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Abstract. We study spacetime Killing vectors in terms of their ‘lapse and shift’ relative to
some spacelike slice. We give a necessary and sufficient condition in order for these lapse–shift
pairs, which we call Killing initial data (KID), to form a Lie algebra under the bracket operation
induced by the Lie commutator of vector fields on spacetime. This result is applied to obtain
a theorem on the periodicity of orbits for a class of Killing vector fields in asymptotically flat
spacetimes.
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1. Introduction

When considering black hole spacetimes with more than one Killing vector field it is
customary to assume that one of the Killing vectors has complete periodic orbits. In a
recent paper [1] we have shown that this is necessarily the case, under a set of conditions on
the spacetimes under consideration. This set of hypotheses includes a ‘largeness condition’
on the spacetimes, namely that the spacetime contains a ‘boost-type domain’. While this
hypothesis will be satisfied for many models of matter coupled to gravity, provided the fields
under consideration fall off sufficiently fast at spatial infinity [2, 3], there are various cases
in which we are not certaina priori that this will be the case. For this reason it is useful to
have results under hypotheses involving initial data sets only, and that with a minimal set of
hypotheses on the matter fields under consideration. It is the aim of this paper to prove the
existence of a Killing vector with periodic orbits in a Cauchy data setting, when there are at
least two linearly independent Killing vectors, one of which is transverse to the initial data
surface (at least in the asymptotic region). The reader should note that the classification of
possible isometry groups, or of possible Lie algebras of Killing vectors, follows immediately
from this result, as in [1], except for one-dimensional algebras of Killing vectors.

In order to address the issue raised above, it is first necessary to face the following
problem. Consider an initial data set with two or more ‘candidate Killing vector fields’.
Under which conditions do these vector fields lead to Killing vector fields on a corresponding
spacetime? We show that this question can be reduced to that of certain properties of an
appropriately defined bracket operation on the initial data surface. More precisely, we give a
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necessary and sufficient condition for the bracket operation to form a Lie algebra. We show
that, when the bracket operation forms a Lie algebra, the ‘candidate Killing vectors’ become
Killing vectors in the Killing development† associated with any ‘transverse candidate Killing
vector’.

This paper is organized as follows. In the next section we introduce the notion of a
‘Killing initial data’ (KID) and discuss some elementary properties thereof. In section 3
we give a sufficient and necessary condition for the set of KIDs to form a Lie algebra. In
section 4 we show that Lie algebras of KIDs ‘extend’ to Lie algebras of Killing vectors of
Killing developments. In section 5 we consider asymptotically flat Killing developments
of initial data sets with at least two-dimensional Lie algebras of KIDs, and we prove the
existence of Killing vectors with periodic orbits in such a case.

2. Killing initial data (KIDs)

Let (M, gµν) be a connected spacetime andX, X̄ be Killing vector fields, i.e.

LXgµν = 0 = LX̄gµν. (2.1)

Then the commutator [X, X̄] is also a Killing vector field since

L[X,X̄]gµν = [LX, LX̄]gµν = 0. (2.2)

More generally, letV be the finite-dimensional vector space overR of Killing vector fields
on (M, gµν). Then V is closed under [, ]. Let (6, gij , Kij ) be a connected spacelike
submanifold of(M, gµν) with induced metricgij and second fundamental formKij . We
can then decompose the Killing vector fieldX along6 according to

X = Nnµ∂µ + Y i∂i, N = −Xµnµ (2.3)

wherenµ is the future unit normal of6. Here we are using a coordinate systemxµ in which
6 is described by the equationt ≡ x0 = 0. In order to translate the Killing equation into a
statement in terms of(N, Y i) and(gij , Kij ) it is convenient to choose Gaussian coordinates
xµ = (t, xi) on a tubular neighbourhood of6 in (M, gµν). Then

gµν dxµ dxν = −dt2 + gij (t, x
`) dxi dxj . (2.4)

The (i, j)-component of

LXgµν = Xρ∂ρgµν + 2gρ(µ∂ν)X
ρ = 0 (2.5)

yields

2NKij + 2D(iYj) = 0, (2.6)

where we have used∂tgij = 2Kij , valid in Gaussian coordinates. The(t, t)-component of
(2.5) says that

∂tN = 0 (2.7)

and the(t, i)-component that

∂tY
i = gijDjN. (2.8)

† See [4] and section 2 of this paper for the definition of the notion of Killing development. Let us emphasize
that, when suitable field equations are imposed, there exists a neighbourhood of the initial data hypersurface in
the Killing development which is isometrically diffeomorphic to a neighbourhood of the initial data surface in
the spacetime obtained by evolving the initial data using the field equations. Thus statements about the Killing
developments are also statements about solutions of the field equations, in this sense.
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Another interesting identity results from taking∂t of equation (2.6):

2N∂tKij + 2DiDjN + 4D(i(Kj)`Y
`) − 2Y `(2D(iKj)` − D`Kij ) = 0 (2.9)

where we have used (2.7) and (2.8). We now define

Gµνn
µnν = ρ, Gµin

µ = −Ji, Gij = τij , (2.10)

whereGµν is the Einstein tensor ofgµν . The quantitiesρ andJi can be expressed in terms
of gij andKij by the relations

2ρ = 3R + K2 − KijK
ij (2.11)

−Ji = Dj(Kij − Kgij ). (2.12)

Using the well known form ofGij in Gaussian coordinates to eliminate∂tKij from (2.9),
we obtain

LY Kij + DiDjN = N(3Rij + KKij − 2Ki`Kj
`) − N

[
τij − 1

2gij (τ − ρ)
]
, (2.13)

whereτ := gij τij . Clearly, equations (2.6) and (2.11)–(2.13) hold independently of Gaussian
coordinates.

In the context of the Cauchy problem it is often convenient to forget about the spacetime
and consider only three-dimensional initial data sets(6, gij , Kij ). For the purpose of
equation (2.13) we also need to have a tensor fieldτij defined on6. We shall call a pair
(N, Y i) a Killing initial data (KID), provided (2.6) and (2.13) hold.

It is worth pointing out that, in the context of the Einstein equations,τij can typically
be calculated from the initial data for the matter fields present, and is the matter stress
tensor. An alternative point of view is the following. Consider a data set(6, gij , Kij )

together with a scalar fieldN and a vector fieldY i satisfying equation (2.6). We can then
use equation (2.11) to define a scalar fieldρ, and then equation (2.13) to define a tensor
field τij , at least on the set whereN does not vanish. Thus if we have only one solution of
equation (2.6), then equation (2.13) is trivial (except perhaps on the boundary of the zero
set of N , if some regularity ofτij is imposed). If, however, more than one pair(N, Y i)

solving equation (2.6) exists, we can use one such solution to defineτij , and then consider
only those solutions of equation (2.6) which satisfy equation (2.13) with that givenτij .

Given a KID on (6, gij , Kij ), we can ask the converse question: does there exist a
spacetime(M, gµν) ‘evolving’ from (6, gij , Kij ) with a Killing vector X ‘evolving’ from
(N, Y i)? There is an affirmative answer to this question in the following two cases.

Case (i). (N, Y ) is ‘transversal’, i.e. by definition,N 6= 0. Then we can use the KID
(N, Y i) to define theKilling development(M̂, ĝµν) of (6, gij , Kij ) (see [1]) as follows. Let
M̂ = R × 6 and define the Lorentz metric

ĝµν dxµ dxν = −N̂2 du2 + ĝij (dxi + Ŷ i du)(dxj + Ŷ j du),

N̂(u, xi) = N(xi), ĝij (u, x`) = gij (x
`), Ŷ i(u, xj ) = Y i(xj ).

(2.14)

Then∂u is a Killing vector of(M̂, ĝµν) extending(N, Y i), i.e. the vector fieldX defined on
6 by the right-hand side of equation (2.3) coincides with the Killing vector field∂u there.

Case (ii). ρ = 0, Ji = 0. In this case whengij andKij are sufficiently regular,(6, gij , Kij )

has a vacuum Cauchy development(M̄, ḡµν), i.e. R̄µν = 0. If, furthermore, the KID(N, Y i)

is a vacuum KID in the sense that the ‘stress tensor’τij , defined by equation (2.13) is also
zero, it is known (see [5] and references therein; cf also [6]) that the KID extends to a
Killing vector on (M̄, ḡµν).
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An analogous statement holds when the vacuum equation is modified by the presence
of a cosmological constant3, i.e. ρ = −3, τij = 3gij , Ji = 0.

Suppose we now have a spacetime(M, gµν) with two Killing vectors X, X̄. Their
commutator [X, X̄] gives rise, on(6, hij , Kij ), to the bracket

{(N, Y i), (N̄, Ȳ j )} := (LY N̄ − LȲ N, [Y, Ȳ ]` + ND`N̄ − N̄D`N). (2.15)

This is the algebra first studied in [7, 8]. Note, however, that, whereas in [7, 8] the above
bracket is, loosely speaking, a commutator of vector fields in the infinite-dimensional space
of spacelike embeddings of some 3-manifold into spacetime, it arises in our case simply
from the commutator of Killing vector fields on spacetime.

We are now ready to ask the following question. Consider an initial-data set(6, gij , Kij )

and two KIDs, i.e. solutions of equation (2.6) and equation (2.13)for the sameτij . Is their
bracket, defined by (2.15), also a KID with the sameτij ? An affirmative answer can
immediately be given in the vacuum case (case (ii) above): the vacuum development is
clearly defined independently of the KIDs, and thusevery KID extends to a Killing vector
field on (M̄, ḡµν). Thus the KIDs, in this case, are closed under{ , }. In the non-vacuum
case, when one of the KIDs(N, Y i) hasN 6= 0, one might consider the Killing development
associated with this particular KID. But it is then unclear whether some other KID(N̄, Ȳ i),
if present, extends to a Killing vector in the Killing development given by(N, Y i). In fact,
the following example shows that KIDs are, in general,not closed under{ , }.

Example. Let (6, hij , Kij ) = (R3, δij , 0) and take forτij

τij dxi dxj = (dx1)2 + (dx2)2. (2.16)

Define two KIDs by

N = 0, Y = x2∂x3 − x3∂x2

N̄ = ex3
, Ȳ = 0.

(2.17)

It is then easy to check that(N, Y i) and (N̄, Ȳ i) are both KIDs withτij given by (2.16),
but their bracket is not.

3. The Lie algebra of KIDs

We first show the Jacobi identity for{ , }.

Lemma. Consider three pairs(N, Y i), (N̄, Ȳ i), (Ñ, Ỹ i) satisfying equation (2.6). Then

{(Ñ, Ỹ i), {(N, Y i), (N̄, Ȳ i)}} + {(N̄, Ȳ i), {(Ñ, Ỹ i), (N, Y i)}}
+{(N, Y i), {(N̄, Ȳ i), (Ñ, Ỹ i)}} = 0. (3.1)

Proof. This is a straightforward computation, based on the Jacobi identity for the
commutator of vector fields on6 and relations like

LY DiN̄ = DiLY N̄ + 2NKijDj N̄. (3.2)

�
We now state the main result of this paper.
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Theorem. Let W be the vector space overR of KIDs on (6, gij , Kij ) for some fixed
stress tensorτij . The linear spaceW is closed under the bracket{ , }, if and only if

(NLȲ − N̄LY )τij = 2J(i(NDj)N̄ − N̄Dj)N) (3.3)

for all pairs(N, Y i), (N̄, Ȳ i) of KIDs.

Proof. We first have to look at the expression

L[Y,Ȳ ]+NDN̄−N̄DNgij + 2(LY N̄ − LȲ N)Kij , (3.4)

whereNDN̄ − N̄DN is a shorthand for the vectorNDiN̄ − N̄DiN . Using equation (2.6)
for both pairs(N, Y i) and(N̄, Ȳ i) the expression (3.4) can be written as

LY (−2N̄Kij ) + 2D(i(NDj)N̄) + 2(LY N̄)Kij − ((N, Y ) ↼↽→ (N̄, Ȳ )). (3.5)

Using equation (2.13) to eliminateDiDjN and DiDjN̄ in (3.5), we find that all terms
add up to zero. Here, and in the following, we are repeatedly using the fact that terms
which are independent ofY andȲ and containN andN̄ without derivatives drop out upon
antisymmetrization. Thus{(N, Y ), (N̄, Ȳ )} also satisfies equation (2.6). We now compute
LY

3Rij = δ 3Rij (LY gk`), whereδ 3Rij is the linearization of the Ricci tensor atgij . Thus

LY
3Rij = 1(NKij ) + DiDj(NK) − 2D(iD

`(NKj)`)

−2N 3R`
(ij)

mK`m − 2N 3R(i
`Kj)`. (3.6)

Consequently,

(N̄LY − NLȲ )3Rij = N̄ [(1N)Kij + 2(D`N)D`Kij + (DiDjN)K + 2(D(iN)Dj)K

− 2(D(iD
`N)Kj)` − 2(D`N)D(iKj)`

− 2(D(iN)(Dj)K − Jj )] − (N ↼↽→ N̄)

= N̄ [(1N)Kij − (LY Kij )K + 2(LY K(i
`)Kj)`

+ 2D`N(D`Kij − D(iKj)`) + 2(D(iN)Jj)]

− ((N, Y ) ↼↽→ (N̄, Ȳ )) (3.7)

where we have used (2.13) in the last line. Equations (3.6) and (2.13) imply that

LY K = N(3R + K2) − 1N − N
(− 1

2τ + 3
2ρ

)
. (3.8)

Now equations (3.7) and (3.8) and the definition (2.11) ofρ give rise to

(NLȲ − N̄LY )ρ = 2(NDiN̄ − N̄DiN)Ji. (3.9)

Finally, we compute

L[Y,Ȳ ]+NDN̄−N̄DNKij + DiDj(LY N̄ − LȲ N) − (LY N̄ − LȲ N)Mij (3.10)

whereNMij is the right-hand side of (2.13), i.e.

Mij := 3Rij + KKij − 2Ki`Kj
` − τij + 1

2gij (τ − ρ). (3.11)

Using (2.13), the expression (3.10) turns into

−[LY , DiDj ]N̄ + N̄LY Mij + N(D`N̄)D`Kij

+2K`(iDj)(ND`N̄) − ((N, Y ) ↼↽→ (N̄, Ȳ ))

= N̄LY Mij − 2N̄(D`N)(D`Kij − D(iKj)`)

+2N̄K`(i(LY Kj)
`) − ((N, Y ) ↼↽→ (N̄, Ȳ )). (3.12)
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We now insert equations (3.7) and (3.8) into(N̄LY − NLȲ )Mij and substitute this in the
third line of (3.12). Remarkably, all terms not involvingτij , Ji, ρ drop out. In order for
{(N, Y ), (N̄, Ȳ )} to again satisfy equation (2.13), we are then left with the condition

(NLȲ − N̄LY )τij − 1
2gij (NLȲ − N̄LY )(τ − ρ) = 2J(i(NDj)N̄ − N̄Dj)N). (3.13)

It is easily seen from (3.9) that (3.13) is equivalent to (3.3). Thus we are left with (3.3)
as the necessary and sufficient condition forW to form a Lie algebra under{ , }, and the
proof is complete. �

We also record, for later use, the identity

(NLȲ − N̄LY )Ji = (NDjN̄ − N̄DjN)τij + (NDiN̄ − N̄DiN)ρ. (3.14)

Equation (3.14) follows from the definition (2.12) and equations (2.6) and (2.13),
independently of the condition (3.3), in much the same way as (3.9) follows from (2.11).

There are situations, in addition to the vacuum case, where the condition (3.3) is
‘automatically satisfied’. Letρ be everywhere positive and suppose that

τij = 1

ρ
JiJj . (3.15)

Then equation (3.3) follows from (3.9) and (3.14). If there is a transversal KID(N, Y i)

and if, in addition to (3.15), there holds

ρ =
√

JiJ i, (3.16)

the Killing development associated with(N, Y i) is a null dust spacetime, i.e.

Ĝµν = ρ̂ξµξν, ĝµνξµξν = 0 (3.17)

with ρ̂(u, xi) = ρ(xi), Ĵ`(u, xi) = J`(x
i), and

ξµ dxµ = N̂ du − 1

ρ̂
Ĵi(dxi + Ŷ i du). (3.18)

Another possibility would be to haveρ > 0 (and not necessarily identically vanishing),
τij = 0, Ji = 0. Then any Killing development is a (standard, i.e. non-null) dust spacetime.

Finally, there is the situation where(ρ, Ji, τij ) are built from some other (‘good matter’)
fields, i.e. fields with the property that the combined Einstein-matter system allows a properly
posed initial-value problem. For example,(ρ, Ji, τij ) could be built from the(Ei, Bi)-
fields derived from a Maxwell fieldFµν . Then, when there is a spacetime Killing fieldX

satisfying in addition thatLXFµν = 0, the KID associated withX would satisfy some further
equations involving(Ei, Bi). This is discussed in more detail in section 5. Conversely (see
[9]), any KID satisfying these latter equations extends to a Killing vector on the Einstein–
Maxwell spacetime evolving from(6, gij , Kij ; Ei, Bi). Thus the condition (3.3) is again
automatically satisfied in this case, whenEi andBi are invariant in an appropriate sense,
cf equation (5.2) below.

4. Killing developments

Now suppose that condition (3.3) is valid and we have a (non-trivial) Lie algebra of KIDs.
Suppose, further, that(N, Y i), one of these KIDs, hasN 6= 0, so that we can consider the
Killing development defined by(N, Y i). Then we have
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Proposition. Consider an initial data set(6, gij , Kij ) and suppose that the set of KIDs
forms a Lie algebraW . Assume further that there exists a KID(N, Y i) in W such that
N > 0, and denote by(M, gµν) the Killing development of(6, gij , Kij ) based on(N, Y i).
Then there is a one-to-one correspondence between the Killing vectors of(M, gµν) and
KIDs, which preserves the Lie algebra structure ofW .

Proof. In the Killing development of(N, Y i), the extensionX̂ of (N, Y i) is given by

X̂ = N̂nµ∂µ + Ŷ i∂i = ∂u (4.1)

when uµ is the unit future normal tou = constant. When(Nα, Y i
α) is any other KID we

have by assumption that

{(N, Y ), (Nα, Yα)} = cα(N, Y ) + cα
β(Nβ, Yβ) (4.2)

for some constantscα, cα
β . We now define extensionŝXα of these KIDs by the system of

linear homogeneous ODEs

∂uN̂α = cαN̂ + cα
βN̂β ∂uŶα

i = cαŶ i + cα
βŶβ

i (4.3)

with N̂α(0, xi) = Nα(xi), Ŷα
i(0, xj ) = Yα

i(xj ) and

X̂α = N̂αnµ∂µ + Ŷα
i∂i (4.4)

= 1

N̂
N̂α∂u +

(
Ŷα

i − N̂α

N̂
Ŷ i

)
∂i . (4.5)

We now computeLX̂α
ĝµν for u = 0 with ĝµν given by equation (2.14), i.e.

ĝµν∂µ∂ν = − 1

N̂2
(∂u − Ŷ i∂i)(∂u − Ŷ j ∂j ) + ĝij ∂i∂j . (4.6)

We find that the(uu)-component ofLX̂α
ĝµν vanishes by virtue of

∂uN̂α = LY Nα − LȲα
N, (4.7)

which follows from (2.15) and (4.2), (4.3). Furthermore, the(ui)-components vanish by
virtue of

∂uŶα
i
∣∣
u=0 = [Y, Yα]i + NDiNα − NαDiN. (4.8)

Finally, the (ij)-component ofLX̂α
ĝµν is zero foru = 0, by virtue of (N, Y ), (Nα, Yα)

all obeying equation (2.6) (equation (2.6) actually coincides with the(ij)-component of
LX̂α

ĝµν = 0). Furthermore, we see from (4.5) andX̂ = ∂u that

[X̂, X̂α] = cαX̂ + cα
βX̂β (4.9)

for all u ∈ R. Thus
∂

∂u

(LX̂α
ĝµν

) = cα
βLX̂β

ĝµν, (4.10)

which, combined with(LX̂α
ĝµν)

∣∣
u=0

= 0, gives the result that̂Xα is a Killing vector of
ĝµν , as required. �

We can now interpret the meaning of the condition (3.3) in terms of Killing
developments. SupposeX is a Killing vector of(M, gµν) with complete orbits, intersecting
exactly once an everywhere transversal spacelike submanifold with induced metricgij . It
follows that there exist coordinates(u, xi), −∞ < u < ∞, such that

gµν dxµ dxν = −N2 du2 + gij (dxi + Y i du)(dxj + Y j du)
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with N, Y i andgij all independent ofu andX = Nnµ∂µ +Y i∂i = ∂u. Suppose there exists
another Killing vector

X̄ = N̄nµ∂µ + Ȳ i∂i = N̄

N
(∂u − Y i∂i) + Ȳ i∂i . (4.11)

By the (uu)- and(ui)-components ofLX̄gµν = 0 we find that

∂uN̄ = LY N̄ − LȲ N

∂uȲ
i = [Y, Ȳ ]i + NDiN̄ − N̄DiN.

(4.12)

We also know that

LX̄Gµν = 0, (4.13)

whereGµν is the Einstein tensor ofgµν . Writing this out, using (4.11), (4.12) and

Gµν dxµ dxν = N2ρ du2 + [τij (dxi + Y i du) − 2NJj du](dxj + Y j du), (4.14)

we find after straightforward manipulations that (4.13) is equivalent to equations (3.3), (3.9)
and (3.14). Since (3.9) and (3.14) are just identities, we have thus found that (3.3) is
merely the condition forX̄ defined by (4.11) to be a vector field in the Killing development
(M, gµν) of (N, Y ) which Lie derivesGµν . We can now ask whether (4.13) is already
sufficient forX̄ to be a Killing vector ofgµν . In other words, suppose we have a transversal
KID (N, Y ). Defineτij by (2.13). Suppose further we have another KID(N̄, Ȳ ) compatible
with (N, Y ) in that it satisfies (2.13)with the sameτij , andτij satisfies (3.3). Then, is̄X,
defined by

X̄µ(u, x)∂µ = N̄(u, x)

N(x)
(∂u − Y i(x)∂i) + Ȳ i(u, x)∂i (4.15)

with N̄(u, x), Ȳ i(u, x) obeying equations (4.12), a Killing vector of(M, gµν)? We believe
the answer in general will be no, for the following reason. Suppose(6, gij , Kij ), (N, Y ),
(N̄, Ȳ ) are all analytic foru = 0. Then, by the Cauchy–Kowalewskaja theorem, the
evolution equations (4.12) can be solved for(N̄, Ȳ ), whence four components ofLX̄gµν = 0
are already satisfied. Equation (2.6), however, isa priori only valid foru = 0. The condition
for the u-derivative of this equation to vanish is precisely equation (3.3). This, in turn, is
again only valid foru = 0, and there is no guarantee that equation (3.3) will propagate.
The previous proposition circumvents this problem by assuming that (3.3) is satisfied for
all pairs of KIDs with the same tensor fieldτij . In the case where(ρ, Ji, τij ) is built from
‘good matter fields’, the Killing development will, in the domain of dependence of6, be the
same as the solution to the coupled system, in which case the propagation of equation (3.3)
is automatically taken care of.

5. An application: periodicity of Killing orbits

A prerequisite for the classification of stationary black holes is an understanding of possible
isometry groups of asymptotically flat spacetimes. A classification of the latter has
been recently established in [1], under a ‘largeness condition’ on the spacetimes under
consideration. As an application of our results in the preceding sections, we show below
that the results of [1] can be recovered without any spacetime ‘largeness’ conditions, when
two or more Killing vector fields are present, one of them being transverse to the initial
data hypersurface6.

Consider, thus, as in the preceding section, an initial data set(6, gij , Kij ) with a KID
(N0, Y

i
0), with N0 > 0. If one imposes well behaved evolution equations on the metric, one
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expects that in the resulting spacetime(M̂, ĝµν) there will exist a neighbourhoodO ⊂ M̂

of 6 and an appropriate coordinate system onO such that the metric will take the form
(2.14) (with N̂ replaced byN̂0, etc), with u ∈ (u−(p), u+(p)), p ∈ 6, u+ ∈ R+ ∪ {∞},
u− ∈ R− ∪{−∞}. (This will be the case if, for example, the vacuum Einstein equations are
imposed.) This provides us with an isometric diffeomorphism9 betweenO and the subset
U = {p ∈ 6, u−(p) < u < u+(p)} ⊂ M, where(M, gµν) denotes the Killing development
of (6, gij , Kij ) based on(N0, Y

i
0)†. One can thus gain insight into the structure of the

Killing orbits in M̂ by studying that of the Killing orbits ofM: indeed, if the orbit of a
Killing vector field through a pointq ∈ U always remains inU , then one will obtain a
complete description of the corresponding orbit of the corresponding Killing vector field on
M̂. We wish to point out the following result, which is a straightforward consequence of
the results of section 4 and of [1, 4].

Theorem. Let (6, gij , Kij ) be an asymptotically flat end in the sense of [4], i.e.6 ≡
6R ≡ R3\B(R), R > 0 with (gij , Kij ) satisfying‡

gij − δij = Ok(r
−α), Kij = Ok−1(r

−1−α), (5.1)

with k > 3 andα > 1
2. Let |ρ| + |J i | = O(r−3−ε), ε > 0, and let the ADM 4-momentum

of 6 be timelike. Consider a tensor fieldτij on 6 satisfying |τij | = O(r−3−ε), and let
W denote the set of solutions(N, Y i) of the equations (2.6) and (2.13), suppose that
W is closed under the bracket (2.15). Assume finally that there exists(N0, Y

i
0) ∈ W

such thatN0 > 0, and let(M, gµν) be the Killing development of(6, gij , Kij ) based on
(N0, Y

i
0). Then for every(N, Y i) ∈ W there exists a constanta ∈ R such that the KID

(N̂, Ŷ i) defined as(N, Y )+ a(N0, Y
i
0) gives rise to a Killing vector on(M, gµν) which has

complete periodic orbits, through those pointsp in the asymptotically flat region for which
r(p) is large enough. Moreover, the set{N̂ = Ŷ i = 0} is not empty.

Remarks. (i) The theorem proved in section 3 gives a necessary and sufficient condition
for W to be closed under the bracket{· , ·}. This condition is trivially satisfied in vacuum
(ρ = Ji = τij = 0). As mentioned at the end of section 3, it is also satisfied in electrovacuum
when the KIDs correspond moreover to ‘a symmetry’ of the initial data of the Maxwell
field. More precisely, letEi, Bi be vector fields on(6, gij , Kij ) satisfying

ρ = 1
2(EiE

i + BiB
i)

Ji = εi
jkEjBk ≡ (E × B)i

τij = 1
2gijρ − (EiEj + BiBj ) (5.2)

LY Ei = NKEi − 2NKi
jEj − N(D × B)i − (DN × B)i

LY Bi = NKBi − 2NKi
jBj + N(D × E)i + (DN × E)i.

These conditions arise as follows. LetFµν = F[µν] be a 2-form on spacetime(M, gµν)

with (6, gij , Kij ) a spacelike submanifold and Killing vectorX = Nnµδµ + Y iδi . Write

Fµν = 2E[µnν] + εµνρσBρnσ , (5.3)

with Eµnµ = 0 = Bµnµ andεµνρσ εµνρσ = −24, ε0123 > 0. Then let

Gµν = FµρFν
ρ − 1/4gµνFρσF ρσ . (5.4)

† Some results concerning the question, under which conditionsU = M̂, O = M, can be found in [10–12].
‡ We write f = Ok(r

−α) if there exists a constantC such that|r−αf | + · · · + |r−α−k∂i1...ik f | 6 C.
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Equation (5.4) implies the first three conditions of (5.2). Now imposeLXFµν = 0 and

∇µFµν = 0 ∇[µFνρ] = 0. (5.5)

Then the first of equations (5.5) implies the fourth of (5.2) and the second of equations (5.5)
implies the fifth of (5.2).

We claim that equations (5.2) imply equation (3.3). In checking that one can use the
following identity:

Ai(B × C)j + Ci(A × B)j + Bi(C × A)j = gijA
k(B × C)k, (5.6)

whereAi, Bi, Ci are vector fields on6.
(ii) The condition that{N̂ = Ŷ i = 0} 6= 0 is the usual condition of axi-symmetry. This

condition is needed, for example, to be able to perform the reduction of the axi-symmetric
stationary electrovacuum equations to the well known harmonic map equation.

Proof. By the proposition in section 3 the Lie algebra of Killing vector fields of(M, gµν)

is isomorphic to the Lie algebra of KIDs. The result is obtained by a repetition of the
arguments of [1]; no details will be given. Let us simply point out that the hypothesis of
completeness of Killing orbits made in theorem 1.2 of [1] was done purely for the sake of
simplicity of the presentation of the results proved. �
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[6] Chrúsciel P T 1991 On uniqueness in the large of solutions of Einstein’s equationsProc. CMA, Australian
National University27

[7] Teitelboim C 1973 How commutators of constraints reflect the spacetime structureAnn. Phys.79 542
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