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Abstract

In this thesis the description of the quantum system of the neutral K-

mesons serves as an illustration of the relevance of the features nonlocality

and entanglement in particle physics. The quasi spin picture of kaons as a

mathematical playground for the description of the entangled K0K̄0
pair

is introduced and the analogies and differences of the neutral kaons to

photons and spin-

1
2 particles are worked out. The unitary time evolution

of the kaon states is discussed and Bell inequalities for kaons deriven from

local realism (LR) are presented. The connection of the violation of a

Bell�s inequality (BI) to the CP-violation in the neutral kaon system is

an important part. Finally the possibility of decoherence arising due to

the interaction of the kaon quantum system with its environment and the

strength of the effects is investigated.

1 Introduction

The physical phenomenon of „entanglement”, a terminology introduced by Er-
win Schrödinger [1] in 1935, and of nonlocality, what Albert Einstein called
„the spooky action at a distance” still are inherent parts of today�s research
on quantum systems and play an important role in new fields of physics like
quantum teleportation [2, 3, 4] and quantum cryptography [5], which lead to
the new technology of quantum communication and quantum information.

The story of the great debate about the physical reality, locality and the concepts
of quantum mechanics intensified in 1935 when Einstein, Podolsky and Rosen
presented a gedanken experiment in their famous article, considering a quantum
system of two distant particles, which led them to the conclusion: „Quantum
mechanics is incomplete” [6]. In 1964, 30 years after Bohr had ended the debate
claiming that „Quantum mechanics (QM) is complete” [7], which was accepted
due to his authority, J. S. Bell derived an inequality, whereby he found that
„in certain experiments all local realistic theories (LRT) are incompatible with
quantum mechanics” [8, 9].

Many experiments with entangled photons and spin- 1
2 particles have been car-

ried out confirming, that nonlocality is a basic feature of quantum physics, which
is shown by the violation of Bell‘s inequality in those experiments.

The investigation of the features nonlocality and entanglement in massive sys-
tems is also of great interest in particle physics. It turned out that the system
of the neutral K-mesons provides a wonderful quantum system to test EPR-Bell
like correlations of measurements and many parallels to photons and spin-1

2 par-
ticles can be found. K0K̄0-pairs are produced in the quantum state JPC = 1��

at the ��resonance in the e�e+ machine DA�NE at Frascati or in the pp̄ col-
lider at CERN, LEAR for instance [10, 11, 12].

For the test of LRT versus QM Bell inequalities derived from LR for K0K̄0 pairs
are used. In these experiments the choice of the different times of measurements,
where the time differences correspond to the different angles of the quantization
directions in a measurement with spin- 1

2 particles and the choice of the different
quasi spin states is considered [10, 11, 13].
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Since the most important difference of the kaons to spin- 1
2 particles and photons

is the decay of the K-mesons, the space of the decay products has to be included
in the calculations and a unitary time evolution of the kaons states is considered.

Another interesting outcome is the connection of the violation of a BI for kaons
to the CP-violation in the neutral kaon system [10] which is discussed in this
thesis.

The discussion of how possible decoherence could arise due to interaction of the
kaon quantum system with its environment and how strong those effects are is
also of great interest [30, 10].

This thesis is divided into in three parts. The first part, which is Section 2
introduces the QM of the neutral kaon system discussing characteristics like CP
violation and strangeness oscillation. In the second part, containing Section
3, which is the main part of this thesis, the focus is layed on the description
of entangled K0K̄0 pairs. The concept of the quasi spin picture of kaons and
the analogies to photons and spin-1

2 particles are worked out. After a brief
discussion of the EPR paradox and Bell�s theorem, the derivation of generalized
Bell inequalities for kaons follows. The choice of different quasi spin states is
studied and the connection of the violation of a BI and the CP violation in the
neutral kaon system is pointed out. Finally the requirements for experimental
tests of LRT vs QM with neutral kaon pairs using a Bell inequality are discussed.

In the third and last part the effects of possible decoherence arising due to the
interaction of the kaon quantum system with its environment are considered and
a comparison of the mathematical model to the data of the CPLEAR experiment
is given.

The system of entangled beauty (B0B̄0) which shows similar EPR like features
as the kaons is not touched in this thesis.

2 Introduction to the quantum system of neutral

K-mesons

In December 1947 Rochester and Butler [14] published a cloud chamber pho-
tography showing cosmic ray particles hitting a lead plate. A neutral particle
was produced, whose presence became noticable through its decay in a pair of
charged pions. This new particle was named kaon K0 and is known as the first
strange particle, since it is produced by the strong force, but decays by the weak
force.

As part of the family of mesons, the neutral kaons are bound states of quarks
and anti-quarks (qq) with K0 having the quark content

�

�K0
↵

= |dsi and K̄0

having the quark content
�

�K̄0
↵

=
�

�ds
↵

. Their mass is approximately 497 MeV.

K0 and its antiparticle K0 are both eigenstates of the strangeness operator S, a
quantum number which is conserved in any strong interaction, but violated in
any weak interaction.

S
�

�K0
↵

= +
�

�K0
↵
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S
�

�K̄0
↵

= �
�

�K̄0
↵

(1)

Through a second order weak interaction the K0 particle can turn into its an-
tiparticle K̄0 before decaying, which describes a phenomenon called strangeness
oscillation.

K0 ⌦ K̄0

The following figure illustrates the feynman diagrams corresponding to strangeness
oscillation.

Figure 1: Feynman diagrams contributing to K0 ⌦ K̄0, source: Ref. [14]

This results in the fact that the particles we normally observe in the laboratory
are not K0 or K̄0 , but rather some linear combination of these two. Therefore
orthogonal CP eigenstates can be formed, as follows.

As the neutral kaons are pseudoscalar particles (JP = 0�) they have parity
P = �1 and C the charge conjugation operator transforms a particle into its
antiparticle. Therefore we have:

CP
�

�K0
↵

= �
�

�K̄0
↵

,

CP
�

�K̄0
↵

= �
�

�K0
↵

, (2)

and hence the orthogonal eigenstates of CP are

�

�K0
1

↵

=
1p
2

�

�

�K0
↵

�
�

�K̄0
↵ 

,

�

�K0
2

↵

=
1p
2

�

�

�K0
↵

+
�

�K̄0
↵ 

, (3)

with
CP

�

�K0
1

↵

=
�

�K0
1

↵

,
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CP
�

�K0
2

↵

= �
�

�K0
2

↵

. (4)

The decay products of the neutral Kaon and its antiparticle are two or three
pions. Assuming CP invariance in weak interactions, the K0

1 state has to decay
into a state with CP = +1 and the K0

2 state has to decay into a state with
CP = �1. As a consequence the following decays are possible:

K0
1 ! 2⇡

K0
2 ! 3⇡. (5)

Because the phase space of the 2⇡ decay is bigger than the phase space of the
3⇡ decay, the 2⇡ decay is much faster. Due to the immense difference in their
lifetimes the K0

1 �s have decayed away after a few centimeters but the K0
2�s

can travel many meters [14].

2.1 CP violation

The kaon system turned out to be a wonderful system for testing CP invariance
in weak interactions. Using a long enough beam of K0�s

�

�K0
↵

=
1p
2

�

�

�K0
1

↵

+
�

�K0
2

↵ 

(6)

the short lived K0
1 component would quickly vanish and at the end of the beam

only 3⇡ are expected to be observed. In 1964 such an experiment was carried out
by Cronin and Fitch [14]. At the end of the beam, which was 57 feet long, they
counted 45 2⇡ events with(in) a total number of 22.700 decays. This experiment
gave evidence of CP violation in weak interactions.

Hence the physical states, the short- and longlived states |KSi v
�

�K0
1

↵

and |KLi
v
�

�K0
2

↵

are not perfect CP eigenstates, but contain a small admixture of
�

�K0
2

↵

or
�

�K0
1

↵

.

|KSi =
1

p

1+ | ✏ |2
�

�

�K0
1

↵

+ ✏
�

�K0
2

↵ 

|KLi =
1

p

1+ | ✏ |2
�

�

�K0
2

↵

+ ✏
�

�K0
1

↵ 

(7)

The physical states differ slightly in mass with �m = mL�ms = 3, 49⇥10�6eV
but immensely in their lifetimes with ��1

L ⇠⌧L = 5,17⇥10�8s and ��1
S ⇠⌧S =

0,89⇥10�10s [10].

They can be expressed in terms of
�

�K0
↵

and
�

�K̄0
↵

as follows,

|KSi =
1

N

�

p
�

�K0
↵

� q
�

�K̄0
↵ 

|KLi =
1

N

�

p
�

�K0
↵

+ q
�

�K̄0
↵ 

(8)
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with p = 1 + ✏, q = 1 � ✏ and N =| p |2 + | q |2 where | ✏ | denotes the
experimental measure of the effect of CP violation in weak interactions with
a magnitude of | ✏ |⇡ 10�3 [10]. Although this is a very small effect, one
can observe while studying the semileptonic decays of KL that CP violation is
responsible for the big disproportion of matter and antimatter in the universe
[14].

2.2 Strangeness oscillation

The physical states |KSi and |KLi are eigenstates of the non-Hermitian „effective
mass” Hamiltonian

H = M � i
�

2
, (9)

satisfying the eigenvalue equation

H |KL,Si = �L,S |KL,Si , (10)

with
�L,S = mL,S � i

�L,S

2
, (11)

where mL,S denotes the mass and �L,S the decay rate of the particles.

Due to the Wigner-Weisskopf approximation [10] the exponential decay of the
physical states can be expressed in the following way

|KL,S(t)i = e�i�
L,S

t |KL,Si . (12)

Due to the phenomenon of strangeness oscillation, the time evolution of K0 and
K̄0 is described by a superposition of K0 and K̄0 states.

| (t)i = a1(t)
�

�K0
↵

+ a2(t)
�

�K̄0
↵

(13)

where | a1,2(t) |2 are the propabilities for finding a K0or a K̄0 at the time t.

The state vector | (t)i satisfies the Schrödinger equation

i~ @
@t

| (t)i = H | (t)i , (14)

with H beeing the non-Hermitian effective mass Hamiltonian as described above.

Since the neutral K-mesons K0 and K̄0 are superpositions of the physical states
KS,L, the time evolution for K0and K̄0 is given by the following equation, using
equation (12)

�

�K0(t)
↵

=
N

2p

�

e�i�
S

t |KSi+ e�i�
L

t |KLi
 

,

�

�K̄0(t)
↵

=
N

2q

�

e�i�
L

t |KLi � e�i�
S

t |KSi
 

. (15)
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Expressed in terms of K0 and K̄0 one can write [10]:
�

�K0(t)
↵

= g+(t)
�

�K0
↵

+
q

p
g�(t)

�

�K̄0
↵

,

�

�K̄0(t)
↵

=
p

q
g�(t)

�

�K0
↵

+ g+(t)
�

�K̄0
↵

, (16)

with
g±(t) =

1

2
(±e�i�

S

t + e�i�
L

t) (17)

Assuming that a K0 beam is produced at t = 0 by a strong interaction, then
the probability for finding a K0or a K̄0 at t > 0 in the beam can be calculated
as follows:

�

�

⌦

K0
�

� K0(t)
↵

�

�

2
=

1

4

�

�e�i�
S

t + e�i�
L

t
�

�

2

=
1

4

n

e��
S

t + e��
L

t + 2cos (4mt) e��
S

+�
L

2 t
o

,

�

�

⌦

K̄0
�

� K0(t)
↵

�

�

2
=

1

4

|q|2

|p|2
�

��e�i�
S

t + e�i�
L

t
�

�

2

=
1

4

|q|2

|p|2
n

e��
S

t + e��
L

t � 2cos (4mt) e��
S

+�
L

2 t
o

, (18)

with 4m = (mL �mS).
The K0 beam is oscillating with a frequency of ⌫ = �m

2⇡ and the strangeness
oscillation becomes clearly noticable at times in the order of ⌧S , tt ⌧S , where
the contribution of the interference term is high, before all the KS have decayed
away. So when starting with a K0 beam at t = 0, a K̄0 will be observed far
away from the production source through its presence in the KL with equal
probability as a K0. A similar behavior occurs, when starting with a K̄0 beam
[10].

3 Entangled Kaon Systems

In this section the analogies and differences of kaons to spin 1
2 -particles and

photons are worked out and the quasi spin picture of kaons is introduced, which
provides the mathematical playground for the description of entangled K0K̄0

pairs and for the derivation of Bell inequalities for neutral kaons, considering
a unitary time evolution. Therefore a small introduction to the Bell Theorem,
Bell�s famous inequality and different types of Bell inequalities are given. Fur-
thermore the connection between the CP violation, which arises through the
weak decay of neutral kaons, and the violation of a Bell inequalitiy for kaons
is brought up and the requirements for experimental tests for Bell inequalities
with kaon-antikaon pairs are described.
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3.1 Analogies and quasi spin picture

A good optical analogy to the phenomenon of strangeness oscillation [10] can
be found in the following situation. Let�s consider a beam of photons which is
shone onto a crystal which absorbs the different polarization states of photons
differently, for example horizontal polarized light is absorbed strongly, but ver-
tical polarized light only weakly. When shining R (right circular) polarized light
through the crystal there will be a large probabiliy of observing L (left circular)
polarized light after some distance.

In the quasi spin picture the strangeness states
�

�K0
↵

and
�

�K̄0
↵

are denoted as
the states „up” |*i and „down” |+i in the quasi-spin space in comparison to the
„spin up” |"i and „spin down” |#i states of spin- 1

2 particles and the polarization
states |Hi and |V i of photons. As the strangeness operator acts on the

�

�K0
↵

and
�

�K̄0
↵

states, the Pauli matrices ~� act on the quasi spin states. Therefore
the strangeness operator S can be associated with the Pauli matrix �3, the CP
operator with -�1 and the CP violation is proportional to �2 [10].

The Hamiltonian H (9) can be written as

H = a · 1 +~b · ~� (19)

with
b1 = b · cos↵, b2 = b · sin↵, b3 = 0

a = 1
2 · (�L + �S) , b = 1

2 · (�L � �S) , (20)

where b3 = 0 follows from CPT invariance and the phase ↵ is related to the CP
violation parameter ✏ by:

ei↵ =
1� ✏
1 + ✏

(21)

The next table summarizes the analogies of neutral Kaons to spin 1
2 particles

and photons.

K0, K̄0 quasi-spin spin 1
2 photons

�

�K0
↵

|*iz |"iz |V i
�

�K̄0
↵

|+iz |#iz |Hi
|KLi |(iy | iy |Ri= 1p

2
(|V i+ i |Hi)

|KSi |)iy |!iy |Li= 1p
2

(|V i � i |Hi)
�

�K0
1

↵

|-i |-i |�45°i= 1p
2

(|V i � |Hi)
�

�K0
2

↵

|%i |%i |+45°i= 1p
2

(|V i+ |Hi)

Table 1: Analogies of kaons to photons and spin- 1
2 particles [12]

3.2 Entangled K0K̄0
pairs and their unitary time evolution

For the investigation of nonlocality, EPR correlations and other properties of
quantum physics in massive systems, entangled K0K̄0 pairs are of great inter-
est [10, 11, 12, 13, 15, 16]. They are produced at the � resonance through the
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reaction e+e�!� ! K0K̄0 in the e+e� machine DA�NE at Frascati [10, 11]
or in pp̄ collision at LEAR, CERN for instance.

Entangled States:

To describe a state as an entangled one, Erwin Schrödinger stated that [1] :

„A composite quantum system, whose subsystems are distant from each other,
is an „entangled state” if the total system is in a well defined state, but the
subsystems themselves are not”.

This formulation is still the modern definition of entanglement.

In other words: a quantum state is entangled, if it is not separable, e.g. if it
cannot be described by a convex combination of product states.

| i12 6= | i1 ⌦ | i2

For a kaon two qubit system we consider superpositions of the 4 product states
�

�

�K0
↵

⌦
�

�K0
↵

,
�

�K0
↵

⌦
�

�K̄0
↵

,
�

�K̄0
↵

⌦
�

�K0
↵

,
�

�K̄0
↵

⌦
�

�K̄0
↵ 

.

An entangled K0K̄0 pair created in a JPC=1�� quantum state, beeing anti-
symmetric under C and P, can be described by the antisymmetric Bell state:

| (t = 0)i =
1p
2

�

�

�K0
↵

l
⌦
�

�K̄0
↵

r
�
�

�K̄0
↵

l
⌦
�

�K0
↵

r

 

. (22)

Expressed in the KS,L basis the state is given by

| (t = 0i =
NSLp

2
{|KSil ⌦ |KLir � |KLil ⌦ |KSir} , (23)

with NSL = N2

2pq .

After their production the neutral kaons fly apart and are detected on the left
(l) and right (r) hand side. During the particles propagation the phenomenon of
strangeness oscillation occurs and the KS and KL decay, which is vastly different
from spin 1

2 -particles and photons, since their spin or polarization states remain
quite stable.

Due to the instability of the neutral Kaons, the use of the complete Hilbert space
is only guaranteed, if one includes all decay products in the time evolution for
the kaons and furthermore in the Bell inequalities [11]. This guarantees the
validity of the physical theories, since there are cases [11] where a violation of
a Bell inequality is achieved by QM, considering only a certain subspace of the
Hilbert space, but in the total Hilbert space it disappears. Hence a unitary time
evolution for neutral kaons is chosen.

Using a convenient formalism also used by Ghirardi, Grassi und Weber [17], one
can describe the complete time evolution of the mass eigenstates |KL,Si by a
unitary operator U(t, 0) whose action can be written as [10, 11]:

U(t, 0) |KS,Li = e�i�
S,L

t |KS,Li+ |⌦S,L(t)i , (24)
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where |⌦S,L(t)i denotes all decay products.

Due to the unitarity of the operator U(t, 0) (UU† = U†U = 1), the norm of the
state is conserved for all times t.

hKS(t) |KS(t)i =
⌦

KS | U †(t, 0)U(t, 0) |KSi = hKS |KSi = 1 (25)

The mass eigenstates are normalized but due to CP violation they are not
orthogonal:

� := hKL| KSi =
|p|2 � |q|2

N2
=

2Re {✏}
1 + |✏|2

(26)

As a result we get
1 = e��

S

t + h⌦S(t)| ⌦S(t)i (27)

Hence the transition amplitudes of the decay product states are

h⌦S(t)| ⌦S(t)i = 1� e��
S

t (28)

h⌦L(t)| ⌦L(t)i = 1� e��
L

t (29)

h⌦L(t)| ⌦S(t)i = hKL| KSi
⇣

1� ei4mte��
S

+�
L

2 t
⌘

(30)

hKL| ⌦L(t)i = hKS | ⌦S(t)i = 0 (31)

Now an entangled state of a K0K̄0 pair given in the KS , KL basis at the time
t=0 is considered,

| (t = 0)i =
N2

2
p

2pq
{|KSil ⌦ |KLir � |KLil ⌦ |KSir} , (32)

and the time evolution of the state is described by the unitary operator

U(t, 0) = Ul(t, 0)⌦ Ur(t, 0), (33)

where Ul(t, 0) is the operator acting on the subspace of the particle moving to
the left hand side and Ur(t, 0) is the operator acting on the subspace of the
meson moving to the right hand side according to the time evolution (24).

In the coming calculations one will obtain the probabilites of detecting, or not
detecting a specific quasi-spin state on the left side |knil or on the right side
|knir of the source. Therefore the projection operators Pl,r(kn) acting on the
left, rigth quasi-spin states |knil,r and the projection operators Ql,r(kn) that
act on the orthogonal states are needed [10]

Pl(kn) = |knill hkn| and Pr(kn) = |knirr hkn| , (34)

Ql(kn) = 1� Pl(kn) and Qr(kn) = 1� Pr(kn) . (35)
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The operator defined in equation (33) determines the state at a certain time
t = tr of the initial state (32).

| (tr)i = U(tr, 0) | (t = 0)i = Ul(tr, 0)⌦ Ur(tr, 0) | (t = 0)i (36)

If at the time tr a measurement of a certain quasi-spin state km is carried out
on the right side, the state (36) is projected onto the state

�

�

�

 ̃(tr)
E

= Pr(km) | (tr)i . (37)

This state is now a one particle state of the left moving particle and evolves in
time until tl when another measurement of a quasi spin- state kn is performed
on the left side

 ̃(tl, tr) = Pl(kn)Ul(tl.tr)Pr(km) | (tr)i . (38)

The propability of a joint measurement is given by the squared norm of the
state (38) which coincidents to the squared norm of the state

| (tl, tr)i = Pl(kn)Pr(km)Ul(tl, 0)Ur(tr, 0) | (t = 0)i , (39)

which corresponds to a factorization of the time into eigentime tl on the left
side and into the eigentime tr on the right side.

Now the quantum mechanical probability Pn,m(Y, tl; Y, tr) of detecting a quasi-
spin state kn at tl on the left side and a km at tr on the right side and the
probability Pn,m(N, tl; N, tr) of finding no such quasi spin states at tr on the
right side and at tl on left side and the probability Pn,m(Y, tl; N, tr) of detecting
a quasi spin state kn at tl on the left side but no such state km at tr on the
right side can be determined:

Pn,m(Y, tl; Y, tr) = kPl(kn)Pr(km)Ul(tl, 0)Ur(tr, 0) | (t = 0)ik2 , (40)

Pn,m(N, tl; N, tr) = kQl(kn)Qr(km)Ul(tl, 0)Ur(tr, 0) | (t = 0)ik2 , (41)

Pn,m(Y, tl; N, tr) = kPl(kn)Qr(km)Ul(tl, 0)Ur(tr, 0) | (t = 0)ik2 , (42)

with Pn,m(Y, tl; Y, tr)+Pn,m(N, tl; N, tr)+Pn,m(Y, tl; N, tr)+Pn,m(N, tl; Y, tr) =
1. [10]

3.3 The EPR paradox

In May 1935 Einstein, Podolsky and Rosen published an article in which they
formulated a gedankenexperiment and concluded on the basis of their defini-
tions of physical reality, completeness and locality that the quantum mechanical
wavepacket provides no complete description of reality of a quantum system and
that therefore quantum mechanics is an incomplete theory.

These conclusions are based on the three requirements [6]:
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• Completeness: Every element of physical reality must have a corre-
sponding element in the physical theory in order for the theory to be
complete.

• Realism: If the value of a physical quantity can be predicted with cer-
tainty (i.e. with probability 1) without disturbing the system, then there
exists an element of physical reality corresponding to this physical quan-
tity.

• Locality: Measurements on a system don�t affect or disturbe measure-
ments on a system that is far away.

To underline the arguments from above a brief mathematical description is
given:

EPR considered two particles that are interacting with each other from the time
t = 0 to the time t = T . For times t > T no further interactions between the
particles are supposed.

If the state of two particles before the interaction is known, then the com-
bined state of the two particles after the interaction can be calculated using
Schrödinger�s equation:

 (x1, x2) =

1̂

�1

e(2⇡i/h)(x1�x2+x0)pdp. (43)

This state can be expressed in terms of the eigenstates up(x1) = e(2⇡i/h)x1p to
the correspondent eigenvalue p of the momentum operator P1 = h

2⇡i
@

@x1
, where

x1 denotes the variable which describes particle one:

 (x1, x2) =

1̂

�1

 p(x2)up(x1)dp, (44)

where
 p(x2) = e�(2⇡i/h)(x2�x0)p. (45)

This is the eigenfunction of the momentum operator P2 to the eigenvalue �p.

One can choose the coordinate of particle one as the observable and write the
state  as an expansion of the eigenstates vx(x1) = �(x1 � x) to the eigenvalue
x of the operator Q1 = x1:

 (x1, x2) =

1̂

�1

'x(x2)vx(x1)dx, (46)

with

'x(x2) =

1̂

�1

e(2⇡i/h)(x�x2+x0)pdp = h�(x� x2 + x0).

11



'x is the eigenfunction of the operator Q2 = x2 corresponding to the eigenvalue
x + x0 of the coordinate of particle two.

When measuring P1 or Q1 of particle one the state  (x1, x2) is reduced to a
certain state  k(x2)uk(x1) or 'r(x2)vr(x1) , therefore one is able to predict,
with certainty and without disturbing the system of particle two, the values of
the observables P2 or Q2. So when measuring P1, P2 is an element of reality
and vice versa. But both wave functions  k and 'r are assigned to the same
reality (the system of particle two after its interaction with particle one) [6].

Since „it is shown in quantum mechanics that, if the operators describing two
physical quantities are non-commuting operators, the precise knowledge of one
of them precludes the knowledge of the other” [6] and the operators P and Q
do not commute, it follows from the assumption of a complete description of
physical reality of a quantum mechanical system by the wave function, that it
is possible that two quantities described by two non-commuting operators have
simultaneous reality which stands in clear contraditiction to quantum mechanics
[6].

To solve this problem, EPR demands a hidden varible theory (HVT). A hidden
variable is a parameter inaccessible to any experimenter, but contains the in-
formation about the predetermined measurement outcomes, which is missing in
the description of reality by the wavefunction.

In the same year in which the EPR paper was published, Niels Bohr published
an article [7] in which he argumented that quantum mechanics is complete and
due to his great authority the discussion about the interesting EPR paradox
was abandoned until J. S. Bell brought it up again with his article, published
in 1964 [9].

3.4 The Bell Theorem and Bell inequalities for spin -

1
2

particles

In his paper „On the Einstein Podolsky Rosen Paradox”, published in 1964
[9, 18], J.S. Bell provides an inequality which makes it possible to test experi-
mentally whether or not local realistic hidden variable theories can describe all
phenomena in nature.

The essence of his proposition can be formulated into the following theorem
[9, 18]:

Bell�s Theorem: „In certain experiments all local realistic theories (LRT)
are incompatible with quantum mechanics.” [5]

For the mathematical formulation of this theorem Bell considered two spin-1
2

particles in the singlet state | �i = 1p
2

n

|"i1,~n |#i2,~m � |#i1,~n |"i2,~m

o

which are
moving in opposite directions. On both sides an experimental set up allows the
measurement of the spin component of the two particles along a quantization
direction ~n or ~m, expressed by the two quantum mechanical observables AQM (~n)

and BQM ( ~m). The outcome A of the measurement of the observable AObs(~n)

12



in an extended theorie with hidden variables is determined by ~n and � and the
result B of the measurement of BObs( ~m) is determined by ~m and �, and

A(~n,�) = ±1, B(~m,�) = ±1 (47)

where � denotes the hidden variable which contains the additional information
needed in a LRT. The results A and B correspond to the results spin up and
down along the quantization direction ~n and ~m, with ~n and ~m being unit vectors.

As a basic ingredient Bell assumes, as demanded by EPR, that the result B of
the particle 2 is not affected by the direction ~n of the experimental set up of
particle 1 and vice versa.

A(~n, 6 ~m,�), B(~m, 6 ~n,�) (48)

If ⇢(�) is the probability distribution of � , the expectation value of a combined
spin measurement of particle 1 and particle 2 is given by

E(~n, ~m) =

ˆ
d�⇢(�)A(~n,�)B(~m,�), (49)

with ˆ
d�⇢(�) = 1. (50)

This should equal the quantum mechanical expectation value for the singlet
state | �i = 1p

2
{|"i~n |#i~m � |#i~n |"i~m}, which is one of the four well-known

Bell states
⌦

 ��
�AQM (~n)⌦BQM (~m)

�

� �↵ = �~n · ~m
where AQM (~n) = ~n · ~� (51)

But it will be shown, that with expectation value (49) provided by the LRT,
a quantum mechanical result for a certain linear combination of expectation
values can�t be reproduced, which we will derive now.

Because of (47) E from (49) cannot be less than -1. It reaches -1 at ~n = ~m only
if

A(~n,�) = �B(~n,�). (52)

Then (49) can be rewritten :

E(~n, ~m) = �
ˆ

d�⇢(�)A(~n,�)A(~m,�) (53)

Hence the difference between two expectation values with ~m0 being another unit
vector follows:

E(~n, ~m)� E(~n, ~m0) = �
´

d�⇢(�) {A(~n,�)A(~m,�)�A(~n,�)A(~m0,�)}
=
´

d�⇢(�)A(~n,�)A(~m,�) {A(~m,�)A(~m0,�)� 1}
(54)

13



Using (47) and considering the absolute value of (54) one gets:

|E(~n, ~m)� E(~n, ~m0)| =
�

�

´
d�⇢(�)A(~n,�)A(~m,�) {A(~m,�)A(~m0,�)� 1}

�

�


´

d�⇢(�) {1�A(~m,�)A(~m0,�)}
(55)

The second term on the right is E( ~m,~n
0
) and with (50) the above expression

can be rewritten as:

|E(~n, ~m)� E(~n, ~m0)|  1 + E(~m, ~m0) (56)

This illustrates the inequality originally deriven by J.S. Bell [9].

If one considers the quantum mechanical expectation value of a spin measure-
ment of two spin- 1

2 particles in the singlet state | �i, E(~n, ~m) = �cos'~n,~m,
where '~n,~m denotes the angle between the directions ~n and ~m and chooses the
angles '~n,~m = '~m, ~m0 = ⇡

3 and '~n, ~m0 = 2⇡
3 then one gets the following result,

when inserting the expectation values in inequality (56)

| �cos
⇡

3
| {z }

+ cos
2⇡

3
| {z }

| 1 � cos
⇡

3
| {z }

= � 1
2 = � 1

2 = 1
2

and one arrives at the inequality

1  1

2
,

which is a clear contradiction. That is one proof for Bell�s Theorem, showing
that in certain experiments all LRT contradict QM.

CHSH type inequality

Clauser, Horne, Shimony and Holt derived a new formulation of the famous Bell
inequality in 1969 [19, 20], today known as the CHSH inequality, that is more
adapted to the realisation of a physical experiment. Unlike Bell they consider
some imperfection in the experimental set up. So 0 results, if no particle is
detected, are allowed and no perfect anticorrelation, E(~n,~n) = �1, is demanded.

Therefore the CHSH inequality is based on the following properties :

A(~n,�) = ±1, 0; B(~m,�) = ±1, 0
|A(~n,�)| , |B(~m,�)|  1

(57)

Hence the difference of two expectation values is given by [19]

E(~n, ~m)� E(~n, ~m0) =

ˆ
d�⇢(�) {A(~n,�)B(~m,�)�A(~n,�)B(~m0,�)}

=

ˆ
d�⇢(�)A(~n,�)B(~m,�) {1 ± A(~n0,�)B(~m0,�)}

�
ˆ

d�⇢(�)A(~n,�)B(~m0,�) {1 ± A(~n0,�)B(~m,�)} . (58)
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As the absolute values of the products of A and B on the right hand side must
be smaller or equal to 1, the following estimation can be made:

|E(~n, ~m)� E(~n, ~m0)| 
�

�

�

�

ˆ
d�⇢(�) {1 ± A(~n0,�)B(~m0,�)}

�

�

�

�

+

�

�

�

�

ˆ
d�⇢(�) {1 ± A(~n0,�)B(~m,�)}

�

�

�

�

. (59)

Using Eq.(50) one gets:

|E(~n, ~m)� E(~n, ~m0)|  2� |E(~n0, ~m0) + E(~n0, ~m)| , (60)

which can be expressed in terms of the so-called Bell parameterfunction S(~n, ~m,~n0, ~m0):

|S(~n, ~m,~n0, ~m0)| = |E(~n, ~m)� E(~n, ~m0)| + |E(~n0, ~m0) + E(~n0, ~m)|  2 (61)

Today the above equation is known as the CHSH form of the Bell inequality
named after Clauser, Horne, Shimony and Holt and must be obeyed by every
local realistic theory [19]!

To check whether this inequality is obeyed by quantum mechanics, the quantum
mechanical expectation value of a spin measurement of two spin- 1

2 particles in
the singlet state | �i is considered again.

E(~n, ~m) = �cos'~n,~m, (62)

where '~n,~m is the angle between the directions ~n and ~m.

By inserting the expectation value in Eq.(61) one obtains:

SQM = |�cos'~n,~m + cos'~n,~m0 | + |�cos'~n0,~m0 � cos'~n0,~m|  2 (63)

For the choice of the so-called Bell angles '~n,~m = '~n0,~m = '~n0,~m0 = ⇡
4 , '~n,~m0 =

3⇡
4 the inequality (63) is violated in a maximal way with a Bell parameter of

SQM = 2
p

2. This gives evidence of the incompatibility of quantum mechanics
with all local realistic theories in certain situations and the nonlocality of the
theory of quantum mechanics.

In the past several experiments have been carried out with entangled photon
pairs [21, 22, 23, 24, 25] and violations of inequality (63) have been achieved.
The best experiment [5] using entangled photon pairs has been performed in
the late nineties by A. Zeilinger and his group [24] under strict Einstein locality,
achieving a violation of inequality (63) by QM with a Bell parameter close to
the predictions Sexp = (2, 73 ± 0, 02).

Wigner type inequality

The expectation value E(~n, ~m) of a spin measurement of two spin 1
2 particles in

the singlet state can be rewriten in terms of probabilities P [10]:
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E(~n, ~m) =P (~n "; ~m ") + P (~n #; ~m #)� P (~n "; ~m #)� P (~n #; ~m ")
=� 1 + 4P (~n "; ~m "), (64)

where P (~n "; ~m ") = P (~n #; ~m #) , P (~n "; ~m #) = P (~n #; ~m ") and
P

P = 1
is used. Inserting the expectation value E of (64) in Bell�s original inequality
(56), one gets Wigner�s inequality :

P (~n, ~m)  P (~n, ~m0) + P (~m, ~m0), (65)

with the P �s being the probabilities for finding the spins up-up on both sides
or down-down, or up-down, or down-up.

3.5 Generalized Bell inequalities for Kaons

In analogy to the spin- 1
2 case a Bell inequality for the neutral kaon system can

be set up in order to test experimentally whether this quantum system satisfies
a LRT or not/or the features of nonlocality also arise in massive systems.

For the following derivation, which is based on the Refs.[10] and [11], the en-
tangled state | (t = 0)i (22) of a K0K̄0 pair and its unitary time evolution
U(t, 0) | (0)i are considered.

If the kaons were stable (�S =�L = 0) the quantum probabilities of the outcome
of a quasi spin measurement on both sides of the source at certain times tl and
tr would be:

P (Y, tl; Y, tr) = P (N, tl; N, tr) =
1

4
{1� cos(�m(tl � tr))}

P (Y, tl; N, tr) = P (N, tl; Y, tr) =
1

4
{1 + cos(�m(tl � tr))} . (66)

This would be the perfect analogy to the probabilities of detecting simultane-
ously two entangled spin- 1

2 particles in spin directions "" or "# along the chosen
directions ~n and ~m.

P (~n, "; ~m, ") = P (~n, #; ~m, #) =
1

4
(1� cos✓)

P (~n, "; ~m, #) = P (~n, #; ~m, ") =
1

4
(1 + cos✓) (67)

In the kaon case the time differences �m(tl � tr) corresponds to the angle ✓
between the directions ~n and ~m in the spin-1

2 particle case.

However there are physical differences between kaon and spin-1
2 states that have

to be considered in order to ensure the validity of the physical theories:

1. In the case of spin - 1
2 particles one can test whether the system is in

an arbitrary spin state ↵|"i + � |#i, but this is not true for an arbitrary
superposition of kaons ↵

�

�K0
↵

+ �
�

�K̄0
↵

.
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2. Since spin states of spin 1
2 particles and polarization states in the case

of photons remain stable, it is sufficient to consider the direct product
space H l

spin/photon

N

Hr
spin/photon. But for unstable kaons also the spaces

of the decay products H l
⌦

N

Hr
⌦ , which are involved in the unitary time

evolution of the kaons, have to be included in the calculations, which are
orthogonal to the product space H l

kaon

N

Hr
kaon .

Thus instead of asking the question „Are you a K0 or a K̄0 ?”, the question „Are
you a K0 or not?”, would be more appropriate in the act of measurement.

3.5.1 Expectation values and the principle of locality

The experimental set up of the measurement experiment of the considered kaon
state (22) includes the freedom of choosing the time, when a measurement is
performed, but also the freedom of choosing the specific quasi spin state ( the
strangeness eigenstate, the mass eigenstate or the CP eigenstate) that should
be measured.

Therefore the observable O(kn, ta) is considered on each side of the source which
attains the value +1 if a particular quasi spin state kn is detected at the time
ta , and the value �1 if no quasi spin state kn is found.

Then the correlation function O(kn, ta; km, tb) can be defined, which gets the
value +1, if on the left hand side the quasi spin state kn is measured at ta and
on the right hand side a km is found at tb, or if on both sides no kn or km

is detected. The correlation function has the value �1, if just on one side, no
matter on which side a certain quasi spin state is found.

To get to a Bell like inequality, the principle of locality has to be fulfilled, so
that the measurement outcome on the right side of the source is independet of
the chosen time and the chosen quasi spin state, that one wants to measure on
the left side and vice versa.

This means that the correlation function O(kn, ta; km, tb) is equal to the product
of the observables on each side:

O(kn, ta; km, tb) = O(kn, ta) · O(km, tb). (68)

This gives the following relation:

|O(kn, ta; km, tb)�O(kn, ta; km0 , td)|
+ |O(kn0 , tc; km0 , td) + O(kn0 , tc; km, tb)| = 2, (69)

where kn, km, kn0 , km0 are arbitrary quasi spin eigenstates of the neutral K-
mesons and ta, tb, tc, td are four different times.

If one now considers a series of N identical quasi spin measurements the average
of the measurement results is given by:
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M(kn, ta; km, tb) =
1

N

X

i

Oi(kn, ta; km, tb), (70)

with Oi beeing the result of O for the i-th measurement. By determining the
absolute values of the sums and differences of the averages and using realation
(69) one gets

|M(kn, ta; km, tb)�M(kn, ta; km0 , td)|
+ |M(kn0 , tc; km0 , td) + M(kn0 , tc; km, tb)|  2, (71)

which can be recognized as the CHSH-Bell inequality of the expectation values
(70). If one identifies M(kn, ta; km, tb) ⌘ E(~n, ~m) the CHSH Bell inequality
(60) of the spin-1

2 case is obtained.

3.5.2 Probabilities and Wigner-type inequalities

It is the aim of the following derivation to transform inequality (71) into a
Wigner-type inequality. Therefore the expectation value (70) has to be ex-
pressed in terms of probabilities.

M(kn, ta; km, tb) =Pn,m(Y, ta; Y, tb) + Pn,m(N, ta; N, tb)

� Pn,m(Y, ta; N, tb)� Pn,m(N, ta; Y, tb), (72)

with Pn,m(Y, ta; Y, tb) being the probability for finding a kn at ta on the left
side and a km at tb on the left side, Pn,m(N, ta; N, tb) beeing the probability
for finding no such kaons and Pn,m(Y, ta; N, tb) denotes the situation if a kn is
detected at ta and no such state is found at tb.

The above expression for the expectation value is satisfied for QM and LRT as
well.

Since the sum of the probabilities must be unity, one gets

M(kn, ta; km, tb) = �1 + 2 {Pn,m(Y, ta; Y, tb) + Pn,m(N, ta; N, tb)} . (73)

Inserting this relation into the inequality (71) leads to the following Bell-CHSH
inequality for the probabilities

|Pn,m(Y, ta; Y, tb) + Pn,m(N, ta; N, tb)� Pn,m0(Y, ta; Y, td)� Pn,m0(N, ta; N, td)| 

1 ± {�1 + Pn0,m(Y, tc; Y, tb) + Pn0,m(N, tc, N, tb)

+Pn0,m0(Y, tc, Y, td) + Pn0,m0(N, tc; N, td)}
(74)
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or

S(kn, km, kn0 , km0 ; ta, tb, tc, td) =

|Pn,m(Y, ta; Y, tb) + Pn,m(N, ta; N, tb)� Pn,m0(Y, ta; Y, td)� Pn,m0(N, ta; N, td)| +
| �1 + Pn0,m(Y, tc; Y, tb) + Pn0,m(N, tc, N, tb)

+ Pn0,m0(Y, tc, Y, td) + Pn0,m0(N, tc; N, td) | 1 (75)

By choosing the upper sign + in the Eq.(74) above, one gets the most general
Wigner-type inequality

Pn,m(Y, ta; Y, tb) Pn,m0(Y, ta; Y, td) + Pn0,m0(Y, tc; Y, td) + Pn0,m(Y, tc; Y, tb)

+ h(n, m, n0, m0; ta, tb, tc, td), (76)

where

h(n, m, n0, m0; ta, tb, tc, td) =� Pn,m(N, ta; N, tb) + Pn,m0(N, ta; N, td)

+ Pn0,m(N, tc, N, tb) + Pn0,m0(N, tc; N, td) (77)

is a correction function which arises through the unitarity of the time evolu-
tion which also considers the space of the decay products and therefore the
probabilities for finding no kaons on one or both sides of the source.

For times ta = tb ! 0 there are no decays and the probabilities for (N,N) equal
the probabilities for (Y,Y)

Pn,m(N, ta; N, tb)t
a

=t
b

=0 ⌘ Pn,m(Y, ta; Y, tb)t
a

=t
b

=0, (78)

in this case the correction function is

h(n, m, n0, m0; t = 0) =� Pn,m(Y, Y ) |t=0 +Pn,m0(Y, Y ) |t=0

+ Pn0,m(Y, Y ) |t=0 +Pn0,m0(Y, Y ) |t=0 (79)

and by inserting the function into inequality (76) one obtains the usual set
theoretical result

Pn,m(Y, Y ) |t=0 Pn,m0(Y, Y ) |t=0 +Pn0,m(Y, Y ) |t=0 +Pn0,m0(Y, Y ) |t=0 . (80)

Since only the case with 3 different states is of interest, n0 = m0 and tc = td is set.
Therefore, due to the EPR-Bell anticorrelation, the probability Pn0,n0(Y, tc; Y, td) =
0 vanishes, but this is not true for the probability Pn0,n0(N, tc; N, td) 6= 0 , which
only vanishes for tc ! 0.

This leads to the Wigner-type inequality for 3 different quasi spin states

Pn,m(Y, ta; Y, tb) Pn,n0(Y, ta; Y, tc) + Pn0,m(Y, tc; Y, tb)

+ h(n, m, n0; ta, tb, tc) (81)
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with the correction function

h(n, m, n0, ta, tb, tc) =� Pn,m(N, ta; N, tb) + Pn,n0(N, ta; N, tc)

+ Pn0,m(N, tc, N, tb) + Pn0,n0(N, tc; N, tc) (82)

Certainly, in the limit of zero times t! 0 the Wigner-type inequality, in analogy
to the spin 1

2 case Eq.(65), is obtained

Pn,m(Y, Y ) |t=0 Pn,n0(Y, Y ) |t=0 +Pn0,m(Y, Y ) |t=0 . (83)

3.6 The choice of the strangeness eigenstate

In deriving a Bell inequality for the case of entangled K0K̄0 pairs one has the
option of [10]

• fixing the time - freedom of choosing the quasi spin states

• fixing the quasi spin state - freedom in the choice of time

First the choice of a fixed quasi spin state, a strangeness eigenstate will be
considered. This case was worked out originally by Ghirardi, Grassi and Weber.
[17, 11].

One chooses the specific strangeness eigenstate

kn = km = kn0 = km0 = K̄0. (84)

Following the calculation of [10] and neglecting CP violation, one obtains by in-
serting the quantum mechanical expectation values in inequality (71) the result,
which coincidents with the result of Ghirardi, Grassi and Weber [17, 10, 11]:
�

�

�

e��
S

2 (t
a

+t
c

)cos(4m(ta � tc))� e��
S

2 (t
a

+t
d

)cos(4m(ta � td))
�

�

�

+
�

�

�

e��
S

2 (t
b

+t
c

)cos(4m(tb � tc)) + e��
S

2 (t
b

+t
d

)cos(4m(tb � td))
�

�

�

 2 (85)

Certainly K̄0 can be replaced by K0 and one would arrive at the same result.

Unfortunately inequality (85) cannot be violated for any choice of the four times
ta, tb, tc, td. [17, 10, 11] The reason was found in the interplay between the
kaon decay and the strangeness oscillation. It was also demonstrated [10] that
the parameter x = 4m

� is crucial for a possible violation. The numerically
determined range for no violation is 0 < x < 2 and the experimental result
xexp = 0, 95 lies inside.

Hence one comes to the conclusion, that choosing time variation is not an option
for deriving a Bell inequality to rule out the description of kaon systems by a
LRT.

However, when transforming BI (85) into a form that replaces the locality con-
dition by separability, then the corresponding inequality can be violated by the
kaon system [26].
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3.7 Bell inequality for quasi spin states - CP violation

Choosing the three different quasi spin states as rotations in the quasi spin space
in analogy to the rotation of polarization states in the photon case,

|kni = |KSi , |kmi =
�

�K̄0
↵

, |kn0i =
�

�K0
1

↵

, (86)

fixing the time of the measurement at t = 0, and denoting the probabilities
PK

S

,K̄0(Y, Y ) |t=0⌘ P (KS , K̄0) etc., one arrives at a Wigner-type inequality
first considered by Uchiyama [27, 10, 11, 13]:

P (KS , K̄0)  P (KS , K0
1 ) + P (K0

1 , K̄0) (87)

This inequality which contains the unphysical state
�

�K0
1

↵

and is therefore not
accessible to any experiments, can be converted into a form that is related to
the CP violation parameter ✏ [27, 10, 13]:

Re {✏}  |✏|2 (88)

Inequality (88) is obviously violated by the experimental value of the parameter
✏ , with an absolute value of the order 10�3 and a phase of 45° [10, 13]. Therefore
this inequality shows a relation between the CP violation in K0K̄0 mixing and
the violation of a Bell inequality.

Since the derivation of the above inequality depends on a particular choice of
the phases of the kaon states, one can introduce a phase in the definition of the
unphysical state

�

�K0
1

↵

which is arbitrary and has no physical significance [13].

By having a phase in the CP transformation the CP eigenstates read
�

�K0
1

↵

= 1p
2

�

�

�K0
↵

� ei↵
�

�K̄0
↵ 

,
�

�K0
2

↵

= 1p
2

�

�

�K0
↵

+ ei↵
�

�K̄0
↵ 

.
(89)

and the quantum mechnical probabilities in Eq.(87) can be calculated in the
following way

P (k1, k2) |= khk1|l hk2|r | (t = 0ik2 , (90)

where | (t = 0i coincidences with the Bell state (22).

Hence one obtains for the probabilities

PQM (K0
1 , K̄0) =

1

4
,

PQM (KS , K̄0) =
1

2N2
|p|2 ,

PQM (KS , K0
1 ) =

1

4N2

�

�pei↵ � q
�

�

2
, (91)

with p, q being the weights in (8).

By inserting the probabilities of (91) into inequality (87) and using the relation
|q|2 + |p|2 = 1 one obtains the inequality
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Re
�

ei↵pq⇤  |q|2 . (92)

Re
�

ei↵pq⇤ = Re
n

ei↵ |p| |q| ei(�1��2)
o

, (93)

where �1,2 denote the phases of the complex weights p, q. Since the phase ↵ is
arbitrary one can set it to ↵ = �2 � �1, so that ↵ compensates the phases �1,2

and Re
�

ei↵pq⇤ turns into |p| |q|. Finally one arrives at the inequality

|p|  |q| . (94)

This inequality turns out to be experimentally testable by studying the semilep-
tonic decays of the kaons [10, 13].
The leptonic charge asymmetry is defined by

�l =
�(KL ! ⇡�l+⌫l)� �(KL ! ⇡+l�v̄l)

�(KL ! ⇡�l+⌫l) + �(KL ! ⇡+l�v̄l)
, (95)

with l denoting either an electron or a muon. If CP were conserved, the decay
modes KL ! ⇡�l+⌫l and KL ! ⇡+l�v̄l would be equally probable [14] and
�l = 0 would hold true, but experimentally due to CP violation the asymmetry
is nonvanishing and has a value of [13]

�l = (3, 27 ± 0, 12) · 10�3 (96)

If one now considers the 4Q = 4S rule in the decay of strange particles, it
follows, that the kaon K0 (ds̄) and its antiparticle K̄0 (d̄s) have definite decays
due to their quark content

K0 s̄!ūl+⌫
l! ⇡� + l+ + ⌫l, K̄0 s!ul�v̄

l! ⇡+ + l� + ⌫̄l
. (97)

As a consequence l+and l� mark the K0 and the K̄0 in the decay of the KL

and the leptonic charge asymmetry can be expressed in terms of probabilities
of finding a K0 or a K̄0 in the KL state

�l =
|p|2 � |q|2

|p|2 + |q|2
⌘ �, (98)

which coincidences with Eq.(26).
Then inequality (94) turns into the condition

�  0 (99)

which is in contradiction to the experiment since the experimental value for �
is positive.
If one replaces K̄0 by K0 in inequality (87) one obtains the inequality

|q|  |p| (100)

which implies the equalities

|p| = |q| , � = 0. (101)

22



Conclusion: These equalities stand in clearly contradiction to the experi-
ment, as the experimentally determined value of � shows in (96). Since � is a
measure for CP violation the above equalities (101) and inequalities (94,100)
relate the CP violation in K0K̄0 mixing to the violation of a Bell inequality.
In that sense only in the case of strict CP conservation a LRT could give a
description of the considered kaon system and � 6= 0 is a manifestation of the
entanglement of the K0K̄0 kaon state (22) [10].

Since the time of the measurement is fixed at t = 0, inequalities (94,100) and
equalities (101) test contextuality rather than nonlocality [10].

Noncontextuality means that the values of the observables yielded in a mea-
surement are independent of other simultaneous measurements.

If one considers cases besides the one with t = 0, one has to deal with the
following Wigner-type inequality [11]

e�2�tP (KS , K̄0)  e�2�tP (KS , K0
1 ) + e�2�tP (K0

1 , K̄0) + h(KS , K̄0, K0
1 ; t).
(102)

The correction function arises, as explained before, through the unitarity of
the time evolution of the kaon states. Beeing positive, the correction function
worsens the possibility of a violation of the BI. Due to the exponential decrease
of the probabilites, inequality (102) can be violated only for times t  8 ·10�4⌧S .
By if setting the times to ta = tc and ta  tb a fast increase of h can be avoided.
Inequality (102) is violated the strongest at ta ⇡ 0 and in this case tb can be
chosen up to tb  4⌧S , which is quite large compared to the time frame of
t  8 · 10�4⌧S [11].

3.8 Experiments

To perform a significant test of LRT versus QM using a Bell inequality the
following requirements have to be fulfilled for the derivation of the Bell inequality
from LR [15]:

• A non-factorizable or entangled state must be used

• Alternative (mutually exclusive) measurements corresponding to two non-
commuting observables must be chosen at will both on the left and right
side

• Dichotomic outcomes should correspond to each single measurement (or
trichotomic if the possibility of undetected events is considered as a third
outcome)

• Measurement events must be space-like separated

In the case of a K0K̄0 pair the first point is non problematic since the en-
tanglement of neutral kaons has been confirmed experimentally at CPLEAR
[15].

23



What causes problems in the realisation of experiments is the second require-
ment.

For measurement procedures on neutral kaons there exist two physical bases,
that means there are two observables for the kaons, the projectors to the two
bases.

The first basis is the strangeness eigenstate basis
�

�

�K0
↵

,
�

�K̄0
↵ 

. Since the
strong interactions, which are strangeness conserving, of a K0 with S = 1 and a
K̄0 with S = �1 on the bound nucleus of any absorber material are distinctive,
the insertion of a piece of ordinary matter in the flight path of a kaon permits
the measurement of strangeness. The incoming state is projected either onto
the strangeness eigenstate K0 by K0p ! K+n or onto K̄0 by K̄0p ! ⇤⇡+,
K̄0n! ⇤⇡0 or K̄0n! K�p.

A measurement of this form is called an active measurement, because an ex-
perimenter can place the piece of matter in the trajectory of the propagating
particle at any time, he has control over the experiment. A significant experi-
mental problem arises from the very low detection efficiency of such strangeness
measurements [15].

A second possibility to measure the strangeness content of a neutral kaon would
be the observation of its semileptonic decay (compare Eq. 97). Since an exper-
imenter has no control of the kaon decay, as he can�t choose neither the decay
mode, nor the time of the decay, this is called a passive measurement procedure.
A experimenter can only sort the observed events into proper decay modes and
time intervals at the end of his measurements [15].

The second basis is called the lifetime basis {|KSi , |KLi}, which consists of the
physical states with well defined decay widths �S,L and masses mS,L.

As a consequence of the great difference between the decay widths the KS decays
much faster than the KL. Thus, to measure whether a kaon is progating as a
KS or a KL at time t one has to determine the time at which it subsequently
decays. Kaons that decay at times t + 4, 8⌧S are identified as KS �s and the
ones decaying at times after this time interval are identified as KL�s [15, 12].
Misidentification probabilities reduce to ⇡0,8% [15]. This procedure is called
an active measurement of lifetime.

A passive measurement of lifetime is achieved via an observation of the different
decay modes of the KS , KS ! 2⇡ and the KL, KL ! 3⇡ neglecting CP
violation.

It is a passive procedure because the experimenter has no influence on the decay
modes and the decay times, this paramenters are all determined by the quantum
nature of the kaons [12, 15].

Due to the requirement, that there has to be the possibility for an experimenter
to choose the observables, the objects of measurement, at will, the use of active
measurements procedures are necessary for the validity of a BI [12, 15].

As a consequence the authors of Ref. [15] and [16] state that due to the lack of
active measurement procedures and the neglection of the decay product space
[16] in the time evolution of the considered states, the observed violation of
a CHSH like Bell inequality for entangled B0B̄0 pairs that were produced via
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the resonance decay ⌥(4S) ! B0B̄0 at the KEKB asymmetric e+e� collider,
identified via their semileptonic decays (passive measurement) and collected at
the Belle detector cannot be considered as a meaningful Bell test of ruling out
LRT. Though the results of the experiment presented in the paper of Go show
nicely the entanglement as a quantum character of B0B̄0 pairs [16].

3.8.1 Proposals for Bell inequality tests with K0K̄0 pairs using active
measurement procedures

Bell tests using active strangeness measurements have been considered by Ghi-
rardi et al [17]. Considering an entangled K0K̄0 state produced at an EPR
source active strangeness measurements are performed at two different times
t1 and t2 at the right side and t3 and t4 at the left side of the source. The
derivation of a Bell inequality in the CHSH form leads to inequality (85) which
unfortunately, as already explained, cannot be violated for any choice of the
four times and Bell states. But a recent investigation shows that for a quite
general initial state

| (0)i = r1e
i�1 |KSil ⌦ |KSir + r2e

i�2 |KSil ⌦ |KLir
+ r3e

i�3 |KLil ⌦ |KSir + r4e
i�4 |KLil ⌦ |KLir , (103)

with r2
1 + r2

2 + r2
3 + r2

4 = 1 and a certain choice of the parameters the CHSH
Bell inequality (85) is indeed violated [12]. This result points out the differ-
ence between the quantum features nonlocality and entanglement. Though the
question of the production of such a state at DA�NE arises.

Considering experiments using Uchiyama�s Wigner like inequality (87) there
arise passive measurements along a third basis consisting of the CP eigenstates
�

�

�K0
1

↵

,
�

�K0
2

↵ 

but due to the smallness of the CP violation parameter ✏ there
is no realistic chance to discriminate experimentally between the lifetime (KL,
KS) and CP eigenstates (K0

1 , K2
0). Thus the significance of inequality (87)

reduces to that of a clear well-defined gedanken experiment [15].

3.8.2 Proposals for Bell inequality tests with K0K̄0 pairs with active
measurement procedures and regenerators

There have been several proposals for an alternative method implementing a
thin regenerator in the flight path of the kaon pairs on one or the other or on
both sides of the source in different experimental set ups, in order to provide
active simultaneous joint strangeness/life time measurements. The drawback
is, that with thin regenerators the predicted violation of Bell�s inequalities are
hardly observable [15].

Regeneration of KS

Considering a K- meson beam evolving in time the short lived component KS

has quickly decayed away after a few centimeters and only the long lived com-
ponent KL survives. But if one places a thin slab of matter in the KL beam
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the short-lived component KS is regenerated because the two strangeness eigen-
states K0 and K̄0 who are present in the KL are scattered in matter differently,
which means that f 6= f̄ , where f denotes the K0-nucleus forward scattering
amplitude and f̄ the K̄0-nucleus forward scattering amplitude [10, 29].

Denoting  in as the wavefunction of the incoming remaining KL particle stream

| ini = |KLi =
1p
2

�

�

�K0
↵

+
�

�K̄0
↵ 

, (104)

the wavefunction of the outcoming particle stream is given by [29]

| outi =
1

2
(f + f̄) {|KLi+ r |KSi} , (105)

with r = (f�f̄)
(f+f̄)

being the regeneration parameter.

Studying the behaviour of the neutral kaons in matter one finds that the Ha-
miltonian describing the propagating particles through a homogenous medium
is given by [29]

Hmed = H � 2⇡⌫

mk

✓

f 0
0 f̄

◆

, (106)

where ⌫ denotes the density of scattering centres of the homogeneus medium
and mK the average neutral kaon mass. The eigenvalues of Hmed have the form
[29]

�R
S = �S �

⇡⌫(f + f̄)

mK
,

�R
L = �L �

⇡⌫(f + f̄)

mK
, (107)

where the form of �L,S is given in (11).

For the eigenstates of the Hamiltonian Hmed in the KLKS basis one gets [29]
�

�KR
S

↵

⇡ |KSi � ⇢ |KLi ,
�

�KR
L

↵

⇡ |KLi+ ⇢ |KSi , (108)

with ⇢ = ⇡⌫(f�f̄)
m

k

(�
L

��
S

) , the regeneration parameter. The mass eigenstates can be
expressed through the eigenstates of the Hamiltonian Hmed in (108) with [29]

|KSi ⇡
�

�KR
S

↵

+ ⇢
�

�KR
L

↵

,

|KLi ⇡
�

�KR
L

↵

� ⇢
�

�KR
S

↵

. (109)

If a KS beam passes a thin slab of matter in the time interval �t, one obtains
the time evolution [29]

|KSi !
�

�KR
S

↵

+ ⇢
�

�KR
L

↵

!e�i�R

S

�t
�

�KR
S

↵

+ ⇢e�i�R

L

�t
�

�KR
L

↵

⇡e�i�R

S

�t {|KSi � r |KLi} , (110)
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where r = i�t ⇡⌫
2m

K

(f � f̄) describes the regeneration effect.

For an incoming beam of particles in the KS and KL state one obtains behind
the regenerator the superpositions [29]

|KSiin ! | Siout ⇡ e�i�R

S

�t {|KSi � r |KLi} ,

|KLiin ! | Liout ⇡ e�i�R

L

�t {|KLi � r |KSi} . (111)

In one set up a thin regenerator is placed on the right side of the propagating
neutral kaons very close to the production source so that the time interval �tr
needed by the neutral kaons to cross the regenerator is small enough (4tr ⌧ ⌧S)
that weak decay could be neglected.

After the regenerator the kaons in the beam are allowed to propagate free in
space up to the time T, with ⌧S ⌧ T ⌧ ⌧L. The normalization to the surviving
pairs gives the non-maximally entangled state in the life time basis [15]

|�i =
1

q

2 + |R|2
{|KSil |KLir � |KLil |KSir + R |KLil |KLir} , (112)

with
R ⌘ �re�i(4m� i

24�)T , (113)

and
r ⌘ i

⇡⌫

mK
(f � f̄)�⌧r = i

⇡⌫

pK
(f � f̄)d (114)

being the regeneration parameter. In Eq.(114) mK denotes the average neutral
kaon mass, pK the kaon momentum, f(f̄) the K0-nucleus (K̄0-nucleus) forward
scattering amplitude, ⌫ the density of scattering centres of the homogeneus
regenerator with the total thickness d. The state |�i describes all kaon pairs
where both partners, on the left and on the right side survive up to a time T. At
this time T active measurements of strangeness or lifetime will be carried out
on the kaon pairs. To fulfill the locality requirement of the joint measurements
on the left and on the right side, T has to be chosen large enough.

Thus all of the four requirements for the derivation of a genuine Bell�s inequality,
as introduced in the beginning of Sect. 2.8, are fulfilled and one can find several
inequalities that are violated by the predictions of QM [15].

Two inequalities were derived one by Clauser and Horne and the other by Eber-
hard from LR for any value of R. Both are genuine Bell�s inequalities and
therefore provide the same restrictions for ⌘, ⌘̄ and ⌘⌧ , which are the efficiencies
for the detection of a kaon and antikaon and the decay products of the kaons re-
spectivley, required for a detection loophole free experiment. A detailed analysis
shows that besides the difficulties of a low detection efficiency of some of these
presented kaon measurements the required efficiencies for a detection efficiency
loophole free Bell test with neutral kaons, a few percentage of strangeness detec-
tion efficiencies and very high detection efficiencies of the kaon decay products,
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seem to be technically achievable [15]. This gives a great outlook for further
experiments.

One test of LRT vs QM without a BI is called Hardy�s proof. If one neglects
CP violation and KL -KS misidentifications using R = �1, which is called the
Hardy state, one gets the quantum mechanical propabilities

PQM (K0, K̄0) =
⌘⌘̄

12
, (115)

PQM (K0, KL) =0, (116)
PQM (KL, K̄0) =0, (117)
PQM (KS , KS) =0. (118)

These propabilities cannot be reproduced by LR because in this case one obtains
the inequality

PLR(KS , KS) � PLR(K0, K̄0) =
⌘⌘̄

12
, (119)

which contradicts Eq.(118).

Due to KS �KL misidentifications this original proposal has to be reanalyzed
to obtain a more adapted version for a real experimental situation. In this case
the QM probabilities of Eq.(116-118) do not vanish, but are still close to zero
and the parameter ⌘⌧ , the detection efficiency of the kaon decay products, arises
as a parameter (see Ref. [15, 29]).

4 Decoherence in entangled K0K̄0
- systems

This section considers the effects of decoherence on an entangled K0K̄0 pair,
produced at the � resonance, which arise due to the interaction of the kaon
quantum system with its environment.

Sources for standard decoherence effects are the strong interaction scattering of
kaons with nucleons, weak interactions due to their decay and the noise of the
experimental set up.

Decoherence gives information on the quality of the entangled state [10].

Following the explanations of Ref. [10] a mathematical model which provides
one the possibility of measuring the strength of such effects due to decoherence
experimentally, will be presented.

First a short introduction to the concept of the description of pure and especially
mixed states, as they occur in statistical QM/quantum statistics, by a density
matrix is given.
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4.1 The properties of density matrices

4.1.1 Pure states

A pure state can be described by a state vector in Hilbert space | i ✏ H, which
satisfies the Schrödinger equation

i~ @
@t

| i = H | i . (120)

So if one considers a stastistical ensemble of quantum systems and all systems
are in the same state then the ensemble is represented by the pure state | i.
If a system is in a pure state | i the complete information about the system is
known in comparison to a mixed state where the information about the system
is incomplete.

The expectation value of an observable A can be expressed as follows

hAi = h | A | i , (121)

and this motivates the definition of the density matrix ⇢ of a pure state by

⇢ = | i h | , (122)

having the properties

⇢2 = ⇢, ⇢† = ⇢, tr⇢ = 1. (123)

The expectation value of an observable A can be rewritten in the following form

hAi = tr(⇢A). (124)

which coincidents with the definition in Eq.(121) [10, 30].

4.1.2 Mixed states

In this case an ensemble of objects in which the systems are in a statistical
mixture of pure states | ii is considered.

This state is represented by a density matrix ⇢mix, defined as

⇢mix =
X

i

pi | ii h i| , (125)

with pi � 0 and
P

i pi = 1, where pi denotes the probability of finding the state
⇢ in the state | ii and | ii h i| is the density matrix of the pure state | ii.
The density matrix of a mixed state ⇢ has the following properties

⇢2 6= ⇢, ⇢† = ⇢, tr⇢ = 1, tr⇢2 < 1. (126)
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Since the value of tr⇢2 differs from the one in the case of a pure state, tr⇢2

provides a measure of the mixedness of a state ⇢.

The expectation value is again given by

hAi⇢
mix

= tr(⇢mixA) =
X

i

pi h i| A | ii . (127)

The time evolution of a density matrix is determined by the von Neumann

equation

i
@

@t
⇢ = [H, ⇢] , (128)

defining ~ = 1.

Considering a Hilbert space H with dimension dimH = d , a totally mixed state
where all weigths pi are the same can be written as [8]

⇢ =
1

d
. (129)

For example a totally mixed state of spin- 1
2 particles is given by

⇢ =
1

2
(|"i h"| + |#i h#|) =

1

2
. (130)

Remark: The above density matrix can be achieved by several mixtures of
states. Therefore physics depend only on the density matrix ⇢ which can de-
scribe the same incomplete information for different mixtures of states [10, 30].

4.2 The Model

The mathematical model for studying decoherence in the neutral kaon sys-
tem will be set up in a 2-dimensional Hilbert space H = C2 and the non-
Hermitian „effective mass” Hamiltonian H, describing the decay properties and
the strangeness oscillations of the kaons, will be considered.

H = M � i
�

2
. (131)

The physical states |KSi and |KLi satisfy the eigenvalue equation

H |KS,Li =

✓

mS,L � i
�S,L

2

◆

|KS,Li , (132)

were mS,L and �S,L denote the corresponding masses and decay widths.

Since the experimental data of the CPLEAR experiment, which serve as a com-
parison to the mathematical model, are not sensitive to the corrections due to
CP violation that are of order 10�3 [10], CP conservation is assumed so that
the CP eigenstates

�

�K0
1

↵

and
�

�K0
2

↵

equal the mass eigenstates |KSi and |KLi,
�

�K0
1

↵

⌘ |KSi ,
�

�K0
2

↵

⌘ |KLi , with hKS | KLi = 0 . (133)
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The starting point for constructing the model is the description of the time
evolution of the density matrix of the kaon system using the so called master
equation

@
@t⇢ = �iH⇢+ i⇢H† �D[⇢], with ~ = 1 , (134)

which is the most general form of the Louiville equation for a finite dimensional
complex Hilbert-space H with dimH =N2. This is a method going back to
Lindblad and Gorini-Kossakowski-Sudarshan [31, 32].

The Hamiltonian H has the form of Eq.(131) and the dissipator term D[⇢] stands
for possible decoherence arising in the kaon system due to interactions with its
environment and is given by

D[⇢] =
1

2

N2�1
X

k=1

�k(A†
kAk⇢+ ⇢A†

kAk � 2Ak⇢A
†
k). (135)

D[⇢] can be rewritten as

D[⇢] =
1

2

X

k

�k

⇣h

A†
k, Ak⇢

i

+
h

⇢A†
k, Ak

i⌘

, (136)

with Ak beeing the Lindblad operators and �k� 0 beeing the positiv decoherence
constants, which are quantities measuring the decoherence.

For reasons of a clear description the proof for this master equation is given,
following the steps of Ref. [30].

As mentionend above this model describes a quantum system S in interaction
with its environment E. The Hamiltonian of the closed system has the following
form

H ⌘ HS+E = HS + HE + Hint, (137)

where Hint denotes the interaction, the weak coupling between S and E.

A weak coupling limit is assumed so that if HE , Hint ! 0, H ! HS .

For t = 0 the environment is chosen to be in a pure state

⇢E = |�0i h�0| (138)

and the system and the environment are supposed to be separable at t = 0,
therefore the density matrix is given by the product state

⇢(0) = ⇢S(0)⌦ ⇢E . (139)

Thus one can consider the dynamical map of the density matrix of the system
⇢S

⇢S(0)! V (t)
⇥

⇢S(0)
⇤

(140)
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in terms of the Kraus operators Wk given by

⇢S(t) =
X

k

Wk⇢
S(0)W †

k , (141)

with
Wk =: h�k| U |�0i and

P

k W †
kWk = 1S , (142)

where {|�ki}✏HE denote a complete orthogonal system of the environment and
U denote the unitary operator U = e�iHt.

The dynamical map V (t) fulfills the following properties:

• trace conserving

• convex linear

• completely positive

The following two assumptions about the time evolution lead to the dynamical
map given by Eq.(145)

• that the characteristic time scale of the system �t is much smaller than
the lifetime ⌧S of the system:

�t⌧ ⌧S (143)

• and that the environment should „forget” about the system, a so-called
Markov process:

⌧E ⌧ �t, (144)

⇢S(�t) = V (t)[⇢S(0)] =
X

k

Wk⇢
S(0)W †

k = ⇢S(0) + O(�t). (145)

As one can see the first Kraus operator has to be proportional to 1S + O(�t)
and all the others are of the order �t.

Thus one can construct using these assumptions the Kraus operator in the
following form

W0 =1S + (K � i

~H)�t

Wk =Ak

p
�t, (146)

with K and H being hermitian operators and Ak being the Lindblad operator.

The normalization leads to
P

k W †
kWk = 1S +

⇣

2K +
P

k A†
kAk

⌘

�t + O(�t2)

+
K = � 1

2

P

k A†
kAk.

(147)
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Hence one obtains the time evolution of the System S:

⇢S(�t) = W0⇢
S(0)W †

0 +
X

k

Wk⇢
S(0)W †

k =

✓

1S +

✓

K � i

~H

◆

�t

◆

⇢S(0)

✓

1S +

✓

K +
i

~H

◆

�t

◆

+ �t
X

k

Ak⇢
S(0)A†

k =

⇢S(0)+�t

(

� i

~
⇥

H, ⇢S(0)
⇤

� 1

2

 

X

k

A†
kAk⇢

S(0) + ⇢S(0)A†
kAk � 2Ak⇢

S(0)A†
k

!)

,

(148)

and finally arrives at the master equation

lim�t!0
⇢S(�t)� ⇢S(0)

�t
=

d

dt
⇢S(t) |t=0= �

i

~
⇥

H, ⇢S(t)
⇤

|t=0 �D[⇢S(t)] |t=0 .

(149)

Note: altough Eq.(149) is derived at t = 0, it is valid for all times t � 0 and
Ak has been rescaled to

p
�kAk.

In the kaon case the Lindblad operators Aj act like projectors

Aj =
p
�Pj , (150)

with j = L, S and Pj = |Kji hKj | being the projectors to the eigenstates of the
non-hermitian „effective mass” Hamiltonian.
Thus one can write the dissipator D[⇢] in the following form [10]:

D[⇢] =
�

2

X

j=S,L

[Pj , [Pj , ⇢]] (151)

Remark: Since the study of decoherence in the kaon system restricts itself to
the undecayed kaon system described by the „effective mass” Hamiltonian H,
the master equation (134) is not trace conserving. Including the space of the
decay products to the Hilbert space of the total system, master equation (134)
would of course lead to trace conservation [10].
Defining the time independent density matrix by

⇢(t) =
X

i,j

⇢ij(t) |Kii hKj | , (152)

inserting the matrix into the master equation (134), with D[⇢] in the form of
equation (151) and solving the differential equations one obtains the components
of the density matrix:

⇢SS(t) =⇢SS(0) · e��
S

t,

⇢LL(t) =⇢LL(0) · e��
L

t,

⇢LS(t) =⇢LS(0) · e�i4mt��t��t, (153)

33



with 4m = mL �mS and � = 1
2 (�S + �L).

4.3 Entangled kaons

Now the decoherence of entangled kaon pairs is studied. Therefore the 2-particle
Hamiltonian of the entangled system is written as a tensor product of the 1-
particle Hilbert - spaces H = Hl ⌦ 1r + 1l ⌦Hr is considered, where l denotes
the left moving and r denotes the right moving particle.

For further calculations the following abbreviations will be used

|e1i = |KSil ⌦ |Klir and |e2i = |KLil ⌦ |KSir . (154)

At t = 0 the initial Bell state
�

� �↵ =
1p
2

{|e1i � |e2i} (155)

can be described by the density matrix of a pure quantum state

⇢(0) =
�

� �↵ ⌦ ��
� =

1

2
{|e1i he1| + |e2i he2|� |e1i he2|� |e2i he1|} . (156)

Since the master equation (134) also decouples in this case one obtains, with
Pj = |eji hej | being the projectors to the eigenstates of the 2-particle Hamilto-
nian H in Eq.(151), for the time dependent components of the density matrix

⇢11(t) =⇢11(0) · e�2�t,

⇢22(t) =⇢22(0) · e�2�t,

⇢12(t) =⇢12(0) · e�2�t��t. (157)

From this the time dependent density matrix for the entangled kaon system
follows

⇢(t) =
1

2
· e�2�t

�

|e1i he1| + |e2i he2|� e��t (|e1i he2| + |e2i he1|)
 

. (158)

As one can see decoherence arising through the factor e��t with the decoherence
parameter �, only affects the off diagonal terms of the matrix. So for t > 0
⇢(t) does not describe a pure state anymore but a mixed one and the phase
information stored in the off-diagonal terms is lost [30].

Since the focus is on the undecayed kaon system, the density matrix ⇢(t) in
(158) has to be normalized by dividing the matrix by its trace Tr⇢ [10, 30].

4.4 Measurements

It is the aim of the set up model to be able to determine the range of val-
ues of the parameter �, which quantifies the strength of possible decoherence,
experimentally.
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To achieve that one can calculate the like- and unlike-strangeness propabilities
of strangeness measurements performed on an entangled kaon pair, whereby one
can determine the asymmetry of probabilities, which is directly sensitive to the
interference term and can be measured experimentally [10].

To calculate the probabilities the following mathematical procedure is used:

The state of an entangled K0K̄0 created from a source at t = 0 is described
by the 2-particle density matrix ⇢(t) and evolves in time satisfiying Eq.(134).
During its time evolution decoherence comes up. At t = tr the strangeness con-
tent of the right-moving particle is measured and the 2-particle density matrix
of the whole kaon system reduces to the 1-particle density matrix ⇢l(t, tr) of
the left moving particle which evolves in time according to the rules of pure
QM without picking up any further decoherence until at t = tl the strangeness
content S of the left-moving particle is measured.

In this case tr < tl is chosen, of course the other choice would also be possible.

The measurement of the strangeness content of the right moving particle at
t = tr is described mathematically by the following projection onto the state ⇢:

Trr = (1l ⌦ |S0i hS0|r ⇢(tr)) ⌘ ⇢l(t = tr; tr), (159)

where S0 = +,� and |+i =
�

�K0
↵

, |�i =
�

�K̄0
↵

. For t > tr ⇢l(t; tr) denotes
the density matrix of the 1-particle state of the left-moving particle, whose
strangeness content S (S = +,�) is finally measured at t = tl.

Thus one determines the like- and unlike-strangeness probabilities by

P�(S, tl; S
0, tr) = Trl (|Si hS|l ⇢l(tl, tr)) , (160)

and obtains

P�(K0, tl; K0, tr) = P�(K̄0, tl; K̄0, tr)

= 1
8

�

e��
S

t
l

��
L

t
r + e��

L

t
l

��
S

t
r � e��t

r2cos(4m�t) · e��(t
l

+t
r

)
 

,

P�(K0, tl; K̄0, tr) = P�(K̄0, tl; K0, tr)

= 1
8

�

e��
S

t
l

��
L

t
r + e��

L

t
l

��
S

t
r + e��t

r2cos(4m�t) · e��(t
l

+t
r

)
 

,

(161)

with 4t = (tl � tr).

Glancing at this long terms one notices that at tr = tl = t the like-strangeness
propabilities

P�(K0, t; K0, t) = P�(K̄0, t; K̄0, t) =
1

4
e�2�t(1� e��t), (162)

do not vanish, in contrast to pure quantum mechanical EPR-correlations [10].
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The asymmetry of probabilites is defined in pure QM as follows

AQM (4t) =

=
P (K0, tl; K̄0, tr) + P (K̄0, tl; K0, tr)� P (K0, tl; K0, tr)� P (K̄0, tl; K̄0, tr)

P (K0, tl; K̄0, tr) + P (K̄0, tl; K0, tr) + P (K0, tl; K0, tr) + P (K̄0, tl; K̄0, tr)

=
cos(4m4t)

cosh( 1
24�4t)

, (163)

with �� = �L � �S .

For the decoherence model one obtains for the asymmetry of probabilites by
inserting the probabilities (161)

A�(tl, tr) =
cos(4m4t)

cosh( 1
24�4t)

e��min{t
l

,t
r

}

=AQM (4t)e��min{t
l

,t
r

}. (164)

Since in this case min {tl, tr} = tr the decoherence effect depends only on tr,
the time the first kaon is measured.

4.5 Experiment

In the next step the decoherence model can be compared to the data of the
CPLEAR experiment at CERN [33]. There entangled K0K̄0 pairs are produced
in the pp̄-collider via the reaction pp̄ ! K0K̄0. The created neutral kaons are
in the state JPC = 1�� [10].

The production source is surrounded by absorbers made of copper and carbon so
that the strangeness content of the kaons can be measured via strong interactions
of the propagating kaons with the nucleons of the absorber material [10].

Example

S = +1 : K0(ds̄) + N ! K+(us̄) + X,
S = �1 : K̄0(d̄s) + N ! K�(ūs) + X,
S = �1 : K̄0(d̄s) + N ! ⇤(uds) + X and ⇤! p⇡�;

like-strangeness events: (K�,⇤)

unlike-strangeness events: (K+,K�) and (K+,⇤)

The experimental set up has two configurations, as one can see in Fig. 2. In
the configuration C(0) both kaons propagate 2 cm and they are measured by
the absorbers nearly simultaneously (tl ⇡ tr). In configuration C(5) one kaon
propagates 2 cm and the other kaon 7 cm. The resulting average flight path
difference of 5 cm corresponds to a proper time difference of |tr � tl| ⇡ 1, 2⌧S .
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Fig. 1. Example of CPLEAR event: like-strangeness (K�, �)

�̄ = (1.84+2.50
�2.17) · 10�12 MeV and �̄ =

�̄

�S
= 0.25+0.34

�0.32 . (100)

The results (100) are certainly compatible with QM (� = 0), nevertheless,
the experimental data allow an upper bound �̄up = 4.34 · 10�12 MeV for
possible decoherence in the entangled K0K̄0 system.

Fig. 2. The asymmetry (99) as a function of the flight–path di�erence of the kaons.
The dashed curve corresponds to QM, the solid curves represent the best fit (100)
to the CPLEAR data [35], given by the crosses. The horizontal line indicates the
Furry–Schrödinger’s hypothesis [1, 4], as explained in Sect. 8.

B0B̄0 system: An analogous investigation of “decoherence of entangled
beauty” has been carried out in Ref.[42]. However, there time integrated
events from the semileptonic decays of the entangled B0B̄0 pairs are analyzed,

Figure 2: Set up of the CPLEAR experiment, illustration of a (K�,⇤) event,
source: Ref. [10]

Fitting the decoherence parameter � by comparing the asymmetry (164) with
the experimental data, see Fig. 3, one gets, when averaging over both configu-
rations, the following bounds on � [10]:

�̄ = (1, 84+2,50
�2,17) · 10�12MeV and ⇤̄ = �̄

�
S

= 0, 25+0,34
�0,32 . (165)
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The results (100) are certainly compatible with QM (� = 0), nevertheless,
the experimental data allow an upper bound �̄up = 4.34 · 10�12 MeV for
possible decoherence in the entangled K0K̄0 system.

Fig. 2. The asymmetry (99) as a function of the flight–path di�erence of the kaons.
The dashed curve corresponds to QM, the solid curves represent the best fit (100)
to the CPLEAR data [35], given by the crosses. The horizontal line indicates the
Furry–Schrödinger’s hypothesis [1, 4], as explained in Sect. 8.

B0B̄0 system: An analogous investigation of “decoherence of entangled
beauty” has been carried out in Ref.[42]. However, there time integrated
events from the semileptonic decays of the entangled B0B̄0 pairs are analyzed,

Figure 3: The asymmetry of the model (164) as a function of the flight-path
difference of the propagating kaons. The dashed curve corresponds to pure QM
and the solid curves depict the best fit to the experimental data of CPLEAR,
represented by the crosses. Source: Ref. [10]

These results (165) are clearly compatible to QM (� = 0), nevertheless the
experimental data allow an upper bound of �up = 3, 34 · 10�12MeV for possible
decoherence in the entangled K0K̄0 system.
Since the decoherence is very small the experimental data also show that the
kaons are still entangled after propagating over a macroscopic distance of 7cm
[10, 30].
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5 Conclusion

During the description of the neutral kaon system many analogies to photons
and spin-1

2 particles have appeared. But there are some notable differences like
the decay of the particles and the phenomenon of strangeness oscillation, which
makes it more difficult to set up experimental tests with neutral K-mesons.

The decay properties require that one includes the space of all decay products
in order to get a unitary time evolution and guarantee the significance of the
derived Bell inequalities for kaons. It has turned out that the time variation
type of Bell inequalities for kaons cannot be violated and therefore cannot be
used for a valid test of LRT vs QM for the meson system [10, 11]. Nevertheless,
a modified BI [26] gives hope for an experimental test.

The discovered connection between the violation of a Bell inequality and the
CP violation in the neutral kaon system presents a quite remarkable fact and
motivates a deeper research into similar symmetries in particle physics [10].

For Bell�s inequality tests using entangled K0K̄0 pairs, the insertion of thin
regenerators in the experimental set up seems to play an important role and
since proposals exploiting the regeneration process with conditions that are
technically realizable are already given [15, 29]. Many possibilities for future
experiments at DA�NE in Frascati, LEAR at CERN, the research facilities
producing entangled K-meson pairs, are created.

With the characterisation of the entangled K0K̄0 pairs another example of the
presence of nonlocality as a basic feature of quantum mechanics in nature is
given and the relevance of the famous „spooky action at a distance” in particle
physics can be illustrated.

The discussion of possible decoherence in an entangled kaon system, arising from
its interaction with the environment shows that the effect of decoherence is small
for an entangled K0K̄0 system extended over a macroscopic distance of 7 cm [30]
and that the neutral kaon pair is still entangled in the sense of QM. Since only
few data points of the CPLEAR experiment exist, further experiments could
lead to a sharper bound on �̄, which denotes the experimental decoherence
parameter [10].

The properties of the neutral kaon system provides a broad new research field
and the results of further experiments might be very important for upcoming
technologies like quantum information and comunication [10, 15, 12, 16].
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