—m)=.

i
o
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— eZ i m (k e(k—m)z .

m=0

Further:
o deg pfrl,() =2m;
e positive coefficients (! AMN).
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k
— eZ Z m (k )e(k—m)z .

m=0

Further:

o deg pfrl,() =2m;

e positive coefficients (! AMN).
Nothing in here is obvious, even given the explicit expressions in the main
result.
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k
ak(z) = e 3 (~1)"pi) (z)elk—m)=.
m=0
Further:
o deg pf,f) =2m;
e positive coefficients (! AMN).
Nothing in here is obvious, even given the explicit expressions in the main

result.
What do these polynomials look like?

k+1 z?
Eg.: (k) ((k+1))l,p(1)_1+z+2 so
2
ai(z) = € (p[()l)eZ — pgl)(z)> =ef (ez —1—-z— 2>
i R 45 46 S7 /8 49
= L+ 165 4425+ 99T, +219g+466a

is the generating function for rk H2(Mo ,,).



1
1L +1
L2 4 5L+1
L3 +16L2 + 16L + 1
L* + 4213 + 12712 4+ 42L + 1
L% + 99L* + 71513 + 71512 + 99L + 1
L8 + 219LL° + 32921L* 4 7723L3 + 32922 4 219L + 1
L7 + 46615 + 1333315 + 63173L* + 6317313 4 1333312 4 4661 + 1
L8 + 96817 + 495561L° + 4295941L° + 861235L* + 42959413 + 495561.% + 968L + 1
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Conjecture

For all 0 < m < k, p,(,/f)(z) is log-concave.
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R. Stanley’s survey article (1989) and more recent updates.
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Conjecture

For all 0 < m < k, p,(,lf)(z) is log-concave.

Quick reminder on log-concavity:

A polynomial ag + ait + aot® + - - - + a4t? with positive coefficients is
log-concave if Vi=1,...,d —1

2
ai > aj—1aj+1 -

(A natural stronger condition is ‘ultra-log-concavity’, which will make an
appearance below.)

Log-concavity is a very combinatorially significant condition, see e.g.,
R. Stanley’s survey article (1989) and more recent updates.

Beautiful example (Huh 2012): The chromatic polynomial of a graph is
log-concave (w/alternating signs).
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Log-concavity is often a signature of underlying deep structure, e.g., a
‘Kahler package’, see June Huh's later work.
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Log-concavity is often a signature of underlying deep structure, e.g., a
‘Kahler package’, see June Huh's later work.

Conjecture

For all 0 < m < k, pi¥)(z) is log-concave.

AMN: True for 0 < m < 100, all k.
Is this enough evidence?

Caveat: The coefficients of pf,f)(z) are determined by some other
polynomials I ,;(t) € Q[t], 0 < j < 2m, deg = 2m — j.

The first several hundred have positive coefficients and are log-concave.

But: Iy is not log-concave!
s 2. - 97330536888617758406393
and the coefficient of t“ in 210 is — 55 e e ertes1£350000 -

Moral: Better think twice before making conjectures.
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More:
Relation with the Lambert W-function.

The Lambert W-function is ‘the’ solution to W(t)e"(t) = ¢;
lots of applications in applied math, combinatorics.

For example, T(t) = —W/(—t) is the ‘tree function’:
Tht"
T(t) =
() ; o

where T,, = n"! is the number of rooted trees on n labelled vertices.
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More:
Relation with the Lambert W-function.

The Lambert W-function is ‘the’ solution to W(t)e"(t) = ¢;
lots of applications in applied math, combinatorics.

For example, T(t) = —W/(—t) is the ‘tree function’:

T =3 Tnf

n>1

where T,, = n"! is the number of rooted trees on n labelled vertices.

Surprisingly (or maybe unsurprisingly) the generating function M has a
relatively simple expression in the tree function T.
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Theorem (ACM)

Let T = T(e*L), where T is the tree function. Then for m > 0 there
exist polynomials Fn(z,7) € Q|[z, 7], of degree 2m in z and < 3m in T,
such that — (—1)"Fo(z. T)
— V4
M=_— % - T2 1™
L Z (1 _ T)2m71

m>0
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Theorem (ACM)

Let T = T(e*L), where T is the tree function. Then for m > 0 there
exist polynomials Fn(z,7) € Q|[z, 7], of degree 2m in z and < 3m in T,
such that — (—1)"Fo(z. T)
— V4
M=_— % - T2 1™
L Z (1 _ T)2m71

m>0

Proof.

More combinatorial identities involving Stirling numbers.
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Theorem (ACM)

Let T = T(e*L), where T is the tree function. Then for m > 0 there
exist polynomials Fn(z,7) € Q|[z, 7], of degree 2m in z and < 3m in T,
such that

T (D))
M= 2 g 7pmt L

Proof.
More combinatorial identities involving Stirling numbers.

For instance, this gives the asymptotics

I’kH2k MO n) tk+1
C(k+ 1)l

M

~—W(-t)
k=0

as n — o0.
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Theorem (ACM)

Let T = T(e*L), where T is the tree function. Then for m > 0 there
exist polynomials Fn(z,7) € Q|[z, 7], of degree 2m in z and < 3m in T,
such that

T (D))
M= 2 g 7pmt L

Proof.
More combinatorial identities involving Stirling numbers.

For instance, this gives the asymptotics

n— 3 2k
kH MO n) pkt1

Tyt b~ WEY

OM

as n — o0.

Why do we care about such things?
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Application: Asymptotic log-concavity

Corollary (ACM)

For all k > 0,
(k + 1)k+n—1

2k (A A
rkH(Mo,n) (k+1)!

as n — oo. In particular, Vi > 1

(rk Hzi(Mo,n)>2 - N H2(i_1)(ﬂ0,n) . T H2(i+1)(ﬂ07n)
0 A () (73)

for n > 0.
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Application: Asymptotic log-concavity

Corollary (ACM)

For all k > 0,
(k + 1)k+n—1

2k (A A
rkH(Mo,n) (k+1)!

as n — oo. In particular, Vi > 1

<kH<Mo>> o tkHTD (Mo,n) |tk H2HD (M)
(") - (7)) (73)

for n > 0.

This says that the ‘even-Poincaré’ (‘Chow’?) polynomial of Mo , is
‘asymptotically ultra-log-concave'.
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Huh: We should always care that a polynomial is log-concave; this never
happens by chance.
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Huh: We should always care that a polynomial is log-concave; this never
happens by chance.

Also, asymptotic ultra-log-concavity is the strongest evidence to date for
the following.

Conjecture

The polynomial Zz;g rk H2K(Mo )t has only real zeros.
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So: The Poincaré polynomial of Mo, should have only imaginary zeros.
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Huh: We should always care that a polynomial is log-concave; this never
happens by chance.

Also, asymptotic ultra-log-concavity is the strongest evidence to date for
the following.

Conjecture
The polynomial Zz;g rk H2K(Mo )t has only real zeros.

Indeed, real-rooted polynomials are ultra-log concave. (Newton!)

So: The Poincaré polynomial of Mo, should have only imaginary zeros.
Why?
What does a zero of the Poincaré polynomial even mean??

This conjecture fits a separate context, and indeed after we made it we
found that people in combinatorics (e.g., Louis Ferroni) had already
considered it.
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Context:

e H*(Mo,,) = Chow ring of the braid matroid, defined with respect to
the ‘minimal building set’.
(This follows from an alternative construction of ﬂom as a sequence
of blow-ups of P"~3, due to Kapranov.)
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e H*(Mo,,) = Chow ring of the braid matroid, defined with respect to
the ‘minimal building set’.
(This follows from an alternative construction of ﬂom as a sequence
of blow-ups of P"~3, due to Kapranov.)

o Conjecture (Ferroni-Huh): The Chow polynomial of every matroid,
defined with respect to the ‘maximal building set’, is real-rooted.
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Context:

e H*(Mo,,) = Chow ring of the braid matroid, defined with respect to
the ‘minimal building set’.

(This follows from an alternative construction of Mg , as a sequence
of blow-ups of P"~3, due to Kapranov.)

o Conjecture (Ferroni-Huh): The Chow polynomial of every matroid,
defined with respect to the ‘maximal building set’, is real-rooted.

@ Caveat: Very easy to come up with examples of matroids for which
the Chow polynomial defined w.r.t. the minimal building set is not
real-rooted.

@ So: What's special about M ,/the braid matroid?

Remark: Partial results on Ferroni-Huh are based on a recursion that is

very similar to the recursion for [Mo p].
Can one prove asymptotic log-concavity for matroidal Chow rings
w.r.t. maximal building sets?
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More recent work:

Characteristic polynomials of M and log-concavity,
J. Choi, Y. Kiem, D. Lee
arXiv:2505.01087
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Characteristic polynomials of M and log-concavity,
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Abstract: ... Our main focus lies on the cohomology of the moduli space
of pointed rational curves, for which we prove asymptotic formulas of its
characteristic polynomial and establish asymptotic log-concavity.
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Characteristic polynomials of M and log-concavity,

J. Choi, Y. Kiem, D. Lee

arXiv:2505.01087

Abstract: ... Our main focus lies on the cohomology of the moduli space
of pointed rational curves, for which we prove asymptotic formulas of its
characteristic polynomial and establish asymptotic log-concavity.
(Among other results, this paper recovers and generalizes the asymptotic
log-concavity in ACM.)
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arXiv:2504.16776

Abstract: We establish formulas for the Hilbert series of the
Feichtner—Yuzvinsky Chow ring of a polymatroid using arbitrary building
sets. . .

(Among other results, this paper recovers and generalizes the formula for
the Poincaré polynomial of Mg , in AMN)
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Improved bounds on ultra-log concavity of the Grothendieck class of Mg,
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This paper proves a stronger asymptotic result in the style of ACM, using
formulas from AMN.

There is much more to explore!
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Thank you for your attention!
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