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Differential Equation on the Simplex

A conjecture of Eigen and Schuster (1979) concerning the competitive exclusion of dis-
joint hypercycles is finally proved.

A hypercycle, as introduced by Eigen and Schuster [1], is a system ofn self-
replicating macromolecules, coupled together by a closed loop of catalytic
reactions, such that each species catalyses the self-reproduction of the next
one. Such hypercycles have been postulated as missing links in the prebi-
otic evolution from simple self-replicating elements with enzyme-free copying
mechanism to the early forms of RNA.

One open problem concerns an exclusion principle for competing, disjoint
hypercycles, conjectured in [1]. This principle plays a crucial role in explaining
the uniqueness of the genetic code within the hypercycle theory, see [4]. It will
be proved in the present paper.

The mathematical model behind this are differential equations of the form

ẋ i = xi(ki xπ(i) − F) , i = 1, . . . , n, F =
n∑

i=1

ki xi xπ(i) . (1)

Herexi denotes the concentration of theith species,ki > 0 are rate constants,
π is a permutation of{1, . . . , n}. The flux termF ensures that the total num-
ber of elements remains constant and (1) defines a flow on the simplexSn =
{x ∈ Rn : xi ≥ 0 and

∑n
i=1 xi = 1}.
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If π is a cyclic permutation, such asπ(i) = i −1 (modulon), then (1) is
called thehypercycle equation. If the permutationπ consists ofm cycles then
(1) describes the competition ofm disjoint hypercycles.

In the first case (m = 1) the dynamics of (1) is now rather well understood.
It has been shown already in [1] that the unique interior equilibriumE of (1)
is globally asymptotically stable ifn ≤ 4. Since the eigenvalues atE are essen-
tially the nth roots of unity (except 1),E is unstable forn ≥ 5. Still, as shown
in [4] and [3, ch. 13.3]), the hypercycle ispermanent: There is aδ > 0 such
that for all initial valuesx(0) ∈ int Sn, lim inf t→∞ xi(t) ≥ δ > 0. Moreover, as
conjectured in [1] and shown in [2], there exists an asymptotically stable pe-
riodic orbit forn ≥ 5, and every orbit of (1) in intSn converges either toE or to
a periodic orbit.

In the second, general case (m > 1) the following has been conjec-
tured [1, p. 54ff]:For almost all initial conditions x(0) ∈ Sn, (1) leads to the
establishment of a unique hypercycle, the other m −1 going to extinction. This
conjecture has been shown in [4] and [3, ch. 13.4] if each of the cycles ofπ has
at most 3 resp. 4 members. The purpose of this note is to prove this conjecture
in general.

More generally we consider equations of the form

ẋ i = xi(Fi(x)− F) , i = 1, . . . , n, F =
n∑

i=1

xi Fi(x) . (2)

We assume that there is a partition intom disjoint subcommunities,
{1, . . . , n} =⋃m

α=1 Cα, that do not interfer directly with each other (only indi-
rectly through the flux termF).

(A1) ∂Fi
∂x j

= 0 if i and j belong to different subcommunities.

Further assumptions on (2) are:

(A2) The functionsFi : Rn
+ → R are homogeneous of degreeq > 0: Fi(sx) =

sq Fi(x).
(A3) At least one subcommunity is ‘productive’:∃α :∑i∈Cα

Fi(x) > 0 for all
x ∈ Sn with

∑
i∈Cα

xi > 0.

These assumptions are obviously satisfied for the hypercyclic interaction term
Fi(x) = ki xπ(i) of (1). We can now state the exclusion principle.

Theorem. Under the above assumptions (A1), (A2) and (A3), for almost all
initial conditions x(0) ∈ Sn, there is an α (that depends on x(0)) such that
xi(t) → 0 for all i /∈ Cα and hence

∑
i∈Cα

xi(t) → 1 as t → ∞.

Theproof is divided into four steps.
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1) Let us consider a modified differential equation on the nonnegative
orthantRn

+,

ẏi = yi(Fi(y)−1) , i = 1, . . . , n . (3)

In view of (A1) this system onRn
+ obviously decouples intom independent

subsystems of the form

ẏi = yi(Fi(y)−1), i ∈ Cα (3α)

for α = 1, . . . , m. The systems (2) and (3) are essentially dynamically equiva-
lent: Consider a solutiony(t) �= 0 of (3), and definez(t) = Q (y(t)), where
Q : Rn

+ \ {O} → Sn, Q(y) = y/
∑n

i=1 yi is the radial projection onto the sim-
plex Sn. It is easy to check, that

ż i = zi

(
Fi(y)−

n∑
j=1

z j Fj(y)

)
= zi

(
Fi(z)−

n∑
j=1

z j Fj(z)

)
·
(

n∑
j=1

yj(t)

)q

,

(4)

using the homogeneity assumption (A2). Systems (2) and (4) differ only by
a positive factor and generate the same orbits. More precisely,z(t) traces out
a portion of the orbit of (2) throughx(0) = z(0) ∈ Sn. One should be aware
that while solutions of (2) are defined for allt due to the compactness ofSn,
solutions of (3) will not be in general. If

∑n
j=1 yj(t) → ∞ in finite time, as

t ↑ τ thenz(t) traces out the positive orbit ofx(0) = z(0) already in finite time.
On the other hand, if

∑n
j=1 yj(t) → 0 ast → ∞ then z(t) will trace out only

a finite portion and come to a stop at a certain pointx(τ) on the orbit of (2)
throughx(0) = z(0). Hence we cannot recover the full positive orbit of (2) from
a solutiony(t) converging to 0.

2) The originO is asymptotically stable for (3), or each subsystem (3α), as
seen by linearization, and hence its basin of attractionBα(O) is open. Hence,
for each subcommunityCα there is a functionsα : Rn

+ → R+ ∪{∞}, such that
for y ∈ Rn

+ we have: if 0≤ s < sα(y) then sy ∈ Bα(O) and if s = sα(y) < ∞
thensy lies on the boundary bdBα(O) = Mα of the basin.sα(y) depends only
on the componentsyi with i ∈ Cα and it is homogeneous of degree−1, i.e.,
sα(qy) = q−1sα(y). Since the basinBα(O) is open,sα is lower–semicontinuous.
Solutionsy(t) in the invariant manifoldMα exist for all timet ≥ 0 (being limits
of solutions inBα(O)) and satisfy

∑
i∈Cα

yi(t) ≥ c > 0 for somec > 0, for all t.
3) For thoseα that correspond to a productive subcommunityCα accord-

ing to (A3), sα(y) is finite for all positive y ∈ int Rn
+. This can be seen as

follows. For P(y) =∏
i∈Cα

yi one hasṖ/P =∑
i∈Cα

(Fi(y)−1). Using (A3),
(A2), and compactness of the simplex we find a constantc > 0 such that∑

i∈Cα
Fi(y) ≥ c(

∑
i∈Cα

yi)
q. This implies that the sets{y : P(y) ≥ p1} are for-

ward invariant for largep1 and in these setsP goes to infinity (in finite time)
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along solutions. Since every positive ray from the origin hits this region,Bα(O)

is bounded along every positive ray andsα(y) < ∞ for eachy ∈ int Rn
+. (For

boundary rays this need not be true, as the example of the hypercycle shows.)
With other words, the boundary manifoldMα = bdBα(O) is hit by each posi-
tive ray from the origin (in exactly one point).

4) Let now

s(y) = min
1≤α≤m

sα(y) < ∞ . (5)

Consider an initial pointx ∈ int Sn. Theny := s(x)x is the ‘first’ point where
the ray from the origin throughx hits one of the manifoldsMα. For almost
all x ∈ Sn there is a uniqueα such thats(x) = sα(x) while for all β �= α we
haves(x) < sβ(x). (Homogeneity of the functionssα implies that for each pair
α �= β, the set{x : sα(x) = sβ(x)} has Lebesgue measure zero.) Thenyi(t) → 0
for i ∈ Cβ (β �= α), ast → ∞, but

∑
i∈Cα

yi(t) ≥ c > 0 for all t ≥ 0. Consider
again the projectionz(t) = Q(y(t)). Thenzi(t) → 0 in (4), and hencexi(t) → 0
in (2), ast → ∞ for i ∈ Cβ , β �= α, and only members of theα-subcommunity
can survive. ��
Remarks. 1. Whenever the functionssα are continuous (like for the competi-
tion of hypercycles (1), see Remark 3 below) the sets{x : sα(x) �= sβ(x)} are
open and dense for each pairα �= β. Then the exclusion principle holds also for
generic initial conditions, i.e., in the topological category.

If the minimum in (5) is attained for severalα, that means several mani-
folds Mα are hit at the same values, two or more subcommunities can sim-
ultaneously survive. This occurs only within codimension 1, namely on the
projection underQ of the intersection of two manifoldsMα. Survival of allm
subcommunities is possible only ifs1(y) = · · · = sm(y), which happens only on
an(n −m)-dimensional manifold of initial conditions inSn.

2. The result obviously extends to equations of the form

ẋ i = Gi(x)− xi G(x) , i = 1, . . . , n, G(x) =
n∑

j=1

G j(x) ,

which do not leave the boundary ofSn invariant but define semiflows onSn

instead. (A1) and (A2) have to be modified in an obvious way.

3. The ‘productivity’ assumption (A3) which is used in step 3 of the proof
could be replaced by other conditions satisfied by (1) such as monotonicity
∂Fi
∂x j

≥ 0 for i �= j together with the existence of an interior fixed point for (3α),
see the proof of Lemma 1.3 in [2]. In this case, the functionssα and the mani-
folds Mα are at least Lipschitz continuous.

4. It is not clear, how important the homogeneity assumption (A2) is. Cer-
tainly the present proof makes essential use of it. For a similar exclusion result
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without (A2) consider systems of the form

ẋ i = xi( fi(xi)− f ), i = 1, . . . , n, f =
n∑

j=1

xj f j(xj) , (6)

(casen = m) where fi are strictly monotonically increasing functions ofxi .
Such systems (6) have a Ljapunov functionV(x) =∑

Fi(xi) where Fi is an
antiderivative off i, i.e., F ′

i (xi) = f i(xi), see [3, Ex. 24.3.2]. Sincefi is increas-
ing, V is strictly convex, and has maxima only at the corners of the simplex.
Hence for most initial conditions, only one species will survive.
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