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sponsors

Recent results in mathematical relativity

Piotr T. Chruściel

GR17, Dublin, July 19, 2004

About Classical and Quantum Gravity:

• 30% growth in the last two years

• Impact factor 2.107

• High visibility:

– 10 000 full-text article downloads every month

– 1 300 institutions with access to the journal

– Full archive from Volume 1 (1984) available online

• All articles free online for 30 days after publication

• Publish supplementary data, software code or movies alongside your online article

• Refereeing in only 60 days (median)
Submission-to-web-publication just 120 days (median)
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Recent progress in

Global properties of solutions of the

vacuum Einstein equations

• quasi-local mass (Shi and Tam; Liu and Yau)

• strong cosmic censorship (Ringström)

• nonlinear stability (Lindblad and Rodnianski, Choquet-Bruhat and Moncrief)

• initial data (Corvino and Schoen, PTC and Delay, PTC and Isenberg and Pollack,

Dain, Maxwell, Schoen)

• asymptotic structure (Klainerman and Nicolò, Valiente-Kroon, Friedrich)

• low regularity solutions (Klainerman and Rodnianski, Choquet-Bruhat,

Maxwell)
the slide show for this talk can be downloaded from URL www.phys.univ-tours.fr/∼piotr

www.phys.univ-tours.fr/~piotr
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Shi and Tam: Positivity of Brown-York mass

• Let (M, g) be a three dimensional compact Riemannian manifold

with smooth boundary Σ and with R = gijRij ≥ 0
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Shi and Tam: Positivity of Brown-York mass

• Let (M, g) be a three dimensional compact Riemannian manifold

with smooth boundary Σ and with R = gijRij ≥ 0

• Σ — mean convex (mean extrinsic curvature of Σ positive)
• Let mBY be the Brown-York mass of Σ:

mBY =
1

8π

∫
Σ
(H0 −H)d2µ

H : trace of the extrinsic curvature of Σ in M
H0: same in Euclidean R3 (Weyl’s embedding theorem)
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Shi and Tam: Positivity of Brown-York mass

• Let (M, g) be a three dimensional compact Riemannian manifold

with smooth boundary Σ and with R = gijRij ≥ 0

• Σ — mean convex (mean extrinsic curvature of Σ positive)
• Let mBY be the Brown-York mass of Σ:

mBY =
1

8π

∫
Σ
(H0 −H)d2µ

H : trace of the extrinsic curvature of Σ in M
H0: same in Euclidean R3 (Weyl’s embedding theorem)

Theorem [Shi and Tam, math.DG/0301047]:

mBY ≥ 0

with equality if and only if (M, g) is a subset of Euclidean R3

proof uses a Bartnik-type extension of g;

Yau: convexity not needed by embedding into a hyperboloid
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Liu and Yau: Positivity of Kijowski mass

• Let (M, g,K) be a three dimensional compact spacelike hypersur-

face in a spacetime (M ,4 g) with dominant energy condition
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Liu and Yau: Positivity of Kijowski mass

• Let (M, g,K) be a three dimensional compact spacelike hypersur-

face in a spacetime (M ,4 g) with dominant energy condition

• Suppose that the mean extrinsic curvature vector κ of ∂M :=

M \ M̊ is spacelike , let λ :=
√

4g(κ, κ) be its 4g-length
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• Let (M, g,K) be a three dimensional compact spacelike hypersur-

face in a spacetime (M ,4 g) with dominant energy condition

• Suppose that the mean extrinsic curvature vector κ of ∂M :=

M \ M̊ is spacelike , let λ :=
√

4g(κ, κ) be its 4g-length

• Let mK be the Kijowski mass of Σ:

mK =
1

8π

∫
∂M

(λ0 − λ)d2µ

λ0: same in Euclidean R3 ⊂ R3,1 (Weyl’s embedding theorem)
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Liu and Yau: Positivity of Kijowski mass

• Let (M, g,K) be a three dimensional compact spacelike hypersur-

face in a spacetime (M ,4 g) with dominant energy condition

• Suppose that the mean extrinsic curvature vector κ of ∂M :=

M \ M̊ is spacelike , let λ :=
√

4g(κ, κ) be its 4g-length

• Let mK be the Kijowski mass of Σ:

mK =
1

8π

∫
∂M

(λ0 − λ)d2µ

λ0: same in Euclidean R3 ⊂ R3,1 (Weyl’s embedding theorem)

Theorem [Liu and Yau, gr-qc/0303019]:
mK ≥ 0

= if and only if (M, g,K) is a subset of Euclidean R3 ⊂ R3,1

proof by reduction to the Shi-Tam result using Jang’s equation



•First •Prev •Next •Last •Go Back •Full Screen •Close •Quit

Liu and Yau: Positivity of Kijowski mass

• Let (M, g,K) be a three dimensional compact spacelike hypersur-

face in a spacetime (M ,4 g) with dominant energy condition

• Suppose that the mean extrinsic curvature vector κ of ∂M :=

M \ M̊ is spacelike , let λ :=
√

4g(κ, κ) be its 4g-length

• Let mK be the Kijowski mass of Σ:

mK =
1

8π

∫
∂M

(λ0 − λ)d2µ

λ0: same in Euclidean R3 ⊂ R3,1 (Weyl’s embedding theorem)

Theorem [Liu and Yau, gr-qc/0303019]:
mK ≥ 0

= if and only if (M, g,K) is a subset of Euclidean R3 ⊂ R3,1

proof by reduction to the Shi-Tam result using Jang’s equation

O’Murchadha, Szabados and Tod, gr-qc/0311006: mK 6= 0 for some surfaces in Minkowski
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Strong Cosmic Censorship

• Predictability: solutions of good physical theories should be

uniquely determined by initial data
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Strong Cosmic Censorship

• Predictability: solutions of good physical theories should be

uniquely determined by initial data

• There exist examples in GR where uniqueness fails: Misner, Taub-
Nut, many other

• Choquet-Bruhat – Geroch theorem:

non-uniqueness ⇐⇒ existence of Cauchy horizons

(Cauchy horizons can thus be defined as null boundaries across which uniqueness fails)

• Eardley-Moncrief version of Penrose’s strong cosmic censorship hy-
pothesis:

generic initial data (asymptotically flat, or spatially compact)
do not lead to Cauchy horizons
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For a recent review of SCC, see L. Andersson’s contribution in:

Birkhäuser

7130_05_ug_chrusciel-Friedrich

The Einstein Equations
and the

Large Scale Behavior
of Gravitational Fields

Piotr T. Chru ‘sciel, Helmut Friedrich (Editors)

50 Years of the Cauchy Problem in General Relativity

(to appear within a few weeks)

further contributions there on SCC by

Y. Choquet-Bruhat and V. Moncrief
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For a recent review of SCC, see L. Andersson’s contribution in:

Birkhäuser

7130_05_ug_chrusciel-Friedrich

The Einstein Equations
and the

Large Scale Behavior
of Gravitational Fields

Piotr T. Chru ‘sciel, Helmut Friedrich (Editors)

50 Years of the Cauchy Problem in General Relativity

(to appear within a few weeks)

further contributions there on SCC by

Y. Choquet-Bruhat and V. Moncrief

and on other topics by

M. Anderson, T. Barbot, R. Bartnik,

H. Bray, PTC, H. Friedrich,

J. Friedman, G. Galloway, R. Geroch,

J. Isenberg, L. Lehner, O. Reula,

A. Rendall, A. Zeghib

image: snapshot of a numerical Gowdy evolution by B. Berger

with a DVD with videos of lectures from the 2002 Cargèse Summer School
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Strong cosmic censorship

• Problem too difficult to address in full generality with current
PDE techniques

• Toy question: what about SCC in space-times with n Killing vec-
tors, n 6= 0?
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Strong cosmic censorship

• Problem too difficult to address in full generality with current
PDE techniques

• Toy question: what about SCC in space-times with n Killing vec-
tors, n 6= 0?

Theorem: [PTC, A.Rendall (1995), building up on Siklos (1978)]

SCC holds in the space of spatially compact space-times
with 3 Killing vectors
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Strong cosmic censorship

• Problem too difficult to address in full generality with current
PDE techniques

• Toy question: what about SCC in space-times with n Killing vec-
tors, n 6= 0?

Theorem: [PTC, A.Rendall (1995), building up on Siklos (1978)]

SCC holds in the space of spatially compact space-times
with 3 Killing vectors

Theorem: [H.Ringström CQG 17 (2000), 713–731]

Curvature blows up in the contracting direction in
almost all Bianchi models
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2KV’s: SCC in Gowdy metrics on T3
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2KV’s: SCC in Gowdy metrics on T3

• The metrics (t ∈ (−∞, 0), (θ, x1, x2) ∈ T3 := S1 × S1 × S1)

g = e−γ/2 | t |−1/2 (−dt2 + dθ2)+ | t | eP (dx1)2 + 2 | t | ePQdx1dx2

+ | t |
(
ePQ2 + e−P

)
(dx2)2

• ∂x1 and ∂x2 – Killing vectors
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2KV’s: SCC in Gowdy metrics on T3

• The metrics (t ∈ (−∞, 0), (θ, x1, x2) ∈ T3 := S1 × S1 × S1)

g = e−γ/2 | t |−1/2 (−dt2 + dθ2)+ | t | eP (dx1)2 + 2 | t | ePQdx1dx2

+ | t |
(
ePQ2 + e−P

)
(dx2)2

• ∂x1 and ∂x2 – Killing vectors

• The (essential) evolution equations:

∂2
tP − ∂2

θP = −∂tP

t
+ e2P

(
(∂tQ)2 − (∂θQ)2

)
∂2

tQ− ∂2
θQ = −∂tQ

t
− 2 (∂tP∂tQ− ∂θP∂θQ)
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2KV’s: SCC in Gowdy metrics on T3

• The metrics (t ∈ (−∞, 0), (θ, x1, x2) ∈ T3 := S1 × S1 × S1)

g = e−γ/2 | t |−1/2 (−dt2 + dθ2)+ | t | eP (dx1)2 + 2 | t | ePQdx1dx2

+ | t |
(
ePQ2 + e−P

)
(dx2)2

• ∂x1 and ∂x2 – Killing vectors

• The (essential) evolution equations:

∂2
tP − ∂2

θP = −∂tP

t
+ e2P

(
(∂tQ)2 − (∂θQ)2

)
∂2

tQ− ∂2
θQ = −∂tQ

t
− 2 (∂tP∂tQ− ∂θP∂θQ)

Theorem [Ringström]:

SCC holds in this class of metrics

more in Ringström’s talk in the mathematical GR parallel session
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SCC in space-times with two Killing vectors

Previous key contributions by V. Moncrief, A. Rendall and S.

Kitchenassamy, A. Rendall and M. Weaver and further related results by

J. Isenberg and V. Moncrief, PTC, PTC and M. Chae

Open questions:
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• What about the remaining topologies consistent with two Killing
vectors? (S3, L(p, q), S1 × S2)
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SCC in space-times with two Killing vectors

Previous key contributions by V. Moncrief, A. Rendall and S.

Kitchenassamy, A. Rendall and M. Weaver and further related results by

J. Isenberg and V. Moncrief, PTC, PTC and M. Chae

Open questions:

• What about the remaining topologies consistent with two Killing
vectors? (S3, L(p, q), S1 × S2)

•What about 2KV models on T3 with non-vanishing twist constants?
(Gowdy metrics are “zero measure” in the set of all U(1)× U(1) symmetric metrics on T3)
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SCC in spacetimes with one or zero KV’s ?

• Stability in the expanding direction CMC time:
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SCC in spacetimes with one or zero KV’s ?

• Stability in the expanding direction CMC time:

Theorem: [Choquet-Bruhat (2003), building upon
Choquet-Bruhat and Moncrief Ann. Henri Poincaré 2 (2001) 1007]

Spacetimes satisfying the vacuum Einstein equations
on a manifold of the form Σ× S1 × R,
where Σ is a compact surface of genus G > 1
and where the Cauchy data is invariant with respect to U(1)
and sufficiently small
exist for an infinite proper time in the expanding direction

YCB and VM assume in addition a polarisation condition
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on a manifold of the form Σ× S1 × R,
where Σ is a compact surface of genus G > 1
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YCB and VM assume in addition a polarisation condition

• Nothing is known in the contracting direction
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SCC in spacetimes with one or zero KV’s ?

• Stability in the expanding direction CMC time:

Theorem: [Choquet-Bruhat (2003), building upon
Choquet-Bruhat and Moncrief Ann. Henri Poincaré 2 (2001) 1007]

Spacetimes satisfying the vacuum Einstein equations
on a manifold of the form Σ× S1 × R,
where Σ is a compact surface of genus G > 1
and where the Cauchy data is invariant with respect to U(1)
and sufficiently small
exist for an infinite proper time in the expanding direction

YCB and VM assume in addition a polarisation condition

• Nothing is known in the contracting direction

• The proof of a similar future stability theorem of

Andersson and Moncrief of a class of hyperbolic models without
any symmetries to be found in the same volume.
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Nonlinear stability of Minkowski space-time
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Nonlinear stability of Minkowski space-time

• First proof: Christodoulou and Klainerman (1993, 514 p.)
(maximal foliation and outgoing null cones)
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(maximal foliation and outgoing null cones)

• An alternative approach of Klainerman and Nicolò (2003, 385 p.)
(outgoing and ingoing null cones)
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Nonlinear stability of Minkowski space-time

• First proof: Christodoulou and Klainerman (1993, 514 p.)
(maximal foliation and outgoing null cones)

• An alternative approach of Klainerman and Nicolò (2003, 385 p.)
(outgoing and ingoing null cones)

• A completely new approach by Lindblad and Rodnianski , using

good old wave coordinates (math.AP/0312479, 65 Latex p.)
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Nonlinear stability of Minkowski space-time

• First proof: Christodoulou and Klainerman (1993, 514 p.)
(maximal foliation and outgoing null cones)

• An alternative approach of Klainerman and Nicolò (2003, 385 p.)
(outgoing and ingoing null cones)

• A completely new approach by Lindblad and Rodnianski , using

good old wave coordinates (math.AP/0312479, 65 Latex p.)

Theorem: [Lindblad and Rodnianski, in preparation]

Nonlinear stability holds for the Einstein-scalar field equations
with initial data with asymptotics

g = (1 + 2M/r)δ +O(r−1−α) , K = O(r−2−α) ,

ψ0 = O(r−1−α) , ψ1 = O(r−2−α) ,

with α > 0.



•First •Prev •Next •Last •Go Back •Full Screen •Close •Quit

Initial data: constraint equations

Initial data (g,K) satisfy the vacuum constraints equations: J

ρ

 (K, g) :=

 2(−∇jKij +∇i trK)

R(g)−K ijKij + (trK)2

 =

 0

0

 .
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Solutions of the constraints with controlled global properties:

• geodesically complete space-times with controlled asymptotic be-

havior? (Penrose’s “asymptotic simplicity”)
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Initial data (g,K) satisfy the vacuum constraints equations: J

ρ

 (K, g) :=

 2(−∇jKij +∇i trK)

R(g)−K ijKij + (trK)2

 =

 0

0
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Solutions of the constraints with controlled global properties:

• geodesically complete space-times with controlled asymptotic be-

havior? (Penrose’s “asymptotic simplicity”)
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Initial data: constraint equations

Initial data (g,K) satisfy the vacuum constraints equations: J

ρ

 (K, g) :=

 2(−∇jKij +∇i trK)

R(g)−K ijKij + (trK)2

 =

 0

0

 .

Solutions of the constraints with controlled global properties:

• geodesically complete space-times with controlled asymptotic be-

havior? (Penrose’s “asymptotic simplicity”)

• many black holes?

• wormholes?

• trapped surfaces?

• apparent horizons?
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Corvino-Schoen deformations:
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Corvino-Schoen deformations:

Theorem [Corvino, Schoen, gr-qc/0301071]:

Asymptotically flat initial data with well defined mass, momentum,

center of mass, and angular momentum ,
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Corvino-Schoen deformations:

Theorem [Corvino, Schoen, gr-qc/0301071]:

Asymptotically flat initial data with well defined mass, momentum,

center of mass, and angular momentum , can be deformed in the

asymptotic region to a Kerr metric , with arbitrarily small change
in global charges.

(compare PTC and Delay, gr-qc/0301073)
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Application: asymptotically simple space-times
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Application: asymptotically simple space-times

Definition (Penrose): A space-time is asymptotically simple if it

has smooth conformal structure at null infinity I and if all max-
imally extended null geodesics have initial and final end points on
I .
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Definition (Penrose): A space-time is asymptotically simple if it

has smooth conformal structure at null infinity I and if all max-
imally extended null geodesics have initial and final end points on
I .

• Example: Minkowski space-time; static stars; static Einstein Yang-
Mills; stationary and vacuum outside of a world tube
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has smooth conformal structure at null infinity I and if all max-
imally extended null geodesics have initial and final end points on
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• Example: Minkowski space-time; static stars; static Einstein Yang-
Mills; stationary and vacuum outside of a world tube
• Requires smooth global Scri ( not true for C-metrics (Bičak;

Ashtekar, Dray), or Robinson-Trautman, or Christodoulou-Klainerman

(?), any other vacuum dynamical example analysed so far)
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Application: asymptotically simple space-times

Definition (Penrose): A space-time is asymptotically simple if it

has smooth conformal structure at null infinity I and if all max-
imally extended null geodesics have initial and final end points on
I .

• Example: Minkowski space-time; static stars; static Einstein Yang-
Mills; stationary and vacuum outside of a world tube
• Requires smooth global Scri ( not true for C-metrics (Bičak;

Ashtekar, Dray), or Robinson-Trautman, or Christodoulou-Klainerman

(?), any other vacuum dynamical example analysed so far)

• Dynamical electrovacuum example: Cutler, Wald CQG 6 (1989),
453–466.
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(?), any other vacuum dynamical example analysed so far)

• Dynamical electrovacuum example: Cutler, Wald CQG 6 (1989),
453–466.
• Smooth global Scri not enough, consider Schwarzschild space-time



•First •Prev •Next •Last •Go Back •Full Screen •Close •Quit

Application: asymptotically simple space-times

Definition (Penrose): A space-time is asymptotically simple if it

has smooth conformal structure at null infinity I and if all max-
imally extended null geodesics have initial and final end points on
I .

• Example: Minkowski space-time; static stars; static Einstein Yang-
Mills; stationary and vacuum outside of a world tube
• Requires smooth global Scri ( not true for C-metrics (Bičak;

Ashtekar, Dray), or Robinson-Trautman, or Christodoulou-Klainerman

(?), any other vacuum dynamical example analysed so far)

• Dynamical electrovacuum example: Cutler, Wald CQG 6 (1989),
453–466.
• Smooth global Scri not enough, consider Schwarzschild space-time

Theorem [PTC, Delay, CQG 19 (2002) L71-L79], gr-qc/0203053:

There exist non-trivial asymptotically simple vacuum space-times.

proof: Corvino-Schoen gluing techniques and Friedrich’s stability theorem
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Construction of asymptotically simple vacuum space-times:

• Consider a parity-symmetric initial data set (R3, g̊, K̊ = 0), with
ADM mass m0

g̊ij(x) = g̊ij(−x)
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Construction of asymptotically simple vacuum space-times:

• Consider a parity-symmetric initial data set (R3, g̊, K̊ = 0), with
ADM mass m0

g̊ij(x) = g̊ij(−x)

• And on R3 \ B(R) a parity symmetric reference family : family

of metrics such that associated m’s cover a neighborhood of m0 :

Km
ij = 0 , gm

ij (x) = gm
ij (−x)
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Construction of asymptotically simple vacuum space-times:

• Consider a parity-symmetric initial data set (R3, g̊, K̊ = 0), with
ADM mass m0

g̊ij(x) = g̊ij(−x)

• And on R3 \ B(R) a parity symmetric reference family : family

of metrics such that associated m’s cover a neighborhood of m0 :

Km
ij = 0 , gm

ij (x) = gm
ij (−x)

• the first set (R3, g̊, 0) can be deformed to some member of the
reference family on B(2R) \ B(R) if the metrics are close enough
near S(R)
• The reference family:
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Construction of asymptotically simple vacuum space-times:

• Consider a parity-symmetric initial data set (R3, g̊, K̊ = 0), with
ADM mass m0

g̊ij(x) = g̊ij(−x)

• And on R3 \ B(R) a parity symmetric reference family : family

of metrics such that associated m’s cover a neighborhood of m0 :

Km
ij = 0 , gm

ij (x) = gm
ij (−x)

• the first set (R3, g̊, 0) can be deformed to some member of the
reference family on B(2R) \ B(R) if the metrics are close enough
near S(R)
• The reference family: use Schwarzschild’s, or Weyl’s, or other static

metrics ( Reula, Klenk ), or other dynamical metrics (scaling)
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Construction of asymptotically simple vacuum space-times:

• Consider a parity-symmetric initial data set (R3, g̊, K̊ = 0), with
ADM mass m0

g̊ij(x) = g̊ij(−x)

• And on R3 \ B(R) a parity symmetric reference family : family

of metrics such that associated m’s cover a neighborhood of m0 :

Km
ij = 0 , gm

ij (x) = gm
ij (−x)

• the first set (R3, g̊, 0) can be deformed to some member of the
reference family on B(2R) \ B(R) if the metrics are close enough
near S(R)
• The reference family: use Schwarzschild’s, or Weyl’s, or other static

metrics ( Reula, Klenk ), or other dynamical metrics (scaling)

• m0 sufficiently small – get global smooth Scri (“asymptotically

simple space-times”)
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Construction of asymptotically simple vacuum space-times:

• Consider a parity-symmetric initial data set (R3, g̊, K̊ = 0), with
ADM mass m0

g̊ij(x) = g̊ij(−x)

• And on R3 \ B(R) a parity symmetric reference family : family

of metrics such that associated m’s cover a neighborhood of m0 :

Km
ij = 0 , gm

ij (x) = gm
ij (−x)

• the first set (R3, g̊, 0) can be deformed to some member of the
reference family on B(2R) \ B(R) if the metrics are close enough
near S(R)
• The reference family: use Schwarzschild’s, or Weyl’s, or other static

metrics ( Reula, Klenk ), or other dynamical metrics (scaling)

• m0 sufficiently small – get global smooth Scri (“asymptotically

simple space-times”) (construct g̊ e.g. by the conformal method)
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Construction of asymptotically simple vacuum space-times:

• Consider a parity-symmetric initial data set (R3, g̊, K̊ = 0), with
ADM mass m0

g̊ij(x) = g̊ij(−x)

• And on R3 \ B(R) a parity symmetric reference family : family

of metrics such that associated m’s cover a neighborhood of m0 :

Km
ij = 0 , gm

ij (x) = gm
ij (−x)

• the first set (R3, g̊, 0) can be deformed to some member of the
reference family on B(2R) \ B(R) if the metrics are close enough
near S(R)
• The reference family: use Schwarzschild’s, or Weyl’s, or other static

metrics ( Reula, Klenk ), or other dynamical metrics (scaling)

• m0 sufficiently small – get global smooth Scri (“asymptotically

simple space-times”) (construct g̊ e.g. by the conformal method) (close to parity-

symmetric suffices with a larger reference family)



•First •Prev •Next •Last •Go Back •Full Screen •Close •Quit

Construction of asymptotically simple vacuum space-times:

• Consider a parity-symmetric initial data set (R3, g̊, K̊ = 0), with
ADM mass m0

g̊ij(x) = g̊ij(−x)

• And on R3 \ B(R) a parity symmetric reference family : family

of metrics such that associated m’s cover a neighborhood of m0 :

Km
ij = 0 , gm

ij (x) = gm
ij (−x)

• the first set (R3, g̊, 0) can be deformed to some member of the
reference family on B(2R) \ B(R) if the metrics are close enough
near S(R)
• The reference family: use Schwarzschild’s, or Weyl’s, or other static

metrics ( Reula, Klenk ), or other dynamical metrics (scaling)

• m0 sufficiently small – get global smooth Scri (“asymptotically

simple space-times”) (construct g̊ e.g. by the conformal method) (close to parity-

symmetric suffices with a larger reference family) Kij ≡ 0 not necessary
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Why a parity condition?

Parity guarantees that the center of mass is automatically zero

Without parity, one needs to adjust the center of mass:

Newtonian analogue:
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Parity guarantees that the center of mass is automatically zero

Without parity, one needs to adjust the center of mass:

Newtonian analogue: ρ – energy density

~c =

∫
M

~xρ
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Why a parity condition?

Parity guarantees that the center of mass is automatically zero

Without parity, one needs to adjust the center of mass:

Newtonian analogue: ρ – energy density

~c =

∫
M

~xρ

If ~x is changed to ~x + ~a, then the new center of mass ~c ′ equals

~c ′ =

∫
M

(~x + ~a)ρ = ~c +m~a
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Why a parity condition?

Parity guarantees that the center of mass is automatically zero

Without parity, one needs to adjust the center of mass:

Newtonian analogue: ρ – energy density

~c =

∫
M

~xρ

If ~x is changed to ~x + ~a, then the new center of mass ~c ′ equals

~c ′ =

∫
M

(~x + ~a)ρ = ~c +m~a

to obtain ~c ′ = 0, one needs to translate by

− ~c
m

(uncontrollable if m can be very small)
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Initial data engineering

• Can one glue together two vacuum initial data sets with a localised
deformation near the gluing region?
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Initial data engineering

• Can one glue together two vacuum initial data sets with a localised
deformation near the gluing region?

Theorem: [PTC, J.Isenberg and
D.Pollack, gr-qc/0403066]
This can be done for generic
initial data sets
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Initial data engineering

• Can one glue together two vacuum initial data sets with a localised
deformation near the gluing region?

Theorem: [PTC, J.Isenberg and
D.Pollack, gr-qc/0403066]
This can be done for generic
initial data sets

• generic: no local Killing vectors

in the associated space-time sharp
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Initial data engineering

• Can one glue together two vacuum initial data sets with a localised
deformation near the gluing region?

Theorem: [PTC, J.Isenberg and
D.Pollack, gr-qc/0403066]
This can be done for generic
initial data sets

• generic: no local Killing vectors

in the associated space-time sharp

• previous gluing: [J.Isenberg, R.Mazzeo,

D.Pollack] small conformal deformation
away from the gluing region,

CMC compact or asymptotically flat data

more in D. Pollack’s talk
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Initial data engineering

• Can one glue together two vacuum initial data sets with a localised
deformation near the gluing region?

Theorem: [PTC, J.Isenberg and
D.Pollack, gr-qc/0403066]
This can be done for generic
initial data sets

• generic: no local Killing vectors

in the associated space-time sharp

• previous gluing: [J.Isenberg, R.Mazzeo,

D.Pollack] small conformal deformation
away from the gluing region,

CMC compact or asymptotically flat data

more in D. Pollack’s talk

•Application:
∃ spatially compact vacuum space-times more in

without any CMC surfaces J.Isenberg’s talk
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Asymptotic structure

Question: Under what asymptotic conditions on the

initial data at t = 0 the resulting space-time has

1) “a piece of smooth I +”?
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Question: Under what asymptotic conditions on the

initial data at t = 0 the resulting space-time has

1) “a piece of smooth I +”? 2) a global smooth I +?
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Asymptotic structure

Question: Under what asymptotic conditions on the

initial data at t = 0 the resulting space-time has

1) “a piece of smooth I +”? 2) a global smooth I +?

• Corvino-Schoen gluings lead to a smooth piece of I + when the

resulting initial data are stationary at large distances (global for some

initial data, as already discussed)
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Asymptotic structure

Question: Under what asymptotic conditions on the

initial data at t = 0 the resulting space-time has

1) “a piece of smooth I +”? 2) a global smooth I +?

• Corvino-Schoen gluings lead to a smooth piece of I + when the

resulting initial data are stationary at large distances (global for some

initial data, as already discussed)

• The Christodoulou-Klainerman theorem gives a I + with very low

differentiability — not enough for peeling theorems (does one care?

enough e.g. for the Trautman-Bondi mass-loss formula)
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Asymptotic structure

Theorem: [Klainerman and Nicolò CQG 20 (2003) 3215]

Peeling holds for initial data with asymptotics

g = (1 + M
2r)

4δ + O(r−3−α) , K = O(r−4−α) , α > 0 .

• a large class of initial data as above not necessarily stationary outside of

a compact set can be constructed by a variant of the Corvino-Schoen
gluing (PTC and Delay, gr-qc/0301073)
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Theorem: [Klainerman and Nicolò CQG 20 (2003) 3215]

Peeling holds for initial data with asymptotics

g = (1 + M
2r)

4δ + O(r−3−α) , K = O(r−4−α) , α > 0 .

• a large class of initial data as above not necessarily stationary outside of

a compact set can be constructed by a variant of the Corvino-Schoen
gluing (PTC and Delay, gr-qc/0301073)

• when do we get a smooth I +?
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Asymptotic structure

Theorem: [Klainerman and Nicolò CQG 20 (2003) 3215]

Peeling holds for initial data with asymptotics

g = (1 + M
2r)

4δ + O(r−3−α) , K = O(r−4−α) , α > 0 .

• a large class of initial data as above not necessarily stationary outside of

a compact set can be constructed by a variant of the Corvino-Schoen
gluing (PTC and Delay, gr-qc/0301073)

• when do we get a smooth I +?

Theorem [Valiente-Kroon gr-qc/0310048]:

Bowen-York and Brill-Lindquist initial data
do not lead to a smooth I +, if any
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Asymptotic structure

In Friedrich’s Cargèse lectures and in

Valiente Kroon CMP 244 (2004) 133, gr-qc/0211024 the following

conjecture is made:

Conjecture:

Time symmetric (Kij ≡ 0)
initial data lead to a I of differentiability Ck

if and only if

the data are static up to terms O(r−N(k))
for some N(k)
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Low regularity solutions

Standard theory [Fischer, Kato, Marsden]: local existence of so-

lutions with (g,K) ∈ Hs ×Hs−1 with s > 5/2
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Low regularity solutions

Standard theory [Fischer, Kato, Marsden]: local existence of so-

lutions with (g,K) ∈ Hs ×Hs−1 with s > 5/2

• An improved local existence theorem:

• renders certain singularities innocuous
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Low regularity solutions

Standard theory [Fischer, Kato, Marsden]: local existence of so-

lutions with (g,K) ∈ Hs ×Hs−1 with s > 5/2

• An improved local existence theorem:

• renders certain singularities innocuous

• can potentially be used to simplify global existence results
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Low regularity solutions

Standard theory [Fischer, Kato, Marsden]: local existence of so-

lutions with (g,K) ∈ Hs ×Hs−1 with s > 5/2

• An improved local existence theorem:

• renders certain singularities innocuous

• can potentially be used to simplify global existence results

• gives insight into the mathematical structure of the equations.
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Low regularity solutions

Standard theory [Fischer, Kato, Marsden]: local existence of so-

lutions with (g,K) ∈ Hs ×Hs−1 with s > 5/2

• An improved local existence theorem:

• renders certain singularities innocuous

• can potentially be used to simplify global existence results

• gives insight into the mathematical structure of the equations.

Theorem [Klainerman and Rodnianski, math.ap/0109173]:

Let ε > 0, the existence time of the solution can be bounded from below by
a function that depends only upon ‖(g,K)‖H2+ε×H1+ε

Related results on nonlinear wave equations by Bahoori and Chemin, Smith and Tataru
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Low regularity solutions

Theorem repeated [Klainerman and Rodnianski, math.ap/0109173]:

Let ε > 0, the existence time of the solution can be bounded from below by
a function that depends only upon ‖(g,K)‖H2+ε×H1+ε

• To obtain an existence theorem one has yet to prove

propagation of constraints with this low degree of differentiability
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Low regularity solutions

Theorem repeated [Klainerman and Rodnianski, math.ap/0109173]:

Let ε > 0, the existence time of the solution can be bounded from below by
a function that depends only upon ‖(g,K)‖H2+ε×H1+ε

• To obtain an existence theorem one has yet to prove

propagation of constraints with this low degree of differentiability

• Existence of initial data in the H2 ×H1 class proved

by Choquet-Bruhat CQG 21 (2004) S127, gr-qc/0311029 and

Maxwell gr-qc/0405088 (manifold structure by Bartnik gr-qc/0402070 )
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Low regularity solutions

Theorem repeated [Klainerman and Rodnianski, math.ap/0109173]:

Let ε > 0, the existence time of the solution can be bounded from below by
a function that depends only upon ‖(g,K)‖H2+ε×H1+ε

• To obtain an existence theorem one has yet to prove

propagation of constraints with this low degree of differentiability

• Existence of initial data in the H2 ×H1 class proved

by Choquet-Bruhat CQG 21 (2004) S127, gr-qc/0311029 and

Maxwell gr-qc/0405088 (manifold structure by Bartnik gr-qc/0402070 )

L2 conjecture [Klainerman]:
L2 regularity of the Riemann tensor should suffice for existence

some partial results towards the conjecture in Klainerman and Rodnianski math.AP/0308123
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Many black hole initial data

• Gluing three asymptotically flat initial data sets using the method

just described leads to two black holes ??? space-times
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Many black hole initial data

• Gluing three asymptotically flat initial data sets using the method

just described leads to two black holes ??? space-times

in the sense that the event horizon intersects the initial data surface

in several components (PTC and R.Mazzeo, CQG 20 (2003) 729,

gr-qc/0210103)
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Many black hole initial data

• Gluing three asymptotically flat initial data sets using the method

just described leads to two black holes ??? space-times

in the sense that the event horizon intersects the initial data surface

in several components (PTC and R.Mazzeo, CQG 20 (2003) 729,

gr-qc/0210103)

• Recall Brill-Lindquist :

g = ψ4(dx2 + dy2 + dz2) , with

ψ = 1 +

I∑
i=1

mi

2 | ~x− ~xi |
.

problems with smoothness of Scri? cf. J.Valiente Kroon’s talk
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Vacuum initial data set with apparent horizons and trapped surfaces

• All “many black hole” examples discussed so far have trapped
surfaces
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Vacuum initial data set with apparent horizons and trapped surfaces

• All “many black hole” examples discussed so far have trapped
surfaces

• Direct constructions of initial data with trapped or marginally

trapped boundaries by Dain CQG 21 (2004) 555, gr-qc/0308009

and Maxwell gr-qc/0307117 more in Dain’s talk
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Vacuum initial data set with apparent horizons and trapped surfaces

• All “many black hole” examples discussed so far have trapped
surfaces

• Direct constructions of initial data with trapped or marginally

trapped boundaries by Dain CQG 21 (2004) 555, gr-qc/0308009

and Maxwell gr-qc/0307117 more in Dain’s talk

• Hawking - Ellis:

∃ compact trapped surface S in an asymptotically flat initial data set
=⇒

∃ apparent horizon H enclosing S

???
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Vacuum initial data set with apparent horizons and trapped surfaces

• All “many black hole” examples discussed so far have trapped
surfaces

• Direct constructions of initial data with trapped or marginally

trapped boundaries by Dain CQG 21 (2004) 555, gr-qc/0308009

and Maxwell gr-qc/0307117 more in Dain’s talk

• Hawking - Ellis:

∃ compact trapped surface S in an asymptotically flat initial data set
=⇒

∃ apparent horizon H enclosing S

???

Theorem (Schoen, unpublished): yes, with H outermost, smooth

proof using Jang’s equations; previous proof for Kij ≡ 0 by Huisken and Ilmanen , and in

a support sense (no regularity) by Fu and Howard (unpublished)


