
Class. Quantum Grav. 7 (1990) 1671-1680. Printed in the UK 

Strong cosmic censorship in polarised Gowdy spacetimes* 

Piotr T Chruscielt §, James Isenberg$ and Vincent Moncrieft 
t Department of Physics, Yale University, PO Box 6666, New Haven, CT 06511, USA 
$ Department of Mathematics, University of Oregon, Eugene, OR 97403, USA 

Received 21 November 1959 

Abstract. The strong cosmic censorship conjecture says that ‘most’ spacetimes developed 
as solutions of Einstein’s equations from prescribed initial data cannot be extended outside 
of their domains of dependence. Here, we discuss results which show that if we restrict 
attention to the polarised Gowdy spacetimes, strong cosmic censorship holds. More 
specifically, these results show that in the space of Cauchy data for polarised Gowdy 
spacetimes, there is an open dense subset for which the maximal globally hyperbolic 
development is inextendible. Among the Gowdy spacetimes which can be extended, we 
find a set of them which admit a countable infinity of inequivalent classes of extensions. 
We also find that a polarised Gowdy spacetime (T3 or S2 x S’) may be extended as a 
solution of Einstein’s equations (with the Gowdy isometries) across a compact Cauchy 
horizon only if it is analytic. 

1. Introduction 

While the well known Hawking-Penrose theorems [ 11 tell us that cosmological solutions 
of Einstein’s equations generally contain singularities, they tell us very little about the 
generic nature of these singularities. The work of Clarke [2] suggests that a singularity 
is accompanied either by unbounded curvature and tidal forces, as in the Friedman- 
Robertson-Walker (‘big bang’) models, or by a breakdown in causality, as in the 
Taub-NUT (‘Cauchy horizon’) spacetimes; but it tells us little about when to expect 
either possibility. Setting this issue in the context of the initial value problem of general 
relativity, one may ask: which spacetimes developed as solutions of Einstein’s equations 
from prescribed initial data can be extended outside of their maximal domains of 
dependence (across a Cauchy horizon) to include acausal regions? The conjecture of 
strong cosmic censorship ( S C C )  [3] asserts that such extendible spacetimes constitute 
only a negligible set in the space of allowed initial data. Determining the validity of 
the SCC conjecture is one of the more interesting current issues in classical general 
relativity. 

In this paper, we discuss results which show rigorously that, at least for a certain 
small but non-trivial class of solutions of Einstein’s equations-the polarised Gowdy 
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spacetimes [4]--scc holds. That is, we find that in the space P ( Z 3 )  of initial data for 
polarised Gowdy spacetimes (which we describe below), there is an open and dense 
subset $(E3) such that a spacetime developed from data in this subset cannot be 
extended outside its domain of dependence. Curyature singularities for all timelike 
observers occur for every spacetime with data in P(E3).  

In addition to this verification of strong cosmic censorship in the class of polarised 
Gowdy spacetimes, we have gained some understanding of those Gowdy spacetimes 
which do admit smooth extensions. Our main result is that extensions which satisfy 
the vacuum Einstein equations, maintain the Gowdy form, and contain a compact 
Cauchy horizon, occur only in spacetimes which develop from analytic initial data 
(lying in P(E3) - $(E3)). We also find examples of spacetimes which admit an infinite 
number of inequivalent classes of extensions. 

We shall discuss these results below, after first describing the set of polarised Gowdy 
spacetimes and then sketching the main steps of the proof of SCC for this class of 
spacetimes. 

2. The polarised Gowdy spacetimes 

‘Polarised’ metrics with two commuting spacelike Killing vector fields have been 
exhaustively studied because they provide a useful arena in which to study gravitational 
radiation [SI and because with suitable topological restrictions they are among the 
simplest examples of inhomogeneous cosmological spacetimes [4, 61. By definition, a 
coordinate system (8, x, y, t )  exists such that these metrics take the form [7] 

g = L2{e-2U[e2A(-dt2+d82)+ R’ dy2]+e2” dx’} (1) 

where L is a positive constant while A, R and U are functions of 8 and t .  The vacuum 
Einstein equations for g then read 

~ : R - & R = o  ( 2 0 )  

a,(Ra,U)-d,(Rd,U) = O  

a:A-aiA= (a,U)’-(drU)’ 

and 

d,d+R = (d+A)(a+R) - R(d+ U)’ 

a0a-R = (&A)(&R)  - R(a- U)’ 

( 3 0 )  

( 3 6 )  

where we have for convenience used the null derivatives a+ := a, + a r  and a- := do  - a ,  
in equation ( 3 ) .  Equation ( 2 )  is a system of dynamical (wavelike) equations for the 
functions A, R and U ;  equation (3) is a system of constraints on the choice of these 
functions and their time derivatives at an initial time to. 

To define the Gowdy polarised spacetimes, one adds the assumption that the 
t = constant hypersurfaces E3 are compact without boundary and orientable. It follows 
[8] that 2’ must be either T3, S2 x S ’ ,  S3, or a Lens space L ( p ,  4 ) .  Since the Lens spaces 
are covered by S3, we need only work with the three topologies T3, S2 x S’ and S 3 .  As 
we shall see, SCC holds for all three topologies. 

The analysis of the system of field equations (2)-(3) for the Gowdy spacetimes 
may be greatly simplified. As observed by Gowdy, for almost all Gowdy metrics 
(solving the system ( 2 ) - ( 3 ) ) ,  one may use a diffeomorphism to cast the function R (  0, t )  
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into a standard form. For Z3 = T3, as long as the spacetime is not the T3-identified 
Minkowski spacetime (that is, M4 = T3 x R and g = -d t2+  Y a b  dx" dxb, where Y a b  is a 
positive definite matrix, constant in space and time), we get R(6, t )  = t. For an open 
dense subset [9] of the 2' = S3 or X3 = S2 x S' solutions, we have R (  6, t )  = sin 6 sin t 
(with 6 E [0, TI). Henceforth in referring to the polarised Gowdy spacetimes, we shall 
assume that the appropriate diffeomorphisms can, and have, been made so that R(6, t )  
takes these forms. 

With this treatment of the function R( 6, t ) ,  the Cauchy formulation for the polarised 
Gowdy spacetimes may be described as follows. Let 9'(Z3) denote the collection of 
smooth functions { ( U ,  d,U, A ,  d ,A) }  which satisfy the constraints (3) at some fixed 
time. Standard theory [lo] shows that each set of data ( U, d,U, A,  d,A) E ??(E3) may 
be evolved via equation ( 2 )  into a unique, maximal, globally hyperbolic spacetime 
(called the 'maximal development' of ( U ,  d,U, A ,  d ,A) )  which solves the vacuum 
Einstein equations. Now a globally hyperbolic spacetime is necessarily causal (no 
closed, or almost closed, timelike or null paths) and physics proceeds in it deterministi- 
cally. Hence, violations of causality and determinism may only occur if one extends 
a spacetime outside its globally hyperbolic region (the boundary of the globally 
hyperbolic region is called the Cauchy horizon). The claim of scc is that, for most 
spacetimes, such extensions cannot be made. 

Note that in most cases one may use the constraints (3) to solve for A and d,A, 
given U and d,U (and R )  and a single constant a (a is an integration constant for 
A ) .  Hence, if we let K := d ,  U, then ( U, K ; a) serve as essentially [ 111 free coordinates 
for 9'(x3). 

3. Main result 

Before stating our main (scc-type) theorem, which concerns the nature of singularities 
in polarised Gowdy spacetimes, we wish to note a result concerning the existence of 
singularities in these spacetimes. We can show that all polarised globally hyperbolic 
Gowdy spacetimes except for the T3-identified Minkowski spacetime (described above), 
are singular in the sense of being timelike and null geodesically incomplete [12]. 
Moreover, in the S3 and S2 x S' cases, the spacetimes are necessarily geodesically 
incomplete both to the future and to the past [13]. 

Do the polarised Gowdy spacetimes usually allow extensions past their sin- 
gularities? Our main result says no. 

Theorem (Strong cosmic censorship for polarised Gowdy spacetimes.) Let Z' = T3, S3, or 
S'x S ' ,  and let P(Z3) be the space of initial data for the polarised Gowdy spacetimes 
(with C" topology). There exists an open !ense subset @(Z)c  9(Z)  such that the 
maximal development of any set of data in P(Z) is inextendible. 

The proof of this theorem is rather long and somewhat technical. Here, we shall 
just sketch the main steps. 

Step 1 (Asymptotic expansion) 
Using a collection of energy estimates [13], we can control the behaviour of U and 
its derivatives in the neighbourhood of the t = 0 and t = T singularities of any polarised 
Gowdy spacetime. This control results in a power law type expansion for U (and 
consequently for A ) .  For the singularity set to occur at t = 0 (consistent with the choice 
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of R = t for X3 = T3 and R = sin t? sin t for E3 = S3 or S2 x S’), these expansions take 
the following form [13], [14]. 

T3 : 

with the remainder term RN satisfying 

laFa;RNl =s C1t2N+2-m ( 1  +/In tl) 
for all m s 2 N S . 1  and all n ;  

N 

A( 8, t )  = TT’ In t+  a + a,+ C {art2’+ blt2’ In t +  dlt2‘ In2 t }+  PN(e, t )  
/ = 1  

where a,, a/,  bl ,  and dl  are functions of 6 which are uniquely determined by w and 
TT, and the remainder term PN(  0, t )  satisfies 

la;a;PNls c2t2N+2-m (1+ln2 t )  

for all m < 2 N  + 1 and all n. 

s2 x s’: 
U ( @  t )  = p  ln(sin t ) + p +  

N 

{pl(sin t)2’ln(sin t )+pL,(s in  t )2‘}+RN(0,  t )  ( 5 a )  
/ = 1  

where pl and pl are functions of 0 determined uniquely by the first 1 derivatives of p 
and p, and the remainder term satisfies 

/aTd;RN/ s C3(sin t)2N+2-mlln sin t /  

for all m S 2 N + 1  and all n ;  

A( 8, t )  = p2 ln(sin t )  + 2, 
N + {a*‘ sin” t + 6/ sin2‘ t In sin t + dl sin” t In2 sin t }  + P , ~  ( e, t )  ( 5 b )  

where c ? ~ ,  a^/, 6/,  and dl are functions of 0 uniquely determined by p and p, and the 
remainder term PN satisfies 

s3: 
X ( 0 ,  t ) = A  ln(sin t ) + $ +  {Al(sin t)”ln(sin ?)+$/(sin t )2‘}+RN(0,  t )  (6a )  

/ = 1  

laYa;~,I s C,(sin Iln2(sin t)l 

N 

/ = I  

for X := 2 U - ln(sin 6 sin t )  + ln(tan 0/2),  where A /  and $, are functions of 0 determined 
uniquely by the first 1 derivatives of A and $, and the remainder term RN satisfies 

la:a;RNI s C,(sin t)2N+2-mlln sin t (  

for all m s 2 N + 1  and all n ;  
B(  e, t )  =$(A’ - 1) In(sin t )  + do 

N 

/ = I  
+ C { fil sin2‘( t )  + 6, sin2’ t In(sin t )  + d/ sin2’ t In2(sin t ) }  + pN (e ,  t )  

( 6 b )  
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for B := A - U, where E,, E l ,  b;, and dl are functions uniquely determined by A and 
$, and the remainder term Phi satisfies 

l d y d ; ~ , J  G C,(sin t ) 2 N + 2 - m  /In2 sin ti 

for all m s 2N + 1 and all n. 
Note that the constants C, , C,, . . . , C, each depend upon n, m, and N as well as 

on the particular solution under consideration. 
In each case, the expansions are determined by a pair of functions of 8 :  w and 71 

for the T3 models, p and p for the S2 x S’ models, and A and I) for S3 spacetimes. 
These functions act as coordinates for an effective ‘asymptotic data space’ 22(X3) for 
the polarised Gowdy spacetimes of each topology. This claim is based on a crucial 
fact [13, 141 (which we state here just for the T3 case). 

For every choice of the pair of functions ( w ,  T )  (satisfying l s l  ~ d ~ w  = 0) along with 
the choice of a positive constant a, there is a unique (up to diffeomorphism) polarised 
Gowdy spacetime which has the expansion form (5) in the neighbourhood of the 
singularity at t = 0. 

Hence { ( w ,  T ;  a)} = 22(T3) labels the T3 polarised Gowdy spacetimes just as well 
as does Y(T3) = { ( U ,  K ;  cy)}. Indeed, we find that the dynamics induces a smooth 
diffeomorphism from P(E3) to 2 ( C 3 ) ,  for all three topologies E3 = T3, S2 x S’, or S3. 

These expansion formulae are very useful for proving our SCC theorem, as we 
discuss below. They lead to other important results, as well. First, they allow us to 
rigorously prove [ 131 that these spacetimes are asymptotically velocity term dominated. 
This means that, as one approaches the t = 0 singularity, the metric field of any one 
of these solutions of Einstein’s equations approaches a solution of a truncated system 
of equations in which, roughly speaking, spatial curvature terms have been dropped. 
Hence the gravitational fields seen by neighbouring observers essentially decouple near 
the singularity. Properties of this sort have been discussed by Belinsky, Khalatnikov 
and Lifschitz [ 151. 

Second, we may use these expansion formulae to show that the polarised Gowdy 
spacetimes all admit foliations by spacelike constant mean curvature hypersurfaces. 
We do this by verifying (from calculations based on the expansions) that the Gerhardt 
‘barriers’ [ 161-appropriately bounded values for the mean curvature on each t = 
constant slice-exist for each spacetime. A constant mean curvature foliation provides 
a useful standard ‘choice of time’ which one may use to compare the physics and 
geometry of different solutions of Einstein’s equations. 

Note that the expansion formulae (4)-(6) all hold in the neighbourhood of the 
spacetime singularities at t = 0-the ‘big bang’. Each of the S2 x S’ and S3 polarised 
Gowdy spacetimes also has a ‘big crunch’ at t = T. Not surprisingly, there is a very 
similar expansion which holds in each case in the neighbourhood of t = T ;  just replace 
t by T - f, and replace the pair of functions ( p ,  p )  or ( A ,  I)) by a different pair (6, E )  
or (1, 6). Note that the data (6, K )  may be explicitly related to (p ,  p )  (or (x, 6) 
explicitly related to ( A ,  $)) in a given spacetime by studying the evolution of spherical 
harmonic components of these functions. 

For the T3 spacetime, there is no big crunch. Rather, these spacetimes evolve 
toward t =CO, with the volume expanding in time and the curvature diminishing. A 
different asymptotic expansion formula holds for large t; one can write [14] 

u ( e , t ) = p  l n t + y + v ( e ,  t ) t - 1 / 2 + K ( e ,  t )  (7a)  
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where 
d f v  = div, and the remainder function K satisfies the inequalities 

and y are constants, v is a bounded solution of the standard wave equation, 

and 

a + p 2 1 n  t 
&+&(e ,  t )  

if v( 8, t )  = 0,  all 8 and t 
if U( 8, t )  # 0,  for some 0 and t ( 7 b )  A( 8, t )  = 

with a and 6 constants, and &(e ,  t )  satisfying the inequalities 

I&(e, t) l  < C8t"2 and lJr&(e, f ) lG G. 
This expansion is usefd for establishing future geodesic completeness in polarised 
Gowdy spacetimes on T3 x (0, m). 

Step 2 (Curvature behaviour near the singularity) 
Using the expansion formulae (4)-(6), we can relate the behaviour of the spacetime 
curvature in the vicinity of the singularity in a given polarised Gowdy spacetime to 
the data ( w ,  T )  E 2(T3)  (or (p ,  p )  E 2 ( S 2  x SI), or (+, A )  E 2(S3))  which labels that 
spacetime in asymptotic data space. This can be done by explicitly calculating the 
curvature invariants for the Gowdy metric (1) in terms of the expansions formulae 
(4)-(6) and then organising the resulting formula into certain terms with upper and 
lower bounds for t +  0. These terms are turned on and off by properties of ( U ,  T )  (or 
(p ,  p ) ,  or (+, A ) ) .  It turns out [13] that one of the pair of functions in 2(E3)-7r for 
T3, p for S2 x S', A for S3-plays the major role in determining the behaviour of the 
curvature. Our results are as follows. 

-r3 : 
Let ( w ,  T ;  a )  
Let I consist 

or 

be the asymptotic data for some polarised Gowdy spacetime on T3 x RI. 
of the points 6 in the circle S' at which either 

T ( e )  = o d e r (  0 )  = 0 &T( e )  = 0 

( a )  If I is empty, then the curvature invariant RaPrsRaprs blows up uniformly along 
all timelike or null paths appro:ching the singularity at t = 0. 
( b )  If I contains an open set I, then the curvature invariants are bounded along all 
timelike and null paths which approach 6 E f as t + 0. 

s2 x si: 
The same as for T3 but with I defined as the set of points 6 E (0, T )  at which either 

p ( O ) = O  aep(e)  = O  & ( e )  = o 

P ( 8 )  = 1 aep(e)  = 0 a i p (  e )  = 0. 

or 
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s3: 
The same as for T3 but with I defined as the set of points 6' E (0, T )  at which either 

A ( e ) = l  3,A(8) = o  & A (  e )  = 0 

or 
,\(e) = -1 doh ( e )  = 0 8',A ( 0 )  = 0, 

Note that in the S2 x S' and S3 cases here, we are not (for brevity's sake) discussing 
what happens at the rotation axes I9 = 0 and 8 = T.  See reference [ 141. 

One can considerably refine this description of the behaviour of the curvature, as 
controlled by T,  p or A. However, for our present purposes-the scc result-the above 
statement is sufficient. 

It should be evident that, roughly speaking, for 'most' asymptotic data, the set I 
is empty. One may prove this using results from Morse theory [17]. For example, in 
the case E3 = T3, we may essentially ignore the integral constraint l s l  rrdsw = 0 and 
focus on analysing the set 

9 ( S ' ) : =  { T  E C"(S')II is empty}. 

But this set contains, as a subset, the collection of smooth functions K ( S ' )  on the 
circle which have no degenerate critical points (in the Morse sense). Since Morse 
theory shows that any smooth function f may be approximated arbitrarily closely (in 
C"(S')) by a sequence of functions in N ( S ' ) ,  it follows that N ( S ' )  and hence 9 ( S ' )  
are dense in C"(S'). Since any sufficiently small perturbation of a function in 9 ( S ' )  
also lies in 9 ( S ' ) ,  we find that %(SI) is open in C"(S" 

It immediately follows from the above a r p m e n t  that if we define &(T3) to be the 
set of asymptotic data with I empty, then 2(T3)  is open and dense in 2(T3). Thus 
among all T3 polarised Gowdy spacetimes, those which have curvature blowing up 
uniformly in the neighbourhood of the t = 0 singularity comprise an open and dense 
subset. The same sort of result for the S3 and S2 x S' Gowdy spacetimes may be proven 
in a similar way. 

Step 3 (Geodesic completeness at t 4 a) 
As noted above, all of the globally hyperbolic polarised Gowdy spacetimes except for 
the T3-identified Minkowski spacetime are singular somewhere. We have found [ 131 
that singularities may possibly occur only at f = 0 and f = 7~ in the generic S3 and 
S2 x S' models, and only at t = 0 and t + CO in the T3 models. Can they in fact occur 
at t + w ?  

In general relativity, one sometimes identifies singularities with geodesic incom- 
pleteness [ l ] .  So it is of interest to determine whether the polarised T3 Gowdy 
spacetimes are timelike and null geodesically complete towards the future ( t  + 00). 

Using the asymptotic expansion form ( 7 )  to study the behaviour of geodesics for large 
t, we establish [ 141 this geodesic completeness for all cases. 

Step 4 (Generic inextendibility) 
A spacetime (M4, g)  is smoothly extendible if it can be properly and smoothly 
embedded isometrically in a spacetime ( G4, g). If a spacetime is geodesically complete 
or if all its incomplete geodesics have unbounded curvature on their incomplete ends, 
then it will not admit smooth extensions. As we have seen, for each of the three 
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topologies, there is an open and dense subset of the set of all polarised Gowdy 
spacetimes which has unbounded curvature on all incomplete ends of geodesics. Hence, 
our main theorem follows as a consequence. 

4. Extendible Gowdy spacetimes 

While most of the polarised Gowdy spacetimes do not admit smooth extensions, some 
do and we wish to comment on them. It is important to distinguish between two 
different types of extensions: those which satisfy Einstein’s equations everywhere in 
the extended spacetime (fi, f), and those which involve no restrictions on the metric 
f other than smoothness. We shall discuss results concerning both types of extensions. 

Consider a fixed polarised Gowdy spacetime ( M4, g)  with asymptotic data ( w ,  T) E 

2(T3), or (k ,  p )  E 2(S2x SI) or (& A )  E 2(S3) .  As discussed above, unless I is non- 
empty, the spacetime will not admit smooth extensions. Is a non-empty I sufficient 
as well as necessary for extenskons? This turns out to be the case, so long as I contains 
an open interval. Indeed, if I is an open interval in I, then there exist at least two 
inequivalent smooth cla!ses of extensions {(fi,, f,)} and {(G2, &)} of ( M ,  g) such 
that the region { t = 0} x I is a Cauchy horizon in the extended spacetimes. Here, we 
say that {(A?,, il)} and {(fi2, &)} are ‘inequivalent classes of spacetime extensions’, 
if each class includes all further extensions of all its members, and if no member of 
the first class is isometric to a member of the second class. 

This result holds for all three topologies. The proof in each case is constructive. 
That is, we can introduce tw? sets of coordinates in the neighbourhood of each 
connected interval of {r  = 0} x I (quite reminiscent of the coordinates used for Taub- 
NUT [ 11) and then use each set of coordinates to smoothly extend across { t = O }  x ?, 
which then becomes (part of) the Cauchy horizon. The extensions based on the 
alternate choices of coordinates can be shown to lie in inequivalent classes. 

An interesting consequence which can be deduced from this construction is the 
existence of spacetimes which admit an infinite collection of inequivalent classes of 
extensions. We argue as follows. Choose a function f :  S’ += 52’ which has an infinite 
(countable) number of disjoint plateaus on which f ,  a,f; and a’, f vanish. As noted in 
step 1, we can always find a polarised Gowdy spacetime ( M ,  g )  which has 7~ equal to 
this function J: Hence I will consist of an infinite number of disjoint plateaus: { I k } .  
On each Ik, we can independently construct a pair of inequivalent extensions. It 
follows that the entire spacetime has an infinite number of inequivalent classes. Note 
that if we choose f to have N plateaus, then we get at least 2 N  inequivalent extension 
classes. 

The extensions we have been discussing generally do not satisfy Einstein’s equations. 
While it is not yet clear, in general, what conditions (on, say, the asymptotic data) 
guarantee the existence of Ricci flat extensions, we have interesting (rather surprising) 
results in certain special cases. 

The key condition seems to be analyticity. For example, if 7~ has some collection 
of plateau regions (as above) and if w is analytic on one or any number of them, then 
extensions across the analytic regions of the plateaus may be chosen to solve Einstein’s 
equations (and there exist two inequivalent extensions across each analytic plateau). 
Similarly, for the other topologies, one has extensions which solve Einstein’s equations 
in Gowdy form if p has plateau regions (value 0 or 1) on which /L is analytic (for 
S2 x S’), or if A has plateau regions (value -1 or +1) on which $ is analytic (for S 3 ) .  
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If we wish to consider extensions on which the Cauchy horizon is compact and 
equal to { t = 0} x X3, then analyticity becomes a necessary as well as sufficient condition 
for the existence of extensions which satisfy Einstein’s equations and retain the 
polarised Gowdy form. More specifically, the conditions on the asymptotic data for 
such an extension are as follows. 
T3 : 7~ = 0 or 1 everywhere on S’ 

w is analytic 
p = 1 everywhere on [0, T ]  

p is analytic 
No such extensions exist. 

S’X s’: 

s3 : 
Note that for the T3 and S2xS1 cases, the stated conditions guarantee that the 

entire spacetime is analytic. So if a polarised Gowdy spacetime is not analytic, it 
cannot extend across a compact Cauchy horizon as a solution of the Einstein equations, 
retaining the properties of a Gowdy spacetime. 

For an S3 polarised Gowdy spacetime, we note that there are no extensions, Ricci 
flat or otherwise, which admit a compact Cauchy horizon. 

5. Conclusion 

We have rigorously proven that strong cosmic censorship holds for the class of polarised 
Gowdy spacetimes. This is a small but non-trivial class of solutions of Einstein’s 
equations, so our result lends support to the conjecture that SCC holds more generally. 
We are currently working on extending our ideas to larger classes of spacetimes such 
as the general Gowdy spacetime, and the set of solutions to Einstein’s equations with 
one Killing field. 
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