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Motivation

« Different sets of impulse responses can be computed from
same underlying VAR or VECM (impulse responses not
unique)

e use non-sample information to decide on the "proper" set
of impulses for a given model
— impose "structural” restrictions (based on economic theory)
to identify the relevant innovations and, thus, impulse responses
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Structural VARs

(Structural) Vector Autoregressions

¢ K-dimensional stationary, stable VAR(p).

Ve=Ayr1+ ...+ Apyi—ptu (1)
e We know that (1) has a Wold MA representation

ye =t + Qrus—1 + Pous_n + ... (2)

where

N

@AYIZ(I)S_]'A]' s = 1,2,W|th (I)OZIK
=1

e Choleski decomposition to orthogonalize innovations (X, = PP’
with P lower-triangular matrix — Wold causal ordering). Unless
there are "structural” reasons for the ordering of the variables
(derived from economic theory) this approach is arbitrary.

e — Use nonsample information to specify unique innovations



The A Model

The A-Model

e Find a model with instantaneously uncorrelated residuals;
i.e. find matrix A such that

Ay, =Ayii+ ..+ Ayt e (3)
e is a structural model, where
A}‘ =AA; and & = Au; ~ (0,5, = AL, A

For a proper choice of A, ¢, will have a diagonal covariance
matrix.

e MA representation based on ¢,
i = Ooe, + 0161 + 262+ ..,

where ©; = ®;,A~" and the © are impulse responses to ¢, shocks.



The A Model

A-Model — Restrictions

e From X, = AX,A’ and the assumption of a diagonal . we
get K(K — 1)/2 independent equations (i.e., all K(K — 1)/2)
off-diagonal elements of AX,A" are zero)

« To solve uniquely for K* elements of A, we need another
set of K(K + 1)/2 restrictions

e Normalize diagonal elements of A to unity — additional
K(K — 1)/2 restrictions from nonsample information



The A Model

Restrictions, cont.

e If, for example, Wold causal ordering is possible, then

1 0 0
any 1 0

A=
aki ag? . 1

e With A having a unit main diagonal, K(K — 1)/2 restrictions
for the off-diagonal elements of A ensure just-identified
shocks ¢, and, hence, just-identified impulse responses



The A Model

A-Model — Rewrite restrictions

e Restrictions must not be arbitrary; write them in the form
Ca vec(A) = cp

with selection matrix Cp = (3K(K + 1) x K*) and
a suitable fixed vector ca = (lK( +1)x 1)

e The restrictions have to be such that the system of
equations

Al A =y, and Ca vec(A) = ca

has a unique solution, at least locally
(remember: ¢, := Au; ~ (0,Xe = A)



The B Model

The B-Model

Idea: think of the forecast errors () as linear functions of
the structural errors (¢;)

— |dentify structural innovations ¢, directly from reduced
form residuals u,

Uy = BE; and Eu = BZEB/

Normalizing the variances of the structural innovations to
one; i.e. assuming ¢, ~ (0, Ix), gives

¥, = BB

Choose B again by a Choleski decomposition

Assumed symmetry of the covariance matrix specifies

K(K + 1)/2 restrictions; we need another K(K — 1)/2 restrictions
to identify all K? elements of B



The B Model

B-Model — Restrictions

e Empirically most relevant: choose B to be lower triangular
(in principle, other zero restrictions on B possible)

e Structural because now recursive structure is only chosen
if it has theoretical justification

e If only zero restrictions

Cpvec(B) =0

¢ B can be uniquely identified, at least locally



The AB Model

The AB Model

Combine both types of restrictions — the AB-model
Idea: formulate relations (restrictions) for the innovations

Au, = Be, with ¢ ~ (0, Ix)

From ¢ ~ (0, Ix) we get u; = A~ 'Be; and, hence
¥, = A"'BB’A~" with K? elements for each, A and B.

Restrictions typically normalizations or zero restrictions;
written in the form of linear equations:

vec(A) = Raya + ra and vec(B) = Rgyg + 18
where Ra and Rg are suitable matrices of zeros and ones, va and g are
vectors of free parameters, and ra and rg vectors of fixed parameters



The AB Model

Blanchard-Quah (1989)

¢ Alternative approach: consider accumulated ("long-run")
effects of shocks to a system as in Blanchard & Quah
(1989)

e Remember structural impulses of the form
Vi = Oo€ + O16-1 + Or6,2 + ...

Blanchard & Quah (1989) derive a total impact matrix

[1]

=Y 6i=(xk—A—...—A) 'A'B (4)
i=0

¢ |dentify structural innovations by placing zero restrictions
on this = matrix; i.e. assume that some innovations do not
have any total long-run effects



The AB Model

Blanchard-Quah, cont.

Example: bivariate system y, = (q,, ur,)’

structural innovations represent supply and demand shocks;
assume that demand shocks have only transitory effects on ¢,
(accumulated long-run effect of such shocks on ¢, is zero)

Place supply shocks first, demand shocks second (¢, = (¢!, €%)’),

then the upper right-hand corner element of equation (4); i.e.
the = matrix, is restricted to zero (no restrictions placed on the
instantaneous effects of the observable variables)

This corresponds to AB-model with A= I (that is, the B-model)
with restriction

(0,0,1,0)vec[(Ix — Al — ... —Ap)~'B] =0



Structural VECs

Cointegration and Vector Error Correction form

e Definition of a cointegrated process y, ~ CI(d,b) with all its
K variables being I(d)

> but there exist linear combinations between the
variables z; = By, which are I(d-b). Most often CI (1,1).

e Such a process can be written in Error Correction form:

Ay, =afy1 + 1Ay + ...+ Ly 1Ay py1 +uy (5)
~——

e So far, the VEC model does not explicitly include
assumptions from theory.

e We can interpret (5) as the reduced form of a structural
VEC model, which incorporates results from theory.



Structural VECs

Structural Vector Error Correction model

A structural VEC without deterministic terms and
exogenous variables has the form:

AAy, =TTy + DAY -1 + ... + T Ay pi1 + Ber (6)

The (K x K) matrix A allows incorporating a structure
reflecting a theoretical model.

The structural equation in (6) has the reduced form
representation:

Ay =Ty, +TiAy 1+ .o+ T i Ay pir +ur - (7)

where Il = A'II*, I; = A~'T'}, and 4; = A”'A” and the
reduced form disturbances u, are related to the underlying
structural shocks ¢, by u, = A~ Be,.

In order to identify the structural form parameters, we
must impose restrictions on the parameter matrices.



Structural VECs

Beveridge Nelson MA representation

The process given in (7) has the Beveridge Nelson MA
representation:

t e e]
Vi = EZui—i—ZE*u,_j +Y0 (8)
i=1 =

N———
1(1) 1(0)

1(0) part The =* are absolutely summable so that the
infinite sum is well defined. (converges — 0 for j — oc.)

I(1) part The long run effects of shocks are captured by the
common trend term Y%, u;.

The matrix = = 8L[o/, (Ix — >_T)B.] "'/, has rank K-r.
There are (K — r) common trends, at most r can have
transitory effects.



Structural VECs

B-model setup for sVEC

Focus of interest on the residuals - the B-model setup is
typically used.

Connection of reduced form and structural form errors:
Uur — Bﬁt 6[(0,[[() (9)

Substituting this equation in the Beveridge Nelson MA
representation gives

t
EBY « forthe I(1) part. (10)

i=1

Hence, the long-run effects of the structural innovations
are given by =B.



Structural VECs

B-model setup for sVEC

Because X, = BB/, rk(2B) = K — r there can be at most r
zero columns in this matrix.

This means that, r of the structural innovations can have
transitory effects and K — r of them must have
permanent effects.

The matrix B has reduced rank rk(EB) = K — r,

— therefore each column of zeros stands for K — r
independent restrictions.

— The r transitory shocks represent r(K — r) independent
restrictions.



Structural VECs

Local just-identification

e For local just-identification of the structural innovations in
the B-model, a total of K(K — 1)/2 restrictions are
required.

- We have already r(K — r) restrictions from the
cointegration structure of the model.

- We need %K(K — 1) — r(K — r) further restrictions for
just-identification of the structural innovations.

- Infact, r(r — 1)/2 additional contemporaneous restrictions
are needed to disentangle the transitory shocks

- and r(K — r)((K — r — 1) restrictions to identify the
permanent shocks. (King et al. (1991), Gonzalo & Ng
(2001)).



Structural VECs

Restrictions

The restrictions take the form
C=pvec(EB) = c; or Cvec(EB) = ¢; and  Csvec(B) = ¢

C; := C=p(Ix ® E) is a matrix of long-run restrictions, that
is, C=p is a suitable selection matrix such that

CEBVEC(EB) = C].

¢;s specifies short-run or instantaneous contraints by
restriction elements of B directly.

¢; and ¢, are vectors of suitable dimensions. In applied
work, typically zero vectors.
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JMulTi is an open-source interactive

software for univariate and multivariate time
series analysis

The course textbook Lutkepohl (2006) as

well as Lutkepohl & Kratzig (2004) refer to
JMUITI

Downloadable for free at www.jmulti.com

Datasets from the Litkepohl‘s textbooks can
be downloaded here:

www.jmulti.com/datasets.html
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Breitung, Briggemann, Litkepohl (2004), used in
Latkepohl (2006)

Stylized IS-LM model

Quarterly US data on

— Real GDP

— Three-month interbank interest rate
— Real monetary base

. — [ IS
IS curve: u,g=-a,,u,+b,,€,
I— m LM
Inverse LM curve u,'=-a,,u,%-a,,u,m+b,, €,
Money supply rule: u/m=b,; €™



Settings for reduced-form VAR with 4 lags, constant and trend
g: Output

i: interest rate

m: real monetary base

B JMulTi
Filz  Modules  Tools  Control  Help

sa a8 0o @+

[}y output History On VAR Analysis |
ARCH Analysis Specificetion  Estimation  Mocel Checking  Structural Analysis  SWAR  Forecasting
ARIMA Aralysis funivari pecify YAR Model— CHIFShift for Multiple Selection
[ Initial Analysis B most o, 1087 04, 7= 108

<<=
E =

MNanparametric Time 54 -
Smooth Transition Reg| ||| Endogenous lags 4 Intercept
YAR Analysis Exogenous lags |:| Seasonal dummies

WECH Analysis :
[ LAST STATE <Tue, 1000 - i)

SVAR <Tue, 10 Jan 201 -
g SVEC Luetkepohl <Tug| [f| Eneegeneus maxlags o ][ come oot |

[1960 @1, 1987 @4 ]

| [l =3 | | Confirm Selection |

[1960 Q1, 1927 Q4], T=142

Selection Ordersets WVariable Order
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Estimated coefficients of the reduced-form VAR

B MulTi
File=  Modules  Toolz  Control  Help

EIE

(5 output History On |- | ] vaR Analysis
ARCHAnaI\;‘SiS Specification  Estitmation  Model Checking  Structural Analysiz  SWAR  Forecasting

ARIMA Analysis univari Matrise r Output (saverint) |/ Stats |
[B= Initial Analysis :
Honparametric Time S §§
= i 3 Coefficients
Smooth Tra_nsmnn Reg Estimation results hocel Coefficients
WAR Analysis i

WECM Analysis M| | Estimation method oLE
L3 LAST STATE =Tue, 10 J t-values
(3 SVAR <Tue, 10.Jan 201 - Estimation period [1961 @1, 1357 Q41, T = 108

Estimated hodel=

Standard Dey.

[ 5VEC Luetkepahl =Tug| :

1057 | 01 | oasr ||| aten
0722 1.015| 0605 itt-1
o2oa| codat | 1204 ([ met-1)

on7a| oass| oasz||| atm
043 | 0361 0759 i3
0133| -0me| 0416 ||[| mt-m

1.031 | 0.0
-2.209 | -0.002 |: CONST:|+

0.453| oo ||[LTFEND
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Set structural restrictions for the A and the B matrix

B JMulTi
File  Modules Toolz Control  Help

@@ a8 o/b &

() output HistoryOn | § =] vaR analysis :

ARCH Analysis Specification  Estimation  Mocel Checking  Structural Analysiz SWAR  Forecasting
ARIMA Analysis (univari| - Select SYAR Model Type—

[ Initial Analysis :
Honparametric Time Sg
Srmooth Transition Reo| :§[ Specify/Estimate SYAR AB Model | Cutput (savelorint) |

WAR Analysis :

WECH Analysis £ matriz [ ] Ediit costficients manually [ Edit cosetficients manually
[ LAST STATE <Tue, 10
[ SVAR <Tue, 10 Jan 201 -
[3 svEC Luetkepahl =Tug| -

|SVAR A Mol | = |

th i tm
0 0
* 0
1 ®

[ Specify A model

Optimization Seftings

[ Specify B madel

- Specify general case

last SYWAR model estimated: none




Estimation results for A and B

File Modules Tools Control  Help

=@ a 8oy o

([ output History On

VAR Analysis

[ aroH analysis

[B= Initial Analysis

Smoath Transition Reg
WAR Analysis
YECM Analysis

ARIMA Analysis (univari| -

Monparametric Time Se
“} Specify/Estimate SvAR A5 Model | Oulput (savedarint) |

[ LAST STATE <Sat, 14 J; -
(& 5vAR =Tue, 10Jan 201 -
[ 5VEC Luetkepahl <Tue|

1] i | IC

Specification  Estimation  Model Checking  Structural &nalysiz SWAR  Forecasting

Select SVAR Model Type=

|S\¥AR £ Wadel ‘ = ‘

Step Z: =l
structural VAR Estimation Results
ML Estimation, Acoring Algorithm (see Amisanc & Giannini (1992))
Conwvergence after 1 iterations
Log Likeliheod: 1445.6364
gtructural VAR iz just identified b
Estimated & matrix: 3
1.0000 -0.0398 0. 0000 i
-0.144z 1. 0000 0.7321
0. 0000 0. 0000 1.0000 |9
Estimated standard errors for & matrix:
o.oooo 0. 1580 0.o0oo
0. =853 o.oooo 0.1458
o.oooo o.oooo 0.o0oo
Estimated B matrix: |

last S AR model estimated: none
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*Impulse Response Analysis with 95% Hall bootstrap confidence intervals (2000 bootstrap
replications)

*Responses of g (upper row), i (middle row), m (bottom row) to three structural shocks
*|S or spending shock in left column

*LM shock in middle column

*Money supply shock in right column

JHuITi Sob Jan 14 2M3558 2012

*|S shock increases output
immediately, increases interest rate
(with maximum after 8 quarters),
decreases real money holdings

*LM shock increases interest rate and
decreases output

*Money supply shock decreases
output (contrary to economic
theory), decreases interest rate and
increases real money holding
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Exa ||p
Litkepohl (2006)
US quarterly data
Output, consumption, investment
All variables 1(1), cointegrating rank=2,
two transitory shocks, one permanent shock
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Settings for reduced-form VEC with 1 lags, constant and 2
cointegration relations
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| Clear EC Selection ‘
Select Estimation Strategy -
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Delete Restrictions ‘
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Estimated coefficients of reduced-form VEC

E =X

File  Modules Tools Control Help

I RO YIRS

({3 output Historyon | VECM Analysis
ARCHAnaI\;’SiS Specification  Estimation  Model Checking  Structural Analysis  SWEC  Forecasting

(5] ARIMA Analysis (univari Matrix (VEC) | Matrix (VAR) | Output tsaveiorint) | Stets |
[ Initial Analysis B

— P "ECM Estimation Results -
Monparametric Time Se -
Srmooth Transition Reg Estimation resutts Model Coefficients Coefficients
VAR Analysis Estimation method One stage. Johansen spproach
[F] vECM Analysis i
[ LAST STATE <Gat, 14 J{ | | Estimation period (1947 G3, 1988 Q4], T = 166 t.valuss
[ 5YAR <Tue, 10 Jan 201| -
(& SVEC Luetkepohl <Tue| AoutputD) Uttt A1)

B diconsumptionit) --- consumption(t-17 diconsumptiont-17

diirvestment)it) investmentit-1) diinvestmentit-1)
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eRestrictions on B (short-run) and =B (long-run)
*One permanent shock that can have effects on all three variables
*Two transitory shocks, with the first one allowed to have effects on all three variables, and the

second one not to be allowed to affect the second variable (0 restriction in B). By that, the two
transitory shocks are disentagled

File Wodules Toolz Control  Help

@@ = 8 en o

(5 output History On |- | =] vECM Analysis
ARCH Analysis Specification  Estimation  Model Checking  Stroctural Analysiz SVEC  Forecasting
] ARIMA Analysis (univari|
[ Initial Analysis
Monpararmetric Tirme Se B matrix
Smaoth Transition Reg|

SpecifyEstimate SVEC Madel | Output csavedorint) |

Identified long-run impact matrix

) ; 2 output | consumption | investment output | consumption | investment
WAR Analysis B - " il " " £ 0 i 0
[ vECM Analysis :

i * 1] + o 0
[ LABT STATE <&at, 14.J; - . - : 2 0
03 VAR <Tue, 10.Jan 201
[E SVEC Luetkepohl <Tug| -

Optimization Settings

Mumbet of bootstrap replications |2EIDD

Poirt Estimates Only

|:| Usze thiz seed (0 = 2 = 2 147 453 647 Estimate with Eoaot. Std. Err.




Estimated B and =B matrices

File Modules Toolz Control
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[[ output History On

VECM Analysis

[ ARCH Analysis
[ Initial Analysis

Smooth Transition Req| -
[ war analysis :
[ vECH Analysis :
[ LAST STATE =Sat, 14 .J; -
[ 5vaR <Tue, 10.0an 201 -
[ 2VEC Luetkepohl =Tue|

[ arima Analysis univari N[ SpecifyEstimats SYEC Model | Output (savedorint) |

Specification  Estimation  Model Checking  Structural Analysiz SVEC  Forecasting

Monparametric Time Se

FF%F Zat, 14 Jan 2012 14:09:51 ##%%
This is a B-wodel with long run restrictions

Long run restrictions prowide(z] 2 independent restriction(s).
Contenporaneous restrictions prowvide(s) 1 additional restriction(s).

Gtructural VAR Estimation Results

ML Estimation, Scoring Algorithm (see Amisano & Giannini (1992))
Convergence after 10 iterations

Log Likelihood: -283.1023

Structural WAR iz just identified

Eztimated B matrix
0.0751 L.0zZas  -0.4487
-0.6025 0.4z286 0.oooo
0.2573 1.9565 l.001&

Eootstrap standard errors:
0.1l866 0.2626 0.59z29
0.84135 0.1017 0.oo0o00
0.4191  0.3790  0.5081

ull
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*|RA with 95% Hall bootstrap confidence intervals (2000 bootstrap replications)
*Responses of output (upper row), consumption (middle row), investment (bottom row) to
three structural shocks

*Permanend shock in left column

*Transitory shocks in middle and right column

Effects of the long-run SWEC Impulse Responses
shock are all negative in —

the long run. (To see the
effect of an impulse which
leads to positive long-run
effects, just reverse the
sign of the impulse
responses)

*The transitory shocks

4 8 & 5 11 & 8 oo -

indeed fade out quickly. I — et s
*The single O restriction in ' '
B can be seen in the right
column, second row.
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*Forecast error variance decomposition

*Permanent shock (light blue part) has increasing importance with higher forecast horizon
*The importance of the transitory shocks (green and dark blue) are decresasing with higher

forecast horizon
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