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Abstract. Haldane (1937) showed that the reduction of equilibrium mean fitness in 
an infinite population due to recurrent deleterious mutations depends only on the 
mutation rate but not on the harmfulness of mutants. His analysis, as well as more 
recent ones (cf. Crow 1970), ignored back mutation. The purpose of the present 
paper is to extend these results to arbitrary mutation patterns among alleles and 
to quantitative genetic traits. We derive first-order approximations for the equilib- 
rium mean fitness (and the mutation load) and determine the order of the error 
term. For a metric trait under mutation-stabilizing-selection balance our result dif- 
fers qualitatively from that of Crow and Kimura (1964), whose analysis is based on 
a Gaussian assumption. Our general approach also yields a mathematical proof that 
the variance under the usual mutation-stabilizing-selection model is, to first order, 
#/s (the house-of-cards approximation) as #/s tends to zero. This holds for arbitrary 
mutant distributions and does not require that the population mean coincide with 
the optimum. We show how the mutant distribution determines the order of the 
error term, and thus the accuracy of the house-of-cards approximation. Upper and 
lower bounds to the equilibrium variance are derived that deviate only to second 
order as p/s tends to zero. The multilocus case is treated under the assumption of 
global linkage equilibrium. 
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1 Introduction 

The genetic load is usually defined as the proportion by which the fitness of the 
average genotype in a population is reduced in comparison with the best genotype, 
i.e. L = (Wmax- 17p)/Wmax. One of the most important factors creating genetic load 
is mutation. The corresponding load is called the mutation load (see Muller 1950, 
and Crow 1970, for a comprehensive treatment of genetic loads). It was Haldane 
(1937) who showed that the reduction of equilibrium mean fitness in an infinite 
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population due to recurrent deleterious mutations depends only on the mutation rate 
but not on the harmfulness of the mutants. Haldane (1937, 1957) considered the 
special case of  two alleles: ".. .  the loss o f  fitness to the species depends entirely on 
the mutation rate and not at all on the effect o f  the gene upon the fitness o f  the 
individual carrying it ...". His work has been extended in several directions (e.g., 
Crow and Kimura 1964, King 1966, Kimura and Maruyama 1966, Crow 1970, 
Fraser and Mayo 1974, Kondrashov and Crow 1988). In all these investigations, 
back mutations to the optimal type were ignored. Also, quantitative traits have 
received little attention, most likely because of mathematical difficulties. The only 
exception seems to be the final section in Crow and Kimura (1964). 

It is the purpose of  the present paper to explore possible generalizations and lim- 
itations of  Haldane's result. Throughout, "arbitrary" mutation patterns among alleles 
are admitted. For mathematical simplicity, our analysis is based on a continuous- 
time model. Since, in general, continuous and the corresponding discrete-time mod- 
els have the same equilibrium behavior, these results should apply also to the latter 
case. It should be noticed that in continuous time the mutation load has to be defined 
as the absolute reduction in Malthusian fitness, i.e., L = mmax -- rn. Our populations 
are assumed to be infinitely large. 

Section 2 treats the classical case of n alleles at one locus in a haploid and in a 
diploid population. It is shown that under very general assumptions Haldane's result 
that the equilibrium mean fitness depends only on the mutation rate is true as a first- 
order approximation for small #. The order of the error term is also calculated, and 
it may depend on the selection intensity s. 

In Sect. 3 the continuum-of-alleles model for a haploid population is investigated 
in detail and the first-order approximation of the mutation load is derived. In many 
important special cases, it is simply the mutation rate. For various particular fitness 
functions and mutant distributions, the order of the error term is calculated. 

In Sect. 4 the well-known mutation-selection-balance model (see Kimura 1965, 
Lande 1975, Turelli 1984, Bfirger 1986) is investigated. Results of Sect. 3 are used 
to prove that Turelli's (1984) house-of-cards approximation is accurate to first order 
(as #Is ~ 0) for any mutant distribution. It is investigated how different mutant 
distributions affect the accuracy of this approximation. Upper and lower bounds to 
the equilibrium variance that differ only to second order as #Is tends to zero are 
derived. Under the assumption of global linkage equilibrium, the genetic variance 
in the multilocus model is, to first order, 2 ~-~i #i/s, even if the population mean 
deviates from the optimum. 

The main results are summarized, and compared with the existing literature, in 
Sect. 5. 

2 The c lass ica l  case: n alleles 

2.1 

For motivation we start with the n-allelic haploid mutation-selection equation. 

n 

Pi = Pi (mi -- 7n) + ~ (#oPJ -- #yiPi), i = 1 . . . . .  n .  
j = l  

(2.1) 
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Here Pi denotes the frequency of  the ith allele Ai, mi its fitness, and fi = ~ i  miPi 
the average fitness. For i 4@ #0 is the mutation rate from Aj to Ai, and we assume 
#ii - ~ -  0 for all i. Let n be the fittest allele, i.e. mn > mi for all i = 1 . . . . .  n - 1. 
Then for p / / =  0, the point/3 ° = (0,0 . . . .  ,1) is the global attractor for (2.1). Hence, 
the perturbed system (2.1) (with lay small) has an attracting fixed point/3 (#) nearby. 
Since/30 - / 3 ( # )  = O(lA), in first order we have 

19i ( # ) ( m i  -- fit) q- lain = 0 

or 
/3i (#) ~ lain (2.2) 

mn -- mi 

for i < n. Therefore 

n ( n - - 1 ) ) n - - l i = l  n--1 
f i  = ~ mi])i (lA) = mn 1 - ~ b i  (lA + ~ mi/3i ( # )  ~ mn -- ~ lain. 

i=1 i=1 i=1 

Hence, in the first approximation, the mutation load is given by 

n--1 
L = ~-'~#in (2.3) 

i=1 

which is the total mutation rate from the fittest allele to all the others. 
I f  there is no back mutation to the fittest allele, i.e. Pnj = 0 for j < n, then the 

formula (2.3) is even exact: take i - - n  in (2.1) and cancel through Pn. This is a 
well-known result (cf. Crow 1970, p. 148). 

I f  there are two or more alleles with maximal fitness, the mutation load may  
strongly depend on the pattern of  mutation between optimal alleles. Consider, for ex- 
ample, three alleles A1, A2, A3 with fitness values - s ,  0, 0 and 
mutation rates #0 = lAu~ such that u31 = u21 = 0, i.e. there is no back mutation 
from A1 to A2 and A3. Moreover, we assume that u12 + u32 = 1, u13 + u23 = 
1, and u21 + u31 = 1, and recall that uii = 0. Then it is easy to see that equilibrium 
mean fitness is fi = -lA(1 - ~ ) .  Therefore, the load can attain any value be- 
tween 0 (u23 = u32 = 1) and #(u32 = 0 or u23 = 0), but it is still independent o f  
the selection coefficient s (because there is no back mutation). 

2.2 

The diploid mutation-selection equation is given by 

n 

Pi = Pi (mi - fi) + ~ (#oPJ - #jiPi), 
j = l  

with 

i = 1 , . . . , n ,  (2.4) 

n n k 
m i : ~ mO.pj and f i  = ~ miPi  = m i j p i p j  • 

j = l  i=l  i,j=1 

For the equilibrium mean fitness with back mutations ignored, we refer to Crow 
and Kimura (1970, Chap. 6.4) in continuous time, and Nagylaki (1992, Sect. 4.9) 
in discrete time. We generalize these results to arbitrary mutation patterns among 
alleles. 
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For simplicity, we consider more generally 

pO o o = . (2.5) = P i f ( p  ), i 1 . . . .  n 

and its perturbation 

/3i = Fi (p, e) = P i f ( p )  + evi (p), i = 1 . . . . .  n .  (2.6) 

Suppose,/30 is a regular (i.e. the Jacobian DpF(~°,O) is invertible) and externally 
stable, or saturated (see Hotbauer and Sigmund 1988, Chap. 19.4), equilibrium point 
of (2.5): After renumbering the indices, this means 

/ 3 o = 0 ,  f ( D  °) < 0 for 1 < i < k  (2.7.a) 

(the case f ( ~ o ) =  0 is excluded by the regularity assumption on /30; see also 
Remark 3 below) and 

/3o > 0, f ( / 3 ° ) = 0  for k < i < n .  (2.7.b) 

Note that (2.7.a) states that the growth rates at/3o, pO/pO =f(/3o), are negative, 
which means that none of the absent alleles can invade the equilibrium state/30. If 
only one allele is present at 13 °, we have k = n - 1 and (2.7.a) implies stability of 
/3 °. Furthermore, every (stable or unstable) interior fixed point (polymorphism)/30 
is saturated because k = 0 and (2.7.a) is an empty condition. 

By the implicit function theorem, there is a smooth curve/3 (e), defined for small 
e, of equilibrium points of (2.6), such that/3(0) =/30. Moreover, 

/3(e) =/30 3- eq + O(eZ) , (2.8) 

where q is the solution of the linearized equation 

D¢F (f)o, O)q 3- DeF (~o, O) = O. 

For the first k components, this simplifies to 

f (~°)qi 3- vi(/30) = 0 (i <= k ) ,  

so that (2.8) turns into 

_ v~(/3  ° )  
/3i(e) ----- - ~  3- O(e 2) (i < k).  (2.9) 

Equation (2.9) shows also (the well-known fact) that a regular saturated fixed point 
of (2.5) moves into the interior of the state space after introduction of mutation 
terms, whereas a non-saturated fixed point (with at least one of the inequalities 
(2.7.a) reversed) will move out for e > 0, thus becoming unacceptable. Hence, the 
question of mutation load makes sense only at saturated equilibria. 

Let us now return to (2.4), setting f (p) = m i  ( p )  - f i t ( p )  and ~ij = eUo', SO that 

n 

vi ( p )  = ~ (uup :  - u:ipi) . 
j = l  

Then 
k 

fit(p) = fit(.~o) + 2 ~ (pi -- b°)(mi(.p °) -- fit(/3o) ) + fit(p _/30) 
i = 1  
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and/3 ° is the equilibrium frequency vector of the unperturbed equation. Together 
with (2.7.b), (2.8), and (2.9), this implies 

k 
r~(/3(e)) = ~(/3 °) - 2 e ~  ~ u/j/3~ + O(e2). (2.10) 

i=lj=k+l 

Again, the first-order approximation of the mutation load 

k 
L = 2 ~  k #/j/3j ° (2.11) 

i=lj=k+l 

has the same biological meaning as the total rate of mutations leading to new (less 
fit) alleles, occurring at the equilibrium/3 °, with a factor 2 because of diploidy. 

Remarks and examples. 1) If we assume in (2.4) that selection terms are of order 
s and mutation terms of smaller order #, then this situation reduces to the above 
with E = #Is. After multiplying (2.10) by s, we see that the load is given again by 
(2.11), and the error term is of the order 

O(#2/s) . (2.12) 

2) In the case of two alleles (A1 = a = mutant, A2 = A = wild type), the above 
applies to the state/3~ = 0, whenever the heterozygote Aa has smaller fitness than 
AA: the mutation load then always is given by 2# (in first order approximation). 
This corresponds to the discussion in Crow (1970, pp. 136-138). 

3) If  the mutant gene a is recessive, i.e., fitness ofAa = fitness of AA, the above 
argument does not apply, since the equilibrium/3 ° = (0, 1) is not regular (f(/3 °) = 0 
and the fitness has zero slope at/3°). Direct calculations show that 

p l ( ~ ) = c  1/2+O(C) ( w i t h ~ = # / s )  and L = #  

instead of (2.9) and (2.11) (cf. Crow 1970, p. 137). 
4) If k = 0, i.e. p is an interior equilibrium, then L = 0 in (2.11). This means 

that the mutation load in (2.10) is actually of smaller order O(e2), or O(#2/s) 
(following Remark 1). As an illustration, consider again the case of two alleles 
AI and A2, with fitnesses of A1A1, A1A2, A2A2 being -Sl ,  0, -s2, respectively, and 
mutation rates #12 = / q ,  #21 = #2. Then the second-order approximation of the mu- 
tation load can be calculated as: 

2 
L =_ (Sl q_ S2) ( #~2 #2)S1 = (#1/Pl -- #2/P2) 2 S 1  "~ S2 

Here p = ( P l , P 2 ) =  (s2,sl)/(sl +s2)  is the overdominant selective equilibrium. If 
mutation alone leads to the same equilibrium as selection, then L = 0 of course. 
Otherwise, L is of order #2Is. 

5) The above argument applies to generalizations of (2.5) if they are 
Shahshahani gradients (see Sigmund 1984, Hofbauer and Sigmtmd 1988, p. 241) of 
a homogeneous potential V (of degree d), i.e. 

OV 
f (1,) = ~p--~ - d V  ( p ) .  



198 R. Biirger, J. Hofbauer 

I f  V(p) = ~ i  miPi, we have d = 1 and recover the haploid case 2.1. I f  V(p) = 
1 7n/2 = ½ ~ miPi = ~ ~i,j mO'PiPJ, we have d = 2 and the diploid case. 

3 Continuum of alleles: The asexual case 

3.1 The general model and result 

The model assumes an effectively infinite population that reproduces asexually and 
has overlapping generations. To cover not only the continuum-of-alleles case, but 
also models with discrete alleles, we need some abstract terminology. The types 
in the population are identified with points in a so-called locally compact space X. 
Typical special cases for applications are X = IR (the real numbers), X some interval 
in ]R (if types are constrained in some way), X = { 1, 2 . . . . .  n} (thus including the 
model of  Sect. 2.1), or X = {0, + l ,  -4-2 . . . .  }. Type densities and mutant distributions 
are taken with respect to a fixed positive, a-finite Borel measure 2 on X. Naturally, 
2 is simply the Lebesgue measure in cases one and two above (X = IR, or X some 
interval), and 2 is the counting measure if  X is a discrete set (cases three and four). 
In the first and second case, each x E X may be considered as an allelic effect 
on a quantitative trait, whereas in the third and fourth case, each x E X may be 
interpreted as a (possible) allele at a given gene locus. 

To model selection in continuous time, a Malthusian fitness value re(x) is 
assigned to each type x E X. For technical simplicity, we assume that the func- 
tion m is continuous. Throughout this paper we consider the case where the fitness 
function is bounded above, since we are only interested in models where a stable 
mutation-selection balance occurs. In particular, we assume that 

m(x) < 0 for all x ,  (3.1.a) 

and 
there exists at least one x, e.g., x = 0, such that m(x) = 0 ,  (3.1.b) 

that is, the set o f  optimal types 

Mopt = {x E X : m(x) = 0} is nonempty ,  (3.1.c) 

and the maximal fitness is mmax = 0. The reader may observe that the fitness func- 
tions m and m + c (c any constant) give rise to the same allele-frequency dynamics; 
see (3.3) below. 

To introduce mutation, assume that #u(x, y)dt is the fraction o f  individuals 
o f  type x originating through mutation from individuals o f  type y during the time 
interval dt. Here, # denotes the mutation rate and u : X × X ---+ ~ +  is a nonnegative, 
Borel-measurable function that describes the conditional probability that a y-allele 
mutates to an x-allele, i.e., 

fxU(X,y)2(dx) = 1 for all E X .  (3.2) Y 

(This was not imposed in Sect. 2). I f  a type remains unchanged, this is not consid- 
ered as a mutation. Therefore, we assume u (x, x) = 0 for all x EX. This assumption 
may and will be omitted in the continuum-of-alleles case when the set o f  all (x, x) 
has measure zero in X × X. 
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Let p(x, t) denote the type density (with respect to 2) at time t. Then it is well 
known that the evolution of type densities is given by 

X p(x, t )=  -g p(  , t) 

=[m(x)-Fn(t)]p(x,t)+ff[fxu(x,y)P(Y,t)2(dy)-p(x,t) ] , (3.3) 

where rh( t )= fx m(x)p(x, t)2(dx) is the mean fitness (e.g., Kimura 1965). 
In the following we shall be interested in equilibrium solutions of this equation. 

We shall consider the fitness function m and the mutant distribution u as fixed, and 
treat the mutation rate # as a parameter. Our aim is to derive asymptotic estimates 
for the equilibrium mean fitness rh, as # tends to zero. For simplicity, we use the 
operator notation 

u f  (x) = f x  u (x, y ) f  (y),~ (@) 

(see Appendix A for details). For technical reasons, an additional compactness con- 
dition has to be imposed on this operator U. Appendix A gives a list of simple 
conditions that ensure this assumption, which is satisfied in all our applications. 

It follows from Fubini's theorem and (3.2) that 

~x Up(x)2(dx) = fx ( fxU(X, y)2(dx)) p(y)2(dy) = l . (3.4) 

At equilibrium, we obtain from (3.3) 

m (x)pu (x) ÷ #Upu (x) = a~p~ (x), (3.5 .a) 

where p ,  denotes the equilibrium density (depending on the parameter #) and 

au = Fn, + # = f tm(x)p.(x) + #Up~,(x)]2(dx). (3.5.b) 

Equation (3.5.a) yields 

p~ (x) = # Up~ (x) (3.6) 
a .  - re(x) 

In Bfirger (1988) simple sufficient conditions for the existence of an equilibrium 
solution p~ (that is a density) were derived (see Appendix B), and it was shown 
that the corresponding "eigenvalue" a~ is strictly positive. Because ~ < 0, (3.5.b) 
yields 

0 < a ~ = ~ t , + # < # .  (3.7.a) 

In particular, we have 
a~ ---+ 0 as # ---+ 0 . (3.7.b) 
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For the equilibrium mean fitness, we obtain from (3.6) 

m~ = fx  m(x)p~(x)2(dx) 

=#  fxUP~(x) a m(X~)m(x)2(dx) 

a~, up~(x)2(dx) = - ~  f Up~(x)2(dx) + ~ f x  a _ m(x) 

= - ~  + ~ Up,(x),~(~x) + ~ Up,(x)~.(d~) 
pt \Mopt a~ -- re(x) 

(X\Mopt denotes the complementary set of Mopt in X). It follows that 

rh, + #(1 - fMop, Up~(x)2(dx)) 

fX a/t # \Mopt a, - m (x) Up~ (x)2 (dx). (3.8) 

In Appendix C it is proved that the expression on the right-hand side tends to zero 
as # ~ 0. Therefore, we obtain from (3.8) 

rh~ + #(1 - fMopt Up,(x)2(dx)) 
lim = 0 .  (3.9) #70 # 

This shows that, in general, the equilibrium mean fitness, and thus the mutation 
load, may depend on details of the equilibrium distribution. A simple example was 
given at the end of Sect. 2.1. In that case, the load depended on the mutation pattem 
among the optimal alleles. 

However, for a variety of important special cases, the equilibrium mean fitness 
is in fact independent of the fitness function m and of the particular form of the 
(conditional) probability distribution u of mutant effects. In the examples below, we 
assume that X = IR or X is some interval in ~,,, 2 is the Lebesgue measure (unless 
otherwise stated), and we will write dx instead of 2 (dx). 

3.2 A unique optimal type 

Suppose that there exists a unique optimal type or, more generally, 2(Mopt)= 0. 
Then (3.9) reduces to 

lim rh~ + # _ 0'. (3.10.a) 
#---+0 # 

This means that Haldane's result holds asymptotically, i.e., the mean fitness equals 
--#( = mmax --/A) to first order, and is independent of  the selection intensity and of 
the details of the mutant distribution. Therefore, the first-order approximation of 
the mutation load is 

L = ~ .  (3.10.b) 

Typical mutant distributions will be considered below, and second-order terms will 
be derived. 
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3.3 Kingman's (1978) house-of-cards model 

This assumes that 

= u(x) (by abuse of  notation) if x + y, and f x  u(x)dx = 1 U (X, Y) 

(cf. (3.2)). It follows that Up`"(x)= u(x). Therefore, (3.9) becomes 

m`" + It fX\MOOt u(x)dx 
lim = O, (3.11.a) 
`"--*0 It 

and the first-order approximation of  the mutation load is 

L = # fX\Moot u(x)dx ,  (3.11.b) 

which is just the total mutation rate toward suboptimal alleles. Here we did not 
assume that 2 (Mopt )=  0. 

For certain fitness functions and mutant distributions, the rate at which (rh`" + 
#)/# tends to zero, and hence the order o f  the error term, can be determined easily. 
Suppose that X = IR. Let 

m ( x ) =  -slx[ q and u ( x ) =  [xl-1/"g(x), 

where 
(i) g is an arbitrary, bounded, nonnegative function such that f u  = 1 and g(x) 

> go > 0 for x E [ - e ,  c] (with g0 > 0, c > 0 fixed but arbitrary), and 
(ii) n > 1 (including cxz) and q > /~ = 1 - (l/n). 
Thus, if n = o% we have u = g and u may be a Gaussian or an exponential 

distribution reflected about 0. A F-distribution (reflected about 0) is obtained for 

a ~ 
g(x) -- 2F(]?) exp ( - a l x [ )  • 

We denote Ilgllo~ = SUpxg(X), and have due to (i), Ilgll~ < ~ .  
It follows from (3.3) and (3.5) that with re(x)= - s ]x  lq the equilibrium distri- 

bution and its mean fitness depend only on It/s and not on # and s separately. 
Therefore, we may define 

~x̀ "/~ = a`"/s = (~`" + It)/s . 

Since we have fp`" = 1 and Up,, = u, (3.6) shows that c¢̀ "/~ can be calculated from 
the condition 

~"~/- lxl- ' /ng(x)  dx = 1 (3.12.a) 
s j_oo %/s + [x]q 

Let 

Then (3.12.a) becomes 

r(~) = f ~  Ixl-1/"g(x) ~ +  ixlq dr .  (3.12.b) 

# r(~`"/s) = 1 . (3.12.c) 
S 
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We obtain, using formula 431.16.a of  Grrbner  and Hofreiter (1975), 

r(~) < 211011oo f0 °° 
Ixl-1/_2_~ 

dx 
= ~ + Ixl q 

= 211911oo . ~]~ "0~q (3.13.a) 
q sm-~-  

Furthermore, for ~ E (0, c q) we obtain, using property (i) o f  u and 9, and the 
transformation y = x p, 

/f/~ u(x) 
r(c 0 > - - d x  

-- = l / q ~ + l x l q  

> 290 f=l/q Ix [--1In dx 
.10 ~ -[- xq 

-cJ~/q 
= 20o [ dy 

fl Jo ~ q- yq/# 

~--1 = go eq . (3.13.b) 

Therefore, we obtain from (3.12.c) and (3.13) the asymptotic equality 

( p ) q/(q--~) 
~,/~ ~ (const.) \ s /  (3.14) 

as #Is --~ O. It follows that 

m~ + # ~ (const.) (-g~ q-tiff , (3.15.a) 
# \ s /  

as #Is--+ 0, and the order of  the (absolute) error term of  L in (3.10.b) is 

( # )  q---~ (3.15.b) (const.) # s 

Note that ~ / ( q -  fl) > 0 holds under our assumptions. The constant in (3.15.b) 
depends on the function g, and estimates may be obtained from (3.13). 

It is interesting to notice that the error term of  the load L is o(#Z/s) ,  as for 
n alleles, i f  and only if q = 2ft. I f  u = g is a Gaussian or a reflected exponential 
distribution (thus, fl = 1) and q > 1, then 

rh, + # ~ (const.) ( -~)  ~ (3.16) 

follows from (3.15.a), and the order of  the error term of  L is O (#2 ) )  i f  and only if 
m (x) = - s x  2. In Appendix D the asymptotic equality (3.16) is extended to non-HC- 
type mutant distributions. In the limiting case q --~ 0% the first-order approximation 
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of the mutation load is not necessarily # because then the order of the error term 
(3.16) is O(#). In fact, then (3.11.b) must be applied because all types x E [ -1 ,  1] 
have optimal fitness 0 and all other types are lethal. 

Iff l  => q, the estimates leading to (3.15) do not apply because the integrals do not 
necessarily exist and the equilibrium distribution may have an atom of probability 
at x = 0. A necessary and sufficient condition for the existence of an equilibrium 
solution with an absolutely continuous part (with respect to 2) and a singular part 
(in the present case an atom of probability at x = 0) is 

Moreover, if 

then 

# f x ~ d x <  1. (3.17) 

# f x  u(x) dx < 1 (3.18) 
- - r e ( x )  = ' 

thu = - #  (3.19) 

(see Theorem 4.1 in Biirger and Bomze 1992). 
The following example treats a critical case, where the method leading to (3.15) 

does not apply. Let X = [0, 1], 2 be the Lebesgue measure, u(x) = 1, and re(x) = 
-sxq with q < 1. For q = 1, we obtain instead of (3.12.a) 

It follows that 

Therefore, 

1 = p#(x)2(dx) = in 1 + . 

~ #  + #  1 
- (3.20.a) 

# ~ eS/~ - 1 

- - ( ( 9 )  m~ + # - O for all n > 1 . (3.20.b) 
# 

For q < 1, we obtain (3.19) because (3.18) is satisfied for sufficiently small #. 

3.4 "Translational" mutation 

(See Crow and Kimura 1964) 
This assumes that the effect of new alleles simply adds to the effect of the 

parental allele, i.e. 

u(x, y) = u(x - y) if x * y, with fx  u(x)dx = ~x Up.(x)dx = 1. 

This has become the most popular mutation model in quantitative genetics, and has 
been used with various mutant distributions u. Again (3.9) and, for 2(Mopt)= 0, 
Eqs. (3.10.a, b) hold. In particular, it is again possible to derive estimates analogous 
to (3.16), but the derivation uses methods from functional analysis. In this case the 
integral r(~) has to be replaced by the spectral radius of a certain operator. The 
proof is given in Appendix D. 
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3.5 

In Bfirger and Bomze (1992) it was shown under very general assumptions that 
(3.19) always holds if the stationary distribution consists of an absolutely continuous 
and a singular part. This is the case if the fitness function m has a cusp at its 
optimum, and/or if the mutation rate to types near the optimal type is extremely 
low (cf. (3.18) and Appendix B). 

3.6 Discrete alleles 

In this classical case, we have X = {0, 1, 2, . . . ,  n} or X = {0, + l ,  ±2, . . .  }, and 2 is 
simply the counting measure. For finitely many alleles the results of 
Sect. 2.1 are easily obtained from (3.9). However, the "ladder", or "stepwise mu- 
tation model", where X = {0, 4-1, +2 . . . .  }, is also included, and results parallel to 
those of Sect. 2.1 can be derived. If all mutations are deleterious and arise in a 
Poisson fashion, then the result of Kimura and Maruyama (1966) that the load is 
L = 1 - e -~ follows immediately from (3.3) by considering only the optimal type 
(cf. the last paragraph of Sect. 2.1). 

4 The equilibrium variance of metric traits under mutation-selection balance 

4.1 The haploid case 

Many authors have provided approximations for the equilibrium variance of a 
quantitative genetic character subject to mutation-selection balance. Two qualita- 
tively different types of approximations were obtained: the Gaussian approxima- 
tion (Kimura 1965, Lande 1975, Fleming 1979, Nagylaki 1984) and the so-called 
house-of-cards (HC-) approximation (Turelli 1984, Turelli and Barton 1990). Kimura 
and Turelli obtained their approximations by considering the asexual model of 
Sect. 3 and subsequently extrapolating to the multilocus case (assuming global 
linkage equilibrium). Lande, Fleming, Nagylaki, and Turelli and Barton, included 
linkage in their theoretical analyses. All these authors assumed that mutation is 
"translational" and the mutant distribution is Gaussian, i.e., u(x, y) = u ( x - y )  and 
U(X) = (2~3~2) -1/2 exp(-xZ/27z). Kimura used a continuous-time model with fitness 
given by r e ( x ) = - s x  2, whereas the others considered the discrete-time analog 
w(x)=exp(-x2/2Vs), with the correspondence s =  1~2Vs. Kimura's Ganssian 
approximation states that (in the haploid case) the equilibrium variance is 

g/•y2 (4.1) a2 ~ 2 

Turelli performed an HC-approximation, i.e., he assumed that the mutant distribu- 
tion depends only on the target gene (Kingman's 1978, HC-mutation model), and 
is Gaussian. Intuitively, this should be a good approximation if the variance of 
mutant effects ~2 is much larger than the equilibrium variance. He obtained the 
HC-approximation 

0- 2 ~ /.t . (4.2) 
S 
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In fact, numerical simulations showed that the Gaussian approximation applies if  72 
is small compared with #Is, whereas (4.2) applies in the opposite case (cf. Turelli 
1984, Biirger 1986). In Bfirger (1986) and, more generally, in Bfirger (1988) it was 
shown that #Is is an upper bound to the equilibrium variance in this model. This 
holds for any mutant distribution. 

Here, we will use the results of  Sect. 3 to prove that the variance in this 
mutation-stabilizing-selection model approaches the HC-approximation for any mu- 
tant distribution u (x, y) (that satisfies our general assumptions and a mild additional 
one) as mutation becomes weak relative to selection. We will also see how different 
mutant distributions affect the accuracy of this approximation. 

It follows from Sect. 3.2 that for 

m ( x )  = - s ( x  - x o )  2 , 

with fixed's and arbitrary (but fixed) mutant distribution u(x, y), (3.10.a) holds. 
Let ~ and a 2 denote the mean and the variance at equilibrium, respectively. Then, 
the equilibrium mean fitness is ~ = - s ( a 2  + ( 2 -  x0) 2) (we omit the index /t of  
Sect. 3 here). Therefore, (3.10.a) implies 

a: + (2 - xo) 2 - ~/s  
lim = 0 .  

~ o  ~/s  

In fact, it is easy to see from the derivation in Sect. 3 that it is sufficient to fix u, 
and the slightly stronger result 

~2 + (~ _ xo)2 _ # / s  
lira = 0 (4.3.a) 

~ls ~ o p/s 

holds. This is true for  any mutant distribution that satisfies our general 
assumptions. 

I f  the mutant distribution is such that the mean is at the optimum, i.e., 2 = x0, 
then we obtain 

i f2 _ # I s  
lim - -  - 0 .  (4.3.b) 

./s-+o ~t/s 

The mean is at the optimum, for example, if  u (x0 + x, xo + y) = u (x0 - x, x0 - y), 
i.e., if  u is symmetric around the optimum. 

We want to prove (4.3.b) without imposing symmetry assumptions on u. Instead, 
we require that u be bounded, i.e., 

Ilull~ = sup  u(x, y )  < c ~ .  (4 .4 .a )  
x,y 

As a consequence, we have 

IlUpll~ ~ Ilull~ < ~ if /Ip(x)ldx= l (4.4.b) 

Assumption (4.4.a) is obviously met for Gaussian and (reflected) exponential distri- 
butions, in the HC and in the translational mutation model. 
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To prove (4.3.b) i f 2  ~a Xo, we observe that, on account of  (4.3.a), it is sufficient 
to show 

( ~ ) - 1  
lim (2 - x0) 2 = 0 .  (4.5) 

#/s ---* O 

Let/3 be the equilibrium density. Then, using (3.6), the definition of  ~u/s, the trans- 
formation x ~ x0 + x, a decomposition o f  the integral, (4.4.b), and (3.4), we obtain 

12 -x0[< f 
# 

S 

# 

S 

z - -  
S 

< #  
S 

< #  
S 

Ix - xo Ib(x)dx 

Ix- x01 U/3(x)dx 
f ~./~ -~-(x- xo) 2 

f xl Up(x+xo)dx 
~,/s + x 2 

(/-- fx x ) a Ix l g/3(x +xo)& + g/3(x +xo)& 
10~#/s q- x2  1> 1 Np/s -JI- X 2 

' l l u H ~ l n ( 1  + e u / ~ ) +  1) . (4.6.a) 

We know from (D.10) that a~/s > (const.)(/~/s) 2, and thus arrive at 

(~)-a(2-xo)2< ( c o n s t . ) ( ~ ) (  l n #  2 s )  " (4.6.b) 

This proves (4.5) and, hence (4.3.b) in the general case. Therefore, combining 
(4.3.b), (D.11), and (4.6.b), we obtain 

0 "2 = ---~ "q- O in . (4.7) 
s 

(Recall that a 2 < #/s, so the constant in the O-term is negative.) 

Remark In the HC-case, a similar result can be obtained without the assumption 
(4.4.a) for the distributions considered below (3.11) i f / l  > 1; the (reflected) gamma 
distribution is an example. Instead of  (4.6.a), it can be proved that 

= ~C 1 utl.t/s , 

and (4.8) below is obtained. 
For the remainder o f  Sect. 4.1, we assume that 2 = x0. This allows us to improve 

(4.3) and (4.7). First consider the HC-mutation model with mutant distributions 
defined below (3.11). Then we obtain 

from (3.15). The exponent of  the second-order term is two (as for discrete-allelic 
models; see Sect. 2) if  and only i f /3  = 1, e.g., for a Gaussian or an exponential 
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mutant distribution (reflected about zero). Since for highly leptokurtic F-distributions 
(fl---+ 0) the exponent of the second term tends to one, the accuracy of the HC- 
approximation decreases with increasing kurtosis (small fl). 

If  the mutant distribution u is Gaussian with mean x0 and variance 72, then (4.8) 
can be further improved. For the HC-mutation model, formula 314.8.b of Grrbner 
and Hofreiter (1975) shows that (3.12.a) becomes 

exp (~/* '~ 
2 ~ y 2  p k'272J [1 o ~/~/s l , - e r ,  v 2  - -1 ,  

where eft(x) = 2rc-1/2 f0x exp(- t2)dt  denotes the error function. For #/s--+ 0 (hence 
0~/s ---+ 0) or  7 2 --+ oo, the  left-hand side is, to first order, 

V/-~2_~ 1 . 
s V/~/s 

Noticing 

we obtain 

0 . 2  & J-/ 
- -  0 ~ / s  , 

S S 

a 2 ~  # z ( p ] 2 ,  (4.9) 
s 272 \ s /  

and the HC-approximation (4.2) applies as #/(s72) + 0. 
If mutation is translational (Sect. 3.4) and u is Gaussian, as in the original model 

of Crow and Kimura (1964), and in Kimura (1965), then (D.14) in Appendix D 
yields the following bounds for the equilibrium variance for arbitrary #/s: 

exp/" 462"~ 

#s 272zc (#)2s =< a2 = < #s \ -  ~2-)2n72 ,s/(~-]2' (4.10) 

with 

b 2 = min , ~ 

as in (D.12). Note that the constants associated with the second-order term (#/s) 2 
differ approximately by a factor rc 2 for small #/s. Essentially the same inequality 
(with 4b 2 on the right-hand side replaced by b a) may be obtained directly from 
(3.13) for the HC-mutation model by observing (D.12) and putting 

1 (b@2) c = b  and g 0 =  2 v / ~ e x p  - . 

The estimates (4.7) to (4.10) improve a result in Bfirger (1986), which states that the 
equilibrium variance is always less than ~/s. If p/s becomes large compared with 72, 
the lower bound becomes negative (and thus useless) and the upper bound is almost 
identical to #Is. The upper and the lower bounds (4.10) are of most interest if I1/s 
is small (compared with 72). Figure 1 displays the Gaussian approximation (4.1), 
the HC-approximation (4.2), the upper and the lower bounds (4.10), and numerical 
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Fig. 1. The equilibrium variance and some of its approximations for mutation-stabilizing-selection 
balance. The plot is double logarithmic (to base 10), i.e., it shows the logarithm of the equi- 
librium variance, lOgl0(tr2), as a function of logi0(#/s). The variance of the Gaussian mutant 
distribution is 72 = 0.05. The solid line represents the HC-approximation (4.2), the dashed-dotted 
line the Gaussian approximation, and the dashed lines the upper and lower bounds (4.10). The 
dots are data points obtained from numerical calculation (see main text). The Gaussian and the 
HC-approximation intersect at #Is = y2/2. 

data for the equilibrium variance that either are taken from Biirger (1986) (mainly 
for large #/s)or  were obtained by numerical integration of (3.3), as described in 
detail in Biirger (1993). The Gaussian approximation performs better than the HC- 
approximation if and only if it is smaller, i.e., if #Is > 72/2. For the corresponding 
discrete-time model, Fleming (1979) obtained higher-order approximations than the 
Gaussian in the limit 72(#/s) -1 ~ 0 (see also Nagylaki 1984, 1992). These are, in 
fact, lower than the Gaussian approximation (4.1), but it was not proved that the 
Gaussian always provides also an upper estimate, as does the HC-approximation. 

4.2 The diploid multi-locus case 

Here we extend the above results to quantitative traits by using the model and 
methods of Biirger (1991). We consider a quantitative character in a randomly 
mating diploid population with no sex differences that is affected by E additive loci 
exhibiting neither dominance nor epistasis. Let Z denote the phenotypic value of this 
trait, G its geotypic value and E an independent, normally distributed environmental 
effect, so that 

f 
Z , = G + S  and G = ~ ( x i + Y i ) ,  

i=1 

where xi(Yi) denotes the allelic effect of the maternally (paternally) inherited allele 
at the ith locus. The population is so large that random drift can be ignored. As in 
the previous sections, we assume a continuous-time model and, additionally, global 
linkage equilibrium (see Biirger 1991, for a discussion). However, we allow different 
mutation rates and mutant distributions at all loci, and make no assumptions about 
the position of mean values of allelic or genotypic distributions. Mutant distributions 
satisfy our general assumptions, as well as (4.4.a). 
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We start with the fitness of phenotypic values and assume quadratic stabilizing 
selection with optimum at (_9, i.e., 

mp (Z)  = ao - s ( Z  - (_9) 2 . 

Then the fitness of genotypic values is 

77/(G) = b0 - s ( G  - 0 )  2 , 

where b0 = a0 - s Ve and Ve denotes the environmental variance. 
Let tr} denote the genetic variance at equilibrium. We scale the per-locus 

mutation rates such that #i = #u~, where the ui are strictly positive constants. Our 
aim is to prove 

lim a2G - 2 ~ i # i / s  : 0,  (4.11) 
~/s--+ 0 2 ~ i  #i/S 

where the summation is over all Y loci. 
The proof is by reduction to the haploid one-locus case. First, we notice that, in 

analogy to (3.6), the (haploid) equilibrium allelic density/3i at locus i is the (unique, 
positive) solution of 

Ipi (Xi) = #i f ui (Xi' ~i)Pi ({i)d ~i (4 .12)  
:n + #i - &? (xi ) 

where rh* (xi) denotes the marginal fitness of xi at equilibrium, and rh is the mean 
fitness of the population (cf. Eq. (2.1) in Biirger 1991). The expression for the 
marginal fitness may be obtained by specializing Eq. (3.5.a) in Biirger (1991), but 
we use the opportunity to present a simplification of some of the main formulas 
in that paper (see Appendix E). From (E.1) and (E.2) we obtain, using 0 for the 
genotypic mean, and 2i for the allelic mean at locus i (at equilibrium), 

tn;(Xi) = b 0 -s((72~ - (7 2) - s ( x  i - [ O  - ( 0  - x i ) ] )  2 (4.13) 

and 
th = b0 - s ( @  + (0 - 0 )2) .  (4.14) 

Therefore, we can apply our results in Sect. 4.1 to Pi  with 

Xo=O--(j~i(2j-}-J;j)-[-3;i ) = O - -  ( 0 - - X i ) ,  

and mi(xi ) = - s ( x i  - x 0 )  2. Thus, the fitness optimum "experienced" by the maternal 
alleles at locus i is the difference between the phenotypic fitness optimum and the 
mean contribution of all other loci together with the paternal alleles at locus i.) 
Then 2i - 2 0  = 0 - O, and (4.5) implies that 

( 0 - O )  2 _ + 0  for eachi,  a s# / s - -+0 .  
#ds 

Hence, (4.3.b) yields 

lim o.2 _ #i/s 
~/~ ~ o  # i s  

- -0  for a l l i .  
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This finishes the proof of (4.11) because 

2-~ ~-//s < (const.) i=El #i/s--- " 

In the special case ~ = O, the above reasoning, together with (4.10), leads to 

a20 - 2 E i  #i/s = O (4.15) 
2 ~ i  #i/s 

These results show that the multilocus HC-approximation is valid to first order, even 
if the mean deviates from the optimum. We notice that any equilibrium solution 
has to satisfy 

o-/2 + (~ - 0 )  2 < #/ (4.16) 
s 

for all i, because the denominator on the right-hand side of (4.12) must be strictly 
positive for all xi (cf. (3.7.a)). In particular, this shows that 

c 
a~ < 2 ~  # / ,  (4.17.a) 

i = l  S 

and 
( ~  --  O ) 2  < min #i (4.17.b) 

i s 

must hold for any equilibrium distribution, and for arbitrary parameters. The 
estimates (4.16) and (4.17) do not require assumption (4.4.a), i.e., boundedness 
of u. 

Turelli and Barton (1990) derived approximations for the effects of linkage on 
the equilibrium distribution in the multilocus mutation-stabilizing-selection model. 
The influence of linkage turned out to be small. This is consistent with the exact 
analysis of a two-locus two-allele model (Biirger 1989). For investigations of the 
multilocus Gaussian approximation that include linkage, the reader is referred to 
Lande (1975), Fleming (1979), and Nagylaki (1984, 1992). Again, linkage causes 
only small deviations. In all of these investigations, it was assumed that the mean 

is at the optimum (.9, and that mutation is translational. 

5 Summary and diccussion 

Our paper generalizes earlier results on the mutation load (e.g., Haldane 1937, Crow 
and Kimura 1964, Crow 1970) in various directions. We prove that Turelli's (1984) 
HC-approximation applies to first order for any mutant distribution as #Is ~ O, and 
derive new estimates for the equilibrium variance under the well-known mutation- 
stabilizing-selection model. Below is a short summary of our main findings. We 
use a continuous-time model and derive approximations for the mutation load in 
the limit # ---+ 0 or #Is ~ O. Since continuous-time models and the corresponding 
discrete-time models usually have the same equilibrium behavior, our results should 
carry over to the latter case too. 

(i) We treated the classical case with n alleles at a single locus (haploid and 
diploid) and allowed for arbitrary mutation rates among alleles, in particular for 
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back mutations. If  there is one allele that has higher fitness than all the other alleles, 
the mutation load is - to the first-order approximation - the total mutation rate from 
the fittest allele to all the others (see (2.3) and (2.11)). This is in accordance with 
earlier results (see Crow 1970). In general, the load may depend on the selection 
coefficients, but only to second order. According to (2.12), the error term is O(#2/s). 
If there are two or more alleles with maximal fitness, the first-order approximation 
depends strongly on the mutation pattern among the optimal alleles. 

(ii) For a continuum of possible alleles at a locus in a haploid population, we 
derived the general formula (3.9) for the first-order approximation of  the equilib- 
rium mean fitness. In the special but important case that exactly one allele has 
optimal fitness (e.g., m ( x ) = - s x  2) the mutation load is again - to first order - 
equal to the mutation rate. This holds independently of the fitness function and 
of the particular mutation pattern; see (3. I 0). For certain types of fitness functions 
(re(x) = -six[q, q > 1) and mutant distributions (Gaussian, exponential, reflected 
gamma) the order of the error term is calculated; see (3.15) and (3.16). 

(iii) For the classical mutation-selection-balance model (e.g., Crow and Kimura 
1964, Kimura 1965, Lande 1975, Yurelti 1984) with Malthusian fitness re(x) = - s x  2 
and Gaussian mutant distribution with mean fi and variance ?2, it follows that the 
load is kt with error term O(#2/s). This is in contrast to the result of Crow and 
Kimura (1964, Eq. (12)) that the load is (12fi2/(fi 2 q- 72)) + V/JLg?2(u 2 -}- 72)/2. The 
reason for this difference is that their analysis is based on the Gaussian approxima- 
tion, which does not apply for small #/(ST 2) (but does so for small s?2/#). 

(iv) We proved that the equilibrium variance in that model satisfies the bounds 
(4.10), with b as in (D.12). For the HC-mutation model it was proved that the 
variance tends to the lower bound as #Is --+ O. More generally, the house-of-cards 
approximation for the equilibrium variance (Turelli 1984) applies to first order for 
small #Is and arbitrary mutant distributions, even if the population mean deviates 
from the optimum. We derived also the order of  the error term for mutant distribu- 
tions such as reflected F-distributions; see (4.8). It follows that the accuracy of  the 
HC-approximation decreases with increasing kurtosis of such mutant distributions. 

(v) Under the assumption of global linkage equilibrium, we showed that the 
equilibrium genetic variance in the multilocus case is, to first order, 2 ~ i  #i/s, as 
#i/s tends to zero for all i. This generalization to the multilocus model with quadratic 
stabilizing selection on the phenotype allows different mutation rates and mutant 
distributions at individual loci, and does not require that the population mean be 
at the optimum. More generally, we proved that for arbitrary mutant distributions 
and mutations rates, the genetic variance is bounded by 2 ~ i  #i/s, as shown in 
(4.17.a), and that the deviation of the mean from the optimum satisfies (9 - 0 )  2 < 
miniOti/s), as shown in (4.17.b). 

The inequalities (4.17.a, b) are in contrast to the equilibrium behavior of  Barton's 
(1986) symmetric, biallelic, multilocus model, who found equilibria where the devi- 
ation of  the mean from the optimum may reach the value of an allele's effect, and 
where the variance is higher than the HC-approximation. The reason for the dis- 
crepancy between the model used by Barton and the present one, and, in particular, 
for the fact that the deviation of the mean from the optimum is determined by the 
minimal per-locus mutation rate (4.17.b), is the following: without mutation, in the 
continuum-of-alleles model any given optimum (that lies in the range of variation 
of the trait) can be perfectly matched through the build-up of spikes in the dis- 
tribution at each locus such that 2 ~ ; 2 i  = O, where the 2i 's denote the positions 
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of the spikes. Thus, no polymorphism is maintained. Deviations from the optimum 
are introduced through asymmetries of the mutant distributions. These deviations 
decrease as the mutation rate decreases. In Barton's (1986) symmetric model, only 
half of the optimum values lead to monomorphic equilibria. This explanation is 
consistent with Barton's (1986) discussion, where he mentions that introduction of 
asymmetries drives populations much closer to the "optimal" equilibrium, and to 
the HC-approximation. 

Another interesting point is that, in biallelic models (Wright 1935, Bulmer 1972, 
Barton 1986, Keightley and Hill 1988), stabilizing selection leads to underdomi- 
nance, i.e., to disruptive selection, at each individual locus. This is not the case in 
the continuum-of-alleles model, where each locus experiences stabilizing selection, 
as may be seen from (4.12), (4.13), and (4.14). The phenomenon of underdomi- 
nance is an artifact of the assumption of global linkage equilibrium together with 
the symmetries of that model. If  one considers, for example, a full two-locus model, 
then each marginal locus experiences directional selection, and only one equilibrium 
that involves heterozygotes exists. It is unstable, and both loci are heterozygous at 
this equilibrium (see Biirger 1989). 

Finally, we remark that we proved neither existence nor uniqueness of an equi- 
librium solution in the multilocus model. The results of Sect. 4.2 apply to any 
existing equilibrium. Only in the special case that the mutant distributions at indi- 
vidual loci are such that 2 E i  Xi : ~ ~--- O (and each Xi coincides with the optimum 
and the mean for the corresponding haploid model at locus i) does existence of a 
multilocUs equilibrium follow from the haploid existence result in a straightforward 
way. This includes the case xi = ~ -- O = 0 and all mutant distributions symmetric 
around 0. 

In fact, it turns out that uniqueness of equilibrium solutions may depend on the 
mutation model. It is easy to see that in the translational mutation model, an in- 
finite number of equilibria exists. To show this, suppose that the equilibrium allelic 
densities /~1 . . . . .  /~# define an equilibrium solution, choose constants a i such that 
~ i  a i  = 0, and translate each/3i by a i. This gives a new equilibrium solution with 
identical phenotypic distribution. For the Gaussian model, this property was discov- 
ered and discussed by Lande (1975, 1980). Kimura (1981) observed and discussed 
a similar phenomenon. It provides the possibility of extensive neutral evolution at 
individual loci. Other mutation models, such as the HC-model, do not have this 
property. For simplicity, consider the HC-model. Then the equation for the change 
of marginal allelic distributions (Bfirger 1991, Eq. (2.1)) shows that per-locus means 

change according to X i = IAiai, the phenotypic mean according to ~ = 2 E i  #i ai' the 
per-locus variances according to 6-22 = #i (a  2 - 2ai~i), etc. Thus, the changes at in- 
dividual loci are still very small, so that some neutral evolution in finite populations 
may still be possible. For the two-locus HC-model, it is easy to show directly (using 
(4.12)) that only a single equilibrium can exist. In general, mutant distributions may 
be different at different loci, and therefore allelic distributions may be "translatable" 
at some loci but not at others. 

Appendix A 

We denote by L1(2) the Banach space of all Lebesgue-integrable functions such 
that 

Ilflll = / I f ( x ) l ; t ( d x )  < oo. 
d 
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Throughout the paper, we need the following technical assumption. The operator 
U : L1(2) --+ L1(2) defined by 

Uf (x) = f x  u(x, y ) f ( y ) 2 ( d y )  (A.1) 

is bounded on Ll(2), and compact as an operator of  L l ( 2 1 ) ~  Ll(2), where 21 
denotes the measure (1 - m)2. Thus, L1(21) = { f  E LI(2) : mf  C L1(2)} C_ L1(2). It 
is known from Btirger (1988) that any equilibrium solution p~ of  (3.5) is in L1(21). 
That the operator U is bounded follows from (3.2). The compactness condition is 
met in the following cases (see Bfirger 1988): 

(i) The house-of-cards model, i.e., u(x, y ) =  u(x) (by abuse of  notation) and 
fx  u = 1, because then the operator U has rank one. 

(ii) The state space X is a locally compact group and mutation is translational, 
i.e., Y = IR or X = {0 , : tz l ,+2  . . . .  }, u(x, y) = u(x - £ )  and fx  u = 1. In this case, 
we need the additional assumption that 1/(1 - m ( x ) )  vanishes at infinity. The latter 
condition is satisfied if  and only if  m(x) --* - ec  as Ixl --+ 0o. 

(iii) X is compact, e.g., X =  [0, 1] or X = { 1 , 2  . . . . .  n}, and u(x,y) is 
continuous. 

Appendix B 

Existence and uniqueness of  an equilibrium distribution that has a density with 
respect to 2 requires the compactness condition of  Appendix A (in fact, a weaker 
condition is sufficient; see Biirger 1988, and Appendix D) and the following~ 

Let x0 E Mopt and define 

I~ = { x E X  : - ~  =< m(x)} n U(xo), 

where U(xo) is a small neighbourhood of  x0. There exist u0 > 0 and ~ > 0 such 
that 

inf f u(x, y)2(dy) > 2(I~)u0 03.1) 
xCI~ J lc~ 

and 

uo2(I~) 
- -  > 1.  03.2) 

2~ 

Example. Let X = IR and suppose that u(x, y ) >  uo > 0 in the neighbourhood 
U(xo) × U(xo) of  (x0, x0). Then 03.1) is satisfied. If  m(x) > - clxl in some neigh- 
bourhood of  x0 = 0 and c < uo, it follows that 2(I~) => 2o:/c, and 03.2) is satisfied. 

Condition 03.2) may be interpreted as a cusp condition near the optimal type 
x0. It is interesting to notice that for functions m with more than one zero, it is 
sufficient that conditions 03.1) and 03.2) be satisfied for one of  these zeros. 

If  the conditions above are not satisfied, then an equilibrium distribution either 
does not exist or it may have an "atom of  probability" at the optimal type. In the 
house-of-cards mutation model, a simple necessary and sufficient condition can be 
derived (see (3.17), (3.18), and Bfirger and Bomze 1992). 
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Appendix C 

Here we prove that the expression on the right-hand side of Eq. (3.8) tends to zero, 
i.e., 

f x  a~ --~0 as ~ O. (C.1) Ups(x)2(dx) it 
',Mop, a~ -- m(x)  

Since m (x) < 0, 0 < a s < it, and Ups > O, we have 

0 < as ~rn (x) Ups (x) -- a s - m (x) Ups(x) < i t - - -  " 

Therefore, it is sufficient to prove that 

f x  i tnm(x)UPs.(x)2(dx)~O as itn -----~ 0 
\MOp t i t n -  

for any subsequence itn. Since p#ELI().I)  (Appendix A), Ilpsll~l----Ilpslll+ 
Ilmpslll __< 1 + it (see (3.7.a)), and since U :L1(21)~  L1(2) is compact, it follows 
that any subsequence of Ups is contained in a compact subset of L1(2). Now we use 
the well-known fact that for an Ll-convergent sequence (fn) C_ L 1, i.e., IlL - f i l l  
0, and a uniformly bounded sequence (gn), i.e., gn(x)< const. 2-a.e. (2-almost 
everywhere) for all n, such that gn(X) ~ 0 2-a.e., the sequence (fngn) converges to  
0 in L 1. It is easy to see that the same assertion holds for any sequence (fn) that is 
contained in a compact subset of L 1. If we choose fn = Ups,, gn(X)= ~tn' itn - m(x) 
if x C X\Mopt ,  and gn(X)= 0 otherwise, we obtain (C.1). 

Appendix D 

Here we prove that (3.16), and as a consequence, the results in Sect. 4 hold for 
arbitrary mutant distributions u(x, y), as long as the assumptions of Appendices A 
and B, as well as (4.4.a) hold. All these assumptions are satisfied for X = IR if 
mutation is translational or of HC-type, and u is Gaussian or exponential reflected 
about zero (see Sects. 3.3, 3.4, Appendices A, B). For simplicity, we restrict our 
attention to the continuum-of-alleles case and assume that X -- IR (or some interval), 
2 is the Lebesgue measure; and m(x) = - s ] x - x 0 ]  q, q > 1. 

We define the following families of linear operators for ~ > 0 (compare Biirger 
and Bomze 1992) 

K~ : L1(2) ~ Ll(2), 

g~ : LI(j,)  ----+ LI(,~), 

f x  u(x, y) iqf(y)dy (D.1) (Kff)(x) = ~ + lY - xo 

(Kff)  (x) = f x  u (x, y) dT ~---Xo [qf (y)dy . (D.2) 

and 

Each of these operators is bounded, and the image of k~ is contained in Ll(21) = 
{ f  c L l ( 2 ) : f l m ( x ) f ( x ) l d x  < c~}. We assume that there is some integer n __>1 
such that K~ is compact for all ~ > 0 (which is weaker than the condition in 
Appendix A). We denote by r(K~) and r(k~) the spectral radii of these operators. 
In the HC-case of Sect. 3.3, we have r(K~) = r(~), with r(~) as in (3.12.b) (cf. 
Biirger 1988). 
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It follows from the assumptions (see Bfirger 1988) that a unique equilibrium 
distribution exists. Its mean fitness is determined by the equation 

~ +/~ (D.3) 
_ _  - -  O ~ W s  , 

S 

where e = %/s is the unique solution of 

P-P- r(K~) = 1 (D.4) 
S 

(cf. 3.6). Equation (3.7) implies that 

%/, <= #Is .  (D.5) 

We need asymptotic upper and lower bounds for r(K~) as c~ ~ 0. An upper bound 
is derived upon noticing that 

r(K=) < r(_K~) < IfR~ll (D.6) 

(see Lemma 3.9 of B/lrger and Bomze 1992) and 

II&ll: sup II&flll= sup ff * , y )  Hflh =1 Ilflh =I ~ + [X~ Xo] q ]f(y)ldydx 

sup f f .(x + xo, y) 
i l f [ l t  = 1 O~"~-[xlq If(v)]dydx 

F 1 
~llull~ ~ ~ + lxl~ dX 

1 _  1 _ 2[]ul[o~z ~q (D.7) 
q sin (x/q) 

(using formula 151.4 of Gr6bner and Hofreiter 1975). 
A lower bound is derived from the fact that 

r(K~) > --,u°2(I~) for all ~,0 < ~ =< p/s , (D.8) 
= 2~ 

holds if we choose 1= and u0 as in Appendix B, with m ( x ) = - [ x - x o  I q and 
U(xo) = (xo - (p/s) l/q, xo + (p/s) 1/q) (see the proof of Proposition 3.4 in Bilrger 
1988). From (D.5) we see that (D.8) applies for ~ = %/s. Since 2(I~) = 2~ l/q, we 
obtain from (D.6), (D.7), and (D.8) 

l - -  1 211U Iloo~ 1-- 1 
Uoo~q < r(K=) < o~q 

= = qsin (n/q) ' 
(D.9) 

this corresponding to (3.13), and, by (D.4), 

q q 

u o < O~Ws < . 
= = \ q s i n  (~/q) (D.IO) 
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This inequality holds for any #Is > 0 on account of (D.5). Equation (D.3) implies 

1 r~, + #  
(coast.) (-~q---~ , (D.11) 

k S /  # 

which is just (3.16), and the bounds for the constant are those in (D.10). 
For quadratic selection, i.e. q = 2, translational mutation, and a Gaussian mutant 

distribution with mean x0 and variance 72, (D.10) yields 

= ~-~72 

which, together with (D.5) gives 

0~#/s ~ b 2 = min , ~ (D.12) 

It follows that (D.8) still holds for ~ls if we put U(xo) = (Xo - b, xo + b). Therefore, 
the example below (B.2) shows that we may choose 

1 ( 4b2~ 
u 0 -  2X/2X/2X/2X/2X/2X/2~exp\ 272 ] • 

Then (D.10) reduces to 

{ 4b 2 "~ 
exp ~ - - U ) ( s ~ )  2 ~ ~ TC ( ~ ) 2  

2n72 = ~/s  = ~ • 
(D.13) 

Therefore, we obtain for the equilibrium variance 0 -2=  - -  F r l / s  ---- ( # I s )  - ~ll/s the 
estimate 

( ~ )  e x p ( - ~ - ~ )  (sP_) 2 
< 0 -2 < (D.14) 

s 272 = = s 27z]) 2 " 

This holds for all #Is > O. 

Appendix E 
Here we simplify some of the main formulas in Bfirger (1991) for the marginal and 
mean fitness, (3.5.a) and (3.5.b), and for the dynamics of cumulants, (4.6). We use 
the same notation as in .that article, and all references refer to it. 

Denote by 

B](t) . . . .  (X1 + Y)J H p ( x i ,  t)p(yi ,  t )dxidyip(y,  t)dy 
i=2 

thej-th moment around zero of the distribution of ~ - x  = X1 + Y, remembering the 
notation (x, y) = (xl, Yl) for the locus under consideration. In terms of cumulants, 
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these are g iven by  

B0 = 1 

B1 = C1 - Cl 

B2 = C2 - c2 -~- (C1 - c1) 2 (E.1) 

B3 = C3 - c3 -[- 3(C2 - c2)(C1 - e l )  -}- (C1 - e l )  3 

(cf. Append ix  B). Then,  one obtains for the margina l  fitness 

co*(x, t ) =  ~-~ak ~-~ xlBk-z(t) (E.2.a) 
k=0 1=0 

instead o f  (3.5.a). The m e a n  fitness may  be represented as 

K 
~o(t) = ~ akM ° . (E.2.b) 

k=0 

It fol lows that (4.6) ma y  be replaced by  

Cn = ~ ak ~ Bk-zFnl + #Un, for all n > 1 , (E.3) 
k=l  l=I  

which  is easier to compute  in concrete cases. 
Another  useful  expression for ~ ( t ) ,  directly obtained from (E.2.a), is 

&(t) = ~ ak ~ m°Bk_l (t) .  (E.2.c) 
k=0 1=0 
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