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The ambiguities in the differentiable structure of Ashtekar-Hansen completions satisfying a
geodesic condition are analyzed. The results obtained imply, in particular, uniqueness up to a
four-parameter family of “logarithmic transformations” of completions of asymptotically flat

space-times stationary “in a neighborhood of i,.”

I. INTRODUCTION

In a previous paper of this series’ uniqueness up to a
three-parameter family of logarithmic transformations of
conformal one-point compactifications of three-dimensional
asymptotically flat Riemannian manifolds was established.
A corollary of that result is that within the Geroch frame-
work? the four-momentum of an initial data set for Einstein
equations is unambiguously defined. In general relativity,
which is a four-dimensional theory par excellence, one hopes
to assign a four-momentum p,, or, say, its invariant square
m? = — 1,p°p” to a four-dimensional set, rather than to a
three-dimensional subset thereof. It has been shown in Ref. 3
that one can, in a meaningful way, associate an invariant
mass m to a boost-type domain or, more generally, to a four-
dimensional asymptotically flat end of a Lorentzian mani-
fold defined by a collection of boost-type domains. This rela-
tively satisfactory result suffers from the drawback that the
somewhat arbitrary notion of the boost-type domain plays
an essential role in the analysis. One would like to replace the
statement that “two three-dimensional ends included in
some boost-type domain of a vacuum space-time have the
same mass” by something of the kind “two three-dimension-
al ends included in the same asymptotic region have the
same mass,” avoiding the use of some unnaturally preferred
sets in some coordinate system as a primary concept of the
construction. A reasonably natural setup in which one can
define the notion of an asymptotic region has been proposed
by Ashtekar and Hansen*> who describe the behavior of the
gravitational field at spatial infinity by means of conformal
completions of asymptotically flat four-dimensional mani-
folds in which spatial infinity is represented by a point i,. The
existence of an Ashtekar-Hansen completion—or some
variation thereof, as considered in this paper—adds useful
information about the global causal structure of space-time
to the standard coordinate notion of asymptotic flatness,5>"’
which seems difficult to describe in terms of asymptotically
flat coordinates only. The main problem with the Ashtekar—
Hansen completions is their potential nonuniqueness. In this
paper we show that if a certain geodesic condition is satisfied
by some completion, then there exists a four-parameter fam-
ily of inequivalent completions only.

*) On leave of absence from the Institute of Mathematics of the Polish Acad-
emy of Sciences, Warsaw, Poland.
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In Sec. II we introduce the notion of weak conformal
completions and the geodesic regularity condition. We show
that weak geodesically regular completions are unique. We
also show that every completion of a no-radiation metric (in
particular, of the Kerr metrics) is geodesically regular. In
Sec. III we define strong completions (the conditions of this
section are essentially those of Ashtekar and Hansen) and
we show their uniqueness up to “logarithmic ambiguities”
provided that geodesic regularity holds.

Il. WEAK CONFORMAL COMPLETIONS

In order to give a motivation to the definitions of this
section let us recall the fundamental result of Christodoulou
and O’Murchadha® (the “boost theorem”): Given asymp-
totically flat data for general relativity (cf. Ref. 6 for the
appropriate definition of asymptotic flatness) and given any
“boost slope” 6 < 1 there exists a metric g,,, , solution of the
vacuum Einstein equations, the evolution of the Cauchy
data, and positive constants R and T'such that g,,, is defined
for allx* belonging to the boost-type domain Q. & r (Ref. 8):

Qorr = {x2r>R,|x°|<6r + T},
6>0, R>0, Te(— wo,x],
with g, satisfying
18y — Mun [KCA+7) 7% 9, 8, |[KCA+ 1) 771 (1)

for some constants C( O.R,Tg,,), >0, where 7, is the
Minkowski metric. For x*x, >0 (Ref. 9) (signature
— 4+ + +) let & denote the inversion x*“-y#
= x"/(x"x, ). It is simple to check that for <1 and T>0
the set ®(Q, , ) contains the “wedge” W, ,,r (Ref. 10):

Woe =1y"r(y) <6y <or}
and Eq. (1) gives, fory“eW,, z,

8.y dx*dx” = (¥y,) 7’8, dy* dy”,
|§,uv —77,“,|<C’(09R)T’1g#v)r(y)aa (2)
agyv

ay°
Equation (2) displays the expected behavior of the metric
under an inversion which brings “spatial infinity” to a point
y* =0, say i, Following Ashtekar and Hansen*> we shall
ask for some more structure than what follows in a straight-
forward manner from the “boost theorem.”

<C'(9’R’zgyv)r(y)a— l‘
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Definition 1: Let (M,g) be a space-time (=C 3 four-di-
mensional manifold with a C 2 Lorentzian metric) and let .#
denote the disjoint union MU{i,} where i, is a point. We
shall say that (.#,8,,) is a weak a-completion of M,
ae(0,1], if the following holds.

(i) In # there exists a coordinate system {y*},
y*eW, U{0} such that i; = 0.

(i) There exists a function Q: W, . »R™ such that the
metric g,, = Q’g,,, satisfies

Vo<1, VYxeW, |8, — 1,.|<C(OI(»)Y
18, 8,..|<C(OIF( "
(iii)
im0 =0, limd, =0, [V,V,Q-2g,[<C(O)r()"
y—0

y-~0
with some function [0,1) 26 - C(0) < o (Ref. 11).

(iv) For all peM there exists no timelike curve in .4
from p to i,.

Here .# shall be equipped with the natural topology
induced by the topology of M and the coordinates y*. We
shall say that a weak conformal completion is geodesically
regular if for every affinely parametrized spacelike geodesic
T of the physical metric g,,,, T’ = {y*(5),5>5,}, which ex-
tends to #,, there exist constants s,>s,, ¥(I') <1 such that
for all s>>s, we have'?

1y°(5) | <¥(T)AY(s)).

We shall show that weak geodesically regular a-completions
are unique forO<a < 1.

Lemma I: Let g, be a C, metric in a boost-type domain
Qg r 7 satisfying

18 — | KCL+7)7%, 18, 8, |<C(L+7)~==1 (3)

with some constant C. There exist spacelike hypersurfaces
B £ C Qg r defined by

B * ={pel'r, where I'F = complete spacelike geodesic'® satisfying x;* (0) = R,n,

+
ax;

nES( 1 ) 14) 'gs_ (O) =, (xni )0(0) = 09

(xE)°s)<0 on I';}

[in other words, B* are “sewn up” from geodesics starting
from the sphere {r(x) = R,, x° = 0} which stay in Q5
and remain either to the local future (with respect to the
chronology of Qgz7) or to the local past of N%,
={x*x°=0,r(x)>R,}]. The B* are graphs over
3Bt ={x"r(x)>R,, xX*=w* (x)}. Every future di-
rected timelike curve starting at N %, either remains entirely
within the wedge W+ = {x*:r(x)>R,,0<x°<w™*(x)} or
meets B *. Similarly, every past directed timelike curve start-
ing at N% either remains entirely within the wedge
W~ = {x*r(x)>R,, w™ (x)<x°<0} or meets B ~.
Proof: By Propositions B1 and B2 of Appendix B of Ref.
3 for R, sufficiently large the family of geodesics I'},
neS(1) defined by xf(0) =Rn, neS(1),
(dxZ/ds)(0) =n, (xF)°(0) =0, and d(xF Y0/ds(0)
= + 0,= + min(4,1)/2 will satisfy Vs>0(x;)%(s)>0,
(x7)°(s)<0, (x;E/r)(dx;E /ds) (s) >4, and 0o/
2< + d(xE)°/ds<36,/2. Let

A={p>R;:¥xeB(p)\Int[B(R,)]3n , (x)eS(1) and
X% (x)]|<6r(x)
+ T such that (x% (x),x)elE 1

x% (x),

where B(p) denotes a closed ball of radius p. 4 is nonempty
because R €4, A is closed by standard properties of solutions
of differential equations, and openness of 4 follows from the
implicit function theorem and the fact that dx.t /ds s every-
where transversal to the spheres S(p). This implies
A = {peR: p>R,}, so that for every xeR>\ B(R, ) there ex-
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lim rxt (s)) = oo,

5§— 00

(xE)°(s)>0 on T,

I

ists p* =(w* (x)sx"i (x),x)eQyr r and two geodesics
I'st which pass throughp* .

Lemma 2: Let (M 1,81,51), (A 28,,0,) be two weak a-
completions of a space-time (M,g), 0 <a < 1; let x and y be
the appropriate coordinate systems, x*eW,. U{0},
y*eW, . U{0}; let ® denote the coordinate transformation
y*(x*) wherever defined; suppose that ® be differentiable;
and define N, = {x*x®=0,r(x)<€,}. If ® (N, ) is con-
tained in a wedge W, , 6 <1, then there exists a Lorentz
matrix A¥ such that

y“:A':xv-l—é"u, (4)
where §* satisfies
Vy<l, VxeW,, :|C4<Cy)r'+*e,

|9, £*1<CWY*, |8, 8, §7I<C() "

Proof: The image by P of /;, must be i,, otherwise there
would exist a timelike curve from some point peM to i),
contradicting point (iv) of Definition 1. Let £
=x*/(x°x,), P*=y*/()°,); the hypersurface N7,
= {%*:r(%)>1/€,,%° = 0} is asymptotically flat and is in-
cluded in some boost-type domain of coordinates y# with
slope 6 smaller than 1—the result follows from Theorem 1
and Point 2 of Corollary 2 of Ref. 3.

Lemmas 1 and 2 lead to the following theorem.

Theorem 1 (uniqueness of geodesically regular weak
completions, @ < 1): If a space-time (3,g) admits one geo-
desically regular weak a-completion (M,g,1), ac(0,1), then
the following holds.

&)
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(i) All weak a-completions of (M,g) are geodesically
regular.

(ii) All weak a-completions of (M,g) are related to
each other by coordinate transformations of the form (4)
and (5).

Proof: Let (.lrl,g,i) be some completion of (M,g), let
{x*} be the appropriate coordinate system for (M,g), let y*
be the coordinates of Definition 1 for (M,g), and let ¥ de-
note the transformation y® (x* ). From Lemma 1 applied to
the physical metric g, in coordinates ¥ = x* /(x“x, ) one
infers the existence of two hypersurfaces B sewn up from
the geodesics I't, neS(1). By geodesic regularity for all
neS(1) thereexist 8 ; suchthat W(I';F)C W, e By com-

pactness of S(1) we have sup, g, 6. =6,<1." Since
Nyr, ={x*x°=0,r(x)<1/R;} (R, given by Lemma 1)
lies to the local future of B~ C W, . and to the local past of
B*CW, . wemusthave N, CW, _,sothatwe can ap-
ply Lemma 2 to conclude that y(x) is of the form (4), which
establishes point (ii). It is not too difficult to show that x(y)
must be of the form (4) as well, so that the image ¥(T") of
any spacelike geodesic T' = {y*(5),5>5,} C Qg ., will be
included in ¥ (W, ., ) C W, ¢ Withsome 6’ < 1 and point
(i) ensues.

A metric shall be called a no-radiation metric if there
exist coordinates x“€Qg_ =(— w,0)X[R’\B(R)]
such that go,< — € for some positive ¢, g;; is a positive defi-
nite matrix with eigenvalues separated from zero, and (3)
holds throughout Qg . with some constant C. The Kerr
metrics are no-radiation metrics in this sense, with ¢ = 1.

Proposition 1: Weak a-completions of no-radiation met-
rics, & > 0, are geodesically regular.

Proof: By point (i) of Theorem 1 it is sufficient to show
the existence of one geodesically regular completion. Let x®
be the coordinates satisfying (3) and let X* = x*/(x°x, ).
By Proposition B1 of Appendix B of Ref. 3 every spacelike
geodesic meeting i, [i.e., such that Xx-0=r(x) —» o ] be-
haves asymptotically as follows:

x%(s) =% s+ o(s)
for some constant vector 7%, satisfying ., 7%, 7%, >0, where

s is an affine parameter, and we can normalize 7% to satisfy
7.7, =1(=7% | <1). We have

() =[72/0 = 7% )]s~ +ols™Y),

so that x°(s) = 7% AX(s)) + o[AX(s))] and for s large
enough one obtains

|X°(s)[<Or(s), 0= (7% |+ 1)/2< 1.

lll. STRONG CONFORMAL COMPLETIONS

In Sec. II we have investigated the structure of the set of
conformal completions in which the metric is allowed to
blow up as one approaches “what would be the light cone of
io.” As has been shown by Schmidt and Walker (cf. Appen-
dix C of Ref. 4) much better behaved completions can be
obtained for Kerr metrics. To justify our conditions on the
conformally rescaled metric, to be presented later, let us re-
call the Schmidt-Walker coordinates for the Schwarzschild
metric: For s> 2m let f(s) be defined by
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S() =s+2mIn(s/2m — 1) (6)
and let us set

r*=fr), =[N +ADH]/2,

t=[f0"H —flw~H1/2, N

P= 0+ )72, 1= (D—D)/2,

where r and ¢ are the standard Schwarzschild coordinates

ds? = — (1 = 2m/r)dt?* + (1 — 2m/r)~'dP + P dQ2
(8)

In the coordinates D, ib, Db >0, the Schwarzchild metric
takes the form

PRI S
(biv)?
XI (1=2m/r)
(1 =2md) (1 — 2mid)

dp div + (bir)? dﬂzl.

9
From Egs. (6) and (7) one has
r=r*-2mln(r*/2m) + £ *,
with

$*=2mln

14+2min[r/2m — 1]/r] _ o(ln[r*])
1—2m/r
for large r*; therefore, from

r* = /ot + m{In[ (1 — 2md) (1 — 2miv) ]
— In[4m?*biv]}
one obtains, for small 7,
* = (0v/F)O(|In[?]| + |In[8d]])
=O(¥In[#]]), for |f|<?

and one obtains

o=dr/F =1+ (mdl/#)In(div/%#) + O(F),
so that

(@ — 1)/p=m(1 —t¥/P)In(1 — t2/) + O(F).
The metric (9) can be written in the form
ds*=Q07%,, d¥*dv’ = Q" df?, Q=tb=F—17
e (1 — 2mdib/ (w?)) (_ &7y (J?idJ“c‘)2)

(1 —=2md)(1 — 2miv) #

a0 gain2
+w2[dxz+d92+d22~_—(" ;’2’" ]

r¥

(10)

and we havelim,| .; @ = 1, so that g,, can be continuously

extended to the set 7 ><#?, 0<?<#, with some #,. The metric
8, is of the form

Buv = Ny + Pk, (6,8, /7) + 0(P) (11)
and we have
|§pv _”uv|<a (12)

for some constant C; the derivatives of g, are, however, not
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bounded up to the light cone of i, = {x* = 0}: One finds
dw~In(1 —t2/#),

where w is defined in (10), so that one obtains
10,8, |1<Ci (2 /7),

with C () = C[|In(1 — %*)| + 1] for some constant C. It
must be emphasized that the singularity of C,(%) at p = lis
rather mild in the sense that

1
f Ci(m)dn < .
0

We also have
#d, 8, B |<Co(2/7), Co(m)~(1—1»)7",
with

6
f C,(7)dn<C'C,(8).
(¢]

This analysis'® motivates the following definition.

Definition 2: Here ( M,',io) will be called a strong com-
pletion of a space-time (M,g) if M is the disjoint union
MU{i,} and the following holds.

(i) For all peM there exists no timelike curve in M from
ptoi,

(ii) There exists a coordinate system x*eW, . U{0}
such that /, = 0 and the points x“x,, > 0 correspond to points
in M. On M there exists a function Q:M - R, Q > Osuch that
8., = Q’g,, and there exists a constant C and nondecreas-
ing functions C,,C,:[0,1) -~ R™* such that

VXEQWI,EX:|§[J,V —7];w|<c"’ |(90 gyv|<cl(|7ll)’

- 13)
r|a¢7 ap gyv|<c2(|77|)’ 775’/"’
with
9 1 —
J C,(m)dn<C,(8), f Ci()dn=C,< .
0 0
(iti)  satisfies
IimQ =0, lim 8“ 0 =0, for x50
x-—-0 x—0
|3, d, @ —2g,.|<Cr.
(iv) For every || < 1 the limits
{2, (1= 7 06) — 7,1/
Hm 30 gl“’(t = ”r,ry09¢))
r—0
lim [r3d, 5 8,, (t =1r,r,0,4) ] (14)
r—0

exist and are continuous functions of (7,8,4), where § and ¢
are standard spherical angles.

Let us note that (13) implies that the Ricci tensor Eaﬁ
of g, satisfies

IR .6|<Cr (m)r™",

- 191 _ -
Cr (8) = Cr (m)dn, f Cr(60)df=Cp <0
0

0
(Ca(m) <c[Cy|m])  +Ci(mD]; therefore, Cg (&)
<e[C,(J8 )+ C, (|0 )F'C (m)dn] = ¢[1 + C,1C,(16])
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with some numerical factor ¢). Our main result is the follow-
ing theorem.

Theorem 2 (quasiuniqueness of geodesically regular
strong completions): Let (.# ,,8,,{;), (-# 2,85,,) be two geo-
desically regular strong completions of a space-time (M,g)
and let {x°}, xeW, . U{0} and {)°}, ye WU {0} be the
appropriate coordinate systems in .#', and .# ,. There exists
a Lorentz matrix A%, a constant vector C*, and a constant C
such that for xe W1,e,,

Y= Ajx" + (C%"x, — 2x°x*C,)Inr + ¢ ¢,
§H<Cr, |4, g I<Cr.
Moreover, for all |5| <1 the limits

(15)

hm [;”(t = m,r909¢)r_2])
r0

lim [3, {#(t=rmr6,6)r '],
0

lim aa 33 é—,u(t = m’r’0,¢)’

r—0
llm [raa 8,3 3,, ;“(t: mrr’09¢)]
r—0

exist and are continuous functions of (7,6,¢).
Proof: By Theorem 1 there exists a Lorentz matrix A%
such that for xeN, = {x*x° =0,r<¢, },

YV=AgXP+ &% [S<CP ™, |58 %|<Cr (16)

with any € > 0 and, in fact, a straightforward extension of the

estimates of Ref. 3 leads to

VxeN, :
EH = (CHx* — 2x*Cx)In r + 5“(945)7’2 +0(r),
3,6 =9, [(Coxx, — 2xX%x*C,)Inr + &) + o(r),
3,0,8*=3,d,[(C%x, —2x°x'C,)Inr

+£9°] + o(1) (17)

for some constant vector C*. By a slight abuse of notation let us
denote by 3 the coordinates Ajy #, so that we can set A% = &
in Eq. (16),and on N, we have

Tieo=¥i—o = 0(FInr),

"y (%)), =0 = r(x) + O(FInr),
9, Vim0 =0, +O(rlnr),

Oy deyli_o =0(nr).

(18)

Now g,,, and g, are conformally related to each other, so that
by definition, there exists a function ®: W, . —R™ such that

B
Vx%,x%x, > 0:<I>2(x)g}w(x) =gfw(y(x)) a_J’aaL

. (19)
ax* ox¥
Equations (13), (18), and (19) yield

det 1/8 B\)1/4

o= o (%) )
detg,, X
:‘><I>k,=0 =1—-2CxInr+ <i>(0,¢)r+ o(r),

8” P,_,= —2C, 1nr+xy(0,¢)+o(l) 21
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for some functions <i>( 6.4), x.. (6,¢). The transformation law
of the Christoffel symbols gives

3,0 y*= [T +® (6.3 ®+6;3,P

dy ay? ay’

—g g, o)1 2 =

gaBg;l a )] axl pa(y( ))axaaxB
(22)

where I'! and I'? are the Christoffel symbols of the metrics gj,,,
and g’., . The formula for the transformation of the Ricci tensor
under conformal transformations reads as

P _ 1P [ [ a P
®|R. —R
Ot ax” L o T2 w0l (x ))ax“ A
b b
40122 [ R _-ch
+ I O V+ P (x)) 1
b Ib
—1ga8 g 23
MR vrw] L ] (23)

By (18) and (21) one can find e,<min(e_,e ') (eis the Euler
number) small enough so that for all xeN, we have

%<¢|1 o<%, 3r(x)/4<r(y(x))|;=o<5r(x)/4,

W | L o|er_rh) | 3
I Pli—o & 1ot rpx) 9 li=o 4
Let

Co=sup |[Inr]~'d,®|,
#xeN,

for n€[0,1),
Cp, (M)

= sup r(x)LR LX)

wv,xeW,
for <[0,1),
CRI(’?)

and Ci (—7)=GCy, (1),

= sup rM|R2, ()| and Cr (—n)=GCp (1),

VYW,

= Sup g, ()| + sup [gi"(x)],
vixeW, o nvixeW,

sup Igfw(y)l + Sup. Ig‘”(y)l

Hv.YEW,

fora=1,2,
|6}

1
Co®=| Coimdn To =f Co (dn( < ).
0 0

Let QC W, _ be the set of points such that
|3, ®| <Cy(x) + Cy In(1/7),

1<d<2,

r(x)/2 <rlp(x)) <3r(x)/2,

ay* 1

ax” v <2 ’

Ir _yx) ar()| 1
a  ny(x)) ot 2

(24)

’
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where
Ca(x)i= 2+2'371CHCp, () + (2F°
+ 27Cg. Ce. )Z'RZ(’FI(X)) +1= :(IE'RI (m

+ bCr, (X)) + 1, #(x)=7(x)/rp(x)).

Let Q] CQ be the set of points x* such that the curve
[0,¢] 25— (s,x) isincluded in Q. We have N, CQ};let Q, be
the connected component of 2] which contains N, . We
shall show that there exists 0 < €,<€, such that @, "W, _ is
closed in W, . . By (23) we have, for x*eQ,,
4d d®

e <[(14+2337'C2)Cp () + (223

+25371C, €, ) Cr, () ] P(x) ™!

8 T8

+(224+2C2, )[a,, (x) + G In [_1_”2
r(x)

¥ 2330&07(77){6@ (x) + G In [_l—” ,
r(x)

where C7 is the function C, in Eq. (13) for the coordinate
system x“, extended to negative 7 by CT( — n)=C7 (7).
From

ao ad i’
— (x)|<|— (O ds,
‘ax“(’x)l ‘aﬁt(,x)‘+ (s,X)‘ s
and from
! s — [t
Crl=}ds=rCg |-},
o ¥ r

7(5X)

Jo e [

700 r(y)
= f CR1 (7]) y
A 2 9/t — [1/r(][3r (p(x))/t ]

7(x}
<3r(x)f Cr,(m)dn
o

= 3r(x)Ch, (r;((’;)))) ,

f [a,, (5x) + Cp In (i)]zds

0
f [C2 (sx) 4+ C2% In? ( )] ds
(o} r

<2Cy (x) (@ Cg, + 3bCp, + 1)r(x) +2CLrIn? (1)
r

dn

we have used the facts that C, is nondecreasing along the
curves [0,) Ds—(s,x), and |t | <rin W, _ ],

t 1
fC¢(sx)Cf (;)ds<rC’,‘C¢(x), Z‘fsf C*(n)dy,
(4] 0

one obtains
|3, ®(tx)]
<Cyp In (1) + (2° +2°C3 )e, In? (i) Ci
€
+2°3C, Cie In (i) Co + {% +[(2°
€,

+25C2 )(aCg, + 36Cx, + 1)
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+ 233cg|6f]el}é¢ (x)

5C,
<CoIn (—1—) 41Xl
r 8 8
1N 3C,(x)

<C1(—)
¢nr+ 4

for €, small enough. This gives
®(£x) — 1<|®(0, %) — 1| +J 16, B(sx)|ds
(1]

gi + (aERI + 3bf’R2 + D¢,

+ Cop€;1n (i)<% ,

€
decreasing €, if necessary. One shows in a similar way that
none of the inequalities in (24) can saturate for
x*eQ,NW, ., if €, is small enough, so that @, N W, _ is both
open and closed in W, _; therefore, Q,NW, ., = W, . Itis
not too difficult to show from (22) and (24) that  and
Ay */3x" uniformly tend to 1 and & at i, and (23) yields

. [od 9%
1,1113 [5‘; (t = m’ry9,¢) ax’l (O,r’07¢)]

nr 2,

P
ds=:4,(n,0,4),
P 1 (1,0,

with some continuous functions A, (7,6,¢), so that from
(21) and (25) one has

% (t=rpr6,6) = —2C, Inr + A, (,66) + o(1)

for some continuous functions A 4 and (17) and (22) imply
g " =065 +2(C%g — Cgx* — 65C"x,)

=lim (25)

r—0 Jo

XInr+ rd 5(6,6,9) 4+ o(r),

with some continuous functions A4 4; a straightforward anal-
ysis establishes our remaining claims.

Two completions differing by a transformation of the
form (15) with C# =0 can be considered as equivalent.
Theorem 2 and Proposition 1 imply'” the following corol-
lary.

Corollary 1: Strong conformal completions of no-radi-
ation space-times are unique up to the four-parameter family
of transformations (15).

It may be of some relevance to note that the logarithmic
transformations ( 15) are not the ones given in Appendix 1 of
Ref. 18: The latter introduce singularities in g,,,-7,,, at the
light cone of #,, while (15) do not.

It is natural to ask about the group properties of the
transformations (15) since 7is not Lorentz invariant: Under
a Lorentz transformation y* = Agx® we have

r(p) = JALx*ALxY
= r(x)\JAL (3*/P)AL (/1) = f(1,0,8)r(x),
so that
Inr(y) =lnr(x) +Inf
and the In f terms can be absorbed in £, which shows that a
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composition of transformations (15) is still of the form
(15).

Let us finally note the existence of a set of coordinates
for the Schwarzschild metric in which the metric is slightly
worse behaved at , than in (11) and (12); however, for r#0
the first derivatives of the metric do not blow up as one ap-
proaches the light cone of i,. Let us set

r*=f(r), =LY +AD™H],
=" —f@H], F=ilb+al,
=1[6 -], f(s)=s+ 4mln(s/2m),

with 7, ¢ as in (8) [this choice of f cancels these terms in
r(¥,iv) which exhibit the worst behavior at the light cone of
Iy]. One obtains

ds* =Q"2ds, Q=iw, d5°=g, dvdx,
|gyv - nuv|<~c-rln ;’ |aa g,uv!<aln ;

t
!

for some constant C. An unpleasant feature of these coordi-
nates is the logarithmic blowing up of (g,, —7,.)/F at
¥ = 0; however, we have

B =Ny + 7B, (7.6,6)n F
+ ilfw(ﬁ’e"ﬁ)] +o(F), % =;/;‘,
which is of simple and tractable form.

IV. CONCLUSIONS

We have shown uniqueness ‘“up to logarithmic ambigu-
ities” of Ashtekar-Hansen*’ completions satisfying a geo-
desic condition. We conjecture that the geodesic regularity
condition is unnecessary in the case of strong completions
and that it cannot be removed without losing quasiunique-
ness of the weak completions. It may be of some interest to
mention that in Theorems 1 and 2 the geodesic regularity
hypothesis may be replaced by the probably much weaker
condition that there exists a spacelike geodesic I extending
to iy such that TCW3 _, TCWj . with some 0<0,,
6, <1, where Wi, and W3 . areappropriatey and x coor-
dinate wedges. This condition does not, however, character-
ize some completion, but pairs of completions. It is likely
that a proof of quasiuniqueness of strong conformal comple-
tions without any further conditions can be obtained by
showing that such geodesics always exist.

It must be stressed that the Kerr family of metrics ex-
hausts the up-until-now known set of vacuum Einstein met-
rics admitting strong completions of spatial infinity, so that
the results of Sec. III cover all actually known physically
relevant examples: The metrics recently constructed by Cut-
ler and Wald'® or Christodoulou® are “Schwarzschild in a
neighborhood of i,” so clearly our theorems apply. It seems
rather difficult to guess whether there exists some sufficient-
ly large class of vacuum space-times admitting weak or
strong completions, the existence of which would justify the
need of a search for more general results than those present-
ed here.

An important consequence of our results is that one can
assign an invariant mass parameter (cf., e.g., Ref. 21) to
every vacuum space-time admitting strong or weak geodesi-
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cally regular completions, a > }—this complements the re-
sults presented in Ref. 3.
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