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This course is exclusively based on the book “New Introduction to Multi-
ple Time Series” by Helmut Lütkepohl. While the book’s title indicates
some greater generality, we will restrict focus to vector autoregressions as the
basic tool of linear multiple time-series analysis. This may even include some
nonlinear models with asymmetric, breaking or threshold behavior that are
variants of linear vector autoregressions.

1 Introduction

In this section, Lütkepohl departs from the aim of predicting economic
variables, which is certainly an important but not the only conceivable task
of time-series modelling. Note the slight error in the basic definition on page
2, as a multiple time series is not a set but a vector of time series.

Rigorously, a time series is a finite sequence of observations on a variable,
for example of y, at time points t = 1, . . . , T . A typical member of the se-
quence is denoted as yt. Then, a multiple time series consists of observations
ykt for variables k = 1, . . . , K and for time points 1, . . . , T . The word ‘time
series’ refers to data. T denotes the sample size or the length of the time
series.

In contrast, a ‘time-series process’ is a stochastic process and therefore a
statistical, constructed entity. The basic idea of time-series analysis is that
the observed time series is a (partial) realization of such a stochastic process.
We remember that univariate time-series analysis uses processes of the type

y : Z × Ω → R,

where Z denotes an index set and Ω forms a probability space, formally
denoted as (Ω,F , Pr) with a σ–algebra F and a probability measure Pr. For
discrete-time processes, which are exclusively used here, Z is supposed to be
‘at most countable’ and may be the integers or the positive integers.
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We also remember that, for fixed t ∈ Z, yt is a (real-valued) random
variable, while for fixed ω ∈ Ω, y(ω) is a sequence of real values that is
called a realization of the process or sometimes a trajectory. A stochastic
process may therefore be viewed as a random variable with values that are
sequences, or alternatively as a sequence of real-valued random variables that
are defined on a common probability space.

Now, in multivariate time-series analysis, the only change is that we focus
on processes that are formally defined as

y : Z × Ω → R
K ,

where the random variables are K-vector-valued. Again, for fixed t ∈ Z, we
have a vector-valued random variable, and for fixed ω, we have a realization
of K possibly infinite sequences of real numbers.

Like in all time-series textbooks, the same symbol y is used for time-series,
i.e. data, and for time-series processes, i.e. stochastic entities. The expression
data generation process (DGP) is used for the process that has or may have
generated the observed data, such that the observed data is interpreted as a
(partial) realization of the DGP. Of course, we know for sure that the DGP is
a DGP only in cases where the data have been generated artificially by using
a random generator. Otherwise, the concept of the DGP is an abstraction.

Finally, a vector autoregressive process is defined as a special case of
multivariate time-series process, such that yt, a K–vector, depends on its
past via the formula

yt = ν + A1yt−1 + . . . + Apyt−p + ut,

where ν is a constant K–vector for the intercept and all Aj, j = 1, . . . , p are
K×K–matrices, while ut denotes a multivariate white noise process. In this
scheme, any of the component variables yk,t, k = 1, . . . , K depends on p lags
of itself and of the other K − 1 component variables.

For the moment, the properties of the white noise ut are not defined
more rigorously. A convenient backdrop case is that this is an independent
sequence of multivariate Gaussian random variables with identical expecta-
tion of 0 and identical variance matrix Σu. Not all results hold for the most
general case of uncorrelated variables with identical zero mean and identical
variance matrix, which would be the usual white-noise definition.

The section closes with the traditional Box-Jenkins flowchart for applied
time-series analysis, where time-series models are specified and estimated and
then subjected to ‘model checking’. If the models are found to be ‘good’, one
may continue with forecasting and other uses (‘structural analysis’). If the
models are found to be bad, one is to return to the specification stage. While
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the flowchart is commonly followed in principle, many users may specify
and estimate a set of models right from the start and compare them rather
than check for a single model’s validity. For example, it may make sense to
compare a set of valid and invalid models in a forecast evaluation.

2 Stable VAR Processes

The word ‘stable’ is used to describe a property of the coefficient structure,
notwithstanding the influence of starting conditions. Thus, it corresponds to
‘asymptotically stationary’ with other authors. Note that some authors use
‘stable’ as a synonym for ‘stationary’.

2.1 Basic assumptions and properties

A VAR(1) process
yt = ν + A1yt−1 + ut,

with white noise ut (i.e., Eut = 0 and varut = Σu and uncorrelated over time)
is called stable if all eigenvalues of A1 have modulus less than one. This
assumption corresponds to the assumption of a coefficient of modulus less
than one in a univariate AR(1) process and allows to continue the following
iterative substitution:

yt = ν + A1(ν + A1yt−2 + ut−1) + ut,

...

yt = (IK + A1 + ... + At−1

1 )ν + At
1y0 +

t−1
∑

j=0

Aj
1ut−j

to infinity, assuming the process was started in the infinite past, such that
one obtains

yt = µ +
∞
∑

j=0

Aj
1ut−j,

with µ defined as (IK − A1)
−1ν, the formal limit of the geometric sum of

the matrices Aj
1. It can be shown that this assumption is sufficient for the

convergence of the sum of stochastic variables in mean square, such that yt

is a well-defined stochastic process.
Invoking a result from matrix algebra, it is stated that the condition on

the eigenvalues of A1 is equivalent to the condition

det(IK − A1z) 6= 0 for |z| ≤ 1.
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This is straightforward, as eigenvalues are defined as solutions to det(A1 −
λIK) = 0. This equation can be divided through λ. Therefore, the eigenval-
ues are less than one if and only if the solutions to the above condition are
larger than one.

What about higher-order VAR(p) processes? The main result is that the
generalized condition

det(IK − A1z − A2z
2 − . . . − Apz

p) 6= 0 for |z| ≤ 1

yields stability.
This stability condition can be derived from the following ideas. Firstly,

any VAR(p) can be written as a VAR(1) if one uses the matrix A:

A =











A1 A2 . . . Ap−1 Ap

IK 0 . . . 0 0
...

. . .
...

0 0 . . . IK 0











,

in the form Yt = ν + AYt−1 + Ut, where Yt is a Kp–vector that contains p
successive observation vectors yt, stacked on top of each other:

Yt =









yt

yt−1

. . .
yt−p+1









,

while ν and Ut contain non-zero elements in their first K rows only:

ν =









ν
0
. . .
0









, Ut =









ut

0
. . .
0









.

Meditating on this so-called state-space representation, one finds that the
original VAR(p) equation is contained in the first block of K rows, while the
remaining rows are mere identities yt−1 = yt−1 etc. Anyway, it is a VAR(1)
model and the above condition

det(IKp − Az) 6= 0 for |z| ≤ 1

guarantees stability. By some matrix algebra (properties of determinants of
block matrices), it is fairly easy to establish that the two versions of the
stability condition for AR(p) models are equivalent.
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Similarly, the result µ = (IKp −A)−1ν must hold, where only the first K
rows of the Kp–vector µ are of interest. Formally, this part can be obtained
as

µ = Jµ = J(IKp − A)−1ν,

where J is a K × Kp block matrix of the form

J = [IK : 0 : . . . : 0] .

Similarly, one may formally represent the first part of the Yt vector as

yt = JYt = Jµ + J

∞
∑

j=0

AjUt−j.

Once such an infinite-order moving-average representation of a VAR process
has been established, one may also calculate its autocovariance function. For
example, yt = µ +

∑

∞

j=0
Aj

1ut−j (for a VAR(1) process) implies

Γy (h) = E (yt − µ) (yt−h − µ)′

= lim
n→∞

n
∑

i=0

n
∑

j=0

Ai
1E
(

ut−iu
′

t−h−j

) (

Aj
1

)′

=
∞
∑

j=0

Ah+j
1 ΣuA

j′
1 ,

which uses the white-noise property in the last equality. Similarly, for a
general VAR(p) process, one may write

ΓY (h) =
∞
∑

j=0

Ah+jΣU

(

Aj
)′

.

This is a Kp × Kp–matrix, with the interesting part Γy (h) forming the
northwest K × K block, which again may be retrieved formally using J :

Γy (h) =
∞
∑

j=0

JAh+jΣU

(

Aj
)′

J ′.

One may also note that ΓY (0) contains all Γy(j) with 0 ≤ j ≤ p − 1 as
building blocks.
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A more traditional moving-average representation is obtained using ut =
JUt:

yt = Jµ + J
∞
∑

j=0

AjUt−j = µ +
∞
∑

j=0

JAjJ ′JUt−j

= µ +
∞
∑

j=0

Φjut−j,

where Φj = JAjJ ′, which looks simpler than it is. The large matrix A must
be taken to its j-th power first, before one can focus on its northwest corner
by multiplying J into it. Thus, these operations will rarely be done on paper.
They serve as a basis for computer programming in matrix languages and
for theoretical proofs.

From these manipulations, the formula

Γy (h) =
∞
∑

j=0

Φh+jΣuΦ
′

j

follows immediately.
An alternative way of conducting the manipulations is by using the lag

operator L of Lyt = yt−1. Using

A (L) = IK − A1L − . . . − ApL
p,

we may write the AR(p) model as

A (L) yt = ν + ut

or
yt = A−1 (1) ν + A−1 (L) ut.

Apparently, the book by Lütkepohl does not use the lag operator calculus
as much as others and it mainly relies on matrix algebra.

At this point, the expressions stationary and stable are explained in some
more detail. In line with the time-series literature, a process is called sta-
tionary when its mean and its autocovariance function are time-constant. If
the joint distribution of successive observations is time-constant, the process
is called strictly stationary. This terminology is equivalent to the one known
from univariate time-series analysis. Of more interest is the relation of sta-
tionarity and stability. Stable processes are always stationary when started
in the infinite past (Proposition 2.1). Stationary processes must be stable

6



if their law of generation can be interpreted in the usual direction of time.
Non-degenerate processes with roots on the unit circle cannot be stationary.

Is every stationary multivariate process a VAR process? No, but one
may justify VAR modelling as follows. According to Wold’s Theorem, every
stationary process has a moving-average representation. In ‘most’ cases, mul-
tivariate moving-average processes can be approximated by VAR processes.

If the world is so complicated, can one use VAR models with a low dimen-
sion? If a K–variate process is stationary, then also any k–variate subprocess
of it with k < K is stationary. The k–variate subprocess is never ‘misspeci-
fied’, there is no ‘omitted variable bias’.

The section closes with some further algebraic results. For example, while
it is easy to derive the mean µ from the coefficient matrices and the intercept
ν, the matrix Γy (0), which just describes the variances and covariances of
the vector variable yt, i.e. var (yt), is determined by the formula

vecΓy (0) = (IK2 − A1 ⊗ A1)
−1 vecΣu

for the VAR(1) and by an analogous formula for VAR(p). Such a closed-form
evaluation may be preferable to the infinite sum that was introduced above.
However, it requires the implementation of Kronecker products. Similarly, h–
order autocorrelations Ry (h) can be formally obtained from autocovariances
as

Ry (h) = D−1Γy (h) D−1,

using the diagonal matrix D that contains square roots of the diagonal ele-
ments of Γy (0) along its diagonal, i.e. standard deviations of yt. Such prop-
erties are convenient tools for programming.

2.2 Forecasting

Because forecasting is one of the main aims of VAR modelling, it is worth
while to spend some thoughts on forecasting. However, it appears that many
economists are not so much interested in forecasting as in structural analysis.
That topic is covered in the next subsection.

Lütkepohl defines the task of forecasting as follows. In time point t
(the forecast origin), an information set is available, denoted as Ωt. Formally,
this may be a σ–algebra built from the past of the process {ys, s ≤ t}. The
forecaster tries to approximate a ‘future’ yt+h, h > 0, as close as possible.
This approximation, formally measurable with respect to Ωt, is called h–step
predictor and h is called the forecast horizon. It is debatable whether the
forecaster typically wants to be ‘close’ to the random variable yt+h or rather
to the realized value yt+h (ω). In real life, the latter target is more likely.
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Traditionally, the forecasting literature distinguishes point prediction, if
the aim of prediction is a number ŷt+h, interval prediction, where the aim of
prediction is a confidence interval, variance prediction, for example in fore-
casting volatility, and distribution prediction, where the complete distribution
of the random variable yt+h is forecast(ed). The book focuses on point and
interval prediction.

A basic result in forecasting is that the expected squared error E (ŷt+h − yt+h)
2

is minimized among all Ωt–measurable predictors ŷt+h by using the condi-
tional expectation

ŷt+h = E (yt+h|Ωt) .

It follows that conditional expectations are ‘optimal’ predictors if the fore-
caster’s loss is well approximated by squares. In a VAR scheme

yt = ν + A1yt−1 + . . . + Apyt−p + ut,

the conditional expectation is evaluated easily, if ut can be assumed to be
independent or more generally fulfills some martingale-difference property.
If ut is merely uncorrelated white noise, conditional expectation may differ
from the following simple construction. Even in that case, however, this
construction yields the best linear predictor. Some textbooks even introduce
a separate notation for linear conditional expectation.

If E(ut+1|Ωt) = 0, then clearly

E (yt+1|Ωt) = ν + A1yt + . . . + Apyt−p+1,

and similarly

E (yt+2|Ωt) = ν + A1E (yt+1|Ωt) + A2yt + . . . + Apyt−p+2.

By iteration, h–step predictors can be obtained from (h − 1)–step predic-
tors for any h. Basically, this is how forecasting works within a time-series
computer program. Usually, all parameters ν, Aj, j = 1, . . . , p, Σu, must be
estimated from data. If only values within Ωt are used for this estimation,
the forecast is usually called out-of-sample. This is the acid test for good
forecasting properties. Economists tend to write Et (yt+h) for E (yt+h|Ωt) if
the information set Ωt is clear from the context.

Using the state-space representation Yt = ν+AYt−1+Ut makes forecasting
notation particularly simple, as the VAR(1) formula

Et (Yt+1) = ν + AYt

yields
Et (Yt+h) =

(

IKp + A + A2 + . . . + Ah−1
)

ν + AhYt
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by iteration, and this Et (Yt+h) contains the forecast Et (yt+h) as its first K
elements.

It is easily shown that the prediction error can be represented as a moving
average

yt+h − Et (yt+h) =
h−1
∑

j=0

Φjut+h−j,

where the Φj are the Wold-type moving-average matrices that were intro-
duced above. This allows some crude evaluation of the variance of the error

Σy (h) =
h−1
∑

j=0

ΦjΣuΦ
′

j.

As h increases, this forecast-error variance converges to the variance of y, i.e.
Σy. This means that the forecast becomes less informative, until its error
variance becomes as large as the total variance.

In practice, these formulae do not hold exactly, as the parameters are
unknown and their estimation uncertainty adds to the above. Similarly, the
expression on the right-hand side of the formula can only be approximated
from data. Particularly, the mean squared error in a forecasting experiment
need not increase monotonically in h. Even if all parameters were known, it
would just be an estimate of Σy (h).

Genuine interval forecasts are less common in economic applications.
Note that some interval constructions use the assumption of Gaussian (nor-
mal) errors that is not always fulfilled in empirical applications.

2.3 Structural analysis with VAR models

This subsection is of primary interest for many economic applications. Lütke-

pohl focuses on three aspects: Granger causality and variants, impulse re-
sponse analysis, and forecast error variance decompositions. These aspects
are related.

2.3.1 Granger causality

In 1969, the 2003 Nobel laureate Granger introduced a then new statis-
tical concept of causality, already within the VAR framework. According
to his definition, a time-series variable x is said to cause z if (according to
Lütkepohl)

Σz (h|Ωt) < Σz (h|Ωt\{xs, s ≤ t})
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for at least one h > 0. In words, the forecast error variance of predicting
zt+h from a complete universe that contains the past of z and x is smaller
than the forecast error variance from a universe without the past of x. In
short, according to the idea, the forecast for zt+h improves by accounting
for x. A problem with the definition is the subtraction symbol. If x and
z are closely related, the condition may be fulfilled trivially. This critique
may be countered by adding the past of x to the left-hand and omitting it
from the right-hand side, instead of subtracting. In line with typical usage in
multivariate analysis, it is to be noted that the symbol < denotes that the
difference right minus left is non-negative definite and non-zero.

In practice, the conditional expectations behind the formula will often
be replaced by linear expectations (see above) and possible h will only be
evaluated within reasonable limits.

In the 1970s, the concept of Granger causality was discussed fiercely. It
is now generally agreed that it constitutes an important concept of its own
right, while this does not exclude the possibility that other causality concepts
may be more appropriate in certain circumstances. Note that z causing x
does not exclude the possibility that x causes z, a feature called feedback.

The power of the concept relies on the fact that the formula has a simple
characterization within a VAR. To present that one, assume that the K–
variate process yt consists of the two components z and x of dimension M
and K−M . Formally, y′

t = (z′t, x
′

t). Further, assume that yt has a convergent
infinite-order MA representation

yt = µ +
∞
∑

j=0

Φjut−j = µ + Φ (L) ut, Φ0 = IK .

Then, the MA(∞) model may also be written in its partitioned form

yt =

[

zt

xt

]

=

[

µ1

µ2

]

+

[

Φ11(L) Φ12(L)
Φ21(L) Φ22(L)

] [

u1t

u2t

]

.

It is shown easily, using evaluations of conditional expectation and uniqueness
arguments, that x does not Granger-cause z if and only if Φ12 ≡ 0, i.e. if
Φ12,j = 0 for all j = 1, . . . ,∞. This is exactly Lütkepohl’s Proposition 2.2.
Of course, an equivalent property holds for z not causing x and for Φ21.

This result is of interest for theoretical considerations and for impulse
response analysis, while for most practical purposes it is more of concern
how (non-)causality is expressed in VAR models. Fortunately, it holds that
for all finite-order VAR processes, a completely identical property holds, i.e.
in the partitioned VAR system

[

A11(L) A12(L)
A21(L) A22(L)

] [

zt

xt

]

=

[

ν1

ν2

]

+

[

u1t

u2t

]

,
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x will not Granger-cause z if and only if the operator A12 ≡ 0. Likewise, z
will not Granger-cause x if and only if A21 ≡ 0. The proof of equivalence
uses the facts that the inverse of a block triangular matrix is again block
triangular and that the leading matrix A0 = IK .

If the vector variable is partitioned into three parts and one wishes to
investigate causality from one part to another one, keeping the third part
as given, one may conjecture that zero operator blocks again convey the key
information. The section in Lütkepohl’s book on pp. 49-51 is very valuable
in voicing a warning against this naive conjecture. One can show that it
holds for moving-average systems but that it is not generally true for vector
autoregressions. Even when a block that formally appears to correspond to
x causing z with y given may be zero, x may still cause z at larger horizons
h > 1. Exact conditions are a bit involved.

It is the basic idea of Granger’s causality that the causal direction can
be seen from the cause regularly preceding the effect. Nevertheless, Granger
added the concept of instantaneous causality to his 1969 paper. A variable
x is said to cause z instantaneously if the forecast for zt+1 using the past of
z and of x and some other information can be ‘improved’ by taking current
xt+1 into account. It can be shown that instantaneous causality has no
direction, in the sense that x causes z instantaneously if and only if z causes
x instantaneously.

It can also be shown that instantaneous causality is seen in the error
covariance matrix of a traditional VAR or multivariate MA system. If an
off-diagonal M × (K − M)–block in Σu is zero, i.e.

Σu =

[

Σ11 0
0 Σ22

]

,

then there is no instantaneous causality between the first M and the remain-
ing K − M variables.

Alternatively, however, one may consider a VAR system of the form
[

A11 (0) A12 (0)
0 A22 (0)

] [

zt

xt

]

=

[

ν1

ν2

]

+

[

A11(L) − A11 (0) A12(L) − A12 (0)
A21(L) A22(L) − A22 (0)

] [

zt

xt

]

+

[

v1t

v2t

]

,

with triangular leading matrix A(0) and diagonal Σv. It is easy to trans-
form a system of the u–type into the v–form by splitting Σu into its ‘roots’
Σu = LL′. In the v–system, instantaneous causality is characterized by A(0)
being block diagonal. Intuitively, this means that z does not depend on cur-
rent x but note that intuition can be tricky. While x does not appear to
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depend on current z in any case, we know that the instantaneous causality
property is symmetric. The VAR model cannot be estimated with admit-
ting a completely unrestricted A (0)—intuitively, current z as explaining x
and vice versa—and an unrestricted error covariance matrix, as that system
would not be identified.

2.3.2 Impulse response analysis

Because impulse response analysis (IRA) appears to correspond to the eco-
nomic concept of multiplier analysis, thus pretending to answer the question
how much a variable x changes at time point t + h, if another variable z is
changed at t, it enjoys a tremendous popularity. The basic problem, how-
ever, is that this economic question cannot be answered within a VAR. IRA
can only inform us by how much a variable x changes at time point t + h
if an error term changes at time point t. Because there are many different
observationally equivalent representations of a VAR, there is no unanimous
match between error terms and variables.

In this section, Lütkepohl tries to circumvent the problem by defin-
ing impulse responses as responses of mean forecasts to changes in starting
conditions. It was outlined that in a VAR(1)—for the ease of notation, in
this section we consider models without intercepts—mean forecasts can be
obtained by ŷt (h) = Ah

1yt and ŷ0 (h) = Ah
1y0. If the process is started in

t = 0, one may use y0 = u0, fill for example the starting vector y0 with a unit
vector, and evaluate the vectors

Ah
1











1
0
...
0











, h = 0, 1, . . . ,

which then give information on the reaction of forecasts in all y variables
at successive time horizons. The same exercise can be repeated for all unit
vectors, and one obtains a matrix of vectors that is conveniently represented
as a matrix of time-series graphs. Lütkepohl calls this the forecast error
impulse responses.

It is of main interest that the thus defined scheme is nothing else than
a map of the moving-average representation of the VAR system, in above
symbols Φ0 = IK , Φ1, Φ2, . . . Thus, it follows immediately that blocks and
parts will be zero whenever there is an event of non-causality. Non-causal
directions appear as flat lines at zero in the usual matrix of plots. Because
the MA representation must converge for a stable VAR, all impulse responses
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must approach zero as h → ∞. Because a VAR(p) can always be represented
as a VAR(1) with matrix A, the same arguments must hold for higher-order
VAR systems.

While a single impulse response curve always starts at one for the diago-
nals and at zero for the off-diagonals and approaches zero as h → ∞, it need
not be monotonic. However, a Proposition 2.4 states that, if it is zero for all
h ≤ p(K − 1), there will be no non-zero response for any larger h.

Some researchers prefer inspecting accumulated impulse responses. The
sum of all MA coefficients must converge for a stable VAR, and hence these
curves will converge to the respective elements of IK+Φ1+Φ2+. . . as h → ∞.
Formally, these limits are easily evaluated as

Ψ∞ = Φ (1) = (IK − A1 − . . . − Ap)
−1 ,

as Φ (1) just denotes the (infinite) MA power series
∑

Φjz
j evaluated at

z = 1.
Usually, this is not the kind of IRA that is performed in empirical studies.

Rather, instead of the original MA representation

yt =
∞
∑

j=0

Φjut−j, varut = Σu,

one uses an orthogonalized representation. Assume that Σu = PP ′, with
lower triangular P , which representation is always possible due to the non-
negative definiteness of a variance matrix with P . Then, we have

yt =
∞
∑

j=0

ΦjPP−1ut−j =
∞
∑

j=0

Θjwt−j, varwt = IK ,

where Θj = ΦjP and wt = P−1ut. The matrices Θj are also MA coefficient
matrices and may also define an ‘impulse response’. The errors are uncorre-
lated in this representation, and therefore this is called an orthogonal impulse
response.

Similarly, one may use a variant of the Cholesky factorization Σu = FDF ′

with diagonal D with positive elements and lower-triangular F with the
special property that F−1 has unit diagonal. This permits considering the
VAR system

F−1yt = F−1A1yt−1 + ... + F−1Apyt−p + F−1ut,

which, after renaming F−1ut = εt and A∗

j = F−1Aj, j = 1, . . . , p, A∗

0 =
IK − F−1 becomes

yt = A∗

0yt + A∗

1yt−1 + ... + A∗

pyt−p + εt, varεt = D.
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Here, the errors are orthogonal but variables depend on current observations
of other system variables. However, note that by construction, as A∗

0 is lower
triangular with a zero diagonal, the first variable depends on no current
values, the second variable depends on current values of the first one only,
and so on. The representation is dependent on the ordering of variables, and
it may make sense to put the variable that is least likely to react to current
influences—according to economic prior information—into the first position.

These transformations and orthogonalizations play a key role in the so-
called structural VAR analysis that apparently attracts much interest of
economic researchers. In short, there is a multitude of different possible
restrictions on A∗

0 matrices, and A∗

0 = 0 and the Cholesky form of a trian-
gular matrix with zero diagonal are just two out of these many represen-
tations. Such restrictions cannot be obtained from the data—they are not
‘over-identifying’—but they may follow considerations from economic theory.
Some properties of the VAR system are immune to transformations—for ex-
ample, stability conditions—while others are not—for example, IRA.

Contrary to Lütkepohl’s derivation, the Θj derived above do not cor-
respond exactly to the A∗

j but to a re-scaled version. In other words, the
Θj postulate unit-variance errors, while the errors in the A∗

j VAR have vari-
ances according to the D diagonal. Otherwise, the two representations are
equivalent. Computer packages usually evaluate IRA according to the Θj

representation.
Because of the system transformation, the orthogonalized IRA does not

always reflect events of Granger (non-)causality. Nevertheless, Lütkepohl

shows that, also for orthogonal IRA, if an entry in the matrix of impulse
responses is zero up to horizon p (K − 1), it will also be zero for larger hori-
zons.

2.3.3 Forecast error variance decompositions

A different and also quite popular summary of the dynamic properties of a
VAR is the so-called variance decomposition. Lütkepohl defines a statistic
ωjk,h by

ωjk,h =
h−1
∑

i=0

θ2

jk,i/

h−1
∑

i=0

K
∑

k=1

θ2

jk,i.

The meaning of the symbols is as follows. h is the forecast horizon, thus
the formula describes a reaction after h lags. The subscripts j and k express
the fact that the reaction of a variable j to a shock in wk is under investiga-
tion, i.e. a reaction to the k–the error component. We note that this is not
necessarily the same as the k–th variable. Θi is the i–th MA matrix of the
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(better: an) orthogonalized representation, and θjk,i is its element at posi-
tion (j, k). Thus, the numerator accumulates the squared impulse responses
in the (j, k) diagram up to a horizon h, while the denominator accumulates
squared impulses of variable j to all influences.

Obviously, the expressions ωjk,h sum up to one for different k. Therefore,
they can be interpreted as percentages that show how much of the (forecast)
error variance is due to a certain source. The expression ‘forecast error vari-
ance decomposition’ derives from the fact that the denominator represents
the variance of the h–step forecast error from the VAR for the j–th vari-
able. Note that the calculation requires orthogonal errors and it is invalid
for the original Φj and ut. Because all θjk,i → 0 as i → ∞, the ω will not
change anymore after a certain h. Usually, the error variance decomposition
is summarized in tables rather than in graphs.
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3 Estimation of VAR Processes

It is suggested that less emphasis is put on this chapter, as succeeding sections
may be more relevant and interesting. Matrix manipulations are demanding.
Apart from the usage of Kronecker products and of all their algebraic rules,
particularly in conjunction with vectorization operators, Lütkepohl makes
extensive use of selection and duplication matrices. Full command of the
possibilities of this matrix manipulations requires some basic reading of the
work of Magnus and Neudecker, for example.

3.1 Multivariate least squares

This is not to be confounded with multiple least squares. In multiple least
squares, a vector variable depends on another vector variable. In the context
of VAR estimation, we consider

Y = BZ + U,

where Y is a K × T–matrix that contains the observations of the vector
process yt for t = 1, . . . , T . In this notation—related to the so-called Dutch
notation of econometrics—time points are columns and variables are rows.
B is the coefficient matrix of dimension K × (Kp + 1), with the first column
containing intercepts, ν ′ in the book’s notation. Z contains the regressor
observations, dimension is (Kp + 1) × T , with a first row of ones for the
intercept. The next K rows contain the first lag of Y , then comes the second
lag, and so on. U is the matrix of errors and corresponds to Y .

This representation requires so-called pre-sample values for the time series
at t = 0, . . . ,−p+1, otherwise the lags matrix Z could not be filled. Clearly,
if data are available from 1964, say, and p = 2 lags are modelled, t = 1 must
correspond to the year of 1966, in this notation.

The vec operator stacks matrices into vectors, column by column. Thus,
vec(Y ) will be a KT–vector, starting with the t = 1 observations on the y
variable, then the t = 2 observations, and so on.

The rules of vectorization imply that the basic equation can be re-written
as

vec(Y ) = (Z ′ ⊗ IK)vec(B) + vec(U),

which looks like a (multiple) regression model. Z ′ ⊗ IK is a large KT ×
K(Kp + 1)–matrix whose building blocks are scalar diagonal matrices with
the regressor elements. If the errors covariance matrix is Σu, then the error
matrix of this regression will be

Σu = IT ⊗ Σu,
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which is block diagonal and repeats Σu along the diagonal.
For this ‘long’ regression model, the OLS estimate is calculated straight-

forward as
β̂ = {(ZZ ′)−1Z ⊗ IK}y,

using bold face for the vectorized variables β = vec(B) and y = vec (Y ). Due
to Dutch notation, transpose marks are the opposite of the familiar, i.e. not
Z ′Z but ZZ ′. Without any vectorization, we obtain the OLS representation
in pure matrix form

B̂ = Y Z ′(ZZ ′)−1,

which is compact but less accessible. This is the way that multivariate least
squares would be programmed in a matrix language.

In order to derive the asymptotic properties of OLS, the usual white-noise
assumptions on errors ut must be strengthened. The book suggests to define
standard white noise by requiring independence over time instead of zero
correlation and bounded fourth moments. Note that this is still weaker than
iid, as higher moments are allowed to be time-varying within certain limits.

If U contains standard white noise, it can be shown (but is not even
proved in the book) that the matrix ZZ ′/T converges to a nonsingular—i.e.
positive definite—limit matrix Γ and that

1√
T

vec(UZ ′) ⇒ N(0, Γ ⊗ Σu)

in distribution. These are typical central limit theorem assumptions for least-
squares estimation in the stochastic regression model.

Using these additional assumptions, it is easily shown that the least-
squares estimator B̂ is consistent and that

√
T (β̂ − β) =

√
Tvec(B̂ − B) ⇒ N(0, Γ−1 ⊗ Σu),

which again denotes convergence in distribution. OLS is root-T consistent,
and all standard errors can be approximated by square roots of the diagonal
of the estimated matrix to the right.

The unknown matrix Σu can be estimated consistently by

Σ̃ =
1

T

T
∑

t=1

ûtû
′

t,

if û are OLS residuals. Consistency is unaffected by degrees-of-freedom cor-
rections. For example, a denominator T − Kp − 1 may take care of the
coefficients to be estimated in every component equation. It remains debat-
able whether this is a good idea. Corrected standard deviations may show
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less bias, while uncorrected ones correspond to the maximum-likelihood es-
timation concept.

If coefficients and standard errors can be estimated, t–ratios can be
formed. Note that it is not guaranteed that these statistics follow Student
distributions in finite samples. It can only be shown that they converge in
distribution to standard normal as T → ∞. Based on conjectures and some
simulations, one may consider t distributions with T−Kp−1 or K(T−Kp−1)
degrees of freedom. Lütkepohl demonstrates that not much is to be gained
by such modifications. Better stick to the asymptotic standard normal.

3.2 Mean adjustment and Yule-Walker estimation

The relevance of this section has been dictated by the tradition of time-
series computer programs. Classical computer codes tend to ‘simplify’ time-
series estimation by two features. Firstly, all data are corrected to zero
means right at the beginning and calculation continues with mean-zero data.
Secondly, autoregressions are estimated by moment estimates rather than by
least squares.

Usually, mean adjustment does not do much harm. It can be shown that
it does not matter at all in asymptotics, i.e. large samples. Of course, if
VAR processes tend to reach the boundary of their stability region, it will
matter more and will become less attractive. Note that least squares works
for integrated (unstable) processes, while mean adjustment does not.

Moment estimates tend to simplify calculations, as the matrix ZZ ′ con-
tains many instances of very similar parts. For example, cross products of yt

and yt−1 are not too different from cross products of yt−1 and yt−2. Why not
exploit this and estimate these parts by the same estimate? When computer
time was still a matter of major concern, this simplification was an important
device.

It was found that this so-called Yule-Walker estimate has advantages
and disadvantages. It is advantageous that it always yields stable structures,
i.e. the estimate B̂ will correspond to a stable VAR. Least squares has a
positive probability of creating unstable (explosive) structures, even when
the DGP is stable. It is, however, a major disadvantage that Yule-Walker
estimates are simply worse than OLS estimates. They have a larger bias in
small samples and are less ‘robust’ to many specific features. Anyway, the
asymptotic efficiency can be proved to be the same, as the aforementioned
limit law also holds for Yule-Walker estimates.
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3.3 Maximum Likelihood estimation

Because of Kruskal’s Theorem, least-squares is maximum likelihood (ML)
in the multivariate regression model, as long as all equations have the same
regressors. This assumption is violated if some coefficients are restricted
at zero, maybe following a first-round OLS estimation and an attempt at
creating a more parsimonious VAR. In that case, ML can be approximated
by some SUR estimator.

In the regular case, however, likelihood maximization and OLS have iden-
tical asymptotic properties. If ML relies on a nonlinear optimization proce-
dure, it may face convergence properties and its careless application is gen-
erally discouraged. Asymptotic properties were already given for the OLS
estimator. An exception is the variance matrix of the Σ̂u estimate whose
asymptotic variance matrix can only be expressed using special duplication
matrices.

3.4 Forecasting, causality testing, impulse response in-

ference

These sections contain very valuable material, particularly the compilation
of results for the IRA inference is rather unique in time-series textbooks. At
first reading, we may wish to skip them, however.
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4 VAR Order Selection and Checking Model

Adequacy

This is one of the strong parts of the book. Many researchers prefer to cite
Lütkepohl, when it comes to the usage of information criteria, rather than
the original literature or genuine time-series textbooks.

4.1 Introduction

The problem is how to determine the lag order p in a VAR

yt = ν + A1yt−1 + . . . + Apyt−p + ut,

when observing a time series yt, t = 1, . . . , T . Traditionally, lag order selec-
tion for time series has been performed by any of the four following devices:
visual inspection of correlograms etc. (the Box-Jenkins suggestion); informa-
tion criteria; hypothesis tests, for example on whether a lag is zero; diagnostic
tests. The last class of methods—‘choose the lag such that the residuals pass
diagnostics’—has turned out to be the least reliable, and the first one may
require an expert in pattern recognition.

4.2 Sequences of tests

The section starts with the important truth that, if a VAR(p) model is
‘correct’, then also a VAR(p + 1) model will be correct, as a VAR(p) is a
VAR(p + 1) with a zero coefficient matrix Ap+1. However, it is not advisable
to estimate parameters that are really zero, as this may deteriorate forecast-
ing performance. Even when the parameters are very small and the sample
size is not too large, the gain in using additional parameters is dominated by
far by the loss in working with a coefficient with a sizeable estimation error.
‘Parsimonious’ models will forecast best, as can be demonstrated easily by
some Monte Carlo simulation.

A test for
H0 : Ap+1 = 0, HA : Ap+1 6= 0,

is a special case of a restriction test on the coefficients in a VAR(p+1) model.
It can be shown that the likelihood-ratio (LR) test statistic

λLR = 2{log l(δ̃) − log l(δ̃r)}

is under H0 asymptotically distributed as chi-square with N degrees of free-
dom. Here, δ̃ is the ML estimate of a parameter vector δ under HA—the un-
restricted estimate—and δ̃r is the estimate under H0—the ‘restricted’ model.
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N is the number of independent restrictions that define H0, in the example
of testing for Ap+1 we have N = K2. Finally, log l is the log-likelihood.

If estimation has been conducted based on likelihood maximization, typ-
ically l is available and the statistic can be calculated as given above. Oth-
erwise, an alternative form may be convenient, such as the form

T (log |Σ̃u| − log |Σ̃r
u|),

where Σ̃u and Σ̃r
u are estimates of the error variance matrix from the un-

restricted and restricted models. Absolute value signs denote determinant
operators. The likelihood ratio depends on these variance matrix estimates
only.

Other feasible test statistics are approximations to the LR statistic, such
as Wald statistics, Lagrange-multiplier (LM) statistics or approximations
thereof. The asymptotic distribution of these variants is identical under H0.
Particularly for the LM statistic, some researchers have suggested variants
whose null distribution may be approximated by an F (N, T − Kp − 1) dis-
tribution: so-called LMF tests. Other researchers use that distribution even
for the LR statistic after division by N .

In any case, once the test tool is available, it can be used as follows.
Either one estimates a VAR(M) with a large M that is the maximum of lag
orders that one wishes to consider. The last matrix AM is tested against zero
and, if the test rejects, the selected order is M . Otherwise, one may consider
testing for AM−1 = 0 in a VAR(M − 1), and so on. This is an occasion of
the ‘general-to-specific’ modeling principle.

Similarly, one may start from a VAR(0) or VAR(1) model and test whether
an additional matrix A1 = 0 or A2 = 0. One may extend the lag order until
one gets the first acceptance and then one stops. This strategy is more in line
with LM testing. Traditionally, it is discouraged and the general-to-specific
sequence is preferred. This preference is basically due to the feature that
all maintained models are ‘valid’, as long as the largest VAR(M) is correctly
specified. In contrast, most maintained models in a specific-to-general search
will be ‘invalid’. Consider, for example, the situation that the true lag order
is 3, while we test VAR(1) against VAR(2).

However, even in a general-to-specific search will the selected p depend
critically on the imposed significance level. While many may choose 5%,
there is no coercive reason to do so. Some suggest letting that level go to
zero, as T → ∞. Also, the significance level of a single test in a sequence
may be wildly different from the nominal level, as the outcome also depends
on previous tests in the chain. The technique of information criteria answers
most of these complaints.
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4.3 Information criteria for VAR order selection

Information criteria (IC) are statistics that measure the distance between
observations and model classes. If the IC value is small, the distance is small
and the model class contains a good descriptor of the DGP.

Typical criteria consist of two additive (or multiplicative) parts. The
first one is a naive goodness-of-fit measure, such as (minus) the maximized
likelihood within a given model class or a residual variance matrix. It be-
comes smaller as the model becomes more sophisticated. The second part is
a penalty that increases with the model’s complexity. In simple criteria, this
second part is just a monotonic function of the number of estimated (‘free’)
parameters.

The most popular IC is the AIC due to Akaike

AIC(m) = log |Σ̃u(m)| + 2

T
m,

if m denotes the number of free parameters and Σ̃ denotes the ML estimate
of the error variance matrix based on using the given model class with m free
parameters.

In principle, VAR(p) models have m = K2p + K + K(K + 1)/2 free
parameters. However, we are merely interested in finding p and we will keep
the dimension K constant and we will not impose restrictions on the error
variance matrix. Neither will we discard the intercept. Therefore, we act as
if the VAR(p) model had m = pK2 parameters, as this is the only part that
is affected by the lag order p. Thus, for a VAR(p) process, the AIC is defined
as

AIC(p) = log |Σ̃u(p)| + 2pK2

T
,

where the change of notation from the general AIC(m) to AIC(p) should be
obvious.

Lütkepohl provides an ingenuous derivation of the factor 2 in the AIC
by approximating the mean squared error (MSE) of a VAR-based one-step
prediction. This motivates that the main strength of the AIC is due to
the forecasting properties of the selected model. Some authors also maintain
that AIC implies a fairly good model choice in smaller samples under different
aspects. However, there is also a result ascribed to Paulsen that only criteria
of the form

Cr(m) = log |Σ̃u(m)| + mcT

T

can achieve consistency in the sense that, as T → ∞, the selected p̂ will be
the true p with probability one. Here, cT is a function of T that fulfills the
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properties cT → ∞ and cT /T → 0 as T → ∞. Obviously, a constant does
not fulfill the former condition.

The conditions ascribed to Paulsen are fulfilled by the Hannan-Quinn
(HQ) criterion

HQ(m) = log |Σ̃u(m)| + 2m log log T

T

and by the Schwarz version of the BIC

SC(m) = log |Σ̃u(m)| + m log T

T
.

Obviously, HQ imposes a milder penalty by using a very slowly growing
function and will admit slightly larger models, while SC is very strict and
selects comparatively small lag orders.

If applied to vector autoregressions of order p, SC has the form

SC(p) = log |Σ̃u(p)| + pK2 log T

T
.

Again, note that not all parameters are included in the matrices Aj, j =
1, . . . , p, which is one of the reasons why these criteria vary across authors and
software. Another source of discrepancies is the estimate Σ̃ that is supposed
to be a ML estimate but is occasionally replaced by a bias-corrected estimate
with a correction for degrees of freedom. For the AIC, these modifications
bear the name AICC and are preferred by some time-series analysts due to
better small-sample properties.

4.4 Residual analysis: autocorrelation

It is helpful to note that residuals from estimated VAR models are not white
noise, while errors from the true VAR are white noise. Nevertheless, all tests
for misspecification rely on residuals. Roughly, what is checked is whether
the residuals are ‘too non-white’.

The book by Lütkepohl does not provide the properties of ACF esti-
mates in the general case, it does so for the case that this is the ACF for a
white noise. We have formally that

√
Tch ⇒ N(0, Ih ⊗ Σu ⊗ Σu),

where =⇒ denotes convergence in distribution, and that

√
Trh ⇒ N(0, Ih ⊗ Ru ⊗ Ru).
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Here, ch denotes vec(C1, . . . , Ch), which is formed from h empirical autoco-
variance matrices

Cj =
1

T

T
∑

t=j+1

utu
′

t−i,

while rh denotes a similar vectorization of the first h empirical ACF matrices
(Proposition 4.4). Correlations are formed simply from the autocovariance
and variance matrix estimates. In the formal notation suggested in the book

Rj = D−1CjD
−1,

the diagonal matrices D contain standard deviation estimates of the K com-
ponents, i.e. square roots of the variance estimates.

The double Kronecker product looks frightening, and the asymptotic vari-
ance matrices are large with dimension hK2 × hK2. Of more concern is the
feature that the formulae are literally only valid for true white noise, and
residuals are not white noise. Therefore, it is important that similar results
hold for the estimated autocovariances of residuals from a fitted valid VAR
model. It can be shown (Proposition 4.5) that

√
T ĉh ⇒ N(0, Ih ⊗ Σu ⊗ Σu −

(

Ḡ′ ⊗ IK

) {

ΓY (0)−1 ⊗ Σu

} (

Ḡ ⊗ IK

)

).

This means that the formula for true errors holds only up to a correction
term. The correction term contains approximately known elements, such as
Σu and the variance matrix of the process Y . Moreover, there appears a Ḡ
matrix, which is defined as

Ḡ =











Σu Φ1Σu . . . Φh−1Σu

0 Σu Φh−2Σu

...
. . .

...
0 0 . . . Φh−pΣu











.

This matrix has dimension Kp × Kh, and it is not quadratic. The above
representation assumes h > p. We remember that the matrices Φj stem from
the—usually infinite—MA representation.

A similar result holds for the—even more important—estimates of the
errors autocorrelation function based on residuals r̂h. The correction matrix
has a similar structure but it is slightly more complex (Proposition 4.6).

Note that correction terms are non-negative definite, therefore autocovari-
ance and autocorrelation functions defined from estimation residuals tend to
be smaller than those defined from the unobserved errors. Failure to adjust
results in low rejection power.
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Usually, the hypothesis of whiteness of errors is tested using so-called
portmanteau or Q tests. In analogy to the univariate case, Q statistics are
defined as

Qh = T
h
∑

j=1

tr
(

R̂′

jR̂
−1

u R̂jR̂
−1

u

)

,

where R̂j are estimates of the autocorrelation function of the errors at lag j

and R̂u is an estimate of the errors correlation matrix Ru = R0. It is fairly
easy to show that the formula yields the same Qh if autocovariance estimates
replace autocorrelation estimates.

Under the null hypothesis of R1 = R2 = . . . = Rh = 0, the asymptotic
distribution of Qh can be shown to be χ2 with K2(h− p) degrees of freedom.
It is important to remark, as Lütkepohl does here, that ‘asymptotic’ means
T → ∞ as well as h → ∞ and that therefore the χ2 approximation will be
invalid for small h.

Many authors prefer to use the modified portmanteau statistic

Q̄h = T 2

h
∑

j=1

(T − j)−1 tr
(

R̂′

jR̂
−1

u R̂jR̂
−1

u

)

,

whose asymptotic distribution under the null is identical to that of Q.
If one intends to test for only a few errors autocorrelations, it is rec-

ommended to use a Lagrange multiplier (LM) test statistic instead of the
portmanteau—although Q is occasionally described as an approximation to
an LM statistic. We remember from univariate analysis that an LM test for
autocorrelation is constructed using the following steps:

1. Estimate the main model by OLS;

2. Regress the OLS residual of the main model on all regressors of the
main model and on h lags of the OLS residuals;

3. the value TR2 of the second, auxiliary regression is the LM statistic
and it is distributed as χ2 with h degrees of freedom under the null.

In a multivariate situation, only the R2 has to be redefined, the remainder
of the principle continues to hold, including the auxiliary regression which is
now multivariate. Instead of the TR2 form—which is even in the univariate
context only an approximation to the LM statistic—Lütkepohl presents a
direct form that relies on the coefficient estimates on ût−1, . . . , ût−h and their
approximate covariance matrix. The number of these coefficients is hK2, and
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this is the degrees of freedom of the χ2 distribution that the statistic obtains
asymptotically.

The section closes with a warning that the asymptotic approximation can
be poor in smaller samples, as is the case for most residual statistics.

4.5 Residual analysis: normality

Non-normal errors may violate some of the assumptions for the variance prop-
erties of a VAR. They may also indicate that the linear VAR can be improved
upon by taking care of nonlinear effects, particularly as linear forecasts are
not optimal in the presence of non-linearity. They may also point to outliers
and structural breaks. Thus, non-normal errors may sound a warning on
VAR results, while they need not necessarily invalidate the VAR.

The most common check for non-normality in univariate models is the
Jarque-Bera test, for which priority is acknowledged to Lomnicki. This test
checks whether skewness (third moment) is zero and whether kurtosis (nor-
malized fourth moment) is 3. Thus, its null hypothesis contains non-Gaussian
distributions. Under its null, the statistic is asymptotically distributed as χ2

with 2 degrees of freedom.
The multivariate version of the Jarque-Bera test statistic suggested by

Lütkepohl is simply the sum of K univariate statistics that are calculated
from K orthogonalized VAR residuals. The orthogonalization is performed
via a Cholesky split identical to the one that is needed for the IRA. It is
fairly obvious that this statistic is distributed as χ2 with 2K degrees of
freedom under its null. Orthogonalization is important, as only the sum of
uncorrelated χ2 random variables will yield a χ2 distribution. Note that the
software EViews offers two alternative suggestions of how to overcome the
problem of correlation across the original VAR errors. If the Lütkepohl

option is selected, EViews estimates the errors covariance matrix by dividing
through T−1−Kp, in order to correct for degrees of freedom. Other software,
like STATA, uses simple T weighting, which implies an increased tendency
to reject the normal null.

4.6 Residual analysis: structural change

Lütkepohl considers two tests for the alternative that some characteristics
of the VAR have changed over time. Firstly, the multivariate version of
the popular univariate Chow test assumes a given possible time point, at
which we suspect that the process may have changed, as for example a major
innovation in the economic environment. Alternatively, a stability test checks
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whether the linear VAR forecast behaves as it should under the assumption
of normal errors and a well-specified time-constant VAR.

The implementation of the Chow test is fairly trivial. Because it essen-
tially tests for the significance of pK2 + K regressors—all VAR regressors
including the intercept multiplied with a dummy that is 0 before a break
point and one afterwards—the Chow statistic has an asymptotic χ2 distrib-
ution with K + pK2 degrees of freedom under its null. It corresponds to a
regression F for this special situation and may also be compared to the F
distribution.

The forecast test departs from the observation that the (theoretical, i.e.
for known VAR coefficients) h–step forecast error from a VAR model at time
T has the property

eT (h) ∼ N(0, Σy(h)),

where
Σy(h) = Σh−1

j=0ΦjΣuΦ
′

j.

We remember that Φj denotes the matrices from the infinite MA representa-
tion of the VAR. In practice, the entities on the right side must be replaced
by estimates. Then, one may hope that

τ̄h = eT (h)′Σ̂y(h)−1eT (h)

is distributed as χ2 with K degrees of freedom under the null. Unfortunately,
this is not quite true, as the naive estimate for Σy underestimates the variance

of the prediction error. It is recommended to add an adjustment term to Σ̂y

that cares for the fact that the VAR parameters must be estimated and are
not known to the forecaster.
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5 Parameter constraints and Bayesian esti-

mation

Most of this section is relatively specialized and can be omitted at first read-
ing. The main difficulty with parameter constraints in a VAR system is that
they usually violate the conditions for the validity of Kruskal’s Theorem.
Therefore, least squares is no longer equivalent to ML estimation and SUR
methods yield efficiency gains.

Lütkepohl concentrates on a SUR method under the name of EGLS,
which is probably pronounced as ‘eagles’. We remember that SUR can be
viewed as a GLS (generalized least squares) procedure. In practice this in
turn has to be substituted by ‘feasible’ GLS.

EGLS is a two-step method:

1. In the first step, the errors variance matrix Σu is estimated from the
residuals of a standard unrestricted multivariate least-squares regres-
sion.

2. In the second step, the VAR is estimated using all restrictions and the
estimate Σ̂u instead of Σu by SUR (GLS) regression.

Numerical maximization of the likelihood (ML estimation) has few ad-
vantages over EGLS, as it has the same asymptotic efficiency and may be
time-consuming and sensitive to problems in the nonlinear optimization al-
gorithm.

An interesting theoretical result concerns residual specification testing in
restricted VAR models. The degrees of freedom in the portmanteau Q have
to be modified by subtracting the number of restrictions from the standard
K2h, while those for the LM test remain unchanged. Lütkepohl warns
anyway that these asymptotic distributions can be crude approximations in
finite samples.
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6 Vector error-correction models

In the second part of the book, the focus shifts from stationary processes
to integrated processes. Integrated processes appear when some of the roots
of the characteristic polynomial have a modulus of one and the remaining
roots are outside the unit circle. While roots with a modulus of one but not
equal to one—such as −1 or ±i—are interesting in the analysis of seasonal
data, Lütkepohl restricts focus to the possibility of unit roots at one. It
is advisable not to call such processes simply ‘non-stationary’, as there is an
unlimited amount of possibilities for deviations from stationarity/stability.
Integrated processes are only an important class of non-stationary processes.

6.1 Univariate integrated processes

Because the considered processes are not stable and their infinite-order MA
representations do not converge, they will only be considered for the index
set N, that is, they must be started at t = 0, for example.

For univariate autoregressions with K = 1, the situation is quite simple.
To an AR(p) process corresponds a polynomial of order p, instead of a de-
terminant of a matrix polynomial. If it has d roots of one and all other roots
larger than one, there are exactly p − d ‘nice and stable’ roots. In this case,
the process is said to be integrated of order d or I(d).

The simplest I(1) process is the random walk. An AR(1) process with a
unit root has no other roots and can be written as

yt = yt−1 + ut = y0 +
t
∑

j=1

uj.

It has the obvious properties

E(yt) = y0

and
var(yt) = tσ2

u,

if we set var(ut) = σ2
u. It is easily shown that

corr(yt, yt+h) =
t√

t2 + th
→ 1,

as t → ∞. This strong correlation among observations gives rise to the
sometimes confusing name ‘stochastic trend’. Generally, integrated processes
are said to ‘have a stochastic trend’, which is not a trend line.
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If the AR(1) equation has an intercept

yt = ν + yt−1 + ut = y0 + νt +
t
∑

j=1

uj,

the process is called a random walk with drift. We see that it is composed
of a starting value, the deterministic linear time trend νt, and a ‘stochastic
trend’. Clearly,

E(yt) = y0 + νt,

while the variance properties of the random walk remain unaffected.
All I(d) processes have the property that, while not being stationary

themselves, they become stable after taking first differences d times. This
property may also serve as a definition for I(d) in the sense that a process
is called I(d) if ∆dyt has a convergent MA representation but ∆d−1yt is not
stable. This definition generalizes the previous one that was restricted to
autoregressions. To rule out some notorious cases, Lütkepohl demands
that the MA representation converges in the sense of

∑

∞

j=0
j|θj| < ∞, where

θj are the Wold-type coefficients that are otherwise convened as Φj for K < 1.
At this point, an important ingredient of the derivation is the so-called

Beveridge-Nelson decomposition for an I(1) process. If ∆yt has an infinite-
order MA representation with coefficients θj, one can show that

yt = y0 + θ(1)
t
∑

j=1

uj +
∞
∑

j=0

θ∗jut−j − w∗

0,

where the first and the last term collect some starting value influence. The
second term is a ‘pure’ random walk, while the third term is a stable/stationary
component. θ(1) is simply

∑

∞

j=0
θj, while the coefficients θ∗j are defined via

θ∗j = −
∞
∑

k=j+1

θk, j ≥ 0.

In plain words, any I(1) processes can be written as the sum of starting
conditions, a pure random walk, and a stable/stationary component. In this
part, the handling of the negatively indexed ut is not always clean, as yt need
not be defined for t < 0. The decomposition is correct anyway.

Derivation: If ∆yt = θ(L)ut, then

yt − y0 = θ(1)
t
∑

j=1

uj + (θ(L) − θ(1))
t
∑

j=1

uj.
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The first term is a random walk. For the second term, we consider the
expansion

θ(z) = θ(1) + (z − 1)θ∗(z).

To determine θ∗(z), consider

θ(z) − θ(1) =
∞
∑

j=0

θjz
j −

∞
∑

j=0

θj =
∞
∑

j=1

θj(z
j − 1)

= (z − 1)
∞
∑

j=1

θj

j−1
∑

k=0

zk = (z − 1)
∞
∑

j=0

θ∗jz
j,

where the last equality requires some further manipulation.�

6.2 VAR processes with integrated variables

We remember from linear algebra that the inverse of a matrix is the same
as the product of the inverted determinant and the so-called adjoint of the
matrix, in symbols

M−1 = |M |−1Madj.

This result can be applied to the formal representation of a VAR

A(L)yt = ut,

|A(L)|yt = A(L)adjut.

If A(L) is a polynomial matrix, then A (L)adj will also be a polynomial matrix,
while its determinant is a scalar polynomial in the lag operator L. Thus, we
obtain a representation with a scalar autoregressive polynomial on the left
and a matrix moving-average of finite order on the right. If there are unit
roots and integrated components, the scalar polynomial will show them. The
real difficulty is, however, that even if all components of y are integrated of
order d, |A(z)| does not necessarily have the factor (1− z)Kd. The unit root
may have a lower multiplicity, and this is what defines cointegration.

Similarly, if the VAR model contains an intercept, the adjoint polyno-
mial matrix will operate on that intercept and modify it in the ARMA–type
representation.

6.3 Cointegration and error correction

Cointegrated variables have been much in the focus of economic interest since
the 1980s. It is natural to view cointegration in a multivariate system frame-
work, although the literature offers an alternative regression-based viewpoint
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also. The original definition of cointegration was not entirely system-based.
According to this concept, a vector of variables is called cointegrated if all
individual variables are I(d) and there is a linear combination of the variables

β′yt = β1y1t + . . . + βKyKt = zt,

such that zt is integrated of order b or I(b), and b < d. The most interesting
and most common application is d = 1 and b = 0, such that a linear com-
bination of first-order integrated variables is stable/stationary. This type of
cointegration is then sometimes denoted as CI(d, b). Note that linear com-
binations are defined properly only if at least one coefficient of β is non-zero.
In this concept, there must be at least two such non-zero coefficients. The
vector β is called the cointegrating vector.

This basic concept is not quite sufficient for multivariate analysis, as it
neglects the not uncommon issue of different integration orders among the
variable vector components. Lütkepohl suggests to call a vector variable
yt integrated of order d when ∆dyt is stable/stationary but ∆d−1yt is not.
Given this definition, he proceeds to defining cointegration CI(d, b) if a lin-
ear combination exists such that the implied zt is I(b) with b < d. While
integration orders are defined for the vector variable, cointegration is defined
via the scalar variable zt.

A simple example may serve to explain the issues at stake. According
to the classical definition, a bivariate system consisting of a random walk
and a stationary variable—for simplicity, assume the two components are
independent—is not cointegrated. According to the Lütkepohl definition,
it is cointegrated CI(1, 1) with the cointegrating vector (0, 1)′. The second
component is already the required zt and is I(0).

The concept of cointegration was introduced in a path-breaking article
by Engle&Granger in 1987 under the title ‘Cointegration and Error Cor-
rection’. The older concept of error correction denotes that a variable in
differences ∆yt reacts to past changes but also to the difference between the
past level yt and another variable xt. If y − x is interpreted as a kind of
‘equilibrium’ term—or rather disequilibrium term—with a long-run constant
mean or ‘equilibrium’ E (y − x), such a reaction can be viewed as ∆yt reacting
to deviations from E (y − x) in the levels and therefore as ‘error correction’.
Part of the literature suggested replacing ‘error correction’ by ‘equilibrium
correction’ but Lütkepohl sticks to the more widely used terminology. In
a nutshell, Engle&Granger showed that the new concept of cointegration
is equivalent to the known concept of error correction.

It is of more concern to the main issue that Engle&Granger also
showed that a CI(1, 1) cointegrated VAR(p) can always be written in the
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so-called vector error-correction model (VECM) representation

∆yt = Πyt−1 + Γ1∆yt−1 + . . . + Γp−1∆yt−p+1 + ut,

where the matrix Π has rank r < K. It is easy to show that there is indeed a
simple way to re-write any VAR(p) that has been given in the original form

yt = A1yt−1 + . . . + Apyt−p + ut

as a VECM and to derive the one-one relations of the two representations.
We have

Π = −IK + A1 + . . . + Ap,

Γi = −(Ai+1 + . . . + Ap), i = 1, . . . , p − 1,

and, in the other direction,

A1 = IK + Π + Γ1,

Aj = Γj − Γj−1, 2 ≤ j ≤ p − 1,

Ap = −Γp−1.

It is less straight forward to show that Π must have reduced rank for the
CI(1, 1) case. Clearly, if yt has a unit root, then by definition Pi must be
singular, as the characteristic polynomial matrix A(1) is singular for z = 1
and is identical to −Pi.

If the matrix Π has reduced rank, we have the result from linear algebra
that it can be represented in the form Π = αβ′ with (K × r)–matrices α and
β of ‘full’ lower rank r. The representation is not unique, as any nonsingular
(r × r)–matrix M can be used to achieve another representation by observing

Π = αβ′ = αMM−1β′ = α∗β∗′

for α∗ = αM and β∗ = βM−1′. This fact is of crucial importance here, as
β can be shown to contain the cointegrating vectors, while α contains the
coefficients that determine how ∆yt reacts to deviations from the mean of
the cointegrating variables β′yt−1. Note that this mean must be zero here, as
the VAR contains no constants. There exist various names for the matrix α
and its column vectors. Lütkepohl prefers to call them the loading matrix
and the loading vectors. We note that neither the loading matrix nor the
cointegrating vectors can be unique. The rank r, however, is unaffected by
the manipulations.

The main properties are summarized in the famous Granger Representa-
tion Theorem:
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If yt is a K–dimensional I(1) VAR(p) process that is CI(1, 1)
with the representation

∆yt = αβ′yt−1 + Γ1∆yt−1 + . . . + Γp−1∆yt−p + ut,

with all values set at zero for t ≤ 0, and that the determinant of
the characteristic polynomial has only stable roots and exactly
K − r roots equal one,while α and β are full-rank matrices of
dimension K × r. Then, yt has the representation

yt = Ξ

t
∑

j=1

uj + Ξ∗ (L) ut + y∗

0,

where

Ξ = β⊥

{

α′

⊥

(

IK −
p−1
∑

j=1

Γj

)

β⊥

}−1

α′

⊥
;

Ξ∗ (L) ut is I (0), and y∗

0 contains some starting conditions.

The subscript ⊥ is used to denote the orthogonal complement of a matrix,
that is the matrix that completes a rectangular matrix to a quadratic one by
adding some vectors that are orthogonal to the existing ones. In short, the
theorem yields a multivariate counterpart to the Beveridge-Nelson decompo-
sition by re-writing the multivariate yt process as the sum of a reduced-rank
random walk, a stationary process, and some starting conditions.

The literature offers several versions of the theorem’s proof. The one by
Lütkepohl is probably not the most accessible one. The first component
can be viewed as the common trends in the system. If the matrix Π has full
rank, the orthogonal complements are empty and there are no trends and
also no common ones. This case is excluded by assuming yt to be I (1). If
the matrix in curly brackets is singular and cannot be inverted, it can be
shown that there is integration of higher order. Also this case is excluded.

6.4 Deterministic terms in cointegrated processes

In the previous subsection, constants and similar terms were deliberately
omitted. There are two ways to introduce such terms. Either one considers
them as intercepts

∆yt = ν + Πyt−1 + Γ1∆yt−1 + . . . + Γp−1∆yt−p+1 + ut,
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possibly adding even a trend term to the intercept if one wishes to do so; or
one may consider

yt = µt + xt,

where µt contains everything deterministic and xt corresponds to the process
of the last subsection. Lütkepohl considers the latter variant. It is un-
certain whether this is a very wise decision. While the two viewpoints must
result in equivalent models, the first one may yield a more intuitive interpre-
tation. For a good exposition of the former viewpoint, see Johansen.

If µt = µ0, a simple constant, its first differences are 0 and one may
consider xt = yt − µ0 and insert in the non-deterministic VECM

∆yt = αβ′ (yt−1 − µ0) + Γ1∆yt−1 + . . . + Γp−1∆yt−p+1 + ut.

To achieve a more compact form, one may extend β by another row that
contains −β′µ0 and extend yt−1 by another element containing a simple 1.
These constructs can be named βo and yo

t−1, which yields

∆yt = αβo′yo
t−1 + Γ1∆yt−1 + . . . + Γp−1∆yt−p+1 + ut.

The drawback is that βo does no more contain cointegrating vectors but
cointegrating vectors plus a constant. This may lead us to believe that the
last row is necessary to make β′y stationary, which of course is not the case.

In this first case, the above Granger Representation Theorem continues
to hold. Still, yt is the sum of a reduced-rank random walk, a stationary
process, and some starting conditions. The stationary process does have a
non-zero mean now. In most of the literature, this case is called the ‘re-
stricted constant’ or the ‘no-trend restriction’. It may be an appropriate
framework for the analysis of variables that are known to be integrated but
not systematically trending, such as interest rates.

If µt = µ0 + µ1t, a linear time trend, first differences are a constant µ1.
One may consider xt = yt − µ0 − µ1t and again insert into the VECM

∆yt = µ0 + αβ′ {yt−1 − µ0 − µ1 (t − 1)} + Γ1 (∆yt−1 − µ1) + . . . (1)

+Γp−1 (∆yt−p+1 − µ1) + ut. (2)

All deterministic terms except those in the curly bracket can be collected to
yield

∆yt = ν + αβ′ {yt−1 − µ0 − µ1 (t − 1)} + Γ1∆yt−1 + . . . + Γp−1∆yt−p+1 + ut,

where ν is a function of µ0, µ1, and all Γj matrices. Again, one may extend
β by two elements −µ0 and −µ1 and extend yt by a constant 1 and a trend
term t. This yields formally

∆yt = ν + αβ+′y+

t−1 + Γ1∆yt−1 + . . . + Γp−1∆yt−p+1 + ut.
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The interpretation of this model, however, is even more difficult, as it appears
that a trend term is required to make y stationary. If this is indeed the
case, β′y can hardly be called stationary, as it is trending, and the idea of
cointegration becomes pretty weak. Only if the loading matrix α achieves a
deletion of the contribution of the linear trend term in β+′y+, can the basic
concept of cointegration be saved. If this deletion occurs, the system can be
written as

∆yt = ν + αβo′yo
t−1 + Γ1∆yt−1 + . . . + Γp−1∆yt−p+1 + ut.

This is the specification of central interest in empirical cointegration research.
In the notation of Lütkepohl, it occurs as a special restriction, while in the
intercept notation it evolves naturally. The Granger Representation Theorem
is no more valid in its above form but a multivariate trend term must be added
to the Beveridge-Nelson–type decomposition. yt becomes the sum of a rank-
deficient multivariate random walk, a stationary process, a trend term, and
some starting conditions. Alternatively, one may consider drifting random
walks instead of the non-deterministic forms and achieves a three-component
representation again.

6.5 Granger causality in cointegrated VARs

In theory, the differences to the stable case are not very pronounced. As
outlined for the stable case, Granger causality can be checked either on the
VAR or on the infinite MA representation.

With respect to the VAR representation, one may also consider the VECM
form, where it is to be noted that dynamic influences from a subvector to
another subvector can run via the Γj matrices or via Π = αβ′. In the first
case, causal effects should fade out as t → ∞, while the latter effects may
persist. It is important to check both sets of coefficients in order to obtain
reliable results on Granger non-causality.

With respect to the infinite MA representation, one should note that it
literally does not exist, as it does not converge for unstable systems. Nev-
ertheless, finite partial sums do exist and should reflect all causal events.
Similarly, the errors covariance matrix may be used for investigating instan-
taneous causality.

This good news, however, is to be contrasted with severe difficulties in
empirical inference, as the asymptotic χ2 laws for relevant test statistics may
become incorrect. In anticipation of Section 7 of Lütkepohl’s book, one
may recommend that the main trick is to ‘augment’ the previously identified
VAR(p) by one lag, such that it becomes a VAR(p + 1). The lags at p + 1
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do not need testing, as they are assumedly zero anyway. Tests on the lags 1
to p in the estimated VAR(p + 1) are valid Granger causality tests with the
asymptotically correct degrees of freedom.

6.6 Impulse responses in cointegrated VARs

In analogy to the Granger causality tests, impulse response analysis can be
conducted by simply generalizing the procedure known from the analysis
of stable systems. The MA representation does not converge, as the Φj

matrices do not converge to zero. Therefore, impulse response functions do
not converge to 0, as t → ∞. For I(1) processes, they typically converge
to a fixed and finite value that represents the long-run impact of a shock.
Empirical studies of GDP data for various countries have resulted in values
that are scattered around one, which would be the typical value for a pure
random walk. For processes integrated of higher order than one, also these
limits will diverge.

The CI(1, 1) cointegrated variables β′yt should behave like variables in
a stable VAR. Their impulse responses approach zero as t → ∞, and their
accumulated impulse response sequences approach a finite value. Theses
properties should be visible from transforming the original impulse responses
for the cointegrated system by β′. For example, if y1 − y2 is stationary in
a bivariate VAR, the difference of the individual impulse response functions
must converge to zero.

Even when impulse responses do not converge, the forecast error variance
decomposition statistics do, as they evolve from bounded fractions.
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