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The main result, I

M0,n := moduli space of stable n-pointed genus-0 curves

Theorem (AMN: —, Marcolli, Nascimento)

For n ≥ 3

[M0,n] = (1−L)n−1
∑
j≥0

∑
k≥0

s(k+n−1, k+n−1−j)S(k+n−1−j , k+1)Lk+j

Here [·] = class in the Grothendieck group of varieties; L = [A1]

s,S : Stirling numbers of 1st, 2nd kind.
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Recall: M0,n is a smooth projective variety, dimension n − 3.

M0,3 = a point; M0,4 = P1; etc.

For 3 ≤ n ≤ 11, [M0,n] =

1

L + 1

L2 + 5L + 1

L3 + 16L2 + 16L + 1

L4 + 42L3 + 127L2 + 42L + 1

L5 + 99L4 + 715L3 + 715L2 + 99L + 1

L6 + 219L5 + 3292L4 + 7723L3 + 3292L2 + 219L + 1

L7 + 466L6 + 13333L5 + 63173L4 + 63173L3 + 13333L2 + 466L + 1

L8 + 968L7 + 49556L6 + 429594L5 + 861235L4 + 429594L3 + 49556L2 + 968L + 1

· · ·

Coefficient of L` in [M0,n]: rkH2`(M0,n)
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Individual coefficients:

Corollary (AMN)

For n ≥ 3 (and over C), rkH2`(M0,n) equals

∑̀
j=0

`−j∑
k=0

(−1)`−j−k
(

n − 1

`− j − k

)
s(k+n−1, k+n−1−j)S(k+n−1−j , k+1)

(Well-known: Hodd(M0,n) = 0.)

Remark: In particular, the formula must equal 0 for ` > n − 3; this is not
‘combinatorially obvious’.
Also clear from geometry, but not combinatorially obvious: [M0,n] is
‘palindromic’.
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Stirling numbers

‘First kind’: s(n, k); ‘second kind’: S(n, k)

Definition

Let (x)n = x(x − 1) · · · (x − n + 1) (‘falling factorial’). Then s(n, k),
S(n, k) are defined by

(x)n =
n∑

k=0

s(n, k)xk , xn =
n∑

k=0

S(n, k)(x)k .

Example: (x)3 = x(x − 1)(x − 2) = x3 − 3x2 + 2x , so

s(3, 3) = 1, s(3, 2) = −3, s(3, 1) = 2 .

Fact (exercise): S(n, k) =
∑k

i=0

(−1)k−i in

(k − i)!i !
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Matrix form: s = (s(i , j))i ,j≥1, resp., S = (S(i , j))i ,j≥1:

s =



1 0 0 0 0 · · ·
−1 1 0 0 0 · · ·
2 −3 1 0 0 · · ·
−6 11 −6 1 0 · · ·
24 −50 35 −10 1 · · ·
...

...
...

...
...

. . .


, S =



1 0 0 0 0 · · ·
1 1 0 0 0 · · ·
1 3 1 0 0 · · ·
1 7 6 1 0 · · ·
1 15 25 10 1 · · ·
...

...
...

...
...

. . .


.

Then s ·S = id, the infinite identity matrix.

Notation:

11q =


1 0 0 . . .
0 q 0 . . .
0 0 q2 . . .
...

...
...

. . .

 (so 111 = id); and

trk = sum of entries in k-th subdiagonal (so tr0 = ordinary trace).
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s ·S =


1 0 0 0 . . .
0 1 0 0 . . .
0 0 1 0 . . .
0 0 0 1 . . .
...

...
...

...
. . .



11L · s · 11L−1 ·S · 11L =



1 0 0 0 · · ·
1− L L 0 0 · · ·

1− 3L + 2L2 3L− 3L2 L2 0 · · ·
1− 6L + 11L2 − 6L3 7L− 18L2 + 11L3 6L2 − 6L3 L3 · · ·

...
...

...
...

. . .


.

E.g., tr1(11L · s · 11L−1 ·S · 11L) = (1− L) + (3L− 3L2) + (6L2 − 6L3) + · · ·
= 1 + 2L + 3L2 + 4L3 + · · ·

so (1− L)3−1 · tr3−2 (11L · s · 11L−1 ·S · 11L) = 1 = [M0,3].

Then:

Theorem (restatement of main result)

[M0,n] = (1− L)n−1 · trn−2 (11L · s · 11L−1 ·S · 11L) .
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Some history

Definition/construction of M0,n: Knudsen 1983

Several alternative constructions; in particular, Keel 1992
 determination of cohomology/Chow ring:

A`(M0,n) ∼= H2`(M0,n), Hodd(M0,n) = 0, recursion for rkH2`.

Recursion: With ak(n) := rkH2k(Mn), we have

ak(3) = 1 if k = 0, 0 otherwise,

and

ak(n + 1) = ak(n) + ak−1(n) +
1

2

n−2∑
j=2

(
n

j

) `=k−1∑
`=0

a`(j + 1)ak−1−`(n − j + 1)

Other proofs of this recursion or equivalent information:
Fulton-MacPherson ’94, Getzler ’95, Manin ’95.
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Manin 1995:

Consider the generating function

M := 1 + z +
∑
n≥3

PM0,n
(t)

zn−1

(n − 1)!

where PM0,n
(t) = the Poincaré polynomial.

Manin (‘Generating functions in algebraic geometry and sums over trees’):
a differential equation and a functional equation determining M.
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Manin (‘Generating functions in algebraic geometry and sums over trees’):
a differential equation and a functional equation determining M.

11 / 50 Paolo Aluffi The Grothendieck class ofM0,n



Manin 1995:

Consider the generating function

M := 1 + z +
∑
n≥3

PM0,n
(t)

zn−1

(n − 1)!

where PM0,n
(t) = the Poincaré polynomial.
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Remark:

[M0,n] = PM0,n+1
(t)|t2=L; so we may equivalently set

M := 1 + z +
∑
n≥3

[M0,n]
zn−1

(n − 1)!

Theorem (Manin 1995; Manin-Marcolli 2016)

dM

dz
=

M

1 + L(1 + z)− LM

ML = L2M + (1− L)(1 + (z + 1)L)
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The main result, II

Our contribution: we solved these equations!

Theorem (AMN)

M =
∑
`≥0

(`+ 1)`

(`+ 1)!

((1− L)(1 + (z + 1)L))
1+`
L −`

`−1∏
j=0

(
1− jL

`+ 1

)L`

=
∑
`≥0

∑
k≥0

(`+ 1)`+k

(`+ 1)!k!
(z − L− zL)k

`+k−1∏
j=0

(
1− jL

`+ 1

)L` .

The second form implies the Stirling expression given earlier for [M0,n].
The first implies the second and is independently useful.
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Plan for the rest of the talk

M0,n

Grothendieck classes, recursion

Proof — After-the-fact approach

One consequence and some contextual comments
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M0,n

First, M0,n. In algebraic geometry, we often have the luxury of defining
spaces that parametrize interesting families of other spaces.

Examples:

Projective space
P(V ) = {one-dimensional subspaces of a fixed vector space V }.
Grassmannian G (k ,V ): same, for k-dimensional subspaces

Mg : parametrizing isomorphism classes of genus-g curves

These are moduli spaces, which is a stronger requirement than just
parametrizing objects of some kind.
E.g., there is a ‘universal subbundle’ over the Grassmannian:

S

π
$$

� � // G (k ,V )xV

ν

��
G (k,V )

such that for W ∈ G (k ,V ), π−1(W ) = W as a subspace of V = ν−1(W ).

15 / 50 Paolo Aluffi The Grothendieck class ofM0,n



M0,n

First, M0,n. In algebraic geometry, we often have the luxury of defining
spaces that parametrize interesting families of other spaces.

Examples:

Projective space
P(V ) = {one-dimensional subspaces of a fixed vector space V }.
Grassmannian G (k ,V ): same, for k-dimensional subspaces

Mg : parametrizing isomorphism classes of genus-g curves

These are moduli spaces, which is a stronger requirement than just
parametrizing objects of some kind.
E.g., there is a ‘universal subbundle’ over the Grassmannian:

S

π
$$

� � // G (k ,V )xV

ν

��
G (k,V )

such that for W ∈ G (k ,V ), π−1(W ) = W as a subspace of V = ν−1(W ).

15 / 50 Paolo Aluffi The Grothendieck class ofM0,n



M0,n

First, M0,n. In algebraic geometry, we often have the luxury of defining
spaces that parametrize interesting families of other spaces.

Examples:

Projective space
P(V ) = {one-dimensional subspaces of a fixed vector space V }.
Grassmannian G (k ,V ): same, for k-dimensional subspaces

Mg : parametrizing isomorphism classes of genus-g curves

These are moduli spaces, which is a stronger requirement than just
parametrizing objects of some kind.
E.g., there is a ‘universal subbundle’ over the Grassmannian:

S

π
$$

� � // G (k ,V )xV

ν

��
G (k,V )

such that for W ∈ G (k ,V ), π−1(W ) = W as a subspace of V = ν−1(W ).

15 / 50 Paolo Aluffi The Grothendieck class ofM0,n



M0,n

First, M0,n. In algebraic geometry, we often have the luxury of defining
spaces that parametrize interesting families of other spaces.

Examples:

Projective space
P(V ) = {one-dimensional subspaces of a fixed vector space V }.
Grassmannian G (k ,V ): same, for k-dimensional subspaces

Mg : parametrizing isomorphism classes of genus-g curves

These are moduli spaces, which is a stronger requirement than just
parametrizing objects of some kind.

E.g., there is a ‘universal subbundle’ over the Grassmannian:

S

π
$$

� � // G (k ,V )xV

ν

��
G (k,V )

such that for W ∈ G (k ,V ), π−1(W ) = W as a subspace of V = ν−1(W ).

15 / 50 Paolo Aluffi The Grothendieck class ofM0,n



M0,n

First, M0,n. In algebraic geometry, we often have the luxury of defining
spaces that parametrize interesting families of other spaces.

Examples:

Projective space
P(V ) = {one-dimensional subspaces of a fixed vector space V }.
Grassmannian G (k ,V ): same, for k-dimensional subspaces

Mg : parametrizing isomorphism classes of genus-g curves

These are moduli spaces, which is a stronger requirement than just
parametrizing objects of some kind.
E.g., there is a ‘universal subbundle’ over the Grassmannian:

S

π
$$

� � // G (k ,V )xV

ν

��
G (k,V )

such that for W ∈ G (k ,V ), π−1(W ) = W as a subspace of V = ν−1(W ).
15 / 50 Paolo Aluffi The Grothendieck class ofM0,n



Similarly, there is a ‘universal curve’ π : Cg →Mg such that
for [C ] ∈Mg , π−1([C ]) is a curve C with that isomorphism class.

In fact, Cg is itself a moduli space:

Cg =Mg ,1 parametrizes genus-g curves C along with a point p ∈ C .

The map π :Mg ,1 →Mg ‘forgets’ the point.

Iterate:
Mg ,n = {genus g curves C along with n distinct points p1, . . . , pn ∈ C}
Universal (pointed) curve: π :Mg ,n+1 →Mg ,n, ‘forget the last point’.

Simplest case: g = 0. Smooth genus-0 curves are isomorphic to P1, so

M0,n = {C = P1 along with p1, . . . , pn distinct points on C}

 

P P

p
PY

Pn
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‘Better’ (?) picture:

 

npoinb.a.plP2 P3 Py

‘Up to isomorphism’: i.e., up to Möbius transformations. Same as fixing
the first three points to be 0 = (0 : 1), 1 = (1 : 1), ∞ = (1 : 0)

n ≤ 2: ignore

M0,3 = pt (only one configuration)

 

P O Pit Pix
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the first three points to be 0 = (0 : 1), 1 = (1 : 1), ∞ = (1 : 0)
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P O Pit Pix
M0,4 =?

 

py s

p O Pit Pix
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the first three points to be 0 = (0 : 1), 1 = (1 : 1), ∞ = (1 : 0)

n ≤ 2: ignore

M0,3 = pt (only one configuration)

 

P O Pit Pix
M0,4 = P1 r {0, 1,∞} (p4 6= 0, 1,∞)

 

py s
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M0,5 =?

M0,5 = (M0,4 ×M0,4) r diagonal dim = 2

M0,6 = (M0,4 ×M0,4 ×M0,4) r diagonals dim = 3

etc.: M0,n = (n − 3)-dimensional smooth variety, complement of
diagonals in (M0,4)n−3.

Problem: M0,n is not compact: no limit as pi 7→ pj for i 6= j .

Question: What is a natural, ‘modular’ compactification M0,n?

M0,3 =M0,3 = a point.

M0,4 = P1, no other choice.

M0,5 =?
‘Easy’ compactification of M0,5: P1 × P1; but this cannot be viewed
as a moduli space of point configurations.
(The limits as points come together depend on the choice of which
points are identified with 0, 1, ∞.)
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Amazing fact (Knudsen 1983):

For all n there exists a modular compactification M0,n.

Each point of M0,n may be viewed as a configuration of n distinct
points on a tree of P1’s. (More precise statement below.)

There are morphisms M0,n+1 →M0,n (‘forget the last point’)
realizing the source as the universal curve over the target.

The picture to keep in mind is the following. Say two points p, q approach
each other:

i

In the limit, the curve ‘sprouts’ a new component P1 and p, q end up as
distinct points on this component:

19 / 50 Paolo Aluffi The Grothendieck class ofM0,n



Amazing fact (Knudsen 1983):

For all n there exists a modular compactification M0,n.

Each point of M0,n may be viewed as a configuration of n distinct
points on a tree of P1’s. (More precise statement below.)

There are morphisms M0,n+1 →M0,n (‘forget the last point’)
realizing the source as the universal curve over the target.

The picture to keep in mind is the following. Say two points p, q approach
each other:

i

In the limit, the curve ‘sprouts’ a new component P1 and p, q end up as
distinct points on this component:

19 / 50 Paolo Aluffi The Grothendieck class ofM0,n



Amazing fact (Knudsen 1983):

For all n there exists a modular compactification M0,n.

Each point of M0,n may be viewed as a configuration of n distinct
points on a tree of P1’s. (More precise statement below.)

There are morphisms M0,n+1 →M0,n (‘forget the last point’)
realizing the source as the universal curve over the target.

The picture to keep in mind is the following. Say two points p, q approach
each other:

i

In the limit, the curve ‘sprouts’ a new component P1 and p, q end up as
distinct points on this component:

19 / 50 Paolo Aluffi The Grothendieck class ofM0,n



Note that the new component now has three ‘special’ points: p, q, and
the intersection with the other component.

Up to isomorphism, these three points are 0, 1, ∞ in the new component.
So the limiting p, q cannot move further.

E.g., points of M0,4 = P1 should be viewed as follows: 

Py Py P

Pi 0 Past P3 x p p P2 P3 P P Ps P P2 p

Mo u 03 13 x

Each component in the limits has exactly 3 special points, so the
configurations in the limits are rigid.
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M0,5?

If three points come together, they can end up on a new component:
 

P3

P P2 Py

Ps

 

P3

P P2 Py
I
Ps

Two could approach each other on that component, and this would cause
a new P1 to sprout: 

P3

P Pz

Py Ps

and now each component has exactly 3 special points, so this
configuration cannot degenerate further.
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Points of M0,n:

Trees of P1’s with n marked points, such that each component has ≥ 3
‘special’ points.

This is what ‘stable n-pointed genus-0 curve’ means.
E.g.: A point of M0,9 may look like 

P
Pg

81
p

Pb D8

Pq

P3

P Pz

Py Ps

Of course these pictures only capture some combinatorial information.
There is a better way to express the same information.
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Dual tree:

One ‘internal’ vertex for each component;

Edges join vertices if components meet;

n marked points → n leaves.

Example: 

P
Pg

81
p

Pb D8

Pq

P3

P Pz

Py Ps

P Ps

Ps PG P

Ps

Pc P Pg
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A ‘stable tree’ is a tree as above for which all internal vertices have
valence ≥ 3.
Fact: M0,n has a stratification with strata ↔ stable trees with n
numbered leaves.

Dual trees of points of M0,n:

with n numbered leaves. This is the largest stratum, dim= n − 3.
M0,4:

I 4
3 1 2 1 2

2 3 2 4 3 4 4 3
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M0,5:

I

5 2

4 3 1101 151

Fact: All strata are products of M0,i !

p p 0,3

P
T Mot3 May

P61 B

Pp
Mey

Mo3h

Pc P Pg

Stratum ∼=M0,3 ×M0,3 ×M0,3 ×M0,4 ×M0,4, dim = 2.
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Construction of M0,n? Inductive.

M0,n+1 = universal curve over M0,n:
π :M0,n+1 →M0,n, forget pn+1.

For C ∈M0,n, π−1(C ) = C as a stable n-pointed curve.

Example: M0,4 = P1; π :M0,5 →M0,4, forget p5.

The fibers should look like this:

If p4 6= 0, 1,∞:

 

Py P 0 P2 l P3 x

If e.g., p4 7→ p1:

 

P

P2 P3

Py

How to construct M0,5?

26 / 50 Paolo Aluffi The Grothendieck class ofM0,n



Construction of M0,n? Inductive.

M0,n+1 = universal curve over M0,n:
π :M0,n+1 →M0,n, forget pn+1.

For C ∈M0,n, π−1(C ) = C as a stable n-pointed curve.

Example: M0,4 = P1; π :M0,5 →M0,4, forget p5.

The fibers should look like this:

If p4 6= 0, 1,∞:

 

Py P 0 P2 l P3 x

If e.g., p4 7→ p1:

 

P

P2 P3

Py

How to construct M0,5?

26 / 50 Paolo Aluffi The Grothendieck class ofM0,n



Construction of M0,n? Inductive.

M0,n+1 = universal curve over M0,n:
π :M0,n+1 →M0,n, forget pn+1.

For C ∈M0,n, π−1(C ) = C as a stable n-pointed curve.

Example: M0,4 = P1; π :M0,5 →M0,4, forget p5.

The fibers should look like this:

If p4 6= 0, 1,∞:

 

Py P 0 P2 l P3 x

If e.g., p4 7→ p1:

 

P

P2 P3

Py

How to construct M0,5?

26 / 50 Paolo Aluffi The Grothendieck class ofM0,n



Construction of M0,n? Inductive.

M0,n+1 = universal curve over M0,n:
π :M0,n+1 →M0,n, forget pn+1.

For C ∈M0,n, π−1(C ) = C as a stable n-pointed curve.

Example: M0,4 = P1; π :M0,5 →M0,4, forget p5.

The fibers should look like this:

If p4 6= 0, 1,∞:

 

Py P 0 P2 l P3 x

If e.g., p4 7→ p1:

 

P

P2 P3

Py

How to construct M0,5?

26 / 50 Paolo Aluffi The Grothendieck class ofM0,n



Construction of M0,n? Inductive.

M0,n+1 = universal curve over M0,n:
π :M0,n+1 →M0,n, forget pn+1.

For C ∈M0,n, π−1(C ) = C as a stable n-pointed curve.

Example: M0,4 = P1; π :M0,5 →M0,4, forget p5.

The fibers should look like this:

If p4 6= 0, 1,∞:

 

Py P 0 P2 l P3 x

If e.g., p4 7→ p1:

 

P

P2 P3

Py

How to construct M0,5?

26 / 50 Paolo Aluffi The Grothendieck class ofM0,n



Construction of M0,n? Inductive.

M0,n+1 = universal curve over M0,n:
π :M0,n+1 →M0,n, forget pn+1.

For C ∈M0,n, π−1(C ) = C as a stable n-pointed curve.

Example: M0,4 = P1; π :M0,5 →M0,4, forget p5.

The fibers should look like this:

If p4 6= 0, 1,∞:

 

Py P 0 P2 l P3 x

If e.g., p4 7→ p1:

 

P

P2 P3

Py

How to construct M0,5?

26 / 50 Paolo Aluffi The Grothendieck class ofM0,n



First approximation: try M0,4 × P1, where second factor parametrizes p5: 

P

Ip p or

p

p

or

o i o

170,4

Fiber is as expected for p4 6= p1, p2, p3.
But not so when p4 → p1, p2, or p3. What to do?
Answer: Blow-up the three blue points!

Each exceptional divisor is ∼= P1. Fiber over 0:

 

P3

Pz

p
P

as it should be.
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And indeed M0,5
∼= B`3pts(M0,4 × P1)

Keel 1992:

In general, M0,n+1 = result of sequence of blow-ups of M0,n × P1

along smooth subvarieties of codimension 2.

All centers of blow-up are isomorphic to M0,i+1 ×M0,j+1

with i + j = n.

The general points of the centers look like this:
 

i

Keel’s construction easily implies a recursion formula for the Grothendieck
class [M0,n]!
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Class in the Grothendieck ring

Definition (Grothendieck group of varieties)

K (Vark) =
Free abelian group on isomorphism classes of varieties

‘scissor’: [X ] = [Y ] + [Z ] if Z closed in X , Y = X r Z

[X ] · [Y ] := [X × Y ] makes K (Vark) into a ring.

L := [A1], so e.g., [Pn] =
Ln+1 − 1

L− 1
= 1 + L + · · ·+ Ln.

By definition, K (Vark) is universal w.r.t. all invariants satisfying the scissor
relations, e.g., Euler characteristic (over k = C).

Fact:

[M0,n] =
n−3∑
k=0

rkH2k(M0,n)Lk .
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Example: [M0,5] =?

Recall M0,5
∼= B`3pts(P1 × P1).

[B`3pts(P1 × P1)] = [P1 × P1]− 3[P0] + 3[P1]

= (L + 1)2 − 3 + 3(L + 1)

= L2 + 5L + 1 .

Therefore

rkH0(M0,5) = 1, rkH2(M0,5) = 5, rkH4(M0,5) = 1

(H1 = H3 = 0).
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1

L + 1

L2 + 5L + 1

L3 + 16L2 + 16L + 1

L4 + 42L3 + 127L2 + 42L + 1

L5 + 99L4 + 715L3 + 715L2 + 99L + 1

L6 + 219L5 + 3292L4 + 7723L3 + 3292L2 + 219L + 1

L7 + 466L6 + 13333L5 + 63173L4 + 63173L3 + 13333L2 + 466L + 1

L8 + 968L7 + 49556L6 + 429594L5 + 861235L4 + 429594L3 + 49556L2 + 968L + 1

· · ·
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rkH0(M0,5) = 1, rkH2(M0,5) = 5, rkH4(M0,5) = 1

(H1 = H3 = 0).

Keel’s construction → can do the same in general. Reason:
If B ⊆ V nonsingular, d = codimB V , then

[B`BV ] = [V ] + (L + · · ·+ Ld−1)[B] .
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By Keel,

[M0,n] = [M0,n−1] · (L + 1) + L
∑
k

[Bk ]

where Bk ranges over products M0,i+1 ×M0,j+1, with care about
numberings.
Bookkeeping → explicit recursive relation. For n ≥ 4:

[M0,n] = [M0,n−1](L + 1) + L
n−2∑
i=3

(
n − 2

i − 1

)
[M0,i ][M0,n+1−i ] .

Example:

[M0,5] = [M0,4](L + 1) + L
3∑

i=3

(
3

i − 1

)
[M0,i ][M0,6−i ]

= (L + 1)2 + L
(

3

2

)
= L2 + 5L + 1 .
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Proof of the main result

Recursion ↔ differential equation for the generating function

M := 1 + z +
∑
n≥2

[M0,n+1]
zn

n!
:

dM

dz
=

M

1 + L(1 + z)− LM
, M(0) = 1 .

(Cf. Manin for a more direct way to prove this.) Our result is that

M =
∑
`≥0

(`+ 1)`

(`+ 1)!

((1− L)(1 + (z + 1)L))
1+`
L −`

`−1∏
j=0

(
1− jL

`+ 1

)L`

satisfies this differential equation & initial condition.
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Once you come up with this formula, it should be trivial to check that it
satisfies the differential equation.

It wasn’t trivial for us! Even verifying that the expression equals 1 for
z = 0 wasn’t trivial.

Plugging in reduces the question to the binomial identity∑
`+m=k−1

(
w(`+ 1)− 1

`

)(
w(m + 1)− 2

m

)
· 1

n + 1
=

(
w(k + 1)− 2

k − 1

)
.

Then what?
Library search: This is a special case of a known identity
(earliest traces of which date back to 1793).

But how would one come up with the formula to begin with?
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After-the-fact reconstruction
(this is not how it went, but how it should have gone):

recursion ⇐⇒ differential equation ⇐⇒ functional equation

ML = L2M + (1− L)(1 + (z + 1)L) .

(Again, cf. Manin.) Postulate M = Nw :

NLwL = L2Nw + (1− L)(1 + (z + 1)L) .

This may suggest taking N = ((1− L)(1 + (z + 1)L))
1
L .

Divide by NL:

wL = L2 ((1− L)(1 + (z + 1)L))
1
L−1 w + 1 .

That is,

(wL − 1)w−1 = L2 ((1− L)(1 + (z + 1)L))
1
L−1 .

Then, you have to come up with the following.
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Lemma

Let y = (x − 1)x−m. Then

∑
`≥0

(
m(`+ 1)

`

)
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It can be proved using ‘Lagrange inversion’.

For us: apply with m = 1
L , x = wL (so xm = w):

y = (x − 1)x−
1
L = (wL − 1)w−1 !

= L2 ((1− L)(1 + (z + 1)L))
1
L−1 .

Then

M = Nw = ((1− L)(1 + (z + 1)L))
1
L w = ((1− L)(1 + (z + 1)L))

1
L xm

lemma
= ((1− L)(1 + (z + 1)L))

1
L
∑
`≥0

( 1
L (`+ 1)

`

) 1

`+ 1
L2` ((1− L)(1 + (z + 1)L))

`
L−`

and this is equivalent to the formula in the claim!

37 / 50 Paolo Aluffi The Grothendieck class ofM0,n



Lemma

Let y = (x − 1)x−m. Then

∑
`≥0

(
m(`+ 1)

`

)
y `

`+ 1
= xm .

Who ordered that?
It’s equivalent to a problem in Pólya-Szegö (1925).
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Probably more than you want to know

Where to go from here?

One can dig a lot deeper into H∗(M0,n).
E.g., study generating functions

αk(z) :=
∑
n≥3

H2k(M0,n)
zn−1

(n − 1)!

for individual k , 0 ≤ k ≤ n − 3.

Theorem (ACM: —, Chen, Marcolli)

For 0 ≤ m ≤ k there exist polynomials p
(k)
m (z) ∈ Q[z ] such that

αk(z) = ez
k∑

m=0

(−1)mp
(k)
m (z)e(k−m)z .
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αk(z) = ez
k∑

m=0

(−1)mp
(k)
m (z)e(k−m)z .

Further:

deg p
(k)
m = 2m;

positive coefficients (! AMN).

Nothing in here is obvious, even given the explicit expressions in the main
result.
What do these polynomials look like?

E.g.: p
(k)
0 =

(k + 1)

(k + 1)!
, p

(1)
1 = 1 + z +

z2

2
, so

α1(z) = ez
(
p

(1)
0 ez − p

(1)
1 (z)

)
= ez

(
ez − 1− z − z2

2

)
=

z3

3!
+ 5

z4

4!
+ 16

z5

5!
+ 42

z6

6!
+ 99

z7

7!
+ 219

z8

8!
+ 466

z9

9!
+ · · ·

is the generating function for rkH2(M0,n).
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1

1L + 1

L2 + 5L + 1

L3 + 16L2 + 16L + 1

L4 + 42L3 + 127L2 + 42L + 1

L5 + 99L4 + 715L3 + 715L2 + 99L + 1

L6 + 219L5 + 3292L4 + 7723L3 + 3292L2 + 219L + 1

L7 + 466L6 + 13333L5 + 63173L4 + 63173L3 + 13333L2 + 466L + 1

L8 + 968L7 + 49556L6 + 429594L5 + 861235L4 + 429594L3 + 49556L2 + 968L + 1

· · ·

40 / 50 Paolo Aluffi The Grothendieck class ofM0,n



Conjecture

For all 0 ≤ m ≤ k , p
(k)
m (z) is log-concave.

Quick reminder on log-concavity:

A polynomial a0 + a1t + a2t
2 + · · ·+ ad t

d with positive coefficients is
log-concave if ∀i = 1, . . . , d − 1

a2
i ≥ ai−1ai+1 .

(A natural stronger condition is ‘ultra-log-concavity’, which will make an
appearance below.)

Log-concavity is a very combinatorially significant condition, see e.g.,
R. Stanley’s survey article (1989) and more recent updates.

Beautiful example (Huh 2012): The chromatic polynomial of a graph is
log-concave (w/alternating signs).
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Log-concavity is often a signature of underlying deep structure, e.g., a
‘Kähler package’, see June Huh’s later work.

Conjecture

For all 0 ≤ m ≤ k , p
(k)
m (z) is log-concave.

AMN: True for 0 ≤ m ≤ 100, all k.
Is this enough evidence?

Caveat: The coefficients of p
(k)
m (z) are determined by some other

polynomials Γmj(t) ∈ Q[t], 0 ≤ j ≤ 2m, deg = 2m − j .

The first several hundred have positive coefficients and are log-concave.

But: Γ20,0 is not log-concave!
and the coefficient of t2 in Γ21,0 is −97330536888617758406393

2248001455555215360000 .

Moral: Better think twice before making conjectures.
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More:

Relation with the Lambert W-function.

The Lambert W-function is ‘the’ solution to W (t)eW (t) = t;
lots of applications in applied math, combinatorics.

For example, T (t) = −W (−t) is the ‘tree function’:

T (t) =
∑
n≥1

Tnt
n

n!

where Tn = nn−1 is the number of rooted trees on n labelled vertices.

Surprisingly (or maybe unsurprisingly) the generating function M has a
relatively simple expression in the tree function T .
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Theorem (ACM)

Let T = T (ezL), where T is the tree function. Then for m > 0 there
exist polynomials Fm(z , τ) ∈ Q[z , τ ], of degree 2m in z and < 3m in τ ,
such that

M =
T

L
∑
m≥0

(−1)mFm(z ,T )

(1− T )2m−1
Lm .

Proof.

More combinatorial identities involving Stirling numbers.

For instance, this gives the asymptotics

n−3∑
k=0

rkH2k(M0,n)

(k + 1)n−1
tk+1 ∼ −W (−t)

as n→∞.

Why do we care about such things?
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Application: Asymptotic log-concavity

Corollary (ACM)

For all k ≥ 0,

rkH2k(M0,n) ∼ (k + 1)k+n−1

(k + 1)!

as n→∞. In particular, ∀i ≥ 1(
rkH2i (M0,n)(n−3

i

) )2

≥ rkH2(i−1)(M0,n)(n−3
i−1

) · rkH2(i+1)(M0,n)(n−3
i+1

)
for n� 0.

This says that the ‘even-Poincaré’ (‘Chow’?) polynomial of M0,n is
‘asymptotically ultra-log-concave’.
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Huh: We should always care that a polynomial is log-concave; this never
happens by chance.

Also, asymptotic ultra-log-concavity is the strongest evidence to date for
the following.

Conjecture

The polynomial
∑n−3

k=0 rkH2k(M0,n)tk has only real zeros.

Indeed, real-rooted polynomials are ultra-log concave. (Newton!)

So: The Poincaré polynomial of M0,n should have only imaginary zeros.
Why?
What does a zero of the Poincaré polynomial even mean??

This conjecture fits a separate context, and indeed after we made it we
found that people in combinatorics (e.g., Louis Ferroni) had already
considered it.
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Context:

H2∗(M0,n) ∼= Chow ring of the braid matroid, defined with respect to
the ‘minimal building set’.
(This follows from an alternative construction of M0,n as a sequence
of blow-ups of Pn−3, due to Kapranov.)

Conjecture (Ferroni-Huh): The Chow polynomial of every matroid,
defined with respect to the ‘maximal building set’, is real-rooted.

Caveat: Very easy to come up with examples of matroids for which
the Chow polynomial defined w.r.t. the minimal building set is not
real-rooted.

So: What’s special about M0,n/the braid matroid?

Remark: Partial results on Ferroni-Huh are based on a recursion that is
very similar to the recursion for [M0,n].
Can one prove asymptotic log-concavity for matroidal Chow rings
w.r.t. maximal building sets?
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More recent work:

Characteristic polynomials ofM and log-concavity,
J. Choi, Y. Kiem, D. Lee
arXiv:2505.01087

Abstract: . . . Our main focus lies on the cohomology of the moduli space
of pointed rational curves, for which we prove asymptotic formulas of its
characteristic polynomial and establish asymptotic log-concavity.

(Among other results, this paper recovers and generalizes the asymptotic
log-concavity in ACM.)

Building sets, Chow rings, and their Hilbert series,
C. Eur, L. Ferroni, J. P. Matherne, R. Pagaria, L. Vecchi
arXiv:2504.16776

Abstract: We establish formulas for the Hilbert series of the
Feichtner–Yuzvinsky Chow ring of a polymatroid using arbitrary building
sets. . .

(Among other results, this paper recovers and generalizes the formula for
the Poincaré polynomial of M0,n in AMN)
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Improved bounds on ultra-log concavity of the Grothendieck class ofM0,n

Eduardo Nascimento (the N in AMN!)
arXiv:2509.11805 (yesterday!)

This paper proves a stronger asymptotic result in the style of ACM, using
formulas from AMN.

There is much more to explore!
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Thank you for your attention!

50 / 50 Paolo Aluffi The Grothendieck class ofM0,n


	The main result, I
	Stirling numbers
	Some history
	The main result, II
	M0,n
	Class in the Grothendieck ring
	Proof of the main result
	Probably more than you want to know
	Application: Asymptotic log-concavity

