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1 Motivation and Mathematical framework

In recent years, many physicists have taken the incompatibility between cer-
tain notions of causality, reality, locality and the empirical data less and less
as a philosophical discussion about interpretational ambiguities. Instead sci-
entists started to regard this tension as a productive resource for new ideas
about quantum entanglement, quantum computation, quantum cryptogra-
phy and quantum information.
This becomes especially apparent looking at the number of citations of the
original EPR paper, which has risen enormously over recent years, and be-
coming the starting point for many groundbreaking ideas.

In order to operate in the mathematical framework a short introduction on
composite systems and entanglement will be given.

1.1 Entanglement - Separability

Consider a composite quantum system

A ∈ HA with ONB {|0〉A, |1〉A} (1)

B ∈ HB with ONB {|0〉B, |1〉B} (2)

which together form a 2 qubit system of the form HA ⊗HB = HAB .

Let ρ be a density matrix for |Ψ〉 ∈ HAB, then the density matrix ρ is called
a product state if there exist states ρA acting in HA and ρB acting in HB

for Bob such that

ρAB = ρA ⊗ ρB (3)

The two subsystems are uncorrelated and the expectation values of the tensor
product of operators A⊗B factorizes:

〈A⊗B〉 = tr(A⊗B)(ρA ⊗ ρB) = tr[AρA ⊗BρB] = (4)

= trAAρ
A · trBBρB = 〈A〉 · 〈B〉 (5)

The partial traces over the subsystems A and B which are denoted by trA
and trB, enable the description of the states of the individual subsystems by
the reduced density matrices:

ρA = trB ρAB ∈ HA (6)

ρB = trA ρAB ∈ HB (7)
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More generally a state is called separable, if there are convex weights pi ≥ 0∑
pi = 1 and product states ρA ⊗ ρB such that

ρ =
∑
i

piρ
A
i ⊗ ρBi (8)

If ρ cannot be written in the above form, the state is called entangled.

1.2 Schmidt Decomposition

For a composite pure system of A and B the Schmidt Theorem can be used
to distinguish if a state is separable or entangled.

Theorem:
For every |ψ〉 ∈ HA ⊗HB there exists an orthonormal basis

{|ui〉A} of HA and {|vj〉B} of HB
such that

|ψ〉 =
n∑

i=1

ci|ui〉A ⊗ |vi〉B ci ∈ R (9)

where

n = min (dim(HA), dim(HB)) and
∑n

i=1 c
2
i = 1.

The number of positive coefficients is called the Schmidt number NS.

Separability characterization of pure states:
The state |ψ〉AB is separable if and only if there is only one non-zero Schmidt
coefficient (NS = 1)

ci = 1, cj = 0 ∀j 6= i;

If more than one of the Schmidt coefficients are non-zero, then the state is
entangled and NS > 1.

If all the Schmidt coefficients are equal, then the state is said to be maximally
entangled and the composite system is in a pure state. Furthermore, the
coefficients are the square roots of the eigenvalues of the two partial traces
of ρAB = |ψ〉AB〈ψ|:

ρA = TrB(ρAB) =
n∑

i=1

|ci|2|ui〉A〈ui|A (10)

ρB = TrA(ρAB) =
n∑

i=1

|ci|2|vi〉B〈vi|B (11)
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which for a 2 qubit system is of the following form:

ρA = ρB =
1

2

(
1 0
0 1

)
(12)

Consider the Bellstate |Ψ〉AB which is a maximally entangled, pure state.
Computing the reduced density matrices yields:

ρA = TrBρ
AB :=

∑
q

〈bq|ρ|bq〉 =
∑
i

|ci|2|ai〉〈ai| (13)

ρB = TrAρ
AB =

∑
i

|ci|2|bi〉〈bi| (14)

The von Neumann entropy, which can be regarded as a measure of mixedness
is defined by:

S(ρ) = −Tr(ρ log2 ρ) (15)

ρ =
∑

pm|ρm〉〈ρm| (16)

S(ρ) = −
∑
m

pm log pm (17)

Computing the entropy of the two subsystem ρA and ρB yields:

S(ρA) = S(ρB) = −
∑
|ci|2log|ci|2 (18)

The entropies of the two subsystems of a maximally entangled pure system
are both equal to 1. They describe a maximally mixed state.

Entanglement is probably the most important feature capturing the strange
yet elegant characteristics of quantum mechanics. Schrödinger emphasized
the fundamental significance of entanglement when he wrote:

”I would call this not one but the characteristic trait of quantum
mechanics the one that enforces the entire departure from classi-
cal thought.” [18]
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2 The EPR-paradox

2.1 Introduction

What has become the so called ”EPR paradox” can be seen as an early
attempt to criticize and question the orthodox interpretation of quantum
mechanics prevailing at that time. The sometimes also called orthodox
Copenhagen Interpretation proposed the wave function as being the com-
plete description of a given physical state.

In a joint paper [1] of Albert Einstein, Boris Podolsky and Nathan Rosen,
later called EPR, the authors designed a thought experiment which for them
revealed the incompleteness of Quantum theory as being interpreted by the
Copenhagen Interpretation.
The original article ”Can Quantum-Mechanical Description of Physical Re-
ality Be Considered Complete?” was published in 1935. The number of cita-
tions of this scientific article has increased dramatically over the last years,
even though for a long time the majority of physicists did not pay much
attention to the EPR reasoning. Their argumentation was unfortunately
considered to be irrelevant for important physical problems and often the au-
thors were even completely misinterpreted. In this approach there will first
be a very general explanation of the thought experiment and an overview of
the assumptions and conclusions that EPR formulated. At each step of the
reasoning there will be several important notions and concepts which will
afterwards be discussed in more detail. The main emphasis will lie on the
reasoning and motivation and less on the precise formulation of the original
article. The original published EPR-paper was written by Podolsky and as
a side note it should be mentioned that Einstein himself was not completely
satisfied with the actual phrasing of the argumentation. This he expressed
in a letter to Erwin Schrödinger. [19]

Einstein’s motivation was certainly not to invent a philosophical paradox
but rather to build a strong logical reasoning from well-defined assumptions
which would lead to a clear conclusion. As has been proposed by several
authors, it would be more appropriate to speak of the EPR theorem. [10]

2.2 Preface

The thought experiment of EPR was based on an analysis of two corre-
lated particles being described by one wave function |Ψ〉 but each of them
being separately measured. In the original paper the physically observable
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quantities were position and momentum, corresponding to non commuting
operators Q and P . The discussion in this chapter is completely equivalent
but considers Bohm’s version of the EPR thought experiment in terms of the
spin components of a pair of spin 1/2 particles prepared in a state of zero
total angular momentum.[5]

|Ψ−〉 =
1√
2

(| ↑〉| ↓〉 − | ↓〉| ↑〉) (19)

Where

| ↑〉 =

(
1
0

)
, | ↓〉 =

(
0
1

)
represent the eigenstates of the operator σz, one of the three Pauli matrices
σx, σy, σz. The two particles are sent into opposite directions and are being
measured by two parties, Alice and Bob, using Stern-Gerlach magnets to de-
termine any desired component of spin. These types of measurement settings
will be denoted by a for Alice and b for Bob. Each particle separately yields
certain measurement results, which can only take the values ±1 correspond-
ing to spin up or spin down.

The first crucial assumption in the EPR reasoning is the following: every
time the measurement settings are chosen to be the same a = b, the results of
both measurements are always perfectly anti-correlated. Standard quantum
mechanics predicts that if Alice measures along the z-direction, obtaining
either ±1, Bob’s particle when also measured in the z-direction must yield
the exact opposite measurement result. Due to the rotational invariance of
the |Ψ−〉 state we can say more generally: Consider the observable

~σ · ~u

with ~σ = (σx, σy, σz) and ~u being a normalized vector. For any direction of
Alice’s measurement ~uAlice = ~a the measurement results for Bob will always
be opposite if ~a = ~b. Formulated differently, the state |Ψ−〉 can be rewritten
in the x-basis such that

|Ψ−〉 =
1√
2

(|+〉|−〉 − |−〉|+〉) (20)

Measuring along the x- direction corresponds to the operator σx⊗1, therefore
after the measurement Bob’s particle will be in one of the eigenstates:

|+〉 =
1√
2

(| ↑〉+ | ↓〉) (21)

|−〉 =
1√
2

(| ↑〉 − | ↓〉) (22)
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corresponding respectively to Alice’s measurement results ± 1. We thus have
perfect (anti-) correlations along any measurement direction. This is the first
premise of the EPR argument.

Before continuing the logical steps of their reasoning a short mathematical
description of spin states is given. Especially the quantum mechanical prob-
abilities for measurement outcomes will be useful for the discussions later on.
If we look at the eigenstates and eigenvalues of ~σ · ~u

~σ · ~u | ± n〉 = ±| ± n〉

and consider ~u being a normalized vector in the x,z- plane

~u = cos θ~uz + sin θ~ux (23)

we get for the eigenstates | ± n〉

|+ n〉 = cos

(
θ

2

)
| ↑〉+ sin

(
θ

2

)
| ↓〉 (24)

| − n〉 = − sin

(
θ

2

)
| ↑〉+ cos

(
θ

2

)
| ↓〉 (25)

The probability of obtaining the eigenvalue ±1 on either Alice’s or Bob’s side
is then given by:

p+ = cos2
θ

2
, p− = sin2 θ

2
(26)

Through further calculation one can obtain the quantum mechanical predic-
tion for the probability of a double detection of results +1, +1 (or -1, -1) to
be

P+,+ = P−,− =
1

2
sin2 θ

2
and for the mixed results

P+,− = P−,+ =
1

2
cos2

θ

2

For θ = 0 which is exactly when the orientations of the measurement appa-
ratuses are parallel the probabilities P+,+ = P−,− = 0 vanish while
P+,− = P−,+ = 1

2
.

Note here that in the standard formalism it is completely irrelevant at which
time or at what distances the measurements are performed, in order to cal-
culate the probabilities for the measurement outcomes.
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2.3 EPR reasoning

The EPR reasoning starts off by assuming that the quantum mechanical
predictions concerning the perfect correlations are always observed, what-
ever the distance between the measurement apparatuses. In the EPR set up
both systems have separated and are no longer interacting; more precisely,
they cannot in any way influence each other in the determination of the
measurement outcomes. (This is only a very lose definition of locality which
will be specified later.) Holding onto the thought that causes always act
locally and that perfect correlations cannot appear by pure chance without
any cause, the following conclusion seems reasonable for the authors: the
only possible explanation for the perfectly correlated measurement results is
the existence of some common property of both particles, which determine
the outcomes of any kind of measurement performed on them. This brings
us to the first important concept in the EPR argument.

Elements of reality
”If, without in any way disturbing a system, we can predict with certainty (i.e.
with probability equal to unity) the value of a physical quantity, then there ex-
ists an element of physical reality corresponding to this physical quantity.”[1]

Certainty of a specific event cannot emerge from nothing. If a measurement
result is known in advance it must be because of some pre-existing physical
property.

Locality
In the EPR set-up both systems have separated and are no longer interacting.
The corresponding elements of reality on which measurements are performed
are attached to the distant regions of space. Therefore these elements of
reality cannot change suddenly under the influence of events taking place
in a very distant region of space. They only evolve locally. ”...at the time
of measurement the two systems no longer interact, no real change can take
place in the second system in consequence of anything that may be done to
the first system.”[1]
The idea of attaching elements of reality to separate regions of space and
stating that they only evolve locally has coined the term ”local realism”.

Remark:
The topic of locality and especially of nonlocality will be looked at from
different angles throughout this paper. Most physicists associate the term
with the notion of light cones and propagation of influences which will be
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discussed in the last chapter. There is however a more fundamental concept
underlying the idea that ”the influence of distant objects can be ignored if
they are sufficiently remote”. All experimental sciences depend upon the
assumption that observations made in laboratories depend on what is con-
tained in the laboratory and not on arbitrarily remote events. Otherwise it
would be impossible to obtain any meaningful experimental results.

Completeness
”...the following requirement for a complete theory seems to be a necessary
one: every element of the physical reality must have a counter part in the
physical theory.”[1]
The essence of the incompleteness argument is as follows: Alice is free to
chose any measurement direction, even while the particles are still in flight.
Due to the perfect correlations of the singlet state, from her measurement
result she is able to predict with certainty either spin component in z or x
direction. The locality assumption now states that this measurement could
not have changed Bob’s particle. Therefore by the premise of reality both
spin components of his particle are elements of reality. These are however
not accounted for in the quantum mechanical description.

In quantum mechanics any kind of measurement changes the overall state.
Heisenberg’s uncertainty principle states that there are so called incompatible
observables in nature for which it is impossible to simultaneously assign sharp
values. These conjugate pairs are represented by noncommuting observables.
In the EPR paper it is proven for the general case that when ”...operators
corresponding to two physical quantities do not commute,... then the precise
knowledge of one of them precludes such a knowledge of the other.” This
complementary principle, maintained in quantum mechanics is what is being
questioned by EPR and seen as a consequence of the incompleteness of the
theory. In terms of the EPR paper:

”...we are in a position to predict with certainty, and without
in any way disturbing the second system, either the value of the
quantity P... or the value of the quantity Q. In accordance with
our criterion of reality, in the first case we must consider the
quantity P as being an element of reality, in the second case the
quantity Q is an element of reality. ”[1]

Because quantum mechanics does not entail these elements of reality they
conclude that by their premise of completeness

” We are thus forced to conclude that the quantum-mechanical
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description of physical reality given by wave function is not com-
plete.”

The conclusions of EPR can be structured into four statements. The results
of measurements, whatever values chosen for a, b are functions:

1. of intrinsic individual properties of the spins that they carry with them.
These are the elements of reality as mentioned above.

2. of the orientations a, b of the Stern-Gerlach analyzers.

3. measurement results are well defined functions of these variables. A
particle carries along with it all the information necessary to yield the
result for any measurement, whatever choice is made for a, b. All com-
ponents of each spin have determined values simultaneously. Therefore
no indeterministic process is taking place.

4. There is a possibility of imagining measurements of observables which
correspond to two different values b and b′ which would be called ”in-
compatible” in standard quantum mechanics. The EPR reasoning how-
ever shows that incompatible observables can have simultaneously well
defined values.

The first result (1) states that quantum theory does not account for the intrin-
sic properties that each particles has before the measurements and therefore
it is an incomplete theory. ”...every element of the physical reality must have
a counter part in the physical theory.”[1] For a statistical ensemble the wave
function may be a sufficient description but for single particles there needs
to be additional information describing their different physical properties.
Item (3) leads one to the correctness of determinism from a locality assump-
tion, combined with correct predictions of quantum mechanics.
The last statement (4) rejects the complementarity principle by showing that
the notion of incompatible observables is not fundamental. This is only seen
as a consequence of the fact that quantum mechanics is an incomplete theory.

Their paper concludes with reflections about the possibility of ”completing”
Quantum Mechanics:

” While we have thus shown that the wave function does not
provide a complete description of the physical reality, we left open
the question of whether or not such a description exists. We
believe, however, that such a theory is possible. ”[1]

10



Many physicists have interpreted this last statement, as being the first idea
of hidden variable theories, in order to explain entanglement without action
at a distance.

2.4 Bohr’s reply

Niels Bohr felt challenged to respond to the EPR paper with a paper that
also appeared in 1935 in the same journal under the same title. [7] His pa-
pers have been studied and discussed extensively in the literature but are
still poorly understood and provoke ambiguous interpretations.

In Bohr’s reply he points out that there seems to be a flaw concerning EPR’s
idea of elements of reality: ”the wording of the above mentioned criterion...
contains an ambiguity... of the expression without in any way disturbing a
system.” As was discussed in the previous chapter the measurement on the
first particle can serve to constitute elements of reality for the second, space
like separated, particle. In the EPR reasoning however the ”elements of real-
ity” with respect to the second particle are not allowed to depend on which
measurement is performed on the first particle.

He continues by pointing out that”...there is the question of an influence on
the very conditions which define the possible types of predictions regarding the
system.” A measurement on the first system influences the conditions which
must remain in order for us to ”define” elements of reality for the second
system. This limits our information in so far that we cannot attribute a
physical reality to it independent of the measurement. Bohr therefore states

” Since these conditions constitute an inherent element of the de-
scription of any phenomenon to which the term ”physical reality”
can be properly attached, ... the argumentation of the mentioned
authors does not justify their conclusion...” [7]

The spin measurement performed on system A, as well as the direction of the
measured component, change the physical reality of the whole physical sys-
tem. This leads to the rejection of the EPR assumption that physical reality
contained in a space region B of one spin is independent of measurements
performed on an arbitrarily remote region A. Therefore the EPR conclusion
is no longer valid.

Bohr wanted to stress the fact that physical reality and results of quantum
measurements depend in the experimental setup and cannot be properly
defined without it. Reflecting on elements of reality J.S. Bell summarizes
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concisely Bohr’s view by saying that for Bohr ”there is no reality below some
classical macroscopic level.” [4] Taking this thought even further we arrive by
stating that quantum systems do not reflect intrinsic properties which exist
prior to any observation.
Only the correlations between spin components exist but quantum particles
as such do not have definite properties in advance or before any kind of mea-
surement has been done. This brings us to the definition of contextuality
and quantum mechanics being a non-contextual theory.

Contextuality
The value of a variable describing a physical system is called ”non-contextual”
if its value is independent of all the other observables that an experimenter
could decide to measure at the same time. Thus it represents a property
of the system which already pre-existed before any measurement was made.
(The notion of distance is not relevant here.)
Locality can be regarded as a special case of non-contextuality, because it
requires mutual independence of the results for commuting observables even
if there is no spacelike separation.

The non-contextuality of elements of physical reality was implicitly assumed
in the EPR paper and commented only briefly in a small paragraph stating
that:

”...one would not arrive at our conclusion...if...physical quanti-
ties can be regarded as ... elements of reality only when they can
be simultaneously measured...This makes the reality of P and Q
(noncommuting observables) depend upon the measurement... No
reasonable definition of reality could be expected to permit this.”[1]

3 Hidden Variables and no-go theorems

EPR adhered to a local realistic world view. In constructing their argument
they maintained the common sense principle of realism, namely that physical
properties exist and are well defined prior to and independent of measure-
ment; and that no physical influence can propagate faster than the speed of
light.

In local realism the probabilistic structure of quantum theory only describes
our incomplete knowledge of a system. To circumvent the objective ran-
domness of the Copenhagen Interpretation, and thus providing a complete
description of physical reality, many physicists after EPR have argued to
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incorporate additional variables or parameters which render measurement
results independently, even for two spatially separated objects. These ”hid-
den” parameters should correspond to elements of reality at any given time
and should be independent of the measurement context.

Most of these hidden variable theories can be eliminated by so called ”no-go
theorems”. The most famous ones are Bell’s theorem and the Kochen-Specker
theorem, which complements Bell’s Inequality and excludes contextuality (in
addition to locality) from hidden variable theories as well.

The Kochen-Specker theorem from 1967 [32] addresses the idea of quantum
mechanical observables representing ”elements of physical reality”. The the-
orem proves that there is a contradiction between two basic assumptions of
hidden variable theories intended to reproduce the results of quantum me-
chanics, namely that all hidden variables corresponding to quantum mechan-
ical observables have definite values at any given time and that the values of
those variables are intrinsic and independent of the device used to measure
them. The incompatibility proof given here is much simpler than the original
one which used 117 measurements to find a similar incompatibility. In [26]
Peres showes that for two spin 1/2 particles the following propositions are
incompatible with the results of quantum mechanics:

• results of the measurement of an operator O depend solely on O and
on the system being measured (non contextuality)

• if operators O and P commute, the result of a measurement of their
product OP is the product of the results of seperate measurements O
and P .

The following table of nine quantum variables will be considered:

σx ⊗ 1 1⊗ σx (σx ⊗ 1)(1⊗ σx)

1⊗ σy σy ⊗ 1 (σy ⊗ 1)(1⊗ σy)

(σx ⊗ 1)(1⊗ σy) (σy ⊗ 1)(1⊗ σx) (σz ⊗ 1)(1⊗ σz)

All operators have eigenvalues ±1. In each line the three operators commute
as well as the same operators belonging to the same column. The product of
each of these three table entries always yields +1, except for the last column
which yields

(σx ⊗ 1)(1⊗ σx) · (σy ⊗ 1)(1⊗ σy) · (σz ⊗ 1)(1⊗ σz) = −1
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The product of the last line however again yields +1 due to the change of
order of the operators. The question of interest now is: can we attribute a
value ±1 to each of the nine elements of the matrix, in such a way that is
consistent with the results of quantum mechanics?

For this claim to be satisfied one needs to assign ±1 to all entries of the
lines and columns so that the product of all lines has to be (+1)3 while
the product of all columns is (+1)2(−1) which is −1. This sign contradiction
makes it impossible to find nine numbers suitable to satisfy all the conditions.

From this discussion, we can conclude that the results of a measurement
corresponding to a certain operator O, cannot depend only on O and the state
of the system but there is also a dependency on the choice of other possible
quantum measurements. Applying this to hidden variable theories, it can
be stated that quantum mechanics is incompatible with a non-contextual
hidden variable theory.

4 Nonlocality

The important idea kept sacred throughout the EPR paper is the notion
of locality or more precisely ’local causality’ namely that Alice’s measure-
ment does not change or influence Bob’s particle instantaneously over an
arbitrarily large distance. Interactions between objects are point-like (local)
interactions whose immediate effects are confined to a single location in space
time. Any other nonlocal effect would in the authors minds conflict with the
ideas of special relativity.

One of the postulates of quantum mechanics states that upon any kind of
measurement the state vector describing the whole quantum system reduces
itself at one instant to one of the eigenstates. This holds for single particles
as well as for composite systems of two or more particles. For an entangled
EPR pair there is a certain difficulty in interpreting this principle. The prob-
lematic aspect arises when due to a measurement on one particle the second
particle of an entangled pair is projected instantaneously unto a well-defined
state, independent of the spatial separation. This effect is the essence of the
nonlocal behavior of entangled particles.

As was shown by Ghirardi, Rimini and Weber [29] this effect can however
not be used to transmit information. The no-signaling theorem proves that
Alice’s choice of measurement has no observable consequences for Bob, in so
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far that Alice cannot send signals or any kind of information to Bob via their
entangled pair of particles. An intuitive explanation for why one cannot use
spin-correlations to transmit information between spatially separated space
time regions, is the following: Even though the outcomes on Alice’s side
are (maximally) correlated with the outcomes on Bob’s side, the measure-
ment result itself is a random event which cannot be willingly manipulated.
Therefore it cannot be used as an information transfer.

4.1 Nonlocality and Quantum non-separability

The term locality is a purely spatial notion, which can also be understood in
stating that mutual influences of sufficiently remote events can be neglected.
Quantum non-separability is however conceptually distinct from locality.

The idea is that quantum systems, when they have interacted in the past,
no longer possess in general their own physical properties. Two systems
which have interacted at a former time are both to be seen as part of a
larger system. Therefore it is not valid to try and conceptually separate the
overall system into smaller physical systems and attribute them properties.
This non-separability is related to entanglement in a very specific way. Recall
from the mathematical introduction the separability criterion: For a quantum
system made of two subsystems A and B, described by the density operator
ρAB the state is called separable if ρAB can be expanded in the following way:

ρ =
∑
n

pnρ
A
n ⊗ ρBn (27)

with pn ≥ 0 being real positive coefficients, with the property
∑
pn = 1

which in general correspond to the individual probabilities. If the expansion
necessarily contains coefficients pn that are not real positive numbers, one
says that the operator ρ is ”non-separable” and contains entanglement.
The reduced density matrices ρA, ρB can be evaluated by tracing over the
subsystems as defined in section 1.1.

Consider now the maximally entangled Bell-state in the following notation

|Ψ−〉 =
1√
2




0
1
0
0

−


0
0
1
0


 (28)

where we omitted the superscripts for Alice and Bob
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| ↑〉A| ↓〉B = | ↑〉| ↓〉 =


0
1
0
0

 | ↓〉A| ↑〉B = | ↓〉| ↑〉 =


0
0
1
0


then the density matrix is given by

ρ− = |Ψ−〉〈Ψ−| = 1

2
(| ↑〉〈↑ | ⊗ | ↓〉〈↓ | − | ↑〉〈↓ | ⊗ | ↓〉〈↑ |+

+| ↓〉〈↓ | ⊗ | ↑〉〈↑ | − | ↓〉〈↑ | ⊗ | ↑〉〈↓ |)

To obtain Alice’s subsystem described by the reduced density matrix ρA we
trace over Bob and obtain

ρA = TrBρ
− =

1

2
(| ↑〉〈↑ |+ | ↓〉〈↓ |) =

1

2

(
1 0
0 1

)
Alice’s system alone describes a totally mixed state. This means in other
terms that Alice does not have maximal knowledge of her system. To quantify
this we can calculate the von Neumann entropy of ρA

S(ρA) = −trρA log ρA = −1

2
log

1

2
· 2 = 1

Alice (as well as Bob) has maximal uncertainty of her (or his) state. This goes
to show that each of them individually cannot exploit entanglement of the
|Ψ−〉 state to transfer any kind of information via these quantum correlations.

If we compare the entropy of the composite system ρ− which is a pure state

S(ρ−) = 0

to the uncorrelated system ρA ⊗ ρB being a product state and yielding

S(ρA ⊗ ρB) = S(ρA) + S(ρB)

we can even deduce the following: The uncertainty of the product state is
larger than the uncertainty of the composite system. By tracing over the
subsystem A,B the entropy increases and we have lost information about
the correlation between the two systems.

The state ρA⊗ρB would be an example of satisfying the locality condition in
[1]. In the words of EPR, any kind of measurement on one side would ”not
in any way disturb the other system”. Such product states would however
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not be able to explain correlations in general and in particular the perfect
correlations in the thought experiment.

Although EPR recognized the locality assumption in their argument, they
believed that this assumption was unassailable and thought it unreasonable
for elements of reality to depend upon non-local effects.

4.2 Teleportation

In this short section a practical application of the nonlocal behavior of en-
tangled particles is presented.

Quantum entanglement can be regarded as a form of resource for quantum
communication and information processing between Alice to Bob. There are
different ways to employ this quantum communication in the forms of various
protocols which have been studied and experimentally verified over the last
past years. [21] [22]
Aside from ”Quantum dense coding” which enables to transmit two bits of
information through the manipulation of only one of two entangled particles,
the scheme which will be discussed in more detail is ”Quantum Teleporta-
tion”. The basic idea is to transfer the state of a quantum system to another
quantum system at a distant location.

Procedure
Alice has a particle 1 in the quantum state |Ψ〉1 = α|0〉1 + β|1〉1 which she
wishes to transfer to Bob. |0〉 and|1〉 are orthogonal states, and α and β
complex amplitudes satisfying |α|2 + |β|2 = 1. Because of the projection
postulate of quantum mechanics any quantum measurement performed by
Alice on her particle would destroy the original quantum state.

A pair of entangled particles 2 and 3 is produced (EPR pair) in the state:

|Ψ−〉23 =
1√
2

(|0〉2|1〉3 − |1〉2|0〉3) (29)

Particle 2 is sent to Alice and 3 to Bob.

Due to the nonlocal behavior of these two entangled particles, as soon as
a measurement on one of the particles occurs, the other particle is being
projected onto the orthogonal state. The overall system is thus in the three
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qubit state

|Ψ〉123 = |Ψ〉1 ⊗ |Ψ−〉23 = (α|0〉1 + β|0〉1)
1√
2

(|0〉2|1〉3 − |1〉2|0〉3) (30)

This joint state can be expressed as a superposition of the four maximally
entangled Bell states, since they form a complete orthogonal basis. Although
initially particles 1 and 2 are not entangled one can write:

|Ψ〉1 ⊗ |Ψ−〉23 =
1

2
[|Ψ−〉12(−α|0〉3 − β|1〉3)+ (31)

+|Ψ+〉12(−α|0〉3 + β|1〉3)+ (32)

+|Φ−〉12 (α|1〉3 + β|0〉3)+ (33)

+|Φ+〉12 (α|1〉3 − β|0〉3)] (34)

It appears as if Bob already has the qubit of particle 1, in so far that his
state depends on the parameters α and β. Alice can now prepare Bob’s
qubit by measuring her two qubits in a the Bell-state basis (Bell state mea-
surement). The four equally probable outcomes associated with the states
|Ψ−〉12, |Ψ+〉12, |Φ−〉12 and |Φ+〉12 leave his qubit in one of the four corre-
sponding states.
For |Φ−〉12 particle 3 is in the state α|1〉3 + β|0〉3. The four possible states
are related to the original qubit state of particle 1 by the action of one of
the four Pauli operators. Alice now has to inform Bob via a classical channel
of her measurement result so that Bob can perform the appropriate unitary
transformation on particle 3 to obtain the initial state of 1. [30]

Comments:

• The values of α and β remain unknown during the teleportation pro-
cedure. Alice does not obtain any information by performing the Bell-
state measurement.

• During the Bell state measurement particle 1 loses its initial quantum
state due to the entanglement it afterwards shares with particle 2.
It therefore follows that the initial state |Ψ〉1 is destroyed during the
teleportation scheme and thus obeying the no-cloning theorem.

• The Bell measurement can be understood as a comparison of the spins
of particle 1 and 2. If the measurement result yields the state |Ψ−〉12,
Alice knows that the state of qubit 1 is orthogonal to the qubit to
be teleported. Because of the anticorrelation properties of the shared
entangled EPR pair, Bob’s qubit is left in the desired state. If the result
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of the Bell measurement yields the state |Ψ+〉12 then this corresponds
to a simultaneous eigenstate of σ1 ⊗ σi i = x, y, z. It then follows that
the state of particle 2 differs from that which is orthogonal to|Ψ〉1 by a
rotation through π about the z-axis on the Bloch sphere. This rotation,
enacted by σz on Bob’s qubit will leave it in the state |Ψ〉1.

5 The Bell theorem

Decades after the EPR paper was published, John S. Bell spelled out the
notion of locality, which Einstein seemed to have had in mind. Focusing on
the statistical predictions themselves, he showed that any such local theory
satisfies an empirically testable inequality. Even under consideration that
the pairs of measurements needn’t be perfectly correlated, he was able to
calculate the average statistical correlations.
The astonishing result was that the correlations predicted by quantum me-
chanics were not the same as the correlation predicted by any theory which
combines locality and realism. What had previously been a philosophical
debate suddenly had testable consequences.

The Bell theorem can be seen as an impossibility theorem on additional or
”hidden” variables which are arbitrarily introduced. If their evolution is
local then the resulting theory cannot reproduce all predictions of standard
quantum mechanics.

5.1 Bell’s Inequality

In John S. Bell’s famous paper from 1964 ”On the Einstein-Podolsky-Rosen
paradox” [2] the author quantifies the seemingly paradoxical behavior of en-
tangled particles in order to distinguish on a theoretical level between the
quantum mechanical predictions and any local hidden variable theory. It
became apparent that these two theories predicted statistically different ex-
perimental results.

5.2 Derivation

John S. Bell defined that the predetermined quantum state is described com-
pletely by means of parameters λ .

”It is a matter of indifference whether λ denotes a single variable
or a set, or even a set of functions, ... discrete or continuous.”[2]
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In this way the information about a measurable quantity (e.g.: spin compo-
nent, momentum,...) corresponds to an element of reality at any given time
and independent of any measurement. To derive Bell’s inequality in its orig-
inal form, we again consider Bohm and Aharonov’s version [5] of the EPR
Paradox of a composite system of spin 1/2 particles in the singlet state |Ψ−〉.
The two particles propagate in opposite directions and are being measured
by Alice and Bob with the corresponding operators ~σ · ~a and ~σ ·~b. Due to
the asymmetry of the |Ψ−〉 state, one obtains exactly anticorrelated mea-

surement results for ~a = ~b.

Bell now postulates that any measurement on Alice’s particle does not influ-
ence the outcome of measurements on Bob’s particle and is therefore inde-
pendent of any measurement made on the second particle. The measurement
outcome, which from now on shall be denoted by A and B, only depends on
the parameter λ and the direction ~a for A (or ~b for B respectively). The
possible measurement outcomes are:

A(~a, λ) = ±1 (35)

B(~b, λ) = ±1 (36)

and the expectation value E(~a,~b) can be computed by integrating over the
probability distribution of λ denoted by ρ(λ).

E(~a,~b) =

ˆ
ρ(λ)A(~a, λ)B(~b, λ)dλ (37)

ˆ
dλ ρ(λ) = 1 (38)

This should in principle be equal to the quantum mechanical expectation
value:

〈~σ · ~a⊗ ~σ ·~b〉 = −~a ·~b (39)

Due to the properties above, the expectation value is bounded from below
by −1. For equal measurement settings one obtains A(~a, λ) = −B(~a, λ) and
we can rewrite

E(~a,~b) = −
ˆ
ρ(λ)A(~a, λ)A(~b, λ)dλ (40)
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Given a third measurement direction ~c one can compute the difference of the
expectation values:

E(~a,~b)− E(~a,~c) = −
ˆ

[A(~a, λ)A(~b, λ)− A(~a, λ)A(~c, λ)]ρ(λ)dλ = (41)

= −
ˆ
A(~a, λ)A(~b, λ)[1− A(~b, λ)A(~c, λ)]ρ(λ)dλ (42)

|E(~a,~b)− E(~a,~c)| ≤
ˆ
|A(~a, λ)A(~b, λ)| · |[1− A(~b, λ)A(~c, λ)]|ρ(λ)dλ =

(43)

=

ˆ
|[1− A(~b, λ)A(~c, λ)]|ρ(λ)dλ = (44)

=1−
ˆ
A(~b, λ)A(~c, λ)ρ(λ)dλ = (45)

=1 + E(~b,~c) (46)

where we have used that ρ(λ) is normalized and |A(~a, λ)A(~b, λ)| = 1.
One therefore obtains:

|E(~a,~b)− E(~a,~c)| ≤ 1 + E(~b,~c) (47)

This is the original form of Bell’s inequality.

5.3 Violation by quantum mechanics

Lets consider again the state

|Ψ−〉 =
1√
2

(| ↑〉| ↓〉 − | ↓〉| ↑〉)

with the eigenstates | ↑〉| ↓〉 containing the first spin in an eigenstate with
eigenvalue +~/2 along the z-direction, and the other in an eigenstate with
eigenvalue −~/2. The angle between the individual measurement directions

~a and ~b is θab. Calculation according to quantum mechanics yields:

E(~a,~b) = 〈Ψ−|~a · ~σ ⊗~b · ~σ|Ψ−〉 = −~a ·~b = − cos(~a,~b) (48)

It is easy to show that this expression violates Bell’s inequality. By choosing
~a, ~b, ~c as being normalized vectors and choosing the angles

~a ·~b = ~b · ~c = 60◦ , ~a · ~c = 120◦ (49)
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then the expectation value, for the |Ψ−〉 state can be computed and inserted
into Bell’s inequality, yielding

1 ≤ 1

2
(50)

which is a clear violation. No local realist theory can reproduce the cosine
variation. This contradiction therefore leads one to conclude that quantum
mechanics is not a local realist theory in the EPR sense.

An important feature which should be stressed again is that the result is
completely independent of the interpretation of the variable λ. The inequality
remains valid if other processes influence the particle while still on the way
to the measurement apparatuses. Then one would need to include into λ
new components associated with the corresponding random process.This may
change the value (or the distribution of the higher dimensional) variable, but
the inequality will still be the same.

5.4 CHSH inequality

There are different forms of Bell type inequalities, in order to use them in ex-
periments. The form given by John Clauser, Michael Horne, Abner Shimony
and R. A. Holt[14] also known as the the CHSH form, is probably the most
prominent. Important differences in the assumptions are that there needn’t
be perfect correlations and there are also measurements considered where no
particle is detected. To derive the CHSH inequality the following algebraic
interlude shall describe the underlying principle being used.

Let a, a′, b, b′ ∈ [−1, 1] It shall be shown that

|ab− a′b+ ab′ + a′b′| ≤ 2 (51)

One may estimate the left hand side:

|ab− a′b+ ab′ + a′b′| ≤ |b||a− a′|+ |b′||a+ a′| ≤ (52)

≤ |a− a′|+ |a+ a′| (53)

Without loss of generality we can assume that a ≥ a′ ≥ 0. Therefore one
obtains for the expression above

= a− a′ + a+ a′ = 2a ≤ 2 (54)
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This upper bound is used in the derivation of the CHSH inequality. After
some computation similar to the derivation of the original inequality, one
obtains in total analogy

|E(a, b)− E(a, b′)| ≤ 2± [E(a′, b′) + E(a′, b)] (55)

This is often rewritten by defining the value S consisting of the expecta-
tion values for measurements with the 4 possible measurement directions
a, a′, b, b′:

S = E(a, b)− E(a, b′) + E(a′, b) + E(a′, b′) (56)

which can be approximated

S(a, b, a′, b′) = |E(a, b)− E(a, b′)|+ |E(a′, b′)− E(a′, b)| ≤ 2 (57)

CHSH: − 2 ≤ S ≤ 2

To obtain the quantum mechanical value for S , we first need the expression
describing the probability of a double detection of results +1, +1 (or -1,-1):

P↑↑ = P↓↓ =
1

2
sin2 θab

2

The probability to obtain two opposite results is:

P↑↓ = P↓↑ =
1

2
cos2

θab
2

We obtain the Quantum average value to be

P↑↑ + P↓↓ − P↑↓ − P↓↑ = −cosθab

as already used earlier. This expression is the equivalent of the average over
λ of the product A(a, λ)B(b, λ) in a local realist theory. The value S can be
calculated using the same combination of averages

S = −cosθab + cosθab′ − cosθa′b − cosθa′b′

Choosing the following angles we obtain the maximal violation

~a ·~b = ~a′ · ~b′ = ~a′ ·~b = 22.5◦, ~a · ~b′ = 67.5◦ (58)

S = 2
√

2 (59)

This is clearly in contradiction with the value obtained with the locality
constraint.
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5.5 Bell’s theorem and further discussion

The Bell theorem can be formulated, by stating that the following system of
assumptions is self-contradictory:

1. validity of the EPR’s elements of reality (realism)

2. locality

3. predictions of quantum mechanics are always correct

Displaying the logical content in this way, Bell’s theorem becomes a strong
tool to build ”reductio ad absurdum” reasonings. Among these three as-
sumptions, at least one has to be given up. Einstein had assumed local
realism and at the same time that all predictions of quantum mechanics are
correct. On purely logical terms by applying Bell’s theorem this construction
is simply impossible.

The violation of Bell’s inequality, shown in numerous experiments leads us
to the conclusion that we need to give up either both or one of the assump-
tions (1) or (2). This statement is the most general. The Bell theorem can
however also be applied specifically to theories with hidden variables where
λ represents the existence of an a priori assumed variable. If these param-
eters evolve locally, the measurement results must obey the inequalities. A
violation of the inequalities therefore means that either hidden variables do
not exist or that they evolve non-locally. To quote J.S. Bell:

”This (grossly nonlocal structure) is characteristic... of any such
theory which reproduces exactly the quantum mechanical predic-
tions.”[2]

”In a theory where parameters are added to quantum mechan-
ics...there must be a mechanism whereby the setting of one mea-
suring device can influence the reading of another instrument
however remote.” [3]

Hidden variable theories are therefore not generally excluded by the theorem.
There are theories which yield the same quantum mechanical predictions for
experiments, while at the same time containing additional ”hidden” variables,
which are however nonlocal. Bohmian mechanics would be an example for
such a theory.
To be extremely precise, it was pointed out by [10] that it had not exactly
been Bell’s motivation to construct a constraint for hidden variable theo-
ries. In [2] Bell clearly states that ”The (EPR) paradox was advanced as an
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argument that quantum mechanics... should be supplemented by additional
variables. These additional variables were to restore to the theory causality
and locality. In this note that idea will be formulated mathematically...”[2]
He makes a distinction between the additional variable λ associated with
EPR’s elements of reality and the broader term of ”hidden variables” which
appear in theories like Bohmian mechanics.

There are several ways to answer the question of how the contradiction with
quantum mechanics is even possible in the first place and what assumptions
are critical in Bell’s clear and intuitive reasoning.
In the sense of Bohr, we shouldn’t try to distinguish in one complete experi-
mental setup between two separate measurements. One needs to think of an
indivisible two particle measurement with a fundamentally random process
taking place simultaneously over the whole region of space occupied by the
experimental setup. The functions A and B then also depend on the remote
settings A(a, b) and B(a, b). Instead of two numbers A and A′ we would then
need to distinguish four numbers on each side and their products would have
16 possible values. The proof of the CHSH inequality would then no longer
hold.

There is also the viewpoint in preference of locality and retaining local mea-
surement processes. The contradiction with quantum mechanics is then ex-
plained in the following way: it is wrong to attribute well-defined values
A,A′, B,B′ to each emitted pair because only two can actually be measured.
It is not legitimate to have four quantities in mind. This will lead to the
notion of counterfactual definiteness discussed later on. To quote Peres ”Un-
performed experiments have no results.” [25]

A third view emphasizes more the idea of realism (local or non-local) cate-
gorizing all the different realizations of the experiment, and associating well-
defined results of measurements for the various choices of settings. The
mathematical origin of Bell inequalities lies in the possibility of subdividing
pairs of positive probabilities into a smaller number of categories.
In a paper by Wigner[36] he states that each measurement setting and result
configuration is given by the choice of a and b and 4 different pairs of results,
the number of categories would be 44. If locality is added, then for each pair
the result on one side is independent of the setting on the other side. One
subensemble depending on a only has 4 possibilities (2 choices of a and 2
possible results) and the same for b. The total number of categories is now
only 24. These categories can then be assigned to the numbers A,A′, B,B′

in yielding the CHSH value S = ±2. For an in depth discussion see [36].
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5.6 Different assumptions

In a paper of 2009 [31] the author argues that the minimal assumptions made
in Bell’s paper are locality and counterfactual definiteness.
Counterfactual definiteness describes the assumption that we are allowed
to postulate a single definite result from an individual measurement even
when the measurement is not performed. To deny counterfactual definiteness
means that we are not necessarily allowed to consider a definite result for an
experiment that we have not performed.
This actually represents a key feature in quantum mechanics. Whenever a
quantum state is in a superposition there is more than one possibility for
the potential result of a measurement. The principle of complementarity
guarantees that this situation arises frequently. Complementarity describes
how certain pairs of measurements, such as position and momentum mea-
surements or orthogonal spin measurements, cannot be made simultaneously.
Thus, a definite momentum measurement forces the physical system into an
indefinite superposition of distinct position eigenstates.

Both locality and counterfactual definiteness are violated by quantum me-
chanics which in turn then violates Bell’s inequality. The more interesting
conclusion is however, that it is also possible to violate Bell’s inequality using
either nonlocality or counterfactual definiteness alone e.g. Everett’s many
worlds interpretation which retains the counterfactual indefiniteness of su-
perpositions while preserving locality.

The perfect correlations present in EPR experiments imply that local theories
must also be deterministic. This conclusion rests on the idea that a theory
with only local interactions precludes construction of the EPR correlation at
a distance, and therefore the correlation must originate at a common point.
For the perfect correlation to propagate undisturbed to separate locations,
the theory must also be deterministic.

”Taking the results of EPR and Bell experiments together, we
conclude either that valid physical theories are nonlocal, or they
are local, deterministic, and counterfactually indefinite.” [31]

6 Experimental realizations and loopholes

Several experiments starting from the late 60’s have taken upon the challenge
to experimentally test Bell inequalities.
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These experimental demonstrations almost always underly several additional
assumptions. Therefore it is still possible that without these assumptions a
local realistic theory could be able to explain the correlations observed. Over
the last past years many groups have achieved to close these so-called ”loop-
holes” successfully. The most important assumptions or loopholes will briefly
be discussed here.

Loopholes

• Detection efficiency loophole (’fair sampling assumption’)
This loophole simply originates from experimental imperfections. It is
common in real experiments that not all particles emitted by the source
are detected. The subset of the detected particles may therefore display
the correlations needed to violate Bell’s inequality even though the en-
tire ensemble would describe predictions of a local realistic theory. Due
to the low efficiency rates of sources and detectors, the fair sampling
assumption could not have been avoided up until very recently.

• Locality or communication loophole
This condition requires the measurement for the two particles to be
completely independent of one another. Specifically it must guaran-
tee that no communication is possible between the two measurement
stations during a measurement. The time interval for choosing the
measurement direction for particle A must be outside the space time
light cone of particle B. It was also stressed by Bell himself, that the
measurement settings (analyzers) should be rotated during the flight
of the particles.
On the one hand this requires large spatial separation, on the other
hand the detection mechanism must operate very fast.

• Freedom of choice
Sometimes also called ”superdeterminism”. This loophole questions
the arbitrary choice of the settings a and b. In Bell’s derivation a and b
are indeed considered as independent and free variables which are not
consequences of any prior event. It is true that there is always an over-
lap between the past light cones of two events which can also be the
events of choosing the settings. They could therefore have a common
cause and a and b would no longer be free parameters.
This fatalistic view of a predetermined universe is however more a philo-
sophical question and a not very prominent question to ask among sci-
entists. In a superdeterministic universe the very notion of scientific
experiments would after all lose its meaning altogether.
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Experimental realizations
Many experiments have succeeded in closing loopholes separately as well as
combined. Avoiding all these assumptions simultaneously in one experiment
would result in having a “loophole-free” Bell test.

One of the first experimental tests of the CHSHS inequality which aimed at
closing the locality loophole was done by Aspect, Dalibard and Roger in the
eighties. [15] They measured correlations of polarized photons being emitted
by an atomic cascade. The experiment included a mechanism that pseudo
randomly switched between the measurement settings A and A′ as well as
B and B′. This switching was done in a time much shorter compared to
the time of flight of the photons. The correlations in this experiment were
consistent with the quantum predictions and violated CHCS inequality by
five standard deviations.

The experiment of A. Zeilinger et al. from 1998 further developed the ideas
of the Aspect experiment. It provided the necessary space like separation as
well as a mechanism which ensured that both measuring stations operate in
a completely independent way.

Figure 1: Spacetime diagram of the experiment presented in [11].

In [15] the measurement mechanism used a periodic sinusoidal switching,
which would be predictable for future measurements. In order for the com-
munication loophole to be fully closed, in [11] it is stated that the ”selection
of an analyzer direction has to be completely unpredictable which necessi-
tates a physical random number generator.” The main challenge concerning
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their setup was to get very short time spans for the measurement process as
well as for the decision of the measurement setting, which was in the end
achieved. Thereby they were able to exclude within the realm of Einstein
locality any mutual influences between Alice and Bob. Figure (1) shows a
space time diagram illustrating the different time spans of the experiment.
The space time points Y and Z correspond to the detection of the photons
on Alice’s and Bob’s side. The measurement process of Alice, which consists
of setting the random analyzer direction and detecting the photon, must lie
inside the shaded area. The maximally allowed time would be from point X
onwards. The short black bar represents the measurement process as well as
the choice of a random number, which took far less time than what would
have been allowed.

A very recent experiment (2013) [28] showed violation of a Bell inequality
without the fair-sampling assumption. The authors of said paper used the
Eberhard inequality, a CH-type Bell-inequality that explicitly includes also
undetected events. The violation of this inequality which they showed by
almost 70 standard deviations, implies ”the necessity to abandon all local
realistic theories that take advantage of unfair sampling to explain the ob-
served values. ” [28]

Characteristics of Quantum mechanics
How should we think about the nonlocal character of quantum mechanics?
Why is it that we cannot send messages by exploiting nonlocality and what
kind of constraints are we encountering?

The example of the EPR paradox provided the idea of the nonlocal character
of quantum mechanics. This action at a distance is however constrained by
the fact that it cannot be used to transmit information, which is exactly the
desired constraint of (relativistic) causality. Even though in nonrelativistic
quantum mechanics there is no maximum speed implied, the theory does
obey the causality principle.

7 Causality

In classical mechanics one can define with arbitrary precision the position
and the momentum of a given state. Classical determinism then describes
the possibility that, given initial conditions x0, and p0, one can determine
from Newton’s equations of motion the state at a later time x(t) and p(t).
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Quantum mechanics however only describes a given state by probabilities.
In that sense it is a non deterministic theory. One can however establish
the following causal structure: for a given initial wave function |Ψ(x, 0)〉
the Schrödinger equation can be used to determine the state at a later time
|Ψ(x, t)〉. What often generates confusion is the quantum mechanical postu-
late describing the measurement process. If an observable A is measured and
yields the value a the initial state immediately turns into the eigenstate |a〉.
This instantaneous change of the whole state or collapse of the wavefunction
led to the discussion of the so called ”measurement problem”.

7.1 Causality in Special Relativity

In order to specify the measurement process in a relativistic framework, a
short introduction on Minkowski space is given. Minkowski space is a four-
dimensional real vector space equipped with a nondegenerate, symmetric
bilinear form.

The Minkowski inner product
From Einsteins’s postulates that the speed of light is the same in in every
inertial frame and that the laws of physics are invariant under a change of
inertial coordinate system (relativity principle) we can formulate the follow-
ing axioms:

Space and time are represented by a 4-dimensional manifold called Minkowski
space time. Elements of Minkowski space are called events or four-vectors.

xa = (x0, x1, x2, x3) = (t, x, y, z)

The Minkowski line element is given by

ds2 := c2dt2 − dx2 − dy2 − dz2 = ηabdx
adxb (60)

Written in tensor formalism the Minkowski metric can thus be written as

η = diag(1,−1,−1,−1) =


1 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 −1

 (61)

The Minkowski metric describes the rule for calculating the space time in-
terval between two events (points in space time). We can establish the norm
from the square of the length of a given vector X

X2 = ηabX
aXb = XaX

b
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The vector is said to be

• Timelike if X2 > 0

• Spacelike if X2 < 0

• Lightlike or null vector if X2 = 0

If two events P and Q are connected by the vector ∆x, then the sign of
∆x2 := c2∆t2−∆x2−∆y2−∆z2 defines the causal relation between P and
Q.

Figure 2: ~AB light-like, ~CD time-like, ~EF space-like

The null vectors form a so called light cone of an event P and satisfy the
condition

c2∆t2 −∆x2 −∆y2 −∆z2 = 0

The light cone at each event imposes an important causal distinction be-
tween events relative to P . All events on and within the future cone can be
influenced by P and can furthermore receive signals since these events are
reachable with velocities v ≤ c. Such events constitute the causal future
of P . For events on or within P ’s past light cone, they can influence P and
constitute its causal past. These two classes of events are characterized by
∆s2 ≥ 0 and define the causal structure of the theory. The temporal rela-
tionship of events in the region outside these light cones (called ’Elsewhere’
in the following diagram) will not be something all observers agree upon.
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Figure 3: Event relationship or causal structure in special relativity [8]

Time ordering
Causality describes the principle that cause precedes effect. This implies an
ordering in time. If two events are timelike or lightlike separated and are
causally connected in one frame then they will remain connected in said way
in every frame. Mathematically speaking, if the space time coordinates of
two events when measured in frame S satisfy the inequality

c2(t2 − t1)2 − (x2 − x1)2 − (y2 − y1)2 − (z2 − z1)2 ≥ 0

and if (t2 − t1)
2 > 0, then also (t′2 − t′1)

2 > 0 for an observer S ′ moving
in uniform relative motion to observer S. This time ordering gives rise to
a more general concept where it can be said that any space time region is
only determined by the backward light cone of this region. This constitutes
a local deterministic theory.

Superluminal signaling
To illustrate the difficulty arising if there were signals propagating with speed
v > c consider the following diagram:
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Figure 4: Superluminal signaling [8]

A signal is emitted at A with infinite speed. An observer in relative motion
could re-emitt the signal also with infinite speed and could reach the causal
past of the emitting event A. In other words the signal would be received
before it was emitted leading to an obvious paradox.

The speed of light can in many contexts be seen as an absolute physical
limit on all causal influences. Under this assumption it can be inferred that
”spatially separated” leads to ”causally isolated”.

7.2 Causality and Quantum Mechanics

In quantum physics it is standardly assumed that the background time or
a definite causal structure exists such that every operation is either in the
future, in the past or space-like separated from any other operation. Con-
sequently, the correlations between operations respect definite causal order:
they are either signaling correlations for the time-like or no-signaling corre-
lations for the space-like separated operations.

Stating that nonlocal quantum correlations obey causality is a very powerful
constraint. If two systems are entangled in their internal degrees of freedom,
the nonlocal correlation between the systems does not depend on their spatial
separation. Therefore if correlations were useful for any form of signaling,
they could also be used for superluminal signaling. The causality constraint
is more severe in non relativistic notions, because all signaling via nonlocal
interactions are forbidden, not only superluminal ones.

The fixed causal structure of quantum mechanics also becomes apparent
when looking at measurements. One needs to specify in advance a certain
aspect of causality in each experiment in order to calculate the desired prob-
abilities. Considering two operators A and B we can either write A ⊗ B
describing two space-like separated regions in space time; or, if they are
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immediately sequential, which would be correspond to time-like regions we
write BA. To know which one to use, means knowing in advance the causal
structure of the different measurements.

7.3 Remarks and prospects

• Popescu and Rohrlich have suggested building quantum mechanics on
exactly the two axioms discussed: nonlocality, meaning that the the-
ory predicts violations of Bell’s inequality and at the same time re-
maining compatible with relativistic causality. [37] They invert the
logical order by not stating that quantum mechanics and relativity
together imply as a consequence nonlocality; but by stating that non-
locality and relativistic causality together seen as two axioms actually
imply quantum theory.
The indeterminism of quantum mechanics then follows by reductio ad
absurdum. Supposing a deterministic theory implies that the measure-
ment result A would only depend on the measurement setting a alone,
which would mean that no violation of Bell’s inequality is observed.

• The group of Caslav Brukner has investigated the very nature of causal
order and especially asked the question if it is even necessary to assume
a definite causal structure to describe quantum phenomena.By develop-
ing a new framework which does not depend on any pre-defined global
causal structure, they found correlations which are not included in the
usual formulation of quantum mechanics.
What they suggest is that ”the observed causal order of space time
might not be a fundamental property of nature but rather emerge from
a more fundamental theory”. [13] The most recent publications include
discussions about testing relativistic effects e.g. gravitational time di-
lation on a quantum mechanical scale and investigating the quantum-
to-classical transition without the use of collapse models.[16] [17]
Especially in this difficult task of combining general relativity and quan-
tum mechanics their formalism seems promising to lead towards new
directions.
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