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Abstract

The study of Einstein equations leads naturally to Cauchy problems
with initial data on hypersurfaces which closely resemble hyperboloids in
Minkowski space-time, and with initial data with polyhomogeneous asymp-
totics, that is, with asymptotic expansions in terms of powers of Inr and
inverse powers of r. Such expansions also arise in the conformal method for
analysing wave equations in odd space-time dimension. In recent work [11]
it has been shown that for non-linear wave equations, or for wave maps,
polyhomogeneous initial data lead to solutions which are also polyhomo-
geneous provided that an infinite hierarchy of corner conditions holds. In
this paper we show that the result is true regardless of corner conditions.
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1 Introduction

The hyperboloidal Cauchy problem provides one of the methods of studying
global properties of solutions of the vacuum Einstein equations. Here one pre-
scribes Cauchy data on a spacelike hypersurface with asymptotic behavior some-
what similar to that of a hyperboloid in a Minkowski space-time. Such Cauchy
problems can be used to prove non-linear stability of Minkowski space-time
within a restricted class of initial data sets, see [1,9, 13] and references therein.
Because the initial data for Einstein equations satisfy the constraint equations,
one faces the need to consider polyhomogeneous initial data in generic situa-
tions [2], that is, initial data with asymptotic expansions in terms of powers of
Inr and inverse powers of r, where r is a luminosity parameter. Such initial
data are too singular at the conformal boundary at infinity to be handled by
the standard theory of hyperbolic equations.

As a first step towards handling that question, in this paper we study the
hyperboloidal Cauchy problem for simpler nonlinear wave equations. Indeed,
a closely related approach for understanding the global behavior of solutions
of wave equations on Minkowski space-time is provided by the “conformal
method”, which proceeds as follows: Let (.#,g) be an (n + 1)-dimensional
space-time and let

a=0%. (1.1)

Let Oj, denote the wave operator associated with a Lorentzian metric h,

1
Opf = ———=90 det hag|h" 0, f).
nf Tt (/| det hag| f)

Recall that the scalar curvature R = R(g) of g is related to the corresponding
scalar curvature R = R(g) of g by the formula

- 1 n—3|VQf
2 __ g
RQ _R—2n{QDgQ+2 e (1.2)
It then follows from (1.2) that we have the identity
n— n+3 —1 ~
D@(Q_Tlf) —Q " <Dgf + 2 - (RQ? - R)f> : (1.3)
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When g is the Minkowski metric 7, a non-trivial conformal factor Q ~ 1/r can
be chosen so that g is also the Minkowski metric, leading to

n—1 _ n+3
2

Op(Q 7 f) =0 Onf (1.4)
Because the conformal boundary {€ = 0} corresponds to points which are
infinitely far away for the original metric g, this technique allows one to re-
duce global-in-time existence problems to local ones; this has been exploited by
various authors [3-8] for wave equations on a fixed background space-time.

On a more modest level, the identity (1.3) can be used as a starting point for
the analysis of the asymptotic behavior of solutions of the scalar wave equation,
as it reduces the problem to a study of the rescaled equation (1.4) near the set
Q = 0. There is, however, a difficulty that arises for non-linear equations in even
space-dimension because of half-integer powers of Q in (1.4). This introduces
singular terms® in the equations, so that the usual theory of hyperbolic PDEs
does not apply. This problem has been studied in [11], where it was shown that
solutions for a class of semi-linear wave equations, or of the wave-map equation,
with smooth or polyhomogeneous initial data on hyperboloids in Minkowski
space-time, will have a complete asymptotic expansion in terms of half integer
powers of 0 ~ 1/r and of powers of In €, provided that an infinite hierarchy
of “corner conditions” is satisfied. The object of this paper is to show that
no corner conditions are necessary for polyhomogeneity of solutions of those
equations. We also extend the results in [11] to general asymptotically flat
space-times with smooth, or polyhomogeneous, conformal completions. We
expect to be able to prove corresponding results for Einstein equations in a
near future, see also [15].

Our main results, in Minkowski space-time, are the following (we refer the
reader to Appendix A.2 for the definition of the spaces involved; the hyper-
boloids 7 are defined as

e ={(t—7)° = |7? =1}

the coordinate x in which the polyhomogeneous expansions are carried out is
1/]7):

THEOREM 1.1 Let d =1 in odd space dimensions, and let d = 1/2 in even space
dimensions. Consider the equation

Ogf = H(f) , (1.5)

on R™, n > 2, with smooth or polyhomogeneous initial data on a hyperboloid

Ho:

flow € 2 V2 (A 0 L™) | B flag € VP o (16)

Tt should be mentioned that for special non-linearities the singular terms do not arise.
Indeed, this is the case for the equation Of = H(f), where H is a polynomial containing
only odd powers of f. Similarly no singularities arise for the wave map equation with special
targets [5,6]. However, e.g. wave maps will have such singular terms in general.



Suppose that H(f) is smooth in f and has a zero of order £ at f = 0, with ¢
satisfying

4, n=2,

53{3, n=3, (1.7)
2, n>4.

There exists 7" > 0 and a solution of (1.5)-(1.6) defined on U.¢|o 1.7 such

that for every e > 0 we have

T10repera € 2702 <“27{(;=0} n LOO) '

Theorem 1.1 is a special case of Theorem 2.7 below where asymptotically
vacuum space-times with polyhomogeneous C! conformal completions at null
infinity satisfying mild restrictions on the scalar curvatures are considered, with
general polyhomogeneous initial data hypersurfaces, and with somewhat more
general non-linearities.

THEOREM 1.2 Let § be as in Theorem 1.1. Consider the wave map equation on
R™ n > 2. For any smooth or polyhomogeneous initial data on a hyperboloid
S,

$_(n_1)/2fa|jfo c ”‘Zf{izo} N L>® ’
o° NL>®, n=2
—(n—1)/2 fa {z=0} ) >
(97'(1' f)’%E{ %i:0}7 TLZ3,

there exists T* > 0, and a solution f defined on U ¢ 5,194+, such that for every
e > 0 we have

F1Uy eyt € 712 <%¢120} A Loo) .

Theorem 1.2 is a special case of Theorem 2.9 below.

This paper is organised as follows. In Appendix A the reader will find a
description of our notation and conventions, as well as the definitions of the
function spaces used, together with some auxiliary results needed in the body
of the paper. In Section 2 we show how to apply our main results, derived in
later sections, to the nonlinear wave equation, or to the wave map equation, on
manifolds with conformal completions at null infinity. The discussion in that
section motivates the hypotheses of our polyhomogeneity theorems in Section 3,
which is the cornerstone of the paper. There we prove polyhomogeneity of so-
lutions of a class of systems of first order PDE’s. In Appendix B we give a
considerably simpler proof of our main polyhomogeneity theorem for linear sys-
tems, under the supplementary assumption that all coefficients in the equation
are smooth and bounded.

We acknowledge useful discussions with Olivier Lengard at an early stage
of this work: he suggested a proof of the result in a simple case, which was at
the origin of this paper.



2 Wave equations near conformal infinity

In this section we verify that those results of [11] which have been proved for
the Minkowski metric can be extended to space-times with completions at null
infinity. We allow conformal completions with polyhomogeneous metrics, under
a condition on the scalar curvature near the conformal boundary. (In fact, met-
rics in weighted Sobolev spaces suffice for existence of solutions with weighted
Sobolev regularity.) We also show how to write quasi-linear wave equations in
a form to which our polyhomogeneity arguments in the next sections apply.

For convenience of typesetting we will denote by ¢ the metric g from the
introduction. We assume, as usual (cf., e.g., [13]), that the function Q in
(1.1) vanishes precisely at a null hypersurface which we denote by .4, with df2
nowhere vanishing on .4#". In the construction that follows we assume that 2
is either smooth or C'! and polyhomogeneous; equivalently, .4 is a smooth or
polyhomogeneous C'! hypersurface.

Near .4 we can always find, locally, a convenient coordinate system (y, z, v
so that .4 is given by the equation z = 0, with 9, tangent to the generators
of ¥, as follows (compare [16]; this construction can also be carried out for
szf{izo} N L>-polyhomogeneous metrics, see [12, Appendix B|): Let & C A4 be
any (n — 1)-dimensional submanifold of .4, transverse to the null generators of
. Let v be any local coordinate system on @, and let £|¢ be any field of null
vectors, defined on &, tangent to the generators of 4. Solving the equation
V¢ = 0, with initial values ¢|s on O, one obtains a null vector field ¢ defined
on a 4 —neighborhood ¥ C A4 of &, tangent to the generators of .4#. One
can extend v# to ¥ by solving the equation £(v4) = 0. The function y| 4 is
defined by solving the equation ¢(y) = 1 with initial value y|s = 0. Passing to
a subset of ¥ if necessary, this defines a global coordinate system (y,v?) on .
By construction we have ¢ = 9, on 7#, in particular g,, = 0 on 7. This justifies
the first equation in (2.4) below. Further, ¢ is normal to .#" because .4 is a
null surface, which implies g,4 = 0 on #". This justifies the second equation in
(2.4) below.

Let, next, £|4 be a field of null vectors on ¥ defined uniquely by the con-
ditions

4

ol )= o(lly,00)=0. (21)

The first equation implies that /|y is everywhere transverse to #. Then we
define ¢ in a space-time neighborhood % C .# of ¥ by solving the geodesic
equation Vz;f = 0 with initial value |4 at #. The coordinates (y,v4) are
extended to % by solving the equations £(y) = ¢(v?) = 0, and the coordinate
x is defined by solving the equation /(z) = 1, with initial value = 0 at 7.
Passing to a subset of % if necessary, this defines a global coordinate system
(y, z,v4) on % .
By construction we have
(=0, (2.2)

hence 0, is a null, geodesic, vector field on % . In particular

Grz = 9(0r,02) = 0.



Let (2%) = (z,v*), and note that
Wg(6.00) = 9(6.40a) = 9(1, Vo, 00) = 9(I, Vo, 02)
_ 1 o
= 9(t.V,) = 50.(9(6.D)) = 0.

This shows that the components g, of the metric are z-independent. On &
we have g,y = 1/2 and g4 = 0 by (2.1), leading to the following form of the
metric

g = dx&dy + xdyRdy + 2yRdy + 1, (2.3)

with
X’$:0 =0 ; 7|x:0 =0. (24)

The symbol & denotes a symmetrized tensor product:
. 1
a®y = §(a®7+'y®a) .

Furthermore, v = y4dv? is a one-form field, and p = pap dvA*@dv® is a sym-
metric tensor field. By inspection of (2.3), the tensor field induced from g on the
surfaces y = const has signature (0, +,...,+), thus these are null hypersurface.
An example of the coordinate system above is obtained by taking .4 to be
the light-cone of the origin in (n + 1)-dimensional Minkowski space-time, with
x=r—t,y=t-+r, then the Minkowski metric n takes the form

n=—dt®dt+dr @ dr+ r*dQ? = dz@dy + r?dQ?

so that y =~v = 0.

In asymptotically flat solutions of asymptotically vacuum Einstein equa-
tions, a slight variation of the construction above leads to the Bondi coordinates
near Scri [17], with the metric taking instead the form

gp = e*Pda®dy + xdy®dy + 2y®dy + 1t , (2.5)

for some function  (and, in general, different x and «). (Here y corresponds
to the Bondi retarded time u, and x = 1/2r is half the inverse of the luminosity
distance r.) In 3 + 1 dimensions, for smoothly compactifiable metrics, the
Einstein equations imply, for matter fields decaying sufficiently fast, that § =
O(2?) as well as

X =0(), 74 =0(?), (2.6)

with derivatives behaving in the obvious way. One can go from (2.5) to (2.3)
by redefining x, without changing the remaining variables, in a way which will
preserve (2.6). Equation (2.6) remains valid for asymptotically vacuum metrics
which, after conformal rescaling, are polyhomogeneous and C! (see [12, Sec-
tion 6] or [10, Appendix C.1.2]), while for general JZZ{‘;:O}ﬂLm—polyhomogeneouS
asymptotically vacuum metrics one has [12, Equations (2.15)-(2.19) with H =
X® = 0] the asymptotic behaviors 3 = O(2%In"¥ z) and

x=0(=?), va=0(@*m"z), (2.7)



for some N. Here “asymptotically vacuum” requires, for polyhomogeneous
metrics, that the components of the energy-momentum tensor in asymptotically
Minkowskian coordinates satisfy (see [12, end of Section 2])

T =o(r 2). (2.8)

Returning to (2.3), we have
1
detg = —Edety,

which shows that p is a non-degenerate (n—1) x (n—1) tensor field. It is simple
to check that the inverse metric g = g‘”&l@&Y is given by the formula

g = A(—x+ [72)0:80, + 40,80, — 444&0, + if
- 4893@(8@, +(—x+ 2)o. — fyﬁ) + (2.9)

with pf = p189,©0p, where uP is the matrix inverse to pag, 7% = p8v40p,
and Y[} = ##(7,7) = u*Pya75. We note

9(Vy,Vy) =g¢% =0,

which confirms the null character of the level sets of y, and can also be used for
an alternative justification of the fact that the integral curves of

Vy = g*70,y0y = g7 0y = 20,

are null geodesics.

Consider a system of N second order PDE’s for an m—components field u,
with diagonal principal part (¢*7 ® Id)0,0y, where Id is the m x m identity
matrix:

9%70,0yu = F(2",u,0u) . (2.10)

(Recall that the metric g here should be thought of as the metric g of the
introduction, with the field u being an appropriately rescaled equivalent of
some field defined on the original space-time.) We start by checking whether
such a system can be written, locally, in the form considered in Section 3 below.
For this we let e4 = €4“dc, A=1,...,n—1 be alocal ON basis for j, and set

e =2(0)+ (~x+hR)o =), e =-20,, (2.11)
Yo=u, Ya=pa=cea(u), or=ci(u), Yv_=ec_(u), (2.12)
¢ = (¢07¢—7¢A) y Y= (90+7 ‘pA) . (213)

(Factors of two and signs in (2.11) have been introduced for consistency of
notation with [11].) Then

g0 0u = 2e_(0yu)+ Z (eA(eA(u)) — eA(eAC)80u>
A

= 20(e—(u)) + 2le—, duJu+ Y (ealea(w)) — ealea®) foPesu)
A
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where fc? denotes the matrix inverse to e4?, and (2.10) implies the following
system of equations for (v, ¢):

a]:wo +%()0+ =0 )
Oty —[OpeJu  =—33 s(eapa —ealea®)fcPyp) + SF (a9, ¢)
Oxa _[8337614]“ = —5€AP+,
Oyp+ = —((=x+1[%)ox — 'vﬂ)w

+ 5> aleata —ealea®) feBvp) — 3F (a9, )
Oypa —Sle—sealu = —((—x+ 1) =) pa + Seav .

(2.14)
It is understood that the commutator terms have to be expressed as linear
functions of ¢ and v, and that those substitutions have also been done when
writing F'(z#,u,0u) as F(z", 1, ). It follows that all the requirements con-
cerning the principal part of (2.10), set forth in Section 3 will be satisfied for
polyhomogeneous, or smooth, metrics if there exists m such that

x=0@m™z), y4 =00 Immz) . (2.15)

In situations of main physical interest with .4/ = .#* the dimension is 3 + 1,
the space-times are asymptotically vacuum, the appropriate choice of § is one,
and Equation (2.7) shows that (2.15) holds.

In situations where (2.15) does not hold one can proceed as follows. Suppose,
first, that the metric g is smooth. One can then introduce new coordinates
(&,7,04) by setting § = y, and letting (&, ) be defined as solutions of the
equations

e (0 =e_(2)=0, (2.16)

with initial values 94|,—¢ = v*, #|,—0 = 2. In the new coordinate system we
have e_ = 0y; equivalently

oy ox ovA

99 1 - _ 2 = — B . 2.17

This gets rid of all derivatives of ¢ in the right-hand-sides of the last two lines of
(2.14), when those equations are rewritten in terms of the hatted coordinates;
e.g., the last equation in (2.14) becomes

1
5[6—,€A]U = §€A¢— :

Dypa —
(Note that we do not change the definitions (2.11)-(2.13), which still use the
coordinates (z,y,v”) constructed above.) One can check that the remaining
derivatives in (2.14) will change in a way compatible with our hypotheses in
Section 3. In any case this follows from the analysis of C1 N @%{‘;:0} metrics, to

which we pass now: We need (2.17) to be satisfied to first order of x:

81}‘4__
oy N

ox
o]

= —x+NZ+0@E""mm), ABy e 4 0@ 0™ z) . (2.18)




We have
—X+ |’Y‘i ) HABVB €xCx N 371+5$y{(;:0} s

therefore there exist Y, "4, smooth functions of (v4,%), such that
(=x + 2) (@ vt y) = T )z + 0@ In™ )
~(AP) (vt ) = DA, ) + O " )
We make the ansatz
p=ataioty), =o'+ y), G=y, (2.19)
and (2.18) leads to the following equations for &, n4:

23 A, oy
T(1 —=0, T — T=0. 2.20
(148 + oy + ay +n (2:20)
We impose £(v4,0) = 0 = n(v?,0). Conversely, smooth solutions to (2.20)
with those initial values give (at least for z,y close to 0)

gg = T(v", y)z + O(a?) a;; =TI, y)z +0(2?)
and we end up with the following transformation rules for the derivatives:
0 = (1480 +n"0 ,
Opa = Oga+an® 40ys + 3£ 40;
%e_ = Oy+ Oz ™ z) .

This shows that, in the hatted coordinates, for all szf{‘iczo}-polyhomogeneous
metrics, (2.14) takes a form which is compatible with our hypotheses in Sec-
tion 3.

We consider now a scalar field u satisfying a non-linear massless wave equa-
tion in the physical space-time. What has been said shows that the second-
derivative terms in the equation satisfy the requirements of Section 3. The
zero order terms arising from the supplementary curvature term in (1.3) will
be compatible with the requirements of Theorem 3.1 or Theorem 3.7 if, e.g.,

_n+3 ~ - n+3
02 (RE) - R(9)) € Fpapeyy < REP—R) €T 7 Fjcpey, -
(2.21)
One can always achieve R(g) = 0 by a smooth redefinition of the conformal
factor €, when g is smooth, by solving the Yamabe equation. Similarly if the
metric is C1 N ;zf{‘;: and R(g) satisfies

0}
R(3) € Ff,—) (2.22)
(in fact R(g) € ,Qf{% <p<yy Suffices), then our results below show that this redefi-
nition can again be made, leading to a new metric of <7 —differentiability

{0<z<y}



class.? Then (2.21) becomes a restriction on the rate of fall-off of scalar cur-
vature of the space-time metric g near null conformal infinity £+ = .4, in
particular (2.21) will be satisfied when g is vacuum. Note also that (2.7) is
preserved by any conformal transformation with bounded conformal factor, so
that such a redefinition of g will not affect that equation.

Next, still for a scalar field, in order to find the first order terms which arise
from Oy we write

Ogu = $8a< \detg[g”’@vu)

/| det g|

1
= \/ﬁ (2834(\/ | det |0pu) — 20a(+/| det plp*Pypdyu)

+%%@Ad%uK%u+2@ﬂfkhﬁﬂ%u—v%»-%AML

For Cy N Jz{{‘;:o}fpolyhomogeneous metrics it only remains to check whether

the terms multiplying ¢, as defined in (2.13), are in Cy N %@:0}‘ Since all
occurrences of a single e 4—derivative of u can be put into 14, one only needs
to keep track of terms which arise as coefficients of ¢, = e;(u) = —20,u; the

relevant collected contribution to O, reads

2@@/(@) — da(v/| det | Bryp) + 28, (/] det ul(—x + !vliﬁ) \/\ac;eLtu\ '

The coefficient of d,u will be in Cy +:L‘5£7{%Swgy} if, e.g., g € ;zi{‘;:o} NCY ),

where .4 denotes the space-time manifold with the conformal boundary .+
added.

Summarising, we have proved:

PROPOSITION 2.1 Consider a space-time (A ,g) with M{izo}ﬂcl(%)-polyhomogeneous
conformal completion at null infinity, and suppose that (2.21) holds. The scalar

wave equation on (A ,g) implies a system of equations to which Theorem 3.1
applies.

Similarly if u is a solution of the non-linear wave equation (2.41) as in The-
orem 1.1, or of the wave-map equation as in Theorem 1.2, then the lower order
terms discussed so far are compatible with the requirements of Theorem 3.7.

We show, next, that any system of the form (2.10) can be written in a first
order form as in Section 3 of [11]. Recall that in that last reference a coordinate
system (z,v4,7) was used, with 7 playing the role of a time variable. The

solutions there were defined on the set

Qoyr ={(@, v, 7)1 0<z <z -2r,vE0, 0<T<T}.

2 A sufficient condition for R(g) € M{éogmgy} is that g is of (Coo—l—xZM{‘sZ:O}%differentiability
class, but this restriction is certainly not necessary; note that for § = 1 we have Cs +
xzd{ézzo} =CiN &f{‘;:o}. It is likely that the condition g € C1 N ;zf{‘szzo} suffices for polyho-
mogeneity of solutions for all §, see Remark 3.10 below.

10



(x=0,y=2T) (x =2T,y =2T)

N oo 9,

- s | .a

(z=0,7=0) &1 (z=2T,7=0) .

Figure 1: The variables (z,7) and (z,y).

This will be made compatible with (2.14) by replacing the coordinate y with a
coordinate T,

(z,y) — (z,7 = y;x), (2.23)
so that 1 1
Op — Op — §8T , Oy = 587 (2.24)

(see Figure 1). In this work we are interested in the behavior of solutions near
the set {z = 0}. For this purpose it suffices to study the properties of the
solution u on the following subset of €2, 7:

Q={(z, vt y):0<z<y veld, 0<y<2T}. (2.25)
In view of (2.24), (2.11) takes the form
e- =0+ (—x+ [2)(20, — 0-) — 29, ey =0, —20, . (2.26)

We keep the definitions (2.12)-(2.13), and rewrite (2.14) as

(07 —20,)0a —eaps —[0r —20,,ea]u =0, } (2.27)
—Saeaba  Fe—pr +X3 sealea”)fcBvp = —F(z", 1, 9),
(0 — 20.)0 — 91 =0, (2.28)
(0r —20)0— = 4eapa —[0r =20, e_Ju+>  ealea”)fcPp = —F(at 4, ¢) , } (2.29)
—eA_ +e_pa —le—,eslu =0. )

11



If we assume that the metric coefficients are (42%{‘;:0}001)fpolyhomogeneous,

then all coefficients in (2.27)-(2.29) are of at least ;2%{‘;:0} N Cp—differentiability
class.

The system (2.27)-(2.29) is of the form considered in [11, Section 3]: For
example, the matrices EY of Equation 3.5 of [11] take the form EY = el ® Id,
with ex = €/{d,, as in (2.26). The covector field n,, in [11, Equation (3.12)] can
be taken to be equal to dr. The matrices /4 can be read-off from (2.27)-(2.29):

0 0 —eq ... —ep ;fo
" —e; 0 0 -
A9 41) = . . U1
0 —en1 0 0 :
¢ ! wnfl
A natural choice for L is then
e1(v/det p) en—1(v/det p) Yo
0 0 —e1] — R det 1t e —€p—_1 — 71#1%“ w_
o= ° G 0 0 T
0 —en1 0 0 Yo
so that
0 0 e1(y/det ) _en—1(v/det u) iﬁo
det e det Qbi
0 = 0 0 P
0 0 0 0 .

This implies

0 0 0

0 —dive; —e; ... —dive,_1—e,1
Ly = 81(7/;%?)—@61—61 0 0
%\/Td;tu) - dﬂen—l —€n—1 0 0

where div denotes the divergence with respect to the measure v/det pag dv' - - - dv™ L.
It immediately follows that [11, Equations (3.9) and (3.11)] hold for ,,Qf{(;:o} NCy
metrics.
We have
ET=1d, ET=(1+x-]hl)d,

which shows that the first condition in [11, Equation (3.12)] holds. On the other
hand, [11, Equation (3.13)] holds only for E7. However, we note the following
result, where the notation from [11] is used:

12



PROPOSITION 2.2 Under the remaining conditions of [11, Proposition 3.1], sup-
pose that instead of [11, Equation (3.13)] we have

IEZ(M g0y o) SC 5 IR g1

T —2T

0BT () g ary < C(a)
(2.30)
Then the conclusions of [11, Proposition 3.1] hold.

Proor: If [11, Equation (3.13)] does not hold, then the commutators in the
unnumbered equation after [11, Equation (3.28)] will have supplementary terms

such as, e.g.,
k

D (OLET :L‘k_iak_i(%x. 2.31
k f T
i=1

From the evolution equations [11, Equation (3.5)] one has
Orp = (EZ)_1< — B0y — B20a¢ — (B- + But)p — L) — Buat) + a) , (2:32)
o = (BD) (= BL0,0 — BL04% — (By + By + Lo — B +b) . (2.33)

This is inserted in (2.31). Some care has to be taken, because the norm used
requires that each x—derivative comes with a factor of x. This works well for
¢, because of the requirement in [11, Equation (3.14)] that E% € 4! (M, _o,).
On the other hand, the xz-derivatives of ¢ that result in (2.31) are rewritten as

k
> ()@ o 0, Bt 0k (B T B0 ) (2.34)
=1

and the estimates are done as in [11] starting from this formula. The remaining
supplementary terms are handled in a similar way. O

An identical argument gives:

PROPOSITION 2.3 Under the remaining conditions of [11, Proposition 3.2/, sup-
pose that instead of [11, Equation (3.13)] we have

VET (Dllgpat, m) + IO llgooon, oy +10:EL () lgn gy <C - (235)

Then the conclusions of [11, Proposition 3.2] hold.

The next question we wish to address is that of the choice of the initial data
surface .. The estimates of [11] were made under the assumption that

S ={r=0}.

This might be overly restrictive for several purposes. The simplest generalisa-
tion is to assume that .# coincides with a member of the family of hypersurfaces
Y defined as

Sy ={r=s5+0(z,vM)}, (2.36)
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where o is a function satisfying
o c Cg{l‘z‘:()},k . (237)

The field of conormals to the .%,’s is dr — Oyo dx — da0 dv?, so that these
hypersurfaces will be space-like for the system considered in [11] if

< ET — E*0,0 — EA0A0 — 0490

>
— () 0a0 ET — E*8,0 — E{da0 ) >e>0,  (2.38)

for some constant e. We have

PROPOSITION 2.4 Assume (2.36)-(2.38), and suppose that the coefficients in
the equation remain in the original space after differentiation by (x0,)!, with 1 <
i <k —1. Then the estimates of [11, Propositions 3.1 and 3.2/, as generalised
in Propositions 2.2 and 2.8, remain valid for solutions with initial data on 4,
with the norms ||f(t)|| in [11] understood as norms of functions on %;.

PROOF: One integrates the divergence [11, Equation (3.22)] on the family of
sets, parameterised by s,

{o(z,vY) <7 <s+o(z,v?), 0<z <z —27}).

The argument in [11] leads then to an estimate on the integrals over the .%;’s of
z— and v -derivatives of the fields. To relate those integrals to intrinsic Sobolev
spaces on the .#’s it is convenient to pass to a new coordinate system (7, Z, @A)
defined by the equations

)

T=17—0(z,0), =z, " =vw

We then have
Oz = Oy + 030 0- Oya = Oya + 0yao Or
so that
F'OJOLf = 2010 f+
> Cljos- s Gk 0 - - W) (@O TFOOL L f) (27 00 O o) .. (aTk IR Ok o)
where the sum is taken over all indices satisfying jo+. . .+jx = %, [v0|+- - -+|Vk| =
|v], with 1 < k < i+ |y|. One can use (2.32)-(2.33) to eliminate 7—derivatives;

the fact that such derivatives of 1 are replaced by z-derivatives introduces the
restriction d40 = O(z) when k = 1, and to (2.37) for higher k. O

To proceed further, one needs to make a choice for the scalar products and
covariant derivative operators. We assume that v = (u®) maps the original
space-time into R™, with canonical scalar product. For a scalar field we take
m = 1. In case of wave maps, we will be interested in maps that asymptote a
point p in the target manifold when we approach {x = 0}. We choose normal
coordinates near p, and the u®’s are the coordinate components of the map.

14



We take BV, = EY8,, so that the matrices B+ in [11, Equation (3.16)]
vanish. We choose

2 = @A+ Y (") + (w2)?)

a,A

el = D @)+ (1)

a,A
The “energy-momentum vector” X in [11, Equation (3.21)] equals then
X = |pPe- + [vPes . (2.39)

and we use the usual measure /[det g[d""'2z = L./[det u|[d" ™z to integrate
over domains in the (conformally rescaled) space-time, so that

divX =V, X" = 0,(\/| det u| X*)/+/| det p] .

Rather than deriving V,E¢ from first principles, it is simpler to calculate
directly divX using (2.39) and estimate the corresponding terms. This gives

|vana:| < |Vaei| .

It now follows from (2.11) that the relevant estimates in [11, Equation (3.14)]
and [11, Equation (3.15)] hold for any (‘%{69[::0} N C1)-polyhomogeneous metric.
Summarising, we have proved:

PROPOSITION 2.5 The estimates of [11, Propositions 3.1 and 3.2] hold for the
scalar wave equation
Ogu =0

on any space-time with (42%{‘;:0} N C1)-polyhomogeneous conformal completion
at null infinity for which

n+3

Q7% (R(@)Q* ~ R(9) € gy - (2.40)

2.1 Semi-linear wave equations

We continue with existence of solutions of the semi-linear wave equation:
Ogf = H(2", f) . (2.41)

The spaces jff () below are defined in [11, Appendix A]:

THEOREM 2.6 Consider a space-time (A ,g) with %izo}ﬁCl (A)-polyhomogeneous

conformal completion at null infinity satisfying (2.40), where § is the inverse of
a strictly positive integer. Let %y be a spacelike hypersurface in # of the form
(2.36), with o satisfying (2.37) together with

lim i(I)lf Ogo > —1/2. (2.42)
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Set
f=a by,

and suppose that the initial data for (2.41) on Sy satisfy, for some k > |5 +1
and =1 < o < —1/2,

71 o 7 a—1/2 o

Tl € H50(H) . 0uflon € (772060 L0 ()

O-flo, € H(SH) -

Suppose that H(x*, f) is smooth in f at fixred x*, bounded and 6-polyhomogeneous
in x* at constant f, and has a zero of order £ at f =0, with ¢ satisfying (1.7).
There exists T' > 0 and a solution of (2.41) defined on Usc|o 1)-7s such that

fe Clo<a<yy h1- 12| (Usepor175) N L™, (2.43a)
s a—1/2 a
Ouf € %{ng/gy}kl%% | (Usetom)#s) NGy 0 (2.43b)
87—f S Cg{%ﬁxﬁy},k—l—L%J (USE[O,T}yS) . (243C)

PRrROOF: The proof of existence is essentially a repetition of that of [11, The-
orem 4.1]. Condition (2.42) guarantees that (2.38) holds for = small enough.
Using the results established earlier in this section, one proceeds as in [11] until
Equation [11, Equation (4.32)]. When g is smooth, that last equation is han-
dled by introducing the variables (&, 7, 94) as in (2.16). This leads again to the
estimate [11, Equation (4.33)]. In order to obtain [11, Equation (4.34)] one can
proceed as follows: in the coordinate system (z,%,v4) we have 0,f = —%<p+,
and integration in z until the initial data hypersurface {r = o(z,v4)} gives

1

~ ~ zo(y,v?)
Foo) = Fao ooy 45 [ erlsotds, (240

where zq is implicitly defined by the equation

zo + 20 (x0,0) =y (2.45)

(note that (2.42) implies that the left-hand-side is a strictly monotonous func-
tion of g, guaranteeing solvability of (2.45)). Reverting to the variables (7, z, v4),
this leads to the estimate

~ . 1 I

|f(7',:c7vA)| < |Ifls#llLe + = sup ||<p+(s)||<ga: / s %s . (2.46)

2 {x=0},0
s€[0,7] x

Clearly, sups¢o - [+ (5) H%{O;::O} , satisfies the same estimate [11, Equation (4.33)]

as ||90+(T)||<€@:0}70
maining arguments of [11, Theorem 4.1] apply without changes. This provides
existence, and space-derivative estimates, for smooth metrics g.

When g is polyhomogeneous, a little more work is needed: the variables
(&,9,94) are introduced as in (2.19). This allows us to rewrite the fourth

equation in (2.14) in the form

, which allows us to recover [11, Equation (4.34)]. The re-

8?3(70"!‘ +\ r P+ =P,
€Coo
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where, in the notation of [11], the source term can be estimated as, for any
A <0,

Iy, < c( [, NG
<CE\(7)

o le@ s @)
—_—

0},0 0 0},0

<Clip(r) SCExye(T)

| A—dte
{z=0},1

Here G = —Q~(+3)/2[] The last term above arises from the scalar curvature
terms in (1.3). The number € > 0, due to possible powers of Inx in the co-
efficients in the equation, can be chosen to be arbitrarily small. We choose ¢
so that @« —e > —1, set A = a — ¢ and obtain an obvious modification of [11,

Equation (4.33)] with « there replaced by A. Equation (2.46) with « replaced
by a — e leads then to the following variation of [11, Equation (4.34)]:

|[f(r,z,0h)] < HﬂYo‘L“+060T||90+(0)H<g?z_€0}0+/0 ¢TC(Ea(s), Bae(s), | f(5) 1) ds ,

for a certain continuous function C', bounded on bounded sets. We combine the
estimate [11, Equation (4.29)] with its equivalent where « is replaced by a — €
to obtain

IF )l + Balr) 4 Buecr) < WFlnllioe + O™ ( Bal0) 4 Buec®) + O, )

—i—/OT(I) (T,S; Hf(S)HLoo,Ea(s),Ea_E(S)> ds

and one concludes as in [11].

The estimates (2.43) on the time-derivatives are obtained by a repetition of
the argument of the case m = 0 of [11, Theorem 4.4], together with a weighted
Sobolev embedding. O

We are ready now to prove the first main result of this paper:

THEOREM 2.7 Let 6 = 1 in odd space dimensions, and let § = 1/2 in even space
dimensions. Under the hypotheses of Theorem 2.6, suppose moreover that H is

557{50<x<y} -polyhomogeneous in x* with a uniform zero of order l, and that both

the function o defining %y, and the initial data are polyhomogenous:

o c %{2:0} 001 5

flo € 27D/ («‘27{@:0} N Loo) , Orfloy €™V

Then the solution given by Theorem 2.6 satisfies
f € x(nil)/z (JZ{{(SOSzSy} N LOO) (USE[O,T]yS) :

In particular for every € > 0 we have f‘use[e,T]yS € fo{‘;:O} N L.

17
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PrROOF: Setting & = .5 N A" in the construction at the beginning of this
section leads to a coordinate system in which /N 4" C {y = 0}. As explained
at the beginning of Section 3.1, we can then without loss of generality assume
that %y = {y = z}. Theorem 2.6 with k£ = co and Proposition 2.1 show that
the hypotheses of Theorem 3.7 below are satisfied, and the result follows. O

More precise information on the behavior of fcan be obtained from Theo-
rem 3.7 and Remarks 3.8-3.9 below.

2.2 Wave maps

Let (N, h) be a smooth Riemannian manifold, and let f : (.#,g) — (INV, h) solve
the wave map equation. As already pointed out, we will be interested in maps
f which have the property that f approaches a constant map fy as r tends
to infinity along lightlike directions, fo(z) = po € N for all x € #. For the
purposes of the analysis in [11] it was useful to use normal coordinates around
po, and if we write f = (f%), a = 1,...,dim N, then the functions f satisfy
the set of equations

a vma afb afc

Do/ + 8" Th(f) 5 g =05 (2.48)

where the Fl‘f 's are the Christoffel symbols of the metric h. Setting as before
f“ = 77]"“ g = Q%g, we then have from (1.3),

n=1 7y n=1 7,
_Fa _ _ "Gt =prpa o1z 02 f7) o2 f) n—1 nt3 za
Oaf* = -7 2 gy (2 f) Dt o T Q"2 (R-RQ?)f°.
(2.49)
Proceeding as in (2.11)-(2.13) with each component f® of f, we obtain the
system of Equations (2.14), with the obvious replacements associated with f =

Qﬁf — f4, and with F = (F) taking the form

n—1 ~< n—1
Fo:=-T7{.(Q 2 f)QQ{ — by + ool
n—1 c n—1 c
— (e+(9)¢g¢_ te (D )w0w+) —g e
(n_1)2 2 b ¢ n—1 - —2\,.a
+ BT |VgQ] Yoo ¢ + I (R—RQ )Yy . (2.50)
We have

THEOREM 2.8 Consider a space-time (A , g) with egf{‘;:O}OCl (%)—polyhomogeneous
conformal completion at null infinity satisfying (2.40), where 6 is the inverse

of a strictly positive integer. Suppose that the conformal factor Q is of (Co N
fgf{izo})fdiﬁerentiability class. Let Sy be a spacelike hypersurface in M of the
form (2.36), with o € Cg{l$:0}7k} satisfying (2.42). Suppose that the initial data

for (2.50) on Ay satisfy

ffaLyOEQ*(;) (‘%ﬁ—i-lmL )(yo), n>3,

AR (¥ S AT

18



aﬂ?fa‘yo € %@a(y()) ) (2'52)
c%’fy(ﬁﬂo) , n>3,

O[5 € {(%O‘QLOO)(YO), n_9. (2.53)

for some k > 5 +1, -1 < a < —1/2. If n = 2 we will moreover assume a
single “corner condition”

O[5, € AN () (2.54)

There exists T > 0 and a solution of (2.41) defined on Use|o 1)-7s such that

fe Clo<o<yyh-1- 2] (Usep,r1s) N L™, (2.55a)
0of + Orf € Clocuayyimioiz) (Usenm17%) - (2.55b)

forn > 3. If n = 2 the differentiability indices in (2.55) have to be replaced by
k—3.

PRrROOF: The proof of existence is, again, a repetition of that of [11, Theo-
rem 5.1]. The reader will note that, by definition of null infinity, the function
\VQ]% vanishes at .4 so that ]VQ\%/Q € L*°. Similarly e_(Q)/Q € L*°, which
implies that all those terms in (2.50) which are already present in [11, Equa-
tion (5.3)] have the right structure. The last term in the third line of (2.50),
which is new, can be absorbed in the linear part of the operator. The last term
in the second line of (2.50), which again is not present in [11, Equation (5.3)],
can be controlled using ab < a? + b2, which allows one to absord this term in
the remaining ones (note that e4(£2)/Q € L*°) for the purpose of estimates.
Those estimates can be done as in [11] until Equation [11, Equation (5.22)],
which is replaced by (2.44). This leads to the inequality [11, Equation (5.23)]
(the ¢_ term there is actually not necessary in the intermediate inequality). In
space-dimension two one further obtains [11, Equation (5.24)] by differentiating
(2.44) with respect to v

The estimates (2.55) on the time-derivatives are obtained by a repetition of
the argument of the case m = 0 of [11, Theorems 5.4 and 5.5]. O

This leads us to the second main result of this paper, which is a consequence
of Theorems 2.8 and 3.7, as in the proof of Theorem 2.7:

THEOREM 2.9 Let d =1 in odd space dimensions, and let § = 1/2 in even space
dimensions. Under the hypotheses of Theorem 2.8, suppose moreover that both
the function o defining %y, and the initial data are polyhomogenous:

0 9]
(S %Z‘:O} N VV17 5

Fo € A2 _ N L™ 0[5, € Ha=o) nz9 (2.56)
7o = FHa=0} ’ I Ay L, =2
If n = 2 we will moreover assume the corner condition
2y = o) . (2.57)
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Then the solution given by Theorem 2.8 satisfies
fealr2 (ﬂf{%gzg}} A Loo) (Uselo,1)s) -

In particular for every e > 0 we have f]use[e,ﬂygg € JZZ{‘;:O} N L>.

_ As before, the reader will find more precise information on the behavior of
f in Theorem 3.7 and Remarks 3.8-3.9 below.

3 Polyhomogeneity without corner conditions

We are ready now to prove the polyhomogeneity of solutions for a class of linear
systems of equations of the form

Oy + Bopp + Boyy = Lypp+ Loyt +a, (3.1a)
&Ew + qucp + Bw¢w = Lw¢g0 + Lwdﬂﬁ +0b, (3.1b)

where ¢ and v are vector valued, the B’s are linear maps and the L’s are first
order linear differential operators, while a and b are — possibly non-linear —
source terms. Such equations arise from semi— and quasi-linear wave equations
in Minkowski space-time, say

Ou = F(x,u,du) . (3.2)

As discussed in detail in Section 2, one obtains a system of the form (3.1) by
introducing

= (u,0yu), ¢ =0u.

Then both source terms a and b in (3.1) are proportional to F. For several
classes of non-linearities, solutions of such equations with polyhomogeneous (or
smooth) initial data will satisfy u € €,y ., N L> [11], see also Section 2.
It also follows from the results there that the natural polyhomogeneity space
for solutions of (3.2) is u € 427{‘;:0}, 0 = 1/2 in even space-dimensions, and
6 = 1 in odd dimensions, at least when an infinite number of corner conditions
is satisfied. For such solutions v and Jyu will typically be bounded, so that
¢ will be bounded, while ¢ will typically blow up, at z = 0, as 2°~! In?
for some N. The source terms a and b behave then in a similar way near
x = 0. Since b appears in an equation where the polyhomogeneous function
is differentiated, one expects b to behave again as 20~ In™v " for some N’. This
discussion justifies the hypotheses of our theorems below.

3.1 Linear equations

We consider the Cauchy problem with polyhomogeneous coefficients, polyho-
mogeneous sources, as well as polyhomogeneous initial data given on a polyho-
mogeneous hypersurface

S ={y=Az,v)}, with A(0,v) =0, 9;A(0,v) >0, (3.3)
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for some function A € 427{(;:0} N CY(Q). This can be reduced to the case A =
by a change of variables

<x,v,y> — ()\(x,v),v,y) ,

which preserves the structure of the equations. We further note that the hy-
potheses of Theorem 3.1 are invariant under such coordinate transformations.
From now on we assume that this change of variables has been made.

THEOREM 3.1 Consider a set ) as defined in (2.25), let o, € R, k € N¥,
d =1/k, and let f = (¢,v) € ‘gf(‘]<m<y}oo((2) be a solution of (3.1). Suppose
that o
Lij = L0 + xLY,0, + x L0, , (3.4)
with
6 70 §
ng €z ‘Q{{Oéazéy} ’ Liw ’ng ’Liw € JZ’Z{Oéocgy} (3:5)

(no symmetry hypotheses are made on the matrices ij), and

By, € Coo(Q) + 2078 Byy: By, Byp € ey (3.62)

{0<a<y}
a,be xﬂﬂf{%gxgy} , (3.6b)
plo =p e’ g, Vo=t el _ . (3.7)
Then
fe xﬁ”Q{*{(SOSmSy} + yﬁgf{doéméy} + JZ{{iv:()} : (3.8)

In particular for any T > 0 we have flr,>,} € :cﬂ,ng{‘;:()} + ,52%{‘;:0} , so that the
solution is polyhomogeneous with respect to {x = 0} on {y > 7}.

REMARK 3.2 We have the more precise statement

V€A ey +V Ty + 0 S pcayy + Coo( Q) + 2 gy (3:92)

o o o 6 §

o € 2 gy + 0y ocucyy VT Hocncy) T 0S gy T YF gy - (3.9D)

Indeed, inserting (3.8) into the equations and integrating one obtains
) [ § ) (4
¥ €Ay HV I gy + O Sy F 0 oy + Yy
§ (9 0 [ 9

o €l gy +aly ooy ooy H YT S oy 9T g0y -

Comparing this with (3.8) one obtains (3.9).

REMARK 3.3 It is of interest to enquire when the solutions are in L>°. A direct
analysis of the equations and (3.9) lead to the following: First, ¢ will be in L*°
whenever 8 > —1 and ¢ € L*. Next, consider the case § = 0. If

qup:BLpil)aaagbvw € LOO )

then it also holds that
(p.0h) € L. (3.10)

f‘inal)ly, for B > 0, it suffices to assume that ng and By, are in L to achieve
3.10).
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REMARK 3.4 In all physically relevant cases known to us we have g € —6N, in
which case the two last terms in (3.8) can be absorbed in the first one, leading
to the simpler formula

fel iy - (3.11)

PROOF: By hypothesis we can decompose B, as
Byo=Bo,+ B, , B, cCx(Q), B, €0
(2% PP PP PP o0 » P {0<z<y} *

We rewrite the equations at hand as

Oy + Bppp = cp,
8:Ew = Gy,
where
¢o = Lppo+ Loyt +a— B0 — Boyth
Cy = LWPQP + LW“/} +b— B1/19090 — BW“/} .

Integration of the second equation yields

Bl v y) = By, vt y) + / co(s, 0™ y)ds . (3.12)
— Y
P(y,v4)

By hypothesis we have w(y, vd) € yﬁszf{‘zlzo} c yPaf

(0<z<y}" Similarly ¢ can be
calculated as

y
ol y) = R(a. g, 0) plool o) + [ Blootisaeglo,ol ) ds
N——r T
P(z,04)
(3.13)
where R(z,v%;y,1) is the family of resolvents (smooth up to boundary in all

variables) for the family of ODEs

8yS0(‘T7 UA? y) = _BSOSO(‘T7 vAa y)%"(fﬂa UA? y) )
with parameters (z,v?) and with initial values at y;. By hypothesis we have ¢ €
xﬁ%‘lzo} which implies that the first term R¢ is in ZL‘ﬂJZf{(L:O} - ZL‘ﬂJZ/{%SxSy}.

In what follows we let € > 0 be a positive constant, which can be made as
small as desired, and which may change from line to line.

We wish, now, to show that

fe %{6;$§y},oo + xﬂgj{%gxgy} + yﬁ'fy{%gzgy} . (3.14)

If @ > 0 there is nothing to prove, so assume that @ < 0. Decreasing « if
necessary we can assume that a 4+ kd # —1 for all k£ € N. For all multi-indices
v we have

e € Cloocyy oo T ¥ Focusy) (3.15)
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(here € arises because of multiplicative powers of In that might occur in some

terms), in particular 9} 0,1 € ‘5{0(‘)<;<y} ~ 527{0<w<y}, and by (3.12),

w(x,vA,y) = @(y,vA) + /x b(s,vA,y) ds
y

-~

. S5 5
=0, phg €27 Aoy FY F (o cacyy

4 / (Lo + Lyt — Bypp — Bygd)(s,04,y) ds . (3.16)
Y

O(Sa—e)
It follows that
Y — o phg = O(@* 1) + O(y* 1) | similarly for 974 . (3.17)
The derivatives of 1 with respect to y take the form:
/—1
851/1(377UA7 ) ( w Yy,v / 8 C’LZJ 7y dS ZCM azaf 1= l )(y; 7y) )
1=0
(3.18)
for some constants Cjy € N. Equation (3.18) with ¢ = 1 gives
YOy (VY — 0 phg) = Oz + O(y*T1¢) | similarly for Y0, 0y .
As ) <1, we have shown that
1 46 ) (a+8—€,0)
€ Ay + VP S focacyy + Clocamya - (3.19)
It now follows that
Co = Co,phg + Cop,atd—e )
—_——
€l p eyt Hocreyy  O@IHT)FOWT0)
and (3.13) gives
Yy
plevhy) = Reotiy ool ot)+ |1 R ot sm)copmlo ) ds
X
caxBatf
tr=or €8Syt Hocucyy
/ R(z,v%;s x)c@ ars_ec(x, v s) ds
CEO‘+5 6)+O(sa+6 e)
leading to
83((,0 _ @O,phg) — O(y$a+6—e) —I—O(l‘a+6+1_6) _|_O(yoc+§+1—e)
= O(zmnFI=c0)) for <z <y, (3.20)
with
@O,phg($> UAv y) = R( z,v 7y7 / R )Cgo phg( A’ S) .
(3.21)
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Equations (3.19) and (3.20) in particular imply

min(a+d—e,0
I €S pcrcy + 9 Hocnzyy + Cg{ogisz},o . (3.22)

We note the following:

LEMMA 3.5 Under the hypotheses of Theorem 3.1, the fields

@ (G
- Oap T OAY
v x0pp |’ ' 20,1
YOy Yoy

satisfy a system of equations of the form (3.1), with coefficients I~/Z-j, Bij and
sources a, b satisfying the hypotheses of Theorem 3.1, with ¢,y € ‘5{"[‘)<x<y} o’

and with initial data @| ., @\y € xﬁ%‘lzo}.

PROOF: We rewrite the equations (3.1) as

Oyp = €y,
8;,;7# = Cy -
Differentiating (¢, 1/7) one gets
éap Cop
- 3,4599 b aACw
_ s 7 = . 2
Oy 20y Cy 0¥ Cyp + x0pcy (3.23)
Cp + YOyCy YOy cy,

With a little work one shows that the right-hand sides of these equations are first

order differential operators of appropriate form acting on (, ). For example,
consider the term yd,c,:

YOylo = yOy(Lyppp + Loyt + a — Byppp — Byyt))
= Y9y L) 0ap + (20, L, )ydyp + (ydy L, )20
+ Lﬁwc‘)A(yaygo) + LY ,20y(yOyp — ¢) + Li,x0:(y0yp)
+ (analogous 01 terms)
+ y0ya — Bpy (yOyp) — By (yoy1))
- (yayBgoga)(P - (yayBgmp)@/} .

The terms from the first two lines of the second equality above can be included
in f@@ the third line can be included in I~/¢ e a will include y0,a, whatever
remains going into the Bij terms. We note that ﬁf{%gxgy} and 556527{5%3;33,} are
invariant under y9d, and x0,, which makes it simple to check that these choices
lead to the functional spaces as required in (3.5)—(3.6).

The other terms in (3.23) are treated analogously.
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It remains to show that the initial data are in the right space. This is obvious
for ¢, 1, as well as their derivatives with respect to v. For the remaining
derivatives, we pass to the limit y — = in (3.18) with £ = 1 to obtain

Yoy | = Tpth — TCy| . . (3.24a)

Similarly from
y
QO(JJ',UA,:I/) = (P(l‘,’UA,ZL')—F/ ékp(x?UAvs) dS .
%/_/ T
p(zv)

we find (again for x = y)

YOoplr = yoyp — yéols - (3.24b)

Equations (3.1) further give

Y(0:Y)| = yeyls (3.24c)
Y(Oyp)lr = ylylr - (3.24d)
The terms yaqu and y0y¢ in (3.24a)-(3.24b) are in yﬁyf{izo}. Now,

yé<p|5” = ?/(va‘:p + chzﬂ/} +a— B<pg080 - Bcptﬂbﬂy .
The restrictions to .’ of the terms a, By,,p, B,y and the derivatives of ¢ and

1 with respect to v#, give a contribution which is in y? sz{‘syzo}. The remaining

terms are of the form y(9yv)|.», y(Oyp)|.7, Y(Oxt))|.#, y(Oxp)|.» multiplied by
coefficients from ;z/{‘; e The same analysis applies to ycy|.», so that we can

write the system of equations (3.24) as

(- yK) | Py, .

Here K is a matrix with components in JZZ{‘Z/:O}. There exists € > 0 so that for
0 < y < € the matrix Id — yK has an inverse in Id + yﬂféj —op> and polyhomo-

geneity (with appropriate power structure) of the initial data for (@, 1)) follows.
O

Applying (3.17) and (3.20) to (¢,) one finds that

~ 7 min(a+d—e,0
(8,9) € Croanzmyo " + 2 Hycacyy +V° Socacyy

and Proposition A.5 implies

min(a+d—e,—e
(¢, 9) € Cg’(()ﬁa(c;;},1 '+ P A cacyy ¥ Hocacyy
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Continuing in this way we are led to
(ot e
(p,) € (g{rg;liéy},oz K + xﬂ‘%{%ﬁrﬁy} + yﬁd{%érﬁy} ) (3.25)

Repeating the whole argument ¢ times, where ¢ is the smallest number such
that o + £0 > 0, one arrives at

— 6 6
fe {Oeéaréy},oo + :Eﬂ”Q{{OSmSy} + yﬂ’gf{OSxSy} : (3.26)
Suppose, for the sake of induction, that
f= Jik + fo.k +  fsx 5 (3.27)
~— ~— N~
s 8 o6 s k§—e,(0;0
P Aoy TV Focasy) Eﬂ{zzo},@i,mff{eg;;ﬁ}m €T lni®

Equation (3.26) and the embedding
- _67(070)
Clozazyyoo © Z(o<ozyho

show that this equation holds with £k = 0 and fa o = 0. We note that all of
the above spaces are invariant with respect to x0,, 0, 9, and with respect to
multiplication by a function from 42%{% <w<y}

Integrating the equation for ¢ and using Propositions A.9, A.12 and A.14
one finds

Ylz,vty) = 10, phg (2, vhy)+ L (Lw<ﬁ1,k + Lyyph1k — Bypp1x — wa¢1,k)

. ) 5
=Pran €l YA oy

+ 1 (waz,k + Lyyak — Byowok — waz,k)

5 5
‘Q{{z:o},@izwﬁ““-e-“ <

o T (k+1)6—e—1ié
{0<e<ytoo  F=OR@T F U0y oo

+ L (Lw%,k + Lyy3x — Bypwsk — B¢w¢3,k> ; (3.28)

s kS+1—e k64+1—¢€,(0;0) — g (k+1)d—e (k+1)5—¢,(0;0)
Gﬂ{OSxSy},w""?{ogxgy},m C‘g{OéwSy},OO'*'y{ogxgy},oo

showing that the result is true for ¢ with k replaced by k + 1. Inserting this
information into (3.13) one similarly finds, using Propositions A.9 and A.15,
that (3.27) with k replaced by k + 1 holds for ¢ (here R stands for the —
smooth up to the boundary — resolvent R(z,v4;y, x)):

ol@, v y) = @opng(z,vhy) + 1 [R' (Lgg 1 + Lptre — Booo1 — wal,k)}

=1 pp1 €l Al HVP Ly
+ | R (Lpppo + Loythok — Blpa) — Bw%,k)}

cat’d '
oy A is g (kH1)5—i8
@=038,7"F Loyt oo

+ L | R (Loppsk — Boopsi + Lopsk — Boptsy )} : (3.29)

(k-+1)6—e,(050)
€T 0<a<y) 0

(k+1)5—e,(151) _ o (k+1)5—¢,(0:0)
€T 0<ezyto  CTl0<e<y} o0
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We have thus shown that (3.27) holds for all k. For any m € N we can choose k

large enough so that the last term there is in Cy,,(€2), and that all the coefficients
of an expansion of fa, in terms of powers of 2 and log x also are in C,,(§2). The
result follows now by arguments essentially identical to those of Proposition A.3.

|

REMARK 3.6 An identical proof shows that “any” polyhomogeneous initial data,
for equations with “any” polyhomogeneous and bounded coefficients, and “any”
polyhomogeneous source terms lead to polyhomogeneous solutions, without im-
posing corner conditions. More precisely, let us assume, instead of (3.5), that
there exists A > 0 such that

Ao+t u I3 7 +
Lo € ¥ Fpcasyy » Luip 1 Lipy Dy € Ypasyy - (3.30)
By 427{6 <r<y} sz{';:o}, etc. we mean here spaces of polyhomogeneous functions

for which n; > 0 and n; + n; > 0, where n; and n; denote the powers of,
respectively, z and y in the polyhomogeneous expansion. Let us further assume
that, for some \ > 0,

Bgy € Coo(Q) + 2 b ney s Bows Buws Boo € ihpan s (3.31)
a€ xﬁlszi{ggxgy} , be a:ﬂ%zf{'ggzgy} , (3.32)
Pl = ea®al_\ Wlp=d el . (3.33)

We have then the following version of the result:
e yﬁd{OSmSy} T xﬁ‘d{ogzgy} + 42/{1:0} ; (3.34)

where 8 = min(y + 1, 82, 83, 84). The conclusion of Remark 3.3 remains valid
if 8 there is replaced with min(83; + 1, B2, 3, 04).

3.2 Nonlinear equations

In this section we prove the non-linear equivalent of Theorem 3.1. The method
of proof is essentially identical, when the nonlinearities are treated appropri-
ately. We consider semi-linear systems of the form (3.1) with a supplementary
non-linearity at the right-hand-side:

Oy + Bopp + Boyy = Lopp + Loyt +a+ Gy, (3.35a)
0:Y + Byop + Byyp¥ = Lyep + Lyyp +b+ Gy (3.35b)

It should be clear from the discussion at the beginning of Section 3.1 that
the right hypothesis for a consistent set-up as in Theorem 3.1 is to assume
8 = -1+, and to have a non-linearity compatible with this hypothesis. This
leads us to assume, following [11], that the nonlinearity

G = (Gy, Gy, Gy,)
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takes the form
G = x PO H (2t 29y, 290 g, 2L p) | (3.36)

v=( 1) (3.37)

this is motivated by different a priori estimates we have at our disposal for the
appropriately defined components 17 and 9 of 1 in the applications we have
in mind. Polyhomogeneity of solutions of nonlinear wave equations, or of the
wave map equation, follows as a special case, see the proofs of Theorem 1.1 and
of Theorem 1.2.

We will need to impose various restrictions on the function H, in order to do
that some terminology will be needed. We shall say that a function H(a*,w)
is “Q/{%Swﬁy} -polyhomogeneous in x* with a uniform zero of order | in w if the

Here we have decomposed v as

following hold: First, H is smooth in w € RY at fixed z#. Next, it is required
that for all B € R and k € N there exists a constant C(B) such that for all
|lw| < B and 0 < i < min(k,),

1H . N .
Ha(w)‘ < C(B)|w|" . (3.38)
8’(07‘ 0,7;(9)
Further, _
VieN 0LH(,w) € Fycpep (3.39)

at fixed constant w. Finally we demand the uniform estimate for constant w’s

Ve >0,M >0,i,k € N 3C(e, M,i, k) Vjw| < M HanH(-,w)||<gk_é(Q) < Cle, M,i k) .
(3.40)

The qualification “in w” in “uniform zero of order [ in w” will often be omit-

ted. The small parameter € has been introduced above to take into account

the possible logarithmic blow-up of functions in 427’{% <a<y) AL T = 0; for the

applications to the nonlinear scalar wave equation or to the wave map equation

on Minkowski space-time, the alternative simpler requirement would actually

suffice:

VM >0,ikeN 3CM,i k) Vw| <M ||0,H(,w)llgo0) < C(M,ik),
(3.41)
again for constant w’s. Clearly functions which are smooth in (w, z*), and have
a zero of appropriate order in w at w = 0, satisfy the above conditions.

THEOREM 3.7 Letp € Z, q,1/6 € N*, k € NU{oo}, let f = (v = (¢1,2), @) be
a solution of (3.35) with G of the form (3.36), where H is Qf{%q@} -polyhomogeneous
in ¥ with a uniform zero of order -

P=3
q

m >

(3.42)
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Assume that for every € > 0 we have

—1—€ i
V1€ (Cg{oﬁxéy}m n Cg{ogxgy},o>(9) )

P02 € L oo (D)
Suppose that Equations (3.4)-(3.7) hold with 3 = —1 + 6, and that ¥|,—y €
9 _ . Then
=0t 5 5140
(¥, 9) € o<y X 7 Ho<azy)

more precisely

¥ € 2 Hycpeyy + ymoy (3.43a)
pE xa_lsz/{‘sxzo} + :U‘S_lyﬂ{{%éxgy} ) (3.43b)

In particular for any 7 > 0 we have

(wv @)’{sz} € JZ{{(Sx:()} X w(S*lfQ{{(;:O} )

which shows that the solution is polyhomogeneous with respect to {x = 0} on
{y=r}.

& 00 0 790 é 00
REMARK 3.8 If ¢|,—, € Ay VL, then o € 2’y oy + [, N L

REMARK 3.9 Let us, in addition to ¢ € L*°(Q2) (see Remark 3.8), assume that

nga B(p’l/)a CL, (10’13:1/ E LOO(Q) *

Suppose further that G, satisfies
Gy (ah, x4y, 2 ey, 2 ) € L(Q)

for every (fixed) v, ¢ as in (3.43) (which is true e.g. if (mg—p)d > 0). Then it
holds that -
0 € pery NIV,

REMARK 3.10 There is little doubt that the proof below can be generalised
to allow ¢y € x_1+5d%0 , as well as Byy € .%'_H_(SJZ/{(;:O}. We have not
attempted to check all the details of this, because of technical complications in
the proof.

REMARK 3.11 The theorem remains true if we replace G by a finite sum of
nonlinearities satisfying the above hypotheses, with different p and ¢ satisfying
(3.42) for each term in the sum.

ProOF: We follow the proof of Theorem 3.1, checking that the supplementary
non-linear terms do not affect the argument. We decompose ¢y, as (¢y,, ¢y, )-
We have

fo= (W, 202,20) € Ciolepeyy o
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with € as small as desired (we hope that a clash of notation j?with Section 2
will not confuse the reader). This shows that the non-linearity G, gives a
contribution to ¢y which is O(z(™37P)9=¢) (the easiest way to see that is to

view the non-linearity as a function of mq‘s*ﬁ, where f. = :L"Efe L™>).
First, (3.17) becomes

Y — Yopng = O(x™°) . (3.44)

Next, to estimate the derivatives of 1, note that the integrand for 9, in (3.18)
with £ = 1 contains a supplementary term

0,(Gula, 2™ )) = (B,Gy) (@, 2 ) +(@uGy) (i, 29 )at90, .

O(x('mqu)éfe)yfl

Write w = (w1, w2, wy) = (291, 2P ehg, 299 0), wy = (wr,w2). We have
the equation

(0,Gy) (@2 Pa0,f = a7 (0, H, ) @, w)a®™ 19,0,
PO (8w¢H¢) (xH, w)xq5+18ycp
+z7P (8le¢> (2", w)xPdyhy . (3.45)
We know by hypothesis that

(1, 22, 20, xyOyh, xydyp) € Co”cn g

which allows us to estimate all terms above by Cx("4=P)0=¢y=1 cycept the last

one. However, we can write a system of equations for yd,1) of the form:

0 (ydy ) — 2P (&Ule) (2", w)z® yd,y = O(z~17) . (3.45a)

:O(x(mLI*Pﬁs*E)

The following is essentially Proposition B.3 of [11] with k& = 0 there, we revisit
the proof because of the uniformity in y required here:

LEMMA 3.12 For 0 <z <y < gy consider the system

0z + by =c,
and suppose that there exists € < 1 such that the linear map b has coefficients
in ‘5{;5:0},0. For o € R\ {—1} there exists a constant C = C(a e, Hb”%@lo},o’ )
such that
1. For a > —1 we have
[l < C (Iblemyllie + lellep ) - (3.46)
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2. while for o < —1 it holds that
olagss,, <€ (Wlomlagay, +lelagyy,) - (347

PROOF: 1. Obvious modifications in the calculations in the proof of [11, Propo-
sition B.3] lead to the following replacement of [11, Equation (B.19)]

~uea < alelop_yy, + 00l (3.48)

Yo

By integration, after passing to the limit ¢ — 0, one obtains, for 0 <z <y <
v <y

ga—l—l y%—e
[l oo (o,)) < W la=yllzee + ml!c\l%gc:w + i”bu%{;;o}’kHwHLoo([O,yl]) .

Choosing y; small enough the last term can be carried over to the left-hand-
side, which yields the inequality on [0,y;]. The final inequality (3.46) is then
standard.

2. Decreasing e slightly if necessary, we can without loss of generality assume
that a+1—e # —1. We recall the first two lines of [11, Equation (B.20)], adapted
to our notation, with z3 there replaced by y:

| s JZCH_I ya+1
‘w(va 7y)| < |¢(y,U 7y)’+(_(1+a)+(1+a)>

ya—i—Q—E xa+2—e
— bl —e a . (3.49
; < e~ T e)) lbllgoe, Ilgge, - (349

leller, .,

For o < —1 this implies

+1
A A at1 , 2%
|¢(1’,U 7y)| < Hw(yav 7y)||<g{°‘z+:10}70 Yy +’1 +Oé|||CH<€{aI:0}vO
Sma+1
1 a+2—e a+2—e
+‘2+O¢—6‘ ( ya,—/ + L’ )HbH(g{_;:o},oHwH(gF;:lo},o
:yl—eya+1§y%*€xa+l :mlfexa“gyi_ema“
1
< A N o
< (et g+ rarlele o,
Qy%_e a+1
ey Ml ot (3.50)
Choosing y; sufficiently small, one concludes as before. O

From (3.45a) and Lemma 3.12 with & = —1 — € we obtain

y8y¢ = O(‘Tiﬁ) .
A similar treatment of 954Gy, allows one to conclude that

(URS xé%%gxgy} + 527{(;:0} + Cro%aayyn - (3.51)
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(The first two spaces are actually included in the last one, but we exhibit them
to keep track of the form of the polyhomogeneous contributions in %, which
will become important later.) It now follows that

— /
o+ Gy = Co,phg +Cy
~——
S5 )
€oP A o oc i) TV Hocacy

with

d, = Oz~

Equation (3.13) gives

y
oz, vt y) = R($,UA;y,ﬂf)¢(33,UA)+/ R(z, v 5,2)cp phg(x, v, 5) ds
xT
6571‘(2{5
' fr=or €t o)+ Y ooy

y
+/ R(m,vA;s,:z)c’ (a:,vA,s) ds ,
X
leading to

o —Qophg = O(x™'T7).
Here, as before, ¢g phe is given by (3.21).
Next, consider Lemma 3.5. We rewrite (3.1) as
Oyp = ¢+ Gy,
Op = cy +Gy .

The field 4 is decomposed as (1,%2), with P = (Y1, 04%1, 20211, ydyih1).
Differentiating (p, ), instead of (3.23) one gets

¢o + Gy
. aAéw + 8AG¢,
Dy = 0aby + 30,Gp : (3:52)
Co + Gy + Y0y, + y0,G,
similarly for 1, e. g.,
Cyr + Gy,
Outhy = Oacun +0aGy, (3.53)

Cyy + Gy + 20pcy) + 20:Gy,
yayc¢1 + yadeu

One can check that the non-linear terms above have the structure claimed. For
example, we have

10,Gy, = x0, (ar—péﬂwl (=, w))
= e P Hy, (" w) + 2P (0 Hy, ) (o w)
+aP <8w1H¢1> (2", w) <q5 2y + xqéx&ﬂm)
4070 (B Hos ) (2, 0) (0 4 )25 4 29 00,0)

4P (81%le> (a#,w) <(q(5 + 1)a®+p 4 a:q‘sﬂx(?xgp) .
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It should be clear that each term in the sum above has a zero of order m in the
new variables.

This analysis allows us to repeat the induction argument which led to (3.25),
obtaining instead

(S xgézf{aoﬁxéy} + 'Q{{iFO} + Cg{z)eéxéy},oo )

5—1 45 5— 5 14—
o € 2oy + 2 Y pey) + Clochay) oo (3.54)
The embeddings
—e —€,(0;0) —1+6—c¢ —146—¢,(0;0)
Cloce<ytoo © To<esytioor  Closasytioo © Tloceylioo

justify the case k = 0 of the following induction hypothesis, where fao =
(¢2,0,¥2,0) = 0 (we hope that the reader will not get confused by a slight clash
of notation, as the decomposition in the equations below is unrelated to the

decomposition ¥ = (1, 12)):

o = 1,k + 2.k + 3.k ; (3.55)
~—~— ~—
§—1 76 §—14 079 o0 ) ké—146—¢,(0;0)
S Py T W ooy Sy e ghIIEE i €T 0casy o0
Y = 1k + Yok + sk (3.56)
~— ~— ~—
L) o0 o _ ks —c,(0;0)
€20 ocacyy T ¥ y=0y € fo=op it oz €T M0gegy)o
We note that
5 468 5, 8 ) (k+1)6—€,(0;0)
zp €’ A _ g+ 2y, + o , . ceis + T, .
¥ {z=0} Y% 0<a<y} {x:0}7@ixi59f{lg§2§y}7w§ {0<z<y},c0
_ (3.57)
It follows that f = (i1, x19, z¢p) belongs to the space
r3 5 § kd—e,(0;0)
e (% v s 4T . 3.58
! {0<e<y} {z:O},@iz”?}fgysf}m {0=z<y},00 ( )

Note that our result is purely local, so without loss of generality we can take
the domain & of the v—cordinates to be a closed coordinate ball. Lemma 3.13
below, with A = ké — ¢, applied to g = f gives

—pS 17/, g8 T (mq—p)§ _s6 ) (k+mg—p)d—e,(0;0)
e R T A L= ‘
(3.59)

We can repeat now the integration in (3.28), recovering (3.56) with k = k + 1.
This, together with (3.57) shows that (3.58) holds with & replaced by k + 1,
hence (3.59) holds with k replaced by k 4+ 1. An integration as in (3.29) gives
now (3.55) with k replaced by k + 1, and the induction step is completed.

By an argument analogous to the one in the linear case, we conclude that

p e Mgy + 2 Y pcagyy s ¥ €T pcugyy + Ty T ooy
An analysis as in Remark 3.9 finishes the proof. O

We finish this section with the lemma referred to above:
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LEMMA 3.13 Assume that O is convex, compact, with interior points. Let q €
N*, R> X >0, and let H(z",w) be ;2{{%<x<y} -polyhomogeneous with respect to
x# with a zero of order m in w. If for all € > 0 we have

4 6 A—¢,(0;0
g€ ('Q{{OSOUSZ/} + FA i + ‘?{Oéx(ﬁy}?oo> ’ (3.60)

. . A—id
{z:O}v@izléy{OéwSy},w

then it also holds, for all € > 0,

H(-,2%g) € a™® (’Q{{%Sxéy} + o/° .

Lo e A—id
{2=0},0i2" F{0<0<y} 00

If A >0 and (3.60) holds with e = 0, then (3.61) also holds with € = 0.

+ gAe00) ) . (3.61)

{0<z<y},c0

PRrROOF: This is a repetition of the proof of [11, Lemma 4.8], using an analogue
of [11, Lemma A.5] in the .7 —spaces. That last result is proved using the usual
Moser inequality together with scaling, as follows: For each (a’c,T)A,g) € Q) we
define a map Sz 54 5 which maps a standard set of parameters H X O to
a compact subset of ), containing (E,T)A,gj). By J# we denote a “standard
triangle”:

A ={(s,t):0<s<t, 0<t<1}.

The maps Sz 54 5 are defined as follows:

(Z+c(s—1),g5+¢(t—1)),c=2/2 fory>T "~

This definition guarantees that the S-image of JZ x & is contained in 2. We
have

(5:t00) = (a0 = { (3 TS0 s) £ 7 for g < T

he Zd = Vitj+h| <k [0]0,05h < Ca® '
There exists a smallest such C' which we denote by [|h||zo. For g € J* we
estimate the norm of H(-,2%g) as follows:
||H(.7xqég)||yka@) < Z sup|x_a+i+j338;8§H\ ;
i+j+lyI<k
V0L H = <1>HJ (0100 H) 0 S
v OOyl = v Fs0t 5A

S (‘%7 7@) ’

where H = H o S(z,54,5)- We use the interpolation inequality

1—i/k i/k

HUHCi(%xﬁ) < ||u||Lw(ggxﬁ)||u"ck(ggX@) ) i<k,

and proceed as in [11, Proposition A.2] to estimate the derivatives of H. Let z
stand for (s,t,v) € A x O, then for |o| < k we have:

‘aag’ < C‘ Z c30(lo1|+-+los])
[vI+lo1 |+ +os|=|o|
8 gggﬂ 07 ((1+5)%g) - 07 (1 + 5)"7)
< oM ST 0T ((1+9)Pg)] - |07 (14 9)77)]
lo1|+--+|oi|<|o]
< O (1+ 8)PF| o rx e |(1+ 8) PGl oy x o)
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where g = g o S(z 34 5. Let us note that = and ¢ are of the same order, in fact
% equals 1 or 2. Using this and the relationship between g and § we conclude

that

«

10+ 9%l xo) < Cllall gegms

Putting all the estimates together we arrive at
—mqd fr(. .49 < _
|z H(,x g)Hyka(Q) > CHQH@&(Q) )

which is what we need to proceed with the proof of the Lemma. The point
in all the estimates is that C' depends only on ¢d, k and ||g||L~ and does not
depend on (z, 74, 7).

If g ¢ L>(Q) we can use g, := 2°g € L>(Q), hence the epsilons in Lemma
3.13. O
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A Function spaces, auxilliary results

A.1 % —spaces

For k € N we denote by Cy(2) the set of all functions which are k times continu-
ously differentiable on Q. We denote by C(2) the set of C(2)—functions which
can be extended by continuity to Cj functions defined in an open neighborhood
of Q.

Let F be a space of functions, we shall say that f € 2yl F if =%y P f € F.

We need to introduce various families of function spaces with controlled
singular behavior at {x = 0}, or {y = 0}, or {x = y = 0}. The domains we will
consider will always be subsets of the set 0 < x < y < yp for some yp < co. For
k € N we define

Choqi@) = {f:VijeN, BeN  i+j+|5 <k, sup 27202 [0, 28, f] < o0},
Gl s() = {f:¥ijeN, BEN itj+|5] <k, suply™70)[yd,]'[0:)' f] < oo} ,
Cocacy () = {f:VijeN, eN  i+j+|f[<k, sgp!w“’é’f[yay]i[wx]jf! < oo},

Cg{%’;zgy},k(ﬁ) = {f:Vi,jeN, peN | i+j+|6 <k, sgp |2y~ [yd, ' (20 ) f| < oo} .

The spaces ‘gﬁ‘t:o},k here correspond to the spaces € of [11].
We shall write

Clo<e<ytoo = MeNClo<a<y) ko
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similarly for C' (£2), ‘5{";:0} ~» etc.
We note the following:

PROPOSITION A.1 V& > 0 we have aﬁa%{ﬁyzo}’k C %%;i?;fk :

PRrOOF: There exist constants Cy, and C such that, for 0 < x < y and for

fe%{ﬁ

y=0}k We have

(20:) (ydy YO (@ f) = ) Cral20:) (40, Y0} f
=0

< Cxay,@ — C.Ia_6$6yﬁ < Cxa—éyﬁ—i-é ]

A.2 Polyhomogeneous functions (.7—spaces)

A function f € Cy (©2) will be said to be polyhomogeneous at {x = y = 0} if
there exist integers IV;, real numbers n;,7;, and functions f;;; € Co ﬁ) with
the property that

VYm € N 3 N(m) such that
N(m) N;

F=>3 fyey ™ yln's € Cn(Q) . (A1)

i=0 ;=0

We then write f € @jp<,<,3- To avoid repetitions of terms with identical
powers in (A.1) it is convenient to impose (n;,7;) # (nj, ;) for i # j, and we
will always assume that this condition is satisfied.

We write

when § € 1/N* and {n;} CON, {n;} CIZ, n; > —n,.
(A.2)
The last inequality (recall that 0 < z < y) guarantees that functions in
'Q{{%Smgy} are estimated by C(1 4 |Inz|Y) for some N € N, and that they
are bounded up to a finite number of logarithmic terms. The need for nega-

tive powers of y arises from the requirement of invariance of ,52/{% <w<y) under

for any 9, then

fed

0<z<y}

x0y. As an example, consider the function Iny € JZ/{‘SO <w<y)
x0ylIny = x/y. This exhibits the necessity of negative powers of y, appearing
however in a way consistent with the inequalities in (A.2).

Similarly we shall write f € </, if (A.1) holds with 7; = 0 for all 1,
and with no non-trivial powers of Iny, with the obvious definitions for 4217{‘;:0},
saf{yzo}, etc.

The following observation will be used repeatedly:

PROPOSITION A.2 1. We have the inclusion

Fpcrcyy 1LY C Clocacy) oo -
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It follows that for any € > 0 we have <72

{0<a<y} & Cro
2. Similarly

{0<z<y},00 *
0 0o 0
0y VL™ C Clpiy oo >

and for any € > 0 we have ﬂf{ —o} C %{Dw 60} ~ -

PRrOOF: 1. The last statement is obvious given the previous ones. It remains
to show that for all £k € N we have 42%{0< < N L> C Cg«’?ﬂgxgy},k . But clearly
each term in the sum in (A.1) with m = k, as well as f minus the whole sum,

is in %{00 <w<y}l ko whence the result. The proof of point 2. is identical. O

We shall need the following characterisation of the space of polyhomoge-
neous functions:

PROPOSITION A3 f € “,—o if and only if for every m € N there exist
N(m), N;y(m),n;(m) and functions fi; € Cin(Q) such that

N(m) N,

f=> Z fii "M ¢ € €, (9) (A.3)

=0 75=0
with a similar property for <, {z o} H(o<a<y), €lc.

PRrROOF: The direct implication is obvious, therefore we only need to prove the
reverse one. We start by noting that in (A.3) we can choose the f;;’s to be
independent of x. Indeed, if some f;; depends on z one can Taylor-expand it
with respect to x = O:

1 0£:(0,v4,y)
- AN ij Y) .
fzj(mav 7y> - 0£| axg +T'

The coefficients of the expansion are in C,—,(Q). Therefore

fij (M) 10 = Z fije(v A gt g g 4 g nd gy
=0

The last term is in Cx(Q) with k arbitrary large, provided one started with m
large enough. Similarly, one can arrange things so that the C,,(Q) term in (A.3)
is o(z™). Hence for every m there exist N(m), N;(m), n;(m) and f;;(v?,y) such
that

N(m) Ni(m)

f Z Z ij lnj T+ Ty, (A4)

=0 75=0

with 7, € Cpn () and 7, = o(z™). If necessary we rearrange the n;’s increas-
ingly, and we also assume that f;;’s do not vanish identically.

The next step in the proof is to show that the f;;’s, defined as in (A.4),
do not depend upon m, i.e., if one writes (A.4) with some m’ then the f;;’s
corresponding to n; < min{m,m’} will be equal. This is proved by comparing
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the expansions order by order, starting with the smallest n; and largest j. For
example:

NO(m) N()(m/)
f= foa"mind x4 o(ammte) = Z Foia™ ) 1nd g 4 ozl )+
7=0

Dividing this equation by z"0(™) In™No(™) 2 and taking the limit * — 0 one
gets no(m) < no(m’), similarly dividing by 20 () InNo(™) - one gets ng(m) >
no(m'), hence no(m) = no(m’), No(m) = No(m') and fon, = fop,- Once the
uniqueness of N, N;,n; and f;; is established, the smoothness of f;; follows.
This proves that f € @/,—g). The result in @7{‘;:0 follows as the property
n; € 0N is clearly preserved by the above procedure. The result for @jo<,<y)
is proved similarly, using Taylor expansions both in x and y. O

The space denoted by ,Qf{‘;:o} here coincides with the space &7 of [11]:

PROPOSITION A4 f € ,—qgy if and only if for all a € R there exists N(a)
and functions fiy € Coo(Q) such that

N(a) N;
F=>2 fua" 'z € 6y - (A.5)
i=0 ¢=0
This implies szf{xzo} = .

PrOOF: Let f satisfy the condition in the right member of the equivalence
above, then the property f € ,_q, follows from the inclusion Cﬁ{x —0},00 C

Cy(Q) for k < a. Reciprocally, suppose that there exist integers N;, real num-
bers n;, and functions f;; € C (Q) such that for all m € N there exists N(m)

such that
N(m) N;

f- Z Zfzg 2V ntz = r, € Cn(Q) . (A.6)
=0 (=0
Replacing fi; by z* ff, if necessary, without loss of generality we may assume
that fij|lz—o # 0 for all 4,/ € N. From what has been said it should be clear
that the set {n; < 0} is finite. It suffices to prove the result for

N;
F=Y> fuamx,
n; <0 £=0

and thus without loss of generality we may assume that f € L*°. By Proposi-
tion A.2 the left-hand side of the defining equality (A.6) is then in %”{x —0},00°

thus r, € %{m 0},00°

It follows from the definition that f|,—¢9 € Cw, which clearly implies that
Tm|z=0 € Coo. One similarly shows that (9.7, )|z—0 € Coo for 0 < i < m. Let
r], be defined as r,, minus its Taylor series in x of order m — 1, then we still

have 17, € ‘5&:0} o« and 77, = O(2™), thus

e ‘5&20},00 NCir—oyo -
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Redefining the f;’s, (A.6) still holds with 7, replaced by 77,,.
Let m’ > m, we then have

Nm') N

=N (m)+1 ¢=0

with each term in the sum being O(2™) (otherwise 7/ , wouldn’t be O(z™")).
Recall the usual interpolation inequality [14], for 0 < k < ¢,

1—k k
Iflle, < CR DIl “Iflle, 5

its weighted equivalent reads (compare the proof of [11, Lemma A.4])

1—k k
Pl oy < C’(k,f)ll%fllg{,ﬁ 0},0“%/”%&:

{2=0}.k o= 0.

Given k € N we choose ¢ = 2k, m' = 2m, leading to

N(m') N

i Z Zfig 2" Inx e Clomot s — T € G0}k -
=N (m)+1 £=0

Since k is arbitrary, we find that
T,fn S ngﬁlzo},oo ,
and our claim follows. |

Let F' be a space of functions on Q such that F' C Cy(€2). We shall say
that f € Jz/{‘iczo} p if for any k£ € N there exists N (k) and functions ¢;; € F

such that
N(k)

- Z cpijxéi In/ x € Ck(ﬁ) . (AS)
i,j=0
The spaces 42/{% <a<y}F AT€ defined in a similar way; for example we have the
identity -

5 o é
e e

In this notation it holds that

5 o )
D(o<asy) = JZ{{90=0}=£’{5y:0} '

We will need the following characterisation of functions which are polyho-
mogeneous up to lower order terms. To avoid annoying special cases involving
logarithms we assume o ¢ N, though the proof gives also a corresponding state-
ment in this case:
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PRrROPOSITION A.5 Suppose that o € N, let

fly € P ocusyy . FEPApcueyy + 9 T ooy + Clocacyyin -

and assume that for all i,j satisfying i + j < k + 1 there exists
§ é
915 € 2’ Hpcnayy + ¥ Dpcacy
such that for every multi-index y for which i + j + |y| = k + 1 we have
’(xam)i(yay>j83(f — gij)| < Ca”.

Then
€’ Hycocyy + 9 Fpcrcyy + Cococyyin - (A.9)

PROOF: For o < 8 and, simultaneously, o < 0 there is nothing to prove, as then
the first two spaces are included in the third one, and the claimed decomposition
of f is uninteresting, and can be done in many different ways. We therefore
assume that at least one of those inequalities is violated, and we proceed by
induction on k. Suppose we know that the property

Oaf » yOyf , w0uf € P Ay cocyy + 0 Hocucyy + Clococyyi (A.10)

implies (A.9). Then Proposition A.5 is also established for & = 0. Next,
applying the already established case k& = 0 of the proposition to (29, )1 f we
find that

(zam)g_lf € mﬂﬂf{%éxﬁy} + yﬂ’%%ﬁxéy} + (g{JOSCCSy},l :

Similarly, applying the case k = 0 of the current proposition to yd,(z9,) 2 f
and 8,4(3361«){*2]‘ we find that

yay(xax)ﬁ—% € xﬁﬂ{%ﬁwgy} + yﬁﬂ{%émgy} * (gﬁ)ﬁxSyM ’
0a(202) 2 f € 2P Aoy TV Hocacyy + Clocazyyn
The implication (A.10)=(A.9) gives then
(200)2f € 2’ Hycacyy + ¥ Focacyy + Clococyya -

Taking ¢ = 2 establishes Proposition A.5 with £ = 1. Continuing in this way,
Proposition A.5 follows for all & € N.
It remains to establish the implication (A.10)=-(A.9). Writing

amf = fx,k,phg + f:r:,k,a s
SN—— SN—~—
— § — 5 o—1
€PN ey oW A focrcy €€ cocuyn

we have

f(x,vA,y) = f(yv'UAay) +/ fx,k,phg(‘S?vAvy) d5+/ fx,k,o(savAvy) ds .
Yy Yy

caBof?

—- [ =
=i+1,phg fo<o<iy Y7 Fococy) Hit1o

(A.11)
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We want to show that fri1, € g{aogxgy},kﬂ; equivalently:

Yy, iti+ v <k+1 [0](02)(8y) frrro] < Ca” Tty

The inequality is clear if i > 1 or if |y|4+7 < k+1, by differentiating the integral
defining fy41,. Suppose thus that ¢ = 0 and |y| + j = k + 1. Recall that, by
hypothesis, we have
ag(yay)jf = 0 f,.k+1,phe +0(27) ,
—_———

5 5
€l Aoy TV Hocncyy

and comparing with (A.11),

O (Y0 frrt.o = 07 fiyh+1phg — OF (y0y)’ Srr1,phg +O(27) - (A.12)
= gk+1,1 +  Gk+12
~—~— ~—~—
P ocncyy VP ocsy)

Recall, now, that we only have to consider the cases o > 3, or ¢ > 0, or both.
For y > 0 consider the collected polyhomogeneous terms in (A.12), they can be
written as a finite sum

Ny,
gk+1,1(l’,y,’UA) = Z men(yﬂ-}A)xﬂ—’—n(s In™ z + Tk’-i—l,l(x’ya,UA) 3
B+né<o m
Ny,
Gerr2(my,0") = Y fra(y o)™ ™ x4 v (e, y, 07
né<oc m

with functions f,,, and f/ = which are smooth in both variables (as long as
y > 0), and with the remainders being O(z?). If 3 € —N we absorb the second
sum in the first one; similarly if 5 € N we absorb the first sum in the second
one. This shows that without loss of generality we can always assume that all
powers of x appearing in the sums above are now pairwise distinct. Suppose
that fimn # 0 or f),, # 0 for some couple mn, then fy41, wouldn’t be O(z7)
for all (y,v4)’s by integration of (A.12) in y or in v. It follows that

Gk+1,1 F+ Gk1,2 = Tht1,1 + Thg12 = O(27)

which establishes our claim. O
A.3 %— and J—spaces
For o« € R and k£ € N we set

y{%@@},k:{f|V0§i—|—j+M§k N :

- Cye (14 gY@ —i—j >0
oY f| < . ) ’
102050, f| < {Cmo‘_z_](l + [z if a—i—-j<0 (8.13)

41



We will also need a version of the .%#-spaces where the functions involved are
“almost independent of x when « is large”, in the following sense:

j?ogxﬁy},k:{ffvoéi+j+|7|Sk: N :

”n Cy*I(1+ |mny)N¥  if a—5>0,i=0
0Ll f| < A ’ (A.14

100,031 < {Cxa_’_J(l +|Inz))N  otherwise ( )
Let o, 8 € R, k € N. To be able to estimate in terms of powers of |Inz|

rather than 1 + |Inx| it is convenient to assume 0 < yo < 1. We say that
fe 47{%;532/}00 if for all ¢, j,~ there exist constants C' > 0 and N € N such
that, for 0 < z < y < yg we have

0L791f| < c(:ca+ﬁ-i—j + oy I 4 xa+ﬂ—i—’€yk—j) |1In™ | (A.15)

We write f € %%fx@} - for f e 9{%2@2}} ~» and we note that for k = 0, or
for f = k, the last term in (A.15) is not needed, e.g.:
Je TGy = 10:0J00f) < C(a7 7T ooy T ) N )
(A.16)

Finally, for § < 0 the last term in (A.16) can be dropped altogether.

Strictly speaking, the only space out of the ‘7{33(2 ﬁ;},oo’s which is absolutely
necessary in our proofs is the one with k = 8 = 0. However, we have decided
to include a short discussion of the other ones as well, as those spaces appear
naturally in the problem at hand.

Let {F;}ien be any countable family of function spaces, we shall write

N
GnFo={f:INEN, fu€F ,0Sn< N, f=> fu}.

n=0

The dot over the symbol & is meant to emphasise the fact that only finite linear
combinations are considered.
For further use we note the following elementary properties:

PROPOSITION A.6 1. If f € 9{3&;2} ., then 8, f € %ﬁ;iig}klo and O, f €
gron(A—T;max(k—1,0)) - -

{0<z<y},00

2. For o/ > o and 3 > (3 we have j{oo/g(f;goo C j{géiiz/}w

a+o,(8;k) a,(B+0;k)
3. For o > 0 we have g{ogmgy},oo C ‘Z{ogréy}m'

4. If N3l <o and { <k < 3 we have %3é§é;}m C %{@:0}75-

(07 (03 a,(O;k) :6 Ov(ﬁvk)
" %z{f;jo}m C Cloca<ytioo © T(o<<yyoor M4 Clygy o0 © To<acy) oo fO
a .
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6. If f € T, o (Bik) and g € C*®, then fg € T o (B5k)

{0<z<y}, 00 {0<z<y},00"
7. Ifg e CKO;:O}’OO and h € Cg{ﬁ 0} 00 then gh € ¢7{0<(x< }oo for all k.
8. We have a?"y{o<x<y} o= '7{3:;<§}koo for all k € N and o € R.

9. For f € {0<(§2/}oo and £ € N we have z'f € {Oéizzfg for all k.

PROOF: Points 6-8 follow immediately from the formula

Goigh) = S Clrs,mn)(@Org)@:00h) . (A7)
r+s=1
m+n=j
The remaining claims are direct consequences of the definition. O

A.4 Extensions of a class of functions

Let 0 < ¢ € C®(R), suppy C [-1/2,1/2], [p ¢(z)dz = 1. For 0 <z <y < yo
we set

Em@w,%—/mﬂ%%ﬂmwm) (A.180)
3y/2

/ f(w,v)dw (A.18Db)

y/2 x
=)

/ flw,v)dw (A.18c)
= / fly+xz,v)dz (A.18d)
= / o(2)fly+xz,v)dz (A.18e)

~1/2

(there is no need to know the values of f for negative w when using (A.18¢) as
¢ = 0 there; a similar comment applies to (A.18d)).

The results here are an adaptation to the problem at hand of [2, Section 3.3].
In the lemma that follows one can think of p as belonging to [0,1), but this
restriction is not necessary for the result:

LEMMA A.7 For k € N and p € R suppose that
070, f| < Cy* = (1 + |Iny|)Y for 0 <L <k, (A.19)
then
E[f] € yﬂy{’fogxgy}m . (A.20)
If moreover there exists A > 0 such that
10705 f(y,v) =05 (', 0)| < Cy* (A + |y Ny —y'|* for |y —yl <y/2,
(A.21)

then we also have

Elf)(z,y,0) € " P FHA ) - (A.22)
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PROOF: The estimate (A.19) together with (A.18e) gives

1/2

0<itj<k |OOOEf(z,yv) = )/ ()00 f(y + 22, v)2d2
1/2

< Oyt 4 gV . (A23)

On the other hand, if i + j > k we write ¢ = i1 + i3 and j = j1 + jo with
12 + jo = k, obtaining

o 12 .
QLOOEw. ) = 9207 [ o) 0h0y sy + z.0)ds

-1/2 =

=ipiglz

= 8;1851/ %2(%"} )8k87f(w v)dw
0

_ :L,—i1—j1/ %wvﬂ;(a:)akm (w,v)dw (A.24)
0

where we have set

— e (Y
i (Y = ptrnmpap Py

x T
It follows that

020907 Elf](2,y,v)] < Ca 1 IyP(1+ [Iny|)N / ‘M‘dw

o 1/2
_ C;p_”_hyu(l—i-|lny’)N/1/2’SOil’iQ’jl(z)‘dz

C’C'%_il_jly“(l + |In y|)N
CO' g =iyn (1 + | Iny))V, (A.25)

which establishes (A.20).
To prove (A.22), we start by noting that for i; + j; > 0 we have

0 = 8;1851/ i, (2)dz

0 (. (WY co L (wzy
- a;’;agl/ 2] )dw:/ ayag;(%( z ))dw
0 0

X X

This allows us to write (compare (A.24))
OB ) = [ oo (PUED (ohon stw. ) — o410 ))

w—y
= e [ W(agagfmv)—6’;63f<y,v>>dw

0

e}

<Oy A1+ g Vo>
Oy A1+ [lny|) Va7

IN
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as desired. O

We continue with

LEMMA A.8 Let i > 0 and for 0 < i < m let f; satisfy (A.19) with k there

replaced by m — 1. There exists h € y“ﬁ%ﬁgmgy}m such that
0<i<m  Ohle—o=fi. (A.26)

If the f;’s satisfy (A.21) with k = m —i then h € y“_Afggigy}7m.
PrOOF: We start by considering the following set of functions, defined for
0<s<m, .
xl
It follows from Proposition A.7 that g; € y”xifffggigy}m C y“ﬂfggxsy}m, or
gi € y“_/\xzﬁ{?g;’c\;;} o C y“_’\gf{"gz;\@} o if (A.22) holds. It also follows from
(A.23) and from Lebesgue’s differentiation theorem that for 0 < j < m the
functions d%g; extend by continuity to continuous functions on {z = 0}, and
that g;|z—0 satisfies (A.19) with k there equal to m — i, and with the modulus
of Holder continuity satisfying (A.22) if this condition was satisfied by the f;’s.
Those considerations imply that the following inductive scheme is well de-

fined: we set hg = E[fo] and

zt ,
hiJrl(mayv U) = hl(xv Y, U) + ﬁE[f’L - (8§Ehz)|x=0] .

Then the function h := h,, satisfies (A.26), and belongs to the spaces claimed.

O
A.5 Integral operators on &/— and %—spaces
For 0 <z <y <yg<ooset
A Y A
Loty = [ fsot s, (A.28)
xy
Bty = [ fwotsds. (A.29)

In our arguments we will need to understand the action of I; and I3 on various
spaces defined above. We start with polyhomogeneous functions:

PROPOSITION A.9 1. Let g € aPy7 /2 Then

{0<z<y}-

Lg) € y" " ey + oY oy

Ix(g) € xﬂﬂﬂd{izo} + wﬁyvﬂd{%gxﬁy} :

It follows in particular that jo<y<y) is stable under both integrations
above.
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2. Let g € xﬂyvffzf{‘lzo}. Then
L(g) € "7 oy 2y gy

é é
L(g) € e gy + Py T ey
PROOF: Let f € Ox(Q), p € R,j € N. We start by showing that for every
m € N there exist an integer NN, sequences of numbers k; € N,/ € N, a

sequence of smooth functions f; and a function 7, € Cp,(£2) such that
y ' N
/ f(s, 0™, y)sPInd sds = Zfz (yp+ki+1 In% y — gPHhitl b :c) +7m . (A.30)
z i=1

Several integrations by parts in the integral [v'u with v' = s? and u = In/ s
yield this formula when 0, f = 0. The result for general f is also obtained by
integration by parts by taking v = f and v’ = s?In’ s. Using the result already
proved with f = 1 one obtains a v with a power of s higher by one. Repeating
the integration by parts a finite number of times one obtains a remainder term

in C,,(€2), and one concludes by Proposition A.3. O

We continue with a study of the action of I1 and Is on the ‘5{%2@ <y} SDaces.

Note that the action on the CK{O(‘) <w<y} ks SPaces is obtained as a special case from

o o a,0
Clo<e<ytk = Clo<a<ylh -

LEMMA A.10 Let a,0 € R, k € NU {o0},

LI f €6 ey @< =1, then Ii(f) € ¢t

{ {0<z<y},k"
o, a+o+1 a+1,0
2. If f € Cg{ogxgy},k’ a > —1, then I, (f) € ‘K{yioj:k +(g{0§r§y},k’

PRrROOF: 1. The case a < —1 is obtained by straightforward estimations.
2. For @ > —1 we write

L)@t y) = / " (s, 07, y)ds — / " Fs v p)ds . (A.31)
0 0
g1 g2

We have aggl = O(ya+a+1)7 8:1391 = Oa ygagﬁggl(x, UA7 y) = yéag_l(agf(yv UAa y))7
and all the estimates readily follow. O

LEMMA A.11 Let a,0 € R, k € NU {o0},

o0 a,0+1
L Iff € Chcpcyynr 0> —1 then I(f) € Crocpeyy i

2. If [ € CF,_gy 00r then Ix(f) € f{"@ <} oo
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PROOF: 1. One is tempted to argue from point 2. of Lemma A.11 by symmetry
that Is(f) € CK{O;;%J}FE + ‘fﬁ‘)’gi;y}yk, but this is not clear, because one is not
allowed to integrate all the way to zero in y, as done in the proof of 2. So we

calculate directly:

Y y s .
0,0, / fla, vt s)ds = / 0508 f(z, v s)ds — > Coi0 TS f(w v 8)|
x xT i=0

(A.32)
. Y .
af;a;af/ flat s)ds = 050100 f(w,vty), i1, (A.33)

From (A.33) one immediately finds |8£8;85]2(f)| < Oz fyot1= for i > 1.
Since o > —1, the first term in (A.32) is estimated by

C$aff|yo+1 . xa+1‘ < Cxa7€y<7+1 7
as desired. Similarly, each term in the sum is estimated by

CxafZJerrlyafz — Cxa7€+1+cr < Cxaféyo#»l ,
y=x

and the result follows.
2. The estimates in the £ = 0 case are proved similarly as in point 1, see
(A32). For 1 </ <kand 1<i+/{+|y| <k we have

020,00 1o (f)] = 19,0, 101 £,

and the desired estimate is straightforward. O

A.6 Integral operators on .7— and .#—spaces

PRroOPOSITION A.12 Let o > —1, B > k. For any € > 0 we have

L(Bk) catl—ctf +1—¢,(8sk)
Il(g{ﬁgxéy}m) C Y F fo<a<yloo T ‘Z%ngz},oo :

REMARK A.13 We expect the result to remain valid with € = 0, but the proof
below fails for this value of €. In any case the current result is sufficient for our
purposes.

PROOF: Write o + 5 =n—0,neN, o0 €10,1). Let f € 9{‘332,} oo S€t

9(y,v) = /Oy f(s,y,v)ds .

We want to show that the function g satisfies the hypotheses needed to construct
the extensions of Section A.4. For j such that « + 3 — j > —1 we have

. vy
gy = 3 Clm)Im A F(y,y,v)+ /0 D90 f (., v)de . (A.34)
t+m=j—1
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From the definition of j{%éi f;} +, one thus finds, for 0 < j < n,

0907 g] < Cy* T Iny |V .

Next, we need to control the modulus of Hélder continuity of the top order
derivatives. In order to do that, consider any of the terms appearing under the
sum symbol in (A.34) with j = n. For ¢ € B(y,y/2) we write

oLy a; (£(vv0) - 1/ )| = | [ (0841007 f(5,5.0) + L9 (5.5,0)) |

Y
Y

<Cy=7|Iny|N
<Cyly —yl[lny[NT < Oy Ay — M Iny[VT(AL35)

for any A € [0, 1]. Next,
Y T Y y/ n 9y /
/0 0,0y f(z,y,v)dx _/0 0,0y f(z,y,v)dx

y Y
= [ osouse e+ [ (350000 = 0501 i/ )
Yy
(A.36)

The first term is estimated similarly to (A.35),
y
| [ ooty s < oy Py (aan)
y/

To control the second we will need a weighted interpolation inequality, obtained
as follows: for ¢t € [1/2,3/2] set
X(t) = 0, 0] f (=, ty,v) . (A.38)
Recall the inequality [14, Theorem A.5]
Ixllx < CallxIRlxlls™, 0<A<1, (A.39)

where || - ||, denotes the usual Holder C*([1/2,3/2]) norm. Applying (A.39) to
X defined in (A.38) gives

0707 (2., v) — 00 0) f (2,9, v)|
A 1-X\
<c( Lol ) (a7 Nl )y My -y
T N !

< 0
<lxlh (Il

=Cz M|\ z||y — /. (A.40)
It follows that the last integral in (A.36) converges for A < 1 — o, leading to

0<A+o<1  |0y97g(y,v) = 0yd)g(y',v)| < Cy' "y =y} Iny|V .
(A.41)
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Setting
g=9, ¢g=0 for 1<i<n,

1—0— )\ﬁnJr/\

by Lemma A.8 there exists a function h € y (0<2<y},00

A+ o < 1 such that 9.h|,—g = g;. Define

for any 0 <

h=nI(f)—h.

For 0 <i4 5 < n we write

0L0i00h| = aﬁm /f -)ds—h>(

= 8;8{183 /Of(s,--~)ds—h—/xf(s

. Y
a;,ag,(/o a1 (s, ds—@”h

IN

/3337f ,---)ds‘.
i1

The estimate of I is straightforward:
111 < C(xa+1+57ifj Y $a+1+ﬁfifkyk7j>|1an| . (A42)

To estimate I we use Taylor’s formula,

n—i—j T n—i—j
7 — & Z—l—zh (:E - t) 8n+1 ]h ¢ dt
Ser) = Y o0+ [ Iy
=0
_ * (l‘ B t)n = n+1—j 9(3/7“), 1= Oa
B /0 (n—i—j)! %% It g, v)dt + 0, otherwise.
This gives
T _ n——j 3 .
A DI I YAt y, )| it
o (n—i—j)!
Scylfo'f)\‘ lnN t|(y”+>‘7n71+tn+)‘7n71)S20y170'7)‘t)‘71‘ lnN tl
< C/:L,n+)\fiijlfaf)\| lnNJrl JJ‘ ) (A43)

This calculation also proves that

h €y A F 0oy -

For i 4+ 5 > n we write

010707k =

9.0907 /: F(s.-)ds — )

.. Y . A
< a;ag,(/ 63f(s,---)ds)‘+ a;a;agh‘ .
xT A N e /
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The second term is immediately estimated by a constant times x"tA==Jyl=o=4| In™v x|.
The estimation of A is simplest when ¢ > 0 as then we have

1A| = 8;’18583]0(3:,3/,1)) < C(anrlJrﬂfifj+xa+17iyﬂfj+xa+1+57ifkyk7j) I 2.
(A.44)
When ¢ = 0 we use instead
Al = | Y cmalayoy . / 2107 f(,y,)] |
l+m=j—1

<Cyet 67| I y| <Ot 1483 ¥ af

which is again estimated as in (A.44). Summarising, we have obtained
\6;6;63ﬁ| < C<$a+1+ﬁ—i—j+xa+1—iyﬁ—j+$a+1+ﬁ—i—kyk—j+xa+1+ﬁ+)\+a—i—jyl—a—)\>‘lan’ 7

€

forany 0 < o+A < 1. Setting A = 1—0—e and estimating y© < yg, ¢ < y§z*™°,
the result follows. O

PROPOSITION A.14 Let oo+ pd > —1. For any € > 0 we have

P8 1l o c grotpotl—e s
1. I (.%' In® z.% {nggy},oo) Cuy J{O<x<y} 0o T {xzo}vxﬁ?ogzgy},oo

¢ Os;oz+p5+1fe 5

2 LAY,y e ) CY T ooyt T Dy gy iz

PROOF: The proof of point 1. is essentially the same as that of Proposition A.12,
once the integration by parts of (A.45) has been done; we outline the main steps
for completeness. We write again « +pd =n —o,n € N, o € [0,1).

Let f € j?ogxgy},m' First we integrate by parts, obtaining

Il(xp‘sln[xf ZC’ sp5+1ln sf(s,y,v Z/ C(r sp‘sﬂln $0y f(s,y,v)ds

r=0
(A.45)
(The heuristics behind the integration by parts is that 9, f behaves differently
from f at the boundary, in particular d, f vanishes at the boundary for a > 1,
while f itself does not.) We set

Ny
— Z / C’(r)sp‘H'1 In" 50, f(s,y,v)ds
r=0"0

A repetition of the argument in the proof of A.12 shows that the function g
satisfies the hypotheses needed to construct the extensions of Section A.4, with
m in Lemma A.8 equal ton, p=1—0 and any 0 < A <1 — 0. We set

go=9g, ¢g=0 for 1<i<n.
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l—o—=\ ggn+A
Z {0<a<y} 00

for any 0 < A + o < 1, such that d.h|,—o = ¢g;. The Taylor expansion as in the
previous proof proves further that

By Lemma A.8 there exists a function h, belonging to the space y

1—g—\ o n+A
h S Yy 7 y{ogxgy}po .

Let us now define

N

N s=y
h=ILPncf) —h— Z C(r)sP " sf(s,y,v)
r=0 =
o a+pd+1—e

An argument as in the proof of Proposition A.12 gives h € YT (0<a<y} 00"
What remains are the terms

N
s=y
Z C’(?“)sp‘sJrl In" sf(s,y,v)
r—0 S=xT
o a+pd+1 o a+pd+1—e

€ o

The part with s = yisin F pcy<py 00 C U

0
belongs to %x=0},w§?oglgy},w'
Point 2 follows immediately from point 1 using the expansion (A.8). o

{0<z<y},co and the part with s = =

ProprosITION A.15 1. Ig(ﬁ’({logxgy}’oo) C j?ogxgy},m )

) C o?

{IZO}vmnj?szgy},oo '

2. I(/?°

{m:()}vxnj?ongy},oo

a,(B;k a,(f+1Lk+1
5. B(TRUE, ) Tl

Proor: 1. For f € j\f{yogxgy}m define F' := I5(f). For j > 1 we have

ai 6](9717(:8, Y, U) = 3;33],_1331?(% Y, U) )

Yy~

and the estimates are obvious. For j = 0 we use

0LIF| < > C(tm)
l+m=i—1

y .
aﬁayagf(x,x,v)‘+/ 19887 f(z, 5, 0)|ds .

h i a—‘ir N
<Czxotl—i| In™v z| <Cze7ty|InT o
In the first term we estimate ®+1~% < 2% ¥y, in the second y < yo, and the
proof is done.
2. The result follows from 1 and the definition of ﬁ%{‘i:o} F (see Equa-
tion (A.8)).

3. For f € j{géig}m let us define F' := Iy(f). We have to estimate

\8;6;83 F|. This is simplest for j > 1, we have then

i 5 _ 1o ni-1
10,050, F| = 19,850, f ,
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and the appropriate estimates with 3 — 6+ 1, k — k + 1 follow from the
definition of ,7{65;’2 ;2/}700. Again for j = 0 we use
LOJF| < > C(t,m)

l+m=i—1

y o
aﬁayagf(x,x,u)( +/ 18800 f(, 5, 0)|ds .

<CzatB+1=i|Inl g|

The second term is estimated by
C<$a+ﬂfiy _’_xowiyﬁJrl +$a+ﬁ+17ifkyk+1 +xa+ﬂ+1fi)“nzv+1x .

The calculation

$a+,@—iy| lnN‘H $| _ xa+(ﬁ+1)—(k+1)—z‘xk N+1 x| < $a+(ﬂ+1)—(k+1)—iyk+1| lnN+1 m|

ylIn

ends the proof. O

B Polyhomogeneity of solutions for a class of lin-
ear symmetric hyperbolic systems with smooth coef-
ficients

In this appendix we give a simple proof of a counterpart of [11, Theorem 3.4]
without corner conditions. The ssz‘s, ‘ia”l% and € spaces are defined as in [11,
Sections 3.3, 3.4 and (A.2)]. We work in the (z,v%,7) coordinates of [11], see

Figure 1. Let us define the following space:

ﬁZZ{f:vogz‘HHvlgk
i 5 Clx+2r)* "7 if a—i—35>0
QO f| < 2 .
projoys < { Sl Hemimiz

This space is very similar, but not identical, to the space defined in (A.14),
because of the log factor occurring in (A.14); that factor is not needed in the
current section. Next, the space Ai is defined as the space of functions which
can be written in the form

kN
YO fijlz+20)° I (2 +27) + frsie s

i=0 j=0

_ ~ ko
for some € > 0, with functions fi; € Coo(2) and frs4e € F o ‘. We will always
assume 1/0 € N.
We note the following properties:

ProposIiTION B.1 1. ,%A’Z C ﬁ’f for o > 3,
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~So
2. € C Ty,

3. set f(xz, v, 1) = f(x + o1, v4), then for o ¢ 7 we have f € ﬁgo for
f €L ({r =0}) and f € & for f € ) ({r =0}),

4. feﬁi:xfeﬁi:l,

~a—1

5. f€ T = 0uf,0,f € Fo , Ouf € Fon.

Proor: 1: This follows from the definition of 3/530 and from the fact that
(x+27)* P < C.

2: f € ‘Kl‘ﬁ) iff for all m,n,~ satisfying 0 < m +n + |y| < [ we have
|0maray f| < Cax® ™™, For « —m—n < 0 this is exactly the estimate we need
and for a« —m —n > 0 we have z*7"7" < (z + 27)*" ™",

3: Since f € €%(1 = 0) we have |99 f(x,v?)| < Cz® ™. The following
holds: 87070 f (z,vA,7)| = 270t "0) f(x + 2r,v4)| < C(x + 27)* ™™,
which together with (z + 27)? < 2 for 8 < 0 yields the result. The statement
concerning ¢ follows from the application of the result to the error term fys. . €
cgokoé—i-e‘

4: This follows from 97070, (zf) = mO™~1ordy) f + xzdmomay f.

5: Obvious. O

= ~at
REMARK B.2 Let v € R and f € ﬁzo It may happen that z7f ¢ 930 " or

(@+2r)fe Fo .

The behavior of .Z spaces under integration is summarised in the following

proposition:
PROPOSITION B.3 Let f € ﬁzo, a € R\ Z. Then
x+27 1 1 ~atl
L(f) ::/ f(S,UA,§$+T—§S)dS € ﬁ’:o ,

X
T ~So
IQ(f):/ f([L',UA,S)dS € yoo
0
PRrOOF: First we note that

011 (f) = (8. f) oI (f) = flz+27,04,0) + [1(0, f) ,

and for the latter integral

Oula(f) = L(0sf) . Orla(f) = f(, 0%, 7).

Then the result is easily obtained, with the following formula being the key
estimate:

I(2) =

(m+27)a+17:ca+1< Clx+2m)°™ a+1>0
a+1 a+1— | Caxt! a+1<0
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It is obvious that the standard space of polyhomogeneous functions ,Q{k‘s is
closed with respect to x0,, the same is true for xﬁdk‘s. The Ai space does
not have this property (terms like may appear). In order to fix this we

:):+27'
introduce another space, denoted by Ak ., consisting of functions which can be

written as a finite sum of terms of the form

fijex' (x + 27)70 n(x + 27)

. . . . ~ kd+
with i,/ € N, j € Z, 0 < i+ jé < kd, plus an error term frs1c € F o ‘. The

space Ai 4 as well as (z + 27’)6}\2 . is closed with respect to x0;, 20, and 0,.

We use the symbols ;2%;15, Ai and Az . for spaces of function which can be
written as sums of a finite number of terms as above without the error term.

If we restrict ourselves to one value of 7 > 0 then there is a correspondence
between the spaces ,Q/,f and Ai 4. Obviously any function belonging to ,sz{,f

belongs also to 42%;5 + Ai and 427;6 + Ai .. The relation in the opposite direction
is given by the following Lemma:

LEMMA B4 Let 7 > 0 and let f € (o + A}, )|,—+. Then f € o72.
~ko+e .
PRrROOF: The “error term’ r € .%  in f equals
f— Zf”gm x + 27)0 In(z + 27) wa @t g
4,34

with both sums being finite. From the definition of our spaces we have

|anaar| <C. { (ac + 270')ké+67n if k6é+e—n>0, (B.l)
e T ghote—n if kd+e—n<DO0.

We want to show that there exist fij such that

0R05 (f =Y fia® I z)| < C - kOt (B.2)

ij
The estimate for kd + € —n < 0 is trivial so we focus on the first case. Let
us notice that k6 + € = m + a with m = |kd + €| and o € [0,1). Now, r has
m z-derivatives 9705r bounded by a constant and the (m + 1)-th z-derivative

oM +19%r is bounded by C - 2%~ 1. Therefore we can Taylor-expand 7 up to the
order m. The rest is of order m + a:

< 8;1"(1’ = 0,’0) 7 m+a
Ir(z,v) — ; DT R | <C-z (B.3)
and the proof is easily completed. O

The following proposition gives the behaviour of polyhomogeneous spaces
under integration:
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SB+kd+e

7

PROPOSITION B.5 1. Let f € (z+27)PAl, . There exists faipo+c € F oo
for some € > 0, such that

I(f) € (z+ QT)Bj\ii + 2P0 + fB4ké+e;

L(f) € (z+27)°A0 + forhote -

. kot
2. Let f € xPat,. There exists fB+ks+e € ﬂﬁ “ such that

L(f) € (x421)°80, + 2% + farnsie -

PRrROOF: The proposition readily follows from the next two lemmata. O

LEMMA B.6 Let f be a smooth function, p € Rk € N. For all o € R there
exists N € N, sequences of numbers A; € P 1+ N,B; € N ,a sequence of
smooth functions f; and a function f, € <9Z such that

L(faP In*z) = Z fi ((z+ 27) 4 InPi (2 4 27) — 2 In B z) + fa -
i=1

PrROOF: Integration by parts yields the result for f = 1. The result for general
f is also obtained by integration by parts:

[ =0 [ 1.

where v/ = s? In* s. Using the result for f = 1 one gets that v has a power of s
one higher than v’. Repeating thls integration a finite number of times yields
a result with an error term in 35 and n high enough. O

LEMMA B.7 Let f be smooth, i > —1 and o > 0. Then there exists n € N, a

sequence of smooth functions f; and f. € ﬁzo such that

= ij ((z +27) T — T+ 4 f,
=0

PROOF: Since f is smooth it can be expanded in powers of x to any order and
the result follows. O

PROPOSITION B.8 Let ¢ be a solution of
drp+bp=c,
with -
beCx().
Let us assume that
p(x,0,0) € 2P
and ) o -
ce(z+2n)h, + 2Pl + F +Cx(Q) .

Then
~min(a,8+kd+1)

e (x+2r)h, +aPdl + 7, + Cs () .
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PROOF: The solution of the equation at hand may be expressed as

o(27) = R(,7)p(-.0) + /0 " R(s)el-,s) ds |

where R(x,v,7) is the resolvent of the equation d,p = —byp. It is a standard

result that for b € Co(£2) we have also R € C(£2). Then the result follows
from the analysis of the above formula and Propositions B.3 and B.5. O

Now we are ready to pass to the proof of polyhomogeneity of solutions:

THEOREM B.9 Let o, B € R, k € N, and let (¢,v) € €2 be a solution of

Orp + Biip+ B2y = Liip+ Loy +a,
e+ + Baip+ Bootp = Lojp+ Lagp + b,

where ey = 0 — 20,. Suppose that

Lij = L{;04 + xL};0; + xL};0, , (B.4)
with B B
LY, € 2Coo(Q), LY, LYy Lh, € C(Q) (B.5)
and that
By, € Coo<§) , (B.Ga)
a,b € Coo(Q) ©(0),9(0) € 272 (My,) . (B.6b)
Then

o o — ~ B+kd+e
o, € P’ + (x4 27)°h0 L + O (V) + .7,

for some € > 0.

PROOF: The proof is very similar to the proof of Theorem [11, Theorem 3.4].
First we notice that

faye
(o, 0) € F o,

which is due to Proposition B.1 point 2. For the purpose of the proof it will be
convenient to use the following notation:

I =T+ Coo + 3 + (x4 27)°R2 .
To prove the theorem we need to show
(p,1h) € PPk (B.7)
We rewrite the equations at hand as

Orp+Buyp = ca,

6+¢ = C2,
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where

c1 = Lip+ Ly +a— By,
ca = La1p+ Lot +b— Bojp — Bt .

Let us start with the second of the equations. The integration yields
1
Y(x, v, 1) = Pz + 27, 04,0) + 511(02) :
We have w
€ F o +CxC IS,
Propositions B.3 and B.5 together with B.1 point 1 yield

11(62) e ymin(a—l—l,ﬂ—&-k&—l—e) ]

From Proposition B.1 point 3 we have
Y(z + 21,04,0) € pPHkote

Therefore
Ve ymin(a—&—l,ﬁ—f—k(s—‘re) )

a+1,8+kdé+e)

Now we estimate ¢; to be in .#7™in( and use Proposition B.8 to get

= ymin(a—i—l,ﬁ—l—ké—&—e) )

Then we repeat this procedure, with ¢y now in .#™in(atLA+ki+e) and get first
1) then ¢ in the appropriate . space with the error-term index increased by
one. After a finite number of steps we get (B.7). O

REMARK B.10 If we make an additional assumption that LZTj = Lffj = 0, we
obtaint the following variant of the result:

o o — ~ B+kd+e
o, € 25.a° + (x4 27)°AL + Co () + ﬁfo .

The j\i , space has been replaced by Iii.
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