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Abstract. Results of X-ray scattering intensities and
peak profiles of lawsonite single crystals are presented in
a wide temperature range including the antiferrodistortive
phase transition Cmcm  ðTc  270 K) ! Pmcn. In the integrated intensities of the superlattice reflections above Tc
pronounced pretransitional tails similar to those detected
recently in birefringence [P. Sondergeld et al., Phys. Rev.
B62, 6143 (2000)] and in excess entropy data [S. A. Hayward et al., Eur. J. Min. 14, 1145 (2002)] are observed.
These tails correspond to diffuse Lorentzian shaped scattering peaks. The temperature variation of the diffuse scattering intensity and profile can be well described within a
Landau-Ginzburg model. In combination with entropy data
we obtain a complete set of free energy parameters. Using
these coefficients we are able to fit the spontaneous part
and the precursor tails of the integrated intensities, the excess birefringence and entropy in a broad temperature
range outside a temperature interval of about 3 K around
Tc . In the vicinity of Tc the experimental data are in excellent agreement with the predictions of a crossover model,
the effective critical exponent aeff ðtÞ varying from the
classical (aeff ¼ 0:5) to the 3d Ising limit (aeff ¼ 0:11).
Lawsonite therefore represents an ideal system to study
the crossover from classical to critical behavior.

1. Introduction
Lawsonite, CaAl2 [Si2 O7 ](OH)2  H2 O, is a mineral with a
wide P-T stability field (Schmidt, 1995) of about 8.5 GPa1170 K. Containing 11 wt% H2 O in the structure, it may
carry water down to depth beyond vulcanic arcs of 250
km into Earth’s mantle at subduction zones (Schmidt and
Poli, 1998). It is therefore regarded as an essential component in the geological water cycle.
The protons also play a prominent role in the two consecutive phase transitions at Tc  270 K and T2  120 K,
which lead the crystal from the space group Cmcm via
* Correspondence author (e-mail: schranz@ap.univie.ac.at)

Pmcn to P21 cn, as both transitions involve a combination
of hydrogen motions and local distortions of the silicate
framework (Baur, 1978; Libowitzky and Armbruster,
1995; Libowitzky and Rossman, 1996). The phase transition Cmcm ! Pmcn occurs within the same crystal class.
It is related to an instability at the Brillouin zone boundary, i.e. can be classified (Sondergeld et al., 2000) as antiferrodistortive. Below T2 ¼ 120 K the structure changes to
the polar space group P21 cn, accompanied by ferroelectric
hysteresis loops (Sondergeld et al., 2001). Thus Lawsonite
represents one of the rare examples of a ferroelectric
mineral. Moreover the thermodynamic properties like dielectric permittivity, spontaneous strain or birefringence
near the ferroelectric phase transition can be unambigously
fitted by a classical Landau 2–4 potential (Sondergeld
et al., 2001; Sondergeld et al.).
In contrast to the ferroelectric phase transition, the antiferrodistortive phase transition at Tc ¼ 270 K is accompanied by huge precursor tails (Sondergeld et al., 2000). To
gain more insight into the origin of these tails we performed X-ray measurements of the superstructure reflections and the diffuse scattering around these peaks in the
vicinity of the antiferrodistortive phase transition. As a result, we observe that the superlattice intensities, birefringence and excess entropy (Martin-Olalla et al., 2001; Hayward et al., 2002) data reveal a strikingly similar
temperature dependence. Moreover, the phase transition
shows ‘‘non-classical” behaviour in the following sense: In
a broad temperature range outside an interval of a few
Kelvin around Tc , the data can be well described by a
Landau-Ginzburg theory including small fluctuation corrections implying classical critical exponents g ¼ 1,
n ¼ 1=2, a ¼ 1=2. When approaching Tc further, the fluctuations become too large and the system does not longer
follow this simple classical behaviour.

2. Experimental
2.1 Samples
For the present X-ray investigation we used pieces from
sample no. A7331 of the National History Museum, Bern
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Integrated Intensity (a.u.)

originating from Reed Ranch, Tiburon, California. Prompt
Gamma Activation Analysis (PGAA) on two samples revealed slightly different but close to ideal compositions,
i.e. Ca0:975 Al1:99 Fe0:0075 Ti0:00162 [Si1:995 O7 ](OH)2  H2 O and
Ca1:005 Al1:855 Fe0:0087 Ti0:0062 [Si2:1 O7 ](OH)2  H2 O. Birefringence measurements were carried out on samples from Tiburon Peninsula, Marin County, California (No. G14555 of
the South Australian Museum, Adelaide). The chemical composition was found to be close to ideal CaAl2 [Si2 O7 ](OH)2
 H2 O, i.e. Ca0:981 Al1:953 Fe0:036 Ti0:0132 [Si2:013 O7 ](OH)2
 H2 O. The calorimetric measurements (Hayward et al.,
2002; Martin-Olalla et al., 2001) and neutron powder diffraction experiments (Carpenter et al., 2003) were performed on samples from Valley Ford, California
(no. 120943) of the Harvard University mineral collection.
Electron microprobe analyses yielded the composition of
lawsonite as CaAl1:95 Fe0:05 [Si2 O7 ](OH)2  H2 O.
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Fig. 1. Temperature dependences of the integrated intensities of selected superstructure peaks. Large open circles correspond to the calculated intensities using temperature dependent atomic positions
(Meyer et al., 2001).

2.2 X-ray diffraction

2.3 Birefringence measurements
The crystals were oriented according to the natural faces
(morphology) and checked optically for macroscopic defects, inclusions, etc. Small and thin regions of the crystals free from fissures and inclusions with sample dimensions of 0.4–0.8  2  2 mm3 were chosen. A polarizing
microscope (Zeiss Axiophot) equipped with a Linkam hot
stage was used for the optical experiments. The birefringence was measured (Sondergeld et al., 2000) fully automatically using the Senarmont compensation method
(Zimmermann and Schranz, 1993).

3. Experimental results

quence of intensities (Fig. 1). Fig. 2 shows the superstructure peaks normalized at T ¼ 150 K. One observes that
they scale rather well. We have also calculated the temperature dependence of the structure factor of the (0 1 7)peak as an example using the measured temperature dependent atomic positions of Meyer et al. (2001), yielding
perfect agreement with the measured superlattice intensity
(open circles in Fig. 1).
One clearly finds a decrease of the integrated intensities with increasing temperature –– due to the decrease of
the (long range) order parameter –– but the intensities do
not approach zero at Tc . Above Tc a nonlinear temperature
variation is still observed most probably due to short
range order effects. This behaviour agrees remarkably with
recent excess entropy data measured by conduction calorimetry (Hayward et al., 2002; Martin-Olalla et al., 2001)
(Fig. 6) and also with the birefringence data (Fig. 2 of
Sondergeld et al. (2000)).
To examine the short range order in more detail we
performed w-scans around the ten superstructure peaks as
a function of temperature. As an example, Fig. 3 shows
1200
Integrated Intensities (arb. units)

A single-crystal fragment of lawsonite with diameter of
about 0.25 mm was measured on an Enraf-Nonius CAD4
four-circle diffractometer using MoKa radiation with
l ¼ 0:71069 
A. The temperature of the crystals was controlled using a commercial cooling device with an open
nitrogen gas flow and a Cu––CuNi thermocouple in the
vicinity of the sample. The temperature calibration procedure included two absolute reference points at 77 K and
295 K, respectively. Temperature dependent X-ray intensities of selected reflections were measured using w-scan
technique. The accuracy in temperature was þ/2 K.
10 of the strongest superstructure reflections fulfilling the
(hkl)-condition h þ k ¼ 2n þ 1 were chosen to study the
evolution of long range order in the Pmcn-phase of lawsonite. 14 reflections, broadly distributed through reciprocal
space, were used to determine the orientation matrix of
the crystal. At each temperature of detection, the orientation matrix was redetermined first, then the intensities and
profiles (w-scans) were measured.
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Fig. 1 shows the measured temperature dependence of the
integrated intensities of 10 of the strongest superstructure
reflections. A calculation of the structure factors using the
X-ray refined structures (Libowitzky and Armbruster,
1995) reproduces correctly the experimentally obtained se-
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Fig. 2. Temperature dependences of integrated superstructure peak intensities normalized at T ¼ 150 K. The solid line shows a fit with
tricritical order parameter behaviour, i.e. I / h20 with Eq. (6).
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superstructure peaks. The star of the wavevector consists
of a single vector and all space-group irreducible representations in this point of the Brillouin zone are real and onedimensional. The one component order parameter h for
this transition transforms according to the irreducible representation T3 .
Spatial fluctuations in h give rise to nonzero order
parameter Fourier components hðkÞ. The cross section for
X-rays for a wave-vector transfer K is given in the onephonon approximation as (Cowley, 1980)
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Fig. 3. Temperature evolution of peak profiles of the (0 1 7) superstructure reflection above Tc .

ð1Þ
DðKÞ ¼ VB

P

dð3Þ ðK  tÞ where the summation is over

t

the temperature dependence of the peak profiles of the
(017) superstructure reflection above Tc . It displays a clear
increase of the diffuse intensity when approaching Tc ,
whereas the width decreases. Very similar diffuse peaks
were also observed for the other superstructure reflections
(e.g. Fig. 4).
In Sec. 4 we present a model to describe this behaviour
in more detail.

4. Discussion
Let us denote by 2tx ¼ a ¼ 5:847 
A, 2ty ¼ b ¼ 8:790 
A,

2tz ¼ 13:128 A (Libowitzky et al., 1995) the length of the
conventional Cmcm base-centered unit cell G b0 . According
to Kovalev (1993) the primitive unit cell vectors a1 , a2
and a3 are
a1 ¼ ðtx ; ty ; 0Þ ;

a2 ¼ ðtx ; ty ; 0Þ ;

a3 ¼ ð0; 0; 2tz Þ

and the reciprocal lattice vectors are:




p p
p p
; ;0 ;
b2 ¼  ; ; 0 ;
b1 ¼
tx t y
tx t y


p
b3 ¼ 0; 0;
:
tz
The phase Pmcn belongs to the primitive orthorhombic
Bravais lattice type G 0 , the unit cell of which coincides
with the conventional Cmcm unit cell and is given by
a0 1 ¼ ð2tx ; 0; 0Þ ;

a0 2 ¼ ð0; 2ty ; 0Þ ;

a0 3 ¼ ð0; 0; 2tz Þ

with reciprocal lattice vectors




p
p
0
; 0; 0 ;
b0 2 ¼ 0; ; 0 ;
b1 ¼
tx
ty


p
b0 3 ¼ 0; 0;
:
tz
The transition Cmcm ! Pmcn is associated with an instability at the wave-vector kc ¼ k15 ¼ ðb1 þ b2 Þ=2 (here
and below in Kovalev’s (1993) notation). In terms of the
reciprocal lattice vectors hb0 1 þ kb0 2 þ lb0 3 of the Pmcnphase this leads to the condition ‘h þ k ¼ 2n þ 1’ for the

the reciprocal lattice vectors t of the high symmetry phase
and dð3Þ ðKÞ is the three-dimensional delta function. VB is
the volume of the Brilouin zone. The connected correlation function hhðkÞ hðkÞic ¼ kB TcðkÞ is proportional to
the wave-vector dependent order parameter susceptibility
(Cowley, 1980). The influence of the Debye-Waller factor
on the X-ray intensities is neglected, since the corresponding temperature variation of the intensity is below 1% between 130 K and Tc (Meyer et al., 2001). The first contribution to Eq. (1) represents the superstructure intensitiy
which is proportional to the square of the long range order
parameter hhi. The second part describes the evolution of
short range order. In interpreting experimental data, a possible weak K-dependence of the structure factors FðKÞ in
Eq. (1) is usually neglected, which yields
ð
V
dsðKÞ 3
d K
Iint ¼
3
dW
ð2pÞ
jKj  km
0
1
ð
V
2
2
3
hhðkÞ hðkÞic d kA ð2Þ
¼ jFj @hhi þ
ð2pÞ3
jKj  km

for the integrated intensity inside the experimental integration window given by km in k-space. In the present
case, we have km ¼ 0:3  1010 m1 . Letting km approach
p=a (a ¼ average lattice constant), the last line of this formula approaches the thermal expectation value
jFj2 hh2 i ¼ jFj2 ðhhi2 þ hh2 ic Þ. Note that this function is
also probed by measuring linear birefringence or excess
entropy. In fact it was derived in several works (Sondergeld et al., 2000; Schäfer and Kleemann, 1985) that
d Dnij ¼

n30
ðci  cj Þ hh2 i
2

ð3Þ

where n0 is the average high temperature refractive index
and the constants ci denote the elasto-optic coefficients.
Quite similar the excess entropy DS reads (Hayward et al.,
2002; Ivanov et al., 1990)
DS ¼

A0 2
hh i
2

ð4Þ

where A0 is the quadratic coefficient of a suitable Landau
expansion (see below).
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4.1 Mean field approach
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AðTÞ 2 B 4 D 6 g
h þ h þ h þ ðrhÞ2 :
2
4
6
2

ð5Þ

Including quantum
 saturation (Salje
 et al., 1991))
Qs
Qs
, where the valAðTÞ ¼ A0 Qs coth
 coth
T
T0
ue of Qs ¼ 258 K was found for the Cmcm  Pmcn transition of Lawsonite (Carpenter et al., 2003). This yields a
temperature dependence
sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
rﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
B
B2
AðTÞ
þ
ð6Þ
þ
h0 ðTÞ ¼
2
4D
2D
D
of the equilibrium order parameter and a wave-vector dependent susceptibility
c1 ðkÞ ¼ AðTÞ þ 3Bh20 þ 5Dh40 þ gk 2 :

ð7Þ

The characteristic saturation of the order parameter or
properties that depend on coupling to the order parameter
occurs at T  Q=2. In fact Fig. 2 shows this leveling off
of the order parameter at low temperatures (120 K). For
the limiting case of a pure order/disorder transition the
standard Bragg-Williams model predicts a similar saturation of the order parameter. It was however shown (Carpenter et al., 2003), that the modified Landau solution (6)
gives a significantly better fit to the spontaneous strain
data for the Cmcm  Pmcn transition.
Since we are here mainly interested in the temperature
region near Tc we can safely neglect the low temperature
saturation in the following analysis. Then with
AðTÞ ¼ A0 ðT  T0 Þ the transition temperature Tc is deter3 A20
for B < 0 and Tc ¼ T0 for
mined as Tc ¼ T0 þ
16 BD
B  0. Introducing the correlation length xðTÞ of the order
parameter fluctuations
rﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
g
ð8Þ
xðTÞ ¼
A0 ðT  T0 Þ þ 3Bh20 þ 5Dh40
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Fig. 4. Evolution of peak profiles (w scan) of the superstructure reflection (0 1 12) above Tc . The solid lines are fits with Eq. (9), implying Lorentzian line shapes.

The last relation holds for temperatures sufficiently close
to Tc . It is the origin of the well known square root behaviour of the specific heat, i.e. CV / ðT  Tc Þ0:5 for small
fluctuation corrections often referred to as classical critical
behaviour. More specifically, numerical evaluation of
Eq. (10) reveals that the specific heat exponent a varies
from 0:5 (at temperatures where km x  1) to 1 (for
1). This variation of the classical critical exponent
km x
a should be taken into account when fitting experimental
data in a wide temperature range. A fit of the diffuse scattering peaks (Fig. 4) with Eq. (9) yields the temperature
dependence of the correlation length x and the peak intensity I0 (Fig. 5).
From the high temperature correlation length
g
2
and the fixed set of Landau
x ðT > Tc Þ ¼
A0 ðT  Tc Þ
coefficients
A0 ¼ 1:18  105 N/m2 K,
B ¼ 0,
C¼
7
3:19  10 N/m2 reported (Carpenter et al., 2003), a gradient coefficient g ¼ 4  1013 N is determined (Fig. 5). It
should be noted that the fits have been performed for all
measured superstructure peaks. The fits of the integrated
intensities of all superstructure peaks yield the same values for A0 ; B; C. Evaluation of the peak profiles of all the
diffuse scattering peaks yield gradient coefficients which
50
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ð9Þ
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The mean square deviation of the order parameter from
the mean field value (6) can be written as (Ivanov et al.,
1990)
ð
VkB T
2
d 3 kcðkÞ
hhðTÞ ic ¼
ð2pÞ3
jkj  km


kB Tkm cð0Þ
arctan ðkm xÞ
1
¼
km x
2p2 x2
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ !
A0 ðT  Tc Þ
km

 kB Tc
:
ð10Þ
2
2p g
4pg3=2

-0.2

-1

the k-dependent susceptibility takes the simple Lorentzian
form
cð0Þ
:
cðkÞ ¼
1 þ k 2 x2
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The Landau-Ginzburg free energy density of a one-component order parameter system can –– with the assumption of
isotropic fluctuations –– be written as
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Fig. 5. Temperature dependence of the peak intensity (inset) and the
correlation length determined from the HWHM of the (0 1 12) superlattice reflection. The lines are fits with Eqs. (7) and (8).
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W. Schranz, A. Tröster, M. Gardon et al.

2

(0 1 12)

-1

∆S / J K mol

-1

3

fit

1

measured entropy
0
250

300

T (K)
Fig. 6. Temperature dependence of the integrated intensity of the
(0 1 12) superstructure reflection (open squares). Full squares show
the excess entropy data of Hayward et al. (2002). The solid line is a
mean field fit of the integrated intensity (2) using Eqs. (6) and (10).

are all of the same order of magnitde (i.e. they vary between 2  1013 N and 6  1013 N). With these parameters we reach the following conclusion: In accordance
with Carpenter et al. (2003) and also Hayward et al.
(2002) we are able to obtain good fits of the data in the
low symmetry phase as long as the close vicinity (3 K)
of Tc is excluded. Using such an approach the phase transition indeed looks like being of a tricritical type (see full
line in Fig. 2).
Nevertheless –– as is obvious from Fig. 6 –– a more
rigorous attempt of course calls for a consistent fit of the
whole curve. According to Eqs. (2)–(4) we are forced to
find a simulateneous fit of the fluctuation tails above Tc
and the long range order below Tc using a single set of
parameters, as both components are due to the same order
parameter correlation function. It turns out that –– within
standard Landau -Ginzburg theory –– any attempt to produce such large fluctuation tails using the above (or any
other physically reasonable) set of parameters necessarily
yields a pathologic peak around Tc (cf. the full thin line in
Fig. 6). As the fluctuations become comparable to the
mean field contribution, a theory including small fluctuation corrections is simply inappropriate to account for the
crossover to the critical region. In other words, we observe
the violation of the well-known Levanyuk-Ginzburg criterion (Levanyuk, 1959; Ginzburg, 1961), which yields a
qualitative estimate of the breakdown of the classical theory.

4.2. Crossover behaviour
As a rule, it is usually prohibitly difficult to experimentally detect the true scaling behaviour of observables
around the critical point of a second order phase transition. Often, the scaling region turns out to be extremely
narrow and even weak disturbances considerable blur the
picture. On the other hand, in order to obtain reliable information concerning the critical point from measurements
which are usually taken somewhat outside the critical region, we obviously depend on a profound understanding
of the the crossover from mean field to critical behaviour.

Consequently, the crossover regime, already recognized to
be important by Bruce (1980) is regarded to be extremely
relevant from an experimental point of view (Lujten and
Binder, 1998; Belyakov and Kiselev, 1992; Anisimov
et al., 1992). In fact, several groups have intensified its
investigation during the last decade, but a detailed calculation of the thermodynamic crossover functions, i.e. the effective critical exponents was performed rather recently.
Specifically, for 3d Ising systems we now know how the
effective exponents geff (Luijten and Binder, 1998) and
aeff (Belyakov and Kiselev, 1992) change from the classic
limit to their Ising value when approaching the critical
point, while the 2d Ising case was investigated in (Luijten
et al., 1997). Both theoretically and numerically the observables were found to follow a scaling behavior with effective (i.e. t-dependent) critical exponents (Kouvel and Fisher; 1964), continuously changing from their mean field
values to the asymptotic limit for t ! 0, where as usual
t ¼ jT  Tc j=Tc . For example, in a 3d Ising system one
finds that continuously aeff ðt ! 0Þ: 0:5 ! 0:11 and
geff ðt ! 0Þ: 1 ! 1:24.
Theoretically, the crossover behavior is governed by
the parameter t=G, where G the so called Ginzburg number (Anisimov et al., 1992) actually determines the temperature range for which fluctuation contributions start to
dominate over the mean-field anomalies. For t=G
1
asymptotic critical behaviour occurs, whereas classical critical behaviour is expected for t=G  1. It is well known
that G strongly depends on the interaction range of the
material. E.g. for ferroelectrics, where long range dipoledipole interactions exist, the Ginzburg number can take on
values as small as 1012 to 1014 (Anisimov et al., 1992),
which implies that classical Landau theory is applicable
with high accuracy up to the phase transition temperature.
As already mentioned above, the low temperature ferroelectric phase transition at T2 ¼ 120 K in lawsonite falls
under this category.
For nonferroelectric structural phase transitions it was
shown (see e.g. Strukov and Levanyuk, 1998) that the
Ginzburg number can be calculated from
kB2

ð11Þ
64p2 x60 ðDCpL Þ2
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
where x0 ¼ g=A0 Tc is the MF correlation length at
T ¼ 0 K and DCpL denotes the heat capacity jump at Tc as
computed from Landau theory. Using the parameter values
gathered above we obtain x0  1:4  1010 m and with
DCpL  0:3 J/K  g (Martin-Olalla et al., 2001) we calculate
a Ginzburg number of G  0:05 for the antiferrodistortive
phase transition in lawsonite.
Although only computed from an order of magnitude
estimation, in the antiferrodistortive case the value of G is
clearly much larger than that found for the ferroelectric
transition, which provides an explanation of the different
character of both transitions. Since symmetry fixes the order parameter of the phase transition Cmcm ! Pmcn to be
scalar, we are led to compare our data to the crossover
behavior found for the 3d-Ising universality class. As already mentioned above, the corresponding crossover from
classical to the asymptotic critical region was studied nuG¼
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Here t ¼ t=G, x ¼ c~1 =G corresponds to the inverse nor0
malized susceptibility and C~V is a regular background. It
is well known that this crossover function yields a value
of aeff ð0Þ ¼ 0:167, which is slightly larger than the field
theoretic result of 0:11. However as we show below, this
difference is not very important for our purposes, since
experimentally we could only follow the crossover to values of aeff ð0Þ  0:2. To calculate xðtÞ ¼ t geff , we use the
relation
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Fig. 7. Crossover behaviour of the effective specific heat exponent
for G ¼ 0:01.

merically (Luijten and Binder, 1998; Luijten et al., 1997)
and by analytical methods, like renormalization group
matching (see e.g. Anisimov et al., 1992) and e-expansions (Belyakov and Kiselev, 1992) or 3-dimensional field
theory (Bagnuls and Bervillier, 1985). All these methods
lead to very similar results.
To analyze the temperature variation of the entropy or
birefringence in terms of the crossover model one introduces the effective (i.e. t-dependent) critical exponent
aeff ðtÞ ¼ 

d log DC~V ðtÞ
d log t

ð12Þ

where C~V denotes a suitably normalized specific heat. One
observes that aeff changes from the classical acl ¼ 0:5, to
the asymptotic critical value a ¼ aeff ð0Þ when approaching Tc . For the 3d-Ising model in the asymptotic critical
region the exponent a ¼ 0:11 and the amplitude ratio
C þ =C  ¼ 0:465 is found using e.g. the field-theory approach (Le Guillou and Zinn-Justin, 1980). By use of eexpansions, Belyakov and Kiselev (1992) show that the
full function aeff ðtÞ can be calculated from the implicit
equation
0
C~V ðtÞ ¼ C~V  1 þ ½1 þ 3xðtÞ1=2

1=3

:

ð13Þ

1
1 þ t 3=2

ð14Þ

found by Luijten and Binder (1998). Fig. 7 shows the effective susceptibility and specific heat exponents obtained
from Eqs. (14) and (13), respectively.
To determine the crossover behaviour of the excess entropy or birefringence, recall that in the vicinity of Tc the
dd S dd Dn
;
/ DC~V holds.
proportionality
dt
dt
Inserting the temperature dependence of the effective
exponent aeff of Fig. 7, we fit the temperature derivative
of the excess entropy and birefringence (inset of Fig. 9) as
well as the integrated intensity up to Tc . Fig. 8 shows that
the resulting excess entropy is excellently reproduced
using the values C0 ¼ 0:55 J/Kmol and Cþ =C  ¼ 0:46,
which is also consistent with the amplitude ratio theoretically calculated for the 3d Ising model (Le Guillou and
Zinn-Justin, 1980).
The birefringence curve is also in excellent agreement
with the results derived from the model (Fig. 9). It should
be noted that the best fits were obtained with G  0:01,
which agrees –– within orders of magnitude –– with the
value 0:05 calculated above. This implies a crossover interval of a few Kelvin around Tc .
The crossover exponent of the specific heat aeff ðtÞ can
dd Dn
.
also be directly calculated from Eq. (12) with DC~V /
dt
Fig. 10 shows, that aeff varies from 0.2 near Tc to 1
away from Tc , which agrees excellently with the crossover
model (inset of Fig. 10) if the full form of Eq. (10) is
taken into account.
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Fig. 8. Temperature dependences of the excess entropy. The line is
calculated from the crossover model.

250

300
T (K)

Fig. 9. Temperature dependence of the birefringence component
Dnxy . The line is calculated from the crossover model. The inset
shows the variation of the isochoric specific heat calculated from the
birefringence data.
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Fig. 10. Crossover behaviour of the effective specific heat exponent
calculated from the experimental birefringence data. The inset shows
the theoretical behaviour of aeff following from Eq. (10).

5. Summary and discussion
Our analysis of X-ray, birefringence and entropy measurements in the vicinity of the antiferrodistortive phase transition at Tc ¼ 270 K of lawsonite single crystals yields the
following main results: From the data the temperature dependence of the long range order parameter is extracted
and fitted to a tricritical power law in a large temperature
range ½Tc  120 K, Tc  3 K . In the high symmetry phase
huge pre-transitional effects are observed in excess entropy, strain tensor components, X-ray intensities and birefringence. These tails were found to extend up to about
200 K above Tc . Simultaneously, diffuse scattering peaks
centered at the critical wavevector were measured. In principle, two different origins for such precursor tails may be
envisaged, namely extrinsic order parameter fluctuations
due to defects or intrinsic (thermal) order parameter fluctuations. It is very difficult to disentangle both effects and
in principle one could have them both superimposed.
Nevertheless, there are several arguments contradicting a
strong influence of defects on the precursor tails found in
lawsonite. First of all, the chemical composition of the
measured samples was determined to be close to the ideal
one (see Sec. II.A.). Moreover, samples with slightly varying composition and from different sources show practically identical thermodynamic properties, i.e. tricritical behaviour and similar high temperature tails. In addition, the
ferroelectric phase transition to the P21 cn-phase at
T2 ¼ 120 K is not accompanied by any high temperature
tails (Carpenter et al., 2003), or other significant rounding
effects (Sondergeld et al., 2000; Sondergeld et al., 2001).
Indeed, X-ray (Sondergeld et al.) and dielectric (Sondergeld et al., 2001) measurements indicate that the ferroelectric phase transition in lawsonite can be very well described by a classical 2–4 Landau potential. It is hard to
believe that a small amount of defects would only influence the antiferrodistortive phase transition while still
being invisible to the ferroelectric one.
The antiferrodistortive phase transition really appears to
be of second order. In fact, the coupling between the order
parameter and the strain components is very small, the dip
anomalies in the longitudinal elastic constants being smaller than 3% at Tc (Sondergeld et al.). To account for the

effects of intrinsic order parameter fluctuations, we applied
the following approach: Based on a Landau-Ginzburg
model (Ginzburg, 1961) in mean-field approximation we
have determined the coefficients of the Landau-Ginzburg
free energy from the excess entropy and X-ray data. With
these parameters one can fit the data in a broad temperature range except of a narrow region near Tc. In this temperature range the fluctuation tails start to approach the
value of the spontaneous (long range) part of the order
parameter, i.e. the system is clearly leaving the classical
region. However, as we have shown above, in this temperature regime we were able to consistently fit our data
using theoretically predicted crossover functions for the
effective critical exponents and the corresponding amplitude ratios. Application of the Ginzburg-Levanyuk criterion shows that the crossover from classical to asymptotic
critical behaviour starts some Kelvin away from Tc . This
relatively large temperature interval can be understood as
an effect of the short range interactions which drive the
antiferrodistortive phase transition in lawsonite. However,
this does by no means imply that it is comparable to the
temperature range of the true asymptotic critical region.
Indeed, while we have demonstrated that the onset and development of the crossover can be clearly followed, the
asymptotic critical region is expected to still be orders of
manitude smaller and may not be directly observable at all.
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