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On Space-Times with U(1) x U(1) Symmetric
Compact Cauchy Surfaces

PiotR T. CHRUSCIEL*

Yale University, Physics Department,
New Haven, Connecticut 06511

Received November 9, 1989

General space-times evolving from U{1)x U(1) symmetric Cauchy data prescribed on
compact Cauchy surfaces are studied. Existence and properties of solutions of the constraint
equations are analyzed. Some “canonical” forms of the metric are derived. When the spatial
topology is §* or S2x S' or L(p, g) we show that no singularities form before “the spacelike
boundary of Gowdy’s square” is reached.  © 1990 Academic Press, Inc.

1. INTRODUCTION

One of the outstanding problems in classical general relativity is the under-
standing of the long time behavior of solutions of Einstein equations. The
nonlinearity and the diffeomorphism invariance of these equations makes this
problem extremely difficult to handle. As a first step towards development of
methods which would eventually lead to an understanding of the general picture
one might envisage trying to attack this problem under some restrictive conditions.
In the cosmological context it seems natural to consider space-times which develop
from Cauchy data prescribed on a compact, connected, orientable Cauchy surface.
To further simplify things one may wish to assume that the Cauchy data are
invariant under some symmetry group. With the topological restrictions as noted
qbove several choices of the symmetry group are possible (cf. [7] for an exhaustive
h.st), the smallest of which being the group U(1). Although remarkable simplifica-
ul:)ns of the prgblem may be achieved by this choice of the symmetry group [.15]’
the understanding of the long time behavior of such vacuum metrics seems still to
be a remote goal. The next simplest possible isometry group is U(1)x U(1), and it
is the object of this paper to discuss the most general metrics on globally hyperbolic
stzict;‘-_nmes vvvhlch evolve from Cauchy data invariant under an effective action 0
"Z;lt{sle)e:ns t}ll) or;1 a compact three dirpensional {connected, orientable) manifqld
- that t .e'ﬁrst fairly exhaustive (and elegant) treatment of metrcs V}"“‘

© commuting Killing vectors is due to Geroch [9] (under the assumption,
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however, that one of the Killing vectors is timelike). In the cosmological context
U(1)x U(1) symmetric metrics with spacelike group orbits have been probably first
discussed by Gowdy [10], who implicitly or explicitly imposes some supplementary
restrictions on the metrics. In this paper we derive some properties of the most
general U(1)x U(1) symmetric metrics (in particular we give some properties of a
large class of U(1)x U(1) symmetric metrics on 7> which were not covered by
Gowdy’s paper [10]). In Section 2 we present a “Gowdy-type” way of reducing
Einstein equations. In Section 3 an “Ernst-type” parametrization of the metric is
presented, and a generalization of the so-called “Ernst equations” is discussed. In
Section 4 we discuss existence and some properties of solutions of constraint
equations on T3 In the special case in which some of the constants appearing in
the problem are set to zero we derive a “canonical form” of the metric for this
spatial topology. In Section 5 we discuss the constraint equations under the
hypothesis X~ S?x S' or S° In this case we isolate a subset of the set of all
U(1)x U(1) invariant Cauchy data which we show to be generic, and we show that
generic Cauchy data can be realized by embedding the Cauchy surface in a “canoni-
cal” space-time. In Section 6 we show that “canonical” space-times are “as large as
the area function R allows,” where R is the area (up to a multiplicative constant)
of the group orbits. This result can be thought of as a long-time existence theorem
for the problem at hand, since it consists in proving no blow-up of the metric before
R goes to zero. The proof is a simple consequence of a difficult result due to
Christodoulou [4]. i
Throughout this paper we shall assume the metric to be smooth: this condition
can be considerably relaxed, and because of the essentially two dimensional_ c.harac-
ter of the problem one can even go beyond the weak differentiability conditions of
[12]. Let us however note that some of the constructions presented here lead to a
loss of one or even two degrees of differentiability of the metric, and it is thus for
smooth metrics that the theory is the most elegant. _ )
Before closing this section, let us recall some well-known topo%ogxcal constraints
which follow from the hypothesis of a U(1)x U(1) effective’ action on a compact
three manifold 3~ [18]: if one moreover assumes that 3% is connected ?nd orien-
table it follows that >~ ~ T? (=S'xS'xS'; S” stands for the n-dxmen.smnz.il
sphere) or S2x S' or S* or L(p,q) (=the lens space), moreover the action 1s
unique up to equivalence (ie., up to an automorphism of U(1) x (/(1) and a
diffeomorphism of '3 [197; cf. also [7] for a dicussion of such resx.xlts in a gener?l
relativistic context). One can check that the arguments presented in this paper in
the S* case remain valid in the L(p, q) case, and in what follows whgn speaking of
S? we shall implicitly have in mind L(p, q) as well.ilFQ{za= 1,2, let x* be stam.iard
coordinates on U(1)x U(1), ie., U(1)x U(1)={(e, ™), x*€ [0, 27] Imoazn ) the

jRecall that an action of G is effective if the implication (Vpe M, gp= p)=>(4g =:) }Z)lds' ) case, as
At the origin of the nonappearance of any supplementary phenomena in t feh (. qtiem of §°
compared to S3, is the fact that the covering S° — L(p, g) is the projection map o the quo
by a subgroup of the isometry group of the metric.
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parameters X are defined uniquely up to a SL(2,7) transformation._IChF(;osmgi1 on
each orbit of G on 3% a reference point p, one sets x*( p? =(x', x*), where
g=(e', ¢') is such that gp= p,. From the theory of [18, 197 it follows that

(1) for X~ T* the orbit space *Z/G is a circle, the action of G on ) ils free
and thus °X can be parametrized by x* and 6€°Z/G = [0, 27 | mod2e =S '; the

coordinates x“ are defined uniquely up to a SL(2, Z) transformation and a “trans-
lation™ on each orbit,

(2) for *X~ S the orbit space *Z/G is a closed interval, say [0, nl. fhere
exist two (linked) circles S| and S? such that S>\{S}u S}} is diffeomorphic to
(0. 7)x G, and S*\{S2U S!} can thus be parametrized by x* and 6 ¢ (0, n). One
can require that on S the, say, second factor U(1) of G acts trivially, and that on
S! the first factor U(1) of G acts trivially and these requirements remove the
freedom of performing SL(2, Z) transformations of the x“’s, which thus become
defined uniquely up to a “translation” on ecach orbit,

(3) 2~ $?xS'; the orbit space >X/G is again an interval, say [0, ] If. one
removes the, say, north and south poles of S? one obtains a set dlffeomorpbm to
{0. n) x G. The requirement that the second U(1) factor of G acts as a rotation of

S* around the, say, z-axis, removes the SL(2, Z) freedom and the x“’s are again
defined modulo translations on each orbit.

The conventions and notations used in this paper are listed in Appendix F.

2. THE FIELD EQUATIONS—A “GowDY-TYPE”
PARAMETRIZATION OF THE METRIC

Let *Z denote one of the manifolds discussed in Section 1, 3X ~ S*(L(p, 4)) of
S$*x 8" or T2 let* (g4, P;) be U(1)x U(1) invariant Cauchy data on 27 by
Cauchy data we shall always mean smooth fields (g, P;) satislying the vacuum
constraint equations. According to the standard theory (cf, e.g, [3}) there exists
an ¢>0 and a four dimensional Lorentzian manifold (*.#, ), M= (—6,8) X 'z,
called a development of (g Py, %), on which vacuum Einstein equations arc
sgtisﬁed. with g, | 01 x 3 66gpvt§0)x32 related to g;and P, by well-known equa-
FlOl’lS [3]. From the uniqueness of €., in harmonic coordinates it follows that if 1
is hfinnonic, then the action of G on “.# defined by g(1, p)= (1, gp), t€(—& &)
P& L. is an action by isometries; in particular if ¢ is chosen small enough the orbits

of G are spacelike in *.#. Let “.7={pe*4: the orbit of G through p is tWO-
dimensional }. From what has been said it follows that

(1) H°Z=T> then *F =4y

L

(2)_ if°X=82x 8! or ’x =S°, then *.4 is *.# with two (smooth, embedded)
submanifolds each diffeomorphic to (—e¢, £)x S' removed.

K‘ denotes th insi * = ki & i
d € extrinsic curvature of °2 P,-]_ g /K 185 K

i
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*41/G is a two dimensional manifold and one can use the methods developed by
Geroch [9] to obtain a “reduced form™ of the evolution part of Einstein equations.
Let X%, a=1, 2, be two linearly independent Killing vector fields on *.Z. In most
situations a convenient choice is X, =d/dx', X,=0/0x?; unless explicitly stated
otherwise this choice will be made; in some cases, however, as discussed in
Section 3, it is useful not to make this hypothesis. Let us define

lab= Eum XH X (2.1)
Since the X’s are linearly independent and spacelike it follows that on *.Z,
R*=det 4, >0, (2.2)
and therefore the matrix
A= (hp) 7!

exists. In what follows the indices M, v, ... are raised and lowered with g** and g,,,,
while the indices a, b, etc, are raised and lowered with i“® and i, (eg.,
X=j%x¥ etc.). As has been discussed by Geroch {9], the tensor field

=8 — }."bXau X (2.3)
defines naturally a metric on *./Z/G. Let
Ca= B XEXIVPXO.
As has been shown by Geroch [9] (cf. also [14])
d,c,=0. (2.4)

It has also been shown by Geroch that it follows from Einstein equations that the
functions 1, satisfy the equations® on *.4#/G,
DAD Ay = 2ND 0 Dy hopg— Dhy D hca) — CaCh/ R, (2.5)

where 2, denotes the covariant Riemannian derivative of the metric /,5; and the
Lorentzian metric 4 4p Satisfies the evolution equation

3i%c,en U i beas o s 26
R(h):—i R +Z£ " DA e Do Fpas (2.6)

Where R(h) is the scalar curvature of . To discuss the constraint. equations it will
be useful to introduce on *.# coordinates compatible with the action of the group:

* Equations (2.5 }-(2.6) can be obtained from Geroch's [9] Egs. (Ai8)~(A21) by substituting
T=\/5iR; the *i” (i2= —1) accounting for the spacelike rather than timelike chara.ctex.' of the group
orbits considered here: the reader who feels uneasy with such formal complex SU.bS(ltullOl'?S may wish
to derive (2.5)-(2.6) directly using the methods of Ref. [9]—the results of Appendix B of this paper can

used to make easier some of the calculations outlined in [9].
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so let x“ be the coordinates on the group orbits as discussed in Section 1, let ¢,
x*=0 be coordinates on *.Z/G. The metric can be written in the form

gudx" dx" = h g dx® dx®+ i (dx*+ M“ dt + g* df)
X (dx® + M® dt + g? df) (x*=10), (2.7)
where
8.=80s» M,=g,,  g'=i"g,, M*=i*"M,,
hapdx®dx®= g pdx*dx® — 4, (M di + g* df)x (M® dt + g® dO)  (2.8)

and all the functions depend on ¢ and 6 only. We shall use the following notation

nabE;'ah/R7
P=(hap), hg=e?, (29)
N=(_g00)—1/2 (Z(_hOO)‘l/Z)’ N0=N2g09.

As discussed in Appendix A the constraints X, D, P’ =0 are equivalent to (2.4) with

p=10, while the remaining constraints can be written in the form (cf. Egs. (A.36)
and (A.41) of Appendix A).

2R 3,R(0R/on) R &n,, on
E =y = _ 6  _pacybd “"ab cd 210
“n” " 2R (a 0N )a"R """ o e (210

4R on on

2, 28 2
65R=M+eza (a—B—GGNB) aaR
n

e*Ppe be.cs R on,. on
+¢yB3,R—~ b_ b cd 28 Yac Y0bd 2.11)
o AR gnn {69nm,69nhd+e o on }, (

where

o _1y Ny

n Nat 0 06

It is useful to introduce the “null derivatives”

I =0,f+ ‘-’Bg;f’
" (2.12)

= — Bg
f——aef e on’
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in terms of which (2.10)-(2.11) can be rewritten in the form

5

—L 4+ (B, —3,N)R,

CR:=7R

2B ab
% gn“"nb"(nab)i(n(.d)i. (2.13)
The four equations (2.4) with u=1, 0 together with the three equations (2.5), the
one equation (2.6) and the two equations (2.13) are equivalent to the vacuum
Einstein equations R, =0 for the metric (2.7).

We shall show that Egs. (2.5) can be written as a coupled set of one scalar wave
equation and a harmonic-type set of equations for a map from *.Z/G to the two
dimensional hyperbolic space # (= two dimensional, complete, simply connected
Riemannian manifold with constant negative scalar curvature). Let us start by
recalling the form of the harmonic map equations with target manifold a
submanifold S of R™™ given by the equation ng, yXyt=¢, e*=1, where K,
L=1,.,n+m, and where n,, is a constant coefficient symmetric matrix of
signature m — n. The metric /induced on S by n, can be identified with the follow-
ing tensor field on R™":

Sk =g — Vg Ve (2.14)

Let (N, h) be a Riemannian or Lorentzian manifold, let ¢: N — S be a smooth map
from N to S. In local coordinates i (x)=» X(x") the harmonic map equation takes
the form

DA(f,h) Y ,=h*®Dy(f h) Y =0, (2.15)
where Y, is the vector field tangent to the image of N in S defined by

ot e (2.16)
B= oxB ok

D (f, h) is defined by

AL R) Yp=D (f) Yp—Ts(h) Yo, (2.17)

., K

DA(_/')=%L7 Di(f).

Dy(f) is the Riemannian covariant derivative of the metric / on S, and I'(h) are
the Christoffel symbols of the metric # on N. For the metric (2.14) we have

. N
Dy(f) Zh= (3% —ey™y IO h— ey yw) EuZ”, (2.18)
YL=ENm .VM’
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so that
A ) azyN
DS Y= @—a"r) 5 e
I AN 21
ToxtoxB T oxtox®

PENS ayM ey
= et g g @19

therefore the harmonic map equations (2.17) read

5}’M ayN K _

0(h) yK+€hABfMN—éx—AEP§ =0, (2.20)

where [J(h) is the Laplace (d"’Alembert) operator of the metric h acting on scalars.
Returning to Eq. (2.5), a contraction of (2.5) with 29 yields

n“c,c
O(h)R= —__EP—[” (2.21)
from which one can obtain
1
R DARD*n ) + (2N D411y — Zanon Do) Pt
_ C;;,b (n“dcz(»IC;;) Map (222)

In the space of invertible symmetric 2x2 matrices 4, we can introduce the
Lorentzian scalar product

Chapr Aoy = = 30023, + A2y = 2ig1 461)
= Mt A1) A2, (M= (3L) ). (223)

With this scalar product the set 2 of matrices of unit determinant is givenzby
an equation of the type discussed at the beginning of this section, H=

Vav' {am Ay = —1}. 1 we denote by y* the collection of the s, then one
recognizes (2.22) as being of the form

1
7 DS INRY ) =2, (2.24)

where D*(f, h) is the harmonic map derivative operator for maps from “M|G with
Lorentzian metric h 4 to the unit hyperboloid in R'2, and Z is the vector field

cd
Z= [" “cCu,  Car] 9 (225)
2R 2R’ jon,,
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(which one can check as being tangent to #72 as of course it should be in order
for Eq. (2.24) to make sense). If one adopts the Gowdy parametrization of #7

[10],
ny=chw+cos¢shw
n,,=shw sin ¢
(= ny=ch w—cos ¢ shw),
the metric induced from (2.23) on #?2 becomes, after some algebra,
Srr @5 dvt = dw? +sh? w dg?,
and some more algebra gives

Z=2"¢,+2%,

Y {[Cf(sh w — cos ¢ ch w) + ¢2(sh w + ch w cos ¢)

¢
—2c,c,chwsing] E

1 2 2 . 6
+m [(¢y—c3)sing—2c,c;cos ¢] %}

Equation (2.24) can be written as
1 , oM ay” ]
—RSQA(RQA."K)*_}IABFZMWEX_B: I\,
and by calculating the Christoffel symbols of (2.27) one finds

chw QA¢QA W= Z¢’

1
_ cpA
R Z(RZP)+2 shon

% P ARV *'w)—shwchw 297, ¢p=2",

(2.26)

(2.27)

(2.28)

(2.29)

(2.30)

ARV AL given by (2.28). In terms of the parametrization (2.26) the n“’c,c, term

appearing in (2.21) and in (2.6) reads
n“c,c, = (chw —sh wcos ¢) ¢+ (ch w+sh wcos 4) c3

—2shwsing ¢ c;.

(2.31)

To rewrite the constraint equations in terms of these variables let us note that since

detn,, =1 we have
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g - bd b cd
nmnhdnab+n('d+ = (n“(n —n“n ) nuh+nr(l+

yadgzbe
—ETE N Ny

=2(—ng, Ny, 4 +n(2)1+ )
= Xy (2.32)

(where £ =0, §'2=1), which is twice the norm of the vector Y, =¢, y5(é/0y")
in the metric on J#2. Therefore, (2.13) reads

R? eZBn"hCuC
R, =4—;+ (B, —3,N°) R, —T”
R
— 7 (wi +sh?wgl) (233)

Let us for completeness write the equation for R(#) in terms of this parametriza-
tion of 4,,; from (2.32) one obtains:

2,RZ"R 1 3,
R(h)=?—5(9,, wZ*w + sh? w@m,@w)—ﬁn Pe ch,  (234)

(n“*c,c, given by (2.31)). Let us remark that the parametrization (2.26) is not very
useful either on S2x §! or on §3 because on the axes of symmetry 4,4, =0, R=0,
and (2.26) becomes singular there. One can try to remedy this by a somewhat more
ﬂexibI.e parametrization of the metric as presented in Gowdy [10], the resulting
€quations seem however to lose their simple geometric interpretation and become
qu“i unpleasant to handle. This problem is (at least in part) solved by an “Ernst-
type” parametrization of the metric which we discuss in the next section.

3. THE FiELp EQuaTions —AN ERNST-TYPE PARAMETRIZATION

arbitrarily chooses a U(1) subgroup of U(1)x U(1),
) = we shall for definiteness call G,. Let X, be the corre-
sponding Killing vector field on “ 7, et ‘M= pe® a- the orbit of p under G, is
one-dxmens:onal}. *A, is a circle fibre bundle over the manifold 4 7, /G, so that one
icrz:ntl:{se the methods o.f [8] (cf. also [15]) to obtain the field equations on *.#%,/G,
mani;sl(;vay. one obtains well.-posed .geometric equations on a three dimensioqal

old with a smooth metric even if X, “has an axis.” (For completeness we dis-
n method in Appendix E.) In this section rather than start-
tentials to obtain the equations for n,, as done in
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Appendix E, we shall derive the equations for the twist potentials by a
reparametrization of the equations of the previous section. Let us define

2u

e =4y, A=e iy,
(:> /‘~22=R2672u+€2uA2)’
Lap=€"hp. (3.1)
(Let us stress that the functions A4, u, and y,, are regular whenever 4,, > 0, while

the regularity of n,,=4,R ' requires R>0.) Let Z, denote the Riemannian
covariant derivative of the metric y,,. With some work (2.5) leads to

7,7 R= —e;;cf—(“ ;;f‘)z, (3.2a)
%Q_A(Rg_f‘zl)z "4"95;?3/’ -";;‘f%, (3.2b)
RZ, ("4"“;7:”1): —C'(CZR_ZAC‘). (3.2¢)
Equation (2.6) reads,
R(X)=29—,41497%—@5;—%—%(“&—2;2 (c;—Ac,)?, (3.3)

where R(y) is the scalar curvature of %, and the constraint equations (2.33) take the
simple form
4uA

14
CoR,L=(B, _p{)N“)Ri _R<u2i + 4R’? )

2f+ et

¢ 2
4R

4R3 ((.:_A(.])~_
p=B+u

The form (3.4) seems to be the simplest one, and therefore the most useful, for
discussing the constraint equations. Let us now presem.a reformulation of
Egs. (3.2) in terms of Ernst potentials. Recall that for any Killing vector field X the
twist vector

(U;; = guv;w XVVPXU (35)
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satisfies [8] 3.6)
Oy =0. (

Let X=X,; from (3.1) and (B.10) one finds

1
W= —oeape"DPA—c X,
=—%54384“975A—61Xf,, (3.7)

where £, is the “alternating symbol” of the metric y 5 Eap = Q, Eo3 = W
(one can check that (3.6) holds using (3.2c) and (E.9b)). Inverting the relationship
(3.7) one finds
L4A=2,A=Re "¢ ,h* (o + O XZ2)
=Re 31" (we+ ¢, X2), (3.8)

and the equation §¢'#%,2,4 =0 gives

PA[Re 4"(wA+C1Xi)]:O- (3.9)

It follows from the discussion of Section 1 that we may witl~10ut loss of generagte)t'
suppose that the first deRham cohomology group H'(*“.#7/G)=R or {0}.

@, dx* (possibly equal to zero) be a fixed generator of H'(*.Z//G), thus there exists
a real constant c(w 4) such that

W= 44+ 0, Dy4=clw,)d,,

for some scalar function w (

defined up to a constant); (3.9) can be written in the
form

Z (Re™*G4y) = W, (3.10)
V= -Z'[Re @, +c, X2)],
and Egs. (3.2b) and (3.10
a map from *. 7, /G to t
metric

) can be recognized as equations of a harmonic type f;)r
he two dimensional space (y*)=(u, w)e R xR with the

—4u

Teedr¥ dyt = a2 46 4,2 (3.11)

and with a source term,

DU(f. 1)NRY ;) =y,

A -~

mi “i
Y=y Vs
= s — ¢ e ™ _ g
= —-QA[R(’ 4 (wA+ClX,24)]$_ T C%a (312)
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It is well known that the metric (3.11) is again the constant curvature metric on the
hyperbolic two-space.® Due to the explicit presence of undifferentiated factors of A
at the right-hand sides of (3.2), (3.4), and (3.13), it seems at first sight that there
is no genuine twist potential reformulation of the equations of the previous section
unless ¢; =0. Now the constants ¢, must vanish on S?>x S! by a theorem due to
Papapetrou (cf. [14]), thus problems can arise only on T2, let us discuss this case
in some more detail. If the variables x“ and x“+ 27 were not identified we could
simply rotate the axes appropriately and obtain a coordinate system in which
¢;=0: indeed under rotations of the Killing vectors

Xi=cosk X, +sink X,
(3.13)
Xs;= —sink X,+cosx X,

the constants ¢, rotate as a vector. On the torus we cannot perform such coordinate
transformations : if we insist on X, = d/0x“, we only have the freedom of performing
SL(2, Z) rather than SL(2, R) transformations. We can however set

62'}Eﬁ-ﬁ, z‘i=€_2ﬁ).§i, (3.14)

and from the covariance of the formalism of Section 2 under rotations (3.13) it
follows that the equations for 4, @, i, etc., can be obtained by “hatting” the equa-
tions derived in this section. Choosing x appropriately in (3.13) so that ¢; =0,
¢3=c>0, one obtains:

c‘A)A:“A’.A""f’m d_)[A,B]=O,
2
= = ¢
P47 R= — g
1 _ B o4 o
R W(RZi)= — B 1P D,
F[Re ¥ 4+ @,)]=0,
_ . 67412 L 3(,2
R(y)=22,42+ > XABwAwB_?__I?’
o % LI i1s
~ a2 )
aoRi=(ﬂi_agN0)Ri'_R<u2i+ 4 (l)i)— 4R3_C. ( )

® The coordinate transformation sh w cos ¢ =we ™, 2shwsin ¢= e~ Me™ + wz— 1) brings (3.11) to
the form (2.27). The author is grateful to P. Mansfield for providing the explicit form of this trans-
formation,

595/202/1-8
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Given a set of functions &, i, R, y4p satisfying (3.15) and a constant x one can
obtain A from

G A=Re ¥ 11" o, (3.16)

then (3.14) determines 4,; letting

Xi=xriX",
: (3.17)
cosk  sink PR
(KZ:( . >, Ka:(k&) >
~SINK COSK
one has
Dap= KK A s (3.18)

The metric 4 4 is determined from 4 48 =€ x5, and given any two functions g*

M* satisfying (E.14),
1 ab
argu—aeMaz-—‘/_detII;ABA Cy (319)

one obtains a metric (2.7) satisfying vacuum Einstein equations (g“ can be made
f-independent by an appropriate coordinate transformation, cf. next section).

For further reference let us note that if Xag dx* dx® = e*(—dt* + db*), then (3.3)

can be written as the dynamical equation for B,

0 A8z A

’IABaAaBB='IAB<‘6AuaBu+EZTB>

e“‘“*zﬂcf_*_ 3e*2/1(c2 _ACI)Z

+ 4R? 4R? ’

(3.20)

where n4p=diag(~1, 1).

4. THE T? Casg

When T=T%al group orbits are two-dimensional and for any globally hyper-
b:)hc development “.# there exists a neighbourhood ¢ of *Z such that the set
CHnC ),/G. is a manifold with topology (—¢, £) x S'. All the three parametrizations
of the metric—(i,,), (u, 4, R) and (4, &, Ry—are equivalent in the sense that all
three are smooth if any of them is. As noted in the previous section the (i, 4, R)

parametrization gives the simplest framework to discuss the constraint equations.
Let us rewrite (3.4) in the form
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CoR.=f.R,—h,,

fi=By _BeNB,
4uA2 eZB eZB—4uCZ
hiER(“%_,_+e4R21>+4_R3(C2_AC1)2+TI>0~ (41)

Lemma 4.1, Let R, € C'([a, b)) satisfy (4.1).
(1) If R.(a)=0 then R (b)<0, and
R.(6)=0=R, |rus=hilrurn=0
(2) If R.(b)=0 then R, (a)=0, and

R+(a)=0=R+|[a,b] =h+‘[a.b] =0.
The same result holds with (R, , h,) replaced by (R_,h_).

Proof. Suppose that R, (x,) =0, solving (4.1) for R, we have

R+(x)= —'[ h+(y) ej‘;f‘(:)d: dy,
X0

and therefore in case (1) we get

b - »
R.(b)= =] h.(y) el dy <0,

with R, (b)=0=h|r,p=0=R,|(as =0. Case(2) is established in a similar
way. ||

COROLLARY 4.1. Let R, € C!(S') satisfy (4.1). Then either

(1) R, =h,=0,0r
(2) R,>0, or
(3) R, <O
The same holds with (R, , h, ) replaced by (R_, h_).
Proof. A function on S' can be identified with a periodic function on R if there

exists ae R such that R, (a) = R, (a+2m) =0, then by L.emma 41 wi.th b.=a +2n
we have R, =0, so that a solution of (4.1) on S' must either vanish identically or

must have a definite sign. |
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; 3
THEOREM 4.1. Let (g, PY) be U(1)x U(1) symmetric C* Cauchy data on T?,
k= 2. Then either

(1) c,=0R/Ox*=04,,/0x" =0 and h .z is flat, or,

(2) VR is timelike (g"*R ,R , <0), where R is (up to a multiplicative constant)
the area of the orbits of the symmetry group.

Proof. From Lemma4.l it follows that either R, R_ >0, or !LR, <0, or
R,R =0. At a maximum 6, of R we have R,(6,)=0 and (2.12) gives

€2B

(R.R_)(0,)= ~ N R7(05)<0,

thus R, R_ >0 is impossible. From (2.12) and from R, X* =0 one finds

e "R, R_=h""3,R0,R=h"3,Rd,R
=g"d,Rd,R, (4.2)

so that (2) holds unless R, R =0. In this last case changing the time orientation

if necessary we may suppose that R =0. This implies d,R=e® OR/0n, therefore
R, =204R, and (4.1) reads

dGR=f,0,R—1in,. (4.3)

Lemma 4.1 applied to ¢, R gives either 0gR>0, or 94R <0, or 3,R=0; neither of
the first two cases can occur because every function on S' has an extremum, there-
fore R is constant, R, =R_ =0, R,=0, and also h,=h_=0, thus 5u"=auA =
¢,=0, and (2.6) implies that the metric h 4y is flat. |

Whenever ¢“R R <0 a time orientation of “.# can be chosen so that V*R is
past pointing, and we shall implicitly assume in the remainder of this paper that

this orientation has been chosen. In this case compactness of X implies the
existence of £ >0 such that

R.s2e;  R_|y<e (4.4)

Equations (3.4) and (4.4)
of R u, 4, N, N?, R, u, A

N=eN,, QEL 5_f_N00_f ,
dno No\ ot 29
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then (3.4) can be written as

2R ou ™ 04
=g N+ 2 Ggu s+ =5 0p A —— 45
CoB =8N+ <69u6n0+4R§ 0 6n0>’ (4.3)
.éB e
/.Tnzko(ui+ui)+4Ro(Ai+A{)
2(B +u) 5 eZ(ﬁfuiC%
——(c,— . 46
+ g (et (46)

Given (u, A, No,u,, A,, N°)|sx one can solve (4.5) for B by direct integration
provided

ou e™ oA
L E g4 =0, 4.7
fﬁsl <69u6n0+4R§ o an0> (47)

and then (4.6) can be used to determine 8/t

Let us discuss in some more detail those space-times for which ¢, =0. We shall
show that every U(1)x U(1) symmetric Cauchy data set (g, P;) on *X'~ T’ with
this property can be obtained by embedding *Z as a hypersurface in a “canonical”
space-time “.# = (0, oc) x T in which R = it for an appropriately chosen constant
4. We begin with the following, well-known result (which holds irrespective of
whether the constant ¢, vanish or not):

LEMMA 4.2. Let h be a C* metric on *M =(—¢&€)xS', k=2, let the slices
{e}x S, ce (—e¢, &), be spacelike. There exists ¢ >0 and an open neighborhood € o{
{0} x S' in 24 together with a C*~"' coordinate system (T, ¥): € > (—¢,&')x S
such that

h 4 dx* dx®=e*®(—dT? + dy?),
T| {0} x S! =0,

with some C*~? function B.

Proof. Let (1,0)e(—¢ ¢)x S be coordinates on *.#, let ny denote t.he field of
future directed unit normals to the slices {t} x S, let n, be the field of umt‘tangents
to {t} xS set n, =n,+n,;. Let I',(p) denote an affinely paramet.rlzed null
geodesic through p with tangent n,(p) at p. It follows from spacell.keness of
{1} x S that for & small enough and for all pe(—6,6)x S" all geodesics I", (p)
meet {0} x S' once and only once. For pe(—3,5)x S let u(p), respectively v(k[i)l,
be the value of 0 for which I _, respectively I, meet {0} X S' uand v are C '
maps from (-5, 8)x S' to S'. Since u and v are constant along null geodesics it
follows that

B = h(du, du)=0, k" =h(dv, dv)=0. (4.8)
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A straightforward calculation shows that at =0 we have

\d 0w v) 2
(+} = 3
AT, 0) /—deth,y

so decreasing ¢ if necessary the map (T, 8) — (u, v) is a local difffomorphism. Let
Y=u+veS!, T=u—uv.

Still decreasing 4 if necessary one shows that T is a well-defined real number,. and
from what has been said it follows that (T, y)e(—¢,¢')x S! form a coordinate
system in a neighborhood of {0} x S', with T|o) x5t =0. From (4.8) one has

h g dx* dx® = 8628 du do = 5(— dT? + dir?),
for some C** * function B, and the result follows. |

In coordinates of Lemma4.2 a metric on *M = (0, c0)x T? for which R= At
takes the form

ds®=e**(—dt* + dO) + itn (dx* + M dt + g* dO)(dx® + M" di + g® db),
0, x°€[0,27]| moa 2x» detn,=1, re(0, 0), (4.9)

the constraint equations are given by (4.5)-(4.6) with ¢,=0, the dynamical
equations are the harmonic map type equations

DAty =0
X (4.10)
ay* o P
YA=W$;(Y )=(n) |,

and D is the harmonic map operator discussed in Section 3. A theorem proved by
Moncrief [16] shows that for any given (appropriately differentiable, say—smooth)
Marllos 0), (Cnp/20)(15, 8), 1,>0, a solution of (4.10) exists for all 7€ (0, oo ). Choos-
ing arbitrary B(1,, 6), (¢B/ét)(1,, 8), M(1,0), and g“(1,, 6) one obtains a vacuum
solut_lon of Einstein equations by integrating (4.5), (4.6), and (E.14) (with ¢,=0),
provided (4.7) holds. The arbitrariness of M “(1, 8) reflects some arbitrariness left in
our cogrdmate system: the coordinates x“ are not rigidly fixed yet since any trans-
formation x* - x< 4 fa(,, 0) preserves the form (4.9) of the metric. One could hope

to get rid‘ gf the g*s and M<%s altogether, this is however not possibie on
(0. xyx T?in general. Let us set

XY= x“.{.f",
afa
a sSa . 1

. 1 2r
g Eﬂjo g°(1, 8) do. (4.11b)
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Equation (E.14) shows that g is time-independent. From (4.11) one has
SUt 04 2n)= f%1,0) so that the map (7, 0, x*)— (¢, 0, ¥*) is well defined from
(0, 00) x T? to itself. (More generally. let n° be the largest integer smaller than or
equal to g: set of“/d0 = —g“+ g% g°= §“—n“; one again obtains a well-defined
map with the “leftover” g¢ satisfying 0 < g“ < 1.) Dropping bars, in the new coor-
dinates x“ we have

a

og
o6

=0=g"=g"Q),

and (E.11) gives M“= M*“(t). Choosing the constant of integration in (4.11a)
suitably one can obtain

M =0, ¢,g=0. (4.12)
Let us note that the coordinate system we have obtained is defined uniquely up
to

(1) a rigid (space-time point independent) rotation of the 6's, 6 — 6+«
0 W= 0;

(2) an SL(2, 7) transformation of the coordinates x“;

(3) rigid (space-time point independent) rotations of the x“’s.

THEOREM 4.2. Let (g, P;;) be smooth U(1)x U(1) symmetric Cauchy data on
TxT3 ¢,=0. Let

1 ) L
R L V— 34X LX) Py du(g))-
; [(271)3Lz(g o) i
There exists a smooth embedding i from *X to a four dimensional vacuum manifold
(*.4, ds?), such that (g;. P;;) are Cauchy data on i(*X) for *.#, where

(1) if i=0 then *.# =R x T* with a time-independent flat metric

2 __ _s2 i /
ds?= —dt* + g, dx' dx’, (4.13)

6;1 gi/ = 0’
(2) if 2 #0, then *.# ~ (0, x ) x T, with a metric of the form (4.9), (4.12).

Remark. 1t should be stressed that i(*2) is in general not given by an equation
t=1, in the coordinates in which the metric is of the form (4.13) or 4.9).

Proof. (1) Let A=0, from (A.32) we have

n i
LI (eﬂ‘—,’f)(ro,e)de
0 cn

h=—

1'[

’
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and it follows that point (1) of Theorem 4.1 holds, thus é,4,,=0 and h 4 is flat.
Let us use the coordinates of Lemma 4.2, 4, dx* dx® = e*2(—dT? + diy?), in which
flatness of h ,, gives

(83— 92)B=0,

therefore there exist two 2r-periodic functions f, ge C*(R) such that
BIT.¢)=AT+y)+ g(T—y). Let

N 1 2n 5 1 2n .
u'=—'[ e gy, v2=—f e¥) gy,
2n 0 2n 0
Set
1 (T+y 1 (T-v
0= __'[ 21x) _J 2g(x)
W, dx+2”2 . € dx,
1 T+y N 1 T—y
= — 2f(x) x
t e L e dx — —2u3v fo 2200 g

(The origin of the above formulae becomes transparent in the null coordinates
systems U=y +T, V=y—-T, u=0+ uAt, v=0—pit; the above expressions are
h‘owev.er more suited to topological interpretation than the corresponding expres-
Stons n terms of u, v, U, V.) From the definition of y and v we have

(T, +21) = O(T, ) + 2n,
(T, +2m) = 1(T, ).

Thus ‘he map (T,![/.)—f(z,()) is well defined from (—¢, &)x S, to (— o0, 00) X Sy;
one easily finds that it is a diffeomorphism between (—é&, ¢)x S' and its image, and

hapdx*dx®= —d + =2y~ gg2.
The argument leading to (4.12) applies and point (1) follows.

4
dina t(;-s ) fLEt # be any dcvglopment of the Cauchy data, let (T, y) be the coor-
the time orma 4.2 in a neighborhood (¢, £)x $'x G of *% in %.#. Changing
ime onentation if necessary we may assume 07R|55>0. We have

. 1 2n
A—ﬂjo 2+R(T, 6) df

(one easily checks that the integral above is T-independent). Let

0r=i"'9,R, 0,=i'4,R (4.142)
I:}_‘lR. (414b)
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Note that
0T, +2r)=6(T, )+ 2n,
so that (4.14a) defines a map from (—¢, &) x S! to S', moreover

a1
oW, T)

—J’R R,

so that the map (, T) - (6, r) is a diffeomorphism from an appropriately small
neighborhood of (—¢, &) x S' to its image, and therefore the map

(¥, x) == (t=A"'R(O, ¥), B(0, ), x*)

defines an embedding of X in a spacetime “.# for which R= ir ((4.14) preserves
the manifestly conformal form of the metric). A straightforward argument along the
lines of the proof of Theorem 6.3, using either Proposition 6.1 or the methods of
[16], shows that the metric which, so far, is defined only in a neighborhood of 3
can be extended as a vacuum metric to all 7€ (0, ). |

Let us stress that the construction of Lemma 4.2 gives a loss of two degrees of
differentiability of the metric, and the embedding of Theorem 4.2 gives a loss of one
more degree of differentiability for the components of the metric tensor. This is of
course irrelevant if one considers smooth Cauchy data only, but seems to be quite
unpleasant if finite differentiability conditions—e.g., some Sobolev conditions—are
assumed to be satisfied by the data. One way out of this problem is to declare the
Cauchy data for a U(1)x U(1) symmetric metric to be of a given differentiability
class, say W, if the Cauchy data are obtained by a coordinate transformation from
“canonical data,” as described in Theorem 4.2, of differentiability class W.

It should be noted that while all metrics of point (1) of Theorem 4.2 are flat, it
is not true that all flat U(1) x U(1) symmetric metrics take the form (4.13)—the flat
Kasner metrics have a “canonical form” (4.9). This is related to an interesting
corollary of the results of this section, that the space of U(1)x U(1) symmetric
Cauchy data on T2 has at least three connected components, in a C, or H,
(Sobolev) topology, k = 1.7 It should be of some interest to find out whether or not
this phenomenon is purely an artefact of the high symmetry assumed.

Let us briefly comment on possible generalizations of the ¢, =0 results to the
¢,#0 case. It follows from Theorem 1 that in a neighborhood of the Cauchy
surface in any development of (g, P;) one can choose a time coordinate T sgch
that R=,T (though of course a general *2 will not be given by the equation
T=T,), where 4 is a nonzero constant. In the case of nonvanishing c,’s the
€quation R=AT is incompatible with a manifestly conformal flat form of

7 One of the components consists of data for the flat metrics (4.13), and two for the metrics (4.9), with
R, cither positive or negative.
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B i 1
hpdx” dx® but N? can be set to zero, so that one has, at least in a sma
ABY ’
neighborhood of 3%,

ds*=e*B(—NZdT? + d*) + ATn 4(dx“ + g“ dy + M* dT)
x (dx" + g® diy + M* dT),
detn,=1. (4.15)

: in g g E.14
By an appropriate transformation of x“s one can obtain g“= g%(T), and ( )
gives

agu 1 2B a d
T _2nzr3€(N°e <) .

a 2B a
OM®_Noe'et 1 § (Noe?e) dip.
& AT 2T

The constraint equations give two ODEs for B, Eqs.2 £4.5)—(4.6), and the evolution
equation (2.21) for R becomes an ODE for No=e **N:

(LY _efneue, (4.17)
0T\NZ) ™~ AT

(4.16)

Unlike the ¢,=0 case, all the equations are coupled which makes them more

: X d
difficult to handle, in particular no long time existence theorem of the type prove
by Moncrief [16] is available yet.

5. THE S°x S! AND S3 CASE-—CONSTRAINTS

Both in the §2x §!
outset, due to the occu
vanishes, therefore the
since the ¢,’s are const

In the case ‘5 = §?2
of *X let X, be the ¢

and in the S* case an important simplification occurs at the
rrence of symmetry axes: on those one of the Klllll}g vectorS'
defining expression for the c,’s evaluated there gives zero:
ant [9] it follows ¢, =0 (cf. also [14]). l

xS'let G, be the subgroup of G which rotates the S faCZth
orresponding Killing vector field. The quotient *X/G, = S 18
a manifold and Eq. (3.1) defines smooth functions on *Z/G,. According IO.the
discussion of Section 1 the second factor of U(1)yx U(1) is, up to diffeomorphism,
a rotation of §* around the z-axis so that we can identify 0 with the angle a»;/qy
from the z-axis and 2 with the rotation angle ¢ around this axis, when S~ 18

considered as embedded in R*. Let us recall the following well-known result which
we prove for completeness in Appendix C:

5 ;
Lemma 5.1 Ler Ay be a smooth tensor field on the open ball B(c) <R, &> O" A;,
invariant under rotations around the z-axis. There exist smooth function
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a, B, 7, 0, & ¢, invariant under rotations around the z-axis, such that A takes the form
(r, @, z-cylindrical coordinates)
Ay dx'dx) = dz> + r*p dz dp + yr dz dr + or* dr’
+e{dr + 1 dg?) + ¢ dr di.

Since this result is purely local, the same holds when z and z + 2r are identified.
In neighborhoods of the poles of §%, 8 (or = —6) plays the role of r, x? plays the
role of ¢, so that smoothness of the metric g,

gy dx' dx) = (hgy + 4 g°g") dO” + 2g, dB dx'
+2g, df dx?+ iy, (dx")? + 24,5 dx' dx? + Ap(dX?)
implies, for small sin 6,
g, =O0(sin 8), g, = O(sin’ 0), A,,=O(sin* 9), R = O(sin 0),
A =0(1), 2= 0(1), ;2 =0(sin~20), i, gg" =O(sin> 0),
gy = hyo(sin 6 = 0) sin” @ + O(sin* 6),
R o= (41, hgg)*(sin 8 = 0) cos 6 + O(sin® 0), (5.1)

in particular
R,4(0)>0,  R,y(m)<0. (5.2)

Since P, is G-invariant so is K, = Pg,/2 — P;, and we have

K,=O0(sin20), Ky =O(sin’ 0). (5.3)
From (A.32) we have K, = —  é4,,/én and with the parametrization
iy=e,  Jy =Ae™, jyy= R+ A% (5.4)

one finds (recall that ¢/¢n= (1/N)é/ét— (N/N)¢/c6)

cu
u=0(1), A= O(sin” 8), 5;:0(1)
2| ‘5R .
A osin?0), S =0sin ),
on ‘n
in particular

a—li(sin 0=0)=0. (5.5)
on

In the S* case the situation is slightly different since one of the Killing vectors, say
X,, vanishes at =7 and is nonzero at 8=0, while X,(0)=0. X{m)#0. In this
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case (5.4) defines smooth functions on *Z, /G, where *%, = { pe *X: the orbit of G,
through p is one dimensional } ~ B(n), the open ball of radius # in R and the
parametrization

hp=e¥,  dy=Ae¥, A =R ¥4 A% (5.6)

defines smooth functions on *%,/G,, where 3£, = { pe 2 the orbit of G, is one

dimensional }. An argument similar to the previous one again leads to (5.2) and
(5.5) in the S* case. We thus have

LEMMA 5.2, Let (g, PY) be smooth U(1)x U(1) symmetric Cauchy data on
‘22 8'xS" or S°. On the axes of symmetry the vector VR does not vanish and is
spacelike.

The following is a straightforward corollary of Lemmas 4.1 and 5.2.

COROLLARY 5.1. Under the hypotheses of Lemma 5.2 let

1, ={0:R.(6)=0},
1. ={6:R_(8)=0).

() T, #8,1_#p, {0, 7)1, =
(2) 1, and I_ are connected.

(Thus each of I_ and I, either consists of a single point, or is a closed interval
interior to (0, m)).

Proof. We have R, (0) = R _(0) > 0, R,(n) = R_(n) < 0, therefore by
contxpuity I, #§. By continuity also there exists ¢ >0 such that I,ulc[en—el
thus it is sufficient to establish (2) in [, m —¢]. In this range of §s the functions 4,
Rf and’ u are smooth both for S* or for $2x §', and Lemma 4.1 shows that if
0, <0 el,. then [6%.0% 11, which establishes point (2). |

Let us note a result concerning “asymptotically flat” cylindrically symmetric
vacuum Cauchy data which seems worth mentioning here, though it lies somehow
out of the scope of this paper. A metric of the form (2.7) will be said to be “cylindri-
cally asymptotically flat™ if x! R, x?¢ [0, 277 oa 20, O € [0, ov), the set =0 is a
rotation axis and lim, ., R, ~ R = 0, lim, _, Rf,nz const > 0.xv

COROLLARY 5.2.  Smooth cylindrically

{1ata do not contain rapped surfaces which
isometry group.

symmetric “asymptotically flar” Cauchy
are either compact or invariant under the

¥ For the validity of Coroll i
Do b o 2 g‘i o ‘c.) ary 5.2 it would actually be sufficient to assume R, >cy, R_>coforall
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Proof. The inequalities R ,(0)>0 together with lim, ,, R,(6)>0 and
Lemma 4.1 imply that R, >0. A surface ’S<>X invariant under the isometry
group (=R x U(1)) is given by the equation § =0,; the trapped surface condition

Dn'+ K'nn;— K%, <0,
where #' is the unit exterior normal to 2S in *Z, by (A.32) takes the form®
R, (05)<0

(K =0 because of the symmetry axes) and therefore no trapped surfaces invariant
under the symmetry group exist. Now if %S is a compact trapped surface, let p be
any of the points on S such that 6(p)=max, :s8(g). It is easily seen that the
surface 6 = 6( p) is trapped, and the result follows from the previous one. [

The regularity conditions (5.1) impose an integral constraint on the Cauchy data
which we derive now; without loss of generality we may suppose N’=0. From
(4.1) we have

1 {d,R, +h, 60R4+h,} (5.72)
ﬁg_z{ R, TR ’ )
@=1{69R++h+_69& +h,}’ (5.7b)
on 2 R, R_

and smoothness of §, implies that the ratios (9,R . + k. )/R, are smooth. (Let us
note that this imposes nontrivial constraints on the Cauchy data on I, I, asin
Corollary 5.1, and in neighborhoods of I, ; we, e.g. have (6yR. +h.)l;, =0.)
Integrating (5.7) gives

I (% (G,R, +h, 69R,+h,>
— B0)== + do. (58)
B(x)— B(0) Zjo( - _

From (5.1) and (5.4) on S$?>x S' one has

R(0)=e¥®,  Riym)=e?". (59)
Thus (5.8) gives
1 ¢x (3aR, +h, C"BR,+h_>
_ _ L (CeRe iy (CoX-TH-} g (510)
In | Ry(r)| —In|R , (0)] 2f0< x =

When 2~ §* (5.9) is replaced by
R%(0)=¢*,  Riy(n)= e, (5.11)

° The author is grateful to D. Christodoulou for pointing out this fact.
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In order to avoid the singularity of the (u, A4, ) parametr.ization o(f) thezr]ne;ll(c1 ?;
0 == it is convenient to parametrize g,, by (u, 4, f) for“(? 1,n, say, [o, n/f (,5 i
use (i1, 4, f) for 6 in [n/2, n]. Equation (5.11) and the “~ equivalent of (5.7),

1 (6,R, +h, 60R+Z}
= + )
a@B 2{ R+ R

B 1 6(,R++E+_69R+E} (5.12)
on 2 R. R_
. A
hi=R(uhi+ 4R+ 3
give
In|Ry(n)| — In|R,(0)|
=1J” (6(,R++Rh++6gR+Rh>d9
2y R, R_
lem (3,R, +RR, 6(,R+Rﬁv> (n) (g) (5.13)
= do+ul{—-)—u ,
+2J"/2( R, 7 R 2 2

where (B, u, A, R) and (B, i, 4, R) are smoothly related to each other on (0, 7) via
eZﬁ=R2€72u+A2e2u (eZu:RZe—2ﬂ+22e2ﬁ)’
de"=4de™,  Fta=f+u

We have the following equivalent of Lemma 42:

(5.14)

LemMa 53, Ler 8w be a U)xU(l) invariant smooth metric on *M =
(=&, e)x L, suppose that the sets X4X,,=0 (no summation over a) are sm003th
embedded Lorentzian submanifolds of ‘M, *2=8° or S?xS', with {0} X z
spacelike in *.#. There exists an open neighborhood O of {0} x*% and functions
(T.¥): 0> {Te(~¢,¢'), ye v _(T), ¥ (1)1}, with some &' >0 and some smooth
Junctions y ,(T), such that {t}x{y (1), Y, (1)} are axes of rotation, and

hapdx” dx®=e?B(—dT? 4 gy ?) (5.15)

for some function B. The curves t - (t, 4 _(

1)) and t — (1, (1)) are timelike for the
metric (5.15).

Proof.  The result is obtaj
the proof of Lemma 4.2: ip
these fall into three classes:

ned by essentially the same geodesic construction as 1n
-# one considers null geodesics lying in the (1, ) plane,

(1) geodesics which meet {0} x % without meeting first the symmetry axes;
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(2) geodesics which before meeting {0} x *Z meet the left symmetry axis;
(3) geodesics which before meeting {0} x *X meet the right symmetry axis.

For geodesics of point (1) above, 1 and v are defined as in the proof of Lemma 2.
Let ¢ be any smooth U(1)x U(1) invariant function defined on the symmetry axes,
with V#¢-timelike (with respect to the geometry induced on the axes from *.# ). For
geodesics of points (2) and (3) set u=1t or v= —t, where ¢ is the value of ¢ at the
intersection point of the geodesic with the axis, the details are left to the reader. ||

Let us recall a well known result'®:

LEMMA 54. Ler U(1) act smoothly and effectively on *Z, let (g, P;) be U(1)
invariant data on a compact manifold 3%, suppose that the set

S={pe’2:VgeU(l), gp=p}

is a smooth submanifold of *Z, let *.# be a vacuum development of *X. There exists
a neighborhood *O of 2% in *.# on which U(1) acts smoothly (and effectively), and
the set

S={pet0:VgeU), gp=p}

is a smooth Lorentzian submanifold of *O.

Proof. Let t be a harmonic time coordinate, let *0=(—¢ &)x°Z, e-small
enough. We have S=(—¢ ¢)x S (cf. the discussion in the first paragraph of
Section 2). |

Lemma 5.4 implies

COROLLARY 5.3. Ler U(1)xU(1) act smoothly and effectively on *Z,
X Stx S or S Let (g, P;) be U(1) x U(1) invariant data on 33 In any vacuum
development *.M of (g, P;) there exists a neighborhood of *X in which the sets
X4X,,=0 (no summation over a) are smooth Lorentzian submanifolds.

It follows from Corollary 5.3 that the hypotheses of Lemma 5.3 hold for 3):‘= s?
or $?x S' and we can thus construct the “explicitly conformally flat” coordinate
system of this Lemma, at least in a neighborhood of *Z in *.#. In these coordinates
N'=0, N=¢® a, =¢,+2,, thus the right-hand sides of (5.10) and (5.13) do not
involve B. Given therefore (R, A, u, R,, A,, u,) which satisfy (5.10) or (5.13) gnd fgr
which (3,R, +h,)/R, are smooth one can solve (5.7) for a smooth § which \'wll
satisfy (5.9) or (5.11). It is shown in Appendix C that if (R, 4, u, R,, 4, u,) sat13sfy
appropriate conditions on the axes then the resulting metric will be smooth on °Z.
To establish existence of solutions of the constraint equations one thus has'to find
(R, A, u,R,, A,, u,) for which (3,R, +h.)/R, arc smooth an_d which satisfy the
integral constraints. The Cauchy data set will be called generic ifr1,={0,}, 1, as

' Lemma 5.4 holds of course for any group, not necessarily U(1).
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in Corollary 5.1, and 8,R,(#,)<0, d,R_(6_)<0 (such functions satisfy the
(necessary) conditions of Corollary 5.1). This terminology is motivated by the
following result, which turns out to be quite useful in studying issues such as cosmic
censorship (cf. [5]):

PROPOSITION 5.1. The set of generic U(1)x U(1) symmetric Cauchy data on >Z,
’Zx 8% 8" or S3, is open and dense in a C* topology on the set of all U(1)x U(1)
symmetric Cauchy data.

Proof. Openness is straightforward, let us show density. For notational
simplicity, let us assume N°=0. Let &={R, 4, u, B, R,, 4,,u,, B,} be smooth
functions satisfying the constraint equations, suppose that @ is not generic and thus
30,:0,R, (8,)=R,(0#,)=0, or 30 _: 6,R_(6_)=R_(6_)=0, or both. The
only (slight) difficulty is to find a sequence @,={R,, 4,, U, B> (R (A)ns
(4}, (B,),} for which the ratios (84(R.),+ (h,),)/(R.), are smooth, the rest is
.relatively straightforward. Suppose that I, is an interval, then R, =0 on this
interval and thus dR,|,, =0=—h,|,. If I, ={6,} then again h (0,)=
—CgR ,(0,)=0, and thus in either case

hilr,=0=u,|;, =0, A,|, =0. (5.16)

Let 6, be any twg points of 1, , let ¢ be small enough so that 7, UI_ < (e n—¢)
note that there exists 6 >0 such that Rlr-.=0. Let ¢,, ¥, be any sequence of

nonnegative functions such that supp ¢,, supp Voo (e,m—e), Yy,N0, ¢,50in Cop
topology, and

Gul1. >0, Y|, >0. (5.17)
For Oe (e, n—¢) set
(R 0 6 5 e4uA2 "
+)a(8) = —L* R|(u, +¢,)+ R2+] e Npwrav g, (5.18a)
2] du 42
- A
(R)0)= - L‘R[(u‘wn)ue RZ—]e—fﬁﬂf«w dp,  (5.18b)

(cf. the proof of Lemma 4.1 for the origin of these integral expressions),

R"(0)=R(0+)+Jg (R+),.(l//)-2HR,),,(lﬁ)d¢, (5.18c)

0,
(uy) =\/—£(u
+/n R" + + ¢n)’ (518d)

(u )=\/z(u +
- R, - 8% (5.188)

,(0)=u(®, )+ '[: w m (5.181)
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RH
(A,),= /;ez‘*““"’Ai, (5.18g)

Bi)u=Bs. (5.18h)
A (0)=A(0,)+ fi (4. )"(‘/’)Jz“(A ) 4y (5.181)

with (R,),, (u,),, etc., defined on (¢, = —¢) via
(R,)FQL)"—_Q;)Q etc. (5.19)

2

It follows from (5.17)—(5.19) that for 0 € (¢, t —¢) and for n large enough:

(1) the collection @, consists of smooth functions satisfying the constraint
equations,

(2) &, fulfill the genericity condition,

(3) &, din C topology,

(4) in sufficiently small neighborhoods of ¢ and n—¢, R, and u, differ from
R and u by some n-dependent constants.

We can smoothly extend ¢, in the intervals [¢/2, ¢] and [r —e, m—¢/2] so that
(Rn’ A,,, u,, (R,),,, (A,),,, (u,),,)|(0‘g,2)u(nfa/z,n) = (R’ A’ u, Rn A,, uz)l(o,e,rzyumfe/z.n)'
In the S? case let 4, denote the difference of the left- and right-hand sides of (5.13)
(with (R ), for R, , etc.), similarly for S*x §' let 4, denote the difference of the
left- and right-hand sides of (5.10). If 4, is positive, an appropriate modification of
(u,), on (¢/4, ¢/2) can make 4, vanish; similarly if 4, is negative a modification of
(1,), on (m—¢/2, m—¢/4) can achieve the same result. Then f, can be defined by
integrating (5.7a) (with R,, etc. in the r.hs. of (5.7a)), (B,), is obtained from (5.7b).
It is easy to see that (8, ), =dyf, + (1/N)(d,B), coincides with B, on (¢, m —¢) and
is thus smooth. Since d;,, coincides with @ on [0, &/4)u (r —¢/4, 7], @, satisfies the
regularity condition on the axes. |l

For generic R, R,, etc., the discussion of existence of solutions of the constraint
equations is rather simple: if R, are generic, then é,R,(0,)<0 and thus, as 1s
well known, there exist smooth functions p , (6) such that

R,=—p, (0)0-0,) p.>0 (5.20)

Let (u, 4, u,, A,) be such that

[R(w v S} 0=pu00) (= EaRa0 (52D

4R

595/202/1.9
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Therefore there exist smooth functions y .. such that
414‘42i

4R

{69Ri+Rl:u2i+ ]}(9)=z¢(9)(9—91)- (5.22)

Thus
OgRy +hy 1

(5.23)
R, ps’

which is a smooth function on (0, =) since p , >0. The regglarlty con(::tlonsu(:rrlletnfi:
axes are easily taken care of by the arguments of Appendix C, and tletia:)rfs e
of the last part of the proof of Proposition 5.1 show that the' set of sohuw o e
constraint equations is nonempty for generic R, . One can s(1m11arly S (})1 e
of smooth solutions of the constraint equations when 7, = {8, } and't e undition
h,,h, asin (4.1), have a zero of any given finite order (the appropriate c:; e
on u and 4 being then that the functions h, have a zero of an app.ropr:.l " o;
with appropriately chosen coefficients determined by R, ); the case in which 1

I or both consist of intervals is discussed in Appendix D.

6. S?x S! AND S>—MaAXIMAL DEVELOPMENTS

ic
The aim of this section is twofold: (1) to show that all U(1)x U(1) symmetn

: ing °Z
generic Cauchy data on *Z, Y~ §?x S! or S?, can be realized by embedding
in a space-time in which

1
R=/sintsin @ (6.1)

for an appropriate constant J > 0, and (2) to show that the maximal globall(})’ hY]Pei:
bolic development of such Cauchy data contains the set (1, 0)e (0, n) x [0, © ],

) : .
coordinates (1, 0) in which (6.1) holds. Let us start with a result analogous t0
Theorem 4.2.

THEOREM 6.1. Let 35 =S52x §! of S3,
invariant smooth Cauchy data on *%, je.,

{0:R.(0)=0}=10,}, 9,R,(0,)<0.

Reversing the time orientation
smooth embedding of 35 in

1 1
let (g,, P;) be generic U(1)yx U(1)

if necessary we may assume 0 <0 ,. There exists ﬁ

a space-time ‘M =>4 x U(1yx U(1), 24 = {(T, ¢<'
velo.n], Te(T_(y), T (YN}, for some smooth functions OSZ—(‘/{)Of
T (Y™, such that . is 4 development of (g, P,), and the metric on *# IS
the form

d5* = &H(—dT? 1 dy?) + A, dx* dx”,

Vet 2,,=1sin Tsin y,

(6.2)
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where J is a positive constant given by

i 1 )
f=— —— (g, — X% d*
7=3(R(O,)+R(6)) 8n2jm)n(g,j 2 XX?) d’x,

V(R,)={pe’Z: g¢"R,R,<0}, n’=/detg,P" (6.3)

Remarks. (1) Let us note that the genericity requirement is both necessary and
sufficient for the existence of the embedding i described above, thus Gowdy’s
claim [10] that this result holds under more general conditions is incorrect.

(2) It will be shown in Theorem 6.3 that one can assume 7T _(y)=0,

T,(Y)=m

Proof. Let .4, be any development of *Z, (decreasing ‘.4, if necessary) by
Corollary 5.3 and Lemma 5.3 there exist coordinates (¢,6) on 4 #, such that
h 4 dx* dx® = e2Bo( —dt* + d6?). Let

f=% ' R, (0, x)dx+4, (6.4a)
2
L’ R (0.x)d (6.4b)
g=—5] R(O.x)dx, .
1=L[R(0,0,)+R0,0 )]+1JB*R(0 x) dx. (6.4¢)
"_2 U 4 s UV 2 o \Vs

(For 6e(6_,0,) we have R, >0, R_ <0, and thus R,>0, in particular the
integrand in (6.4c) is positive. One also finds that V(R,)=[6_,0,]x U(1)yx U(1)
and the equality of (6.4c) and (6.3) follows from (A.32).) From (6.4) we have
S '— g =0,R(0,0) and f(6_)—g(6_)=R(0,0_), thus

R(0, 8)=1(6) — g(9). (6.5)
In the coordinates (z, 8), R satisfies the flat space-time wave-equation,
(@*—d3)R=0, (6.6)
it follows that for (¢, §) such that 0<u :=t+0<m, 0<v:=0—t<m, one has
R(t,9)=f(t+9)—g(9—t). (6.7)
We claim that f and g are positive: indeed we have
f(0)=0=>0=60,, g(O)=0=0=0_. (6.8)

Thus 6, and 0 _ are the only interior extrema of f and g. Now for 6> 6 _, respec-
tively <0 _, we have R_ <0, respectively R >0; thus g s positive. To show that
S is positive it is sufficient to prove that f(0)>0, f(x)>0. From (6.4) we have
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6_
f(0)= fo R_>0 because R_>0o0n (0,6 _),

N =

f(n)=—%r R_>0  because R_<Oon (f_,n);
6_

thus .
O0<f<i

Let us also note that
1o N
g(0)=/1—5f R, <2  because R, >00n(0,6,),
0

g(n):[t+%fT R, <1 because R_ <0Oon (6, n),
a,
so that we also have

O<g<i

/f and g can be written in the form

O =i1-£,6)06-0,)),

1 ¢t 1
(f1(9)= —IL dt L ds 1f"(8, +ts(0—9+))>,

g(0)=ig,(0)(0—0 )2
<g(0)=1jldzfldst "0 +1s(0—0 )))
1 1), o 14 - - :

NOW f”(0+ )= %69R+(0s 0)
positive in a neighborhood

0<f,.

Similarly £:(0_)>0 and by (6.12) for all 6 ¢ [0, =],

O0<g,.
Define

¥(t, 6) = arcsin[ /8(0—1)0—1t—0 )]
—arccos[\/fi(0+1) (1 +0-96,)],

T(t,0)= —arcsin[ g(0—1)0—-1t—06 )]

—arccos[\/fi(0+ 1)t +6—9,)],

(6.9)

(6.10)

(6.11)

(6.12)

(6.13)

(6.14)

<0 thus £,(6,)>0, and feC? implies that f, is
of ... Equation (6.10) shows that for all 0 € [0, 7]

(6.15)

(6.16)

(6.17)
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where the arccos and arcsin branches are chosen so that
arcsin(0)=0, arccos(0) = n/2.

By (6.17) and by what has been said it follows that i and T are smooth functions
of t and 8. The origin of (6.17) is easier to understand if one rewrites (6.17) in the
form

V LU
A Sin2-2—=g(v), ,”131n25=f(u), (6.18)

with U= T+, V =y — T. Equations (6.7) and (6.18) imply
R(T, )= 4sin Tsin . (6.19)

From (6.17) and (6.18) for v#6_ and u#0, it follows immediately that
dU/du >0, dV/dv > 0, but one also has

vV
lim d—: g.(0_)>0,
dv

v 0_

dU
lim —=2./f1(60,)>0,
du

u—0,
and therefore (, 6) — (T, ) is a diffeomorphism in a neighborhood 4 of *X in *.4,
(smoothness at the axes of symmetry can be checked using methods of
Appendix C). *.# can be defined as the diffeomorphic image of *C by this
diffcomorphism. Equation (6.18) implies that the manifestly conformally flat form of
the metric preserved. To establish the claimed range of the coordinates (T, ¢) let us
note that (6.10) and (6.12) imply

O0<T<m (6.20)

Since on the axes R=0, (6.19) and (6.20) show that in the (T, ¢) coor.dinates the
axes are given by y =0, 7. At this stage we have established all our claims but the
fact, that M“ and g“ can be set to zero. Now Eq. (E.14) shows that é‘fg”:é?gM”
since ¢,=0: thus the one forms a*=g*df + M* dr are closed. A stralghthrward
computation using (5.1) and the results of Appendix C shows that the functions g*
and M“ are smooth and bounded up to the axes §=0, n:'! by simple connected-
ness of 2.4 it follows that there exist f such that a®=df*. Using the methods of
Appendix C one can check that the transformation

(1,0, x*)— (1,0, “=x+f9)

is a smooth diffeomorphism of *.# to itself, and in the new coordinates M“ and g“
are equal to zero. ||

" Note that g%, M* are defined as 1%gg,, A’M, and 4% is singular at the axes.
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Let us comment somewhat on formula (6.2). As we have seen the functions
n,,=4,R " are not smooth on *.# because R vanishes on the axes, but the 4,
are smooth everywhere. In the S>x S' case smoothness of %, is equivalent to
smoothness (and appropriate boundary behavior for =0, =, cf. Appendix C) of R,
A, and u (cf. (3.1)). In the S* case smoothness of 4,, is equivalent to smoothness
(and boundary behavior) of R, A, u on >.#\{6=n} and smoothness of R, 4, i
(cf. (5.6)) on 24\ {8 =0}.

To prove the main result of this section, Theorem 6.3, we shall need the following
difficult result due to Christodoulou [4]:

THEOREM 6.2 (D. Christodoulou). Let a>0, let B(a) be an open ball in R?, let
XeC*(B(a), #?), XeC*(B(a), TH?),

X(p)e Ty, where #? is the two dimensional hyperbolic space. Let C(a) be the
domain of dependence of B(a) in R'?, C(a)={(1,x)eR> 1€[0,a), r<a-—t},
suppose that X and X are invariant under rotations of B(a). There exists a unique
smooth map x € C*(C(a), #?) satisfying the harmonic map equation,

DA("a h) XaZO,
ox .
x(0, p)=%(p), a—’,‘(o,p)=X(p),

where n is the Minkowski metric on R'? (n=diag(—1, 1, 1)) and h is the standard
(constant curvature) metric on #2.

PROPOSITION 6.1. For t,<7,eR, a<heR, t<to+b—a, let C.={(1,0)eR”
1€ [1o, 1), at1=lo<O<b—t+1ty}, let XeC*((a,b), #7?), Xe C*((a,b), TX?),
X(OVe T H7, let Re C*(C,,), suppose that for every t <1, there exists &(t)>0

such th(.II Rlc.>e(t). There exists a unique map xe C*(C,, #?) satisfying the
harmonic map-type equation 0

D%(n, h)(RX ,)=0,
. g :
X0.0=%0), = (0,0)=X(6),
_ Outline of Proof. For ¢ <7,
either by using Nirenberg—

functionals (cf, e.g., [1]; rathe
reference o

the existence of xe C*(C,, #7?) can be established
Gagliardo inequalities and appropriate enersy
ne should r than using integrals over the whole space as in that
compact giobally h l;se' energy integrals on slices ¢=const intersected W}th
simple proof may geper olic subsets of C,, cf, e.g, [11, Chap.7]); an alternative
kind of CQUationZ b ﬁven using a generalization of C , estimates derived for this
can pass o the | y Moncrief [17], as in [6]. A simple argument shows that on¢

€ imit 7> 7, and obtain a solution defined on C (note, however,

™
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that if info, R=0 the solution may blow up in H]* seminorms, k >2, as one
approaches t,). 1

THEOREM 6.3. Let (g, P;) be generic U(1) x U(1) symmetric Cauchy data on *%,
352 S?xS! or S3, let M be the maximal globally hyperbolic development'? of
(8> P,). There exists an open subset *C of *M(possibly equal to ‘) and a coor-
dinate system on *C such that

ds® = e*B(—dT? + dp?) + A, dx* dx”,
det 4, = Asin Tsin i, A,=0, (6.21)
x“€ [0, 27 ]| modaz2x- T € (0, 7), yel0,n]

Remark. Theorem 6.3 shows that for generic Cauchy data no singularities
develop in *“.# before the boundaries T=0, n are reached. One expects these boun-
daries “to contain” either curvature singularities, or Cauchy horizons, or both (cf.,
eg, [13,5]).

To prove Theorem 6.3 we still need three auxiliary lemmas:
Lemma 6.1. Let I={(T,¥)e(0,)x[0,n]:y<T<n—y}, H={T.y)e

(0, 1)x [0, n]:t— W < T<y} (cf Fig. 1), let R=sin Tsiny. There exist smooth
coordinates t, r: [+» @ c R, [ F: Il <> O < R?, such that

Rl,=r, Rlu=F (6.22)

and
(—dT? +dp?)), = Q¥ —dr* +dr’) (6.23a)
(—dT? + dp?)] ;= Q2(—di* + dF?) (6.23b)

for some positive functions Q, Qe C*(0).

Remark. 1In the interiors of the remaining two triangles in Fig. 1 one can, essen-
tially repeating the proof below, introduce coordinates such that R=1.

Proof. In I set
r:R, tAT:RVw7 I.w:RvT’

and from det o(r, 1)/8(R, T) = Ry — R?T>0 in I it follows that the map so de?ﬁned
is a diffeomorphism. The coordinates (F, f) are obtained from (r, t) by replacing ¥

byn—y. |

We shall say that a closed subset X of (0,7) -x‘[(.), n]is a spacelike Cauchy
surface for a subset & of (0, #) x [0, n] if it is the disjoint union of &/, , X, and &/,

2 Ct, e.g., [2] for a definition of the notion of maximal globally hyperbolic development.
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II

FIGURE 1

and «/, (/_) have the property that for every pe .o/, (pe.s/_) every past (future)
directed past (future) inextendible causal curve through p meets either one of the
axes or meets 2; and if the curve meets Z, it does so only once. .o/ will be said to
be globally hyperbolic if o contains a (spacelike) Cauchy surface. It is easily seen
that this definition of global hyperbolicity coincides with the standard notion of
global hyperbolicity on o x U(1) x U(1) with a metric of the form (6.21). Domains
of dependence in (0, 7) x [0, 7] are defined in an analogous way.

\ LEMMA 6.2. Let of be globally hyperbolic open subset of (0, n) x [0, n], let 8«
¢ @ smooth vacuum metric on of x U(1) x U(1) of the form (6.21). Let (1, ), (i 7) be

l

FIGURE 2
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coordinates of Lemma6.1., let A={t,}x[0,ro)cdnl, A= {tp} x [0, 7)) =
A NI let D, D be the domains of dependence of A, A (cf. Fig.2). The metric g,
can be uniquely extended to a smooth vacuum metric g on o/ U 9 0 9, such that

glo=8u.

Proof. In the coordinates (¢, r), (f7) on @ and Z the o-model equation (3.12)
reads

DrY,)=0, DA(FY,)=0 (6.24)

(by simple connectedness of 2 and & there is no @-piece). (On S?x S* one should
use the Ernst formulation of the field equations to obtain the “reduced” form of
Einstein equations with respect to the same nonvanishing Killing vector ingor;
on S* one should use different (appropriate) Killing vectors on & and on Z.) Equa-
tion (6.24) is the harmonic map equation for a rotation invariant map from R'? to
#?, the metric g . iInduces rotation invariant smooth Cauchy data for this equation
on B(r,), B(r,) = R>—existence and uniqueness of solutions in &, % follows from
Christodoulou’s Theorem 6.2. Since R, R_ >0 on 2 U Z, B can be obtained on
2 v 9 by integrating (5.7). |

LEMMA 6.3. Let o be as in Lemma62, let {To} x[¢,,¥,]lcsd, O0<y, <
Yo<m, let @ be the domain of dependence of {To}x [W1,¥-] in (0,7n)x [0, ],
D={(T,y)e(0,n)x[0,n]: ¢,—¢y<T—To<y<y, and —yY,+Yy<T—T,<
Y2~} (cf. Fig. 3). The metric g, can be uniquely extended to a smooth vacuum
metric g on of U D, such that

lo=8u-

(TQ, ‘I’l) (TO;‘I’Z)

FIGURE 3
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Proof. The metric g, induces smooth Cauchy data for the harmonic-type map
equation (2.24) with ¢ =0, which by Proposition 6.1 has a unique solution on 2.
One can solve the linear wave equation (3.20) for f in & to obtain a smooth metric
(6.21) there. The equality g| ., = g., follows from well-known uniqueness results on
globally hyperbolic sets.

Proof of Theorem 63.* By Theorem 6.1 there exists a globally hyperbolic
subset .o/ of (0,7)x [0, n] with a metric of the form (6.21) defined on . If
o #(0,7)x [0, 7] one can find spacelike submanifolds in .o/ satisfying either the
hypotheses of Lemma 6.2 or of Lemma 6.3 and extend the metric to a larger, still
globally hyperbolic, subset of (0, 7)x [0, 7]. Let U denote the set of all open
subsets of (0, 7) x [0, n] for which X is a Cauchy surface and on which a smooth
vacuum metric, development of the Cauchy data, of the form (6.21) is defined. Let

M=) .

AeU

Let pe "M, by definition there exists an 42 and an open neighborhood ¢ of p

on .which a metric g, is defined. By uniqueness theorems it follows that g+ is
</-independent, thus the equation

gle=g4c

defines a smooth metric g on M. 2 is an open globally hyperbolic subset
of (0,m)x[0,7]; suppose that MM # (0, 7)x [0, 7], therefore there exists
(To, o) e M =*M\*M. Changing the time orientation if necessary we may
suppose that (T, i) is to the future of £. We claim that there also exists
(To,'I/?)E@Z‘JR such that the causal past J~((T,, ¥o)) intersected with &*9R is
empty™: let I', be past-directed null geodesics in the (7,y) plane through
(To, B} (1", U T_) &M= set (Ty, o) = (To, Fo), and global hyperbolicity
?fl W implies J~((Ty, Yo)) N M =P, If A M#g, say I, noM#P 1t
})ﬁlows by Closegness of 3°M that there exists a point (T, Y,) on I, such that
T((T"’ w"))?a ‘.Ut;ﬂ, Suppose that y,#0 or =, let ¢ be small enough so that
(To—e. ¥o) € ™M; since 3?9 is closed and J " ((Ty, Wo)) n 3*M =P it follows that if
Bclsz\snrzn.all enough there exists 6 > 0 such that § = (To—e}x[Yo—e—0, Yot et 0]
- the' :gml;??mfa 2.3 the metric g can smoothly be extended to a vacuum metrc
dicting p e 2R o dependence of S which contains a neighborhood of p, contrd-

8P €Yo =0 or , a repetition of this argument using Lemma 6.2 ShoWS

that the metric can
. not blow up also on the achi —0or T=m
which establishes the theorem. | axes before reaching T

" The idea of the

proof is essenti .
" To simplify not, sentially the same as in [2].

ations we assume that p¢ J*( p).



SPACE-TIMES 137
7. CONCLUSIONS

The object of this paper was to develop a useful framework for discussing the
evolution problem for general space-times with U(1)x U(1) symmetric compact
Cauchy surfaces; the author believes to have achieved this goal. In the ¢,=0 case
we have corrected some erroneous, essentially minor, claims by Gowdy [10] and
have filled in several technical details which were missing in Gowdy’s arguments.
We have shown that the maximal globally hyperbolic development of U(1)x U(1)
symmetric Cauchy data on S* or S2x S' contains the “Gowdy square™ R>0. In
the case, hitherto undiscussed in the literature, ¢, #0 (= 35~ T?) we have pre-
sented two possible sets of reduced variables, derived the equations of motions
satisfied by them, and derived the restrictions imposed on the free Cauchy data (say
4b, 04, /0n) which follow from the constraint equations. The results of this paper
in the ¢, # 0 case seem to be a good starting point for an attempt to prove that the
maximal globally hyperbolic development of U(1)x U(t) symmetric data on T
contains the set R >0, and coincides with this set. It is tempting to raise the ques-
tion, does strong cosmic censorship hold in the space of metrics considered in this
paper? Encouraging results towards an affirmative answer to this question have
been presented in [5] in a restricted setting, the general problem seems still out of
reach at this stage.

APPENDIX A: CONSTRAINT EQUATIONS

The formalism developed by Geroch in [9] to analyze Einstein equations on
“.4/G, can be used to obtain a “reduced form” of the constraint equations on 351G,
G =U(1)x U(1), where 3£ = { pe>Z: the orbit of G through p is two-dimensional }.

Let X,= X' 8/0x' be the Killing vectors on 35 let
b= g XKLL A=)
R=(det i)'
hy=gy— XX,

and we use the convention that indices £ j, ..., €tc., are raised and lowered with
g"=(g;)" " and g, while a, b, .., etc., are raised and lowered with 2" and /. As
di~scusscd by Geroch [9], tensors on 3¥/G can be identified with tensors ¢!/ on
°L satisfying

t:j'll 1{1 - dk X:; = I{II I:‘ h I’de\ = 0’ (Al )
Lol h=0, (A2)

where Zy, denotes the Lie derivative with respect to X,. Under such identiﬁcatioris
h, defines a natural metric on *£/G. For Xe T(*%2/G), the derivative operator D;
defined by

D, X/ =h"h D, X", (A.3)

N
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where D, is the Riemannian covariant derivative of the metric g, is the Riemannian
covariant derivative of the metric #,,. Since the Killing vectors commute we have

X|DX'\=X!D,X}, D.X,+D;X,=0 (A4)
>DApX/ =0, XD X,=X'DX,=1D},. (A.5)

Let K be the extrinsic curvature of 2 < *.#, let P, = Kg,— K,

K=g"K,, let
K=K, X.X], P,=P,X.X],

Kaj:,’ijKik’ I_)aj:hji'XsPika

K=K, P=#'P,, (A.6)
and we have
KU:EhU’ p,’j=Phij’
Kff= Khlj'f‘ K{"—X;’ + Kan;l + KabX;IX;,’
Pij:phij+}_)aiX]g+ﬁan?+PubX?Xf' (A'7)
Let us introduce the “twist vectors,”
wh= e, DIXE, (A8)
BL=Hol,  w,=Xioy (*9)
Equations (A 8 H(A.9) imply
DX ;=e,(0f + 0, XF). (A.10)

From (A.8)-(A.9) one also has
@, =hl eV D X,
=i (h] + XIX$) e D X,
= —e""h XD, j,
= =" bk XD, 2,

=0, (A.11)

and we have i . - .
used (A.5) and A% =0 since h;; has rank 1. Equation (A.10) g1ves

D"Xaj=e,'ijfU):. (AlZ)

Contracting (A Sth pilm ;
8 (A12) with ¢ X{X}X,, and making use of (A.5) one obtains

D,y = al,'ika(" XakD,‘Ab(.. (A13)
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It is simple now to obtain the reduced version of the vector constraint
D,Pi=0. (A.14)
Equations (A.14) and (A4) give
D(P;X])=0, (A.15)
and the invariance of P, under the action of G yields
%y P,=0=XkD, PV=P*D, X+ P"D, X, (A.16)
From (A.3), (A.7), and (A.16) we have
D,PV=h*"h! D (P! — PV X! — P"X! — PX. X}})

LI |

= —X“h! XD, P"
= —P*hih5 4 XPX[) Dy, X,;, — P'D,;R/R

aj

— 1p*pij,, — P'D,R/R (A.17)

(several terms vanish because D, X,; is antisymmetric and h[',h,] =0), in a similar
way one derives

D,Pi = —P.D,R/R. (A.18)

Equations (A.17) and (A.18) can be finally written in the form

D,/(RP!)=0,
(A.19)
N P R aby ;
D.(RP)=5 P*’D.l.uy-
Let us now derive the reduced version of the scalar constraint,
R(g)zKini/‘(gUK(f)2~ (A.20)

In order to achieve this we shall calculate the (vanishing) curvature sca}l;ir of i, in
terms of the curvature of g,;. Let X' be an arbitrary vector field on T(°2/G), thus

X' can be represented by a vector field on *Z satisfying
Xix,=0, % X'=0.
Let us temporarily “forget” that'® #f4;;=0; from
D,D, X' — D,D, X' =2h{ 1}, D(h]H, D, X")

' The idea is to derive a formula which holds regardiess of the dimension of *X/G, and to use R(#)=0

at the end of the calculation only.
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one obtains )
R,(h) X'={hih" R}, — 2:“hihiD, X, DX,
j n
—-2;‘uhh’Eihj”:l|DkXbiDmXul} XI’ (Azl)
which in turn leads to
AR, (h) = R(h) =3A°h"h"'D, X ;D Xy + h"W*' Ry (g)
=60w"w,,+3D2D . 1+ R(g)
—2X“X/R.(g)+ XX X" X! Ry (g). (A22)
The well-known formula for the second derivatives of a Killing vector,

DiDank = R[ijk(g) X([,,

gives
1 _ . = . =
X XEXIR =~ (D4, DAy, — D,i,, D'k ,),
XoXp X X 4Ry 73 (Ditoe D'y all Fab (A23)
o D'D,}, .
X:‘X{,RU: - 2 zw(awb’
which inserted in (A.22) yields
.. 5 25’13,R
0=R(h)=2wa,,w“”+K”K,~,—K +
3DRDR 1 _, . A24)
R (
where we have introduced
Ry =A, R (A23)

It is useful to reexpress (A.19) and (A.24) in terms of the tangential and norr?l?:
derivatives of the components of the metric. Let x“ be the coordinates along

orbits of G, let 8 parametrize the orbit space *£/G, as discussed in Section 1. From
the definition of f, one has

8y AN X = hyp dO? + 4, (dx“ + g* df)(dx" + g db),
a 7 a . 6
g=i"gq,, (A26)

which can be alsg written in the matrix form

4 B A B
Lo apllo x (g9 p)
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Equation (A.27) implies in particular

Jdet g=/det AR (A.28)

Let us set

hgg =" (A.29)

Equation (A.27) gives

1 o1kt 0 1 —(g")']
1
C R I ] P
=g70,0,=e P 0;—2e g 0,00+ (A +e *Bgig®)d,d,. (A30)

The definition of K,

10g; 1 " X
= 2%, (g N4+ g, NY, (A.31)
K, 26n+2N(g,k Y+ ga N

where we have set

N,-=go,-, N:(_gOO)fl/’Z, Ni=giij,

(note that N,= M,, M, as in (2.8), but N“# M“=i“"M,) together with
(A.28) gives

K _ la)»ub
@2 én’
16R_0B N
T " Rén én N’
a 'abK —_ _l_é_li
Ka=/. ab ™ Ré’n’
-~ ) ]
K=K—Ku:‘_£§+CH]C, , (A32)
“ on
_2B b i
Ki=K’= —%_<;'ab%g——% gia) (A.33)
a a n

(note that (A.33) is a little messy to derive by brute force: a simple derivation may
be obtained by combining (A.40) and (E.12)). From (A.7) one has

KK, — K?=2K"“K,,+ K“K, + (KJ)* — 2KK;. (A34)
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In the adapted coordinate system (x“ 6), Eq. (A.13) reads

—B, ¢
Wyp=€ "¢, Abz‘,ﬁ

- Ted NG 3 ™ -
> W0 =13%1“D) Dyi,.

which together with (A.32) and (A.34), inserted into (A.24), gives

~

D°RD 2 oR
| 55, g - D'RDoR + (2R/én) +<a_B_agNg>

4R on
—RI—(-'MK» _Bnabncd %%—mj+ﬁena¢-50nbd}' (A35)
8 on On

The last of Egs. (A.19) can be written as

R Ny 0Ny

JdR_d,R(0R/on) (0B 0 K ba (A.36)
o= (G oo e e
while the first two Eqgs. (A.19) read
69(ReBKf)=0, (A37)

which shows that Re®K?

( is f-independent. This quantity is in fact related to the
“twist charges,”

Ca=Eup X1 XVPX] (A38)

(where V, is the Riemannian covariant derivative of the metric g;,), which are
known to be both space and time independent (cf. [9, 14]). Let us in the standard
way identify vectors X* tangent to % with vectors X* on *.# satisfying X*n, =0,
where n,, is the unit future pointing normal to *£. One has the well-known formula

DX = (8 +n,n*)(88 +nPn, )V, xP
=V xf_ n,n“'V,]X” _ Xﬂ'nﬁvxnﬁ,

+nznlxnlfln1lV1|Xﬁ7 (A39)
and we have

K= —(0% + n,nmy(sn + n.n")Vv

Equation (A.39) can be used to express VP X in terms of D”X” and the remaining

lerms; inserted in (A.38) the D*X* term gives no contributions since it carries only
indices tangent” to 3 . using then

antisymmetry of V Hvpo

vy

Z, thus givin

& zero when contracted with ¢
=X, one obtains



SPACE-TIMES 143

Ca=Eupa XL X5(n°XEV N5+ nP0*VX )

uvpa
=26,,,e X' X3n°(g°° + nPn )5 + ngn®) XV ny,
=26, X X Kf X, =2e, X X|K}
=2Re®K?.
Therefore
e %c,
K= =0 (A40)

Equation (A.40) and the definition of D, D’ allow one to rewrite (A.35) in the form

3, R)* + e*B(8R/0n)? JB dR
(75R=( oR) 4R( /on) +€25<5’;*(34,NU>6—"+5(}B(‘)“R
ab
—ew%——g—n‘“’n“’ {ewag—n‘"%/Jr 6,,nm.(7(,n,,d}. (A.41)

Let us note that (A.33) and (A.40) give an evolution equation for g*:

og” eBc® 9 N° g d,N°
_ et GpN" g 0N A.42
on R + N * N ( )

APPENDIX B: TwisT POTENTIALS ON *./7

In this appendix we shall derive some formulae for the derivatives of the Killing
vectors which are needed in Section 3. Let 1, and A, be defined by (2.1) and (2.3).
We have

VX, +V,X,,=0, XV, X;=XV, X, (B.1)

because the X,’s are commuting Killing vectors, which implies

XV, Xy, = XV, Xpn= %Vu;'ﬂb’

(B.2)
X4V 4, =0.
Let us define

wuabzauzﬁ‘,vX:Vﬂng (B3)
vhy=hiwg,, (B.4)
Cope=0apu X! (B.5)

From the antisymmetry of C,,, in a and c one has
Cabc = - ch €acs Cp= EzﬂyéfogV."Xg . (B.6)

595/202/1-10
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Contracting (B.3) with ¢***X . one finds
Spa;u'.X:}wzb = 2;'0«'V0'Xbp + 2Xa[avp] ;'bl" (B7)
and a contraction with A* yields
VoMo =3 8apun X0y, + 35XV 1 Ay (B.8)
Contracting (B.7) with e”*#7 X3 XX leads to
Vi =ePX X Vi, (B9)
Equations (B.4)-(B.6) and (B.9) give
ki < 3 ¢ 3 x
o= XX NV shy —~ Eb £, X

Cp

= s“ﬂ"'éXEer; 95/1[,‘. — R

f X" (B.10)

so that (B.8) finally implies

R . 11
VoXoy= X{V 12— 5 5 0 X 1K (B.11)

Let us mention that (B.10)}-(B.11) are quite useful when deriving the reduced
Einstein equations (2.5)}-(2.6) using Geroch’s method.

APPENDIX C: FUNCTIONS AND TENSORS
INVARIANT UNDER THE RoTATION GROUP

. . . ; i jant
In this appendix, we shall derive some results about smooth functions mvaH?nn

under the rotation group, which will be needed in Section 5. As is usual, a rotatio

invariant function on R” will be identified with a function f(r), re [0, ©).

PROPOSITION C1. [Ler € C*(R") be invariant under rotations, 0 < k < oo. There
exists fe CX(R) such that

S(xXN=1(r)=f(r?), rr=Yy (x)2 (.

Remark. Equation (

o C.1) is obviously sufficient for smoothness of f, we show
that it is also necessary,

The proof proceeds via a series of lemmas:

LemMa C.1. For al0<i<k—1

(& s
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Proof. Let f(x)=f(x,0, .., 0). By rotation invariance f (x)=f(—x), thus

o) o[ o

By a straightforward induction argument one shows

Lemma C.2. Let f(s) =f(\/§). There exist real numbers a;, such that

(n) n—1
LT (=5 aum=o5rs
i=0

Lemma C.3. Let g(r)e C* ([0, o)), suppose that
g(r)=o(r*), g(ry=o(r" "), .., g¥(r)=0(1)
(we write f =o(r*) if lim, _ o r ~*f=0). Let g§(s)= g(\/;). Then g€ C" ([0, o)) and

lim g'(s)=lim g"(s)= --- =lim g"(s)=0.

s—0 5s—0 5s—0

Proof. By Lemma C.2,

il L i+ )2
lim g_“"(s)zlin}) Z aj‘ig(J—l)(\/;)s—(:H)/ =0.
s=0i=0

s—=0

Proof of Proposition C.1. Lemma C.2 and Taylor’s theorem imply

k (24) 24
fE(0) r
-yl _——+R,
f(r) E:o 2i)! k
R, satisfying the hypotheses of Lemma C.3. From the definition (C.1) of f we have

k 2i i
for=3 T R, Rl =R
i-0 '

For any finite k the first term can be C* extended to negative s in an o_l_)vious way,
while R, can, by Lemma C.3, be C* extended to negative s by setting Rk(s) =0 for
5<0. If fis smooth, a smooth extension of f can be constructed using standard
asymptotic expansion methods. |

Let us outline a proof of Lemma 5.1: first we claim that any smooth rotation

invariant one form w on the plane is of the form w=a(r*)r dr + B(r?) r* dg, for
some «, fe C<(R), which can be proved as follows: any one form can be written
in the form w=a(x')dr+b(x)dp (a,b possibly singular at the origin). Now
f=w,x' is a smooth rotation invariant function on R?, witl} f(0)=02, thus
f=r(r?), and we have ra(x')=f(x")=ra(r’), a=ra(r?). Since ra(r’)dr=
a(r?) x' dx' is obviously smooth, so must be b(x') dg. Let x be the Hodge dual
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operator of the metric dx’ + dy? then * b(x') d¢ is.a smooth rotatlofn mvzar]aznt
form, and * b(x’) dp = —(b(x")/r) dr so from the previous argument b(x }= rp(re),
and the claim follows. Let now 4, dx’ dx’ be a symmetric r(:tatlf)n invariant tegs?r
on R? thus A, dx'dx’=a(x')dr*+ 2b(x') dr dp + c(x') ,d¢_ v.v1th some (pioi_mb y
singular at the origin) functions a, b, ¢. From rotation invariance of iA ,j)!;x one
finds a(x')=a(r?). Consider the rotation-invariant one form w=4,Y ciix , whezre
Y'0,=x0/dy—yo/ox: one has w=b(x')dr+c(x")dg, therefore2 b(xz) = rzﬁ(rz),
o(x')=r¥y(r?), and A, dx"dx’ = (a(r*)— y(r?)) dr* + 2rB dr d + y(r*)(dr? + r* dg?).
The last term is obviously smooth and rotation invariant, so must be' therefore.the
sum of the first two, say 4,. Now 4,87 is a smooth rotation invar'lant function,
and we have 4, = (a(r’) — y(r*))/r?, thus a(r?) —y(r*) = (r) r2, and it follows that
Bydx'dx=2rfdrdf is a smooth rotation invariant tensor. Now Bij;
(s}k.r"x‘+s,-kx"x’)([i(rz)/rz), which will have an angle independent limit at the
origin only if $(0) =0, therefore 8= r2¢(r?) and Lemma 5.1 follows.

Proposition C.1 and Lemma 5.1 show that a necessary condition for smoothness

of g, dx' dx’, when an axis of symmetry is present, is the existence of functions 4,
4, R, fe C*(R) such that, say for small 6,

A0)=0%4(0%), u=u(6*), R(0)=6R(6?), (C3)
ﬂ = 5(92)’ (C4)

while smoothness and rotational invariance of K, implies existence of functions
cu/dn, 6R]on, 0A/0n, 0B/dn e C*(R) such that

Ou_u . 84 34 .,  GR 3R, C.5)
—=— —_—= — —=0—(0 s (
on 6n(0 ) on o on %), on Bﬁn( )
B_2 ., (C6)
6n_6n(0 )

If (C.3), (C.5) hold, a careful] examination of the right-hand sides of (5.7a) and
(5.7b) leads to

Bo=0(6%) = B = §(6?),
B
an - X(O )’
for some y, y & C*(R), which shows that if (C3), (C.5) hold then f, 3f/dn obtained

as solutions of (5.7) will satisfy (C.4) and (C.6), leading thus to a smooth Cauchy
data set (85, Py).

APPENDIX D-: EXISTENCE oF NONGENERIC SOLUTIONS
OF CONSTRAINT EQuaTiONS
Corollary 5.1 establishe:

S several properties of the sets / +, and it is of some inter-
est to find out, whether given any sets I, allowed by that coroliary, there exist
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Cauchy data satisfying the constraint equations for which 7, are the sets of zeros
of R,. This is indeed the case, in this appendix we shall briefly outline how
appropriate smooth Cauchy data can be constructed. The idea is similar to the
proof of Proposition 5.1. Let ¢>0 be such that 7, uI_c (e, m—¢), let B, ¢,
¥, € C™ ([e, m —&]) be arbitrary functions such that

{0:9%(0)+y%(0)=0}=1.,

(D.1)
{6:2()+y2(0)=0}=1_.
Let 0, €l,. For O [¢, n—¢] we define
R.(0)= _J“’ @ +¢2i)(p)e_jf,zstw>dw dp,
" (D2)

RO=Ro+3 [ (R, +R W) do,
0.

where R, is large enough so that R>0 on [¢, m—¢]. Equations (D.1) and (D.2)
imply
{ele,m—e]: R, (0)=0}=1,. (D.3)

Let u, be an arbitrary constant. For § € [¢, m —¢] set

1 6
ug%, uB)=p+3 | o +u)0) b,
A, =\/§€‘2“‘p1‘

At this stage one can proceed as in the proof of Proposition 5.1: extend u, 4, R,
du/dn, 8A4/dn, and dR/dn to [0, n] in a way consistent with the regularity conditions
on the axes, cf. Section 5 and Appendix C, with R>0, R, positive to the left of 1.,
and negative to the right of 7., if necessary modify du/én on (&/4,¢/2) or
(n—¢/2, n—¢/4) to satisfy the integral constraint (5.10) or (5.13), and solve (5.7)
for B, 0B/6n—the details are left to the reader.

(D.4)

APPENDIX E: ERNST EQUATIONS

In this appendix the Ernst equations of Section 3 will be obtained by a 3 +1
reduction of Einstein equations, following [15]. The methods of that refer.ence lead
explicitly to geometric equations on a three-dimensional manifold even if axes of
symmetry occur-—this fact lies at the heart of the method of the proof of
Lemma 6.3. -

Let X be a spacelike Killing vector field on “., let “M,={peM:X(p)#0}, let

=g, X' X" (E.1)
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The tensor field {15]
b1ﬂ=e2u(gaﬂ_eiqu1X[i) (E2)

defines a smooth Riemannian metric on *.Z,/G,, where G, is the group acting by
translations on the orbits of X, which we shall for definiteness assume to be closed.
We can choose coordinates x* = (t, x2, x*=0) on *.Z,/G, and x' along the group
orbits (X =d/dx'); g,,dx* dx* takes the form ([157)

8 AX* dx* = e~ bz dx* dxP + e*(dx' + f} dx¥)%. (E3)

Let X*=X{ be the first Killing vector field of the U(1)x U(1) symmetric metric
(2.7), define

A=1lye 2 (= iy= Rl 4+ A%,

(E4)
e=Xqdx"=Mdt+g*dd,  y.,5=e"h,p
Comparing (E.3) with (2.7) one finds
2
8y X" dx" = h 4y dx* dx® + Rl (dx>+ €*)? + e*(dx' + A dx* + ' + Ae?)
= by dx* dxﬂ=lm A de+R2(d);2+M2 di + g* do)*. (E.5)
Two of Einstein equations read {8, 15]
%:9%u= —Le *“bPw 0, (ES)
gi(e—‘tuwi)zo’ (E7)

7 i i 1 H : 4 . = ~ iS
where & is the Covariant Riemannian derivative of the metric bsz, and w; = 0x ;1 "
the twist vector (B.3) of the Killing vector ¥ ,. Equations (E.6)—(E.7) are harmo

map equations for a map from (*.7, /G i bsp) to A#? [15]. The arguments leading
to Eqs. (A.28) and (A.30) show that

V—detby=R./“deth .
b 85 85=1"%0, 25— 2 PX 20, 0,4+ (X2 X2+ R D) 2,
7= (3 0p) (ES)

From (B.10) one finds

W= ‘%64"931‘1 - X2
E > 9a)
=_%TB€4MQBA__C‘X/2“ (E

b
W= —c,, (E.9b)
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where £ ,, is the “alternating symbol” of the metric x 45, €45 =0, £03 =~/ —det L5
Equations (E.8) and (E.9) lead to the two dimensional form of (E.6),

e“F, ATG'A e ]

22 2R (E.10)

1 _
2 Zu(RT ) =

which is precisely Eq. (3.2b). It is instructive to recover (3.2¢) from w4 5 =0 (8]
Contracting (E.9a) with £*“%. one obtains

_ [(e*PPA .

From 0,X"=0, 8,X?=0,67=0 it follows
= X Xy X
=P, Xy 04X
— g PABY, X, 0, XY
e dgABY, Xy 8, XY
— Re*P 9 X4 = Re™i*% 0, X4, (E.12)

thus

_ [e™PB N ¢,(c,— Ac
A -t 22 (E13)

which is precisely (3.2c). Equation (E.12) also gives

</ —det h 5 (E.14)

0,8°— 0y M= — R .

which is equivalent to (A.42). (Equation (E.12) is actually the simplest derivation
of (A.42).) Let us finally rewrite (E.7) in two dimensional form

C]A{e'4“[§Au)+ZAB((DB+C1X§)]}=0, (E.15)

where w ;= w ,+ @ ,, which is Eq. (3.10).

APPENDIX F: NOTATION

The signature is — + + +, the indices have the following ranges: i: j, k—1.2,3:
greek indices—0, .. 3: a, b, .. —1,2; A, B, ..—0,3 (x*"=10). The “¢” symbols all
have the appropriate weighting factor included: €123 =/ —det g,., €123 =/ det g,

ep=./det i,,, £4;=+/ —det h5; in Appendix E we also use £; =/ —det x 5. The
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covariant derivatives of various metrics are dgnoted as follows: g, _QV“ ,Aglij —C—Og;:
hys—24; hy—D;; x45— %,4; and in Appendix E we also hE(i):)/C boiﬂ-— <i.0 iy
dinate systems used in this paper are assumed to satisfy g <f R goos ; =
B(a) denotes an open ball of radius a; S(a) denotes a sphere of radius a.
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