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K-dimensional stationary, stable VAR(p) process:

Y =0+ Ay + o+ Ay, + (1)

with
v = (v, ...vg)" a (K x 1) vector of intercepts
A; (k x K) coefficient matrices and

u; white noise (with a non-singular covariance matrix 2.,

— same assumptions as in the unconstrained case
(see: Lutkepohl, chapter 3)



Compact Form

Introduction

In compact form model (1) can be written as:

Model

Assumptions

Y = BZ + U with

Compact Form N _ _

Estimators

Forecasting : yt

Y = [yl, ...,yT], /= [Zo, ...,ZT_l] with Zt = : ,

Specification of Subset
VAR Models

Choosing the constraints < yt_p_|_1

B=v A, ., A, U= |uy,...,ur]

Model selection criteria

Model selection
approaches

Model Checking

constraints for B: B =wvec(B) = Ry+r

Example

5 (K(Kp—+1) x 1) matrix
R (K(Kp+1) x M) matrix
v (M x 1) vector
r (M x 1) vector
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by vectorizing and plugging in R~ + r for 3 we get:
y =vec(Y) = (24 ® Ix)vec(B) + vec(U)
= (Z'@Ig)(Ry+7)+u
or
z= (2" ®Ix)Ry+ u
with z = y— (2" ® Ig)r
and u = vec(U)
— while there are other forms of representing linear constraints, the

chosen form is convenient as it allows to derive the estimators in the
same manner as in the unconstrained model (see: Lutkepohl, chapter 3)
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minimizing:
S(y)=v' (Ir®3, ") u
= [z —(Z' @ Ix)Ry|'(Ir ® 5,1 [z —(Z' ® Ik ) Ry

yields the GLS estimator for :
V=[R(ZZ' @ X, )R T R(Z®X,) z

asymptotic properties:

Under the condition, that y; is a K-dimensional stable,stationary VAR(p)

process, u; is white noise with bounded fourth moments and
B =Ry+rwithrk(R) =M

- 7 is a consistent estimator of
- VT (4 — ~v) is asymptotically normally distributed with covariance
matrix: [R'(I' @ 3, 1) R] ™
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In practice an 2., is not known and has to be estimated. One consistent
estimator of >, is:

A

Yy =—~—(Y —BZ)(Y — BZ)

T—Kp—1

where B = Y Z'(ZZ')~" is the unconstraint multivariate LS estimator
of the coefficient matrix B

—3=[R(22 @ S;HR'R(Z 05,z
asymptotic properties:

Under the previous conditions and if plimi] = >, the EGLS estimator is
asymptotically equivalent to the GLS estimator
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— from % the implied restricted EGLS estimator B can be obtained:

asymptotic properties of:

A

- (s a consistent

- VT (B — () is asymptotically normally distributed with covariance

>

B:R§+r

matrix: R[R' (' ® X, Y )R] "' R’



constrained vs. unconstrained
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How does the covariance matrix of the restricted estimator compare to
the covariance matrix of the unrestricted estimator?

Under the assumption that the restrictions are valid:

the asymptotic variances of the restricted estimator is smaller or
equal to the asymptotic variances of the unrestricted estimator
asymptotic efficiency gains
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forecasting with estimated processes

Introduction

Model

Estimators

Forecasting

forecasting with
estimated processes

[ ]
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VAR Models

Choosing the constraints ¢
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Model Checking

Example

optimal h — step forecast of process (1):

ye(h) =v+Aiye(h—1)+ ... + Apy(h — p)
with yt(]) = Yt+j for J S 0

replacing true coefficients by estimators one gets (i.e. B = (v, 41, ..., 4,) with
B = (’(A}, Al, vory Ap)I

Je(R) = 0+ A1 (h — 1) 4 ... + A5 (h — )
with @t(]) = Yt+j for J < 0

and the forecast error matrix: 3;(h) = X, (h) + MSE|y.(h) — 9:(h)]
with 2y (h) = 30,25 ¢i%ud]

under the assumption, that only data up to the forecast origin is used for estimation it
can be approximated by: $4(h) = X, (h) + £2(h)

11
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Example

— general results from forecasting without linear constraints remain valid,as before we
get:

£5(h) = 5,y (h) + £Q(h)

with £, (h) and Q(h) = E[(dy:(h)/08")2 ;(8y:(h)' /88)]

in the case with parameter restrictions, > F has the following form (compared to the
unrestricted case, where ZB =1"®>,):

o

Y, =RR(®X YRR

B

— the covariance matrix is (under the assumption that the restrictions are valid)
smaller in the restricted case than in the unrestricted case, hence 2(h) will also
become smaller

12
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Example

A model with zero constraints on the coefficients is a subset model of
the general VAR model

r=20

Zero restrictions can be written formally as r

As the choice of restrictions may not always be undebatable, statistical
procedures may be used to detect possible zero constraints or confirm
Intuition

One common solution: Fit all possible subsets of a VAR(p) process with
p known and select the one that optimizes the chosen criterion.

- For instance,modified AIC, SC or HQ may be used

13
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Choosing the constraints E
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Example

Subsets with j elements from K ?p coefficients can be chosen, such that
a total of

ZﬁS‘l (K;p) VAR models, that is

2
(Kj p) subsets from K ?p coefficients have to be estimated and
compared.

There are several approaches to reduce the number of potential models.
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Model selection criteria

AIC in the restricted
case
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approaches

Model Checking

Example

AIC = Inc? + % (number of estimated parameters)

BIC = Ino? l”’T (number of estimated parameters)

HQ = Inc? + 2l”l”T (number of estimated parameters)

with {nG? being the sum of squared estimation residuals
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AIC In the restricted case

Introduction

Model . The k — th equation of the system may be written as
Estimators : B ykl B
Forecasting . . —
: yk = : = 7'bi, + ur = 7' Ry.ci
Specification of Subset E )
VAR Models : ykT

Choosing the constraints e

Model selection criteria

ér = (R ZZ'Ri) " Ry, Zy ) + uge

Model selection criteria

AIC in the restricted A . . . . .
case : A corresponding estimator for the residual variance is

Model selection

approaches ; 5‘2 (Ek> — (y(k) - Z/Bk)/T

Model Checking

AIC(Ry) = Ing*(Ry) + #rk(Ry,)

Example

Several zero restrictions for example are not linear independent = | %rk(ﬁk)

but if the eliminated coefficients are significantly different from zero, 1 ln&Q(Ek) and
AIC(Ry) will not become smaller for these restrictions.

16



Elimination of complete matrices

Introduction

Model Penm & Terrel (1982)

Estimators

Number of models to be compared:

Forecasting

Specification of Subset E Zp (]]9) from K2pj — 21?

VAR Models j:()

Choosing the constraints e

Useful approach for data with strong seasonality, but somewhat strong
assumption while at the same time precluding further zero coefficients.

Model selection criteria

Model selection
approaches

Elimination of complete
matrices

Top-Down Strategy

Bottom-Up Strategy

Sequential elimination of «
L ]
regressors

Model Checking

Example
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Example

The unrestricted model with Ek = ](Kp+1) IS estimated first and the
corresponding A/ C(I(kp+1)) obtained

—(1
Restriction by eliminating the last column of ](Kp—H) — R,i ) If

AIC(RY) < AIC(Iigcpe)

——> go on like this!
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Example

Considering lags of each variable separately and choosing its lag order
based on the minimization of some model selection criteria, that is

Yt = U T Qg1 1Y14—1 T oo T Qg t—p T Upy

with n ranging from zero to some prespecified upper pound p

Variables are added sequentially, the variables that have been evaluated
already are held fixed:

Ykt = Uk + Q1 1Y10—1 oo T 00 t—py T Qh2,1Y2,0—1 T oo T Q2 py + Uy

This can be combined with the top-down approach to account for the
problem of omitted variable effects that may lead to overstatement of
some lag lengths in the final equation

19



Sequential elimination of regressors

Introduction

Model . Individual zero coefficients are chosen on the basis of the t-ratios of the
Estimators . parameter estimators until all t-ratios are greater than some threshold
Forecasting § Value |n abSOIUte Value

Specification of Subset

VAR Models :  If the threshold value is chosen accordingly this is equivalent to
“loselecoians. s gequential elimination of regressors by minimizing some model selection
Model selection criteria = Crlterla

Model selection
approaches

Elimination of complete
matrices

Top-Down Strategy

Bottom-Up Strategy

L]
Sequential elimination of -

L ]
regressors

Model Checking

Example
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Residual
autocovariances and
autocorrelations
Portmanteau test and
LM test for residual
autocorrelation

Example

Residual autocovariances and autocorrelations

Yo 1N Soal g —
Ci= ) 1 ity _;i=0,1,..,h

7

A

rn = vec(Ry),

Rh = (Rla--w}?h)

A

R,:=D'C,D'i=0,1,...h

with D being a diagonal matrix with the square roots of the diagonal
elements of C' on the diagonal
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Example

Portmanteau test and LM test for residual

autocorrelation

The Portmanteau statistic

Qh = TZ?:lt’f’(é{éo_lézéo_l)

=T¢ (I, @ Cy' @ C~ ey,

has a different asymptotic distribution than in the unrestricted case

Az (h) converges in distribution to x*(hK?)
which is the same asymptotic distribution as in the unrestricted case
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EGLS estimates

Estimated residual
autocorrelations

Estimated responses of ¢

consumption to an
orthogonalized impulse
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Point and interval
forecasts

Example - Interpretation <

Example

Estimation of the logarithmized investment, income and consumption

data

1961.2 - 1978.4
T'=71

Top-down strategy

VAR-order p = 4

23



EGLS estimates

L[]
. L]
Introduction o Table 5.1. EGLS estimates of subset VAR models for the investment /income/con-
: sumption data
L[]
Model : model selection criterion
. AIC HQ-SC
R L]
Estimators : 015* 015
° (.006) (.006)
: 5 015 020
. (.003) (.001)
Forecasting : ee P
° (.003) (.003)
. pn . L]
Specification of Subset .
° . -25 0 0
VAR Models . o 0 Cio
. i 0 0 .93 0 0 0
: 1 (.133)
Choosing the constraints 0 2 -301 0 261 —439
° (.082) (.116) (.081) (.095)
Model selection criteria . 0 0 0 0 0 0
L]
) ° = 0 0 0
Model selection . A2 o
. 0 3% 0
approaches . {3 0 (%gf) 0
L]
: A 0 0 0
Model Checking £ 0 0 0
° =
. As 0 0 0 0 0 0
Example .
0 095 0
: (.076) 0 0 0
Example .
L]
. 30 0 0 330 0
. ° N (.103) (-103)
EGLS estimates . & & o0 o ¢ 0 0
Estimated residual .
_ k 0 0 0 0 0 0
autocorrelations 4 N ;
. ° Q12 ="79.3 [.937]* Q12 =85.5 [.893)]
Estimated responses of ¢ _ -
_ s Qa0 = 144 [.943] Qa0 = 152 [.898]
consumption to an ° *Estimated standard errors in parentheses.
. . L *E
orthogonalized impulse o papine;
L ]
in income £
. . L]
Point and interval o
L ]
forecasts s
L]
Example - Interpretation <
. 24
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Estimated residual autocorrelations

L[]
L]
L]
L]
°
L[]
L]
L]
L]
°
L]
L]
L]
L]
L]
L]
L]
L]
°
L]
L]
L]
L]
°
L[]
L]
L]
L]
°
L]
L]
L]
L]
L]
L]
L]
L]
°
]
L]
> r3t ri2i 33,
L]
°
L]
L]
L]
L]
°
[ ]
L]
L]
L]
[ ]
[ ]
L ]
L]
°
[ ]
L]
L]
L]
°
[ ]
L ]
L ]
L]
[ ]
L ]
L ]
L]
L]
(]
L ]
L ]
L ]
°
L ]
L ]
L ]
L]
[
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Introduction

i1, ri2.i 13,0

Model

Estimators

—0.24 0.12 0.47
-0.24 0.12 0.47
—0.24 0.12 0.47

Forecasting

-0.71
-0.71
-0.71

Specification of Subset
VAR Models

Choosing the constraints

Model selection criteria

—0.2¢ 012 0.47
%
[ -
T 1
—0.24 012 0.47
(-
—0.24 0.12_0.47

Model selection
approaches

-0.71
-0.71

—-0.71
ra
i
-~
wn
o
-
@

Model Checking

Example

Example

-0.12 0.24 0.59
-0.12 0.24 0.59
-0.12 0.24 0.59

EGLS estimates

Estimated residual
autocorrelations

—-0.59
-0.59
—-0.59

Fig. 5.1. Estimated residual autocorrelations of the investment /income/consump-
tion HQ-SC subset VAR model with estimated asymptotic two-standard error
bounds.

Estimated responses of
consumption to an
orthogonalized impulse
in income

Point and interval
forecasts

Example - Interpretation
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Example

EGLS estimates
Estimated residual
autocorrelations
Estimated responses of
consumption to an
orthogonalized impulse
in income

Point and interval
forecasts

Example - Interpretation

Estimated responses of consumption to an

orthogonalized impulse in income

0.0070

0.0035

0.0000

—0.0035

Fig. 5.2. Estimated responses of consumption to an orthogonalized impulse in
income with two-standard error bounds based on the HQ-SC subset VAR model.
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Point and interval forecasts

Introduction

Table 5.2. Point and interval forecasts from full and subset VAR(4) models for the

Model investment /income /consumption example
—olmators full VAR(4) HQ-SC subset VAR(4)
Forecasting variable forecast  point  95% interval point  95% interval
o horizon  forecast forecast forecast forecast
Specification of Subset .
VAR Models investment 1 006 [—.091,.103] 015 [—.074,.105]
_ . 2 025 [—.075,.125] 023 [—.068, .115]
_ 3 028 [-.071,.126) 018  [-.073,.110]
Model selection criteria 4 026 [—.074, 125] 023 [—.069, 115]
Model selection ’
approaches income 1 021 [—.005,.047] .020 [—.004, .044]
. 2 022 [—.004,.049] 020 [—.004,.044]
Model Checking
3 017 [—.009,.043] 020 [—.004, .044]
Example 4 022 [—.004,.049] 020 [—.004,.044]
Example
EGLS estimates consumption 1 022 [ .001,.042] 023 [ .004,.042]
Estimated residual 2 015 [—.006, .036] 013 [—.007,.033]
Autocorelatons 3 3 020 [—.004,.043] 022 [.001,.044]
Estimated responses of ¢
ey s 4 019 [—.004, .042] 018 [—.004,.040]

orthogonalized impulse
in income

Point and interval
forecasts

Example - Interpretation <
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Example - Interpretation

Introduction

Model :  Causality checking has been built into the model selection procedure:
Estimators :  income and consumption are not Granger causal for investment

Forecasting

Although theoretically, the more parsimonious model chosen by SC

Specification of Subset

VAR Models : should be more precise than the one chosen by AIC that has more
Seoalecodii. s parameters if the restrictions are correct, this is not the case here.
—eessmeEE— 1t Litkepohl argues that this is not a big issue here because the estimation
Model selection g . . . .

approaches . has been made on the basis of a single realization of an unknown data
Model Checking :  generation process

Example :

Example

EGLS estimates

Estimated residual
autocorrelations

Estimated responses of E
consumption to an
orthogonalized impulse

in income

Point and interval
forecasts

Example - Interpretation :
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Thank you for your attention!
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