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Abstract: We establish global extendibility (to the domain of outer communication) of
locally defined isometries of appropriately regular analytic black holes. This allows us
to fill a gap in the Hawking–Ellis proof of black–hole rigidity.

1. Introduction

According to Hawking and Ellis [11, Prop. 9.3.6], under appropriate conditions, which
include analyticity of all the objects under consideration, the event horizon of a stationary,
say electro–vacuum, black hole space–time (M, g) is necessarily a Killing horizon. More
precisely, the isometry group of (M, g) should contain anR subgroup, the orbits of
which are normal to the black hole horizon. In order to substantiate their claim the
authors of [11] first argue that for eacht the map defined as the translation byt along the
appropriately parameterized generators of the event horizon extends to an isometryφt in
a neighborhood of the event horizon. Next they assert that for allt one can analytically
continueφt to the whole space–time, to obtain a globally defined one parameter group
of isometries. This last claim is wrong, which1 can be seen as follows: Let (M, gab) be
the extension of the exterior region of the Kerr space–time (witha2 < m2) consisting
of “two type I regions and two type II regions”, as described in Sect. 5.6 of [11] (thus
(M, gab) consists of the four uppermost blocks of Fig. 28(i), p. 165 in [11]). Letφt denote
those isometries of (M, gab) which are time–translations in an asymptotic regionMext,
and let〈〈Mext〉〉 denote the domain of outer communication of (M, gab) as determined
by Mext (cf. Eq. (2.1) below;Mext corresponds to one of the blocks “I” of Fig. 28
of [11]). Let Σ be any asymptotically flat Cauchy surface of (M, gab) (thus Σ has
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1 The construction that follows is a straightforward adaptation to the problem at hand of a construction in
[8, Sect. 5].
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two asymptotic regions), and letE be any embedded two-sided three-dimensional sub-
manifold of intD+(Σ; M ) \ 〈〈Mext〉〉, invariant underφt. We shall moreover suppose
thatM \E is connected, and thatE is not invariant under theU (1) factor of the isometry
group of (M, gab). Let (Ma, ga), a = 1, 2, be two copies ofM \ E with the metric
induced fromg. As E is two-sided, there exists an open neighborhoodO of E such that
E separatesO into two disjoint open setsOa, a = 1, 2, withO1 ∩ O2 = E , O1 ∩ O2 = ∅.
Let ψa denote the natural embedding ofOa into Ma. Let M3 be the disjoint union of
M1, M2 andO, with the following identifications: a pointp ∈ Oa ⊂ O is identified
with ψa(p) ∈ Ma. It is easily seen thatM3 so defined is a Hausdorff topological space.

We can equipM3 with the obvious real analytic manifold structure and an obvious
metric g3 coming from (M1, g1), (M2, g2) and (O, g|O). Note thatg3 is real analytic
with respect to this structure. Let finally (M4, g4) be any maximal2 vacuum real analytic
extension of (M3, g3). Then (M4, g4) is a maximal vacuum real analytic stably causal
extension of〈〈Mext〉〉 which clearly is not isometric to (M, g).

The space–time (M4, g4) satisfies all the hypotheses of [11]. It should be clear that
all the orbits of the rotation group acting on (M, gab) meetingE \ E are incomplete in
(M4, g4), so that the connected component of the identity of the group of isometries
drops down fromR × U (1) (in the case of (M, gab)) to R (in the case of (M4, g4)).
We shall not attempt to give a rigorous proof of such a claim in all generality, let us
instead give a simple argument showing that at least some orbits cannot be complete
whatever (M4, g4), under a supplementary condition onE . Suppose, for instance, that
for all p ∈ E ⊂ M the standard “rotational” Killing vector, sayZ, in (M, gab) (which is
equal to∂/∂φ in the coordinate system used in Eq. (5.31) of [11]) is transverse toE at
p. (A possible example of such setE is E = {u+ ∈ R, r ∈ (a, b), θ ∈ (π

4 , 3π
4 ), φ = 0} in

the coordinate system used in Eq. (5.31) of [11], wherea andb are arbitrary constants
satisfyingr− < a < b < r+.) For any pointp ∈ E the orbitφt[Z](p) of the Killing
vectorZ starts atp at t = 0, enters, say,O1, travels inM to come back att = 2π
from O2. Let χa be the natural embedding ofMa into M4, choose a pointp ∈ E , let
ε be small enough so thatφt[Z](p) ∈ O1 for t ∈ [0, ε), set p̂ = χ2(φε[Z](p)) (here
we have implicitly identified the pointφε[Z](p) with the corresponding point inM2),
consider the orbitφt[Ẑ](p̂) of Ẑ through ˆp, whereẐ is the Killing vector inM4 which
coincides withZ on M . (If no such Killing vectorẐ exists there is nothing to prove.)
By construction we haveφ2π[Ẑ](p̂) 6= p̂, as the orbitφt[Ẑ](p̂) leavesM2 and entersM1

when crossingE ⊂ O from O2 into O1. Thus there exist orbits of̂Z which are not 2π
periodic onM4. Suppose, for contradiction, that all the orbits ofẐ are complete. Choose
a domain of outer communication〈〈Mext〉〉 of M4 diffeomorphic to a standard domain
of outer communication in the Kerr space–time (M, gab), we haveφ2π[Ẑ](p) = p for
all p ∈ 〈〈Mext〉〉. This, by standard results on one parameter groups of isometries on
connected sets implies thatφ2π[Ẑ] is the identity onM4 (and, hence, all the orbits of
Ẑ are 2π periodic), which leads to a contradiction, and establishes incompleteness of
some Killing orbits onM4.

Topological games put aside, the method of proof suggested in [11] of analytically
extendingφt faces the problem thatφt might potentially be analytically extendible to a

2 Cf., e.g.[4, Appendix C] for a proof of existence of space–times maximal with respect to some property.
It should be pointed out that there is an error in that proof, as the relation≺ defined there is not a partial order.
This is however easily corrected by adding the requirement that the isometry8 considered there restricted to
some fixed three–dimensional hypersurface be the identity.
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proper subset3 of the space–time only. One can nevertheless hope that the analyticity of
the domain of outer communication and some further conditions, ase.g.global hyper-
bolicity thereof, allow one to extend the locally defined isometries at least to the whole
domain of outer communication. The aim of this paper is to show that this is indeed the
case. More precisely, we wish to show the following:

Theorem 1.1. Consider an analytic space–time(M, gab) with a Killing vector fieldX
with complete orbits. Suppose thatM contains an asymptotically flat three–endΣext
with time-like ADM four–momentum, and withX(p) — time-like forp ∈ Σext. (Here
asymptotic flatness is defined in the sense of Eq. (2.2) withα > 1/2 andk ≥ 3.) Let
〈〈Mext〉〉 denote the domain of outer communication associated withΣext as defined
below, assume that〈〈Mext〉〉 is globally hyperbolic and simply connected. If there exists
a Killing vector fieldY , which is not a constant multiple ofX, defined on an open
subsetO of 〈〈Mext〉〉, then the isometry group of〈〈Mext〉〉 (with the metric obtained from
(M, gab) by restriction) containsR × U (1).

Remarks . 1. It should be noted that no field equations or energy inequalities are as-
sumed.

2. Simple connectedness of the domain of outer communication necessarily holds when
a positivity condition is imposed on the Einstein tensor ofgab [10].4

3. When a positivity condition is imposed on the Einstein tensor ofgab, the hypothesis
of time-likeness of the ADM momentum can be replaced by that of existence of
an appropriately regular Cauchy surface in (M, gab). See,e.g., [12] and references
therein;cf. also [2] for a recent discussion.

4. It should be emphasized that no claims about isometries ofM \ 〈〈Mext〉〉 (with the
obvious metric) are made.

Theorem 1.1 allows one to give a corrected version of the rigidity theorem, the reader
is referred to [7] for a precise statement together with a proof.

It seems of interest to remove the condition of completeness of the Killing orbits of
X above. Recall that completeness of those necessarily holds [5] in maximal globally
hyperbolic, say vacuum, space–times under various conditions on the Cauchy data.
(It was mentioned in [6] that the results of [5] generalize to the electro–vacuum case.)
Those conditions are, however, somewhat unsatisfactory in the black hole context for the
following reasons: recall that the existing theory of uniqueness of black holes gives only
a classification of domains of outer communication〈〈Mext〉〉. Thus in this context one
would like to have results which do not make any hypotheses about the global properties
of the complement of〈〈Mext〉〉 in M . Moreover the hypotheses of those results of [5]
which apply when degenerate Killing horizons are present require further justification.
Here we wish to raise the question, whether or not it makes sense to talk about a stationary
black hole space–time for space–times for which the Killing orbits are not complete in
the asymptotic region. We do not know an answer to that question. It is nevertheless
tempting to decree that in “physically reasonable” stationary black hole space–times the

3 In the physics literature there seem to be misconceptions about existence and uniqueness of analytic
extensions of various objects. As a useful example the reader might wish to consider the (both real and
complex) analytic functionf from, say, the open discD(1, 1/2) of radius 1/2 centered at 1 intoC, defined as
the restriction of the principal branch of logz. Then: 1) There exists no analytic extension off fromD(1, 1/2)
to C. 2) There exists no unique maximal subset ofC on which an analytic extension off is defined.

4 Cf. also [9, 13, 11] for similar but weaker results. Note that in the stationary black hole context, under
suitable hypotheses one can use Theorem 1.2 below to obtain completeness of orbits ofX in 〈〈Mext〉〉, and
then use [9] to obtain simple–connectedness of〈〈Mext〉〉.
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orbits of the Killing vector fieldX which is time-like in the asymptotically flat three–end
Σext are complete through points in the asymptotic regionΣext. One would then like to
be able to derive various desirable global properties of〈〈Mext〉〉 using this assumption.
Our second result in this paper is the proof that in globally hyperbolic domains of outer
communication the orbits of those Killing vector fields which are time-like inΣext are
complete “if and only if” they are so5 for pointsp ∈ Σext (it should be emphasized that,
in contradistinction to [5], no maximality hypotheses are made and no field equations are
assumed below; similarly no analyticity or simple connectedness conditions are made
here):

Theorem 1.2. Consider a space–time(M, gab) with a Killing vector fieldX and suppose
that M contains an asymptotically flat three–endΣext, with X time-like inΣext. (Here
the metric is assumed to be twice differentiable, while asymptotic flatness is defined in
the sense of Eq. (2.2) withα > 0 andk ≥ 0.) Suppose that the orbits ofX are complete
through all pointsp ∈ Σext. Let 〈〈Mext〉〉 denote the domain of outer communication
associated withΣext as defined below. If〈〈Mext〉〉 is globally hyperbolic, then the orbits
of X through pointsp ∈ 〈〈Mext〉〉 are complete.

In view of the recent classification of orbits of Killing vector field in asymptoti-
cally flat space–times of [1] it is of interest to prove the equivalent of Theorem 1.2 for
“stationary–rotating” Killing vectorsX, as defined in [1]. In Theorem 3.1 below we
prove that generalization.

2. Definitions, Proof of Theorem 1.1

Throughout this work all objects under consideration are assumed to be smooth. For a
vector fieldW we denote byφt[W ] the (perhaps defined only locally) flow generated
by W. Consider a Killing vector fieldX which is time-like forp ∈ Σext. If the orbits
γp of X are complete through pointsp ∈ Σext, then we define the asymptotically flat
four–endMext by

Mext = ∪t∈Rφt[X](Σext), (2.1)

and thedomain of outer communication〈〈Mext〉〉 by

〈〈Mext〉〉 = J−(Mext) ∩ J+(Mext).

Let R > 0 and let (gij , Kij) be initial data onΣext ≡ ΣR ≡ R3 \ B(R) satisfying

gij − δij = Ok(r−α), Kij = Ok−1(r−1−α), (2.2)

with somek ≥ 1 and some 0< α < 1. A set (Σext, gij , Kij) satisfying the above will
be calledan asymptotically flat three–end. Here a functionf , defined onΣR, is said to
beOk(rβ) if there exists a constantC such that we have

0 ≤ i ≤ k |∂if | ≤ Crβ−i.

We shall need the following result, which is a straightforward consequence6 of what
has been proved in [14]:

5 The quotation marks here are due to the fact that in our approach the asymptotic four–end〈〈Mext〉〉 is
not even defined when the orbits ofX throughΣext are not complete. In that last case one could make sense
of this sentence using Carter’s definition of the domain of outer communication [3], involving Scri.

6 Actually in [14] it is assumed that (M, gab) is Riemannian. The reader will note that all the assertions
and proofs of [14] remain valid word for word when “Riemannian” is replaced by “pseudo–Riemannian”.
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Theorem 2.1 (Nomizu). Let (M, gab) be a (connected) simply connected analytic
pseudo–Riemannian manifold, and suppose that there exists a Killing vector fieldY
defined on an open connected subsetO of M. Then there exists a Killing vector field̂Y
defined onM which coincides withY onO.

Let us pass to the proof of Theorem 1.1. Without loss of generality we may assume
thatX is future oriented forp ∈ Σext. Simple connectedness and analyticity of〈〈Mext〉〉
together with Theorem 2.1 allow us to conclude that the Killing vectorY can be globally
extended to a Killing vector field̂Y defined on〈〈Mext〉〉. The time-likeness of the ADM
four–momentumpµ allows us to use the results in [1] to assert that there exists a linear
combinationZ (with constant coefficients) ofX and Ŷ which has complete periodic
orbits through all pointsp in Mext which satisfyr(p) ≥ R, for someR. (MoreoverZ and
X commute.) To prove Theorem 1.1 we need to show that the orbits ofZ are complete
(and periodic) for allp ∈ 〈〈Mext〉〉.

Consider, thus, a pointp ∈ 〈〈Mext〉〉. There existq± ∈ Mext, with r(q±) ≥ R,
such thatp ∈ J−(q+) ∩ J+(q−). Completeness and periodicity of the orbitsγq± [Z] ≡
∪t∈Rφt[Z](q±) of Z throughq± implies that the setsγq± [Z] are compact. Global hy-
perbolicity of〈〈Mext〉〉 implies then that

K ≡ J−(γq+ [Z]) ∩ J+(γq− [Z])

is compact.
For q ∈ 〈〈Mext〉〉 let t±(q) ∈ R ∪ {±∞} be the forward and backward life

time of orbits ofZ throughq, defined by the requirement that (t−(q), t+(q)) is the
largest connected interval containing 0 such that the solutionφt[Z](q) of the equation
dφt[Z](q)/dt = Z ◦ φt[Z](q) is defined for allt ∈ (t−(q), t+(q)). From continuous
dependence of solutions of ODE‘s upon initial values it follows thatt+ is a lower semi–
continuous function andt− is an upper semi–continuous function.

Let γ : [0, 1] → M be any future oriented causal curve such thatγ(0) = q−,
γ(1) = q+, andp ∈ γ. Set

T+ = inf
q∈γ

t+(q), T− = sup
q∈γ

t−(q). (2.3)

Here and elsewhere inf and sup are taken inR ∪ {±∞}. If T± = ±∞ we are done,
suppose thus thatT+ 6= ∞; the caseT− 6= −∞ is analyzed in a similar way. By lower
semi–continuity oft+ and compactness ofγ there exists ˜p ∈ γ such thatt+(p̃) = T+. By
global hyperbolicity the family of causal curvesφt[Z](γ), t ∈ [0, T+), accumulates at
a causal curve ˜γ ⊂ K. Consequently the orbitφt[Z](p̃), t ∈ [0, T+), has an accumu-
lation point inK. It follows thatφt[Z](p̃) can be extended beyondT+, which gives a
contradiction unlessT+ = ∞, and the result follows. �

3. Proof of Theorem 1.2

Proof of Theorem 1.2.Without loss of generality we may suppose thatX is future
oriented forp ∈ Σext. Consider a pointp ∈ 〈〈Mext〉〉, there existp± ∈ Mext such that
p ∈ J+(p−)∩J−(p+). LetΣ be a Cauchy surface for〈〈Mext〉〉, without loss of generality
we may assume thatp− ∈ I−(Σ) andp+ ∈ I+(Σ). Let t± be defined as in the proof of
Theorem 1.1, we havet−(p±) = −∞, t+(p±) = ∞. Let γ : [0, 1] → 〈〈Mext〉〉 be any
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causal curve such thatγ(0) = p−, γ(1) = p+, andp ∈ γ. DefineT± by Eq. (2.3). By
lower semi–continuity oft+ there exists ˜p ∈ γ such thatt+(p̃) = T+. Define

�̃ = {s ∈ [0, T+) : φs[X](p̃) ∈ I−(Σ)} .

Consider anys ∈ �̃. Then the curve obtained by concatenatingφt[X](p−), t ∈ [0, s],
with φs[X](γ) is a future directed causal curve which starts atp− and passes through
φs[X](p̃), hence

s ∈ �̃ ⇒ φs[X](p̃) ∈ K ≡ J+(p−) ∩ J−(Σ) . (3.1)

By global hyperbolicity of〈〈Mext〉〉 the setK is compact. If�̃ = ∅ setω = 0, otherwise
set

ω = sup�̃ .

Consider any sequenceωi ∈ �̃ such thatωi → ω. By (3.1) and by compactness ofK
the sequenceφωi

[X](p̃) has an accumulation point inK. It follows thatω < T+.
By definition ofω we haveφs[X](p̃) ∈ J+(Σ) for all ω ≤ s < T+. By Lemma 2.5

of [5] it follows thatT+ = ∞. As t+(p) ≥ t+(p̃) = T+ we obtaint+(p) = ∞. The equality
t−(p) = −∞ for all p ∈ 〈〈Mext〉〉 is obtained similarly by using the time–dual version
of Lemma 2.5 of [5]. �

Before presenting a generalization of Theorem 1.2 which covers the case of
“stationary–rotating” Killing vectors, as defined in [9, 1], we need to introduce some
terminology. Following [9] we shall say that the orbit throughp of a Killing vector field
Z is time–oriented if there existstp > 0 such thatφtp [Z](p) ∈ I+(p). It then follows that
for all α ∈ R and allz ∈ N we haveφα+ztp [Z](p) ∈ I+(φα[Z](p)): if γ is a timelike
curve fromp to φtp [Z](p), one obtains a timelike curve fromφα[Z](p) to φα+ztp [Z](p)
by concatenatingφα[Z](γ) with φα+tp

[Z](γ) with φα+2tp
[Z](γ), etc.

A trivial example of a Killing vector field with time–oriented orbits is given by a
timelike Killing vector field. A more interesting example is that of “stationary–rotating”
Killing vector fields, as considered in [9, 1] — loosely speaking, those are Killing
vectors which behave likeα∂/∂t +β∂/∂φ in the asymptotic region, withα andβ non–
vanishing, whereφ is an angular coordinate. Thus the theorem that follows applies in
the “stationary–rotating” case.

Theorem 3.1. The conclusion of Theorem 1.2 will hold if to its hypotheses one adds the
requirement thatk in (2.2) is larger than or equal to 2, and if the hypothesis thatX is
timelike is replaced by the assumption that the orbits ofX are time–orientedthrough
all p ∈ Σext.

Proof. The proof is achieved by a minor modification of the proof of Theorem 1.2, as
follows: Letp± be as in that proof, from the asymptotic behavior of Killing vector fields
in asymptotically flat space–times (cf. e.g.Sect. 2 of [2]) it follows that we can without
loss of generality assume that

φ2π[X](p+) ∈ I+(p+), φ2π[X](p−) ∈ I+(p−) ,

∀s ∈ [0, 2π] φs[X](p−) ∈ I−(Σ) , φs[X](p+) ∈ I+(Σ) .

The proof proceeds then as before, up to the definition of the setK, Eq. (3.1). In the
present case that definition is replaced by

K ≡ J+(∪s∈[0,2π]φs[X](p−)) ∩ J−(Σ) .
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This set is again compact, in view of global hyperbolicity ofMext. The fact that for
s ∈ �̃ we haveφs[X](p̃) ∈ K follows by considering the causal curve obtained by
concatenating a causal curveγ1 from φs−bs/2πc2π[X](p̃) to φs[X](p̃) with φs[X](γ).
Herebαc denotes the largest integer smaller than or equal toα; the existence ofγ1 is
guaranteed by our discussion above. �

Acknowledgement.The author is grateful to I. Ŕacz for comments about a previous version of this paper.

References
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