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Abstract

We discuss various proofs of the theorem, that the de Sitter metric is
the only non-singular static metric with positive cosmological constant
Λ = n(n− 1)/2, n = dim M − 1, such that the metric induced on the set
where the Killing vector vanishes is the canonical metric on Sn−1.
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1 Introduction

The understanding of any dynamical systems requires knowledge of its time-
independent solutions. In general relativity the non-singular static metrics with
cosmological constant Λ = 0 are completely understood [1, 13] (the pioneering
results going back to [9, 21, 23]), and there has been progress recently in the
understanding of such solutions with negative cosmological constant [2,3,16,26]
(the pioneering result being [7]). For Λ > 0 the expectation seems to be the
following:

Conjecture 1.1 Let (M , g) be a four dimensional vacuum space-time with
Λ > 0, suppose that there exists on M a Killing vector field X with complete
orbits and vanishing twist, and assume that

M− := {g(X, X) < 0} 6= ∅ . (1.1)

If M contains a compact spacelike hypersurface S , then the metric g restricted
to M− is locally isometric to the Kottler metric.

(Recall that the twist form ω is defined as ∗(X[∧dX[), where X[ = g(X, ·).)
Candidates for a higher dimensional analogue of Conjecture 1.1 include the

generalised Kottler metrics,

g = −V dt2 + V −1dr2 + r2g̃ , (1.2)

where g̃ is an Einstein metric on a (n− 1)-dimensional manifold N , with

R(g̃)ij = (n− 1)(n− 2)k , k ∈ {0,±1} , (1.3)
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while
V = − 2Λ

n(n− 1)
r2 + k − 2m

rn−2
. (1.4)

The metrics g solve the Einstein vacuum equations with cosmological constant
Λ,

R(g)ij =
2Λ

n− 2
gij , (1.5)

cf., e.g., [5, 10]. It appears, however, that for n = dim M − 1 ≥ 4 there
exist space-times as in Corollary 1.1, which are not in the generalised Kottler
class [17].

One could likewise attempt to formulate conjectures where the isometry is
global on M−, or global on M , though the main point of interest seems to be
the local statement anyway.

Some very partial results in the literature lending support to Conjecture 1.1
are the following: If one further assumes that there are no degenerate Killing
horizons in M , and that the orbit-space metric on S is conformally flat then
the result, on every component of M− that intersects S , follows from the
analysis of Lafontaine [22]. In [15] (compare [6]) a uniqueness result is proved
under the assumption of existence of a smooth conformal completion at future
timelike infinity; further, no hypotheses about the twist are made.

To put the results below in proper context, let us start by recalling the
Vishveshwara-Carter lemma [11, 31]: under the hypotheses of Conjecture 1.1,
the set

∂M− \ {X = 0}

coincides with the Killing horizon H, which is a union of smooth null hypersur-
faces, with X being tangent to the null geodesics threading H. A component
of H is called non-degenerate if g(X, X) has non-zero gradient at some point of
H, it is called degenerate otherwise.

Consider an (n + 1)-dimensional space-time containing a non-degenerate
Killing horizon H associated with a Killing vector field X, since X changes
type across H the region M− of (1.1) is not empty. Let S be a compact
spacelike hypersurface in M , set

M = S ∩M− ,

let ϕ : M → R+ be defined as

ϕ =
√
−g(X, X) ,

and let h be the orbit space metric1 on M ,

TM 3 Y, Z h(Y, Z) = g(Y, Z) + ϕ−2g(X, Y )g(X, Z) .

Consider a non-empty connected component H0 of the set

H := H ∩S ⊂ {p ∈ S : g(X, X)(p) = 0} .

1The metric h coincides obviously with the metric induced on M by g when M is orthogonal
to X, but we are not making this hypothesis.
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If H0 is associated with a non-degenerate component of the closure H of the
horizon H, then it is well known (cf., e.g., [13]) that the metric h smoothly
extends to a smooth Riemannian metric2 γH0 on H0.

By a constant rescaling of the metric we can without loss of generality
assume that

Λ = n(n− 1)/2 , where n := dim M − 1 . (1.6)

In our arguments below we shall make use of the positive energy theorem
for asymptotically flat space-times. This theorem has been established under
the hypothesis that 3 ≤ n ≤ 7 in [27], or under the hypothesis that the manifold
is spin in [33]. A proof in all dimensions, without the spin restriction, has been
announced [12], but the details have not been made available so far. We shall say
that a manifold (M, g) is of positive energy type if the positive energy theorem, in
a version which allows boundaries with non-negative outer mean curvature, can
be applied to an asymptotically flat extension of (M, g). From what has been
said it follows that every Riemannian manifold with boundary which is either
spin and complete (compare [4]), or is compact and has dimension 3 ≤ n ≤ 7,
is of positive energy type. (If there are no asymptotically flat extensions of
(M, g) then the condition is trivially satisfied.) It is expected that positivity
holds for all complete manifolds admitting asymptotically flat extensions, in all
dimensions.

Our main result here is the following result related to Conjecture 1.1, with-
out the restriction n = dim M = 3 made there:

Theorem 1.2 Let (M , g) be an (n + 1)-dimensional vacuum space-time with
a hypersurface-orthogonal Killing vector field X, n ≥ 3, with cosmological con-
stant Λ as in (1.6), suppose that M contains a compact spacelike hypersur-
face S . Assume that the Killing horizon H associated with X has only non-
degenerate components, and that for some component H0 it holds that

(H0, γH0) is isometric to a sphere Sn−1 with the canonical metric . (1.7)

If the connected component M0 of M associated with H0 is of positive energy
type, then M0 is diffeomorphic to an open ball in Euclidean space, and there
exists a neighborhood of M0 in M which is isometrically diffeomorphic to an
open subset of de Sitter space-time.

Further, each connected component of M− intersecting M0 which does not
contain closed timelike curves is isometrically diffeomorphic to R×Bn(1) with
the de Sitter metric there.

As already pointed out, the metric γH coincides with the metric induced
by g on (the relevant component of) the set {p ∈ M : X(p) = 0}, whenever
this set exists and is compact.

2The set H can be thought of as the “bifurcation surface of the Killing horizon H”; in
the familiar Schwarzschild example this would be the sphere at the intersection of the past
and the future event horizons, which coincides with the set where the Killing vector vanishes,
compare [8]. We emphasise, however, that we do not need the hypothesis of existence of such
a surface in M for our analysis here. If such a surface exists, then γH0 coincides with the
metric induced on H by g.
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In Section 2 below we show that the hypothesis of non-degeneracy of H is
not needed when H is connected. Thus, a corollary of Theorem 1.2 is that if
the set {p ∈ M : X(p) = 0} is diffeomorphic to Sn, and if the metric induced
by g there is the canonical metric on Sn, then g is, at least locally on M−, the
(n + 1)-dimensional de Sitter metric.

The question of staticity of solutions is addressed in Section 3 below. Using
Theorem 3.1 there, the hypothesis of staticity in Theorem 1.2 can be replaced
by the assumption that the boundary of M− is a Killing horizon. However, it
is not clear how to justify that ∂M− should be a Killing horizon when staticity
is not assumed. It is conceivable that Sudarsky-Wald type arguments [30] could
be used here, but we have not attempted to analyse that.

A version of Theorem 1.2 has been previously established in dimension n = 4
in [7], under the restrictions that S is orthogonal to X, and assuming a single
non-degenerate horizon. In [7] two proofs were given, one using techniques
specific to that dimension. We review the other proof from [7] in Section 6
below, showing in particular that it generalises to higher dimensions.

We note that if (M , g) is a space-periodic identification of the Gibbons-
Hawking extension [18] (compare [32]) of a Kottler metric with m > 0, with
the normalisation (1.6), then H is diffeomorphic to several copies of Sn, with
the metric γH being proportional, but not equal to, the canonical metric on
each Sn.

The geometry of the Kottler metrics shows that a necessary condition for
Conjecture 1.1 to be true is that γH has constant scalar curvature under the
hypotheses made, and a proof of such a statement could be a useful step towards
the proof of the whole conjecture. In Section 5 we relate this condition to the
properties of the mean curvature of the level sets of ϕ near H , providing a
somewhat more general version of Theorem 1.2.

The proof of Theorem 1.2 which is presented in Section 4 is essentially a
repetition of an argument of Qing [26] for Λ < 0, and which we view as a
modification of an argument of Walter Simon [29]. That last, unpublished,
proof proceeds as follows: Assuming space dimension three, Simon considered
a conformal transformation which maps the set H to the conformal infinity
of a Riemannian metric h̃. Using the maximum principle he showed that his
transformation leads to a metric h̃ with R(h̃) ≥ −6. Assuming that the metric
on H is the round sphere, he obtained an asymptotically hyperbolic metric with
zero hyperbolic mass, which implied that h̃ was the hyperbolic metric, hence
conformally flat. The analysis of Lafontaine [22] finishes the proof. Qing’s
argument for anti-de Sitter space is essentially identical, except that hyperbolic
space is replaced by a subset of the Euclidean one. The version presented in
Section 4 is a straightforward variation of the above.

2 A non-existence result

In this section we exclude the possibility that all horizons are degenerate: sup-
pose, for contradiction, that M− contains a spacelike hypersurface S with
compact closure S such that ∂S ⊂ H, with all components of H – degenerate.
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The Killing equations imply the identity

∇σ∇σXβ = −Rβ
λXλ = − 2Λ

n− 2
Xβ .

We thus have∫
∂S

∇σXβdSσβ =
Λ

n− 2

∫
S

XβdSβ =
Λ

n− 2

∫
S

g(X, n)dnµ ,

where n is the unit normal to S , and dnµ the induced volume form. The last
integral does not vanish when Λ 6= 0 since X is strictly timelike on S . It is
standard that ∫

∂S
∇σXβdSσβ =

∑
i

κiAi ,

where the sum runs over the connected component of ∂S , with Ai being the
respective areas, which is clearly not possible with all κi’s vanishing when Λ 6= 0.

3 Staticity

We continue by showing that stationary solutions satisfying the hypotheses
of Theorem 1.2 are static. The argument is standard by now, and follows a
calculation of Heusler [20], as generalised to higher dimensions by Qing [26].
The identity

d

(
X[ ∧ ω

ϕ2

)
= −|ω|

2iX(Vol)
ϕ4

(3.1)

is integrated on the set

Mε := {p ∈ M : φ(p) ≥ ε} .

Here iX denotes contraction with the volume form Vol. Assuming non-
degeneracy of all horizons, we will show that the boundary integral over ∂Mε

that arises from the left-hand-side of (3.1) will vanish in the limit as ε tends to
zero. Since X is transverse to M , the vanishing of the volume integral over M
will then imply the vanishing of ω.

To analyse the behavior of the left-hand-side of (3.1) as the horizon is ap-
proached, one needs to consider separately those points on ∂(S ∩M−) ⊂ M
which are in H, and those at which X vanishes. In the former case we use the
coordinate system of [13, Lemma 3.4]. Thus, X = ∂s, S is given by {s = 0},
and the space-time metric g near a point p ∈ H takes the form

gµνdxµdxν = gssds2 + 2gisdyids + gijdyidyj ,

with (yi) = (x, xA) ≡ (w2, xA), and with H given by {s = w = 0}. The coor-
dinates (s, x, xA) are regular coordinates in space-time, while the coordinates
(w, xA) are regular coordinates near the boundary H for the metric h on M .
One has

ϕ2 = −gss = 2κgsxx + O(x2) , (3.2)
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where κ (the surface gravity) is a constant, with gsx >0 and gsA = O(x). This
gives

X[ := g(X, ·) = gssds + gsxdx + gsAdxA

= 2gsxw dw + O(w2) , (3.3)
dX[ = 2wd(gsx) ∧ dw + O(w) , (3.4)

where O(·) denotes the (s, w, xa)-coordinate-behavior of the components of a
tensor. After taking the wedge product one thus has

X[ ∧ dX[ = O(w2) .

Now, in the (s, x, xA) coordinate system we have −det gµν > 0 uniformly, but
the transition to the (s, w, xi) coordinate system introduces a factor w2 in this
determinant, hence

√
|det gµν | behaves as c/w in the (s, w, xA) coordinates.

This gives

ωα1...αn−3 =
√
|det gµν | εα1...αn−3βγδXβ∂γXδ = O(w) ,

(here the alternating symbol εα1...αn−3βγδ has been normalised so that
εα1...αn−3βγδ ∈ {0,±1}), so finally

ωα1...αn−3 = O(w) .

By (3.3) the pull-back of X[ to the surfaces {w = const} is O(w2), which
together with (3.2) gives

X[ ∧ ω

ϕ2

∣∣∣
∂Mε

= O(ε) ,

giving zero in the limit ε → 0, as desired.
It remains to consider neighborhoods of points p ∈ H ∩ S at which X

vanishes. This is done by a calculation very similar to the above, using the
coordinate system of [13, Eq. (3.15)], the details are left to the reader.

Note that the argument applies irrespective of the topology of H , in partic-
ular irrespective of whether H is connected or not. Similarly it is not necessary
for H to bound M . However, it is not clear what happens with the boundary
term when H has degenerate components, so that non-degeneracy seems to be
essential in the argument so far.

We emphasise that the above calculations, showing the vanishing of the
boundary integral on each non-degenerate Killing horizon, apply irrespective of
the value of the cosmological constant.

Summarising, we have proved:

Theorem 3.1 Let (M , g) be an (n+1)-dimensional vacuum space-time, n ≥ 3,
with a Killing horizon H associated with a Killing vector field X, with cosmolog-
ical constant Λ 6= 0, suppose that M contains a compact spacelike hypersurface
S . Then:

1. At least one connected component of H is non-degenerate.

2. If the boundary of a connected component M−
0 of M− is the union of

non-degenerate components of H, then X is hypersurface-orthogonal on
M−

0 .
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4 Rigidity from Euclidean extensions

The vacuum Einstein equations with cosmological constant Λ = (n − 1)λ/2
imply that the triple (M,ϕ, h), as described above, satisfies the following set of
equations, often referred to as the static vacuum equations,

∆hϕ = −λϕ , (4.1a)
ϕ(R(h)ij − λhij) = DiDjϕ . (4.1b)

Here D is the Levi-Civita connection of h, ∆h := DkD
k its Laplace-Beltrami

operator, R(h)ij the Ricci tensor of h and R(h) the scalar curvature of h. We
now forget the whole discussion of Section 1, and we take, as the starting point
of our further considerations, any triple (M,ϕ, h) satisfying (4.1) with λ ∈ R.

One has the standard formula

R(u2h) = u−2
{

R(h)− 2(n− 1)u−1∆hu− (n− 1)(n− 4)u−2|Du|2h
}

. (4.2)

Let β ∈ R, setting

u =
1

β + ϕ
(4.3)

one obtains
R(u2h) = (n− 1)λF , (4.4)

where
F := β2 − ϕ2 − n

λ
|Dϕ|2h . (4.5)

A calculation presented in detail in [26] gives the following useful version of
Lindblom’s [24] identity

∆hF − ϕ−1h(Dϕ,DF ) = −2n

λ
|Hess ϕ +

λ

n
ϕh|2h . (4.6)

Suppose from now on that
λ > 0 ,

rescaling h by a constant we can without loss of generality assume that

λ = n ⇐⇒ R(h) = n(n− 1) .

The right-hand-side of (4.6) is then non-positive, and the strong maximum
principle implies that F has no interior minimum.3 Suppose that M is compact
without boundary, (4.1a) shows that

H := {ϕ = 0} (4.7)

is non-empty. Equation (4.1b) implies that if ϕ(p) = Dϕ(p) = 0 at some point
p ∈ M , then ϕ vanishes identically on M . From this one concludes that Dϕ is
nowhere vanishing on H , so that H is a smooth embedded submanifold of M .

3It is striking that the signs in (4.4) and (4.6) conspire towards the desired conclusion
regardless of the sign of Λ: for λ < 0 the function F has no interior maximum, but R(u2h)
has then the same sign as the negative of F .
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It follows then from Equation (4.1b) that H is totally geodesic with respect
to the metric h. Replacing M by {ϕ > 0} we can without loss of generality
assume that

ϕ > 0 (4.8)

on M . Then M is a smooth manifold with non-empty boundary ∂M = H , and
with M – compact. As discussed in Section 1, we would also have arrived at
this setting assuming, in addition to the hypotheses of Conjecture 1.1, that all
the horizons are non-degenerate. On the other hand, existence of a degenerate
horizon would lead to asymptotic regions in which ϕ approaches zero as one
recedes to infinity. We expect that one would then also have |Dϕ|h → 0, but
this is not completely clear. A proof of this fact would allow one to remove the
hypothesis of non-degeneracy of horizons in Theorem 1.2.

It follows immediately from (4.1b) that |Dϕ|h is a non-zero constant on each
connected component of H . Let Hi be any such component, and let4

κi := |Dϕ|h
∣∣∣
Hi

be the surface gravity of Hi, with ϕ normalised so that

|Dϕ|h ≥ 1 on H , (4.9)

with equality holding on at least one connected component of H . Whenever
β ≥ max κi we have F ≥ 0 on H and therefore

F ≥ 0 =⇒ R(u2h) ≥ 0 . (4.10)

The same conclusion can be achieved if M has asymptotic regions with ϕ and
|Dϕ|h asymptotic to zero there.

Let H̃i denote the mean curvature of Hi in the metric u2h with respect to
the outwards normal, since H is totally geodesic in the metric h, we have that
the second fundamental form of Hi is proportional to γHi

, with trace

H̃i = − 1√
det(u2hij)

∂k

(√
det(u2hij) u−1 Dkϕ

|Dϕ|h

) ∣∣∣
Hi

= (n− 1)κi . (4.11)

Suppose that γHi
is proportional to the canonical metric on Sn, with pro-

portionality constant r2
i . Recall that the mean extrinsic curvature of the level

sets of r in the (space) Schwarzschild metric, with “mass parameter α”,

hSchw = (1− α

rn−2
)−1dr2 + r2dΩ2; ,

where dΩ2 is the canonical metric on Sn−1, equals

HhSchw
(r) =

n− 1
r

(
1− α

rn−2

) 1
2

.

4It is well known, and follows in any case immediately from (4.1b), that |Dϕ|h is constant
on any connected component of H .
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This shows that at any fixed r > α1/(n−2) the function HhSchw
(r), considered as

a function of α, covers R+. It follows that the metric u2h can be C1,1 extended
to a Schwarzschild metric on Rn \ B(1) with some mass parameter αi ∈ R. In
fact, αi = 0 if κi = 1/ri, αi > 0 if κi < 1/ri and αi < 0 if κi > 1/ri.

Equation (4.11) shows that all the remaining components of H , if any, are
trapped as seen from the asymptotically flat region. The hypothesis that M
is of positive energy type, and the positive energy theorem (in its version with
trapped boundary) implies that αi ≥ 0, leading to

(n− 1)κi = HhSchw
(ri) ≤

(n− 1)
ri

, (4.12)

so that
ri ≤ κiri ≤ 1 , (4.13)

with equality if and only if M is diffeomorphic to a ball in Rn, with a flat metric.
We have thus shown

Proposition 4.1 Under the hypotheses of Theorem 1.2, let Hi be a component
of H with induced metric γHi

= r2
i γcan, where γcan is the canonical metric on

Sn−1. Then ri ≤ 1.

If ri = 1 we have F ≡ 0 by flatness of u2h and by (4.4), hence Hess ϕ =
−ϕh by (4.6). The results of Lafontaine [22], or [14, Lemma VII.3], show that
(M,h, ϕ) correspond to the de Sitter metric. Alternatively, the calculations
of [26, Lemma 3.3] show that h is a space-form near a maximum of ϕ, and
analyticity of solutions of (4.1) proves that h is a space-form everywhere. In
particular in dimension n = 3 one finds ϕ =

√
1− r2, with h = ϕ−2dr2 +

r2(dθ2 + sin2 θdφ2), as desired.
This proves the local part of Theorem 1.2. To obtain the global diffeo-

morphism one can use a theorem of Harris [19] which, under the hypothesis of
non-existence of closed timelike curves, shows that the connected component
of M− containing M is diffeomorphic to R × M . This leads to the global
representation of g as

g = −ϕ2(dt + θ)2 + h , X = ∂t ,

where θ is a one-form on Bn(1). Staticity implies that θ is closed, and since
Bn(1) is simply connected there exists a function τ such that dτ = dt+θ, giving
the result.

When the metric on H is not proportional to the canonical metric on the
sphere, one can still obtain some information, as follows: Suppose that a con-
nected component Hi of H can be isometrically embedded into Rn as a convex
surface.5 Proceeding as in Shi-Tam [28] one can construct an asymptotically
flat extension of (M,h) across Hi, with positive scalar curvature. Applying the
positive energy theorem with a trapped boundary we conclude that∫

Hi

(H̃0
i − H̃i)dµu2h ≥ 0 , (4.14)

5Recall that in dimension n = 3 the embedding exists when γH has positive Gauss curva-
ture [25].
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where H̃0
i is the mean curvature of the isometric embedding of (Hi, u

2h|Hi
)

into Euclidean space, with equality if and only if H is connected and M is a
domain in Rn with the flat metric. Using (4.11) this can be rewritten as

κi

maxj κj
≤ 1

(n− 1)Ah(Hi)

∫
Hi

H̃0dµh . (4.15)

Note that the right-hand-side depends only upon the image of Hi in Rn. In
case of equality we recover the conclusions of Theorem 1.2.

5 The geometry near H

The object of this section is to relate the hypotheses of Theorem 1.2 to other
geometric quantities characterising H . We use geodesic coordinates (x, vA)
near H , so that x ≥ 0 is the distance to H , with the vA’s being constant
along the integral curves of Dϕ. The metric takes then the following form

h = dx2 + γ , (5.1)

so that ∂x is the inwards pointing normal to H . Further, e.g. by [13, Prop. 3.3],
ϕ is an odd function of x, while γx is even. Equation (5.1) leads to the following
formulae

Γx
xx = Γx

Ax = ΓB
xx = 0 , (5.2a)

kAB := −Γx
AB = 1

2∂xγAB , (5.2b)
ΓA

xB = 1
2γAC∂xγCB =: −kA

B , (5.2c)

with the ΓA
BC coinciding with the Christoffel symbols of γAB. Thus, kAB is the

extrinsic curvature of the level sets of x with respect to the inwards-pointing
normal. Further,

∆hϕ = ϕ̈ + ∆γϕ + tr γk ϕ̇ , (5.3a)
DxDAϕ = DADxϕ = ∂Aϕ̇ + kA

C∂Cϕ , (5.3b)
DxDxϕ = ϕ̈ , (5.3c)

DADBϕ = DADBϕ + kABϕ̇ , (5.3d)

where a dot denotes an x-derivative, while D is the Levi-Civita covariant deriva-
tive of γ. Equation (4.1) gives thus

ϕ̈ = −∆γϕ− λϕ− tr γk ϕ̇ , (5.4a)
ϕRxA = ∂Aϕ̇ + kA

C∂Cϕ , (5.4b)
ϕRxx = ϕ̈ + λϕ , (5.4c)

ϕRAB = DADBϕ + kABϕ̇ + λϕγAB . (5.4d)

Since H is totally geodesic we have kAB = 0 on H . Let

κ := φ̇|H . (5.5)
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As ϕ = κx + O(x3), (5.4a) gives

ϕ̈ = 0 on H . (5.6)

Differentiating (5.4) with respect to x one obtains on H

κ−1...ϕ = −λ− tr γ k̇ , (5.7a)
RxA = 0 , (5.7b)

Rxx = κ−1...ϕ + λ = −tr γ k̇ , (5.7c)
RAB = k̇AB + λγAB . (5.7d)

From the Codazzi-Mainardi equations we have, at x = 0,

RABCD = RABCD , (5.8a)
(n− 1)λ = R = 2RxA

xA + RAB
AB = 2Rxx + R = −2tr γ k̇ + R , (5.8b)

where RABCD is the curvature tensor of γ, and R the Ricci scalar thereof.
Thus,

R = (n− 1)λ + 2tr γ k̇ . (5.9)

Next, again on H ,

Rx
AxB = ∂xΓx

AB − ∂BΓx
Ax + Γx

ixΓi
AB − Γx

iBΓi
Ax

= −k̇AB ,

which gives
RAB = Rx

AxB + RC
ACB = −k̇AB + RAB . (5.10)

Comparing with (5.7d) one finds

2k̇AB = RAB − λγAB . (5.11)

In dimension two all metrics are Einstein, so that when H is two-dimensional
we conclude that k̇AB is proportional to the metric:

k̇AB =
1
2
tr γ k̇ γAB . (5.12)

If we suppose that λ = n = 3, Equations (5.9)-(5.12) show that γ will be a unit
round metric at x = 0 if and only if

tr γ k̇ = −2 . (5.13)

Equation (5.13) and the arguments of Section 4 prove thus the following version
of Theorem 1.2:

Theorem 5.1 Let (M̄, h) be a complete three-dimensional manifold with non-
empty compact boundary, let M be the interior of M̄ and suppose that ϕ and h
solve (4.1) with λ = 3, and with ϕ = 0 precisely on ∂M . If M̄ is not compact,
assume moreover that ϕ and |Dϕ|h approach zero in the asymptotic regions.
Then the following are equivalent:
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1. The metric induced by h a connected component H of ∂M is the unit
round metric γcan on S2.

2. Let tr γk be the mean inwards extrinsic curvature of the level sets of ϕ,
then the inwards normal derivative of tr γk on H equals minus two.

3. Let κ = |Dϕ|h on H , then the third inwards normal derivative of ϕ at
H equals minus κ.

4. M̄ is diffeomorphic to B3(1) with ϕ =
√

1− r2 and h = ϕ−2dr2 + r2γcan.

�

More generally, in any dimension, Equation (5.11) with λ = n implies that
the boundary metric will be Einstein, RAB = R

n−1γAB, if and only if

k̇AB =
R − n(n− 1)

2(n− 1)
γAB . (5.14)

This leads to the following:

Theorem 5.2 Let (M̄, h) be a complete n–dimensional manifold with non-
empty compact boundary, let M be the interior of M̄ and suppose that ϕ and h
solve (4.1) with λ = n, and with ϕ = 0 precisely on ∂M . Assume that M is of
positive energy type. If M̄ is not compact, assume moreover that ϕ and |Dϕ|h
approach zero in the asymptotic regions. Then the following are equivalent:

1. The metric induced by h on a connected component H of ∂M is the
canonical metric γcan on Sn−1.

2. M̄ is diffeomorphic to Bn with ϕ =
√

1− r2 and h = ϕ−2dr2 + r2γcan.

A necessary condition for the above is

k̇AB|H = − 1
n− 1

γAB .

6 The Boucher-Gibbons-Horowitz inequality

For completeness we review the Boucher-Gibbons-Horowitz proof of Theo-
rem 1.2, further showing how that proof generalises to higher dimensions. Equa-
tion (4.6) is rewritten as

Di(ϕ−1DiF ) = − 2n

λϕ
|Hess ϕ +

λ

n
ϕh|2h . (6.1)

Integrating over the set {ϕ ≥ ε} one therefore finds

lim
ε→0

∫
{ϕ=ε}

ϕ−1DiFdSi ≤ 0 . (6.2)
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Let n be the outwards-pointing normal to the level sets of ϕ, we have n =
−Dϕ/|Dϕ|h, so that the integrand in (6.2) reads, by l’Hospital’s rule, together
with (5.7a) and (5.9),

− lim
ϕ→0

ϕ−1h(
Dϕ

|Dϕ|h
, DF ) = −1

κ
∂x

(
∂xF + O(x2)

) ∣∣∣
H

= −1
κ

∂x

(
−2ϕϕ̇− 2n

λ
ϕ̇ϕ̈ + O(x2)

) ∣∣∣
H

= 2κ
(
1 +

n

λκ

...
ϕ
) ∣∣∣

H

= κ
(
(n− 1)(n− 2)− n

λ
R
) ∣∣∣

H
,

We have therefore obtained∑
i

κi

∫
Hi

(
(n− 1)(n− 2)− n

λ
R
)
≤ 0 .

In dimension n = 2 this, together with the Gauss-Bonnet theorem, implies

4πλ−1
∑

i

κi(1− gi) ≥
∑

κiA(Hi) .

(Since the right-hand-side is positive, one can conclude that at least one com-
ponent of H has spherical topology.) Further, equality holds if and only if
F ≡ 0, and as before one recovers Theorem 1.2. If M has connected boundary
∂M1 = H1 we can normalise ϕ so that κ1 = 1, then g1 is necessarily zero and
one obtains the Boucher-Gibbons-Horowitz inequality,

A(H1) ≤
4π

λ
,

with equality holding if and only if h is the space-part of the de Sitter metric.
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