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Abstract We present upper-semicontinuity results for attractors and the chain-recurrent set
of differential inclusions, in particular w.r.t. discretizations, and applications to game dy-
namics.
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1 Set-Valued Dynamical Systems: Notations and Basic Properties

Let F be an upper semi-continuous set-valued map from R
k to itself with compact convex

values and X be a given compact convex subset of R
k .

Σ denotes the set of solutions of the differential inclusion

ẋ ∈ F(x) (1)

for which X is forward invariant. More precisely, x ∈ Σ iff x is an absolutely continuous
map from an interval Ix to R

k , where [0,+∞) ⊂ Ix, that satisfies (1) a.e., such that x(t) ∈ X

for some t ∈ Ix and for any s, t ∈ Ix, s < t and x(s) ∈ X implies x(t) ∈ X.
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Elements of Σ are called trajectories.
x is a complete trajectory in X if Ix = R and for all t ∈ R: x(t) ∈ X.
We assume that for each x ∈ X there exists a trajectory x ∈ Σ with x(0) = x.
Note that Σ is compact in the topology of uniform convergence on compact time inter-

vals.
The set-valued semiflow Φ associated to the differential inclusion (1) is defined on

[0,+∞) × X by:

Φt(x) = {
x(t);x ∈ Σ, x(0) = x

}

(x, t) �→ Φt(x) is a closed set-valued map with compact values, see [1, Chap. 2, Sect. 2].
For T × M ⊂ [0,+∞) × X we define

ΦT (M) =
⋃

t∈T ,x∈M

Φt(x).

For δ > 0, let F δ be a set-valued map from R
k to itself satisfying

Graph
(
F δ

) ⊂ Nδ
(
Graph(F )

)

where Nδ(V ) stands for the closed δ neighborhood of V .
Σδ is the set of solutions of ẋ ∈ F δ(x) for which X is forward invariant.
Finally Φδ denotes the set-valued flow associated to Σδ .
M ⊂ X is invariant if for every x ∈ M there exists a complete trajectory x contained in

M with x(0) = x. See [6, Sect. 3.2] for further discussion.
For M ⊂ X, the ω-limit set is defined by

ωΦ(M) =
⋂

t≥0

Φ[t,+∞)(M).

Similarly the limit set of a trajectory x is

L(x) =
⋂

t≥0

x
([t,+∞)

)
.

A ⊂ X is an attractor if it is compact, invariant and there exists a neighborhood U of A in
X (for the induced topology on X) such that for any ε > 0 there is a time τ(ε) ≥ 0 with

Φ[τ(ε),+∞)(U) ⊂ Nε(A).

Such a U is called a fundamental neighborhood of A.
An equivalent characterization is that A is asymptotically stable, that is, invariant, Lya-

punov stable and attractive (for all x in a neighborhood U , ωΦ(x) ⊂ A) or even for any
trajectory x with x(0) ∈ U , L(x) ⊂ A, see [6, Corollary 3.18].

Given an attractor A, its basin of attraction is given by

B(A) = {
x ∈ X : ωΦ(x) ⊂ A

}

= {
x ∈ X : for any trajectory x with x(0) = x,L(x) ⊂ A

}
.

Note that B(A) is the union of all fundamental neighborhoods of A, and hence open.
The global attractor of Φ is ωΦ(X). It is the maximal compact invariant set in X, and is

the union of all complete trajectories in X.
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2 Continuation of Attractors

The following result is well known for smooth dynamical systems, see e.g. [40, Proposi-
tion 8.1] and [32, Lemma 7.7].

An extension to the set-valued framework can be found in [35]. Here we provide a short
proof based on properties of attractors proved in [6].

2.1 Upper-Semicontinuity of an Attractor

Theorem 2.1 Let U be a compact fundamental neighborhood of an attractor A for Φ . Then
for ε > 0 small enough, there is δ0 > 0 such that for all 0 ≤ δ ≤ δ0, there exists a unique
attractor Aδ for Φδ with Aδ ⊂ Nε(A) and such that U is a fundamental neighborhood of Aδ .

Proof Choose ε small enough so that N2ε(A) ⊂ U and note that for all t large enough,
Φt(U) ⊂ intNε(A). Fix such a t . We then use the following approximation property from
[1, Chap. 2, Sect. 2]: For any ε > 0, there exists δ > 0 such that, for any Y ⊂ X, Φδ

t (Y ) ⊂
Nε(Φt(Y )). Then for δ0 small enough and all 0 ≤ δ ≤ δ0, Φδ

t (U) ⊂ intNε(A) as well. Hence,
as in Proposition 3.19 of [6], Aδ = ωΦδ (U) ⊂ Nε(A) is an attractor for Φδ with fundamental
neighborhood U . �

2.2 Application: Perturbations of the Best Response Dynamics

Consider the best response dynamics [22, 36] for an N person game (here X is a product of
simplices)

ẋn ∈ BRn
(
x−n

) − xn, n ∈ N (2)

or a symmetric 2 person game with finite strategy set I played within one population (here
X = Δ(I) is a probability simplex)

ẋ ∈ BR(x) − x. (3)

Introduce any single valued perturbation of this dynamics,

ẋ = bε(x) − x, (4)

such that Graph(bε) ⊂ Nε(Graph(BR)). The most prominent such smooth perturbation is
the logit map [8, 16]:

bL
ε (x) = L

(
U(x)/ε

)
(5)

where U(x) ∈ R
n is the payoff vector against profile x and

Li(U) = eUi

∑
k eUk

, i ∈ I. (6)

Maybe the first such perturbation is due to Nash [38],

bN
ε (x)i = ci(x)

∑
k ck(x)

with ci(x) =
[
Ui(x) − max

k
Uk(x) + ε

]

+
, i ∈ I (7)

where u+ = max(u,0) denotes the positive part. Only strategies which lose at most ε com-
pared to the maximal payoff are used in this approximate best response. Other examples
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are the logarithmic games of Harsanyi [20], the quantal response [37], and more general
smoothings based on deterministic or stochastic payoff perturbations [5, 7, 11, 15, 17, 23,
25].

Let A be an attractor for (3). Theorem 2.1 implies that any such perturbed dynamics has
an attractor Aε contained in a neighborhood of A, for ε small enough. We remark that for
‘nice’ smoothings such as the logit dynamics or those based on deterministic or stochastic
payoff perturbations considered in [5, 17, 23, 25], and ‘nice’ classes of games, such as
2-person zero-sum games [29], or ‘stable games’ [26], more is known: For the unperturbed
dynamics (3), the global attractor A is given by the convex set of Nash equilibria. The
smoothed dynamics (4) has, for each small ε > 0, a unique ‘perturbed equilibrium’ x̂ε , which
is the global attractor Aε = {x̂ε}. In this case Theorem 2.1 simply says that x̂ε tends to the
set of Nash equilibria as ε → 0. However, Theorem 2.1 applies to all other perturbations (4)
as well, such as Nash’s (7), etc., for which similar global convergence results to a singleton
are not known or even wrong.

Even for the logit dynamics, there are surprises. Consider the following symmetric 4 × 4
game, with payoff matrix

U =

⎛

⎜⎜
⎝

0 0 −1 2
2 0 0 −1

−1 2 0 0
0 −1 2 0

⎞

⎟⎟
⎠

or the 5 × 5 anti-coordination game in [34]. In these games the global attractor for the BR
dynamics is the barycenter of the simplex, which is the unique equilibrium E of the game.
This follows from the general stability result in [22, Theorem 5.1] or [24, Theorem 2.2].
Indeed, the Lyapunov function V (x) = maxi (Ux)i satisfies V̇ (x) ≤ −V (x) for x 	= E, and
E is even reached in finite time along every solution of (3). Because of symmetry, E is
also the unique equilibrium of the logit dynamics (4), (5). However, E is unstable for each
small ε > 0 in (4), (5), as can be easily seen by linearization, and computing the eigenvalues
of the resulting circulant matrix. There seems to be an attracting limit cycle around E. By
Theorem 2.1, the global attractor Aε is close to E for all small ε.

Consider a (single population) paper-rock-scissors game with payoff matrix

U =
⎛

⎝
0 −b a

a 0 −b

−b a 0

⎞

⎠ with b > a > 0. (8)

Here the unique equilibrium E is repelling and the best response dynamics (3) has a
closed orbit (a ‘Shapley polygon’) as attractor, see Fig. 1. This can be shown with the Lya-

Fig. 1 Best response dynamics
for a Paper–Rock–Scissors game
with a < b
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punov function V (x) = maxi (Ux)i , which satisfies V̇ = −V , so that V (x) → 0, see [19, 22,
28] for details. Theorem 2.1 implies that (4) has an attractor Aε nearby. Because X is two
dimensional, the Poincaré–Bendixson theorem [21] shows that Aε contains a closed orbit
of (4). Typically, Aε will consist of a single attracting closed orbit.

Consider a game where one of the players has a strictly dominated strategy or a strategy
that is never a best reply. The global attractor of (3) is then contained in the face of X that
places zero weight on this strategy. Iterating this argument, the global attractor is contained
in the set of rationalizable strategies. Theorem 2.1 implies then that the global attractor Aε

of a perturbed dynamics (4) is contained in a small neighborhood of the set of rationalizable
strategies. A local version of this result is the following. Every CURB set (this is a face Y ⊂
X such that BR(Y ) = Y , see [2]) is an attractor for (3). Therefore each small neighborhood
contains an attractor Aε for (4).

2.3 Application: Perturbations of the Game

Alternatively we can consider perturbations of the game.
As an example, the global attractor for (3) or (4) for a game close to a two person zero-

sum game G is close to the set of optimal strategies of G, as a consequence of [29] and
Theorem 2.1.

In [27] games with two identical strategies are perturbed to games with a strictly dom-
inated strategy. Thereby survival of strictly dominated strategies along a nonequilibrium
attractor under certain dynamics has been shown.

Finally, note that attractors are in general not lower-semicontinuous against perturba-
tions. This is analogous to components of Nash equilibria of a game. However, the per-
turbed attractor is (by definition) nonempty. This is not true for components for Nash equi-
libria. If the attractor consists of equilibria only, then the perturbed attractor—while being
nonempty—may contain no equilibrium (if it has zero index). Examples of such games are
given in [30], [28, Sect. 8.6] and [24, Sect. 7]: The binary choice 3 person game

−1,−1,−1 0,0, ε

0, ε,0 ε,0,0
ε,0,0 0, ε,0
0,0, ε −1,−1,−1

can be interpreted, for ε = 0, as a symmetric congestion model with 2 roads and 3 players.
Similarly, a variant of Shapley’s 2 person game

(0,0) (a, b) (b, a)

(b, a) (0,0) (a, b)

(a, b) (b, a) (0,0)

can be interpreted, for a = b > 0, as a symmetric congestion model with 3 roads and 2
players. In both games, the Nash equilibria consist of an unstable symmetric point E and of
a connected component C homeomorphic to a circle which is an attractor. A perturbation
of the game (i.e., ε 	= 0, or a 	= b > 0) has a single equilibrium near E but an attractor in a
neighborhood of C.

3 Continuation of Chain-Recurrent Set

3.1 Definitions and Basic Properties

Let M ⊂ X be an invariant set of (1) and consider Φ|M , the set-valued flow Φ restricted
to M .
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For x, y ∈ M , we write x ↪→M y if for every ε > 0 and T > 0 there exists an integer
n ∈ N, solutions x1, . . . ,xn to (1), and real numbers t1, t2, . . . , tn greater than T such that

(1) xi (s) ∈ M for all 0 ≤ s ≤ ti and for all i = 1, . . . , n,
(2) ‖xi (ti ) − xi+1(0)‖ ≤ ε for all i = 1, . . . , n − 1,
(3) ‖x1(0) − x‖ ≤ ε and ‖xn(tn) − y‖ ≤ ε.

The sequence (x1, . . . ,xn) is called an (ε, T ) chain (in M from x to y) for the differential
inclusion (1) or the multivalued flow Φ|M .

Definitions A point x ∈ M is chain recurrent (in M) if x ↪→M x.
The set of chain-recurrent points in M is denoted by CR(M) = CR(Φ|M).
CR(M) is itself invariant and CR(M) = CR(Φ|CR(M)).
For an attractor A ⊂ M let BM(A) denote the basin of attraction of A (in M for Φ|M )

and A∗ = M \ BM(A) its complement which is called the dual repellor to A. A∗ is closed.
The set of all attractors in M is denoted by A(M).
Note that for x ∈ BM(A) \ A = M \ (A ∪ A∗), all solutions x(t) for Φ|M with x(0) = x

and x(t) ∈ M for all t ∈ R satisfy d(x(t),A) → 0 for t → +∞ and d(x(t),A∗) → 0 for
t → −∞. But note that—in contrast to classical dynamical systems—there may exist solu-
tions x(t) with x(0) ∈ A∗ and x(t) ∈ BM(A) for t > 0 and even x(t) ∈ A for t large.

The following result is a generalization of Conley [12], proved in [9, Theorem 1]. It
characterizes the chain-recurrent points in terms of the attractor–repellor pairs (A,A∗).

Proposition 3.1

CR(Φ|M) =
⋂

A∈A(M)

(
A ∪ A∗).

This also shows that CR(Φ|M) is invariant. Let now M0 ⊆ X denote the global attractor
of the flow Φ . We write CR(Φ) = CR(Φ|M0).

3.2 Upper-Semicontinuity of Chain-Recurrent Set

The characterization given in Proposition 3.1 allows one to extend the upper-semicontinuity
result for attractors to CR(Φ).

Consider the enlarged/perturbed flow Φδ on X.

Theorem 3.1 Let V be an open neighborhood of CR(Φ). Then there exists δ0 > 0 such that
for all δ ∈ [0, δ0), CR(Φδ) ⊂ V .

Proof For each attractor A of Φ there is the dual repeller A∗ ⊂ M0 which is also the largest
invariant set in X \ V (A) where V (A) is an open fundamental neighborhood of A. Given a
closed set Y ⊆ X, the largest Φ-invariant subset of Y is upper semicontinuous against pertur-
bations of Φ . Therefore the dual repeller A∗ and the union A∪A∗ are upper semicontinuous
against perturbations of Φ .

Suppose K ⊂ X is a compact set disjoint from CR(Φ). We need to show that for small δ,
K is disjoint from CR(Φδ). By compactness, there are finitely many attractors Ai, i ∈ I ,
such that K is disjoint from

⋂
i∈I (Ai ∪ A∗

i ). Hence for small δ > 0, K is disjoint from⋂
i∈I (A

δ
i ∪ A∗δ

i ) (where the Aδ
i are associated to Φδ from Theorem 2.1) and hence from⋂

A∈A(Φδ)(A ∪ A∗) = CR(Φδ). �
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Fig. 2 A 2 × 2 coordination
game

3.3 Application: Potential Games

A specific class where the structure of the chain-recurrent set is well understood are potential
games. Consider again the best response dynamics (3) but any other myopic adjustment
dynamics [41] could be taken as well. As shown in [6], the potential function of the game
increases monotonically along every solution of (3) and is therefore a natural Lyapunov
function. If the potential function is smooth enough then Sard’s lemma implies that the set
of chain-recurrent points, CR(Φ), coincides with the set of Nash equilibria. Theorem 3.1
implies that every perturbed dynamics (4) of a game close to a potential game has its chain-
recurrent set (and hence all ω-limit points of all orbits) close to the set of Nash equilibria of
the potential game (but not necessarily close to the set of Nash equilibria of the game itself.)

As a simple example consider a 2×2 coordination game with two strict equilibria E1,E2

and a mixed equilibrium E3, see Fig. 2. There are four attractors: (1) the global attrac-
tor (= the maximal invariant set), consisting of the three equilibria and two line segments
connecting them (its dual repellor is empty); (2) E1, its dual repellor being a line segment
connecting E2 and E3; (3) E2, its dual repellor being a line segment connecting E3 and E2;
(4) {E1,E2}, its dual repellor being E3. The chain-recurrent set is {E1,E2,E3}. Theorem 3.1
implies that for every perturbed dynamics, and slight perturbations of the game, every orbit
will converge to a small neighborhood of one of the three equilibria.

3.4 Application: Global Game Dynamics

Consider the space of all games G on the state space X (a simplex or a product of simplices)
and a game dynamics ẋ ∈ φ(g, x) given by a multi-valued map φ : G × X ⇒ T X (with
T X denoting the tangent space of X) with closed graph and convex values such that, for
each game g ∈ G , X is forward invariant and every Nash equilibrium is a fixed point of the
corresponding set-valued (semi-)flow Φ(g, ·) on X:

FixΦ(g, ·) ⊇ NE(g) for all g ∈ G.

Examples are the BR dynamics (3), replicator dynamics [28], the Brown–von Neumann–
Nash dynamics [23], the Smith dynamics [26], etc. For such a game dynamics Φ we can
consider the map that associates to each game g the set CR(Φ(g, ·)). By Theorem 3.1,
this map is upper semicontinuous. It is a natural dynamic analog of the equilibrium cor-
respondence which associates to every game the set of Nash equilibria. This equilibrium
correspondence has particularly nice properties [33].

Since every Nash equilibrium is a fixed point for Φ , and every fixed point is chain re-
current, the CR(Φ) correspondence contains the equilibrium correspondence. In fact, the
inclusion is always strict.
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There is no game dynamics Φ for which CR(Φ) equals the set of Nash equilibria for all
games.

Proof Consider the game from [33, p. 1034].

1,1 0,−1 −1,1
−1,0 0,0 −1,0
1,−1 0,−1 −2,−2

This game has a single connected component of equilibria, hence with index 1, but home-
omorphic to a circle C, hence its Euler characteristic is 0. If the chain-recurrent set CR(Φ)

equals this set, then it is connected and hence an attractor (actually the unique attractor, by
using the representation in Proposition 3.1). This contradicts theorems1 in [13, 14]. In fact
for some dynamics the set CR(Φ) is a disc bounded by C. �

The CR(Φ) correspondence depends heavily on the game dynamics. A natural choice
may be to take the best response dynamics (3). Then, by the result from [31], this CR(BR)

contains also the time averages of every interior solution of the replicator dynamics.
Associating to each game its global attractor (the maximal invariant set) is less useful.

For example, for the replicator dynamics, this is always the whole simplex X.
Associating the union of all minimal attractors is not a good idea, as minimal attractors

need not exist.

4 Discretizations with Small Step Size

4.1 Continuous Time and Discrete Time Trajectories

Consider a discrete time dynamics of the form

xε
n+1 − xε

n ∈ εF δ(ε)
(
xε

n

)
, xε

0 = x (9)

where ε is a positive small parameter, and δ : (0,+∞) → [0,+∞) is a positive function
with δ(ε) → 0 as ε → 0. Denote by xε the associated continuous trajectory on [0,+∞)

defined by xε(nε) = xε
n and extended by linear interpolation.

There exists a map δ̄ from (0, ε0) to (0,+∞) with δ̄(ε) → 0 as ε → 0 and such that xε

is a solution of

ẋ ∈ F δ̄(ε)(x).

1Consider a differential inclusion ẋ ∈ F(x) on a compact domain A ∈ R
n, where F is a correspondence

with convex values in R
n and compact graph. Let C be a ‘regular’ compact subset of A for F namely:

(1) there exists a basis of neighborhoods which deformation retracts on C, i.e. C is a deformation retract,
(2) its Euler characteristic χ(C) exists, (3) there exists a neighborhood V (C) of C such that 0 /∈ F(a) for
all a ∈ V (C) \ C, which is moreover asymptotically stable for the dynamics induced by F , then its Euler
characteristic coincides with the index Ind(F,C). This is in particular the case when F is semi-algebraic and
C is a (uniformly) attracting component of its set of zeroes. This extends a previous result by Demichelis and
Ritzberger [13] dealing with set of zeroes of differential equations.
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Proposition 4.1 If M0 is the global attractor for Φ , then for any η > 0, there exists ε0 such
that for every ε ∈ (0, ε0), the set of accumulation points of the trajectory {xε

n} belongs to
Nη(M0).

Proof An elementary proof was given in [29]. �

Proposition 4.2 Let V be an open neighborhood of CR(Φ). Then there exists ε0 > 0 such
that for any ε ∈ (0, ε0) the set of accumulation points of {xε

n} (as n → ∞) belongs to V .

Proof By Theorem 4.3 of [6] the set of accumulation points of {xε
n} is internally chain

transitive for Φδ̄(ε), and hence is contained in V for small ε by Theorem 3.1. �

For C2 differential equations, this result has been shown in [18].

4.2 Applications: Discretizations of BR and Other Game Dynamics

A simple discretization of the BR dynamics with constant step size ε is

x(t + ε) ∈ εBR
(
x(t)

) + (1 − ε)x(t). (10)

This models a population where in each time unit a small proportion of the population
switches to a best response.

More general is a discretization with variable step sizes

x(tn+1) ∈ εnBR
(
x(tn)

) + (1 − εn)x(tn), tn + εn = tn+1. (11)

For εn = 1
n

this is fictitious play. For εn = 1−ρ

1−ρn (with 0 < ρ < 1) this is geometric ficti-
tious play with discount rate ρ (see [29]) which tends to (10) with ε = 1 − ρ, as n → ∞.

As an example consider the matching pennies games, the standard 2 × 2 zero-sum game,
with a unique, completely mixed Nash equilibrium E. This equilibrium E is the global
attractor for the BR dynamics (3). Then Proposition 4.1 shows that the global attractor Mε

of (10) approaches E as ε → 0. In [4] the structure of Mε has been studied. Mε is contained
in a neighborhood of E whose radius is of order

√
ε. Besides the repelling equilibrium E,

Mε contains stable periodic orbits of period 4n. Orbits of period 4n exist for 0 < ε < εn,
where εn → 0. So for each ε > 0, there are only finitely many periodic orbits of periods
4,8,12, . . . , but the smaller ε, the more complicated the structure of the attractor Mε .

The Nash map [39] is the (family of) continuous map(s) f ε : Δ(I) → Δ(I) defined by

f ε(x)i = xi + εki(x)

1 + ε
∑n

j=1 kj (x)
, i ∈ I (12)

where

ki(x) = [
(Ax)i − xT Ax

]
+ (13)

and u+ = max(u,0), and ε > 0 is a scaling parameter (Nash had ε = 1). The fixed points of
this map are precisely the Nash equilibria of the game. Note that
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f ε(x)i − xi = ε

1 + ε
∑n

j=1 kj (x)
Fi(x) ⊆ εF εK

i (x)

with Fi(x) = ki(x) − xi

∑n

j=1 kj (x), and K = maxx∈Δ

∑n

j=1 kj (x).
Hence we are in the setting (9): The Nash map (12) is a discretization of the differential

equation

ẋi = ki(x) − xi

n∑

j=1

kj (x). (14)

This differential equation is due to Brown and von Neumann [10] (in the case of symmet-
ric zero-sum games A = −AT , for which (13) reduces to ki(x) = ((Ax)i)+) and is known
as the Brown–von Neumann–Nash dynamics [23]. It is Lipschitz, but not smooth, so the
discretization results from [18] do not apply, but the above results do.

The global attractor of (14) is given by the set of Nash equilibria, for zero-sum games
[10], for negative semidefinite games [23], and for stable games [26]. Therefore, by Proposi-
tion 4.1, the global attractor Mε of the Nash map (12) with small step size ε > 0 is contained
in a small neighborhood of the set of Nash equilibria of the game. For the matching pennies
game, the attractor Mε has been studied in [3]: It consists of the repelling equilibrium, an
attracting invariant closed curve around E whose radius is of order ε, and the connecting
orbits in between.
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