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1. INTRODUCTION 

IN THIS PAPER we show that the general two vessel gradostat with “Monod” and more general 
growth functions is globally stable. However, for other growth functions, multiple stable 
equilibria are possible. Examples with multiple stable equilibria are also constructed in three 
vessel gradostats with Monod growth functions. 

The original gradostat is a linearly connected chain of n vessels each of which is a chemostat. 
The model takes the form (cf. [l, 21) 

L 

Sj = (Sj_l - 2s; + Sj+,)d - of - ~ g(Sj) 
U 

ti; = (Uj_l - 2Ui + ui+,)d + ujf(Si) (L l,...,n) (1.1) 

tij = (Ui_t - 2Uj + Uj+t)d + Uig(Si) 

where S, = S(O) > 0 is the concentration of the input nutrient (substrate) to the first vessel 
and d > 0 is the washout rate. S;, ui and vi denote the concentration of the nutrient and the 
two competing micro-organism species in vessel i (with the convention that u0 = u0 = 0 and 
s n+l = urz+1 = v/7+1 = 0). The functions 

_I-(% = -$$ and 
mS 

g(s) = u 
II a, + S 

(1.2) 

are the nutrient uptake (growth) functions of the two competing species. The quantities m, , a,, , 
y, are the maximal growth rate, the Michaelis-Menton (half saturation) constant and the yield 
constant of one of the species and similarly m,, a, and yv of the other. Since lim,,, S;(t) + 
(l/y,)ui(t) + (l/y,)v;(t) = Ci, where ci = (1 - i/(n + l))S,, (1.1) reduces to 

L 

tii = (Ui_t - 2Ui + ui+l)d + u;f(Cj - (Uj + Vi)) 

irj = (Ui_l - 2Uj + Ui+,)d + Ujg(Ci - (Uj + Vi)) 
(i = 1, . . ..n) (1.3) 

on X = {(u, u) E @” 1 u + u I c). We have assumed that yU = yv = 1, which can be achieved 
by a suitable resealing. 
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One also considers more general nutrient uptake functions. They are assumed to satisfy 

“f(O) = km = 0, f’cn g’(S) > 0 (1.4) 

and usually also 

f”(S), g”(S) < 0. (I.9 

In [3], it is also assumed that the two uptake functions are related to each other by a relation 
of the form 

g(S) = Pf(aS) (1.6) 

for some positive constants o(, p, as is the case for Monod functions (1.2). Although it is not 
clear why the two growth functions should be related in this way, we will also discuss this 
special case for completeness. 

The above linear configuration has been extended to a more general situation. The following 
description is taken from [4]. Let Eij be the volumetric flow rate from vesselj to i (i # j), with 
the convention Eii = 0 and let E be the n by n matrix (E..). Let K be the volume of the ith 
vessel, Di the flow rate from an input reservoir to vessel i, XV Si the concentration of the substrate 
in the input reservoir feeding vessel i and Ci the flow rate from vessel i to a receiving reservoir. 
The rate of change of the vector S(t) := (S,(t), . . . . S,(t)) when there is no consumption is 
given by 

[diag] 15 )]4 = AS + e (1.7) 

where 

A = E - diag(Ci ) - diag c Ehi 
i 1 

and e = (D,S,‘O’, ...,D,S;O’). 
h 

Moreover, since the volume v is a constant, the volumetric in and out flow rates must be the 
same, i.e. 

1 Ejj + D; = CEh; + cj. 
./ h 

If we multiply (1.7) throughout by diag( Km’) and denote e = [diag( y-‘)]e and A = 
[diagl y-‘)]A, then (1.7) becomes 

S = AS + e. 

We will assume that Sj”’ > 0 for some i SO that e > 0. Moreover, A;i < 0, A, 2 0 (i # j) and 
C,A, = --I/;-ID; I 0, with strict inequality for some i. The matrix A will also be assumed to 
be irreducible. The full system (with consumption) now becomes 

3 = e + AS - F(S)u - G(S)u 

ti = Au + F(S)24 

ti = Au + G(S)u 

(1.8) 

where F(S) = diag(f(S,), . . . , fC%Jl and G(S) = diagk(W, . . . . g($Jl. 
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It can be shown that (cf. [4, lemma 3.11) lim,,, S(t) + u(t) + u(t) = c, where c % 0 is the 

unique solution of AC = -e. Using this fact, (1.8) can be reduced to ti = [A + F(c - u - u)]u 

ti = [A + G(c - u - u)]u 
(1.9) 

on X = ((u, v) E Ry I u + u I c). 
We will need the following important and well-known fact about monotone flows (cf. [5, 

theorem 10.5; 6, lemma 2.1; 7, remark 1.21 for the second part of the statement). 

LEMMA 1.1. Consider the autonomous ordinary differential equation 

x = f(x) (1.10) 

defined on a closed, convex set U C R”. Assume f E C’(u), U is positively invariant 
under the flow II(*) t) defined by (1.10) and there exist mi = 0 or 1 (i = 1, . . . , n) such 
that all the off-diagonal entries of PDf(x)P are nonnegative for every x E U, where 
P = diag((-l)“‘, . . . . (- 1)““). Define the cone 

K = lx E R”: (-l)“ixi 2 0, for all 1 I i I n] 

and the ordering 

x <KY if and only if y - x E K\(O). 

Then rr preserves the ordering <K (i.e. rc is K-monotone) in the sense that x <K y implies 
n(x, t) <K 7z(y, t) for all t L 0. Moreover, if E, , E, are two equilibria of (1.10) with E, cK Ez, 
then one of the following holds. 

(i) There is an increasing (under <K) orbit connecting E, to E,. 
(ii) There is a decreasing orbit connecting Ez to E, . 

(iii) There is a third equilibrium E, of (1.10) such that E, -cK E, -cK E,. 

For equation (1.9), if we let mi = 0 for i = 1, . . . , n and mi = 1 for i = n + 1, . . . ,2n, then 
the cone K above is given by 

K = ((u, u) E R2” 1 U; 2 0 and Vi zz 0 for all i = 1, . . . , n) 

and lemma 1.1 is applicable to (1.9) on X. 
We summarize some of the known facts about (1.9) in the following theorem (cf. [4, Sections 

4, 51). 

THEOREM 1.2. (I) The flow defined by (1.9) is K-monotone on X and is strongly K-monotone 
on int(X). 

(II) If u were absent, i.e. for u = 0 in (1.9), we have: 
(i) if the stability modulus $4 + F(c)) c: 0, then lim,,, u(t) = 0 provided 0 5 u(0) 5 c; 

(ii) if &I + F(c)) > 0, then there exists (unique) z? % 0 such that lim,,, u(t) = li provided 
0 < u(0) < c. 
Similarly, if u were absent and s(A + G(c)) > 0 we have t7 & 0 satisfying the analogous 

properties. 
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According to (2.1),f(S,) = 

J= 

42 u2 
-- - u,f’W 

Ul 

a21 

-u,g’(SJ 

0 
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(alI u, + alzu2)/u,, etc. at an interior equilibrium and J becomes 

al2 

a21 u1 
-- - U2f’(S2) 

u2 

\ 
-u,f’(S,) 0 

0 -U2f’G2) 

0 a12 ~2 
-- - h&(S,) 

u1 
a12 

- u,g’(S,) azl 
a21 4 

-- - u,g'G,) , 
u2 

(2.4) 

The determinant of this matrix turns out to be (after some tedious calculation) 

&t(J) = a12a21 
(u1 u2 - u2 w4~Sf’(wm2) - ddf’G2k’Wh (2.5) 

Ul u2 Ul u2 

For Monod growth functions f and g, their derivatives can be expressed as 

f’(S) = &f(S)2 and g’(S) = 
U 

Inserting these into (2.9, we obtain 

det(J) = 
auaua12a21 

m, ri&S,2u, u2 u, v2 
(u, v2 - u2 v,)(ddf 6)2g(~2)2 - 4 u:f (s2)2s(s,)2) 

auaua12a21 
= 

m, m,S,2$u, u2 u1 v2 
(u1 v2f (~,k(~,) + u2 Ul f (S,k(S,))(u, u2 - u2 VI) 

x (u1 u2fcm(S2) - U24f(S2MS,)). (2.6) 

Again using the equilibrium equations of (2.1), the expression of det(J) in (2.6) can be 
rewritten as 

det(J) = 
vw12a21 

m,m,SfS,Zu, u2 u1 v2 
(u1 v,fcm(S2) + u2 v1f(S,k(W)(u, u2 - u2 Ul) 

x ((all 4 + a12u2)(a21 u1 + a22 v2) - (azl u1 + a22u2)(a11 u1 + al2 v2)) 

wva12a21 = 
m, m,S:S;u, u2 v1 v2 

(ul v2f Wg(S2) + u2 uI f (S2MW deWMu, u2 - u2 d2. (2.7) 

Note that the last equality follows from the product formula for determinants. Based on (2.2), 
this shows that at any interior equilibrium E* = (UT, u,*, v* 1, v,*), det(J) > 0 holds as long as 
u~vz* # U2*VT. 
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Remark. Another way to derive the above result would be to eliminate the diagonal terms a,, 
and a,, from the equilibrium equations of (2.1) 

al2 $ + f(sJ = al2 

(2.8) 

a 2,: +fG2) = azlU’ 
u2 

+ dS2) (= -az2). 

If we express g(S,) and g(S,) in terms off(S,) andf(S,) using (2.8) and insert them into the last 
line of (2.6), we obtain 

det(J) = 
arrava12a21 

m,, m&$u, u2 u1 u2 
(u1 v2fGM~2) + u2 4f(S,MS,M% u2 - u2 v,J2 

x + a2,f(sl)~ + a12/(S2)~ . (2.9) 

This again shows det(J) 2 0 and det(J) = 0 if and only if $1~: = $/VI. 

Similarly (and much easier), one shows that the other leading principal minors of J alternate 
in sign. For example, the leading 3 by 3 principal minor of J is given by 

-* (4ufv2f’G)f’(S2) + a,, 4v2f’(SI) + a12dv2f’(S2) + 4v?f’(S2k’(S,)) 
Ul u2 t’l 

which is always negative, provided f and g satisfy (1.4). Therefore, a well-known stability 
criterion for quasipositive matrices (cf. [9, lemma 1; 6, theorem 2.71) implies the stability of E*. 

Now we consider the “degenerate” case when there is an interior equilibrium E* with 
uTvz* = u;vT, i.e. v* = ku* for some constant k > 0. By (2.8),f(Sjc) = g(S,*) for i = 1, 2. If the 
Monod (unctions f and g are not identical, then either 

(a) f(S) # g(S) for all S > 0 and there is no interior equilibrium, or 
(b) f and g intersect at a single positive value S and, hence, ST = S: = S. 
In case (b), -f(S) (= -g(S)) coincides with the spectral modulus, s(A), of A and there is a 

continuum, 6, of equilibria given by 

& = ((AU*, (1 + k - A)u*) 10 5 A 5 1 + k)] 

which connects the two boundary equilibria, 2 = (u* + v*, 0) = ((1 + k)u*, 0) and l? = 
(0, U* + v*) of (2.1). Iff and g were identical, the situation is even more degenerate and there 
is a (two-dimensional) quadrilateral of equilibria. 

THEOREM 2.1. Assume f, g are Monod as in (1.2) and f is not identical to g. Let S > 0 be such 
that f(S) = g(s). 

(i) If -f(s) # s(A), then there is a unique globally attracting equilibrium. In particular, if 
an interior equilibrium exists, it must be unique and is globally stable. 

(ii) If -f(s) = s(A) (and S < ci , c,), then there is a line of equilibria & which is globally 
attracting in the sense that every interior orbit of (2.1) converges to one of the equilibria in 8. 
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Proof. (i) The case of no interior equilibrium has been completely analysed in [3, theorems 
5.2 and 5.41, see theorem 1.2.111 above. 

If an interior equilibrium E* exists, then I? <K E* eK E. Since any interior equilibrium is 
asymptotically stable, lemma 1.1 implies uniqueness of E* and the existence of two monotone 
solutions yi(t), y2(t) such that lim,,, yi(t) = E* and lim,, _- y,(t) = g, lim,,_, yz(t> = l?. If 
(u,, u,) lies in the (open) order interval ],6, I?[, then one can find to such that y,(t,) cK 
(uO, q,) cK yz(to). Hence, by comparison, the solution (u(t), v(t)) through (u,, u,J converges 
to E*. 

(ii) It follows from theorem 9.7 (and its proof) in [5], that every orbit in the open order 
interval I,!?, i[ converges to one of the fixed points on the line 8. But then theorem 1.2 (IV) 
implies the assertion. n 

3. MORE GENERAL UPTAKE FUNCTIONS FOR THE TWO VESSEL GRADOSTAT 

We first give another proof for theorem 2.1, which extends to more general uptake functions 
satisfying the assumption (1.4). 

THEOREM 3.1. Suppose that f and g are such that f ‘/g’ is a monotonic function, and f is not 
identical to g on any interval [0, c], c > 0. Then the assertions of theorem 2.1 again hold 
for (2.1). 

Proof. It is sufficient to show that (2.5) is again positive, whenever u:u: - u;uT # 0, since 
the rest of the proof of theorem 2.1 works in general. For this we rewrite (2.5) as 

d&(J) = a12u21 
u1 u2 Ul u2 

@l u2 - JJ2 G(u?df ‘(Slk’(S2) - 4Gf ‘G,k’(~l)) 

Without loss of generality we may assume that f//g’ is monotonically increasing. Then 
(ignoring the trivial case when f (S) # g(S) for all S > 0) there is a unique value S > 0 such that 
f(S) 2 g(S) for S s S. (The possibility of a continuum of intersection points, i.e. f = g on an 
interval [a, b] would imply f = g on [0, b] which is ruled out by the assumptions.) 

First consider the case where UT/U: > u,*/u,* (i.e. UT/U: > u:/u,*). Then 

f(S3 = -a,, - Q12$ 
Uz* 

> -a11 - a,,--;- = &!@I”) 
Ul 

and 

f&3 = - UT uf 
a22 - a21 x < -a,, - a21 T 

u2 u2 

= g&f+?. 

This implies SF > S> S,*, so thatf ‘(S:)/g’(S:) 2 f ‘(S,*)/g’(S,*) and (uT2/vT2)(f ‘(S:)/g’(S:)) > 
(u~2/u:2)(f’(S:)/g’(S~)). Hence, the last two factors for (3.1) are positive. 

Similarly, in the case where UT/U: < uz/uz, all inequality signs are reversed so that the last 
two factors of (3.1) are negative. 

In either case det(J) is positive and the proof is complete. n 
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To apply theorem 3.1 to uptake functions related by (1.6) we need the following lemma. 

LEMMA 3.2. Let 4: iR+ -+ I??+. Then @(ax)/d(x) is monotone increasing in x for 0 < cy < 1 and 
monotone decreasing in x for CY > 1 if and only if 

$(x)4’(x) + x4(x)+“(x) - xG’(x)2 5 0 (3.2) 

holds for all x 2 0. 

Proof. Let r$(olx)/@(x) be monotone increasing in x for 0 < (Y < 1 and monotone decreasing 
in x for cy > 1. By differentiating $(cvx)/~(x) we have 

@‘(+@(x) - $(01x)@‘(x) 2 0 (0 < a! < 1) 

&‘(cux)4(x) - 4(ax)@‘(x) 5 0 (ff> 1) 

for all x > 0 which simplifies to 

ax+ ‘(ax) x4 ‘Cd 

444 z TGF (O-cc?< 1) 

cYx$ ’ (ax) x4 ‘(x) 
444 s 3T (a > 1). 

This implies that x~‘(x)/$(x) is monotone decreasing. Hence, by differentiating again, 

#l(x)+‘(x) + xti(x)+“(x) - x$‘(x)2 5 0. 

Since the above argument can be reversed, this completes the proof. n 

Applying lemma 3.2 to the function 6(x) = f’(x) yields the following corollary. 

COROLLARY 3.3. Let f and g satisfy (1.4) and (1.6) and let furthermore 

f ‘(S)f”(S) + Sf ‘(S>f “(S) - sfw2 < 0, (3.3) 

then the assertion of theorem 2.1 holds for (2.1). 

This confirms the conjecture in [3, p. 2181 under the additional assumption (3.3). That it is 
not true in general will be shown in the rest of this section. Note that for the Monod function 
f(x) given in (1.2), the left-hand side of (3.3) simplifies to -2m,2&(a, + S)6, which is indeed 
negative. 

The assumption in theorem 3.1 implies that the two growth functions f and g have only one 
positive intersection point. In contrast, we will now show that if f and g intersect at more than 
one positive value, then it is possible to choose the other parameters in (2.1) to produce an 
unstable interior equilibrium. The monotonicity of the flow implies then that there will be at 
least two stable equilibria in system (2.1)-either in the interior or on the boundary. 

Recall from Section 2 that the determinant of the Jacobian J of (2.1) evaluated at an interior 
equilibrium is given by (3.1). If we can construct an interior equilibrium E* = (u*, u*) for (2.1) 
such that (3.1) is negative, then E* is unstable and we are done. We will first present the general 
construction of such examples and give a concrete example in Section 5 to convince the sceptical 
reader. 
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Fig. 1. 

Let f and g be two arbitrary functions satisfying (1.4). Assume that f and g intersect at 
two positive values, i.e. there exists 0 < 9, < s, such that f($) = g(s;). Let furthermore 
(Yi = f’(Si)/g’(~i) (i = 1,2) be such that (~1 < 1 < (~2. Note that this assumption is auto- 
matically satisfied at two consecutive transverse intersection points of the graphs off and g, 
maybe after interchanging f and g (cf. Fig. 1). 

Let SF = Si - ci (0 < Ei << 1, i = 1,2). Then f(Sl*) > g(S,*) and f(s,*) < g(S,*). 
Let E* = (ur, ui, UT, u:) be an interior equilibrium of (2.1) corresponding to the given 

S,*, S;. By (2.1) 

u: a22 + As27 = aI2 _=_ - 

4 azl alI + fC3 

(3.4) 
u: a22 + M2*) = al2 -=- - 

Vz* a2l all + s(Sr? 

so that UT/U: > v:/u,*. Hence, if we choose ST sufficiently close to Si and less that Sj (i = 1, 2), 
then u,*/v: < UT/V: < u~/u,*(c~~/(.u,)“~ and the determinant in (3.1) is negative. 

Since the construction of a general gradostat (1.8) with general diffusion matrix A is now 
rather easy, we will be more ambitious and construct an “original” gradostat (1.1). Hence, let 
a 11 = a22 = -2d and aI2 = a,, = d. (We have assumed that y, = y, = 1.) 

Denote Xi = f(si) = g(Si) (i = 1, 2). Then 

fCsi> = Xi - &if ‘(S;) 

dsi) = Xj - &ig’(Sj) 

(i = 1, 2). 

In order for (2.1) to have an interior equilibrium E* = (UT, u:, UT, ut), we need 

(3.5) 

det 
all +f(s,*) 

azl 
a22 Ii&)) = 0 = det( a11 12y’) a22 :‘i(,) (3.6) 
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which simplifies to 

or to 

d2 = (-2d + f(Sf))(-2d + f($)) 

d2 = (-2d + g(Sj+))(-2d + g(S,*)) 
(3.7) 

d2 = (-2d + 1, - qf’(S,))(-2d + x2 - &J’(S,)) 

d2 = (-2d + 1, - c,g’($))(-2d + ii, - big’). 
(3.8) 

These two equations are to be satisfied by one unknown d. However, we still have the choice 
of E, and e2. For e1 = e2 = 0, these two equations coincide and have a unique solution 2, 
satisfying 2d > 1; and J2 = (-26 + x,)(-26 + I,). Therefore, we can expect that there is a C’ 
curve in &,-&,-plane through the origin, where d = d(c, , c2) satisfies both of the equations in 
(3.7). In the first approximation, this curve is given by 

&i(f’(S,) - g’(S,))(2d - 1,) = E2(g’(S2) - f’(S,))(Zd - A,). 

Therefore, we can choose such E, > 0 and c2 > 0 as required in the beginning. The coordinate 
vectors of the equilibrium E*, u* and u*, are then the positive eigenvectors of the quasipositive 
matrices in (3.6), and are determined from (3.4) up to multiples. The only further constraint to 
make this example an original gradostat is that c, = 2c2 > 0, where ci = S* + ul* + UT. This 
can be achieved as long as ST > 2s: by using suitably large scalar multiples of U* and u*. 
Otherwise, if S,* I 2S,*, we can at least achieve c,/2 < c2 < 2c, this way, so that the input 
vector satisfies e = -AC > 0. 

We conclude by showing that this is possible even iff and g are concave and related through 
(1.6). Suppose that for each choice of 01, p > 0 the equationf(S) = g(S) = /3f(c&) has only one 
solution S > 0. Thenf(S)/f(&) must be strictly monotonic for each Q # 1. By lemma 3.2 this 
holds if and only if 

f(S)f’(S) + Sf(S)f”(S) - Sf’(S)2 < 0, (3.9) 

holds for all S > 0. It is not difficult to construct functions f satisfying (1.4)-(1.5), but 
violating (3.9). For example, one can take a smooth strictly concave perturbation of 

(3.10) 

9s 

8(1 + S) 
2 < s, 

and 

then f(i) = g(i) and f (1) = g(1). Moreover, f (0) = 0, f’(S) > 0 and f”(S) I 0. 

4. THE THREE VESSEL GRADOSTAT 

In this section we show that for nonlinear uptake functions, the global stability result for the 
two vessel gradostat (theorems 2.1 and 3.1) does not generalize to the situation of more than 
two vessels. 
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precisely 

a32, a2,, az3 > 0 and certain input rates 
e, > 0 such that (1.9) has an unstable interior equilibrium. 

THEOREM 4.2. Under the same assumptions on f and g as in theorem 4.1, there exists a three 
vessel gradostat as described in Section 1 with a cyclic configuration (i.e. a,3 = azl = uj2 = 0) 
and intervessel flow rates Q,~, az3, a31 > 0 and certain input rates ei > 0 such that (1.9) has an 
unstable interior equilibrium. 

As observed in Section 3, these assumptions on the uptake functionsf and g are satisfied for 
Monod functions (1.2). The differential equations (1.9) can be written more explicitly as 

tii = ~ Uijuj + uif(Si) 

j=l 

(4.1) 

Vi = i aijUj + Vig(Si) 
j= 1 

with Si = Ci - (Ui + Vi). The Jacobian matrix J = (J(i, j))i,j = 1,,,,,2n has a similar block form as 
in (2.3) 

J(i, i) = aii + f(si) - uif’(Si), 

J(i + n, i + n) = CZii + g(Si) - Uig’(Si), 

J(i, j) = J(i + n, j + n) = aij, 

J(i, i + n) = -Uif’(Si), 

J(i + n, i) = -Uig’(Si), 

J(i, j + n) = J(i + n, j) = 0 

(4.2) 

(i,j = 1, . . . . n, i # j). Again, when evaluating J at an equilibrium point E* we can simplify the 
diagonal terms to 

J(i, i) = -24;’ C L7ijUj - Uif’(Si) 

j#i 
(4.3) 

and similarly for J(i + n, i + n). For a tridiagona13 by 3 matrix A the determinant of J can be 
expressed as follows 

det J = a12a32 D 
u1”2u3u1~2u3 
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where 

D = Q(U, v2 - vr u,)(u;F, v;G2 - &3 v:Gr)(u% u2 + u2 u3G3 + a32 u2 v2) 

+ az3(u2 v3 - v~u~)(u:F~ v~G, - u~G, u~F,)(u:F, ~2 + ~2 v~G, + a,, ~2 v2) 

+ a21a&1 v3 - u3 v,)u,v,(u;Fl u;G, - u:F, v;G,). (4.4) 

We used the notations Fi = f’(si) and Gi = g’(Si) for short. Each term in this expression which 
resembles (2.5) obviously would be positive if f and g are linear functions, or more generally 
j-‘/g’ is constant. For more general functions, like Monod functions, at least one of the three 
terms in D may be negative, and it is not obvious at all whether D 2 0 could still be true. The 
following construction shows that it is not true in general. 

To simplify computations we assume ur = u2 = u3 = v. This is equivalent to defining the 
diagonal terms from the second set of the equilibrium equations of (4.1) as 

a;; = - C aii - g(S,). 
j#i 

(4.5) 

This automatically guarantees that the row sums of A will be negative, as required in Section 
1. Inserting this into the first set of equilibrium equations of (4.1) gives 

al2 ( ) - - 1 = g(S,) - fW 

a,,(l - 2) + a13[t 2) =f(S,) - g(S,) 

u2 
a32 ( > - - 1 

u3 
= g(S3) - As,). 

(4.7) 

(4.8) 

Since the diagonal terms a,, do not occur in (4.4), conditions (4.6)-(4.8) are the only side condi- 
tions we have to take care of when analysing the sign of D. 

Let us pick S, < S, < s < S2. Then from (4.6) and (4.8) u2 > ur and u2 > u3. This makes 
the first two terms in (4.4) positive, sincef’/g’ is increasing in S. Therefore, we have to try to 
make the last term in (4.4) negative. Of course, this will be the case if 

u1 ’ u3 and 4 6 uf- < US-_ 
G, G3 

(4.9) 

Clearly (4.9) can be achieved by assuming u3 = qu,, where q is any number satisfying 
((F,/Gl)(G3/F3))“’ < q < 1. To complete the argument that the D in (4.4) can be made to be 
negative, we pick any u2 such that uL > ur , u3 and compute aI2 > 0 and a32 > 0 from (4.6) 
and (4.8). Next, we choose a,, , a23 > 0 such that (4.7) holds. Since lims_,f’(S) = 0 and 
lim s,,g’(S) = 0, F, and G, and hence the first two terms of D can be made arbitrarily small 
if S2 was only chosen large enough. Therefore, the negative third term in of D in (4.4) will 
dominate and D < 0. Finally we have to guarantee that the input vector e = -AC has positive 
components. Since c = S + u + v and Au, Au < 0, this will hold if we only replace the vectors 
u, v by a large scalar multiple (note, that in (4.6)-(4.8) only the ratios of the ui entered). More 
precisely, since also the vector S or its second component is large, we need u, u + S2 to make 
e > 0. In order to keep the first two terms of D small (they are of higher order in u, u than the 
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third term), we also need F,u Q 1, etc. Now for Monod functions F, = f’(S,) is of order ST2 
as S2 4 00, so that we need u, u + S,” to make the first two terms of D small. For more general 
functions the same idea works, since (1.4)-(1.5) imply that lim,,, S”(S) = 0. 

We will present a concrete numerical example in Section 5 to convince the sceptical reader. 

Remark. Solving (4.6)-(4.8) with a bit more care, e.g. by taking S, close to 0 and S, close to s 
one can achieve any prescribed ratio of the intervessel flow rates, in particular one may choose 
them all equal: a,, = a3* = a*, = az3 > 0. 

The discussion on the case of a cyclic three vessel gradostat is similar. The determinant of J 
can be expressed as 

where D stands now for 

detJ= a12a23a31 
D, 

Ul u2 u3 Ul u2 u3 

D = a31u1u1(u2v, - u,u2)(F2G,u3u~u, - u,u~G,F,u,) 

+ (~2~1 - u~u~)u~u~(GIF~F~u~u~L’~ - Ld~U~G3G2F~U3) 

+ 43 u3 u,(-u3 u1 + u3 ud(F3 ~2 G1 u3 uf - u:G,F, u2 u3) 

+ (-u,u, + u,u,)24,~~(G~G~F~~~44 - u;F2u~G3F,u2) 

+ a&% u3 - u2 u3b2 u2(-F2 G3 u1&2 + G2@3 UI u2) 

+ ZJ1U1(-~2243 + ~~u~)(u,F~G,G~U:U,~ - F,u~G~u:F~u~). (4.10) 

Again, in the limit S3 -+ 00 only the first term remains, which can be easily made negative. We 
skip the details and present only a numerical example in Section 5 to show that it is indeed 
possible for det(J) to be negative at an interior equilibrium. 

5. NUMERICAL EXAMPLES 

In this section, we will show by means of numerical examples that the ideas presented in 
Sections 3 and 4 can be realized. More specifically, we will present numerical examples of 

(I) a two vessel gradostat with f and g intersecting at two positive values, 
(II) a tridiagonal three vessel gradostat with Monod f and g, and 

(III) a cyclically connected three vessel gradostat with Monod f and g, 
all of which possess an unstable interior equilibrium. All of these examples are found with the 
help of MAPLE, a software package designed by the Symbolic Computation Group at the 
University of Waterloo in Ontario, Canada. 

(I) A two vessel original gradostat 

Let f be the piecewise linear function 

i 

S forOIS< I 

f(S) = 1 + +<s - 1) for 1 I S 5 3 

2 + +(s - 3) for 3 5 S 
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and let g(S) = Pf((rS), where CY = y and p = j$. Then f and g intersect transversely at 
four positive values: +, +, ++ and s. Let S, = E and S, = E. It is easily verified that 
(SF, S,*, d) = (3.797477130,0.8990909091, 1.713687059) is solution of (3.7). Moreover, 
f(S:) = 2.599159043, f(S,*) = 0.8990909091, g(S;3 = 2.264100319, g(S,*) = 0.9028409093, 
f ‘(S,*> = l/3, f’(S:) = 1, g’(Sa = 5/12 and g’(S,*) = 5/8. Now take uT = 52.38466620 
and vT = 10.48452334. Then by (3.4), u;?* = [2 - f(ST)/d]uT = 7.117035300 and z$ = 
[2 - g(Si”)/d]u: = 25.31720712. One can easily verify that the determinant of the Jacobian 
matrix is -123.2453615 so that the interior equilibrium E* = (UT, u:, v:, u,*) is unstable. 
Moreover, C, = ST + u: + UT = 200/3 and c2 = ST + ut + uz = 100/3. 

(II) A tridiagonal three vessel general gradostat 

(i) Let f(S) = S/(1 + S) and g(S) = +S/(f + S). Then S = f. 
(ii) Let SF = &, S: = 10000 and ST = f. Then f(Sa = h, f (S,*) = m, f(Sa = 3, 

g(G) = &, g(S,*) = +# 
g’(G) = $$, g’(S,*) = 

and g(S:) = 6. Also, f ‘(%I = 9, f ‘(S3 = &, f ‘(S:) = E, 
1800~20002 and g’(S3 = 7%. 

(iii) Let UT = 10, uz = 11, UT = 9 and UT = uz = UT = 22000. Then ci = ST + u: + UT = 
v, c2 = 32011 and c3 = y. 

Solving (4.6)-(4.8), we have az3 = s, a32 = & and azl + 2a,, = \~$~~~‘~~. If we choose 
az3 = 1, then azl = ‘~~~~~$,$~~. U sing the second set of the equilibrium equations of (4.1), we 
obtain a,, = -$&, az2 = - 3ooo40001 

1499919999 and a33 = 
-&. One could easily verify that the first set of 

equilibrium equations of (4.1) are also satisfied and that the row sums of A are negative. 
Finally, one computes det(J) at E* and it turns out to be the negative number 

53484543941518654741443208169665625 _ 
1838200446519660888909516980694272 

= -29.096. 

Hence, the interior equilibrium E* is unstable and there are at least two stable equilibria. 
262703 18302665105500 510249 7. Moreover, the input vector e = -AC = (x, 300040001 9 160 ) is positive. 

(III) A cyclically connected three vessel general gradostat with Monad growth functions 

Let 
(i) f(S) = S/(& + S) and g(S) = 2S/(& + S), 

(ii) c, = #, c2 = $jj$ and c3 = 13, and 
(iii) a,1 = -*, a,, = &, a22 = -j$+, a23 = 75, a31 = %%?3 T a33 = --m and 

al3 = a21 = a32 = 0. 
Then 

E*= (S:,S,*,S:,u:,u~,u~,v~,v~,v~) = &A, 10,4,3,2, 1, 1, 1 

is an interior equilibrium point and the determinant of the Jacobian matrix evaluated at E* is 
the negative number 

70632079697353776142248000000000 

-229819434172014692903238630972683 
= -0.307. 

Hence, E* is unstable. Note also that c = S + u + v = (#$, $##$, 13)’ and the input e = 
-AC = ( 291513 376107 34009009)7 is a positive vector. 

123500, 247000, 1004003 
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