Exercises for T2, Summer term 2019, Sheet 4
1) Wave function
Let the wave function of a particle in one dimension be given by

N[a,b] ∈ C if x ∈ [a, b],
ψ[a,b] (x) =
0
else
Determine the condition the normalization constant N[a,b] must statisfy so that you
have a normalized wave function. Can N[a,b] be determined uniquely? Calculate the
expectation value hxi for the position of the particle, the expectation value hx2 i and
the mean square deviation (variance) (∆x)2 ≡ h(x − hxi)2 i = hx2 i − hxi2 . Assuming
a = 0, b = 3, calculate the probability to find the particle in the interval [−2, 10.5].
2) Binomial distribution
Let a (pure) state of a spinless particle in 3 dimensions be represented by the wavefunction ψ(~x). A detector D shall be able to determine if the particle is located within
the region V ⊂ 3 , while a second detector D0 shall be able to register the particle if
its position is outside of V . We now conduct a measurement on N equally prepared
copies of the system. For a certain copy of the system exactly one of the detectors
triggers.
The probability p that the particle is detected within the region V is given by
R
p = V d3 ~x |ψ(~x)|2 . The probability to register the particle outside V is therefore 1 − p.
The probability wn that the particle is detected inside V for exactly n of the N copies
is given by the binomial distribution
 
N n
N!
wn =
p (1 − p)N −n =
pn (1 − p)N −n
n
n!(N − n)!

R

The mean n̄ ≡ hni and the standard deviation ∆n (as well as higher moments) of n
can be easiliy calculated with the characteristic function
φ(x) =

N
X

wn enx

n=0

Start by calculating1 φ(x) and use the characteristic function to subsequently compute
n̄/N and ∆n/N . Discuss the behaviour for N → ∞!
What is the conceptual connection of the results to what you calculated in problem 1?
3) Probability of an outcome of a Measurement
(a) Given is an ensemble (i.e. a very lare number) of systems with each having one
particle in one dimension having a wave function which in 50% of the systems is of
the form ψ[−1,1] (x) and in the other 50% of the form ψ[0,2] (x) (see exercise 1). Because
1

Just write everything down and take your time! Sometimes the characteristic function is defined
with an additional factor i in the exponent.

the individual systems of the ensemble are not in a unique quantum mechanical state
this is an example for a ”mixed state”. Determine the proability that in a position
measurement (carried out once for each system of the ensemble!) the particle location
is within the interval [0, 1]. Is a possible complex phase between ψ[−1,1] (x) and ψ[0,2] (x)
relevant for the result?
(b) Given is an ensemble (i.e. a very lare number) of systems with each having one
particle in one dimension having a wave function of the form ψ(x) = 0.5 ψ[−1,1] (x) +
0.5 ψ[0,2] (x). Because the individual systems of the ensemble are all in exactly the
same quantum mechanical state this is an example for a ”pure state”. Determine the
proability that in a position measurement (carried out once for each system of the
ensemble!) the particle location is within the interval [0, 1] for the cases (i) N[−1,1] and
N[0,2] both real and positive und (ii) N[−1,1] positive und N[0,2] negative. (Be aware of
the normalization of the wave function.)
(c) Carry out (a) and (b) once more, but now use instead of the wave function ψ[0,2] (x)
the wave function ψ[2,4] (x) and consider the location measurement interval [0, 3]. Interpret the results in comparison to (a) and (b).
4) Dirac δ-Function in 1 Dimension
The Dirac δ function is a distribution whose properties are defined with its action on
test functions f (x) upon integrations:
Z ∞
dx̄ f (x̄) δ(x − x̄) = f (x) ,
−∞

R∞
where x̄ be real, δ(x) = δ(−x) and −∞ dx δ(x − x̄) = 1, and f be (at least at x) be a
continuous function. Show the following properties of the Dirac δ function for integrals
over arbitrary test functions:
(a) x δ(x) = 0

x δ(x − x̄) = x̄ δ(x − x̄) ,

(b) f (x) δ(x − x̄) = f (x̄) δ(x − x̄) ,
(c) δ(ax) =

1
|a| δ(x) ,

a real and finite ,

(d) δ((x − a)(x − b)) =

1
|a−b| [δ(x

− a) + δ(x − b)] , a, b real and different .

Note: Because these properties are valid for integrations over arbitrary test functions,
you can view them as direct properties of the δ function itself.

