
3 Univariate time-series models

Forecasts based on time-series models require some tentative specification
of a statistical model that is conceivable as a data-generating process. At
least for forecasting, it is not required that one believes that the used time-
series model actually did generate the observations. Note that, particularly
in the tradition of Box&Jenkins, models are used when they are good and
discarded when they are bad. The quotation from G.E.P. Box

All models are wrong but some are useful.

has become famous. It is obvious from the examples in the Box&Jenkins
book that some of the suggested time-series models are unlikely to have gen-
erated the data. For example, Box&Jenkins use a second-order integrated
ARIMA model for an airline passenger series. It is hard to imagine the im-
plied quadratic time trend to persist for the future development of airline traf-
fic, even in the most optimistic outlook for an airline carrier. Box&Jenkins
stick to a philosophy of fitting models to observed data, as guided by some
visual inspection of time plots, correlograms, and other similar means, with
the purpose of short-term out-of-sample prediction. It is useful to review the
basic time-series models that are available as candidates for modeling.

3.1 Linear models with rational lag functions

Most applications of time-series modeling use linear models. There are three
basic types of linear models: autoregressive (AR), moving-average (MA),
and ARMA models. One view on these models is that they provide good
first-order approximations to the dynamics of the data-generating process.
Another view is that they only intend to capture the first two moments of
that DGP, i.e. means and covariances (including variance and correlations).
Because all features are described exhaustively by the first two moments in
a world of Gaussian distributions, the linear models are perfect for data that
are nearly Gaussian or for samples that are too small that there would be
evidence to the contrary. To the forecaster, these simple linear models are at-
tractive as long as non-Gaussian or non-linear features are not strong enough
that those can be captured successfully by different models. Even for many
data sets that are known to contain non-linear dynamics, the non-linearity
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is either not time-constant enough or not significant enough to permit im-
proved prediction. This justifies the popularity of these simple linear models,
as they were suggested by Box&Jenkins.

3.1.1 Autoregressive (AR) models

AR models are the most popular time-series models, as they can be fully
estimated and tested within the framework of least-squares regression. A
series Xt is said to follow an AR model if

Xt = φ1Xt−1 + φ2Xt−2 + . . .+ φpXt−p + εt.

This is the AR(p) model or the autoregressive model of order p. The error
εt is usually specified as white noise, i.e. as uncorrelated over time with
a constant variance and mean zero. Sometimes, time independence is also
required. Time-series statisticians often prefer a notation such as Zt for the
white-noise error instead of εt. It is convenient to write the model in lag
operators, defined as BXt = Xt−1, as

Xt = φ1BXt + φ2B
2Xt + . . .+ φpB

pXt + εt,

(1− φ1B − φ2B
2 − . . .− φpB

p)Xt = εt,

φ (B)Xt = εt.

Some authors use L (lag) instead of B (backshift), without any change in
the meaning. The advantage of φ (B) lies in the isomorphism of lag polyno-
mials and complex real-coefficients polynomials φ (z), with regard to many
properties. For example, stability of the autoregressive model can be checked
easily by calculating the roots (zeros) of φ (z). If all zeros of φ (z) are larger
than one in absolute value, there is a stationary process Xt, which satisfies
the autoregressive equation and can be represented as

Xt =
∞X
j=0

ψjεt−j.

The coefficients ψj converge to zero, such that
P∞
j=0 |ψj| < ∞. Note that

ψ0 = 1. If some roots are less than one, there may be a stationary ‘solution’,
but is anticipative, i.e. Xt depends on future εt. Such a solution is not
interesting for practical purposes. If some roots are exactly one in their
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modulus, no stationary solution exists. A typical case is the random walk

Xt = Xt−1 + εt,

(1−B)Xt = εt.

There is no stationary process that satisfies this equation.
The coefficient series ψj is a complicated function of the p coefficients φj.

For the simple AR(1) model, it is easy to recover them, as

Xt = φXt−1 + εt

is immediately transformed into

Xt =
∞X
j=0

φjεt−j.

The AR(1) model admits a stationary solution–is ‘stable’–whenever |φ| <
1. For higher-order models, stability conditions on coefficients become in-
creasingly complex. There is no way around an evaluation of the polynomial
roots.
Stationary autoregressive processes have an autocorrelation function (ACF)

ρj = corr (Xt,Xt−j) that converges to zero as j → ∞ at a geometric rate.
For the AR(1) process, ρj = φj is very simple. Higher-order AR processes
have cyclical fluctuations and other features in their ACF, before they finally
peter out for large j. One hopes that the sample ACF (the correlogram) re-
flects this geometric ‘decay’, although it is of course subject to small-sample
aberrations.
Another characteristic feature of AR(p) models is that the partial auto-

correlation function defined as

PACF (j) = corr (Xt,Xt−j|Xt−1, . . . ,Xt−j+1)
becomes exactly zero for values larger than p. Time-series analysts say that
the PACF ‘cuts off’ or ‘breaks off’ at p. Again, the sample PACF (or partial
correlogram) may reflect this feature by becoming ‘insignificant’ after p.
Prediction on the basis of an AR(p) model is easy, as one simply replaces

the true coefficients by in-sample estimates φ̂j and thus obtains one-step
forecasts immediately by

X̂t−1 (1) = φ̂1Xt−1 + φ̂2Xt−2 + . . .+ φ̂pXt−p.
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Similarly, the next forecast at two steps is obtained by replacing the unknown
observation Xt by its prediction X̂t−1 (1)

X̂t−1 (2) = φ̂1X̂t−1 (1) + φ̂2Xt−1 + . . .+ φ̂pXt−p+1.

This process can be continued to longer horizons. In that case, predictions
will converge eventually to the long-run mean. In these simple specifications,
the long-run mean must be zero. However, AR models are often specified
with a constant term

Xt = µ+ φ1Xt−1 + . . .+ φpXt−p + εt,

in which case the mean will be

EXt =
µ

1− φ1 − . . .− φp
=

µ

φ (1)
.

Note that the case φ (1) = 0 has been excluded.

3.1.2 Moving-average (MA) models

A series Xt is said to follow a moving-average process of order q or MA(q)
process if

Xt = εt + θ1εt−1 + θ2εt−2 + . . .+ θqεt−q,

where εt is again white noise. MA(q) models immediately define stationary
processes, every MA process of finite order is stationary. In order to preserve
a unique representation, usually the requirement is imposed that all zeros
of θ (z) = 1 + θ1z + . . . + θqz

q are equal or larger than one in modulus. In
that case, the MA model corresponds to the Wold representation of the
stationary process. Wold’s Theorem tells that every stationary process can
be decomposed into a deterministic part and a purely stochastic part, with
the stochastic part being an MA process. The errors (or innovations) of
theWold representation are defined as prediction errors, if Xt is predicted
linearly from its past. This theorem justifies the general usage of MA models
in linear time series.
If all zeros of θ (z) are larger than one in modulus, the MA process has

an autoregressive representation of generally infinite order
P∞
j=0 ψjXt−j = εt

with
P |ψj| <∞. This excludes the stationary MA processes with unit roots

in θ (z), therefore one may state that MA models are more general than AR
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models. MA processes with an infinite-order autoregressive representation
are said to be invertible.
A characteristic feature of MA processes is that their ACF ρ (j) becomes

zero after j = q. In fact, it is fairly easy to calculate all values of ρ (j) from
given MA coefficients θj. The property of the ACF should be reflected in
the correlogram, which should ‘cut off’ after q. In contrast, the partial ACF
converges to zero geometrically.
Forecasting from anMAmodel requires estimating the coefficients θj from

the sample, after identification of the lag order q. While Box&Jenkins
suggested using visual inspection of correlograms for identifying q, most re-
searchers nowadays use information criteria for this purpose. Estimates θ̂j are
obtained from maximizing the likelihood or from some approximating com-
pute algorithm. Additionally, estimates of the errors εt must be obtained,
again using some computer algorithm. If θ̂j and ε̂t are available, a one-step
forecast is calculated as

X̂t−1 (1) = θ̂1ε̂t−1 + θ̂2ε̂t−2 + . . .+ θ̂qε̂t−q.

Similarly, two-step forecasts are defined by

X̂t−1 (2) = θ̂2ε̂t−1 + θ̂3ε̂t−2 . . .+ θ̂qε̂t−q+1,

etc., which implies that forecasts will become trivially zero after some steps.

3.1.3 Autoregressive moving-average (ARMA) models

A seriesXt is said to follow an autoregressive moving-average process of order
(p, q) or ARMA(p, q) process if

Xt = φ1Xt−1 + . . .+ φpXt−p + εt + θ1εt−1 + . . .+ θqεt−q,

with εt white noise. The ARMA model is stable–i.e., it has a stationary
‘solution’–if all zeros of φ (z) are larger than one. The representation is
unique if all zeros of θ (z) are larger or equal to one in modulus and if φ (z)
and θ (z) do not have common zeros. The stable ARMA model always has
an infinite-order MA representation. If all zeros of θ (z) are larger than one,
it also has an infinite-order AR representation.
In practice, ARMA models often permit to represent an observed time

series with a lesser number of parameters than AR or MA models. A repre-
sentation with the minimum number of free parameters is often called par-
simonious. Particularly for forecasting, parsimonious models are attractive,
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as the sampling variation in parameter estimates may adversely affect pre-
diction. In small samples, under-specified ARMA models–i.e., with some
parameters set to zero, while they are indeed different from zero–often give
better predictions than correctly specified ones.
For ARMA processes, both ACF and partial ACF functions approach

zero at a geometric rate. It is very difficult to determine lag orders p and q
for ARMA models from visual inspection of correlograms and partial correl-
ograms. While some authors did suggest extensions of the correlogram (ex-
tended ACF, extended sample ACF), most researchers determine lag order
by comparing a set of tentatively estimated models by information criteria.
After estimating coefficients θ̂j and φ̂j by some approximation to maxi-

mum likelihood and calculating approximate errors ε̂t, one-step forecasts are
defined by

X̂t−1 (1) = φ̂1Xt−1 + . . .+ φ̂pXt−p + θ̂1ε̂t−1 + θ̂2ε̂t−2 + . . .+ θ̂qε̂t−q.

Two-step forecasts are obtained from

X̂t−1 (2) = φ̂1X̂t−1 (1) + φ̂2Xt−1 + . . .+ φ̂pXt−p+1 + θ̂2ε̂t−1 + . . .+ θ̂qε̂t−q+1.

3.2 Integrated models

In many data sets, stationarity appears to be violated, either because of
growth trends, regular cyclical fluctuations, volatility changes, or level shifts.
In all these cases, expectation and/or variance appears to be changing through
time. However, signs of non-stationarity do not necessarily justify discarding
the linear models. In order to ‘beat’ ARMA prediction, a model class has
to be found that can do better. In the absence of such a model class, it is
advisable to work with the available ARMA structures. For the very spe-
cial cases of trending behavior and of seasonal cycles, integrated models are
attractive. The idea of an integrated process is that the observed variable
becomes stationary ARMA after some preliminary transformations, such as
first or seasonal differences.
In detail, a variable is said to be first-order integrated or I(1), if it is

not stationary while its first difference ∆Xt = Xt −Xt−1 is stationary (and
‘invertible’, i.e. excluding the case of unit roots in the MA part) ARMA.
It is said to be second-order integrated or I(2), if its second-order differ-
ences ∆2Xt = ∆ (Xt −Xt−1) = Xt − 2Xt−1 + Xt−2 are stationary ARMA.
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When the differences are ARMA(p, q), Box&Jenkins were using the nota-
tion ARIMA(p, 1, q). Again, the ‘I’ in ARIMA stands for ‘integrated’.
For the decision on whether to take first differences of the original vari-

able, Box&Jenkins suggested visual analysis. The correlogram of a first-
order integrated variable decays very slowly, while the correlogram of its
first difference replicates the familiar ARMA patterns. The correlogram of
second differences of an I(1) variable or of first differences of a stationary
ARMA (or I(0)) variable is dominated by some strong negative correlations
and tends to be more complex again. Box&Jenkins called this the case
of ‘over-differencing’. Following the statistical test procedures developed by
Dickey&Fuller around 1980, most researchers opine that visual analysis
may not be reliable enough. We note, however, that Box&Jenkins did not
target statistical decisions and true models. For forecasting, differencing may
imply an increase in precision, even when the original variable is I(0) and not
I(1).
The test by Dickey&Fuller consists in running the regression

∆Xt = µ+ τ t+ φXt−1 + γ1∆Xt−1 + . . .+ γp∆Xt−p + εt.

Significance points for the t—statistic of the coefficient φ were tabulated by
Dickey&Fuller. The null hypothesis is I(1) or ‘taking first differences’. If
the t—statistic is less than the tabulated points, one may continue with the
original data. The number of included lags p is usually selected automatically
according to information criteria. For data without a clearly recognizable
trend, the term τ t is omitted. That version of the test requires slightly
different significance points. In order to test for second-order differencing,
the test procedure can be repeated for ∆X instead of X, with ∆2X replacing
∆X. This second-order test usually is conducted on the version without the
term τ t.
Economic variables are often sampled at a quarterly frequency. Such vari-

ables tend to show seasonal cycles that change over time yet have some persis-
tent regularity. For example, construction investment may show a trough in
the winter quarter, while consumption may peak in the quarter before Christ-
mas. In these case, the mean is not time-constant and the variables are not
stationary. A traditional tactic is to remove seasonality by seasonal adjust-
ment and to treat the adjusted series as an integrated or stationary process.
Seasonal adjustment is performed by sophisticated filters that, unfortunately,
tend to remove some dynamic information and to imply a deterioration in
predictive performance.
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Box&Jenkins suggested the alternative of seasonal differences. Later
authors called a variable seasonally integrated if its seasonal differences∆4Xt =
Xt − Xt−4 are stationary ARMA, while Xt is not. While Box&Jenkins
based the decision on seasonal differencing on visual inspection of correlo-
grams, Hylleberg et al. developed a statistical test, whose construction
principle is similar to the Dickey-Fuller test. Note that seasonal differ-
encing removes seasonal cycles and the trend, such that further differencing
of ∆4Xt is usually not required on purely statistical grounds. In contrast,
Box&Jenkins liberally conducted further differencing, which again is pos-
sibly justified if one aims at good prediction models rather than at true
models.
In detail, Box&Jenkins suggested SARIMA models (seasonal ARIMA)

with the notation (P,D,Q) × (p, d, q), which is to mean that D times the
filter ∆4 and d times the filter ∆ is applied on the original series, while P
and Q stand for seasonal ARMA operators of the form Θ (B) = 1+Θ1B

4 +
Θ2B

8 + . . . + ΘPΘ
4P etc. Instances are rare, where the SARIMA approach

appears to be appropriate. No example is known where D > 1 could be
applied sensibly.
Additionally to ARMA modeling of seasonal differences, SARIMA mod-

els, and seasonal adjustment, another alternative is targeted in a monograph
by Franses who takes up periodic models that essentially have coefficients
that change over the annual cycle, i.e. each quarter has different coefficients.
Clearly, a drawback is that you have to estimate four times as many para-
meters, which means that reliable modeling needs longer samples.

3.3 Fractional models

Fractional or long-memory models are linear models outside of the ARMA
framework. While it is easy to define∆0 as the identity operator (i.e., nothing
changes) and ∆1 = ∆, it is less straightforward to define ∆d for 0 < d < 1.
This can be done by expanding (1− z)d as a power series

(1− z)d = 1 + δ1z + δ2z
2 + . . . (1)

It turns out that δj are given by binomial expressions. If the power series
converges, one may define

∆dXt = 1 + δ1Xt−1 + δ2Xt−2 + . . . (2)
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Time-series models may assume that ∆d is the required operator that yields
a white noise or a stationary ARMA variable. Then, Xt can be called I(d) in
analogy to the cases d = 0, 1, 2, . . . It can be shown that I(d) variables with
d < 0.5 are stationary, while d ≥ 0.5 defines a non-stationary variable. These
fractional models describe processes whose autocorrelation function decays
at a slower than geometric pace. They are sometimes used for variables with
some indication of ‘persistent’ behavior in conjunction with some signs of
mean reversion, such as interest rates or inflation.
A drawback of these models is that they need very long time series sam-

ples for a reliable identification of d and of the ARMA coefficients of ∆dX.
Therefore, they pose a particular challenge to the forecaster.

3.4 Non-linear time-series models

General non-linear time-series models have become popular through the
book by Tong. A recent and very accessible introduction was provided
by Franses&VanDijk. Because non-linear structures require large data
sets for their correct identification and for potential improvements in fore-
casting accuracy, the literature focuses on applications in finance and in other
sciences, where large data sets are available.
ARCH (autoregressive conditional heteroskedasticity) models are a spe-

cial case. Introduced by Engle in 1982 for monthly inflation data, their
main field of applications quickly moved to financial series, for which vari-
ous modifications and extensions of the basic model were developed. Unlike
other non-linear time-series models, ARCH models have been rarely applied
outside economics. Many researchers in finance apparently prefer stochastic
volatility (SV) models to ARCH, which however are difficult to estimate.

3.4.1 Threshold autoregressions

The general non-linear autoregressive model

Xt = f (Xt−1,Xt−2, . . . , Xt−p) + εt

for some non-linear function f (.) would require non-parametric identifica-
tion of its dynamic characteristics. Often, the identified function will not
conform to stability conditions, such that simulated versions of the model
tend to explode. A well-behaved and simple specification is the piecewise
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linear threshold model

Xt = φ(j)Xt−1 + εt, rj−1 < Xt−1 < rj, j = 1, . . . , k,

where rk =∞ and r0 = −∞. The literature has called this model the SETAR
(self-exciting threshold autoregressive) model and has reserved the simpler
name TAR for cases where φ(j) may be determined from exogenous forces
rather than Xt−1. The model can be–and has been indeed–generalized
into many directions, such as longer lags, moving-average terms etc. SETAR
can be shown to be stable–i.e. to have a stationary solution–for strict
white noise εt and for

¯̄̄
φ(j)

¯̄̄
< 1 for all j. It is interesting that this is only a

sufficient condition. SETAR models can be stable for ‘explosive’ coefficients¯̄̄
φ(j)

¯̄̄
> 1 in the central regions, i.e. j 6= 1, k. Economics applications include

interest rates and exchange rates, which are series where thresholds can be
given an interpretation.
Note that, while for given rj all coefficients can be simply estimated by

least squares, identification of k and of the rk thresholds is quite difficult. If
some ‘regimes’ are poorly populated in the sample, neither their exact bound-
aries nor their coefficients can be estimated reliably. Therefore, instances of
successful forecasting applications are rare.

3.4.2 Smooth transition

The rough and maybe implausible change in behavior at the threshold points
in the SETAR model has motivated the interest in smoothing the edges.
Franses&VanDijk give a simple example of a smooth-transition autore-
gressive (STAR) model by

Xt = φ(1)Xt−1 (1−G (Xt−1; γ, c)) + φ(2)Xt−1G (Xt−1; γ, c) + εt,

where G (.) is a transition function whose shape is determined by the pa-
rameters γ (‘smoothness’) and c (‘center’). The left limit of the transition
function should be 0 (for Xt−1 → −∞) and the right limit should be 1 (for
Xt−1 → ∞). Curiously, these transition functions–a typical choice is a lo-
gistic function–resemble the squashing functions of neural networks. The
correct specification and identification of the functions is difficult. Like all
time-series models, applications usually include deterministic intercepts that
may also change across regimes.
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3.4.3 Random coefficients

Instinctively, many empirical researchers think that the model

Xt = φtXt−1 + εt

would be more general than a standard AR(1) and may respond to the needs
of an ever-changing environment. Unfortunately, this model is void without
specifying the evolution of the coefficient series φt. Stable autoregressions
(φt = ψφt−1 + ηt) and white noise have been suggested in the literature.
Curiously, some variants have been shown to come close to ARCH models.
If φt = 1+ηt, the model is sometimes said to contain a ‘stochastic unit root’.

3.4.4 ARCH models

Many financial time series, such as returns on common stocks, are nearly un-
predictable. Neither ARMA models nor non-linear time-series models allow
reliable and possibly profitable predictions. However, these series digress in
two aspects from usual white noise, as it would be generated from a Gaussian
random number generator. Firstly, the unconditional distribution is severely
leptokurtic, with more unusually large and small realizations than would be
implied from the Gaussian law. Secondly, calm and volatile episodes are ob-
served, such that at least the variance appears to be predictable. The ARCH
model by Engle appears to match both features. A variable is said to follow
an ARCH process if

Xt = µ+ εt,

E
³
ε2t |εt−1

´
= ht = α0 + α1ε

2
t−1.

The model is stable for α0 > 0 and α1 ∈ (0, 1). Later, it was found that
it is actually also stable for some α1 ≥ 1, depending on distributional as-
sumptions. In these cases, the variable Xt has infinite variance but it is
strictly stationary. The model yields leptokurtic Xt and it also implies size-
able ‘volatility clustering’, meaning that ht is serially (positively) correlated.
Note that, for α1 < 1, the mean and variance of Xt are time-constant. It is
only the conditional variance ht that is time-changing. If the mean equation
is replaced by a stable ARMA Φ (B)Xt = µ+ Θ (B) εt, the generated vari-
able Xt is ARMA. In this respect, the model is still ‘linear’. However, some
authors did actually consider specifying a non-linear mean equation.
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Today, the most popular variant of the ARCH model is the GARCH(1,1)
model

Xt = µ+ εt,

E
³
ε2t |εt−1

´
= ht = α0 + α1ε

2
t−1 + βht−1.

The model may also be extended by including a non-trivial first equation,
for example an ARMA model. In the GARCH model, the dependence of ht
and ht−1 is modeled directly. Stationarity and finite variance are implied by
α0 > 0, α1 + β ∈ (0, 1), α1 > 0, β ≥ 0. Again, larger coefficients may retain
stationarity, though not finite variances.
Judging by statistical significance of coefficients, the GARCH model was

applied successfully to all kinds of financial variables, such as stock returns,
exchange rates, or interest rates, when these are observed at a moderately
high frequency, such as weekly or daily. Prediction of volatility based on the
models has, however, been less successful. While most forecast evaluation
criteria are tuned to mean prediction, it is also doubtful whether prediction
of X2

t is a good measure for the predictive accuracy of volatility forecasts.
Taylor suggested various alternatives for this purposes, which have however
not been taken up much in the literature.
Many econometric computer programs now contain GARCH estimation

routines. A slightly inefficient iterative routine for the ARCH specification
was suggested by Engle in his original contribution. He suggests estimating
both the mean equation and the variance equation by weighted least squares,
replacing the ε̂2t for the ht and determining the weights from the most recent
iteration. Therefore, given a conveniently long sample, ARCH models can
even be estimated by ordinary least-squares routines.

3.5 Neural networks

Based on the reports of some surprising successes of forecasts, neural network
modeling has become popular in the 1990s. To econometricians, a stumbling
block to the application of neural networks (NN) is the quaint language that
was adopted by NN adepts. The book by Chatfield (section 3.4.4) allows
an interesting insight into NN modeling and re-positions it among the other
non-linear procedures.
The main difference to non-linear time-series modeling is the focus on un-

observed variables, which serve as black-box connections between inputs and
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outputs. Similar unobserved ‘layers’ are used in the unobserved-components
(UC) models suggested by Harvey who calls them ‘structural’. Note that
unobserved variables also appear in ARCH models (ht). Input variables,
hidden variables, and output variables are connected by linear and S—shaped
‘squashing’ functions, the latter ones resembling those in the STAR mod-
els. These squashing functions motivate the word ‘neural’, as nerve cells
or neurons react to a stimulus in a similar S—shaped way. Model selection
and parameter estimation can be performed on the first portion of the data,
which is then called the ‘training set’. NN adepts call the model selection
stage the choice of ‘architecture’. Alternatively, the model selection and fit-
ting may be done by optimizing the forecasting performance on a second
part of the sample, the ‘testing set’. Implied parameter estimates are usu-
ally neither tabulated or published. In this regard, NN modeling resembles
Bayesian time-series applications such as BVAR (Bayesian vector autore-
gression, due to Doan&Litterman&Sims). The suggestion to revise the
architecture and parameter estimates, as new data come in, is not specific to
NN. Therefore, NN models ‘learn’ as much as other time-series models.
Apparently, the reported benefits of NN modeling with respect to predic-

tion are mainly due to their usage of non-linear squashing functions. Most NN
applications in economics use just one layer of hidden ‘nodes’. Chatfield
gives an example for the implied output reaction function of a single-layer
NN, which here is simplified slightly to

x̂t = φ0

wc0 + HX
h=1

wh0φh

wch + hX
j=1

wjhxt−j

 .
This appears to describe the following ‘architecture’. Autoregressive linear
combinations of lagged x with different maximum order cause a reaction by
the unobserved hidden H ‘neurons’ that is described by the functions φh. A
linear combination of the H neurons then causes another, potentially non-
linear, reaction φ0 in the systematic part of the x variable at time t. The
‘stochastic’ difference of x̂t and xt is not modeled explicitly.

3.6 State-space modeling

Like ARMA modeling and neural networks, state-space modeling is a differ-
ent approach to time-series analysis rather than a class of different models.
Often, state-space modeling leads to time-series models that are equivalent
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to ARMA models. A basic idea is that the observed series are generated as
a ‘contaminated version’ of an output from an unobserved black-box system
with its own intrinsic dynamic behavior. In other words, dynamic modeling
is shifted from the observed variable to one or more unobserved variables.
In Chatfield’s notation, an observation equation

Xt = h
0
tθt + nt

explains the observedX as a linear combination (the vector h0t) of unobserved
state variables θt plus a ‘noise’ error nt. The transition equation

θt = Gtθt−1 + wt

extrapolates the unobserved system variables from their past. Gt is a square
matrix that conforms to the dimension of the unobserved state, i.e. the
number of state variables. Another stochastic error wt is permitted. In
this most general form, the system is clearly not identifiable. Under certain
restrictions, estimates of h, θt, G etc. are obtained from an algorithm called
the Kalman filter. All ARMA models can be re-written in this form, with
constant G and h.
The most popular specification for a state-space model in economics is the

‘structural’ unobserved-components model by Harvey. Its simplest variant
is

Xt = µt + nt,

µt = µt−1 + βt−1 + w1,t
βt = βt−1 + w2,t.

Note that the state is two-dimensional and has the variables µ and β. While
βt is a random walk, µt is an I(2) process. Therefore, Xt is implicitly also as-
sumed as an I(2) process. Because we know that very few economic variables
are likely to be I(2), the model is difficult to justify within the framework
of linear modeling. The argument of Harvey and his numerous followers is
that the variances and relative variances of the errors n and w1, w2 make the
model quite flexible in the sense that the variance of w2 simply approaches
zero if Xt is really an I(1) variable. Indeed, note that for w2t = 0, Xt sim-
ply becomes a random walk plus noise. On the other hand, it is not to
be expected that the choice of three variance parameters allows an equally
powerful modeling tool as p + q ARMA parameters would. The reported
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success of Harvey’s models relies mainly on the fact that many economic
series approximately correspond to the given dynamic structure. Whenever
the dynamics digress from the basic pattern, the models can have a very poor
performance.
It is shown easily that the above model corresponds to a special ARIMA

structure with d = 2, and that the ARMA coefficients are simple functions of
the relative error variances. From these properties, it is quite clear that the
model is not a generalization of I(1) models that allow the average growth
rate to be time-changing, as some authors apparently believe. An advantage
of the ‘structural’ models is that they directly yield estimates of ‘local’ trends
µt and of ‘local’ growth rates βt. The local trends provide smoothed versions
of the original series that are sometimes interpreted as having economic con-
tents. For example, a smoothed output series may be interpreted as potential
output.
There is specialized computer software for ‘structural’ modeling, which

also allows for some additional complexities, such as seasonal cycles in the
state variables or even business cycles. It is also possible to allow for some
autocorrelation in the noise terms and to estimate their intrinsic dynamics
by non-parametric methods. That approach highlights the conceptual differ-
ence between ARMA and UC modeling. While ARMA modeling targets a
description of the dynamic behavior of the observed variables, UC modeling
focuses on a decomposition of the observed series into a systematic and a
noise part. The implied models as well as the underlying dynamic behavior
of the observed variables can be the same in both approaches.
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