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Abstract

Brown and von Neumann introduced a dynamical system that converges to saddle points of zero sum
games with finitely many strategies. Nash used the mapping underlying these dynamics to prove existence of
equilibria in general games. The resulting Brown–von Neumann–Nash dynamics are a benchmark example
for myopic adjustment dynamics that, in contrast to replicator dynamics, allow for innovation, but require
less rationality than the best response dynamics. This paper studies the BNN dynamics for games with
infinitely many strategies. We establish Nash stationarity for continuous payoff functions. For negative
semidefinite games (that include zero sum games), we generalize the results of Brown and von Neumann. In
addition, we show that evolutionarily robust Nash equilibria are asymptotically stable. A complete stability
analysis for doubly symmetric games is also obtained.
© 2008 Elsevier Inc. All rights reserved.

JEL classification: C70; 72

Keywords: Learning in games; Evolutionary stability; BNN

1. Introduction

This paper studies the Brown–von Neumann–Nash (BNN) dynamics for games with a con-
tinuum strategy space. Studying BNN dynamics is interesting for at least three reasons. First,
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Brown and von Neumann (1950) used it as an algorithm to find saddle points in zero sum games.
We extend their results to continuum zero sum games and certain non zero sum games (negative
semidefinite or stable games). We also show that the corresponding flow is continuous (in the
appropriate weak topology). This shows that one can use BNN to find Nash equilibria in contin-
uum games. This may prove to be very useful in games that are not easily solvable. An interesting
numerical application might be the continuous strategy version of the Blotto game (Borel, 1921;
for a recent application see Laslier and Picard, 2002).

Second, Nash (1951) used the mapping underlying the BNN dynamics to prove existence of
equilibria that carry his name. It is now well known that Nash always had a dynamical interpre-
tation of this mapping in mind (see Weibull, 1996). In fact, one might conjecture that the BNN
dynamics always converge to a Nash equilibrium. This is not the case, as Berger and Hofbauer
(2000, 2006) have shown. It is thus a challenge to find sufficient conditions that ensure conver-
gence for as many games as possible. We prove that the BNN dynamics converge for a large class
of games, including zero sum games, versions of Cournot and Bertrand oligopolies, coordination
games, and the War of Attrition.

Third, the BNN dynamics are the mean dynamics for a stochastic learning process for which
a plausible microfoundation can be given (see Appendix B for an argument based on Sandholm,
2005, 2006). We leave it to the reader to decide whether this adjustment process describes human
behavior or not. (This is, in the end, an empirical question beyond the scope of this paper). The
BNN dynamics are, however, the benchmark example of innovative, yet not fully rational dy-
namics: they are myopic adjustment dynamics (Swinkels, 1993) that lie in between the replicator
dynamics, which require arguably too little rationality to do justice to human behavior, and the
best response dynamics, which may require too much of it.

Our results are as follows. In the next section we show that the BNN dynamics are well de-
fined for very general strategy spaces. We allow strategies to come from some measurable space.
This makes it possible to apply BNN in games of incomplete information like auctions where
strategies are usually mappings from some real interval to another real interval. Furthermore, we
show that under some mild assumptions on the strategy space and for bounded and Lipschitz con-
tinuous payoff function, the semi-flow induced by the BNN dynamics is weakly continuous. For
several reasons it is useful to know whether the semi-flow B is weakly continuous. First, from
an applied perspective, a starting point P(0) can only be known as a rough approximation. Thus,
it would be reassuring to know that dynamics that start at nearby initial points, do not diverge
from each other too much. Second, a continuous model, as we use it here, is only employed for
convenience. A continuous model should always be a good approximation for a finite model if
the number of strategies gets large. Weak continuity of the flow is a sufficient condition for such
an approximation to persist over time. Finally, from a mathematical perspective, for S a compact
metric space, B is a continuous semi-flow on a compact metric space Δ, for which we can then
employ a large body of dynamical systems theory, in particular make use of ω-limits to describe
the asymptotic behavior.

In Section 3 we prove that, as in the finite case, the rest points of the dynamics coincide with
the Nash equilibria (this property is called Nash stationarity) if the payoff function is continuous
and the strategy space is a compact metric space. We also show by example that one cannot
weaken the condition of continuity in general. Nash stationarity is a useful property. For example,
if a trajectory of BNN converges to some point, this point must be a Nash equilibrium.

There turn out to be some important differences between the case of a finite number of pure
strategies (as studied by Berger and Hofbauer, 2000 and Hofbauer, 2000) and the continuous
strategy case studied here. Probably most important is the fact that strict equilibria are not



408 J. Hofbauer et al. / Games and Economic Behavior 65 (2009) 406–429
necessarily (Lyapunov) stable in the continuous case.1 We demonstrate this in Section 4 through
an example with a quadratic payoff function. Interestingly, static stability concepts originally de-
veloped for the replicator dynamics (such as a “continuously stable strategy” (CSS), as in Eshel
and Motro, 1981 and Evolutionary Robustness, as in Oechssler and Riedel, 2002) become rele-
vant for stability with respect to the BNN dynamics. These concepts are introduced in Section 5.

In Sections 6 and 7 we deal with two classes of games, namely doubly symmetric games and
negative semidefinite games, for which we have nearly complete results with respect to stabil-
ity. For doubly symmetric games, we have the Fundamental Law of Natural Selection: average
fitness is increasing over time. This leads to several stability results. We show that evolutionary
robust Nash equilibria are asymptotically stable for BNN dynamics. If a game has only one Nash
equilibrium, this one is asymptotically stable. An important class of examples are the quadratic
games (including linear Cournot and Bertrand oligopolies). These games can be transformed
into doubly symmetric games with the same excess payoff, and hence, same BNN trajectories.
We show that for these games, asymptotic stability is equivalent to the fact that the slope of the
best reply function is less than 1. This property has been called continuous stability (CSS) by
Eshel and Motro (1981). For discrete BNN dynamics, asymptotic stability in doubly symmet-
ric games is equivalent to ESS. As evolutionary robustness (ER) is the natural generalization of
ESS for continuum games, one might conjecture that asymptotic stability for continuum BNN is
equivalent to ER. Our quadratic example shows that this conjecture is not true.

Finally, we establish stability results for negative semidefinite games. This class includes zero
sum games, contests, and the War of Attrition. Here, a function that measures the quadratic
(positive) excess payoff is a Lyapunov function. Under suitably compactness and continuity
conditions, we conclude that BNN dynamics converge to the (convex) set of Nash equilib-
ria. A strict Nash equilibrium—which is then unique by negative semi-definiteness—is glob-
ally asymptotically stable. For example, the unique strict Nash equilibrium of contests is globally
asymptotically stable for BNN. Finally, we treat at length the War of Attrition because of its
importance. Here, the payoff function is not continuous, and our general results do not apply.
However, we are able to prove global convergence to the unique Nash equilibrium by using
arguments similar to Brown and von Neumann (1950). Some proofs and an attempt of a micro-
foundation for the BNN dynamics are relegated to the Appendix.

2. The BNN dynamics

We consider symmetric two-player games with (pure) strategy set S. Let A be a σ -algebra
on S and μ be a finite measure on (S, A). Let f : S × S → R be a bounded measurable function,
where f (x, y) is the payoff for player 1 when he plays x and player 2 plays y. An interesting
special case which will be treated in more detail is when S is a compact interval S ⊂ R with the
Lebesgue measure.

A population is identified with the aggregate play of its members and is described by a prob-
ability measure P on the measurable space (S, A). We denote by Δ the set of all populations
(probability measures or mixed strategies) on S. Since Δ is not a vector space, we shall work
with the linear span of Δ, that is the space Me(S, A) of all finite and signed measures. Recall
that ν is a finite signed measure on (S, A) if there are two finite measures μ1 and μ2 such that
for all sets A ∈ A, ν(A) = μ1(A) − μ2(A).

1 This is also the case for other dynamics like the replicator dynamics, see e.g. Oechssler and Riedel (2001, 2002).
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The average payoff of a measure P against a measure Q is defined as

E(P,Q) =
∫
S

∫
S

f (x, y)Q(dy)P (dx). (1)

Let

σ(x,P ) := E(δx,P ) − E(P,P )

denote the difference between the payoff of strategy x ∈ S (identified with the Dirac measure δx

on x) and the average population payoff. The excess payoff of pure strategy x when matched
against population P is defined as

σ+(x,P ) := max
(
σ(x,P ),0

)
.

We now define the Brown–von Neumann–Nash dynamics on the measure space (S, A,μ) as
the differential equation on Δ

Ṗ (A) =
∫
A

σ+(x,P )μ(dx) − P(A)

∫
S

σ+(x,P )μ(dx), (2)

for all A ∈ A. Let Σ(P ) := ∫
S
σ+(s,P )μ(ds) denote the total excess. If Σ(P ) > 0, then the

relative excess for a subset A ∈ A is denoted by RP (A) := 1
Σ(P )

∫
A

σ+(x,P )μ(dx) and defines
a probability measure on (S, A), absolutely continuous with respect to μ, with density function
rP (x) = 1

Σ(P )
σ+(x,P ). Then (2) can be rewritten as

Ṗ (A) = Σ(P )
(
RP (A) − P(A)

)
. (3)

Hence, under the BNN dynamics, a population P moves toward its relative excess measure RP ,
and the speed of motion is proportional to the total excess. For later reference note that by con-
struction of RP we have that

E
(
RP ,P

)
� E(P,P ), ∀P, (4)

and the inequality is strict whenever total excess does not vanish. This property implies that the
dynamics is weakly compatible in the sense of Friedman (1991) as it moves towards relatively
fitter strategies.

We first show existence and uniqueness of solutions of the differential equation (2) by inter-
preting it as a differential equation in a suitable Banach space.

Theorem 1. For each P = P(0) ∈ Δ there is a unique solution P(t) ∈ Δ of the ordinary differ-
ential equation (2) for t ∈ [0,∞[.

See Appendix A for a proof and precise meaning of this statement.
Given that a unique solution to the BNN dynamics exists, we can define the semi-flow

B : Δ × [0,∞[ → Δ,

where B(P, t) = P(t) denotes the population at time t when the BNN dynamics start in
P = P(0).

In most applications, S is a metric space and then the weak topology on Δ is a natural choice.
For several reasons it is useful to know whether the semi-flow B is weakly continuous. First, from
an applied perspective, a starting point P(0) can only be known as a rough approximation. Thus,
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it would be reassuring to know that dynamics that start at nearby initial points, do not diverge
from each other too much. Second, a continuous model as we use it here is only employed for
convenience. A continuous model should always be a good approximation for a finite model if the
number of strategies gets large. Weak continuity of the flow is a sufficient condition for such an
approximation to persist over time (cf. Oechssler and Riedel, 2002). Finally, from a mathematical
perspective, for S a compact metric space, B is a continuous semi-flow on a compact metric
space Δ, for which we can then employ a large body of dynamical systems theory, in particular
make use of ω-limits to describe the asymptotic behavior.

Theorem 2. Let S be a separable metric space and f be bounded and Lipschitz continuous. Then
the semi-flow B is continuous with respect to the weak topology of measures.

Proof. See Appendix A.

3. Nash stationarity

A nice property of the BNN dynamics is that for continuous f (and thus, in particular, for
the finite strategy case) the rest points of the dynamics coincide with the Nash equilibria.2 The
total excess Σ(P ) vanishes if σ(x,P ) � 0 or E(δx,P ) � E(P,P ) for μ-almost all x ∈ S, in
particular, if P is a Nash equilibrium. For continuous payoff functions f the reverse holds also.

Proposition 1. Let S be a compact metric space, μ a finite Borel measure on S with full support.
Suppose f is continuous. Then P is a rest point of the BNN dynamics if and only if (P,P ) is a
Nash equilibrium.

Proof. If P is a best reply to itself, then σ+(x,P ) = 0 for all x, and stationarity follows.
Let P ∗ be a stationary point of (6), that is∫

A

σ+(x,P ∗)μ(dx) = P ∗(A)Σ(P ∗) (5)

for all Borel sets A. We distinguish two cases, Σ(P ∗) = 0 and Σ(P ∗) > 0.

Case 1: Σ(P ∗) = 0. In this case, for μ-almost every x, we have

σ+(x,P ∗) = 0.

σ+(x,P ∗) inherits continuity from f . As μ has full support, it follows that σ+(x,P ∗) = 0 holds
true for all x ∈ S. This is equivalent to

E(δx,P
∗) � E(P ∗,P ∗),

and it follows that P ∗ is a best reply to itself.

Case 2: Σ(P ∗) > 0. Since P ∗ is a stationary point of (6), we get from (5) that P ∗ has a
density p∗ with respect to Lebesgue measure and

p∗(x) = σ+(x,P ∗)
Σ(P ∗)

2 Sandholm (2005) calls this property “Nash stationarity.”
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for P ∗-almost every x. For every x with p∗(x) > 0, we have thus

σ+(x,P ∗) > 0,

or

E(δx,P
∗) > E(P ∗,P ∗).

By integrating, we get

E(P ∗,P ∗) =
∫

{x:p∗(x)>0}
E(δx,P

∗)p∗(x)μ(dx) > E(P ∗,P ∗),

a contradiction. Hence, we cannot have Σ(P ∗) > 0 for a stationary point P ∗. This concludes the
proof. �
Example 1. In general, one cannot weaken the continuity assumption made in the previous
proposition. Take S = [0,1],μ = dx,and let the payoff function f (x, y) = 0 for all x < 1 and all
y ∈ [0,1]. Let f (1, y) = 1 for all y ∈ [0,1]. In this game, the strategy x∗ = 1 is strictly domi-
nant. The unique Nash equilibrium is thus (1,1). However, every distribution P on [0,1] with a
strictly positive Lebesgue density p(x) > 0 for all x ∈ [0,1] has Σ(P ) = 0. Thus, all such P are
rest points of BNN, but not Nash equilibria.

4. An example: quadratic games

In the previous section we saw that all symmetric Nash equilibria are rest points of the BNN
dynamics. However, some of those Nash equilibria may turn out to be unstable. One is used to
think of strict Nash equilibria as particularly stable with respect to all kinds of dynamics. And
indeed, in the case of finite strategy sets S it is straightforward to show that strict Nash equilib-
ria are asymptotically stable with respect to the BNN dynamics (see e.g. Berger and Hofbauer,
2000). The following simple example shows that this is not the case anymore for general S.

For this example we shall assume that S is a compact interval in R endowed with the Lebesgue
measure. Thus, (2) can be written as

Ṗ (A) =
∫
A

σ+(x,P )dx − P(A)

∫
S

σ+(x,P )dx. (6)

Example 2. Let S ⊂ R be an interval around 0 and f (x, y) = −x2 + axy be a linear-quadratic
game with a > 0. For all parameters a, (0,0) is a strict Nash equilibrium. However, for a > 2,
this strict Nash equilibrium is unstable with respect to the BNN dynamics.3 For a < 2, BNN
dynamics globally converge to the strict Nash equilibrium as both mean and variance converge
to 0 along any solution of BNN.

The statements in the example are formally proven by Proposition 4 below. Here we shall
present an informal argument to illustrate the issue.

Note first that the game with payoff function f (x, y) = −x2 + axy is strategically equivalent
to the doubly symmetric game with payoff function f (x, y) = −x2 + axy − y2 = f (y, x). The

3 For a formal definition of stability see Definition 1 below.
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behavior of BNN is the same under both payoff functions since σ+(x,P ) is the same for both
payoff functions. Let Pi := ∫

S
xiP (dx) denote the ith moment of P . Then

E(δx,P ) =
∫
S

(−x2 + axy − y2)P(dy) = −x2 + axP1 − P2 (7)

and

E(P,P ) =
∫
S

∫
S

(−x2 + axy − y2)P(dx)P (dy)

= aP 2
1 − 2P2. (8)

Therefore

σ+(x,P ) = [
x(aP1 − x) − aP 2

1 + P2
]
+ (9)

and the density rP (x,P ) = σ+(x,P )/Σ(P ) of the relative excess measure is the positive part of
a quadratic function4 in x. Thus, the density of RP is a symmetric function about the maximizer
x = a

2 P1. It follows that the mean of the excess measure is also a
2 P1. From Eq. (3), it follows

that the mean value of the population changes under BNN according to

Ṗ1 = Σ(P )
(
RP

1 − P1
)
,

where RP
1 denotes the mean of RP . Applying this to our example, we obtain

Ṗ1 = Σ(P )
(a

2
− 1

)
P1. (10)

Thus, for a < 2, P1(t) → 0, whereas for a = 2, P1(t) ≡ P1(0), and for a > 2, P1(t) moves away
from 0. Hence, for a > 2, δ0 is unstable with respect to the BNN dynamics.

To prove asymptotic stability for a < 2, note that (8) implies

P2 = 1

2
aP 2

1 − 1

2
E(P,P ).

Thus,

Ṗ2 = aP1Ṗ1 − 1

2

d

dt
E(P,P ).

Since the game is doubly symmetric, we have furthermore that

d

dt
E

(
P(t),P (t)

) = E(Ṗ ,P ) + E(P, Ṗ ) = 2E(Ṗ ,P )

= 2Σ(P )E
(
RP − P,P

)
� 0, (11)

where the last inequality follows from (4). By (10) we obtain

Ṗ2 = aP1Σ(P )
(a

2
− 1

)
P1 − 2Σ(P )E

(
Rp − P,P

)
= Σ(P )

[
aP 2

1

(a

2
− 1

)
− 2E

(
Rp − P,P

)]
� 0.

4 We ignore here boundary effects, assuming essentially S = R. For a compact interval S the result follows from the
analysis in Section 6, see Proposition 4.
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Fig. 1. Simulated BNN dynamics for the payoff function f (x, y) = −x2 − 2xy. The initial population has mass 0.5 on
the two points 0 and 0.8. After a few steps of the discretized BNN dynamics, the point masses have decreased drastically
and the distribution is dispersed between −0.4 and 0.4. The gray curve shows that after 100 steps the distribution starts
concentrating around the long run equilibrium 0. In fact, we have convergence with respect to the weak topology, but no
convergence with respect to the strong topology.

The second term in the bracket has the required sign by (11). The first term is negative for
0 < a < 2. The inequality is strict unless P = δ0, which proves that P2 is a Lyapunov function
for the BNN dynamics. �

The fact that the parameter a is decisive for stability, suggests that second derivatives of f

may play an important role. The following sections show that this intuition is correct.
The above example also shows that δ0 is unstable in the strong topology arising from the

variational norm.5 Even if the initial measure has some positive mass on 0, this will disperse
into a smooth distribution of better replies near 0 and the mass at 0 will decrease to 0, see Fig. 1
for a numerical example. This is in contrast to the replicator dynamics. In the above example
0 is an “uninvadable” strategy (in the sense of Bomze, 1991), which implies that it is stable in
the strong topology with respect to the replicator dynamics for every a ∈ R, see Oechssler and
Riedel (2001, Theorem 3).

5. Stability and the measure of closeness

Most, if not all, relevant strategy spaces carry an appropriate metric. For subsets of R
n, there

is the Euclidean distance. When considering Bayesian games, strategies are given by certain

5 In the variational norm the distance between two probability measures P and Q is given by ‖P − Q‖ =
2 supA∈A |P(A) − Q(A)| (see e.g. Shiryaev, 1995).
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classes of functions that also come with metrics. For this reason, we assume from now on that S

carries a metric d .
The choice of topology is an important issue when defining dynamic stability as one has to

specify what it means for a populations Q to be “close” to a given population P. See Oechssler
and Riedel (2002) for an extensive discussion on this. For the reasons stated there, we find it
most appropriate to use the topology of weak convergence to measure closeness of populations
in evolution. Note also that the BNN dynamics tends to disperse the population as it introduces
all strategies that are fitter than average even if we start with a homogeneous population. If μ is,
e.g., Lebesgue measure, the distance between the trajectory and a possible stationary homoge-
neous state is always maximal in the strong topology. As a consequence, BNN dynamics cannot
converge in the strong topology, see Fig. 1 for an example.

The weak topology is defined as follows. A sequence (Pn) converges weakly to P if∫
S
f dPn → ∫

S
f dP for every bounded, continuous real function f . The Prohorov metric can be

used to measure the distance between populations. It is defined as (cf. Billingsley, 1968, p. 238)

ρ(P,Q) := inf
{
ε > 0: Q(A) � P

(
Aε) + ε and P(A) � Q

(
Aε

) + ε, ∀A ∈ A
}
,

where Aε := {x: ∃y ∈ A,d(y, x) < ε}. Thus, Pn converges weakly to P if and only if
ρ(Pn,P ) → 0.

The weak topology captures the following notion of closeness. If Q = (1 − ε)δu + εδx with
0 � ε � 1, then ρ(δu,Q) = min{ε, d(u, x)}. Thus, population Q is close to the Dirac measure δu

only if a small subpopulation deviates to a (possibly far away) pure strategy x or if a (possibly
large) part of the population deviates to a nearby strategy x. In particular, the distance between
two homogeneous populations agrees with the natural metric on the set of pure strategies, i.e.
ρ(δu, δx) = d(u, x), when u and x are close to each other.

The next definition specifies the dynamic stability concepts we will use in the following.

Definition 1. Let Q
 be a rest point of the BNN dynamics. Then

• Q
 is called (Lyapunov) stable if for all ε > 0 there exists an η > 0 such that
ρ(Q(0),Q
) < η ⇒ ρ(Q(t),Q
) < ε for all t > 0.

• Q
 is called asymptotically stable if additionally there exists ε > 0 such that
ρ(Q(0),Q
) < ε ⇒ ρ(Q(t),Q
) → 0.

Dynamic stability can be related to a number of static stability concepts which have the
advantage that they can easily be checked given the payoff function. Since strictness of Nash
equilibrium is not sufficient for dynamic stability, stronger concepts are required. As it turns out,
concepts originally developed for the continuous version of the replicator dynamics in evolu-
tionary biology like CSS (Eshel and Motro, 1981) and Evolutionary Robustness (Oechssler and
Riedel, 2002) become relevant for the BNN dynamics as well.

The classical definition of an evolutionary stable strategy (ESS) (Maynard Smith, 1974) re-
quires that for all mutant populations R there exists an invasion barrier ε such that the original
population P does better against the mixed population (1 − η)P + ηR than R does for all η � ε.
In this definition some invasion barrier exists for each R.

Eshel and Motro (1981) introduced the following definition for S ⊂ R.
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Definition 2 (CSS). A strategy u is a continuously stable strategy (CSS) if (1) it is an ESS and
(2) there exists an ε > 0 such that for all v ∈ S with |v − u| < ε there exists an η > 0 such that
for all x ∈ S with |v − x| < η

f (v, x) > f (x, x) if and only if |v − u| < |x − u|. (12)

As shown by Eshel (1983), if f is twice differentiable, a necessary condition for an interior
ESS u to be a CSS is that

fxx(u,u) + fxy(u,u) � 0. (13)

Condition (13) is sufficient if the weak inequality is replaced by a strict one.
The following condition was introduced by Oechssler and Riedel (2002) and is stronger than

CSS.

Definition 3. A population P ∗ ∈ Δ(S) is evolutionarily robust if there exists ε > 0 such that for
all Q �= P ∗ with ρ(Q,P ∗) < ε we have

E(P ∗,Q) > E(Q,Q). (14)

When (14) holds for all Q �= P , P is called globally evolutionarily robust. If f is twice
differentiable, a necessary condition for an interior, homogeneous δu to be evolutionary robust is
that (cf. Oechssler and Riedel, 2002)

fxx(u,u) + 2fxy(u,u) � 0. (15)

6. Doubly symmetric games

Games in which all players have the same payoff function f and which have a symmetric pay-
off function, f (x, y) = f (y, x) for all x, y ∈ S, are called doubly symmetric. Doubly symmetric
games or games that can be transformed into the symmetric form (as the one in Example 1) have
the property that the mean payoff E(P,P ) is increasing along every solution of BNN.

Lemma 1. Let (S, A,μ) be a measure space with μ a finite measure on S. Consider a dou-
bly symmetric game. Then the mean payoff E(P,P ) is monotonically increasing along every
solution of BNN, and strictly increasing along every nonstationary solution. A (strict) local maxi-
mizer of mean payoff is (asymptotically) stable under BNN. If (S, d) is a compact metric space,
μ a finite Borel measure on S with full support, and f is Lipschitz continuous, then the set of
limit points of any trajectory is a non-empty connected compact set of Nash equilibria.

Proof. The fact that mean payoff E(P,P ) is monotonically increasing along every solution of
BNN follows directly from (11), as we have

Λ̇
(
P(t)

) = − d

dt
E

(
P(t),P (t)

) = −2Σ
(
P(t)

)
E

(
RP(t) − P(t),P (t)

)
� 0,

and the inequality is strict for nonstationary trajectories. If P ∗ is a (strict) local maximizer of
mean payoff, Λ(Q) := E(P ∗,P ∗) − E(Q,Q) is a Lyapunov function. From a suitable general-
ization of Lyapunov’s theorem (see e.g. Oechssler and Riedel, 2002, Appendix B or Bhatia and
Szegö, 1970, Chapter V), we obtain (asymptotic) stability.
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If S is a compact metric space, then the set of limit points of any trajectory is non-empty.
If additionally f is Lipschitz continuous, Theorem 2 implies that the semi-flow is weakly con-
tinuous and from standard results in dynamic systems theory (see e.g. Bhatia and Szegö, 1970,
Chapter II) the set of limit points is compact and connected. Moreover, average payoff is constant
on this set. Hence, each ω-limit point of a trajectory is stationary and, by Proposition 1, a Nash
equilibrium. �

We use the above general result to show local or global asymptotic stability of an equilibrium.
We will demonstrate this for two classes of games: Games with an equilibrium that satisfies
evolutionary robustness and games with a unique Nash equilibrium.

Proposition 2. Let S be compact and f Lipschitz continuous. If a doubly symmetric game has a
unique Nash equilibrium P ∗, then P ∗ is globally asymptotically stable under BNN.

Proof. From Lemma 1, we get that P ∗ is asymptotically stable. From the proof, one sees
immediately that Λ(Q) := E(P ∗,P ∗) − E(Q,Q) is a global Lyapunov function, and global
convergence follows. �
Proposition 3. Consider a doubly symmetric game with Lipschitz continuous payoff function f

and compact metric strategy space S. If P ∗ is evolutionarily robust, then P ∗ is asymptotically
stable with respect to BNN.

Proof. By definition of evolutionary robustness, we have for Q close to P ∗,

Λ(Q) = E(P ∗,P ∗) − E(Q,Q)

= E(P ∗,P ∗) − E(P ∗,Q) + E(P ∗,Q) − E(Q,Q)

� E(P ∗,P ∗) − E(P ∗,Q)

= E(P ∗,P ∗) − E(Q,P ∗) � 0,

where the last equality follow from symmetry of f , and the last inequality from the fact that every
evolutionary robust population is a symmetric Nash equilibrium. Note that the first inequality
above becomes strict unless Q = P ∗. The result then follows from Lemma 1. �

For replicator dynamics and finite (doubly symmetric) games, ESS is equivalent to asymp-
totic stability. So one might conjecture that evolutionary robustness is equivalent to asymptotic
stability for BNN in the current setting. However, this is not the case as the linear-quadratic
case introduced in Example 2 shows. We are now ready to completely characterize the dynamic
behavior of BNN dynamics for this case.

Proposition 4. Let S = [−A,B] ⊂ R be an interval around 0 and f (x, y) = −x2 + axy − y2 be
a linear-quadratic game. For all parameters a ∈ R, (0,0) is a strict Nash equilibrium.

• For a < 2, 0 is a strict maximizer of mean payoff and BNN dynamics globally converge to δ0.
• For a > 2, δ0 is unstable. There are two other symmetric strict Nash equilibria at the bound-

ary of S, (−A,−A) and (B,B). δ−A and δB are strict local maximizers of mean payoff and
hence asymptotically stable under BNN.
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• For a = 2, there is a continuum of pure strategy Nash equilibria (x, x) for all x ∈ S and
BNN dynamics converge to this set of Nash equilibria.

In particular, δ0 is asymptotically stable if and only if it is CSS.

Proof. The proposition follows from Lemma 1 once we note that (cf. (8))

E(P,P ) = aP 2
1 − 2P2 = (a − 2)P 2

1 − Var(P ),

where Var(·) denotes the variance. Thus, maximizing mean payoff implies that Var(P ) = 0. For
a < 2, δ0 strictly maximizes mean payoff. For a > 2, both δ−A and δB are local maximizers. To
see instability of δ0, note that E(δ0, δ0) = 0 and E(δx, δx) = (a − 2)x2 > 0 for x �= 0. Further-
more, average payoff E(P (t),P (t)) is strictly increasing if one starts close to δ0. Lyapunov’s
instability theorem then yields that δ0 is unstable. For a = 0, E(P,P ) = −Var(P ). Hence, all
pure strategies and only those maximize mean payoff. By Lyapunov’s stability theorem, the set
of all pure strategies is globally asymptotically stable. �

Note that for 1 < a < 2, 0 is a CSS but δ0 is not evolutionary robust (see Eqs. (13) and (15)).
Therefore, evolutionary robustness is sometimes too strong a condition and is not necessary for
asymptotic stability. For linear-quadratic games, Proposition 4 shows that CSS is necessary and
sufficient for asymptotic stability.6

The next proposition shows that CSS is a necessary condition for general symmetric payoff
functions.

Proposition 5. Let S be an interval in R, with x∗ in the interior of S, and let f be twice contin-
uously differentiable and symmetric. If δx∗ is asymptotically stable with respect to BNN, then x∗
satisfies the CSS condition (13).

Proof. By (11), every asymptotically stable state δx∗ must correspond to a local maximum of
mean payoff E(P,P ). In particular, x∗ must be a maximum of f (x, x). The necessary second
order condition for x∗ to be a maximum is fxx(x

∗, x∗) + 2fxy(x
∗, x∗) + fyy(x

∗, x∗) � 0, which
reduces due to symmetry of f to the CSS condition (13). �

Given the insight from Example 2 and the previous proposition one might hope that for general
payoff functions, CSS is also sufficient for a homogeneous population P ∗ = δu∗ to be asymptot-
ically stable with respect to BNN. Since this result holds for quadratic payoff function, one may
further conjecture that the general result can be proven by using a second order Taylor approx-
imation of the payoff function. The following example shows that this is unfortunately not the
case in general.

Example 3. Let S = [−1,1] and f (x, y) = 10x4 − x2 − xy.

Let g(x, y) = −x2 − xy be the quadratic approximation (through a second order Taylor ap-
proximation) at x = y = 0. Since g(x, y) satisfies condition (16), Theorem 3 below implies that

6 Since (13) does not apply for the two boundary equilibria, one needs to check the CSS definition (12) directly. For
a > 2, δ−A and δB are CSS.
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Fig. 2. Simulation of time-discretized BNN dynamics with payoff function f (x, y) = 10x4 − x2 − xy on strategy space
{−1,−0.99, . . . ,0.99,1}. Initial distribution (light gray) is truncated normal. The dashed line shows simulation after 10
iterations, the solid black line after 50 iterations.

δ0 is globally asymptotically stable for the payoff function g(x, y). However, for the actual pay-
off function f , the BNN dynamics converges to Q = 1

2δ−1 + 1
2δ1 from any initial P(0) �= δ0.

This follows from Proposition 2 or Theorem 3 since Q is the unique Nash equilibrium of this
negative semidefinite game. Fig. 2 shows a typical simulation of time-discretized BNN dynam-
ics where the initial population is a discretized, truncated normal distribution whose mean can
be arbitrarily close to 0. Clearly, the dynamics diverges to Q = 1

2δ−1 + 1
2δ1.

Note that (0,0) is not a Nash equilibrium for the payoff function f (x, y), and hence not
even a stationary point under BNN. However it is a local strict Nash equilibrium and satisfies
condition (13) for CSS. Hence, δ0 is stable for the replicator dynamics w.r.t. initial distributions
with support close to 0 and attracts such initials whose support is an interval containing 0, see
Cressman and Hofbauer (2005), Cressman et al. (2006).

The class of doubly symmetric games may appear restrictive (and it is) but there are many
games that can easily be transformed into a such game as the following example shows.

Example 4. Consider a Bertrand game with heterogeneous goods. Two firms simultaneously set
prices p1 and p2. The demand function for firm i given by 1 − pi + γp−i with 0 < γ < 2.
Firm 1’s payoff function is then

f (p1,p2) = p1(1 − p1 + γp2).

By adding p2 −p2
2 to the payoff function, this game can be transformed into a doubly symmetric

one.7 Thus, by Proposition 2 BNN dynamics globally converge (also for the original game) to
the unique symmetric Nash equilibrium p∗

1 = p∗
2 = 1

2−γ
.

7 Note again that σ(x,P ) is not affected by adding terms that depend only on y. Thus, the dynamics do not change.
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7. Negative semidefinite games

In this section we will consider games with an expected payoff function that is negative semi-
definite in the sense that for all P,Q ∈ Δ

E(P − Q,P − Q) � 0 (16)

(see e.g. Hofbauer, 2000 for the corresponding property in finite games; in Hofbauer and Sand-
holm, 2007 these are called ‘stable games’). Note first that linear quadratic games like f (x, y) =
−x2 + axy satisfy condition (16) if and only if a � 0 as one can easily check. Furthermore,
every symmetric zero-sum game satisfies condition (16). By definition of a symmetric zero-sum
game, f (x, y) + f (y, x) = 0 for all x, y ∈ S. This implies that E(P,Q) + E(Q,P ) = 0, and in
particular E(P,P ) = 0. Therefore, E(P − Q,P − Q) = 0. Further examples for negative semi-
definite games include contests (see Example 5 below) and the War of Attrition (see Example 6).
Finally, it is well known (see e.g. Hofbauer and Sigmund, 1988, p. 122) that all finite games with
an interior ESS satisfy (16) with strict inequality for all P �= Q.

Lemma 2. (1) Under condition (16), the set of Nash equilibria is convex.
(2) If either there exists a strict Nash equilibrium or condition (16) holds with strict inequality

(and at least one NE exists), there is a unique Nash equilibrium, which is, furthermore, globally
evolutionarily robust.

Proof. (1) Suppose P ∗ and Q∗ are Nash equilibria. By condition (16) we have that

E(P ∗,P ∗) + E(Q∗,Q∗) � E(P ∗,Q∗) + E(Q∗,P ∗) � E(Q∗,Q∗) + E(Q∗,P ∗),
which implies that E(P ∗,P ∗) = E(Q∗,P ∗). Thus, any convex combination Pλ = λP ∗ +
(1 − λ)Q∗ is also a best reply against P ∗, and similarly against Q∗. Since for all Q

E(Pλ,Pλ) = λE(Pλ,P
∗) + (1 − λ)E(Pλ,Q

∗)
� λE(Q,P ∗) + (1 − λ)E(Q,Q∗)
= E(Q,Pλ),

Pλ is also a Nash equilibrium which proves that the set of Nash equilibria is convex.
(2) Let P ∗ be a Nash equilibrium and Q �= P ∗. Then

E(P ∗ − Q,Q) = E(P ∗ − Q,Q − P ∗) + E(P ∗ − Q,P ∗).
The first term is nonnegative by condition (16) and the second term is nonnegative by definition
of a Nash equilibrium. For a strict Nash equilibrium, the second term is strictly positive. If (16)
holds with strict inequality, the first term is strictly positive. In either case, E(P ∗ − Q,Q) > 0,

that is, P ∗ is globally evolutionarily robust. This in turn implies that there is no other Nash
equilibrium because E(Q,Q) < E(P ∗,Q) for all Q �= P ∗. �

We may now proceed to study the global stability properties of Nash equilibria in negative
semidefinite games.

Theorem 3. For negative semidefinite games (16), define the function

H(P ) = 1

2

∫
σ+(x,P )2μ(dx).
S
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The following statements hold true:

(1) H is nonnegative and decreases to 0 along every solution of BNN.
(2) If S is a compact metric space, f is continuous, and μ a measure with full support, then

every trajectory of BNN converges to the set of Nash equilibria.
(3) In particular, every strict Nash equilibrium and every equilibrium that satisfies (16) with

strict inequality is globally asymptotically stable.

Proof. Let us first determine the gradient of σ(x,P ) with respect to P at some point Q. We
have

∇σ(x,P )(Q) = E(δx,Q) − E(P,Q) − E(Q,P ).

From this, we obtain via the chain rule

d

dt
H(P ) =

∫
S

σ+(x,P )∇σ(x,P )(Ṗ )μ(dx)

=
∫
S

σ+(x,P )
[
E(δx, Ṗ ) − E(P, Ṗ ) − E(Ṗ ,P )

]
μ(dx)

= Σ(P )
(
E

(
RP , Ṗ

) − E(P, Ṗ ) − E(Ṗ ,P )
)
,

where we have used the definition of the relative excess measure RP . By definition of the dy-
namics Ṗt , we proceed to

d

dt
H(P ) = Σ(P )2(E(

RP ,RP − P
) − E

(
P,RP − P

) − E
(
RP − P,P

))
= Σ(P )2(E(

RP − P,RP − P
) − E

(
RP − P,P

))
.

The first term in parentheses, E(RP − P,RP − P) � 0 by Assumption (16), and the second
term, E(RP − P,P ) � 0 by definition of the relative excess measure (see (4)). Thus, we obtain

d

dt
H(P ) � 0

and the inequality is strict whenever P is not a stationary point.
If S is a compact metric space and f Lipschitz continuous, then Δ is compact (in the weak

topology) and BNN generates a weakly continuous semi-flow by Theorem 2. Hence, the ω-
limit set (in the weak topology) of a trajectory P(t) is non-empty and contained in the set of
P ∈ Δ for which d

dt
H(P ) = 0, which is the set of Nash equilibria by Proposition 1. Thus, the

BNN dynamics converge to the convex set of Nash equilibria. In particular, every strict Nash
equilibrium and every equilibrium that satisfies (16) with strict inequality, is a unique equilibrium
and, therefore, globally asymptotically stable.

For general measure spaces S, we proceed similar to Brown and von Neumann (1950) and
Nikaido (1959). The above expression implies

d

dt
H(P ) � −Σ(P )2E

(
RP − P,P

)
= −Σ(P )2

(∫
E(δx,P )

σ+(x,P )
μ(dx) − E(P,P )

)

Σ(P )
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= −Σ(P )2
∫ [

E(δx,P ) − E(P,P )
]σ+(x,P )

Σ(P )
μ(dx)

= −Σ(P )2
∫

σ+(x,P )2

Σ(P )
μ(dx) = −2Σ(P )H(P ). (17)

Since f is bounded, σ+(x,P ) � 2‖f ‖ =: 1
c
. Hence,

Σ(P ) =
∫
S

σ+(x,P )μ(dx) � c

∫
S

σ+(x,P )2μ(dx) = cH(P ).

Therefore, (17) implies the differential inequality

d

dt
H(P ) � −2cH(P )2,

which integrates to H(P (t)) � H(P (0))
1+2cH(P (0))t

. Hence H(P (t)) → 0 as claimed. �
Example 5. Contests. Let S = [a, b] for some numbers a < b. Two players exert an effort level
of x and y in S, respectively, to obtain a prize worth K > 0. The probability that player 1 wins the
prize is p(x, y), and the probability that player 2 wins is p(y, x) = 1 − p(x, y). Costs are given
by some cost function c(x). The payoff function is thus f (x, y) = Kp(x, y)− c(x). An example
is the all-pay auction for which p(x, y) = 1 if x > y , p(x, y) = 1/2 if x = y, and p(x, y) = 0
else.

We claim that contests are negative semidefinite. To see this, note that because of p(x, y) +
p(y, x) = 1, we have

E(P,Q) + E(Q,P ) = K −
∫

c(x)P (dx) −
∫

c(y)Q(dy).

It follows that E(P,P ) = K
2 − ∫

c(x)P (dx), and this implies

E(P − Q,P − Q) = E(P,P ) + E(Q,Q) − E(P,Q) − E(Q,P ) = 0.

Now assume that p(·, ·) and c(·) are continuously differentiable, p(·, ·) is strictly concave in x,

and c(·) is convex. If there exists x̄ ∈ (a, b) with K ∂
∂x

p(x̄, x̄) = c′(x̄), then (x̄, x̄) is a strict Nash
equilibrium (which is then unique by Lemma 2). By Theorem 3, δx̄ is globally asymptotically
stable under BNN dynamics.

Finally, we will demonstrate how our techniques are useful even when applied to games with
discontinuous payoff function, like the war of attrition.

Example 6. War of attrition. Consider two players fighting for a prize worth V to both players.
A strategy is to choose a length of time x ∈ [0,M] for which one is prepared to stay in the race.
Fighting is costly. The payoffs are given as follows

f (x, y) =
{

V − y if x > y,
V
2 − x if x = y,

−x if x < y,

that is, a player gets the prize if he stays longer in the race than his rival but has to share if they
stay equally long.
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We assume that M > V/2. Otherwise waiting until the end is always profitable. Bishop and
Cannings (1978) show that there is a unique Nash equilibrium, which has the following equilib-
rium distribution P 
 with t
 = M − V/2,

P 

([0, x]) =

{
1 − e−x/V if x � t
,

1 − e−t
/V if t
 < x < M,

1 if x = M.

Bishop and Cannings (1978) show that P 
 is an ESS. They also show (Bishop and Cannings,
1978, p. 118) that

E(P − Q,P − Q) = −
M∫

0

(
P

([s,M]) − Q
([s,M]))2 ds. (18)

In particular, the war of attrition is a negative semidefinite game. As the payoff function f is not
continuous, we cannot apply the second part of the above theorem. Nevertheless, its conclusion
still holds true provided the measure μ that defines the excess measure in the definition of BNN
dynamics (see Eq. (2)) puts some weight on the point M . The intuition for this assumption is as
follows: the Nash equilibrium has a mass point on M , but strategies close to M are not being
played in equilibrium. If μ is the Lebesgue measure, the excess measure has a density with
respect to the Lebesgue measure that is zero close to M , and strictly positive at M . However,
a single value of the density does not contribute to the distribution, and thus, the excess measure
puts no weight on M if μ is the Lebesgue measure. Consequently, there is in general no hope
that BNN generates some mass on or around M if one uses the Lebesgue measure. Therefore, we
assume that μ puts some small mass on M . The following proposition shows that this is sufficient
for convergence.

Proposition 6. Assume that μ = dx + εδM for some (small) ε > 0. In the War of Attrition, every
trajectory of BNN converges to the unique Nash equilibrium.

Proof. Without loss of generality, we set V = 1 in the proof. Consider the Lyapunov function
H(P ) as in Theorem 3, where we take μ = dx + εδM , the sum of the Lebesgue measure on
[0,M] and a point mass on M . The proof of H(P (t)) →t→∞ 0 does not use continuity of f .

We show next that H(P ) is lower semi-continuous in the weak topology in the sense that
H(P ) � lim infH(P n) if (P n) converges in the weak topology to P . By symmetry, we have

1 =
∫ ∫

1{x<y}P(dx)P (dy) +
∫ ∫

1{y<x}P(dx)P (dy)

+
∫ ∫

1{x=y}P(dx)P (dy)

= 2
∫ ∫

1{x<y}P(dx)P (dy) +
∫ ∫

1{x=y}P(dx)P (dy).

It follows that average payoff can be written as

E(P,P ) =
∫ ∫

1{x<y}P(dx)P (dy) + 1

2

∫ ∫
1{x=y}P(dx)P (dy)

−
∫ ∫

min(x, y)P (dx)P (dy)

= 1 −
∫ ∫

min(x, y)P (dx)P (dy).

2
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As min(x, y) is continuous in (x, y), E(P,P ) is continuous in the weak topology. For points
x with P({x}) = 0, E(δx,P ) = P([0, x)) − ∫

min(x, y)P (dy). By the Portmanteau Theo-
rem, P �→ P([0, x)) is continuous at P in the weak topology for these x. The function
x �→ ∫

min(x, y)P (dy) is continuous in the weak topology because the integrand is continuous.
We conclude that σ+(x,P ) is continuous at P in the weak topology for all x with P({x}) = 0.
Now let P n → P in the weak topology. Then lim σ+(x,P n) = σ+(x,P ) for all points x

with P({x}) = 0. As the set of points x with P({x}) = 0 has full Lebesgue measure, and the
payoff function is bounded, we get by dominated convergence that lim 1

2

∫
S
σ+(x,P n)2 dx =

1
2

∫
S
σ+(x,P )2 dx. Hence, the first part of H is continuous in the weak topology. Now

consider σ+(M,P ) = 1 − 1
2P({M}) − ∫

xP (dx). By the Portmanteau Theorem, P({M}) �
lim supP n({M}). Therefore, σ+(M,P ) � lim infσ+(M,P n). This finally establishes H(P ) �
lim infH(P n).

As H is lower semi-continuous in the weak topology, we conclude that every limit point P 0

of BNN dynamics satisfies H(P 0) = 0. It follows that σ(x,P 0) � 0 for μ-almost all x ∈ [0,M].
It remains to be shown that this implies σ(x,P 0) � 0 for all x. As μ has a point mass on M , we
have σ(M,P 0) � 0. Now consider some x < M . There exists a sequence (xn) that converges to
x from the right and satisfies P 0({xn}) = 0 as well as

σ
(
xn,P 0) � 0 for all n.

It follows that

E
(
P 0,P 0) � limE

(
δxn,P 0) = limP 0([0, xn

)) −
∫

min
(
xn, y

)
P 0(dy

)
= P 0([0, x]) −

∫
min(x, y)P 0(dy)

� P 0([0, x)
) + 1

2
P 0({x}) −

∫
min(x, y)P 0(dy)

= E
(
δx,P

0).
This establishes σ(x,P 0) � 0 for all x < M . �
8. Discussion

To put the contribution of the current paper into perspective it is useful to compare the BNN
dynamics and its properties to its two main “competitors” when it comes to describing human
learning behavior in games.

Under the replicator dynamics, the population share of a pure strategy grows at the rate of its
excess payoff (the current payoff minus the current average payoff of the population). Replicator
dynamics emerge if one interprets payoff as number of offspring and uses a purely selective Dar-
winian model (Taylor and Jonker, 1978). It is also possible to give an economic microfoundation
based on imitation (Schlag, 1998). The replicator dynamics are the prototype of regular selection
dynamics where selection pressure operates on existing strategies. Regular selection dynamics do
not allow the appearance (or reappearance) of extinct strategies.

In contrast, both, BNN and best response dynamics, are innovative dynamics, that is, new
strategies can enter the population. Best response dynamics (Gilboa and Matsui, 1991; Hofbauer,
1994) move in the direction of the current best reply. They emerge when (new) individuals in the
population behave myopically rational in the sense that they exactly know the current population
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distribution and play a best response to this distribution. Since small changes in the population
state can change the best response to it, best response dynamics are not continuous, in contrast
to the other two considered dynamics.8

BNN dynamics can be viewed as the prototype of innovative, better-reply dynamics that lie
in between the replicator dynamics, which arguably require too little rationality to do justice to
human behavior, and the best response dynamics, which may require too much of it. With BNN
dynamics, all strategies with a positive excess payoff increase proportionally to their current
excess payoff. Strategies with negative current excess payoff decrease at the same rate. In some
sense, BNN dynamics require less rationality than best response dynamics as they just require
that some better than average strategy be chosen by new members (see also the microfoundation
in Appendix B). Moreover, the probability of choosing such a strategy is proportional to the
excess payoff, which is close in spirit to the replicator dynamics.

An important property that all three dynamics share is that of being myopic adjustment
dynamics (Swinkels, 1993), i.e. they tend to move in the direction of better replies. As a con-
sequence, asymptotically stable states of all dynamics satisfy strong rationality postulates. In
this sense, all dynamics tend to support rational predictions of equilibrium play. On the other
hand, Berger and Hofbauer (2006) have recently given an example of a game in which a strictly
dominated strategy does not die out under BNN. For replicator dynamics, Samuelson and Zhang
(1992) have shown that strictly dominated strategies always become extinct (as they do, obvi-
ously, under the best response dynamics).

We now consider rest points. For regular selection dynamics, all pure strategies are rest points.
For replicator dynamics, a rest point P is a Nash equilibrium in a game that has only the support
of P as pure strategies. Under BNN dynamics, the set of rest points coincides with the set of
Nash equilibria. As we show in our paper, in games with a continuum strategy set, the latter
statement holds when the payoff function is continuous. The property of Nash stationarity is also
shared by the best response dynamics.

As far as equilibrium predictions of the three dynamics are concerned, it is best to consider
specific examples that highlight the similarities and differences that can generally occur.

For payoff functions of the form f (x, y) = −x2 + axy we understand completely the dynam-
ics of replicator, BNN and best response dynamics. These games have a strict (symmetric) Nash
equilibrium at 0. Note that a/2 is the slope of the best reply function in these games. The Nash
equilibrium 0 is evolutionary robust (ER) if a < 1. Asymptotic stability for replicator dynamics
is a subtle issue, see Cressman (2005), Cressman and Hofbauer (2005), Cressman et al. (2006),
Oechssler and Riedel (2002). Replicator dynamics cannot converge to a point mass on 0 if 0
is not in the support of the initial distribution. A meaningful definition of asymptotic stability
thus restricts to initial populations that have 0 in their support. Cressman and Hofbauer (2005),
building on Oechssler and Riedel (2002), show that the point mass on 0 is asymptotically stable
for replicator dynamics (in this restricted sense) if a < 2. Eshel and Sansone (2003) have shown
that this condition is also necessary for asymptotic stability. In summary, asymptotic stability
for the replicator dynamics is equivalent to evolutionary robustness. In this paper, we show that
the point mass on 0 is asymptotically stable for BNN if and only if 0 is CSS or continuously
stable (Eshel, 1983), which is the case if a < 2. The (smooth) best response dynamics are here

8 In general, the best response dynamics are not continuous, even for continuous payoff functions. However, under suit-
able regularity and smoothness conditions plus quasi-concavity of the payoff function, best replies are unique and depend
smoothly on the strategy of the opponent. In these classes of games, the best response dynamics are also continuous.
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Table 1
Properties of the different dynamics

Property BNN Replicator Best response

regular selection no yes no
innovative yes no yes
continuous yes yes no
rest points = Nash equilibria yes* no yes
dominated strategies die out no yes yes

quadratic games:
asymptotically stable points = CSS (a < 2) ER (a < 1) CSS ( a < 2)

* For continuous payoff functions.

ẋ = BR(x) − x = (a/2 − 1)x. Again, 0 is asymptotically stable if and only if a < 2, i.e. when it
is CSS.

We collect the above discussion in Table 1.
Thus, although the different dynamics share many features, there are some straightforward

testable differences that could be checked in a simple laboratory experiment. For example, a
testable difference between BNN and replicator dynamics arises in the following game. Con-
sider the quadratic game f (x, y) = −x2 + 3/2xy and take the strategy set to be S = [0,1].
Under BNN, players’ behavior converges to 0 (according to Proposition 4 above), whereas it
converges to 1 under replicator dynamics if initially enough players use the strategy 1 and no
player uses strategies in [1/2,1). An interesting experiment would thus be to study the conver-
gence or nonconvergence of behavior for this game in the lab.
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Appendix A

Proof of Theorem 1. The strategy for proving the theorem is the following. Denote by

F(Q) :=
∫
·

σ+(x,Q)μ(dx) − Q(·)
∫
S

σ+(x,Q)μ(dx)

the right-hand side of the BNN-dynamics. Since F is neither bounded nor globally Lipschitz
continuous on Me, we construct in the following lemma an auxiliary function F̃ which has
these properties and coincides with F on Δ (see also Bomze, 1991). In particular, we show that
F̃ satisfies a global Lipschitz condition

∃K > 0 s.t. ∀μ,ν ∈ Me,
∥∥F̃ (μ) − F̃ (ν)

∥∥ � K‖μ − ν‖,
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where ‖ · ‖ denotes the variational norm on Me(S, A). The variational norm is given by

‖μ‖ = sup
g

∣∣∣∣
∫

g dμ

∣∣∣∣,
where the sup is taken over all measurable functions g : S → R bounded by 1, sups∈S |g(s)| � 1.
Endowed with the variational norm, Me is a Banach space (see Shiryaev, 1995).

Standard arguments (see e.g. Zeidler, 1986, Corollary 3.9) then imply that the ordinary differ-
ential equation

Q̇(t) = F̃
(
Q(t)

)
, Q(0) = P

has a unique solution (Q(t)). Finally, since Q̇(t)(S) = 0, Q(t) never leaves Δ, which implies
that (Q(t)) also solves differential equation (2) on Δ.

Lemma 3. Suppose f is bounded, then there exists a bounded, Lipschitz continuous function
F̃ : Me → Me, which coincides with F on Δ,

F̃ (P ) = F(P ), ∀P ∈ Δ.

Proof. We define F̃ as

F̃ (Q) = (
2 − ‖Q‖)+F(Q).

F̃ is zero for ‖Q‖ � 2. It is bounded and coincides with F on Δ because probability measures
have norm 1. It remains to show that Q �→ F(Q) is Lipschitz for ‖Q‖ � 2.

The estimates∣∣E(δx,Q)
∣∣ � ‖f ‖∞‖Q‖, ∣∣E(P,Q)

∣∣ � ‖f ‖∞‖P ‖‖Q‖ (19)

imply that for each x ∈ S, the functions Q �→ σ(x,Q) and hence also Q �→ σ+(x,Q) are Lip-
schitz (for ‖Q‖ � 2) with a Lipschitz constant L independent of x. Then the map Q �→ F̂ (Q)

with F̂ (Q)(A) = ∫
A

σ+(x,Q)μ(dx) from Me into itself is Lipschitz with Lipschitz constant
Lμ(S). In particular, also Q �→ Σ(Q) : Me → R is Lipschitz. Hence F(Q) is Lipschitz
in Q. �
Proof of Theorem 2. In the following, we will use the metric ‖ · ‖BL on Δ which metrizes the
weak topology (cf. Shiryaev, 1995, p. 352). Endowed with the BL-norm, Me is a Banach space.
For a Lipschitz continuous, bounded function g : S → R, let

‖g‖BL := sup
x∈S

∣∣g(x)
∣∣ + sup

x �=y

|g(x) − g(y)|
d(x, y)

. (20)

Abusing notation slightly, we define the dual norm ‖ · ‖BL on Me(S, A) via

‖Q‖BL = sup

{∫
g dQ

}
, (21)

where the supremum is taken over all bounded, Lipschitz continuous functions g with
‖g‖BL � 1.

We prove below that we have∣∣σ(x,P ) − σ(x,Q)
∣∣ � L‖P − Q‖BL (22)
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for some constant L > 0 and all populations P,Q and all strategies x. The same Lipschitz esti-
mate holds true when we pass to the positive part, so we have∣∣σ+(x,P ) − σ+(x,Q)

∣∣ � L‖P − Q‖BL. (23)

This implies that the right-hand side of (2) is Lipschitz in the norm (21). The claim follows then
from Gronwall’s Lemma (see e.g. Zeidler, 1986, Propositions 3.10 and 3.11), which implies that∥∥P(t) − Q(t)

∥∥
BL

� eLt
∥∥P(0) − Q(0)

∥∥
BL

(24)

(for a possibly different L) and hence continuous dependence of solutions on initial conditions
for finite time.

It remains to prove the claim (22). By boundedness and Lipschitz continuity of f , there exist
constants L0,L1 > 0 such that for all strategies x, y, x′, y′∣∣f (x, y)

∣∣ � L0, (25)∣∣f (x, y) − f (x′, y′)
∣∣ � L1 max

{
d(x, x′),d(y, y′)

}
. (26)

For x = x′, the latter inequality yields∣∣f (x, y) − f (x, y′)
∣∣ � L1d(y, y′). (27)

Let R be a population. Define the function

g(y) =
∫
S

f (x, y)R(dx).

Since R is a probability measure, (25) carries over to g,∣∣g(y)
∣∣ � L0,

and so does (27),∣∣g(y) − g(y′)
∣∣ � L1d(y, y′).

Hence, g is a bounded and Lipschitz continuous function with ‖g‖BL � L0 +L1. We thus obtain

∣∣E(R,P − Q)
∣∣ =

∣∣∣∣
∫
S

g(y)(P − Q)(dy)

∣∣∣∣
� ‖g‖BL‖P − Q‖BL

� (L0 + L1)‖P − Q‖BL. (28)

By a symmetric argument, we also have∣∣E(P − Q,R)
∣∣ � (L0 + L1)‖P − Q‖BL. (29)

Now, to prove our claim, note that∣∣σ(x,P ) − σ(x,Q)
∣∣ �

∣∣E(δx,P − Q)
∣∣ + ∣∣E(Q,Q) − E(P,P )

∣∣
�

∣∣E(δx,P − Q)
∣∣ + ∣∣E(Q − P,Q)

∣∣ + ∣∣E(P,Q − P)
∣∣.

Applying (28) for R = δx and R = P, as well as (29) for R = Q, we finally obtain∣∣σ(x,P ) − σ(x,Q)
∣∣ � 3(L0 + L1)‖P − Q‖BL,

and the proof is complete. �
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Appendix B

Although the BNN dynamics have been mentioned as learning process by a number of authors
(see e.g. Skyrms, 1990 or Swinkels, 1993), probably the most convincing microfoundation has
recently been provided by Sandholm (2005, 2006). It runs as follows.

In a large population of players each player receives an opportunity to revise his strategy
in each round according to a Poisson process with arrival rate R. When given the opportunity,
a player switches from his current strategy s to a new strategy s′ with conditional switching
rate ρss′ . Benaim and Weibull (2003) and Sandholm (2003) show that the resulting stochastic
process is well approximated by the deterministic continuous time process

ṗs =
∑
s′∈S

ps′ρs′s − ps

∑
s′∈S

ρss′, (30)

where ps is the share of the population playing pure strategy s. The first term describes the
“inflow” to strategy s and the second term represents the “outflow” from s.

Our favorite interpretation of this revision opportunity for a player is that a player (the
“parent”) “dies,” or leaves the population for other reasons, and is replaced by his “child,” who
imitates the parent’s current strategy without really knowing why he should follow this strategy,
i.e. without knowing its payoff. (Arguably, this is how education works all too often.)

What should the switching rate ρij depend on? In contrast to evolutionary or imitation dy-
namics which allow only to play strategies which are already in use in the population, BNN
dynamics are based on the assumption that unused strategies can be sampled. In particular,
a player randomly samples one strategy, all strategies being equally likely to be sampled (this
can be generalized. In fact, in Eq. (2) in the paper we do just that by allowing for a general
measure μ(dx) for sampling new strategies).

The player then compares the expected payoff of the sampled strategy u(es,p) to the current
average payoff of all strategies in the population u(p,p) and switches only if the u(es,p) >

u(p,p). Furthermore, if the expected gain is positive, the player switches with a probability
that is proportional to the expected gain in payoffs u(es,p) − u(p,p). Plugging those switching
probabilities into (30) yields

ṗs =
∑
s′∈S

ps′
[
u(es,p) − u(p,p)

]
+ − ps

∑
s′∈S

[
u(es′ ,p) − u(p,p)

]
+,

which reduces to the discrete BNN dynamics

ṗs = [
u(es,p) − u(p,p)

]
+ − ps

∑
s′∈S

[
u(es′ ,p) − u(p,p)

]
+. (31)

The continuous strategy version of (31) is given by Eq. (2) in the paper.
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