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There are two points which have not been handled properly in [3].

First, it has been pointed out to me by Joao Lopes Costa that neither the original
proof, nor that given in [3], of the Vishveshwara-Carter Lemma, takes properly into
account the possibility that the hypersurface .4 of [3, Lemma 4.1] could fail to be
embedded when it is degenerate. This problem arises whether or not the horizon
is degenerate, since we do not know a priori whether or not .4 has anything to
do with the horizon. This issue is taken care of by [7] under the assumption of
global hyperbolicity of the domain of outer communications. I am grateful to Joao
for pointing out the problem, and for useful remarks on previous versions of this
corrigendum.

A (wrong) solution to this problem has been proposed in the arXiv version 2
of [5] (that paper was intended as arXiv version 2 of [3], but has been posted as
version 2 of [5] by an error of manipulation). The idea was to show that the family of
hypersurfaces covering the set where the static Killing vector becomes null contains
an outermost closed and embedded hypersurface. A family of curves in a plane that
does not contain such a curve is drawn in Figure 0.1: the only reasonable candidate
for an outermost curve there is the curve of infinite length, which is embedded, but
does not form a closed subset of the plane. The example shows that the strategy
proposed in the addendum to [5] has no chance of succeeding.

Figure 0.1: A family of three embedded curves in the plane consisting of two circles,
together with a curve of infinite length that spirals towards the circles.

We note a corrected version of the Vishveshwara—Carter Lemma [2,11]:

LEMMAO0.1 Let (M,g) be a smooth space—time with complete, static Killing vector
X, set
W= —g.,sX°X". (0.1)

Then

1. {W = 0}N{X # 0} is a union of integral leaves of the distribution X, which
are totally geodesic within M \ {X = 0}.



2. Each connected component of
{W =0}n{dW £ 0} n{X # 0}

is a smooth, embedded, locally totally geodesic null hypersurface N, with the
Killing vector field X normal to A .

REMARK 0.2 As the surface gravity is constant in electro-vacuum, point 2 covers
adequately non-degenerate vacuum or electro-vacuum Killing horizons, but does
not apply to degenerate ones. In [3, Lemma 4.1], the conclusions of point 2. were
claimed for each connected component of the set

(W=0}n{X £0}Nd{W <0},

but the justification given there does not seem to be sufficient, and we do not know
whether or not the result is correct without further hypotheses.

Proor: The staticity condition X” AdX” = 0 and the Frobenius theorem [9, Section
9.1] show that
0:=M\{X =0}

is foliated by immersed, but not necessarily embedded, hypersurfaces which are
normal to X. Let .
S, C O

denote the maximally extended integral leaf of the distribution X passing through
.

Let p € {W = 0} N{X # 0} and let v be an affinely parameterised geodesic
starting at p with initial tangent 4(0) normal to X. A standard calculation along
~ shows that

dg,)/aX <l 9% s v LU SV
7( (ds )) = ’yl VH(,Y X,/) = ’)/l V,/y Xl, + Y ’YHVMXU =7 ’7‘ v(lu.Xu) =0 )
—_——— ——

=0 =0

hence 4 remains normal to X, implying that S'p is locally totally geodesic, as
claimed. Clearly v can exit S'p only where that leaf ceases to be defined, namely at
zeros of X. Hence the S,’s are totally geodesic within M \ {X = 0}.

The staticity condition can be rewritten as

2V, XX, = XV, Xy,
which, after a contraction with X, gives
V[#WXV] = WV[#XU] y W = XaXa . (02)

Let £, be any smooth covector field on & such that ¢, X* = 1 and let v be any
differentiable curve contained in a leaf Sp such that W (v(0)) = 0; contraction of
(0.2) with 4#¢¥ gives

aw

E - ﬁ“VMW = QW’Y'U'EVV[#XV] . (03)
Uniqueness of solutions of ODEs implies that W oy = 0, and we conclude that
Sp C {W = 0}. This shows that if S; N {W = 0} # 0 then W = 0 on S,. Hence
{W =0} \ {X =0} is a union of leaves of the S, foliation.

At those points at which dW does not vanish, the set {W = 0} is smooth,

embedded hypersurface, and the proof is complete. O



Next, the degenerate case in Boyer’s theorem [1] has been quoted incorrectly
in [3, Theorem 3.1]: In spite of what is said there, there exist Killing vectors which
have zeros at the closure of a degenerate horizon. The Minkowskian Killing vector

X =10, + 20y + 20y — y0y = (t —y)0y + (0 + 0y) (0.4)

illustrates well the problem at hand. X vanishes at {t =y, = 0}, and is null on
{t =y,  # 0}. Recall that a Killing horizon associated to X is a null hypersurface
A on which X is null, tangent to .#". So, in this case, .4/ has two connected
components

NE={t=y,+x>0}.

A key for the proof of [3, Theorem 1.1] is Proposition 3.2 there, which is wrong
without the supplementary hypothesis that the Killing vector X has no zeros on
0. Indeed, let X = {t = 0,5 > 0} in Minkowski space-time (R*, g), and let X be
given by (0.4). To see that X equipped with the “orbit space metric”?

X, Z1)9(X, Z2)
9(X, X)

VT2 €TS W21, %) = (71, Zs) — I

contains finite-proper length spacelike curves which reach the boundary 9%, consider
the curve
(0,0)3s—=7(s)=(t=x=2=0, y=s5)€X.

Then ¢g(X,%) = 0, so h(%,%) = g(%,%) = 1, and the boundary y = 0 lies at h—
distance along v equal to s from any point v(s) on . But then this boundary lies
to finite h-distance from any point p € X, as one can reach 9% from p by first going
to 7, and then following ~ until 9% is reached. Here 9% is not compact, but this
seems irrelevant for the issue at hand.

More significantly, in this example X is spacelike near and away from {t = z},
so that h is Lorentzian there, while the orbit space metric is Riemannian in the
context of the analysis of [3]. This observation is the key to the proof below that
such zeros do not exist on boundaries 9{g(X, X) = 0} in static space-times.

Let us thus show nonexistence of the offending zeros? of X under the hypotheses
of [3, Theorem 1.1]. Recall that it is assumed there that a vacuum space-time (1, g)
has a hypersurface-orthogonal Killing vector X which is timelike on a spacelike
hypersurface ¥, and vanishes on its boundary 0% = ¥\ ¥, which is assumed to be
a compact two-dimensional topological manifold. Now, as shown in [6], the set, say
&, where g(X, X) vanishes, is foliated by locally totally geodesic null hypersurfaces,
away from the points where X vanishes. Hence each leaf of & is smooth on an open
dense set, so 0¥ is smooth on the open dense subset of 0¥ consisting of points at
which X does not vanish. Note that & might fail to be embedded in general, but
this is irrelevant for the proof here because 0% is a compact embedded topological
manifold by hypothesis. In vacuum, on every smooth leaf of &, and hence on
every smooth component of 9%, the surface gravity s is constant (see, e.g., [10,
Theorem 2.1]). It follows that the problem with the incorrect [3, Theorem 3.1] is
avoided by the following result:

ProproSITION 0.3 Let X be a Killing vector field, and suppose that
Q:=0{peM|gX X)<0}. (0.5)

is a topological hypersurface. Suppose that

LAs already emphasised in [3], the metric h should not be thought of as the “metric on the
space of orbits”, as we are not assuming anything about the manifold character of this last space;
similarly transversality of X to X is not assumed.

2Zeros of X occurring at non-degenerate components of 93 are allowed in [3, Theorem 1.1].



1. either X is hypersurface-orthogonal and €2 has vanishing surface gravity wher-
ever defined,

2. or Q s differentiable.

Then X has no zeros on §).

PROOF: The proof here is an adaptation to space-dimension n = 3 of a similar result
proved in all dimensions in [4]. Let X be a non-trivial Killing vector, and suppose
that X vanishes at p € . Consider the anti-symmetric tensor A\, = VX, |p;
from [8, Section 7.2] or from [1] we have the following alternative:

1. There exists at p an orthonormal frame e., c =0, ..., 3, with ey timelike, such
that in this frame we have

0 a 0 0
—a 0 a O

Ad=1 o a0 0 |- (0.6)
0 0 0 0

with a # 0 unless X = 0. Let % be a geodesically convex neighborhood of p
covered by normal coordinates (¢, x,y, z) centred at p, and associated to e,.
Because the flow of X maps null geodesics to null geodesics, we have

X = a(ac@t +(t—y)0, + acé?y) : (0.7)
This, together with elementary properties of normal coordinates, implies
g(X, X)=d*(t—y)* +O((* + 2 +y* + 2)?) . (0.8)
It follows from (0.7) that X is tangent to the two hypersurfaces
NE={t=y, 2 >0},

non-vanishing there.

Assume that X is hypersurface-orthogonal. Consider any point ¢ € € at
which X does not vanish. By Lemma 0.1 the hypersurface €2 is smooth near
¢, and any geodesic v initially normal to X, stays on {2, except perhaps when
it reaches a point at which X vanishes.

So, suppose that v is such a geodesic from ¢q € €2 to p, with p being the first
point on v at which X vanishes. If £ # 7 at p, (0.8) shows that X is spacelike
along v near and away from p, contradicting the fact that X is null on 2. We
conclude that 4 is tangent at p to the hypersurface {¢t = y}, but then yN%is
included in {¢t = y}. Consequently

QNu Cc{t=y}. (0.9)
Since € is a topological hypersurface by hypothesis, we obtain that
QN ={t=y}. (0.10)

(In particular € is smooth near p.)

In the case where X is not necessarily hypersurface orthogonal, but we assume
a priori that € is differentiable, the argument is somewhat similar, with a
weaker conclusion: Let v C € be any differentiable curve, then we must have
t =9 at p. Since Q is a hypersurface, this implies that

T,Q=T,{t=y}. (0.11)



So, while (0.10) does not necessarily hold, the tangent spaces coincide at p in
both cases.

Consider, now any differentiable curve o through p on which £ # 7 # 0 at
p. As already noted, Equation (0.8) shows that on o the Killing vector X
is spacelike near and away from p. By (0.11) such curves are transverse to
), which shows that there exist points arbitrarily close to €2 at which X is
spacelike on both sides of §). This contradicts (0.5), and shows that this case
cannot happen under our hypotheses.

Note that X is null future directed on A+, null past directed on A4~ 3 and
vanishes on the set

Yi={z=0,t=yt=ATNAN".

2. There exists at p an orthonormal frame e., ¢ =0, ..., 3, with ey timelike, such
that in this frame we have

0 a 0 0
—a 0 0 0

a=| 0 0 o b | (0.12)
0 0 b 0

with a? 4+ b? # 0 unless X = 0. As before, in normal coordinates (¢,z,y, 2)
centred at p, and associated to e,, we then have

X = a(tdy + x0;) + b(y0, — 20,) , (0.13)
leading to
g(X, X)=a*(t? —2®) + V*(® + )+ O((t* +2® + 92 +2%)%) . (0.14)

Suppose, first, that « = 0. Then KerA = Span{d;, 0, }|,. Now, because the
flow of a Killing vector maps geodesics to geodesics, X vanishes on every
geodesic v with 4(0) = p such that 4(0) € KerA. So X vanishes throughout
the timelike hypersurface {y = z = 0}. At every point ¢ of this hypersurface,
in adapted normal coordinates centred a ¢ the tensor V.Xgl|, takes the form
(0.12) with a = 0. This implies that X is spacelike or vanishing throughout a
neighborhood of p, so a = 0 cannot occur.

If © is differentiable at p, an argument very similar to the one above shows
that
T,0C Ey UE_, where By = {f = +i}.

So either T,Q) = F, or T, = E_. But, the curves with t = 2i at p are
transverse both to E_ and to E, with X spacelike on those curves near and
away from p on both sides of F, contradicting the definition of Q2. Assuming
differentiability of 2 we are done.

We continue with an analysis of the static case, and claim that ab # 0 is not
possible. Indeed, let X” be the field of one-forms defined as X* = g(X,-).

Then
X = a(tde — xdt) + b(ydz — zdy) + O((£* + 2* + y* + 22)*/?) |, (0.15)
dX° = 2adtAdx+2bdy Adz+ O + 2% 4+ % + 22) (0.16)

3This fact can be used to given an alternative justification that X has no zeros on degenerate
components of O((Mext)) if ({(Mext)) is chronological, using the fact that Killing orbits through
((Mext)) are then future-oriented in the sense of [6]. But the current argument does not need the
chronology hypothesis.



and the staticity condition X” A dX” = 0 gives ab = 0.

It remains to consider b = 0. Arguments similar to the ones already given
show that
QN n{y=2=0,t=xa}#0.

In this case from (0.14) we have
d(g(X, X)) = 2a2(tdx — zdt) + O((t* + 2% + ¢ + 22)%/?) .

Comparing with (0.15) with b = 0 at points lying on the surface {y = z =
0, t = 2}, with |z| sufficiently small, we conclude that this case cannot
occur if € is degenerate, and the proof is complete. O

References

[1]

2]

[9]

[10]

[11]

R.H. Boyer, Geodesic Killing orbits and bifurcate Killing horizons, Proc. Roy.
Soc. London A 311 (1969), 245-252.

B. Carter, Killing horizons and orthogonally transitive groups in space-time,
Jour. Math. Phys. 10 (1969), 70-81.

P.T. Chrusciel, The classification of static vacuum space-times containing an
asymptotically flat spacelike hypersurface with compact interior, Class. Quan-
tum Grav. 16 (1999), 661-687, Corrigendum in arXiv:gr-qc/9809088v2.

, On higher dimensional black holes with abelian isometry group, Jour.
Math. Phys. 50 (2008), 052501 (21 pp.), arXiv:0812.3424 [gr-qc].

, Towards the classification of static electro—vacuum space-times con-
taining an asymptotically flat spacelike hypersurface with compact interior,
(2010), arXiv:gr-qc/9810022v3.

P.T. Chrusciel and J. Lopes Costa, On uniqueness of stationary black holes,
Astérisque (2008), 195-265, arXiv:0806.0016v2 [gr-qc].

P.T. Chrusciel and G.J. Galloway, Uniqueness of static black-holes without
analyticity, (2010), arXiv:1004.0513 [gr-qc].

G. S. Hall, Symmetries and curvature structure in general relativity, World
Scientific Lecture Notes in Physics, vol. 46, World Scientific Publishing Co.
Inc., River Edge, NJ, 2004. MR MR2109072 (2005j:83001)

N.J. Hicks, Notes on differential geometry, van Nostrand Mathematical Studies,
vol. 3, van Nostrand Reinhold Co., New York, London, Melbourne, 1965.

I. Racz and R.M. Wald, Global extensions of space-times describing asymptotic
final states of black holes, Class. Quantum Grav. 13 (1996), 539-552, arXiv:gr-
qc/9507055. MR MR1385315 (97a:83071)

C.V. Vishveshwara, Generalization of the “Schwarzschild Surface” to arbitrary
static and stationary metrics, Jour. Math. Phys. 9 (1968), 1319-1322.



