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ONE DEL PEZZO SURFACES WITH A CONIC BUNDLE STRUCTURE

ANDREW POLLOCK AND BALAZS SZENDROI

1. THE SETUP

Let Z be a del Pezzo surface of degree one over a perfect field k£ assumed to have characteristic
different from 2, allowing a morphism 7 : Z — P! equipping it with the structure of a conic
bundle. By [2, Theorem 5.6], Z admits an embedding into the rational scroll X = F(0,1,1) as
a hypersurface, with the conic bundle structure induced by projection to the base of the scroll.
On the other hand, as for all del Pezzo surfaces of degree 1, the anticanonical ring

R(Z,-Kz) = H(Z,-nKy)
n>0

of Z is generated by four elements of degrees 1,1, 2 and 3, giving the anticanonical embedding
Z 2 ProjR(Z,—Kz) — P(1,1,2,3).

This realises Z C P(1, 1,2, 3) as a hypersurface of degree 6, given by a Weierstrass-like equation.
In this note, we explain how to translate from the conic bundle model of Z to the anticanonical
model, answering a question that arose on mathoverflow (in fact twice independently) [6] |1].
As explained in [5], the rational scroll X = F(0,1,1) has Picard group Pic X = Z2, and
bigraded Cox ring
@ HY (X,0x(m,n)) = Clto, t1, z0, 1, 2],

m,ne”z
with the generators having bidegrees

deg(ty) = deg(t;) = (1,0), deg(zo) =(0,1), deg(z1)=deg(az) = (-1,1).
The surface Z is a degree (1,2) hypersurface in X, the vanishing locus of a general polynomial
r= A(to, tl)l‘g + B(to, tl)l‘olj + C(to, tl)l‘oxg + D(to, tl)xf + E(to, tl)l‘ll‘g + F(to, t1)$§,

where A, B,C, D, E, F are homogeneous forms in (o, t1) of degrees 1, 2, 2, 3, 3, 3 respectively.
We will write
A(to, t1) = aoto + aity, Blto,t1) = botg + bitots + bat3, Clto,t1) = cotf + citots + coti,
D(to, tl) = dot% + dlt%tl + dgtot% + dgt?, E(to,tl) = eotg + 61t(2)t1 + thOt% + egt?,
F(to,t1) = foty + fitgts + fatoti + fat?.

The bundle structure 7 : Z — P! is simply the restriction of the projection of X to P! given
by the coordinates tg, ¢1.

The restriction homomorphism Pic X — Pic Z is injective, and we will identify Pic X = 7?2
with its image in Pic Z. The canonical class of X is Kx = Ox(0,—3); by adjunction, the
canonical class of Z is thus Kz = Oz(1, —1). We conclude that z1, x5 restrict to linearly inde-
pendent anticanonical sections of Z, giving a basis of the degree one part of the anticanonical

ring R(Z,—Kz). As mentioned above, the anticanonical ring also needs generators w, z of
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degrees 2,3. As the restriction map
H°(X,0x(n,m)) — H*(Z,0z(n,m))

is not surjective in the relevant degrees, these generators cannot be expressed as polynomials
in the x; and t; variables. Rather, the sections w, z satisfy certain relations with them; these

are the expressions we seek.

2. RESTRICTION MAPS AND EXTRA SECTIONS

Continuing with the hypersurface Z C X, the restriction map on sections above fits into
the long exact sequence

0 — HX,0x(n—1,m—2)) — H(X,0x(n,m)) = H*(Z,Oz(n,m)) —
— HY(X,O0x(n—1,m—2)) - HY(X,Ox(n,m))

A method developed by one of us [3], see also [4], finds missing sections in H%(Z, Oz(n,m))
as the kernel of the map J in the second row of this exact sequence. This requires an explicit
calculation of the cohomologies H! (X, Ox(n,m)) and the maps §, as well as an understanding
how these new sections interact multiplicatively with the well-understood sections, the polyno-
mials in x;,t;. These calculations depend on an explicit Cech description of the cohomologies
on X; for now, we skip the details. The result is that, after making some choices, there exist
sections w € H(X, —2Kz) and z € H°(X, —3K z) that, together with z1, 2, give a generating

set of the anticanonical ring of Z, and satisfy computable relations

ttw = polwi,t;)
(1) t%w = p1(xi,tj)
4z = qolwity)
t?Z = ql(l'i,tj).

Here p;, g; are complicated polynomials of (z,t;) with coefficients involving the coefficients
of r. The whole setup is best handled by computer algebra.

3. COMPUTING THE ANTICANONICAL RING

As explained in the previous section, we have a natural map of bigraded algebras
(2) ¥ klto, t1, xo, 21, T2, W, 2] %@HO(Z,OZ(n,m)),
n,m
which is surjective onto the anticanonical ring of Z. Moreover, the kernel of this map contains

five explicit elements: the original polynomial r defining Z in X, as well as the four elements

ho = 3w — po(zi,t;)
hi = 3w —pi(zi,t;)
g = tdz—qo(zity)
g1 = tiz—aq(zty)

coming from the equations satisfied by w and z. See Figure

Let
J = (r, ho, h1, 90, 1) C k[to, t1, 0, 21, T2, W, 2]
be the ideal generated by these five polynomials. This ideal is not prime; in its primary
decomposition, there is an irrelevant component, the ideal generated is (to,t1, o), which can
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